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We study deformations of the quantum conformal mechanics of de Alfaro-Fubini-Furlan with a rational
additional potential term generated by applying the generalized Darboux-Crum-Krein-Adler trans-
formations to the quantum harmonic oscillator and by using the method of dual schemes and mirror
diagrams. In this way we obtain infinite families of isospectral and nonisospectral deformations of the
conformal mechanics model with special values of the coupling constant g ¼ mðmþ 1Þ, m ∈ N, in the
inverse square potential term, and for each completely isospectral or gapped deformation given by a mirror
diagram, we identify the sets of the spectrum-generating ladder operators that encode and coherently reflect
its fine spectral structure. Each pair of these operators generates a nonlinear deformation of the conformal
symmetry, and their complete sets pave the way for investigation of the associated superconformal
symmetry deformations.
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I. INTRODUCTION

Conformal mechanics of de Alfaro, Fubini, and Furlan
(AFF) was introduced and studied as a (0þ 1)-dimensional
conformal field theory [1]. This system corresponds to the
simplest two-body case of the N-body Calogero model
[2–4] with eliminated center of mass degree of freedom.
The same quantum harmonic oscillator model with a
centrifugal barrier [1] appeared in the literature later under
the name of the isotonic oscillator [5]. It found interesting
applications, particularly in the context of the physics of
anyons [6–8]. For some references devoted to the inves-
tigation of different aspects of this model and its general-
izations see [9–16]. Some time ago a new wave of interest
to this model and its supersymmetric generalizations
appeared in the context of the AdS=CFT correspondence
[17–19] after the observation that the dynamics of a particle
near the horizon of the extreme Reissner-Nordström black
hole is governed by some relativistic type of conformal
mechanics [20–28]. Recently, the model also attracted
attention in connection with the confinement problem in
QCD [29,30]. The isotonic oscillator also caused a notable
interest in investigations related to exceptional orthogonal
polynomials [31–38].

The method of the Darboux-Crum-Krein-Adler (DCKA)
transformations [39–43] provides a simple mechanism
for the construction of the rational extensions of the
quantum harmonic oscillator (described by the potential

that is composed from the quadratic term and additionally
generated rational term) with any preassigned almost
equidistant gapped spectrum containing an arbitrary finite
even number of missing energy levels in it [43,44]. The
same method recently allowed one to identify the set of the
ladder operators for rationally extended quantum harmonic
oscillator systems that detect and coherently reflect all their
spectral peculiarities and form the sets of the spectrum-
generating operators [45].

(i) In the present paper, we address the problem of
construction of the complete sets of the spectrum-
generating ladder operators for rational deformations
of the conformal mechanics characterized by special
values of the coupling constant g ¼ mðmþ 1Þ,
m ∈ N, in the inverse square potential term. Each
pair of such ladder operators provides us with a
certain nonlinear deformation of the conformal sym-
metry, and their complete sets pave the way for
investigation of the associated superconformal sym-
metry deformations.

The conformal mechanics model with the indicated
values of the coupling constant in the inverse square
potential term is especially interesting from the point of
view of applications to the physics of anyons where the
cases of g ¼ mðmþ 1Þ describe the relative dynamics of
the bosons [6–8,46]. Another reason is that the potentials
mðmþ 1Þ=x2 without the confining harmonic term are
related to the hierarchy of the Korteweg–de Vries (KdV)
equation within a framework of a broader picture in
which the Calogero systems govern the dynamics of the
moving poles of the rational solutions to the KdV
equation [47–49].
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We start from a certain set of physical and nonphysical
eigenstates of the quantum harmonic oscillator selected as
the seed states for the DCKA transformations, and we
obtain infinite families of rational extensions of the isotonic
oscillators for both isospectral and nonisospectral cases
with an arbitrary (odd or even) number of missing energy
levels in the gaps. For this, we develop and apply the
method of the mirror diagrams allowing us to identify
complementary sets of the seed states that produce the same
system modulo a relative displacement of the spectrum.
Having two dual schemes for the same system, we
construct the sets of the ladder operators that generate
nonlinearly deformed conformal symmetry and coherently
reflect all the spectral properties of each isospectral and
nonisospectral deformation.
The paper is organized as follows. The next section is

devoted to the construction and analysis of the quantum
conformal mechanics systems by applying the Darboux-
Crum (DC) transformations to the half-harmonic oscillator.
One of the two dual families of transformations we use is
based on the selection of physical eigenstates of the quantum
harmonic oscillator as the seed states. Another family of
Darboux transformations employs nonphysical eigenstates
generated from physical eigenfunctions by a spatial Wick
rotation. The same two types of the Darboux transformations
are employed for the construction of the ladder operators of
the isotonic oscillator systems. We also observe there how
ladder operators can be generated from the two super-
symmetric schemes corresponding to the broken and unbro-
ken phases. In Sec. III we describe the construction of the
dual schemes of the DCKA transformations by generalizing
the relations from Sec. II. We show there that the dual
schemes can conveniently be presented by a mirror diagram,
in which they are related by a kind of a “charge conjugation.”
The dual schemes and mirror diagrams lie in the basis of
constructions of the next two sections. In Sec. IV we
construct infinite families of the completely isospectral
rational deformations of the conformal mechanics systems
and describe their ladder operators. In Sec. V we describe the
construction of rational deformations with any preassigned
gapped spectrum organized in an arbitrary number of the
lower-lying “valence” bands of arbitrary size and infinite
equidistant band. We also consider there the construction of
the pairs of ladder operators that reflect different properties
of the spectrum, and then we identify their combinations that
form the sets of the spectrum-generating operators. Each
such pair of the ladder operators generates a certain nonlinear
deformation of the conformal symmetry. In Sec. VI we
summarize and discuss the results, as well as indicate some
problems that could be interesting for further investigation.

II. QUANTUM CONFORMAL
MECHANICS SYSTEMS

Consider the quantum harmonic oscillator system
described by the Hamiltonian defined by the differential

operator Losc ¼ − d2

dx2 þ x2 with domain L2ðR; dxÞ. The
solutions to the spectral problem Loscψn ¼ Enψn are given
by the normalizable eigenfunctions ψnðxÞ ¼ HnðxÞe−x2=2
corresponding to the energy values En ¼ 2nþ 1, n ¼ 0;
1;…, where HnðxÞ are the Hermite polynomials. Here and
in what follows we do not preoccupy ourselves with
normalization of the states and specify wave functions
modulo multiplication by a nonzero complex number. A
simple change x → ix (see [31,33,38,44,50]) provides us
with nonphysical (non-normalizable) solutions ψ−

n ðxÞ ¼
HnðxÞex2=2 that correspond to eigenvalues E−

n ¼ −En,
where HnðxÞ ¼ ð−iÞnHnðixÞ. These not physically accept-
able states will play an important role in the construction of
the rational deformations of the quantum mechanics
systems.
The confining AFF model [1] is characterized by the

slð2;RÞ conformal symmetry

½Liso
g ; C�g � ¼ �4C�g ; ½C−g ; Cþg � ¼ 8Liso

g ; ð2:1Þ

where Liso
g is the Hamiltonian given by a Schrödinger-type

differential operator

Liso
g ¼ −

d2

dx2
þ x2 þ g

x2
; g ∈ R; ð2:2Þ

defined in a domain fϕ ∈ L2ðð0;∞Þ; dxÞjϕð0þÞ ¼ 0g,
and C�g are the spectrum-generating ladder operators that
we specify below. When g ≥ −1=4, one can replace g ¼
νðνþ 1Þ with ν ∈ R. For g > − 1

4
, the factorization can be

done in two ways because gðνÞ ¼ gð−ð1þ νÞÞ. We are
interested here in the case when ν takes integer values and
write

Liso
m ¼ −

d2

dx2
þ x2 þmðmþ 1Þ

x2
; m ¼ 0; 1;…: ð2:3Þ

The first member Liso
0 of this infinite family corresponds to

a half-harmonic oscillator (on the half-line x > 0) with a
nonpenetrable infinite barrier put at x ¼ 0, i.e., to the
quantum system given by the potential VðxÞ ¼ þ∞ for
x ≤ 0 and VðxÞ ¼ x2 for x > 0. Its physical eigenstates ψ0;l

and eigenvalues E0;l ¼ 4lþ 3, l ¼ 0; 1;…, correspond
to those of the quantum harmonic oscillator with odd
index n ¼ 2lþ 1: ψ0;lðxÞ ¼ ψ2lþ1ðxÞ, for x ∈ ð0;∞Þ,
E0;l ¼ E2lþ1. Hereafter with an abuse of notation we write
that two functions with a different domain are equal when
both coincide on the common domain, and in the preceding
case we simply write ψ0;l ¼ ψ2lþ1.
The eigenstates and eigenvalues of the isotonic (radial)

oscillator Liso
m with m ≥ 1 can be found, particularly, by

applying the DC transformations to the half-harmonic
oscillator system Liso

0 ≡ L0. Taking the first m eigenfunc-
tions ψ0;0;…;ψ0;m−1, m ¼ 1; 2;…, of L0 as the seed states
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for the DC transformation (see Appendix A), we generate
the quantum Hamiltonian

Lm ≡ −
d2

dx2
þ x2 − 2ðlnWð1; 3;…; 2m − 1ÞÞ00

¼ Liso
m þ 2m: ð2:4Þ

Here and in what follows we use a compact notation

n ¼ ψnðxÞ, −n ¼ ψ−
n ðxÞ, ñ ¼ gψnðxÞ, f−n ¼ gψ−

n ðxÞ for the
corresponding physical and nonphysical eigenstates of the

quantum harmonic oscillator, where gψnðxÞ is an eigen-
function linearly independent from a solution ψnðxÞ of the
corresponding stationary Schrödinger equation; see
Eq. (A3). According to this notation, Wð1; 3;…; 2m − 1Þ
is the Wronskian of the odd eigenfunctions ψ1 ¼ ψ0;0,
ψ3 ¼ ψ0;1;…;ψ2m−1 ¼ ψ0;m−1 of the quantum harmonic
oscillator. Hereafter we identify an eigenfunction of
differential operators L as a physical eigenstate of the
corresponding Hamiltonian H when it satisfies the inte-
grability and boundary conditions. Accordingly, a non-
physical eigenstate is not a true eigenstate of the
Hamiltonian operator.
Given the physical character of the eigenstates of

L0 ¼ Liso
0 that we used as seed states for the DC trans-

formation (2.4), the corresponding energy levels are absent
in the spectrum of the generated system Lm. The neighbor
members Lm−1 and Lm of the family of the differential
operators and their corresponding Hamiltonians are factor-
ized and intertwined by the first order operators

A−
m ¼ d

dx
þ x −

m
x
; Aþ

m ¼ −
d
dx

þ x −
m
x
; ð2:5Þ

in terms of which we have

Aþ
mA−

m ¼ Lm−1 − E2m−1; A−
mAþ

m ¼ Lm − E2m−1; ð2:6Þ

A−
mLm−1 ¼ LmA−

m; Aþ
mLm ¼ Lm−1Aþ

m: ð2:7Þ

Here E2m−1 ¼ 4m − 1 ¼ Em−1;0 corresponds to the eigen-
value of the eigenfunction ψm−1;0 ¼ xme−x

2=2 that describes
the ground state of the system Lm−1. According to Eq. (A1),
the state ψ� ¼ ψm−1;0 generates the operators (2.5). Any
eigenstate ψm;E of energy E ≠ Em−1;0 of the system Lm can
be generated from the state ψm−1;E that is an eigenstate of
Lm−1 of the same energy, ψm;E ¼ A−

mψm−1;E. The non-
physical eigenstate ðψm−1;0Þ−1 of Lm of energy E ¼ Em−1;0
is generated by applying the operator A−

m to the nonphysical
eigenstate gψm−1;0 of Lm−1.
The factorization and intertwining relations satisfied by

operators (2.5) can be translated into the language of
supersymmetric quantum mechanics by taking the 2 × 2
diagonal matrix

He
m ¼ diagðHe;þ

m ≡Lm −E2m−1;H
e;−
m ≡Lm−1 −E2m−1Þ;

m¼ 1;…; ð2:8Þ

as the Hamiltonian operator. The antidiagonal supercharge
operators are defined by

Qe;1
m ¼

�
0 A−

m

Aþ
m 0

�
;

Qe;2
m ¼ iσ3Q

e;1
m ¼

�
0 iA−

m

−iAþ
m 0

�
: ð2:9Þ

They generate the Lie superalgebra of N ¼ 2 supersym-
metry,

½He
m;Q

e;α
m � ¼ 0; fQe;α

m ;Qe;β
m g ¼ 2δα;βHe

m; α; β ¼ 1; 2:

ð2:10Þ

The matrix Hamiltonian operatorHe
m has the singlet ground

state Ψ0;m ¼ ð0;ψm−1;0Þt of zero energy that is annihilated
by both supercharges Qe;α

m , and so the extended system
(2.8), (2.9) corresponds to the case of the exact, unbroken
supersymmetry.
In correspondence with the described picture, physical

eigenstates ψm;l, of Lm of energies Em;l ¼ 4ðmþ lÞ þ 3,
l ¼ 0; 1;…, can be generated from the odd eigenstates
ψ2ðmþlÞþ1 of the quantum harmonic oscillator of the same
energies E2ðmþlÞþ1 ¼ 4ðmþ lÞ þ 3,

ψm;l ¼ A−
mψ2ðmþlÞþ1; A−

m ¼ A−
mA−

m−1 � � �A−
1 : ð2:11Þ

In the particular case of l ¼ 0, relation (2.11) gives the
ground state of the system Lm, ψm;0 ¼ A−

mψ2mþ1 ¼
Cxmþ1e−x

2=2. The operator A−
m annihilates all the m lowest

odd eigenstates ψ2n−1 of the quantum harmonic oscillator
with n ¼ 1;…; m. If ψE is any physical or nonphysical
eigenstate of the quantum harmonic oscillator with
E ≠ E2n−1 ¼ 4n − 1, n ¼ 1;…; m, Eq. (2.11) can be gen-
eralized as follows:

ψm;E ¼ A−
mψE; Lmψm;E ¼ Eψm;E: ð2:12Þ

Here ψm;E is an eigenstate of Lm of the same, physical or
nonphysical, nature excepting the case when E ¼ E2l,
l ¼ 0; 1;…, and ψE ¼ ψ2l. The physical eigenstate ψ2l
of the quantum harmonic oscillator being a nonvanishing at
x ¼ 0 even function is mapped into a nonphysical eigen-
state of Lm that is singular at x ¼ 0. Notice that the relation
(2.12) can be presented equivalently in a Wronskian form,
ψm;E¼Wð1;3;…;2m−1;ψEÞ=Wð1;3;…;2m−1Þ. Using
the factorization and intertwining relations satisfied by
operators (2.5), we find the relations
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Aþ
mA−

m ¼
Ym
j¼1

ðL0 − E2j−1Þ; A−
mAþ

m ¼
Ym
j¼1

ðLm − E2j−1Þ;

ð2:13Þ

and A−
mL0 ¼ LmA−

m, Aþ
mLm ¼ L0Aþ

m for the higher order
differential operators A−

m, Aþ
m ¼ ðA−

mÞ†. Equation (2.13) is
useful, particularly, to establish the exact relationship
between eigenfunctions (2.11) of the isotonic oscillator
given in terms of the Hermite polynomials and their

standard representation in terms of the generalized
Laguerre polynomials; see Appendix B.
The method of dual schemes and mirror diagrams

described below in Sec. III, allows us to find alternative
ways to generate the isotonic oscillator system Lm by means
of the DC transformations. This can be done, particularly, by
using the odd nonphysical eigenstates ψ−

2lþ1 of the quantum
harmonic oscillator instead of its physical odd eigenstates
ψ2lþ1. The states ψ−

2lþ1 are also nonphysical eigenstates of
the half-harmonic oscillator L0 ¼ Liso

0 of eigenvalues
−4l − 3, and instead of (2.4) we obtain

Lm − 4m ¼ −
d2

dx2
þ x2 − 2

d2

dx2
ðlnWð−1;−3;…;−ð2m − 1ÞÞÞ ¼ Liso

m − 2m: ð2:14Þ

We have here the alternative representation for eigenfunc-
tions (2.12) of Lm: ψm;E ¼ Wð−1;−3;…;−ð2m − 1Þ;
ψEÞ=Wð−1;−3;…;−ð2m − 1ÞÞ. Because of a nonphysical
nature of the seed states, in this case there are no removed
energy values in the spectrum of (2.14) in comparison with
the spectrum of the half-harmonic oscillator L0 ¼ Liso

0 . The
DC transformation of nonphysical eigenstate gψ−

0;l ¼ gψ−
2lþ1

of L0, l ¼ 1;…; m, produces a nonphysical eigenstate of
the Hamiltonian operator Lm − 4. As a result, the system
described by the differential operator Lm − 4 turns out to be
completely isospectral to L0. We shall show below that this
picture of DC transformations corresponds to the case of
spontaneously broken supersymmetry. The relative non-
zero shift −4m in (2.14) in comparison with (2.4) is
important and lies in the base of the construction of the
ladder operators.
The shift −4m in (2.14) is associated with the difference

in the exponential factors in the structure of the physical
states ψnðxÞ of the quantum harmonic oscillator and its
nonphysical eigenstates ψ−

n ðxÞ ¼ CψnðixÞ. The structure of
the Wronskian (2.4) is Wð1;3;…;2m−1Þ¼CxΔme−mx2=2,
where Δm ¼ mðmþ 1Þ=2 (see Appendix C), while the
Wronskian in (2.14) is obtained from it by the change
x → ix, Wð−1;−3;…;−ð2m − 1ÞÞ ¼ CxΔmemx2=2.
As in the case of the DC scheme based on physical

eigenstates of L0, one can factorize and intertwine the
neighbor members in the family of differential operators of
the isotonic oscillator systems by the first order differential
operators

A−
−m ¼ d

dx
− x −

m
x
; Aþ

−m ¼ −
d
dx

− x −
m
x
: ð2:15Þ

These operators can be obtained by means of relation (A1)
with ψ� ¼ ψ−

m−1;0, where ψ
−
m−1;0 ¼ ψm−1;0ðixÞ ¼ xmex

2=2 is
a nonphysical eigenstate of Lm−1 of eigenvalue −3. Note
that the nonphysical eigenstate ψ−

m−1;0 of Lm−1 can be

generated from the nonphysical eigenstate ψ−
2mþ1 of the

quantum harmonic oscillator if we take there ψE ¼ ψ−
2mþ1.

If we formally put m ¼ 0 in A�
m and A�

−m, we obtain the
ladder operators ða�Þ of the harmonic oscillator. They are
not of the same nature as A�

m or A�
−m since they intertwine

harmonic oscillators with relatively displaced spectra and
transform physical states of L0 into its nonphysical states:
a�ψ2nþ1 ¼ ψ2nþ1�1. Nevertheless, they produce the ladder
operators ða�Þ2 of L0, and they will be used in the
construction of mirror diagrams in the next section.
We have the factorization relations A−

−mAþ
−m ¼ Liso

m þ
2m − 1 and A−

−mAþ
−m ¼ Lm − 1. Because of different con-

stants of factorization, the operators A−
−m and Aþ

−m, unlike
A−
m and Aþ

m, intertwine the differential operators Lm−1 and
Lm with an additional nonzero shift,

A−
−mLm−1 ¼ ðLm − ΔEisoÞA−

−m;

Aþ
−mLm ¼ ðLm−1 þ ΔEisoÞAþ

−m: ð2:16Þ

Here ΔEiso ¼ 4 is the difference between any two succes-
sive levels in the equidistant spectrum of Lm for any value
of m. As a consequence, the application of A−

−m to a
physical or nonphysical eigenstate ψm−1;E of Lm−1 of
eigenvalue E ≠ −3, Lm−1ψm−1;E ¼ Eψm−1;E, produces a
state A−

−mψm−1;E that is an eigenstate of Lm of eigenvalue
Eþ 4 having the same physical or nonphysical nature.
Similarly, the application of Aþ

−m to an eigenstate ψm;E of
Lm of eigenvalue E ≠ þ1 produces the state Aþ

−mψm;E that
is an eigenstate of Lm−1 of eigenvalue E − 4 having the
same, physical or nonphysical, nature as the state ψm;E.
Besides, in accordance with Eq. (A3), the application of A−

m
and Aþ

m to the partner states ψ̃ of the kernels of Aþ
m and A−

m
reproduces the corresponding nonphysical eigenstates of
Lm and Lm−1 of energies E ¼ þ1 and −3, respectively.
Analogously to (2.8) and (2.9), we can translate the

factorization and intertwining relations satisfied by the
operators A−

−m and Aþ
−m into the language of supersymmetric
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quantum mechanics by defining the extended Hamiltonian
and supercharge operators as follows:

Hb
m ¼ diagðHb;þ

m ≡ Lm − 1;Hb;−
m ≡ Lm−1 þ 3Þ;

m ¼ 1;…; ð2:17Þ

Qb;1
m ¼

�
0 A−

−m

Aþ
−m 0

�
;

Qb;2
m ¼ iσ3Q

b;1
m ¼

�
0 iA−

−m

−iAþ
−m 0

�
: ð2:18Þ

They generate, again, the Lie superalgebra of N ¼ 2
supersymmetry,

½Hb
m;Q

b;α
m � ¼ 0; fQb;α

m ;Qb;β
m g ¼ 2δα;βHb

m; α; β ¼ 1; 2:

ð2:19Þ

But here the lowest energy eigenvalue of the extended
Hamiltonian operator Hb

m is positive, Eb
0;m ¼ 4mþ 2 ≥ 6,

and doubly degenerate as at any higher energy level. The
corresponding eigenstates are Ψþ

0;m ¼ ðψm;0; 0Þt and
Ψ−

0;m ¼ ð0;ψm−1;0Þt. Any linear combination of the states

Ψþ
0;m and Ψ−

0;m is not annihilated by the supercharges Qb;α
m ,

and the system (2.17), (2.18) corresponds to the case of the
broken supersymmetry. The difference between extended
Hamiltonians (2.17) and (2.8) is given by the operator
Hb

m − Le
m ¼ E2m−1 þ 1 − 2σ3 ≡ Im, that is, an even inte-

gral for both supersymmetric systems He
m and Hb

m. This
integral does not commute with the supercharges but

generates a rotation in index α: ½Im;Q
eðbÞ;α
m � ¼ 4iϵαβQeðbÞ;β

m .
Similar to what we did in (2.11), one can construct

differential operators of order m, A−
−m ¼ A−

−m…A−
−1.

Unlike the operators A−
m and Aþ

m, they intertwine the
system Lm with the half-harmonic oscillator L0 with
an additional shift that depends on m, A−

−mL0 ¼
ðLm − 4mÞA−

−m, Aþ
−mLm ¼ ðL0 þ 4mÞAþ

−m. This shift also
appears in the relations

Aþ
−mA−

−m ¼
Ym
j¼1

ðL0 þ E2j−1Þ;

A−
−mAþ

−m ¼
Ym
j¼1

ðLm þ E2j−1 − 4mÞ; ð2:20Þ

and Lmψm;Eþ4m ¼ ðEþ 4mÞψm;Eþ4m, where ψm;Eþ4m ¼
A−

−mψE.
Because of the shift in the intertwining relations gen-

erated by A−
−m and Aþ

−m in comparison with those for A−
m

and Aþ
m, the appropriate products of the operators from both

pairs can be used to generate the second order ladder
operators for the isotonic oscillator system Liso

m . These are

A−
mAþ

−m ¼ −ða−Þ2 þmðmþ 1Þ
x2

≡ C−m;

A−
−mAþ

m ¼ −ðaþÞ2 þmðmþ 1Þ
x2

≡ Cþm; ð2:21Þ

where a− ¼ d
dx þ x and aþ ¼ − d

dx þ x. The products of the
same operators but with the changed order are the ladder
operators for the system Liso

m−1,

Aþ
−mA−

m ¼ −ða−Þ2 þmðm − 1Þ
x2

¼ C−m−1;

Aþ
mA−

−m ¼ −ðaþÞ2 þmðm − 1Þ
x2

¼ Cþm−1: ð2:22Þ

Notice here that the products of the supercharges of the
different extended systems (2.8) and (2.17) generate
the ladder operators for the corresponding isotonic oscil-
lator subsystems: Qe;1

m Qb;1
m ¼ diagðC−m; Cþm−1Þ, Qb;1

m Qe;1
m ¼

diagðCþm; C−m−1Þ.
In correspondence with the distance ΔEiso ¼ 4 between

energy levels in the equidistant spectrum of any isotonic
oscillator system Liso

m , the ladder operators Cþm and
C−m satisfy the commutation relations ½Liso

m ; C�m� ¼ �4C�m,
½C−m; Cþm� ¼ 8Liso

m of generators of the slð2;RÞ conformal
symmetry (2.1). The kernel of the lowering ladder
operator is

ker C−m ¼ spanfðψ−
m−1;0Þ−1;ψm;0g; ð2:23Þ

where ðψ−
m−1;0Þ−1 is the nonphysical eigenstate of Liso

m of
eigenvalue E ¼ −2mþ 1, and ψm;0 is the ground state of
Liso
m of energy Eiso

m;0 ¼ 2mþ 3. The kernel of the raising
operator Cþm is

ker Cþm ¼ spanfψ−
m;0; ðψm−1;0Þ−1g; ð2:24Þ

where the first and second states are nonphysical eigen-
states of Liso

m of eigenvalues E¼−2m−3 and E ¼ 2m − 1,
respectively.
In correspondence with the fact that the isotonic oscil-

lator Liso
m has an equidistant spectrum like a half-harmonic

oscillator Liso
0 , the pair Cþm and C−m are the spectrum

generating operators of Liso
m : any physical eigenstate of

Liso
m can be produced from any other of its physical

eigenstate by successive application of these ladder
operators.
Operators C�m−1 can be Darboux dressed by A�

m or A�
−m,

but in this way we only produce the same ladder operators
Cþm and C−m multiplied by ðLiso

m þ constÞ: A−
�mC

þ
m−1A

þ
�m ¼

ðLiso
m ∓ ð2m − 1ÞÞCþm. Iterating this procedure, we can

construct the ladder operators C�m by Darboux dressing
the ladder operators −C�0 ¼ ða�Þ2 of the half-harmonic
oscillator Liso

0 . Explicitly, we have
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A−
mC

þ
0 A

þ
m ¼ A−

mAþ
mCþm; A−

−mC
þ
0 A

þ
−m ¼ CþmA−

−mAþ
−m;

ð2:25Þ
where the products A−

mAþ
m and A−

−mAþ
−m are the polyno-

mials of the Liso
m given by Eqs. (2.13) and (2.20).

By gluing appropriately different intertwining operators,
we obtain the ladder operators C̃−m¼A−

mAþ
−m, C̃

þ
m¼A−

−mAþ
m,

for which ½Liso
m ; C̃�m� ¼ �4mC̃�m. These ladder operators,

however, are not independent from C�m. Using relations
(2.21) we find that they are reduced just to the degrees of
the ladder operators C�m: C̃

�
m ¼ ðC�mÞm. According to this

property, the lowering operator C̃−m annihilates the m lowest
eigenstates of the isotonic oscillator Liso

m , and over each one
of these states we have an infinite tower of states, where the
operators C̃�m act irreducibly. So, for m > 1, the ladder
operators C̃�m are not spectrum-generating operators, and the
Hilbert space of the system Liso

m is separated into m
subspaces invariant under their action. Furthermore, we
shall see that in the general case of the rationally extended
isotonic oscillator systems one can construct the analogs of
the operators C�m and C̃�m. Such analogs will reproduce some
of the described properties of the operators C�m and C̃�m, but
the general picture related to ladder operators will be more
complicated there.
In conclusion of this section we note that the

Hamiltonian operator Liso
m is invariant under the change

m → −ðmþ 1Þ. If we apply this transformation to the
intertwining operators, we obtain A−

m ↔ −Aþ
−ðmþ1Þ and

Aþ
m ↔ −A−

−ðmþ1Þ. A second application reproduces the
original operators; i.e., this transformation is an involution
from the point of view of the two families of the Darboux
transformations that we discussed. The ladder operators C�m
are invariant under this transformation. On the other hand,
the stationary Schrödinger equation for the isotonic oscil-
lator Liso

m ψðxÞ ¼ EψðxÞ is invariant under the transforma-
tion x → ix accompanied by a change E → −E. Under this
transformation A�

m→−iA�
−m, A�

−m→−iA�
m, and C−m→−Cþm,

Cþm → −C−m. This transformation of the ladder operators
reflects the fact that the invariance of the stationary
Schrödinger equation for an isotonic oscillator also requires
the indicated change of the energy sign. The double
application of this transformation to the intertwining
operators provokes just their multiplication by the phase
−1; i.e., it also is the involution.

