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Abstract

We investigate the topological properties of unquendD&® on the ba-
sis of numerical results of simulations at fixed topologidarge, recently
reported by Borsanyi et al.. We demonstrate that their te$of the mean
value of the chiral condensate at fixed topological chargeimzonsistent
with the analytical prediction of the large volume expansioound the sad-
dle point, and argue that the most plausible explanatioth®failure of the
saddle point expansion is a vacuum energy deritydependent at high
temperatures, but surprisingly not too high~ 2T), a result which would
imply a vanishing topological susceptibility, and the airse of all physi-
cal effects of théJ (1) axial anomaly at these temperatures. We also show
that under a general assumption concerning the high tetypernahase of
QCD, where theSU(Nf)a symmetry is restored, the analytical prediction for
the chiral condensate at fixed topological charge is in vegdgagreement
with the numerical results of Borsanyi et al., all effectstod axial anomaly
should disappear, the topological susceptibility andtadl@-derivatives of
the vacuum energy density vanish and the theory bec@nedependent at
anyT > T in the infinite volume limit.
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1 Introduction

Understanding the role of thé parameter in QCD and its connection with the
strong CP problem is one of the major challenges for highgsn#éreorists [[1].
The aim to elucidate the existence of new low-mass, weakbraating particles
from a theoretical, phenomenological and experimentaitpafiview is intimately
related to this issue. The light particle that has gathehedntost attention has
been the axion, predicted by Weinberg [2] and Wilczek [3hie Peccei and Quinn
mechanism([4] to explain the absence of parity and tempovariance violations
induced by the QCD vacuum. The axion is one of the more iniagesandidates
to make the dark matter of the universe, and the axion pealemiiat determines
the dynamics of the axion field, plays a fundamental role ig tbntext. At high
temperature, the potential can be calculated in the ding@nton gas modell[5],
but at medium and low temperatures interactions becomepraunrbative, and a
lattice QCD calculation is needed.

The calculation of the topological susceptibility in QCaiseady a challenge,
but calculating the complete potential requires a strategieal with the so called
sign problem, that is, the presence of a highly oscillatergtin the path integral.
Indeed Euclidean lattice gauge theory, our main non-peative tool for QCD
studies from first principles, has not been able to help ushnhérause of the
imaginary contribution to the action coming from tBeerm, that prevents the
applicability of the importance sampling methad [6]. Thédhe main reason why
the only progress in the analysis of t&lependence of the vacuum energy density
in pure gauge QCD, from first principles, reduces to the cdatfmn of the first few
coefficients (up to orded®) in the expansion of the free energy density in powers of
0 [[7], [8], [9], and the maximum temperature at which quencsiedulations seem
to give reliable results for the topological susceptipilis of the order of 15T,
[10] [11], [12], with T¢ the critical temperature for the chiral symmetry restorati
phase transition. The situation in full QCD with dynamicatrhions is, on the
other hand, even worst [13], [14], [15].

The QCD axion model relates the topological susceptibijity at 8 = 0 with
the axion massn, and decay constarft, through the relatiorgt = méf2. The
axion mass is, on the other hand, an essential ingredieheicalculation of the
axion abundance in the Universe. Therefore a precise catiquitof the temper-
ature dependence of the topological susceptibilit®D becomes of primordial
interest in this context. This is the reason why severalutafions of the topolog-
ical susceptibility in unquencheQCD have been published in recent timesl|[13],
[14], [15].

The authors of reference [13] expldd = 2+ 1 QCD in a range of tempera-
ture going fromT; to around 4., and their results for the topological susceptibility
differ strongly, both in the size and in the temperature depace, from the dilute
instanton gas prediction, giving rise to a shift of the axaark matter window
of almost one order of magnitude with respect to the instactomputation. The
authors of reference [14] observe however, in the same nmeetgi distinct temper-



ature dependences of the topological susceptibility irréimges above and below
250 MeV: while for temperatures above 250 MeV, the depergléndound to be
consistent with the dilute instanton gas approximatiodpwaer temperatures the
fall-off of topological susceptibility is milder. On thetwr hand a novel approach
is proposed in reference [15], the fixed Q integration, basethe computation
of the mean value of the gauge action and chiral condensdigedt topologi-
cal chargeQ, and they find a topological susceptibility many orders ofjmtude
smaller than that of reference [13] in the cosmologicallgvant temperature re-
gion.

We want to show in this paper that an analysis of some of theenigai results
reported in referencé [15], concerning the mean value ottti&l condensate at
fixed topological charge, suggest that the vacuum energsitgtea 6-independent
at high temperatures, but surprisingly not too h{gh~ 2T.), a result which would
imply a vanishing topological susceptibility, and the aixseof all physical effects
of theU (1) axial anomaly at these temperatures. Since our analysiasisdbon
the computation of physical quantities at fixed topologid@rge, we summarize
some peculiar features of such a computation and derivefession for the ratio
of partition functions in different topological sectorsdaction 2. In section 3 we
show, provided that the vacuum energy density has a naait@vdependence,
that the difference of gauge actions and of chiral condesda¢tween th€ and
vanishing topological sectors are of the order of the irevdattice volumeﬁt,
and proportional to the square of the topological chargen@oth cases. In this
section we also compare our analytical results with the migaleresults reported
in reference[[15]. The absence of the typical effects oft{&), anomaly in
the chiral symmetry restored phase @CD at high-temperature was suggested
years agol[16],.[17], and investigated later on[in| [18], [12D], [21], [22], [23],
[24], [25], [26], [27]. In section 4 we show, under very gesdesissumptions, that
all effects of the axial anomaly should disappear in the haghperature phase
of QCD, where theSU(N¢)a symmetry is restored. The topological susceptibility
and all theB-derivatives of the vacuum energy density should vanishtiamtheory
should becom@-independent. Our conclusions are reported in section 5.

2 QCD with 6-term

Quantum Field Theories with a topological term in the actoa a subject of in-
terest in high energy particle physics and in solid statesjgsy In particle physics,
these models describe particle interactions witPaviolating term. The inclusion
of this term in theQCD Lagrangian was the result of the discovery of thel)
axial anomaly, which solved th¢ (1) problem but generated a new problem, the
strongCP problem.

The Euclidean continuum Lagrangianif flavorsQCD with a 6-term is
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is the topological charge of the gauge configuration, whadles$ integer values.

In this section | want to summarize a few interesting featussme of them
well known, of QCD with a topological term in the action. One of these features
concerns the fact that the mean value of any intensive aperaQCD at6 =0
can be computed in any fixed topological sector [28], [29]particular in the
Q = 0 topological sector. Even if this result seems a paradoxgedhe zero charge
topological sector is free from thé(1), anomaly and breaks spontaneously chiral
symmetry, | will show how one can re-conciliate the abseri¢belJ (1), anomaly
with a finite non-vanishing mass for themeson. | will discuss separately the one-
flavor model and the case of several flavors, and will derivepression for the
ratio of partition functions in different topological secs, which will be useful in
the next section.

2.1 The one flavor model

Concerning the one flavor model, where the only axial symyristan anomalous
U (1) symmetry, the standard wisdom on the vacuum structure sfitloidel in the
chiral limit is that it is unique at each given value @&f the 8-vacuum. Indeed,
the only plausible reason to have a degenerate vacuum irhtred Emit would
be the spontaneous breakdown of chiral symmetry, but striseanomalous, ac-
tually there is no symmetry. Furthermore in contrast to wizgtpens when chiral
symmetry is spontaneously broken, the infinite volume liamit the chiral limit
commute. In fact, due to the chiral anomaly, the model showmss gap in the
chiral limit and therefore all correlation lengths are fnih physical units.

An elegant realization of all these ideas is the Leutwylat &migla (L-S) ap-
proach [30]. This approach is based, for the one-flavor mamtethe assumption
that the vacuum energy or free energy density can be expandsmvers of the
fermion mass m, treating the quark mass term as a pertunbdtideed, as previ-
ously stated, the spectrum of the one-flavor model, due tottlral anomaly, does
not contain massless particles and therefore the perionbsgries in powers of the
fermion massn should not give rise to infrared divergences. This expamsiil
be then an ordinary Taylor series

—E(m,8) = —Ep+ Zmco® + O(n?), (3)

giving rise to the following expansions for the scalar anelygtoscalar condensates