III. DUAL SCHEMES AND MIRROR DIAGRAMS

Here, we describe the construction of dual schemes of
DC transformations that can conveniently be presented by a
mirror diagram. Via a “charge conjugation” procedure, the
mirror diagram allows us, in turn, to easily reconstruct a
dual partner if one of the two schemes is given. The dual
schemes and mirror diagrams will play a key role in the
constructions of the next two sections.

In the previous section we saw that the isotonic oscillator
systems can be generated from the half-harmonic oscillator
Liso
0 ¼ L0 by applying to it DC transformations that use as

the sets of seed states either only physical eigenstates of L0,
or only its specific nonphysical eigenstates that are
obtained from the physical states by the spatial Wick
rotation. We shall show now that these two schemes can
be related one to another via a chain of intermediate DC
schemes that are based on mixed sets of the physical and
nonphysical eigenstates. This will be done by us for the
pairs of DC transformations of a more general form which
will be used in subsequent sections for construction of the
rational extensions of the isotonic oscillator systems. To
this aim we first note that the sets indicated above of
physical and nonphysical eigenstates of the half-harmonic
oscillator L0 are also the eigenstates of the original
quantum harmonic oscillator Losc. Then, let us consider
the DC transformation generated by a set of nonphysical
eigenstates ð−nm;…;−n1Þ of Losc. We assume here that
nm > � � � > n1 > 0, and we do not preoccupy about zeros
of the corresponding Wronskian Wð−nm;…;−n1Þ. It is
rather natural to call such a scheme “negative.” The scheme
that will involve in the set of seed states ðn01;…; n0lÞ,
0 < n01 < � � � < n0l, only physical eigenstates of Losc we
call “positive.” Using the properties of the Wronskians
described in Appendix A, we can write the relation
Wð−nm;…;−n1Þ ¼ Wð−0; f−0;−nm;…;−n1Þ. As before,
an equality between the corresponding Wronskians
implies here the equality modulo a nonzero constant
multiplier that has no effect on the corresponding DC
transformations. Since the state ð−0Þ ¼ ψ−

0 generates,
according to (A1), the first order differential operator −aþ,
and aþfψ−

0 ¼ψ0 [38], we obtain for Wð−nm;…;−n1Þ the
equivalent representations

e
x2
2 Wðaþðf−0Þ; aþð−nmÞ;…; aþð−n1ÞÞ
¼ e

x2
2 Wð0;−ðnm − 1Þ;…;−ðn1 − 1ÞÞ: ð3:1Þ

Having in mind that the DC transformation generates
an additional potential term −2ðlnWÞ00, we see that
the negative scheme ð−nm;…;−n1Þ and the scheme
ð0;−ðnm − 1Þ;…;−ðn1 − 1ÞÞ, which involves a mixed
set of physical and nonphysical eigenstates of Losc, gen-
erate the same quantum Hamiltonian up to a constant
relative shift equal to 2. Let us assume that ðn1 − 1Þ > 0. In
this case the last argument of the Wronskian in the equality
in (3.1) will be a nonphysical eigenstate of Losc different
from ð−0Þ. Then we have a relation

Wð0;−ðnm − 1Þ;…;−ðn1 − 1ÞÞ
¼ Wð−0; f−0; 0;−ðnm − 1Þ;…;−ðn1 − 1ÞÞ: ð3:2Þ

The chain of relations of the form (3.1) can be iterated, and
we obtain
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Wð−nm;…;−n1Þ ¼ ex
2

Wð0; 1;−ðnm − 2Þ;…;−ðn1 − 2ÞÞ:
ð3:3Þ

In this second step the power of the exponent is multiplied
by two, and now we have some new mixed scheme that
includes two physical eigenstates of Losc. If n1 − 2 > 0, we
repeat again the procedure till the moment when in the last
argument of the Wronskian we obtain the nonphysical
eigenstate ð−0Þ. When this happens, we move this state to
the first position in the Wronskian, and we use the relation
Wð−0;0;…;−ðn1 − kÞÞ ¼ ex

2=2Wð1;…;−ðn1 − ðkþ 1ÞÞÞ.
No matter whether the last argument in the Wronskian is a
nonphysical state different from ð−0Þ or equal to it, we
apply here one of the two corresponding algorithms
described above and stop the chain of the transformations
and equalities when all the arguments of the Wronskian
will be physical eigenstates of the harmonic oscillator. In
such a way we arrive finally at the relation of the form

Wð−nm;…;−n1|fflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflffl}
n−

Þ ¼ eðnmþ1Þx2=2Wðn01;…; n0m ¼ nm|fflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflffl}
nþ

Þ;

ð3:4Þ

where 0 < n01 < � � � < n0m ¼ nm. This relation means that
the negative scheme ð−nm;…;−n1Þ with n− seed states is
dual to the positive scheme ðn01;…; n0m ¼ nmÞ with nþ ¼
nm þ 1 − n− seed states, and that the corresponding DC
transformations generate the same Hamiltonian operator
modulo a relative constant shift 2ðnm þ 1Þ.
In the simplest case we obtain in the described way the

chain of relations

ð−1Þ ¼ Wð−0; f−0;−1Þ ¼ ex
2=2Wðaþðf−0Þ; aþð−1ÞÞ

¼ ex
2=2Wð0;−0Þ ¼ ex

2=2Wð−0; 0Þ
¼ ex

2

Wðaþð0ÞÞ ¼ ex
2

· ð1Þ: ð3:5Þ

This is generalized to a relation

Wð−1;−3;…;−ð2nm − 1Þ;−ð2nm þ 1ÞÞ
¼ eðnmþ1Þx2Wð1; 3;…; 2nm − 1; 2nm þ 1Þ; ð3:6Þ

which corresponds to the pair of relations (2.4) and (2.14).
Here we also used the property that the permutation of
arguments in the Wronskians has no effect for the corre-
sponding DC transformation. Another useful relation is
ð−nÞ ¼ Wð−nÞ ¼ eðnþ1Þx2=2Wð1; 2;…; nÞ. This relation
and the corresponding duality of the schemes ð−nÞ and
ð1; 2;…; nÞ, which we indicate by ð−nÞ ∼ ð1; 2;…; nÞ,
corresponds to isospectral deformation of the isotonic
oscillator Liso

1 and will be discussed in the next section.
The particular relation

Wð−2;−3;−4;−5;−8;−9;−11Þ ¼ e6x
2

Wð1; 4; 5; 10; 11Þ
ð3:7Þ

and the duality of the corresponding schemes
ð−2;−3;−4;−5;−8;−9;−11Þ ∼ ð1; 4; 5; 10; 11Þ will be
used by us in an example of Sec. V.
We could start, instead, from some positive scheme.

Then we introduce into the set of arguments of the
Wronskian the pair of the states 0 and 0̃, and use
the relations A−

0 ¼ a−, a−ð0̃Þ ¼ ð−0Þ, a−ðnÞ ¼ ðn − 1Þ,
Wð0; n;…Þ ¼ e−x

2=2Wða−ðnÞ;…Þ. The final result will
be presented by a relation of the same form as (3.4).
The described procedure of construction of the dual

schemes can be summarized and presented in the form of
the corresponding mirror diagrams. Particularly, the duality
of the schemes corresponding to relation (3.7) is presented
by the mirror diagram shown in Fig. 1. The mirror diagram
and the corresponding dual schemes are constructed in the
following way. Let us take a positive scheme given by the
set of the seed states ðn1;…; nmÞ with 0 < n1 < � � � < nm.
This scheme we present by the upper horizontal line, where
we mark by unfilled, white circles the ground state (0) of
Losc and all physical eigenstates with a positive index less
than nm, which do not belong to the set of numbers
n1;…; nm. The states n1;…; nm, which are selected as
the seed states, we mark by filled, black circles. The dual,
negative scheme is presented by the lower horizontal line,
where the nonphysical states ð−nÞ which are used or not
used in the scheme as the seed states are marked similarly
by black and white circles, respectively. The circles in the
negative scheme are obtained from those in the positive
scheme by a kind of a charge conjugation procedure: below
a white (black) circle in the upper line we put a black
(white) circle in the lower line. Then we assign the set of
consecutive numbers ð−nm;−nm þ 1;…;−1;−0Þ to the
circles in the lower line by putting ð−nmÞ below the state
(0) in the upper line and ð−0Þ below the state nm. If,
instead, the negative scheme is given, we present it by the
lower line and reconstruct the upper line of the dual,
positive scheme in the obvious way by inverting the
described procedure of the charge conjugation.
Let us denote the number of black circles in the upper

line by nþ. Then the number of black circles in the lower
line will be n− ¼ nm þ 1 − nþ. Remembering that each
physical eigenstate (n) carries the exponential factor e−x

2=2,

FIG. 1. The mirror diagram for the dual schemes in (3.7).
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while nonphysical state ð−nÞ carries the factor ex
2=2, we

obtain the relation between Wronskians of the dual
schemes in the form Wð−nm;…;−n1Þe−ðnmþ1−nþÞx2=2 ¼
Wðn01;…; nmÞenþx2=2 that corresponds to (3.4).
In order for dual schemes to produce the potentials that

will describe nonsingular rational deformations of the
conformal mechanics systems, the seed states have to be
chosen in such a way that the corresponding Wronskians
will have no zeros on the half-line ð0;∞Þ. In the next two
sections, we describe how nonsingular dual schemes can be
designed, and use them for the construction of ladder
operators for corresponding rationally deformed isotonic
oscillator systems.

IV. COMPLETELY ISOSPECTRAL
RATIONAL DEFORMATIONS

In Sec. II, we noticed that the selection of a set of m
nonphysical eigenstates ψ−

2lþ1, l ¼ 0; 1;…; m − 1, of the
half-oscillator Losc

0 as the seed states for the DC trans-
formation produces the isotonic oscillator system Liso

m . In
this section we show that the choice of the same set of
nonphysical eigenstates as the seed states but taken with
gaps in the set of values of the parameter l generates
completely isospectral deformations of the isotonic oscil-
lator systems. In spite of the complete isospectrality with
the corresponding isotonic oscillator of index m, each such
system will be characterized by peculiar lowering and
raising ladder operators that will be spectrum-generating
operators of differential order higher than two. For each
completely isospectral deformation of conformal mechan-
ics system we also construct an additional pair of ladder
operators whose analogs will play an important role later
for nonisospectral deformations of the isotonic oscillator
systems.
The generation of completely isospectral rational defor-

mations of the isotonic oscillator system Liso
m is based on the

relation

Wðψ−
2l1þ1;ψ

−
2l2þ1;…;ψ−

2lmþ1Þ
¼ emx2=2xmðmþ1Þ=2fð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞðxÞ; ð4:1Þ

where fð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞðxÞ is an even polynomial func-
tion with no real roots, and 0 ≤ l1 < l2 < � � � < lm; see
Appendix C. In the case of the choice of the nonphysical
eigenstates with indices given by a consecutive set
l1 ¼ 0; l2 ¼ 1;…; lm ¼ m − 1 without any gap, polyno-
mial function f is reduced just to a nonzero constant, and
Wronskian (4.1) generates by means of relation (2.14) the
isotonic oscillator system Liso

m shifted for a constant −2m.
The appearance of any gap in the set of values 0 ≤ l1 <
l2 < � � � < lm gives rise to a nontrivial polynomial fðxÞ of
even order that generates a completely isospectral defor-
mation of the shifted isotonic oscillator system Liso

m − 2m.

The corresponding Schrödinger operator generated by the
DC transformation has the form

Lð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞ ¼ Liso
m − 2ðln fð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞÞ00

− 2m; ð4:2Þ

and describes the isotonic Hamiltonian extended with
a nonsingular on the half-line x > 0 rational term.
The nonsingular character of the additional rational term
is related to the nature of the polynomial function
fð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞðxÞ described above. In (4.2), the lower
index in the notation of the Hamiltonian operator indicates
what (nonphysical in this case) eigenstates of the quantum
harmonic oscillator are used as the seed states in the
corresponding DC transformation. A similar notation will
be used below for the intertwining operators being gen-
erators of the corresponding Dabroux-Crum transforma-
tions. The complete isospectrality of (4.2) to the shifted
isotonic oscillator Liso

m takes place because no new normal-
izable states are aggregated in this new system and its
spectrum, up to a global shift, has to coincide with the
spectrum of L0.
For each fixed integer m ≥ 1 we have an infinite number

of possibilities to choosem seed states in the form of the set
of nonphysical eigenstates of Losc. In this way we can
construct an infinite family of the deformed isotonic
oscillator systems that will be completely isospectral to
the shifted isotonic oscillator system Liso

m − 2m. For each
such system, there is another dual DC transformation to
generate it. The existence of the dual DC schemes is
essential for the construction of the ladder operators for the
rationally extended isotonic oscillator systems.
As an example, consider the case of the simplest

deformed isotonic oscillator system generated via the
Darboux transformation based on the nonphysical
eigenstate ψ−

3 ¼ ð2x3 þ 3xÞex2=2 of the half-harmonic
oscillator Liso

0 . In this case fð−3ÞðxÞ¼2x2þ3, and Eq. (4.2)
reduces to

Lð−3Þ ¼ Liso
1 − 2þ 8

2x2 − 3

ð2x2 þ 3Þ2 : ð4:3Þ

By the method of the mirror diagram, we find that up to a
constant shift, the system can be generated alternatively by
the DC transformation based on the set fψ1;ψ2;ψ3g of
physical eigenstates of the quantum harmonic oscillator,
Lð1;2;3Þ ¼ Lð−3Þ þ 8. The states ψ1 and ψ3 here are the two
lowest physical eigenstates of the half-harmonic oscillator,
whereas the state ψ2 is a nonphysical eigenstate of L0 ¼
Liso
0 that does not satisfy the boundary condition at x ¼ 0.
Though the schemes based on the two different sets of

seed states ð−3Þ and (1, 2, 3) generate, up to a constant shift,
the same system, the corresponding associated intertwining
operators are essentially different. The intertwiners
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A−
ð−3Þ ¼ ψ−

3

d
dx

1

ψ−
3

¼ A−
−1 −

4x
2x2 þ 3

;

Aþ
ð−3Þ ¼ −

1

ψ−
3

d
dx

ψ−
3 ¼ Aþ

−1 −
4x

2x2 þ 3
; ð4:4Þ

are the extensions of the first order differential operators A�
−1

of the form (2.15) with m ¼ 1. The appearance of the
operators A�

−1 in the structure of the DC generators A�
ð−3Þ in

(4.4) reflects the fact that the system (4.3) represents a
rational extension of the isotonic oscillator system Liso

1 .
The additional rational term −4x=ð2x2 þ 3Þ in (4.4) is
regular on all the half-axis x > 0 and tends to zero for
x → 0 and x → þ∞. We have the factorization relations
Aþ
ð−3ÞA

−
ð−3Þ ¼ L0 þ 7, A−

ð−3ÞA
þ
ð−3Þ ¼Lð−3Þ þ7¼Lð1;2;3Þ−1.