(OU) = ZcoH + O(m) (4)

(iGysu) = Zsin + O(m) (5)

The resolution of the U(1) axial problem is obvious in thigpegach. Indeed the
expression for the free energy density (3) tell us that tpeltmical susceptibility
X7 has the following expansion

XT = Zmco$ + O(n¥) (6)

and then the divergence in the chiral limit of the first ternthia right-hand side of
the equation relating the pseudoscalar susceptibility

Xo= | ({T0VsUOIT0)ysu(0)) d'x
with the chiral condensate ang

is compensated with the divergence of second term in thiatexqy giving rise to a
finite pseudoscalar susceptibility or equivalently a finitess for thalysu meson.

All these features can be understood in simple words. Duetoltiral anomaly
a non-vanishing value of the chiral condensate does noklan@asymmetry. The
Goldstone theorem is not fulfilled because there is no speoizs symmetry break-
ing.

The (L-S) formalism was developed in the continuum. Howetlegre is a
lattice regularization, the Ginsparg-Wilson (G-W) fermso31] from which the
overlap fermions[[32] are an explicit realization, whiclasts with the continuum
all essential ingredients and gives at the same time matiwhegor to all de-
velopments. Indeed G-W fermions havél) anomalous symmetry [33], good
chiral properties, a quantized topological charge, anolhalls to establish and
exact index theorem on the lattice [34]. Furthermore G-Whfens, contrary to
Wilson fermions, are free from phases where parity an flaymsetries are spon-
taneously broken [35]. We will use this lattice regulariaatin what follows.

With this in mind we can write for the free energy dendly scalarS and
pseudoscalaP condensates, pseudoscalar susceptibyfyand topological sus-
ceptibility x1 the same expressions as in the L-S approach,

—E(B,m,8) = —Eo (B) + =mco® + O(n'), ®)
(S) = Zcoh+0O(m) 9)
(P) = ZsinB+ O(m) (10)
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XT = Zmco$ + O(nP) (1)

X=2 X 12)

where these expressions are now valid at finite lattice sgacand finite lattice
volumeV, andZ depends on both parameters with a finite non-vanishing value
in the infinite volume limit. B is the inverse gauge coupling and we omit flie
dependence & for simplicity.

The partition function of the model can be written as a sunr alléopological
sectorsQ of the partition function in each topological sector time&phase factor
as follows

Z(8) = ngéeQ (13)

where Q takes all integer values, and it is bounded at finitenve by the number
of degrees of freedom.
At large lattice volumé/ the partition function should behave as

Z() = e VEBMO) (14)

with E (B,m, 8) given by [8). On the other hand the mean value of any interogive
eratorQ, as for instance the scalar and pseudoscalar condensaieg avrrelation
function, in a given topological sect@y, can be computed as follows

[dB8(0)yZ(8,m)e 1%
<O>Q = —i80
/dBezZ(6,me
Since the vacuum energy density, as a functiof, dfas its absolute minimum
at® = 0, equationd (8) an@ (15) tell us that the mean value of aeynsiNe operator
at® = 0 and non-vanishing fermion mass can be computed in any fogeddgical

sector. Indeed, equation (15) gives in the infinite lattickime limit the following
relation

(15)

(0)q = (O)e-0 (16)

We can apply equatiof _(I16) to the computation of the pseuwdimiscorrelation
function < P(x)P(0) >g—o by computing it in the vanishing charge topological
sector. But this sector is anomaly free, and breaks spooahechiral symmetry
in order to give a non-vanishing val@dor the chiral condensate in the chiral limit.
The pseudoscalar meson susceptibility diverges and thistaole theorem should
tell us that the pseudoscalar meson is massless in the thiial The loophole
in this argument is that in systems with a global constrdh, divergence of the
susceptibility does not necessarily implies a divergemtatation length. Indeed
the susceptibility must be computed by integrating out tirestation function over



all distances, and then taking the infinite volume limit, fistorder. In systems
with a global constraint, the infinite volume limit and theasp-integral of the
correlation function do not necessarily commute. A verymerexample of that
is the Ising model at infinite temperature with an even nunabespins and with
vanishing full magnetization as global constraint. In sactase one has for the
spin-spin correlation function

() =1
<SSJ> - —(V—l)

The integral of the infinite volume limit of the correlatioarfction is equal to 1,
whereas the infinite volume limit of the integrated corfielatfunction vanishes.
The correlation function has a contribution of ordeiv1that violates cluster at
finite volume and vanishes in the infinite volume limit, buatlgives a finite con-
tribution to the integrated correlation function. This exae, even if very simple,
is illustrative because this is in fact what happens for theugdoscalar correlation
function.