In correspondence with them, A−
ð−3Þ intertwines the

Hamiltonian operators L0 and Lð−3Þ,

A−
ð−3ÞL0 ¼ Lð−3ÞA−

ð−3Þ ¼ ðLð1;2;3Þ − 2ΔEisoÞA−
ð−3Þ; ð4:5Þ

where the constant 2ΔEiso ¼ 8 will reveal itself in the
properties of the ladder operators. The intertwining relation
for Aþ

ð−3Þ is obtained by Hermitian conjugation.
The systems L0 and Lð1;2;3Þ are also intertwined by the

third order operators A−
ð1;2;3Þ and Aþ

ð1;2;3Þ ¼ ðA−
ð1;2;3ÞÞ†,

where the operator A−
ð1;2;3Þ is uniquely specified by its

kernel: kerA−
ð1;2;3Þ ¼ spanfψ1;ψ2;ψ3g. Notice that the

factorized form of the operators A�
ð1;2;3Þ is not unique,

but it is not important for us at the moment. In such
notations, the operators A−

m and A−
−m, which we discussed

before for generation of isotonic oscillator systems, take,
in correspondence with Eqs. (2.4) and (2.14), the form
A−

m ¼ A−
ð1;3;…;2m−1Þ and A−

−m ¼ A−
ð−1;−3;…;−ð2m−1ÞÞ. We

have the intertwining relationA−
ð1;2;3ÞL0 ¼ Lð1;2;3ÞA−

ð1;2;3Þ ¼
ðLð−3Þ þ 8ÞA−

ð1;2;3Þ, and the conjugate relation for Aþ
ð1;2;3Þ.

Analogous to the case of the isotonic oscillator systems,
we can construct the ladder operators for the system
Lð−3Þ ¼ Lð1;2;3Þ − 8 by Darboux dressing of the ladder
operators of the half-harmonic oscillator. Doing this with
the first order intertwining operators, we obtain

A� ¼ A−
ð−3Þða�Þ2Aþ

ð−3Þ: ð4:6Þ

These operators together with the Hamiltonian Lð−3Þ
generate a nonlinear deformation of the conformal sym-
metry given by the commutation relations

½Lð−3Þ;A�� ¼ �4A�;

½A−;Aþ� ¼ 16ðLð−3Þ þ 3ÞðLð−3Þ þ 7ÞðLð−3Þ þ 1=2Þ:
ð4:7Þ

The roots of the fourth order polynomial in the relation

AþA− ¼ ðLð−3Þ þ 7ÞðLð−3Þ þ 3ÞðLð−3Þ − 1ÞðLð−3Þ − 3Þ
ð4:8Þ

correspond to eigenstates of Lð−3Þ that belong to the kernel
of the lowering operator,

kerA− ¼ spanfA−
ð−3Þfψ−

3 ; A
−
ð−3Þψ

−
1 ; A

−
ð−3Þψ0; A−

ð−3Þψ1g:
ð4:9Þ

The last state A−
ð−3Þψ1 ¼ A−

ð1;2;3Þψ5 describes here the

ground state of Lð−3Þ of eigenvalue E ¼ 3. In comparison
with the second order ladder operator ða−Þ2 of the half-
harmonic oscillator, the fourth order lowering operator A−

contains besides the ground state three nonphysical eigen-
states of the Hamiltonian Lð−3Þ instead of one. The roots in
the alternative product

A−Aþ ¼ ðLð−3Þ þ 11ÞðLð−3Þ þ 7ÞðLð−3Þ þ 3ÞðLð−3Þ þ 1Þ
ð4:10Þ

correspond to eigenvalues of the eigenstates of Lð−3Þ which
appear in the kernel of the raising ladder operator,

kerAþ ¼ spanfA−
ð−3Þψ

−
5 ; A

−
ð−3Þfψ−

3 ; A
−
ð−3Þψ

−
1 ; A

−
ð−3Þψ

−
0 g:
ð4:11Þ

All the states in this kernel are nonphysical. In correspon-
dence with the described properties of the ladder operators
(4.6) they are the spectrum-generating operators for the
system Lð−3Þ: acting by them on any physical eigenstate of
Lð−3Þ, we can generate any other physical eigenstate. The
kernels of the ladder operators contain here the same
nonphysical eigenstate A−

ð−3Þfψ−
3 ¼A−

ð−3Þψ
−
1 . Below we shall

see that in the case of nonisospectral rational deformations
of the isotonic oscillator systems the kernels of analogs of
such lowering and raising ladder operators contain some
common physical eigenstates.

In a similar way, one can construct the ladder operators
forLð−3Þ via Darboux dressing of the ladder operators ða�Þ2
of L0 by the third order intertwining operators, B� ¼
A−

ð1;2;3Þða�Þ2Aþ
ð1;2;3Þ, ½Lð−3Þ;B�� ¼ �4B�. However, these

differential operators of order eight are not independent and
reduce to the fourth order ladder operators (4.6) multiplied
by the second order polynomials in the Hamiltonian,

B− ¼ A−ðLð−3Þ þ 1ÞðLð−3Þ þ 5Þ and Bþ ¼ ðB−Þ†:
ð4:12Þ

In correspondence with these relations, the operator B−

annihilates four nonphysical eigenstates A−
ð−3Þψ

−
0 , A

−
ð−3Þfψ−

0 ,
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A−
ð−3Þψ

−
2 , and A

−
ð−3Þfψ−

2 of the quantum Hamiltonian Lð−3Þ in
addition to those states that constitute the kernel of the
ladder operator A−. Analogously, the kernel of Bþ is
composed from nonphysical states of the kernel of the
operator Aþ extended by four nonphysical eigenstates
A−
ð−3Þψ

−
4 , A−

ð−3Þfψ−
4 , A−

ð−3Þψ
−
2 , and A−

ð−3Þfψ−
2 of the

Hamiltonian Lð−3Þ. Since all the additional states from
the kernels of the operators B− and Bþ in comparison with
the kernels of the ladder operators A− and Aþ are non-
physical, the B− and Bþ are also the spectrum-generating
operators of the system Lð−3Þ. So, in this case one can
conclude that the order eight ladder operators B� are, in
fact, equivalent to the fourth order ladder operators (4.6)
when they act on physical eigenstates. We shall see later
that in the case of the nonisospectral rational extensions of
the isotonic oscillator systems different Darboux-dressing
procedures produce nonequivalent pairs of the ladder
operators which will reflect different properties of the
corresponding quantum systems.
Consider the construction of yet another pair of

ladder operators for the same system Lð−3Þ by Darboux
dressing the ladder operators of the isotonic oscillator Liso

2 .
For this we first note that the iterative nature of the
DC transformation allows us to present the third order
intertwining operators A�

ð1;2;3Þ in the following particular

factorized form:

A−
ð1;2;3Þ ¼ Að1;3Þ−

ð2Þ A−
ð1;3Þ; Aþ

ð1;2;3Þ ¼ Aþ
ð1;3ÞA

ð1;3Þþ
ð2Þ : ð4:13Þ

Here the second order differential operators A−
ð1;3Þ ¼ A−

2 ¼
A−
2A

−
1 and Aþ

ð1;3Þ ¼ ðA−
ð1;3ÞÞ† ¼ Aþ

2 correspond exactly to

the particular case m ¼ 2 of the operators (2.11) that
intertwine the half-harmonic oscillator L0 and the shifted
isotonic oscillator system L2. The first order differential

operators Að1;3Þ−
ð2Þ and Að1;3Þþ

ð2Þ are given by relations Að1;3Þ−
ð2Þ ¼

ðA−
2ψ2Þ d

dx ðA−
2ψ2Þ−1, Að1;3Þþ

ð2Þ ¼ ðAð1;3Þ−
ð2Þ Þ†. Representation

(4.13) can be related to the Wronskian identity
Wð1; 2; 3Þ ¼ −Wð1; 3; 2Þ, and corresponds to a general
rule of association of the nth order intertwining operators
with the DC transformation of order n described in

Appendix A. The upper index in the operator Að1;3Þ−
ð2Þ

indicates the seed states of the harmonic oscillator we
use for the construction of the second order operators A�

2 ,
and the lower index indicates the eigenstate ψ2 of Losc to
which we apply the operator A−

2 to generate finally the

operators Að1;3Þ−
ð2Þ and Að1;3Þþ

ð2Þ .

AsA−
2ψ2 ¼ x−2ð3þ 2x2Þe−x2=2 is a (nonphysical) eigen-

state of L2, which can be obtained by applying the
symmetry transformation m → −m − 1 to the first excited

state of L2 by means of Eq. (B2), the operators Að1;3Þ−
ð2Þ and

Að1;3Þþ
ð2Þ factorize the appropriately shifted Hamiltonian

operators L2 and Lð1;2;3Þ,

Að1;3Þþ
ð2Þ Að1;3Þ−

ð2Þ ¼ L2 − 5; Að1;3Þ−
ð2Þ Að1;3Þþ

ð2Þ ¼ Lð1;2;3Þ − 5;

ð4:14Þ

and intertwine them,

Að1;3Þ−
ð2Þ L2 ¼ Lð1;2;3ÞA

ð1;3Þ−
ð2Þ ; Að1;3Þþ

ð2Þ Lð1;2;3Þ ¼ L2A
ð1;3Þþ
ð2Þ :

ð4:15Þ

Based on these properties and relations, we can construct
the ladder operators for the Hamiltonian operator Lð1;2;3Þ ¼
Lð−3Þ þ 8 by Darboux dressing the ladder operators C�2 of

the isotonic oscillator system L2, B̃
� ¼ Að1;3Þ−

ð2Þ C�2 A
ð1;3Þþ
ð2Þ . A

simple calculation of the products B̃−B̃þ and B̃þB̃− shows
that the kernels of the ladder operators B̃− and B̃þ coincide
with the kernels of the operators A− and Aþ, and we find
that the operators B̃� are the same ladder operators as
(4.6): B̃� ¼ −A�.
Intuitively, one can expect that for each system com-

pletely isospectral to the half-harmonic oscillator L0, all the
ladder operators constructed by Darboux dressing do the
samework, and that they are related between themselves by
a simple multiplication with a polynomial in the corre-
sponding Hamiltonian. This regularity appears for both the
isotonic oscillator systems and for their isospectral rational
extensions. However, having in mind the analogy with the
rationally extended quantum harmonic oscillator systems
[45], we cannot expect the same picture in nonisospectral
deformations of the isotonic oscillator systems having gaps
in the spectra.
As the first and third order operators A�

ð−3Þ and A�
ð1;2;3Þ

intertwine the half-harmonic oscillator with the system
Lð−3Þ with a nonzero relative shift, we can construct yet
another pair of the ladder operators for the quantum system
Lð−3Þ,

C− ¼ A−
ð1;2;3ÞA

þ
ð−3Þ; Cþ ¼ A−

ð−3ÞA
þ
ð1;2;3Þ: ð4:16Þ

These fourth order differential operators have a structure
similar to the factorized structure of the ladder operators
C�m for isotonic oscillator systems that we considered in
Sec. II. Unlike the ladder operators A�, B�, and B̃�,
the C� satisfy the commutation relations ½Lð−3Þ; C�� ¼
�2ΔEisoC�, where the coefficient 2ΔEiso ¼ 8 corresponds
to the relative shift between the operators Lð1;2;3Þ and Lð−3Þ
and is equal to the double distance between the energy
levels in the spectrum of the rationally extended isotonic
system Lð−3Þ. They generate the following polynomial
deformation of the conformal symmetry:
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½Lð−3Þ; C�� ¼ �8C�;

½C−; Cþ� ¼ 32ðL3
ð−3Þ þ 6L2

ð−3Þ − Lð−3Þ þ 30Þ: ð4:17Þ

The kernel of the lowering ladder operator is

ker C− ¼ spanfðψ−
ð−3ÞÞ−1; A−

ð−3Þψ1; A−
ð−3Þψ2; A−

ð−3Þψ3g:
ð4:18Þ

Here A−
ð−3Þψ1 ¼ A−

ð1;2;3Þψ5 and A−
ð−3Þψ3 ¼ A−

ð1;2;3Þψ7 are the

ground and the first exited states of Lð−3Þ. All the states in
the kernel of the raising ladder operator are nonphysical:

ker Cþ ¼ spanfA−
ð−3Þψ

−
7 ; A

−
ð−3Þψ

−
2 ; A

−
ð−3Þψ

−
1 ; A

−
ð−3Þψ

−
0 g:
ð4:19Þ

As a result, the space of states of Lð−3Þ is separated into
two subspaces, on each of which the ladder operators Cþ
and C− act irreducibly. One subspace is spanned by the
ground state and the corresponding excited eigenstates,
A−
ð−3Þψ4lþ1 ¼ ðCþÞlðA−

ð−3Þψ1Þ ¼ ðAþÞ2lðA−
ð−3Þψ1Þ, l ¼ 0;

1;…. Another subspace corresponds to the first excited
state and the infinite tower of the states produced from
it by application of the raising operator Cþ, A−

ð−3Þψ4lþ3 ¼
ðCþÞlðA−

ð−3Þψ3Þ ¼ ðAþÞ2lðA−
ð−3Þψ3Þ, l¼0;1;…. Here, as in

other relations, we imply equalities modulo nonzero
multiplicative factors. The ladder operators C�, unlike
A�, are therefore not spectrum-generating operators for
the system Lð−3Þ. Notice that from the point of view of the
basic properties of the ladder operators C�, they are similar
to the operators ðC�0 Þ2 ¼ ða�Þ4 in the case of the half-
harmonic oscillator L0, or to the operators C̃�2 for isotonic
oscillator Liso

2 . The essential difference here, however, is
that the ladder operators C� are independent from the
spectrum-generating ladder operators A� and have the
same differential order equal to four. We shall see that for
nonisospectral rational extensions of the isotonic oscillator
systems the direct analogs of the operators C� will con-
stitute an inseparable part of the set of the spectrum-
generating operators.
Let us also note here yet another possibility to generate

the same system Lð−3Þ. We first can choose the neighbor
excited eigenstates ψ2 and ψ3 of the quantum harmonic
oscillator as the seed states for the DC transformation. In
this way we generate the following rational extension of the
quantum harmonic oscillator:

Lð2;3Þ ¼ −
d2

dx2
þ x2 −

16x2ð4x4 − 9Þ
ð3þ 4x4Þ2 þ 4: ð4:20Þ

This system is described by the potential that is regular on
all the real line. Its spectrum, up to the shift equal to four, is
the same as of the harmonic oscillator Losc except for two
missing energy levels between E1 ¼ 7 and E4 ¼ 13. We

can modify then the system Lð2;3Þ similar to the construc-
tion of the half-harmonic oscillator by introducing the
infinite potential barrier at x ¼ 0 and restricting the domain
for the semi-infinite interval ð0;þ∞Þ. This is equivalent to
removing all the even eigenstates and corresponding
eigenvalues from the spectrum of the Hamiltonian operator
Lð2;3Þ. We denote this intermediate system by L1=2

ð2;3Þ. This
system has the equidistant spectrum with the double
distance between energy levels in comparison with the
spectrum of the quantum harmonic oscillator, and its
ground state of energy E1 ¼ 7 is described by the wave
function of the form ψ ¼ Wð2; 3; 1Þ=Wð2; 3Þ. Using this
ground state of the obtained system L1=2

ð2;3Þ as the seed state,

we apply Darboux transformation to it. The partner system
for L1=2

ð2;3Þ that we produce in this way is exactly the

system Lð1;2;3Þ.
The generation of the system Lð123Þ can also be reinter-

preted by taking L1 as a starting point. For this we select the
state A−

1ψ2 ¼ 1þ2x2
x e−x

2=2, singular at x ¼ 0, and the ground
state A−

1ψ3. By virtue of iteration properties of the DC
transformations, one can check that with the set of the seed
states fA−

1ψ2; A−
1ψ3g we produce the system Lð1;2;3Þ. The

singular state A−
1ψ2 can be obtained by the same trick we

already used by applying the transformation m → −ðmþ
1Þ to the first excited state of L1. In what follows for us will
also be important for the versions of such states obtained by
additional transformation x → ix, E → −E.
It is worthwhile to note here that we constructed the

fourth order ladder operators B̃� by Darboux dressing the
ladder operators of the isotonic oscillator L2 though
the system Lð−3Þ is the isospectral rational deformation
of the isotonic oscillator L1. One can construct the pair of
the ladder operators by Darboux dressing the ladder
operators of the isotonic oscillator L1, but it turns out to
be related to the fourth order operators B̃� in a simple way.
The analogous phenomena of relation between different
ladder operators obtainable via the DC dressing procedure
happen also in more complicated cases of rational defor-
mations of the isotonic oscillator systems. By this reason,
let us also consider briefly the construction of yet another
indicated pair of ladder operators. For this we first write
down another factorization of the third order intertwining

operator A−
ð1;2;3Þ: A−

ð1;2;3Þ ¼ Að1Þ−
ð2;3ÞA

−
ð1Þ; cf. (4.13). Here

A−
ð1Þ ¼ A−

1 is the first order differential operator that

intertwines L0 and L1, and Að1Þ−
ð2;3Þ is the second order

differential operator that intertwines the systems L1 and
Lð1;2;3Þ. We can construct now the order six ladder
operators for the system Lð−3Þ ¼Lð1;2;3Þ−8 by the DC
dressing of the ladder operators of the isotonic oscillator

L1: B̂
�¼Að1Þ−

ð2;3ÞC
�
1 A

ð1Þþ
ð2;3Þ. However, they are related to the

fourth order ladder operators B̃� ¼ −A� in a simple way:
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B̂− ¼ B̃−ðLð−3Þ þ 1Þ; B̂þ ¼ B̃þðLð−3Þ þ 5Þ: ð4:21Þ

The additional factors of the first order in Hamiltonian
annihilate the corresponding nonphysical eigenstates of
Lð−3Þ of eigenvalues −1 and −5. This means that the action
of these six order ladder operators on physical states of the
system Lð−3Þ is, in fact, the same as of the ladder operators

B̃� ¼ −A� and B�.
Since the system Lð−3Þ is completely isospectral to the

isotonic oscillator L1 having ladder operators of differential
order two, there may appear a question of whether other
ladder operators of differential order two do exist here. One
can show, however, that the unique Hamiltonian operators
admitting the existence of ladder operators of differential
order two are those of the harmonic oscillator and the
isotonic oscillator systems as well as their “anyonic” modi-
fications of the form (2.3) with coefficient mðmþ 1Þ
changed there for νðνþ 1Þ with ν > 0.
Consider briefly a more complicated case of the system

Lð−3;−7Þ. This is an isospectral rational extension of Liso
2

with potential given by Eq. (D1). The mirror diagram gives
us an equivalent way to obtain the same, up to a shift,
system by using the set of the seed states (1,2,3,5,6,7):
Lð1;2;3;5;6;7Þ ¼ Lð−3;−7Þ þ 16, where 16 ¼ 4ΔEiso. The inter-
twining operators A−

ð−3;−7Þ and A−
ð1;2;3;5;6;7Þ satisfy the rela-

tions A−
ð−3;−7ÞL

iso
0 ¼Lð−3;−7ÞA−

ð−3;−7Þ and A−
ð1;2;3;5;6;7ÞL

iso
0 ¼

Lð1;2;3;5;6;7ÞA−
ð1;2;3;5;6;7Þ. Since here we also have two

schemes, the procedure developed in the previous example
is applicable for the construction of the ladder operators of
the types A�, B�, and C�. Besides, this system can be
obtained by taking as a starting point the isotonic oscillator
L4 to which we apply the DC transformation based on the
seed statesA−

4ψ2 andA−
4ψ6, which are singular but have no

zeros on the positive half-line. So, by dressing the operators
C�4 with the intertwining operators corresponding to this
transformation, we also can assemble a pair of the ladder
operators of the type B̃�.
The described properties of the two particular

examples of the rationally extended isotonic oscillator
systems can be generalized and summarized as follows.
No matter what set of the m odd nonphysical eigenstates
of the quantum harmonic oscillator Losc we select, the
lower order ladder operators A� obtained by Darboux
dressing of the ladder operators of the half-harmonic
oscillator are spectrum-generating operators for the ration-
ally deformed isotonic oscillator system. They commute for
a polynomial of order 2mþ 1 in the corresponding
Hamiltonian operator with which they produce a deforma-
tion of the conformal slð2;RÞ symmetry of the type of W
algebra [51]. Other spectrum-generating ladder operators,
which can be constructed on the basis of other DC schemes
via the Darbox-dressing procedure, act on physical states in
the same way as the operators A� of order 2ðmþ 1Þ and

are equal to them modulo the multiplicative factor in the
form of the polynomial in the Hamiltonian operator of the
system. The ladder operators C� constructed by “gluing”
intertwining operators of the two dual schemes are not
spectrum generating. Their properties are analogous to
those of the ladder operators C̃�m in the isotonic oscillator
Liso
m with m > 1. Particularly, for the isospectral deforma-

tion of the system Liso
lmþ1 based on the set of the seed

states ð−ð2l1þ1Þ;−ð2l2þ1Þ;…;−ð2lmþ1ÞÞ with 0≤ l1<
l2< � � �<lm, lm ≥ 1, the operator C− annihilates the lowest
lm þ 1 states in the spectrum of the system. The Hilbert
space of the system Lð−ð2l1þ1Þ;…;−ð2lmþ1ÞÞ is separated into
lm þ 1 subspaces in the form of the towers over these
states which are invariant under the action of the ladder
operators C�. However, unlike C̃�m, here the ladder opera-
tors C� are independent from the spectrum-generating
operators A�.

V. GAPPED DEFORMATIONS

To construct the isotonic oscillator systems and their
isospectral rational deformations, we have introduced an
infinite potential barrier into the quantum harmonic
oscillator system at x ¼ 0. In this way we obtained
the half-harmonic oscillator L0, and then we applied to
it a DC transformation generated on the basis of physical
or certain nonphysical eigenstates of L0 taken as the seed
states. This procedure also allowed us to obtain different
types of ladder operators for corresponding systems. In
order to generate nonisospectral rational deformations
and find their ladder operators, we repeat the procedure
but by changing every time the half-harmonic oscillator
L0 for the half of the appropriately chosen rationally
extended quantum harmonic oscillator system. The non-
isospectrality corresponds here to the appearance of Ng

“valence bands,” the highest of which is separated by an
energy gap n0ΔEiso from the equidistant part of the
spectrum with the spacing ΔEiso ¼ 4, where n0 ≥ 2 is
integer. In the case Ng ≥ 2, a separated part of the
spectrum will contain in addition Ng − 1 energy gaps
of dimensions niΔEiso, ni ≥ 2, i ¼ 1;…; Ng − 1, which
will separate ðNg − 1Þ groups of equidistant energy levels
spaced by ΔEiso ¼ 4 inside each valence band with more
than one state. By eliminating then not all but some
number of the lowest consecutive energy levels from the
valence bands by means of a DC transformation, as a
result we obtain a certain deformation of the correspond-
ing isotonic oscillator system. The general properties of
the DC transformations will finally allow us to present
the described two-step procedure in an equivalent form of
a one-step DC transformation applied to the half-har-
monic oscillator system.
The described general procedure is realized explicitly in

the following way. Consider a quantum system
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L ¼ −
d2

dx2
þ x2

− 2ðlnWðl1; l1 þ 1; l2; l2 þ 1;…; lm; lm þ 1ÞÞ00 ð5:1Þ

generated from the quantum harmonic oscillator by means
of the DC transformation based on a set of the seed states
ðl1; l1 þ 1; l2; l2 þ 1;…; lm; lm þ 1Þ of Losc, where we
assume that l1 > 0 and li þ 1 < liþ1. The quantum system
defined by (5.1) has an even potential and describes a
rationally extended quantum harmonic oscillator system.
Its spectrum coincides with the spectrum of the quantum
harmonic oscillator except the missing energy levels that
correspond to the energies of the seed states; see Ref. [45]
for the details. Then we introduce the potential barrier into
the system (5.1) at x ¼ 0 by requiring that for x > 0 the
potential of the “halved” system L1=2 coincides with the
potential of (5.1) while for x ≤ 0, VðxÞ ¼ þ∞. This is
equivalent to demanding that the wave functions of the
physical states of the system L1=2 disappear for x ≤ 0. As a
result, the eigenstates of the system L1=2 on the half-line
x > 0 will be described by the odd eigenfunctions of the
system (5.1). The spectrum of the system L1=2 will be given
by the numbers E2nþ1 ¼ 4nþ 3, where n takes all the
values n ¼ 0; 1;…, except those values for which 2nþ 1
coincides with any of the odd integers contained in the set
of the numbers that correspond to the indices ðl1; l1 þ 1;
l2; l2 þ 1;…; lm; lm þ 1Þ of the seed states used in the DC
transformation for the system (5.1). This means that each
state with an odd index that appears in the Wronskian in
(5.1) removes an energy level in the spectrum of L1=2. As a
result, by controlling the choice of the set of numbers li, we
can produce a halved rationally extended quantum har-
monic oscillator system with gaps of arbitrary number and
size, at will. The even eigenstates are implemented in the
corresponding DC transformation effectively to avoid
singularities in the Hamiltonian operator (5.1). After that,
we realize an additional DC transformation based on a set
of consecutive lowest eigenstates of the system L1=2

starting from its ground state. These states in the set
eliminate the corresponding lower lying energy levels in
the spectrum of the partner system obtained from the
system L1=2. If in such a way we eliminate all the energy
levels from the separated part of the spectrum of L1=2,
depending on the initial choice of the set of numbers li in
(5.1), we obtain either some isotonic oscillator system or
some isospectral deformation. If, however, we do not
eliminate in such a way all the separated lower lying
energy levels in the spectrum of L1=2, we obtain some
nonisospectral, gapped rational extension of some isotonic
oscillator. Using the general properties of the DC trans-
formations, the described procedure with two DC trans-
formations can be unified into just one DC transformation
based on the corresponding set of physical eigenstates of
the quantum harmonic oscillator chosen as seed states.

Equivalently, the chosen complete set of the physical
eigenstates of the quantum harmonic oscillator Losc will
correspond to both physical and nonphysical eigenstates of
the half-harmonic oscillator L0. A set of physical states of
L0 is formed by the set of odd eigenstates of Losc. The set
of nonphysical eigenstates of L0 corresponds here to the
even eigenstates of Losc; they are formal eigenstates of L0

that do not satisfy the boundary condition for the half-
harmonic oscillator at x ¼ 0.