Coming back to QCD with ®-term, the standard wisdom on this model is
that it has no phase transition @t= 0. Then we can expand the pseudoscalar
correlation function in powers of tHgangle as follows

< P(X)P(0) >g=< P(x)P(0) >p_g +h(x,m,)8? 4 O(6% 17)
where
h(x,my) = (S(X)S(0)) g0 — (P(X)P(0))g_¢ + O(mMy) (18)
The vacuum energy densifyl (8) can also be expanded in poWéraso
~E(B.M,6) = ~Eo(B.m) -~ oxr (Bm)+O(8Y)  (19)
with
X1 (B,my) = m,Z + O(n) (20)

Taking into account equatioris (16) ahdl(17-19) and makirexpansion around
the saddle point solution we can write the following equatfior the pseudoscalar
correlation function in the zero-charge topological secto

< P(X)P(0) >g-0=< P(X)P(0) >g_0 +
1 (S(x)S(0))g_o — (P(X)P(0))g_g + O(My) 1
v T ++0 V2 (21)
Equation [(21l) shows, as in the simple Ising model case, atiol of cluster

at finite volume for the pseudoscalar correlation functiothie zero-charge topo-
logical sector. In the infinite volume limit, the pseudosealorrelation function in
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the zero-charge topological sector andJ&D at 6 = 0 agree, as expected. Con-
cerning susceptibilities we can write, by integrating ogti&ion [21) and taking
the infinite volume limit the following relation

324 0(my
XpQ=0=Xp+ z +o(m) (22)
XT
where we have made use of the fact that in the infinite volummét lintensive

operators do not fluctuate

(F39) )~ (s3s0)
(F3700) )= (T3P0

The dominant contribution of the second term in equation) (@2he chiral
limit diverges with the quark mass agm,, whereas

(SX)
my

Combining these results we get, notwithstanding the psmadar susceptibility
diverges in the zero charge sector in the chiral limit, thatpseudoscalar suscep-
tibility in one-flavor QCD is finite and the pseudoscalar meson is massive. The
pseudoscalar susceptibility in tiig= 0 sector diverges in the chiral limit not be-
cause of a divergent correlation length but as a consequértice cluster violating
contributions to the pseudoscalar correlation functiah),(&hich are singular at
m= 0 and of order}, and which give a finite singular contribution @ o—o.

To conclude the discussion on the one-flavor model, we waehtark that the
validity of the commutation of the infinite volume limit ankle chiral limit in this
model does not apply to the zero charge topological seatdedd, as previously
stated, the zero charge topological sector breaks spantalyechiral symmetry,
and even if all correlation lengths are finite in this sectioere are divergent sus-
ceptibilities in the chiral limit. We have seen that the piescalar susceptibility
diverges in this sector, but also the scalar susceptibjljitst vanishing quark mass
can be computed as

Xp.Q=0=

1 V
XsQ=0m=0= 5 (Xsm=0+ Xp.m=0) + Ezz (23)

which shows explicitly the divergence with the lattice volelVV, and makes the
perturbative expansion of the chiral condensate in powkens,dll-defined in the
infinite volume limit.



2.2 Several flavors

QCD with several flavors shows some important differenceb waspect to the
one flavor case. The model also suffers from the chiral anpimal has a spon-
taneously broker8U(Ns) chiral symmetry in the chiral limit at any temperature
below the critical temperature of the chiral transitina There are divergent cor-
relation lengths fofT < T in this limit and, contrary to the one flavor case, the
infinite volume limit and the chiral limit do not commuteTf < T.. However the
essential features previously described for the one-flavadel still work in the
several flavors case. Equati¢nl(12) reads now

Xp= 2 KT (24)
wherey, stands now for the flavor singlet pseudoscalar suscepfibitidSis the
flavor singlet scalar condensate. The vacuum energy daraitalso be expanded
in this case in powers of tH&angle as

E(B,mr,6) = Eg— 2 (B.my) & + 08" (25

and equationg (13), (114), (15) ahnd16) also work for seviabrs.