Let us first consider a simple example taking m ¼ 1 and
fixing l1 ¼ 4. According to (5.1), we obtain the system Lð4;5Þ
that is a deformed harmonic oscillator with a gap of size six
and four separated states given by the corresponding DC
map of the states ψ0, ψ1, ψ2, and ψ3. Following the general
prescription described above, we introduce an infinite barrier
at x ¼ 0 to produce the halved deformed harmonic oscillator
L1=2
ð4;5Þ in which all the states with an even index are removed

and the two lowest states are separated from the equidistant
part of the spectrum by a gap of size eight. Then we use the
ground state of this system, which is given by the image
of the state ψ1, to generate finally the deformed isotonic
oscillator Lð1;4;5Þ with a potential Vð1;4;5Þ given by Eq. (D2).
The system has one separated state and the size of the gap is
equal to eight. This is the minimal possible size for a gap in
the spectrum that can be created by the described general
procedure. The dual scheme is ð−2;−3;−5Þ ∼ ð1; 4; 5Þ, and
we can reinterpret both these schemes in terms of the
isotonic oscillator. For this we generate the system L1 by
eliminating the ground state ψ1 of the half-harmonic
oscillator and then use the second excited state of this
system given by A−

1ψ5ðxÞ together with the nonphysical
state A−

1ψ4ðxÞ, which is singular at zero. The use of both
indicated states allows us to generate a system to be regular
on the positive half-line. In a similar way we also can
reinterpret the negative scheme by generating the system L3

with the help of the auxiliary scheme ð−1;−3;−5Þ. Then
we apply to it additional DC transformation with the

seed states A−
−3fψ−

1 ¼ Lð−7=2Þ
2 ðx2Þx−3e−x2=2 and A−

−3ψ
−
2 ¼

Lð−7=2Þ
1 ð−x2Þx−3ex2=2, whereLð−7=2Þ

2 ðx2Þ has no zeros on the
positive half-line x > 0, and Lð−7=2Þ

1 ð−x2Þ has one zero
there. The first state can be obtained by applying the
transformation m → −ðmþ 1Þ with m ¼ 3 to the second
exited state of L3, while the second state is generated by
applying the same transformation to the first excited state
with subsequent change x → ix. As a result, we produce the
same, up to a displacement of the potential for an additive
constant, final system. If we look step by step, in this last
scheme the image of fψ−

1 generates an isospectral deforma-
tion, under which the image of ψ−

2 , given by

ϕðxÞ ¼WðA−
−3fψ−

1 ;A
−
−3ψ

−
2 Þ

A−
−3fψ−

1

¼ ex
2=2 15þ 10x2− 4x4þ 8x6

x2ð15þ 4x2ð3þ x2ÞÞ ;

ð5:2Þ
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deforms additionally the potential by introducing a new
ground state 1=ϕðxÞ.
It is worthwhile to note that we can construct another

system to be completely isospectral to Lð1;4;5Þ by taking the
schemes ð1; 5; 6Þ ∼ ð−2;−3;−4;−6Þ [that corresponds to
m ¼ 1 and l1 ¼ 5 in Eq. (5.1)], whose potential is given
by Eq. (D3). As we shall see below, the dual schemes with
even the highest even index in the positive scheme have
some peculiarity in the construction of the ladder operators.
In order to see how the described procedure works in

the general case, and to reveal and discuss the peculiarities
related to the construction and nature of the ladder
operators, we consider a more complicated concrete non-
trivial example. Let us take m ¼ 2 and choose l1 ¼ 4
and l2 ¼ 10 in (5.1). We then obtain the rationally
extended quantum harmonic oscillator system described
by the Hamiltonian operator Lð4;5;10;11Þ ¼ − d2

dx2 þ x2 −
2ðlnWð4; 5; 10; 11ÞÞ00. The ground state in the halved
system L1=2

ð4;5;10;11Þ corresponds to the DC transformation

of the eigenstate ψ1 of the quantum harmonic oscillator that
has the form ψ ¼ Wð4; 5; 10; 11; 1Þ=Wð4; 5; 10; 11Þ.
Realizing the Darboux transformation of L1=2

ð4;5;10;11Þ on

the basis of this ψ chosen as the seed state, we obtain
the system on the half-line that equivalently can be
presented by the Hamiltonian operator

Lð1;4;5;10;11Þ ¼ −
d2

dx2
þ x2 − 2ðlnWð1; 4; 5; 10; 11ÞÞ00:

ð5:3Þ

This Hamiltonian corresponds to the DC transformation
of the half-harmonic oscillator L0 generated on the basis
of the set of its physical and nonphysical eigenstates
(1,4,5,10,11). The system (5.3) represents a nonisospectral
rational extension of the isotonic oscillator system L1. The
explicit analytical form of the potential is given by
Eq. (D4). The graph of this potential and the quantum
spectrum of the system (5.3) are shown in Fig. 2. The
potential has three local minima and the system supports
three separated states in its spectrum that are organized
in two valence bands of one and two states. By the
method of the mirror diagram, we find that the DC
scheme ð−2;−3;−4;−5;−8;−9;−11Þ produces the same
Hamiltonian operator but shifted by a constant, LðþÞ−
Lð−Þ ¼ 6ΔEiso ¼ 24; see Fig. 1. Here, for simplicity, we
introduced the notations LðþÞ ¼ Lð1;4;5;10;11Þ and Lð−Þ ¼
Lð−2;−3;−4;−5;−8;−9;−11Þ. The fact that the mutual shift of both
Hamiltonians is proportional to the difference of two
consecutive energy levels in the spectrum of the isotonic
oscillator allows us to use below exactly the same rule for
the construction of the ladder operators of the type C� as in
the previous section. As we shall see, the number of
physical states annihilated by the lowering operator C−

in this case is equal exactly to six. Later, we also shall see
that in some cases of the rational gapped deformations of
the isotonic oscillator systems, the mutual shift of the
corresponding Hamiltonian operators can be equal to the
half-integer multiple of ΔEiso, and then the procedure for
the construction of the ladder operators of the type C� will
require some modification.
In the DC construction of the Hamiltonian operator LðþÞ,

the energy levels corresponding to the physical seed
eigenstates of the half-harmonic oscillator L0 were
removed from the spectrum producing two gaps. In the
equivalent system Lð−Þ based on nonphysical seed eigen-
states of L0, the energy levels were added under the lowest
energy of the ground state of L0. The fifth order differential
operators that intertwine the half-harmonic oscillator L0

with LðþÞ are

A−
ðþÞ ¼ A−

ð1;4;5;10;11Þ; Aþ
ðþÞ ¼ Aþ

ð1;4;5;10;11Þ: ð5:4Þ
The seventh order differential operators intertwining L0

with Lð−Þ are

A−
ð−Þ ¼ A−

ð−2;−3;−4;−5;−8;−9;−11Þ;

Aþ
ð−Þ ¼ Aþ

ð−2;−3;−4;−5;−8;−9;−11Þ: ð5:5Þ
The three lowest physical states of the system (5.3) which
correspond to the three separated energy levels can be
presented in two equivalent forms A−

ð−Þfψ−
8 ¼ A−

ðþÞψ3,

A−
ð−Þfψ−

4 ¼ A−
ðþÞψ7, A−

ð−Þfψ−
2 ¼ A−

ðþÞψ9, where equalities

are modulo a nonzero constant multiplier. We have here
the intertwining relations

A−
ðþÞL0 ¼ LðþÞA−

ðþÞ ¼ ðLð−Þ þ 24ÞA−
ðþÞ;

A−
ð−ÞL0 ¼ Lð−ÞA−

ð−Þ ¼ ðLðþÞ − 24ÞA−
ð−Þ; ð5:6Þ

and the conjugate relations for Aþ
ðþÞ and Aþ

ð−Þ.

FIG. 2. Potential (D4) of the system (5.3). The energy levels of
the corresponding physical states annihilated by ladder operators
B−, Bþ, A−, Aþ, and C− are indicated from left to right.
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From the point of view of the isotonic oscillator we
can reinterpret the positive scheme starting from L1. One

can check that the state A−
1ψ4 ¼ x−1Lð−3=2Þ

2 ðx2Þe−x2=2 is
obtainable by applying the transformation m → −m − 1

with m ¼ 1 to the second excited state while A−
1ψ10 ¼

x−1Lð−3=2Þ
5 ðx2Þe−x2=2 is generated by the same transforma-

tion from the fifth excited state. By iterative properties
of the DC transformations we can see that the selection
of the states fA−

1ψ4; A−
1ψ10; A−

1ψ5; A−
1ψ11g produces our

deformed system. The negative scheme here can also
be reinterpreted by constructing first the isotonic system
L6 by using the set of six odd nonphysical states
f−1;−3;−5;−7;−9;−11g and then taking A−

−6fψ−
1 ,

A−
−6fψ−

7 , A
−
−6ψ

−
2 , A

−
−6ψ

−
4 , and A−

−6ψ
−
8 as the seed states.

From the point of view of L6, these states can be obtained
from some physical states by applying the symmetry
transformations of the isotonic oscillator as in the previous
considered cases, and if we trace step by step, we see that
the states A−

−6fψ−
1 and A−

−6fψ−
7 produce some isospectral

deformation of L4. In this new intermediate system three
other states introduce three separated states below the
equidistant part of the spectrum by producing finally our
deformed oscillator system (5.3).
Let us turn now to the construction of the ladder

operators for the system under consideration. As in the
previous section, we begin with the Darboux-dressed
ladder operators, and we first consider the operators of
the type B̃�. They are constructed from the ladder operators
C�1 of the isotonic oscillator L1, and are the lowest (tenth)
order ladder operators we can obtain by using the method
of Darboux dressing:

B̃� ¼ Að1Þ−
ð4;5;10;11ÞC

�
1 A

ð1Þþ
ð4;5;10;11Þ; ½LðþÞ; B̃

�� ¼ �ΔEisoB̃�:

ð5:7Þ

The fourth order differential operatorsAð1Þ�
ð4;5;10;11Þ intertwine

the Hamiltonian operators L1 and LðþÞ and realize the
mapping between their corresponding eigenstates. The
numbers in the subscript indicate the eigenstates of
the harmonic oscillator used as the seed states of the DC
transformation, and the superscript marks the system to
which those states are mapped. In correspondence with this
notation and properties of the DC transformations, we have

here the equality Að1Þ−
ð4;5;10;11ÞðA−

ð1ÞψÞ ¼ A−
ð1;4;5;10;11Þψ, where

ψ is an arbitrary eigenstate of the half-harmonic oscillator
Hamiltonian L0. The kernel of B̃− can be identified by
calculating the product B̃þB̃−, while the kernel of B̃þ is
found from the product B̃−B̃þ. We find

ker B̃−¼ spanfA−
ð−Þ fψ−

11;A
−
ð−Þfψ−

8 ;A
−
ð−Þψ

−
7 ;A

−
ð−Þψ

−
6 ;A

−
ð−Þfψ−

5 ;

A−
ð−Þfψ−

4 ;A
−
ð−Þψ

−
1 ;A

−
ð−Þψ

−
0 ;A

−
ð−Þψ0;A−

ð−Þψ1g: ð5:8Þ

The kernel of B̃− contains three physical states A−
ð−Þfψ−

8 ,

A−
ð−Þfψ−

4 , and A−
ð−Þψ1 ¼ A−

ðþÞψ13. These are the ground
state, the lower state in the two-states valence band (that
is also the first excited state of the system), and the lowest
state in the equidistant part of the spectrum; see Fig. 2.
They are eigenstates of Lð−Þ of energies −17, −9, and 3,
respectively. The kernel

ker B̃þ¼ spanfA−
ð−Þψ

−
13;A

−
ð−Þψ

−
10;A

−
ð−Þfψ−

9 ;A
−
ð−Þfψ−

8 ;A
−
ð−Þψ

−
7 ;

A−
ð−Þψ

−
6 ;A

−
ð−Þfψ−

3 ;A
−
ð−Þfψ−

2 ;A
−
ð−Þψ

−
1 ;A

−
ð−Þψ

−
0 g ð5:9Þ

contains two physical statesA−
ð−Þfψ−

8 andA−
ð−Þfψ−

2 , which are
identified as the ground state and the second excited state of
the system. Both states are the upper states in the one-state
and the two-states valence bands. This is correlated with the
property that the jump produced by the raising operator B̃þ

is not sufficient to bridge the corresponding gaps in the
spectrum. The operators B̃� cannot connect the part of
the spectrum corresponding to the separated states with the
states in the equidistant part of the spectrum. Also, they do
not connect the states from different valence bands. These
ladder operators do not form the set of the spectrum-
generating operators since they do not allow us to generate
an arbitrary state in the spectrum from any other arbitrarily
chosen fixed physical eigenstate. All the space of the states
of the system is separated into three bands, in each of which
the operators B̃� act irreducibly. These ladder operators
commute for a certain polynomial of order nine in the
Hamiltonian Lð−Þ.
As in the isospectral case considered in the previous

section, here we have two ways to realize Darboux dressing
of the ladder operators −C�0 ¼ ða�Þ2 of the half-harmonic
oscillator system L0. Using for this purpose the intertwin-
ing operators A�

ðþÞ, we obtain differential operators of
order 12:

B� ¼ A−
ðþÞða�Þ2Aþ

ðþÞ; ½Lð−Þ;B�� ¼ �ΔEisoB�:

ð5:10Þ

With the help of the product BþB− ¼ ðLð−Þ þ 21Þ2B̃þB̃−,
we find the kernel of the operator B−: kerB− ¼
spanfA−

ð−Þψ
−
10;A

−
ð−Þ fψ−

10; ker B̃
−g. The first two states in

the kernel of B− are nonphysical eigenstates of the operator
Lð−Þ of energy Eð−Þ ¼ −21. As a result, we see that the
ladder operator B− annihilates exactly the same three
physical eigenstates as the ladder operator B̃−, and the
other nine eigenstates from the kernel of B− are nonphysi-
cal. From here one can suspect that the operators B� and
B̃� are related in a simple way, and we find

B− ¼ B̃−ðLð−Þ þ 21Þ; Bþ ¼ ðLð−Þ þ 21ÞB̃þ: ð5:11Þ
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The kernel of Bþ is spanned by the kernel of B̃þ and two
nonphysical eigenstates A−

ð−Þψ
−
12 and A−

ð−Þ fψ−
12 of Lð−Þ of

eigenvalue Eð−Þ ¼ −25.
We also can construct the ladder operators by using the

intertwining operators A�
ð−Þ,

A� ¼ A−
ð−Þða�Þ2Aþ

ð−Þ; ½LðþÞ;A�� ¼ �ΔEisoA�:

ð5:12Þ

These are also not spectrum-generating operators because
the leap they make does not allow them to overcome the
gaps. On the other hand, since these are differential
operators of order 16, by analogy with the case of
rationally extended quantum harmonic oscillator systems
[45], one could expect that they annihilate more physical
states in comparison with the ladder operators B� and B̃�.
To identify the kernels of the operators A�, it is more
convenient to work with the operator LðþÞ instead of Lð−Þ.
By calculating the alternative products of the operatorsA�,
one can see that they can be written in terms of B̃�:

A− ¼ B̃−ðLðþÞ − 5ÞðLðþÞ − 17ÞðLðþÞ − 19Þ;
Aþ ¼ ðA−Þ†: ð5:13Þ

From here one finds that the raising operatorAþ detects all
the states in both separated valence bands by annihilating
them. In addition to the indicated physical states, the
lowering operator A− also annihilates the lowest state in
the half-infinite equidistant part of the spectrum.
Therefore, the essential difference of the nonisospectral

rational deformations of the isotonic oscillator systems
from their isospectral rational extensions is that there is no
pair of spectrum-generating ladder operators constructed
via the Darboux-dressing procedure. This situation is
similar to that in the rationally extended quantum harmonic
oscillator systems [45].
We now construct the ladder operators C� by “gluing”

the intertwining operators of different types. As in the case
of the isospectral deformations, they also will not be the
spectrum-generating operators, but together with any pair
of the ladder operators B̃�, B�, orA� they will form the set
of the spectrum-generating operators. So, let us consider
the differential operators of order 12,

C− ¼ A−
ð−ÞA

þ
ðþÞ; Cþ ¼ A−

ðþÞA
þ
ð−Þ;

½Lð−Þ; C�� ¼ �6ΔEisoC�: ð5:14Þ

They are independent from the ladder operators construc-
ted via the Darboux-dressing procedure, and their commu-
tator ½C−; Cþ� is a certain polynomal of order 11 in the
Hamiltonian Lð−Þ. The operators C� divide the space of the
states of the system into six infinite subsets on which they

act irreducibly. The same number six here also corresponds
to the number of physical states A−

ð−Þfψ−
8 , A

−
ð−Þfψ−

4 , A
−
ð−Þfψ−

2 ,
A−

ð−Þψ1, A−
ð−Þψ5, A−

ð−Þψ11 annihilated by the lowering
operator C−. The operator C− transforms a physical eigen-
state into another physical eigenstate by lowering its level
by six. If the arrival level is not in the spectrum, then that
state is annihilated by C−.
The operator Cþ does not annihilate any physical state

here. Like C−, it connects the separated states with the
equidistant part of the spectrum. As a result, the pair of the
ladder operators C� together with any pair of the ladder
operators B̃�, B�, or A� allows us to transform any
physical state into any physical state. For instance, the
separated ground state A−

ð−Þfψ−
8 of the system can be

transformed into the second state A−
ð−Þfψ−

2 in the second

valence band by application of the product of the ladder
operators C−ðB̃þÞ3Cþ. Then, the ground state can be
transformed into the first excited state A−

ð−Þfψ−
4 , being the

lowest state in the two-states valence band, by the operator
B̃−C−ðB̃þÞ3Cþ. The ground state can also be transformed
into the lowest state of the two-states valence band by the
operator C−ðAþÞ2Cþ. The application of the operator B−Cþ

to the ground state transforms it into the lowest stateA−
ð−Þψ1

of the equidistant part of the spectrum. So, the indicated
pairs of the ladder operators form the sets of the spectrum-
generating operators of the system. Figure 3 illustrates the
action of the ladder operators. Now, consider briefly the
systems that can be obtained from the system we have just
described by taking its separated states as the seed states to
generate the corresponding new DC transformations. Each
time, the incorporation of a separated state into a set of the
seed states deforms the potential and decreases in one the
number of its local minima. As a result, this reduces in one
the number of separated states in the spectrum of the
corresponding system.
If in the set of the seed states for the DC transformation

we include additionally the first excited state of the halved
rationally extended quantum harmonic oscillator system
L1=2
ð4;5;10;11Þ, or, in an equivalent way, if we realize a Darboux

transformation of the system Lð1;4;5;10;11Þ by using its lowest
physical state A−

ðþÞψ3 ¼ A−
ð−Þfψ−

8 from the one-state valence

band, we obtain the system Lð1;3;4;5;10;11Þ. It corresponds to
a nonisospectral deformation of the isotonic oscillator L2

with the spectrum containing two separated states organ-
ized into one two-state valence band. A dual scheme is
ð−2;−3;−4;−5;−9;−11Þ ∼ ð1; 3; 4; 5; 10; 11Þ. As before,
we simplify notations by denoting LðþÞ ¼ Lð1;3;4;5;10;11Þ and
Lð−Þ ¼ Lð−2;−3;−4;−5;−9;−11Þ, for which, again, LðþÞ−
Lð−Þ ¼ 24. The sixth order differential operators that inter-
twine LðþÞ and Lð−Þ with L0 are A�

ðþÞ ¼ A�
ð1;3;4;5;10;11Þ and

A�
ð−Þ ¼ A�

ð−2;−3;−4;−5;−9;−11Þ. With their help we construct
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the ladder operators B� and A� by the DC dressing of the
ladder operators −C�0 ¼ ða�Þ2 of L0 as it was done for
the system (5.3). The order 12 ladder operators C� are
also constructed in the form (5.14) using the sixth order
intertwining operators A�

ðþÞ and A�
ð−Þ. The analogs of the

ladder operators (5.7) are constructed here by the DC
dressing of the ladder operators of the isotonic oscillator

L2, B̃� ¼ Að1;3Þ−
ð4;5;10;11ÞC

�
2 A

ð1;3Þþ
ð4;5;10;11Þ. The Að1;3Þ−

ð4;5;10;11Þ and

Að1;3Þþ
ð4;5;10;11Þ ¼ ðAð1;3Þ−

ð4;5;10;11ÞÞ† are the fourth order operators

intertwining the system Lð1;3;4;5;10;11Þ with the isotonic
oscillator L2. They are given by relations of the form

Að1;3Þ−
ð4;5;10;11ÞðA−

ð1;3ÞψÞ ¼ A−
ðA−

2
4;A−

2
5;A−

2
10;A−

2
11ÞðA−

2ψÞ
¼ A−

ð1;3;4;5;10;11Þψ ; ð5:15Þ

where A−
ð1;3Þ ¼ A−

2 is the operator (2.11) with m ¼ 2 that

intertwines L0 and L2. The ladder operators B� and B̃� act
on physical states in the same way. The lowering operators
annihilate the ground state being the lower state in the two-
states valence band and the lowest state in the equidistant
part of the spectrum. The raising operators annihilate the
first excited state that corresponds to the upper energy level
in the valence band. The raising operator Aþ annihilates
both states in the valence band of energies EðþÞ ¼ 15 and
EðþÞ ¼ 19, whereas the lowering operatorA− annihilates in
addition the lowest state of energy EðþÞ ¼ 27 in the

equidistant part of the spectrum. One can find the relations
between these ladder operators as it was done for the
system (5.3). The lowering operator C− annihilates both
states A−

ðþÞψ7 and A−
ðþÞψ9 of the valence band, the

lowest stateA−
ðþÞψ13 in the equidistant part of the spectrum,

and three more physical states there which are
A−

ðþÞψ15;A−
ðþÞψ17, and A−

ðþÞψ23 of energies EðþÞ ¼ 31,

EðþÞ ¼ 35, and EðþÞ ¼ 47. Besides, it also annihilates
six nonphysical eigenstates. The kernel of the raising
operator Cþ contains only nonphysical states. As in the
previous system Lð1;4;5;10;11Þ, the ladder operators C�

together with any of the pairs of ladder operators B̃�,
B�, or A� form the sets of the spectrum-generating
operators of the system Lð1;3;4;5;10;11Þ.
One can continue in the same vein and obtain the system

Lð1;3;4;5;7;10;11Þ ¼ Lð−2;−3;−5;−9;−11Þ þ 24 that has the same
spectrum as the system Lð1;4;5;10;11Þ but with the omitted
two lowest energy levels. This is a nonisospectral rational
deformation of the isotonic oscillator L3 with one energy
level separated by a distance 2ΔEiso ¼ 8 from the equi-
distant part of the spectrum. Finally, we obtain the system
Lð1;3;4;5;7;9;10;11Þ ¼ Lð−3;−5;−9;−11Þ þ 24 by eliminating the
unique separated energy level from the spectrum of the
system Lð1;3;4;5;7;9;10;11Þ. This is an isospectral deformation
of the isotonic oscillator L4.
All of the described picture is generalized directly in

the case when the index of the last seed state used in
the corresponding DC transformation is odd. Then the

FIG. 3. Left panel: The numbers on the left correspond to the indices of the physical eigenstates ψ2lþ1 of the half-harmonic oscillator
that are mapped “horizontally” by operator A−

ðþÞ into eigenstates Ψn of the system (5.3). Lines show the action of the ladder operators

coherently with their structure (5.12), (5.10), and (5.14). The marked set of the states 0,1,2,3,5,8 on the right corresponds to six
eigenstates of LðþÞ annihilated by C−. Right panel: Horizontal lines correspond to the energy levels of LðþÞ. Upward and downward
arrows represent the action of the rising and lowering ladder operators, respectively. Following appropriate paths, any eigenstate can be
transformed into any other eigenstate by applying subsequently the corresponding ladder operators.
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corresponding scheme based on physical eigenstates of L0

is of the form ð…; 2lm; 2lm þ 1Þ, and the dual scheme is
ð…;−ð2lm þ 1ÞÞ. Following the same notation as we used
in the particular examples, the Hamiltonian operators
generated in these two dual schemes are shifted by the
distance equal to the separation ΔEiso ¼ 4 of energy levels
in the equidistant part of the spectrum times integer number
lm þ 1: LðþÞ − Lð−Þ ¼ 4lm þ 4. The operators A�

ðþÞ that

intertwine the Hamiltonian LðþÞ with L0,

A−
ðþÞL0 ¼ LðþÞA−

ðþÞ ¼ ðLð−Þ þ 4lm þ 4ÞA−
ðþÞ; ð5:16Þ

are of differential order nþ, where nþ corresponds
to the number of seed states in the positive scheme
ð…; 2lm; 2lm þ 1Þ. The operators A�

ð−Þ intertwining Lð−Þ
with L0,

A−
ð−ÞL0 ¼ Lð−ÞA−

ð−Þ ¼ ðLðþÞ − 4lm − 4ÞA−
ð−Þ; ð5:17Þ

in this case are of differential order 2lm þ 2 − nþ. The
ladder operators A� ¼ A−

ð−Þða�Þ2Aþ
ð−Þ have differential

order 2ð2lm þ 2 − nþÞ þ 2. The ladder operators B� con-
structed by Darboux dressing of the ladder operators of the
half-harmonic oscillator L0 by means of intertwining
operators A�

ðþÞ are of differential order 2nþ þ 2. These

ladder operators satisfy commutation relations of the form
(5.12) and (5.10). The lowering operator B− annihilates all
the lowest states in each valence band and the lowest state
in the equidistant part of the spectrum. The raising operator
Bþ annihilates all the highest states in each valence band.
The raising operator Aþ detects all the states in all the
valence bands by annihilating them. The lowering ladder
operator A− annihilates in addition to all the separated
states the lowest state in the equidistant part of the
spectrum. The ladder operators C� of the form (5.14)
constructed by gluing intertwining operators from dual
schemes have a differential order 2lm þ 2, and commute
with Hamiltonian operators of the system as follows:

½Lð−Þ; C�� ¼ �ðlm þ 1ÞΔEisoC�: ð5:18Þ

Like the ladder operator A−, the lowering operator C−

annihilates all the states in all the valence bands and the
lowest state in the equidistant part of the spectrum. In
addition, it annihilates a certain number of excited states
in the equidistant part of the spectrum. The total number
of the physical states annihilated by C− is equal to lm þ 1
that coincides with the corresponding coefficient in (5.18).
The kernel of the raising operator Cþ contains no physical
states. The ladder operators C� together with A� or B�
form the set of spectrum-generating operators. In these
sets of spectrum-generating operators, the ladder operators
B� can be substituted by the ladder operators B̃�.

The operators B̃� are constructed by Darboux dressing
the ladder operators C�m in the way we constructed such
operators in the considered examples. Here we assume that
the corresponding Hamiltonians LðþÞ and Lð−Þ describe a
certain rational deformation of the isotonic oscillator
system Lm. It may or may not happen that the operators
of type B̃� of lower differential order can be obtained by
Darboux dressing of ladder operators of another isotonic
oscillator system. This, however, depends on the concrete
rational deformation of the isotonic oscillator we have and
requires a concrete investigation. With respect to the
physical states, the ladder operators B̃� will have the same
properties as the ladder operators B�.
When we have the schemes ð…; 2lm − 1; 2lmÞ ∼

ð…;−2lmÞ generating a gapped rational extension of
some isotonic oscillator system, the corresponding
Hamiltonian operators associated with them are shifted
mutually for the distance LðþÞ − Lð−Þ ¼ 4lm þ 2 ¼ ðlm þ
1
2
ÞΔEiso that is equal to the half-integer multiple of the
energy spacing in the equidistant part of the spectrum and
in the valence bands with more than one state. In this case
the procedure related to the construction of the ladder
operators A�, B�, and B̃� and their properties are similar
to those in the systems generated by the schemes
ð…; 2lm; 2lm þ 1Þ ∼ ð…;−ð2lm þ 1ÞÞ. However, the situa-
tion with the construction of the ladder operators of the type
C� in this case is essentially different. We still can construct
the operators C� of the form (5.14). Such operators will be
of odd differential order 2lm þ 1, and their commutation
relations with any of the Hamiltonian operators LðþÞ and
Lð−Þ will be of the form ½L; C�� ¼ �ð4lm þ 2ÞC�. This
means that these operators acting on physical eigenstates of
L will produce nonphysical eigenstates except the case
when the lowering operator C− acts on the states from its
kernel. The square of these operators will not have the
indicated deficiency and will form together with the ladder
operatorsA�, B�, or B̃� the set of the spectrum-generating
operators. This picture can be compared with the case of the
half-harmonic oscillator L0, where the first order differ-
ential operators a� will have the properties similar to those
of the described operators C�. In this case we can, however,
modify slightly the construction of the ladder operators of
the C� type by taking

C̃− ¼ A−
ð−Þða−ÞAþ

ðþÞ; C̃þ ¼ A−
ðþÞðaþÞAþ

ð−Þ: ð5:19Þ

These ladder operators satisfy the commutation relations
½Lð�Þ; C̃

�� ¼ 4ðlm þ 1ÞC̃�, and transform physical states
into physical states.
Note that the total number of physical eigenstates from

the half-infinite equidistant part of the spectrum which
belong to the kernel of the ladder operator C− (or C̃−) in the
case of the system of the type ð…; 2lm þ 1Þ [or ð…; 2lmÞ]
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can be expressed in terms of the sizes nþ and n− of the
corresponding positive and negative dual schemes and the
total number nv of the states in all the valence bands of
the deformed gapped isotonic oscillator system. If we
denote such a number by n∞, we obtain n∞ ¼ 1

2
ðnþ þ

n−Þ − nv for the system of the type ð…; 2lm þ 1Þ, for which
2lm þ 1 ¼ nþ þ n− − 1, see Section III. For the system
with a positive scheme of the type ð…; 2lmÞ, we
have n∞ ¼ 1

2
ðnþ þ n− − 1Þ − nv.