Let us write the expression, that we will use in the followifay the ratio of the
partition functions in the topological sectoZq and in the vanishing topological
sectorZy

Zo  JdBe ?%z(B,m)

= 26
2o~ [doz(e,m) (20)
and its expansion around the saddle point solution
Zy 1 @ 1
Z Lo +O<V2> @0

whereV is the spatial lattice volume arld the number of lattice points in time
direction. Equation[(27) implies that all topological sesthave the same proba-
bility in the infinite spatial volume limit at any temperaguf = 1/L;. Otherwise
the saddle point expansion breaks down, the most plaushkon for that being
that the vacuum energy density [25)@&andependent.

3 The finite temperature chiral transition

We want to explore in this section the physical consequeatesguation[(2l7) on
the temperature dependence of the topological suscéptibil
Taking the logarithm in[(27) we get

Z_ 1 @ (1
Iogz = VL > +0 <V2> (28)




and the following expressions for the logarithmic derivesi respect to the inverse
square gauge couplifgand fermion masseas;

2 10 1
o~ o= vrnr a5 +0(2) @)

<Zsf (x)>Q— <§sf (x)>Q_O= Vfitz)(i%%: +o<\%> (30)

where§; and S (x) in (29) are the lattice pure gauge action and the scalarlchira
condensate respectively.

There are two remarkable properties of the difference ofgactions and of
chiral condensates between Qeand vanishing topological sectors n29),1(30):
they are of the order of the inverse lattice volugjg and proportional to the square
of the topological charg® in both cases.

The numerical results fo{Sy)o — (Sy) oo @nd (3 xSt (x)>Q —(3xSt (x)>Q:0
reported in referencé [15] show a finite non-vanishing débation in the infinite
volume limit, linear in|Q| for both quantities. These results have been obtained
from numerical simulations of lattice QCD with; = 3+ 1 staggered dynamical
quarks afl ~ 5T, andN; = 2+ 1 overlap fermions, the last in a range of temper-
atures running from R to 4T; [15], and also in the quenched modell[36]. The
numerical results of reference [15] show furthermore aemitx(zxsf (x)>

(2xS (9) g0

Q=1"

<;sf<x>>Q_1—<Zsf <x>>Q_Ow = (31)

independent of the temperature, in the range of temperataported (300leV —
650MeV).

Summarizing, the results reported|in[15] for the differeiné the gauge action
and of the chiral condensate between @and vanishing topological sectors, ob-
tained from numerical simulations @CDatT > T, are in contradiction with the
corresponding results obtained from the expansion arob@daddle point (29),
(30), which should hold in the large volume limit.

There are only two plausible explanations for such a coittiad:

e The results of referencke [115] are afflicted from strong vaturorrections.

e The saddle point expansion fails to reproduce the corrdwier of physi-
cal quantities in the large volume limit

Since the authors of referende [15] exclude, from their misakanalysis of the
difference of the gauge action and of the chiral condensaterden theQ and
vanishing topological sectors, large finite size corredito these quantities (see
Figures S19 and S22 cf [15]), the only plausible explanaitotie failure of the
expansion around the saddle point. But the only reason éofiailure of the saddle
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point expansion is that the main ingredient of this expanstbe fact thatz(8)
defines in[(26) an integration measure extremely sharpathdib= 0, does not
work. SinceZ(8) = e xHE®M.8) and E(B,m¢,0) has its absolute maximum at
6 = 0 for any non-vanishing value of the fermion mamg, and gauge coupling
B, we should conclude, as previously stated, that the vacuwgrgg density is
B-independent at high temperatures, but surprisingly rmhtgh (T ~ 2T;). A 6-
independent vacuum energy density for physical temperatabove a given tem-
peraturel, would imply a vanishing topological susceptibility, ané thbsence of
all physical effects of théJ (1) axial anomaly at these temperatures.

Years ago Thomas Cohen [16], [17] showed, assuming the edséthe zero
mode’s contribution, that all the disconnected contritmai to the two-point corre-
lation functions in theSU(2) chiral symmetry restored phase at high-temperature
vanish in the chiral limit. The main conclusion of this worlasvthat the eight
scalar and pseudoscalar mesong, n, p, should have the same mass in the chiral
limit, the typical effects of th&) (1)a anomaly being absent in this phase. This is-
sue has been investigated both analytically and from nualesimulations in[[18],
[19], [20], [21], [22], [23], [24], [25], [26], [27]. In pafitular Sinya Aoki and col-
laborators have reported numerical results from simulatiof QCD with overlap
fermions [23], [25] which show a degeneracy of thendn correlators. In ad-
dition they have also shown ih [24], by studying multi-podatrrelation functions
in various channels, that thé(1)a anomaly becomes invisible in susceptibilities
of scalar and pseudo-scalar mesons inSb¢2), chiral symmetric phase @CD
with two overlap quarks.

In the next section | will argue that the effects of the cheabmaly on the
meson spectrum, and in any physical observable, shoulgmisa in the high tem-
peratureSU(N; )a chiral symmetric phase @CD.

4 The restoration of theU (1), symmetry atany T > T

We want to show in this section, on very general grounds, Hbeffacts of the
axial anomaly should disappear in the high temperature epbdfCD, where
the SU(N¢)a symmetry is restored. The topological susceptibility atidhe 6-
derivatives of the vacuum energy density should vanish aedheory should be-
comeB-independent.

The only general assumption of this section is that in thdn h@mperature
phase ofQCD, where theSU(Nf)a symmetry is restored, the spectrum shows a
mass gap even in the chiral limit. All correlation lengthg #inite in physical
units, none symmetry is spontaneously broken, the modetésffom infrared di-
vergences, and the perturbative expansion of the vacuurgyedensity and of the
chiral condensate in powers of the quark mass convergevéoy 8 (phase tran-
sitions inB are not expected at > T [37], [9]). A finite spatial lattice volume of
linear size much larger than the inverse mass gap shoulddgkrto reproduce
the correct physical results, and contrary to what happeiisel low temperature
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broken phase, the infinite volume limit and the chiral lintibald commute. The
situation is similar to that of the one-flavor model previgudiscussed, where the
chiral anomaly, and therefore the absence of spontanedaad sypmmetry break-
ing, was the responsible for the mass gap in the spectrumsofithdel. However,
contrary to the one-flavor case, the zero charge topologmetor does not show
spontaneous symmetry breaking, and all susceptibilitiesiite in the chiral limit

in this sector. This suggests that the validity of the péstive expansion in pow-
ers of the quark mags, and of the commutation of the infinite volume limit and
the chiral limit, applies also to this sector, and we will raakse of this in what
follows.

We will first discuss the two-flavor case and will comment oa #xtension
of the results tdNs > 3. We will also show that equation (31) holds in the chiral
symmetry restored phase, up to ordgrcorrections, a result which, as previously
stated, has been observed in the numerical simulationstegpio [15] atT = 2T..
As always along this paper, we work in a lattice with a fernmiegularization that,
as the overlap fermions, obey the Ginsparg-Wilson relation

4.1 The two flavor model

To fix the notation let b&§(x) = S,(x) + Su(X) andP(x) = Py(x) + P4(X) the sum
of the up and down scalar and pseudoscalar condensatestigslgeandysm—ov
andypm-oy the flavor singlet scalar and pseudoscalar susceptibibiien = m, =

my = 0, and finite lattice volum¥ = L3L;. Taking into account the®(x) andP(x)
transform like a vector undéda(1) chiral anomalous rotations we can write for
the expansion of the mean value of the chiral condensatewegoofm

., 0
<S(X)>e = Xsm=0yM— sir? 5 (Xsm=oyv — Xp,m:O,V) m+0O (m3) (32)

which gives the following expression for the vacuum energgsity

1 1..,0
—Ev(B,m,0) = —Eqyv (B) + EXSJThO,VmZ ~5 sin? > (Xsm=0v — Xp.m=oyv ) M

Lo () (33)

whereEpy (B) is the vacuum energy density mt= 0, which depends only on the
inverse gauge coupling.

Equation [(3B) gives for the topological susceptibilityGat 0 the following
relation with the scalar and pseudoscalar flavor-singlstesptibilities

me
XTV = 2 (X&m:O,V - Xpm:O,V) +40 (m4) (34)

which is of the order ofr?, as expected.
Equations[(3R) and (33) allow us to write the following exgian in powers of
mfor the mean value of the chiral condensate inGhe 0 topological sector
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1
<S(X)>Q:o = Xsm=0,yM— > (Xsm=0v — Xpm=0yv) M+ O (mg) (35)

As previously discussed, the large lattice volume expansimund the saddle
point predicts, provided that the vacuum energy densityvsha non-trivial 6-
dependence, that the chiral condensate in any fixed topalbgéctor equals the
chiral condensate in the full theory @&t= 0, in the large volume limit, up to of the
order of\i, corrections. Then the only way to keep the validity of theamgion of
the chiral condensate and the vacuum energy density in gaf¢he quark mass

mis thatXsm-ov — Xpmov iSO (&)

1
Xsm=0v — Xpm=0oyv ~ O <\—/> (36)

Equation [(36) implies that the topological susceptibil@@4) vanishes, the
scalar and pseudoscalar susceptibilities are equal inhiinal imit, and therefore
the eight scalar and pseudoscalar mesnmsn, p, should have the same mass in
this limit.

The analysis here performed can be extended to higher ardies expansions
(32)-(35), getting as a result new conditions, analogou@®, which show that
the theory should bé-independent in the infinite volume limit and that all the
effects of the chiral anomaly are missed.

There is a simpler way to understand all these features. &bewn energy
density can be parameterized as follows

Ev (B,m,8) — Ey (B,m,0) = n?6%f (B, m, 6?) (37)

with f(B,m,ez) > 0 for every® € (—1m, 11, since® = 0 is assumed to be the
only absolute minimum of the vacuum energy density. It is @neunction of
o (f (B, m, 62) is also an even function oh in the two-flavor model) that vanishes
atm= 0. The subtracted full chiral condensdfg, S(x))g_o — (3xS(X))g_g IS ON
the other hand finite in the infinite volume limit, and can benpoited as follows

(3sw) ~(3sw) =

VL £d8 (2m* (B, m,62) + mPa,f (B, m, 62)) 62 Vel &*f (Bme?)
- [ dBeLimPe2 T (B me?)

(38)
which obviously vanishes ath = 0.
We can compute the subtracted full chiral condensate at anyvanishing

guark massn by doing the expansion df (B8) around the saddle point, amfinil
result for the dominant contribution in tlme— O limit is

(259), ,(250) e
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Then, if we want to keep the validity of the expansion of thewan energy density
in powers of the quark mass, and of the commutation of the infinite volume limit
and the chiral limit, we need to invalidate the saddle pokgamsion, and this
requires that th@-dependent part of the vacuum energy density (37) be atdéast
the order of?.

We can also compute the mean value of the chiral condensdte i@ = 1
topological sector under this condition (or conditibn](3@)he final result is

m<S(X)>Q:1 = X&nhO,sz + \1/ (2+ @] (n12)) (40)

which gives for the difference between the full condensai¢ise Q =1 andQ =0
topological sectors the following expression

m<<z<sJ<x>+sj<x>>> (S E®+s00) >:2+0(m2) (1)
-1 \X

X

Q=0

4.2 Three or more flavors

The generalization of the results of the previous subsedtdN; > 3 is straight-
forward but with some peculiar features which we want to ndena

In the two flavor model the scalggm—oyv and pseudoscalgpm—oyv suscepti-
bilities in the chiral limit get contributions from th®@ = 0 andQ = 1 topological
sectors. Th& = 0 sector is free from the anomaly, and then gives the same con-
tribution to both susceptibilities, but tlig= 1 sector contributions tgsm—ov and
Xpm=oy are opposite. Fd¥s > 3 however only th& = 0 sector gives contribution
to the scalaism—oyv and pseudoscalapm—oyv Susceptibilities in the chiral limit,
and therefore we get

Xsm=ov = Xpm=ov, if Nf>3. (42)

The expansion of the mean value of the chiral condensateviresocof m for
Nf =3

<S(X)>e = Xsm=0yM— sir? g (Xs,m:O,V - Xp,m:O,V) m—+ O (n12) (43)

is thereforeB-independent at ordenm, its first 8-dependent contribution being of
the order ofm?. In general the firsB-dependent contribution to the expansion
of the scalar condensate in powers of the quark massof the order ofmNf—1,
and therefore of the order offVf in the expansion of the vacuum energy density,
analogous to equatiof (i33). This is the reason why the gieragran of equation
(41) toN; flavors reads now as follows

m<<%&(x)>Ql<%&(x)>Qo) =Nt +0(m) (44)
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5 Summary and Conclusions

The axion mass, an essential ingredient in the calculatidtheoaxion abundance
in the Universe, is related in th@CD axion model with the topological suscepti-
bility xt at® = 0. The temperature dependence of the topological susdiypti®
therefore just that of the axion mass.

Three papers reporting numerical results for the temperadependence of
the topological susceptibility in unquench&@CD have been recently published
[13], [14], [15], and their conclusions seem not to be in agrent with each other,
reflecting the high level of difficulty in measuring the topgical susceptibility in
the high temperature regime.

In this paper we have shown that an analysis of some of the mcatheesults
reported in[[15], concerning the mean value of the chirabemsate at fixed topo-
logical charge, suggests that the vacuum energy dens@yndependent at high
temperatures, but surprisingly not too high~ 2T;), a result which would imply
a vanishing topological susceptibility, and the absencalgfhysical effects of the
U (1) axial anomaly at these temperatures. More precisely we $tawen that the
results of the numerical simulationsQCD at T > T in [15], [36], are in contra-
diction with the results of the large volume expansion acoilnve saddle poinf(29),
(30), but in very good agreement with the analytical pewdtivie expansion of the
chiral condensate given by equatinl(44).

The only reason for the failure of the saddle point expansidmat the main in-
gredient of this expansion, the non-triveadependence of the vacuum energy den-
sity E(B,m¢,0), does not work. Other intermediate solutions, like a vaceuergy
density with non triviald dependence fdB| < 6., which become$-independent
at |8] > 6., would imply the existence of a phase transition &t6;), and such
a situation seems to be ruled oufTif> T, at least in the pure gauge model, by
the results of([3[7],[[9], which show that the critical temateire of the deconfine-
ment phase transition decreases Wit herefore @&-independent vacuum energy
density seems the most plausible explanation for the &ibfrthe saddle point
expansion.

In section 4 we have made a general assumption concerniriagghdéempera-
ture phase oQCD, where theSU(N)a symmetry is restored. Basically we assume
that in this phase all correlation lengths are finite in pbgisunits, none symme-
try is spontaneously broken, the model is free from infradi@@rgences, and the
perturbative expansion of the chiral condensate in powktiseoquark mass con-
verges. A finite spatial lattice volume of linear size mudigéa than the inverse
mass gap should be enough to reproduce the correct physsedls, and contrary
to what happens in the low temperature broken phase, theaténfiolume limit
and the chiral limit should commute. Under this assumpti@enhave shown that
all effects of the axial anomaly should disappear in the hgghperature phase
of QCD, where theSU(N;)a symmetry is restored. The topological susceptibility
and all theB-derivatives of the vacuum energy density should vanishtlamtheory
should becom®-independent at any > Te.
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Incidentally, the commutativity of the chiral and infinitelume limits is im-
plicitly assumed by the authors of referencel[15], sincer tbalculations in the
high temperature regime are based on the assumption thafblegical suscepti-
bility, xt, can be computed in this phase from the relatiogn = %, which is just
the result that follows from the dilute instanton gas appration in theVxt < 1
limit.

An analysis of the physical implications of these resultgt@naxion cosmol-
ogy seems therefore worthwhile.

The author thanks Giuseppe Di Carlo, Eduardo Follana andwdeo Vaquero
for very long and deep discussions on the topological ptagseof QCD, and Javier
Redondo for very useful discussions on the results of reéer¢l5]. The author
also thanks the referee of this paper for his criticisms amdrents. This work
was funded by MINECO under grant FPA2015-65745-P (MINE(EDER).
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