To conclude this section, let us summarize the structure
of the nonlinearly deformed conformal symmetry algebras
generated by different pairs of the corresponding ladder
operators and Hamiltonians of the rationally deformed
conformal mechanics systems. The commutators of the
ladder operators A�, B�, and C� with Hamiltonian
operators are given, respectively, by Eqs. (5.12), (5.10),
and (5.14) with Eiso ¼ 4. The commutation relations of the
form (5.12) also are valid for the case of the isospectral
deformations discussed in the previous section. To write
down the commutation relations between raising and
lowering operators of the same type in a general case,
let us introduce the polynomial functions

PnþðxÞ ¼ Πnþ
k¼1ðx − 2nk − 1Þ;

Rn−ðxÞ ¼ Πn−
l¼1ðxþ 2nl þ 1Þ; ð5:20Þ

where nk > 0 are the indices of the corresponding seed
states in the positive scheme and −nl < 0 are the indices of
the seed states in the negative scheme. With this notation,
we have the relations Aþ

ðþÞA
−
ðþÞ ¼ PnþðL0Þ, A−

ðþÞA
þ
ðþÞ ¼

PnþðLðþÞÞ ¼ PnþðLð−Þ þ 2ðn− þ nþÞÞ, and Aþ
ð−ÞA

−
ð−Þ ¼

Rn−ðL0Þ, A−
ð−ÞA

þ
ð−Þ ¼ Rn−ðLð−ÞÞ. Then we obtain

½A−;Aþ� ¼ ðxþ 1Þðxþ 3ÞRn−ðxÞRn−ðxþ 4Þjx¼Lð−Þ
x¼Lð−Þ−4;

ð5:21Þ

½B−;Bþ� ¼ ðxþ 1Þðxþ 3ÞPnþðxþ 4ÞPnþðxÞj
x¼Lð−Þþ2N
x¼Lð−Þþ2N−4;

ð5:22Þ

½C−; Cþ� ¼ Rn−ðxÞPnþðxÞj
x¼Lð−Þþ2N
x¼Lð−Þ ; ð5:23Þ

where N ¼ n− þ nþ, and relation (5.21) also is valid in
the case of isospectral deformations. In the case of the
nonisospectral deformations given by the dual schemes
ð…; 2lm − 1; 2lmÞ ∼ ð…;−2lmÞ, the corresponding modi-
fied operators (5.19) satisfy the commutation relation

½C̃−; C̃þ� ¼ ðxþ 1ÞRn−ðxÞPnþðxþ 2Þjx¼Lð−Þþ2N−2
x¼Lð−Þ : ð5:24Þ

Thus, in any rational deformation of the conformal
mechanics model we considered, each pair of the conjugate

ladder operators of the types A�, B�, or C� generates a
nonlinear deformation of the conformal slð2;RÞ symmetry.
The commutation relations between ladder operators of
different types of the form ½A�; C��, etc., not considered
here are model dependent, and taking them into account
gives rise naturally to different nonlinearly extended
versions of the superconformal ospð2j2Þ symmetry [52].

VI. SUMMARY, DISCUSSION, AND OUTLOOK

We studied rational deformations of the quantum con-
formal mechanics model and constructed complete sets of
the spectrum-generating ladder operators for them by
applying the generalized DCKA transformations to the
quantum harmonic oscillator and using the method of the
dual positive and negative schemes and mirror diagrams.
The positive scheme is constructed by selecting certain

nþ physical states of the harmonic oscillator as the seed
states for generalized DCKA transformation. In the neg-
ative scheme we use some of its n− nonphysical states
obtained from the corresponding eigenstates with positive
energies by the transformation x → ix, E → −E. The two
schemes are related by a kind of charge conjugation
presented by the mirror diagram. They generate the same
deformed (or undeformed) conformal mechanics system
modulo a nonzero relative displacement of the spectrum
defined by a number of the seed states participating in both
dual schemes. The set of the seed states in any of the two
dual schemes has to be chosen in such a way that the
resulting system will be regular on the positive half-line.
We showed that each isospectral deformation of

the isotonic oscillator Lm can be characterized by the
ladder operators A� being differential operators of order
2ðmþ 1Þ ¼ 2ðn− þ 1Þ, which are the second order ladder
operators of Lm Darboux dressed by the conjugate pair
of the intertwining operators of order m of the negative
scheme. These operators, as the second order ladder
operators of Lm, form a spectrum-generating set of oper-
ators by means of which any state of the deformed system
can be transformed into any other state. The picture,
however, is completely different in the case of the gapped,
nonisospectral, deformations of the isotonic oscillators
where it is similar to the picture in rationally extended
quantum harmonic oscillator systems [45]. The complete
set of the spectrum generating operators is formed in this
case by two pairs of the ladder operators ðA�; C�Þ or
ðB�; C�Þ. Here the ladder operators A� are constructed by
Darboux dressing of the second order ladder operators
ða�Þ2 of the half-harmonic oscillator L0 by the intertwining
operators of the negative scheme, while B� are obtained by
Darboux dressing of the same operators ða�Þ2 but by the
intertwining operators of the positive scheme. The oper-
ators A� and B� act similarly to the usual ladder operators
in the equidistant part of the spectrum but their action is
different in a separated part. The operatorsA� detect all the
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separated states just by annihilating each of them. The
operators B� detect the number of low-lying separated
valence bands in the spectrum where B− acts as a lowering
operator in each valence band annihilating there the
corresponding lowest state. The raising operator Bþ anni-
hilates the highest state in each valence band. As a result,
in each valence band with l ≥ 1 states, the action of the
operators B� is characterized by the relations ðB�Þl ¼ 0
typical for spin-s ladder operators with s ¼ ðl − 1Þ=2. In
dependence on the concrete nonisospectral deformation,
sometimes the ladder operators B̃� of the lower differential
order can be constructed by the DC dressing of the ladder
operators of some isotonic oscillator Lm with m > 0, but
their action on physical eigenstates of the deformed system
is essentially the same as the action of B�. From the
properties of the ladder operators A� and B� it is clear
that they cannot connect the states from different valence
bands, and the separated states cannot be connected by
them with the states from the equidistant part of the
spectrum. “Communication” between the indicated states
is provided by the ladder operators C� constructed by
gluing the intertwining operators of the positive and
negative schemes.
In any rational deformation of the conformal mechanics

model we considered, each pair of the conjugate ladder
operatorsA�, B�, and C� [or C̃� in the case of the systems
of the type ð…; 2lm − 1; 2lmÞ ∼ ð…;−2lmÞ] generates
some nonlinear deformation of the conformal slð2;RÞ
symmetry with a polynomial of order, respectively,
2n− − 1, 2nþ − 1 and n− þ nþ − 1 (or n− þ nþ þ 1) in
the corresponding Hamiltonian of the system. The com-
mutation relations between ladder operators of different
types are model dependent. The appropriate taking into
account of them gives rise to different nonlinearly extended
versions of the superconformal ospð2j2Þ symmetry [52].
It is interesting to note here that reflectionless (soliton

and multisoliton) quantum systems can be constructed by
applying DC transformations to the free quantum particle.
The latter system is peculiar in virtue of the presence in it of
additional integral of motion being the momentum operator
that distinguishes the left- and right-moving plane wave
eigenstates corresponding to the doubly degenerate energy
levels of the free particle. In our case as the analog of the
free particle we have the half-harmonic oscillator system L0

characterized, as the harmonic oscillator, by the equidistant
spectrum and by the pair of the conjugate second order
ladder operators associated with such a peculiar nature of
the spectrum. Any reflectionless system can be related with
the free particle by two different intertwining operators
whose action, however, does not produce any mutual
displacement. A similar picture with two different sets of
the intertwining operators acting without a relative shift
appears also in the isospectral pairs of periodic finite-gap
systems. Because of the absence of the relative displace-
ment in the action of different intertwining operators in

reflectionless and finite-gap systems, the analogs of our
operators C� built there by gluing different intertwining
operators are not the ladder-type operators. Instead, they are
the Lax-Novikov integrals of motion of the corresponding
quantum systems related to the Korteweg–de Vries equa-
tion and its hierarchy; for the details see Refs. [53–57].
Moreover, in this context we still have another interesting
analogy. One can consider a particular class of the quantum
reflectionless systems given by the shape-invariant family
of hyperbolic Pöschl-Teller systems described by the
potentials of the form −mðmþ 1Þ= cosh2 x [55]. Their
reflectionless properties together with the presence of a
nontrivial Lax-Novikov integral in each such system are
explained naturally in terms of their DC relationship with
the free particle corresponding to the case m ¼ 0. If we
change in the indicated potential the integer parameter m
for real parameter ν, we lose the connection with the free
particle together with the reflectionless properties of the
system. This analogy explains the peculiar nature of the
rationally deformed conformal mechanics systems charac-
terized by integer parameter m in comparison with the
general (anyonic) case with g ¼ νðνþ 1Þ, ν > −1=2,
ν ∉ Z. For the latter class of the systems it is impossible
to assemble the ladder operators of the typesA� and C�, at
least by the methods used here. Therefore, the problem of
construction of the complete sets of the spectrum-generat-
ing ladder operators for such systems is open.
We saw that the neighbor pairs of the isotonic oscillator

systems can be organized into the extended two-component
systems that are described by the N ¼ 2 supersymmetry.
Such an extension can be realized in two different ways
based on physical (positive) or nonphysical (negative)
eigenstates of the corresponding Hamiltonians of the
subsystems. In correspondence with this, in the first case
we have the unbroken N ¼ 2 supersymmetry, whereas in
the second case the extended system is described by the
broken supersymmetry. The interesting peculiarity we
observed is that the products of the supercharges from
the extended systems with unbroken and broken super-
symmetries produce the ladder operators of the conformal
mechanics systems. A similar observation was used
recently in [58] to explain the origin of the hidden super-
conformal symmetry of the quantum harmonic oscillator.
It would be interesting to investigate coherent states in

the rationally extended quantum harmonic oscillator sys-
tems as well as in the rational deformations of the
conformal mechanics considered here. The appearance
of some peculiarities can be expected in such systems
due to the presence in them of different sets of the ladder
operators.
It also seems to be very interesting to identify some class

of quantum physical systems in which the presence of more
than one pair of the ladder operators would be essential.
One such possibility could correspond to the problems
related to quantum transitions.
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APPENDIX A: DARBOUX TRANSFORMATIONS

Here we briefly summarize a general scheme of the
Darboux transformations and some of their properties. Let
L− ¼ − d2

dx2 þ V−ðxÞ be a Schrödinger operator and ψ�ðxÞ
be its eigenfunction, L−ψ� ¼ E�ψ�. We do not worry about
the singular or nonsingular nature of L− and the physical or
nonphysical nature of ψ�ðxÞ, and we generate the first order
differential operators

A−
ψ� ¼ ψ�

d
dx

1

ψ�
¼ d

dx
þW;

Aþ
ψ� ¼ −

1

ψ�

d
dx

ψ� ¼ −
d
dx

þW; ðA1Þ

where W ¼ − ψ 0�
ψ�
. The operator Aþ

ψ� is the formal adjoint of
A−
ψ� , and kerA−

ψ� ¼ ψ�, kerAþ
ψ� ¼ 1=ψ�. We have a fac-

torization relation Aþ
ψ�A

−
ψ� ¼ L− − E�, and a representation

of the potential VðxÞ in terms of the superpotential W,
V− ¼ W2 −W 0. The alternate product A−

ψ�A
þ
ψ� ¼ Lþ − E�

defines the associated Schrödinger operator Lþ ¼ − d2

dx2 þ
Vþ with the potential

Vþ ¼ W2 þW 0 ¼ V− þ 2W 0 ¼ V− − 2ðlnψ�Þ00; ðA2Þ
and Lþðψ�Þ−1 ¼ E�ðψ�Þ−1. With dependence on the nature
of the wave function ψ�, the so-obtained operator Lþ can
be singular or nonsingular, and the wave function ðψ�Þ−1
can describe a physical state or not. The operators A−

ψ� and
Aþ
ψ� intertwine the Schrödinger operators L− and Lþ,

A−
ψ�L− ¼ LþA−

ψ� , A
þ
ψ�Lþ ¼ L−Aþ

ψ� , and provide us with
the mapping between their physical and nonphysical
eigenfunctions. Namely, if E ≠ E� and ψ−;E is an eigen-
function of L−, L−ψ−;E ¼ Eψ−;E, then the function
A−
ψ�ψ−;E is an eigenfunction of Lþ of the same eigenvalue

E. On the other hand, if ψþ;E is an eigenfunction of Lþ,
Lþψþ;E ¼ Eψþ;E, and E ≠ E�, then Aþ

ψ�ψþ;E is an eigen-
function of L− of the same eigenvalue. In the case of
E ¼ E� we have the relations A−

ψ�ψ� ¼ 0, Aþ
ψ�

1
ψ�

¼ 0, and

A−
ψ�fψ� ¼ ðψ�Þ−1; Aþ

ψ�
gðψ�Þ−1 ¼ ψ�;

gψðxÞ ¼ ψðxÞ
Z

x dξ
ðψðξÞÞ2 : ðA3Þ

Here gψðxÞ is an eigenfunction linearly independent
from a solution ψðxÞ of the stationary Schrödinger
equation Lψ ¼ Eψ . So, fψ� in (A3) is the eigenfunction
of eigenvalue E� of L− to be linearly independent

from ψ�, and gðψ�Þ−1 is the eigenfunction of the same
eigenvalue E� of Lþ that is linearly independent from its
eigenfunction ðψ�Þ−1.
One can apply iteratively various Darboux transforma-

tions to produce a new system in n steps. Such an n-step
process of construction of a final system can be presented
equivalently as a one-step DC transformation [41]. The
eigenstates ψ ½n�;λ of the final system are obtained by
mapping the eigenstates ψλ of the original system and
can be presented in two equivalent forms:

ψ ½n�;λ ¼
Wðψ1;ψ2;…;ψn;ψλÞ
Wðψ1;ψ2;…;ψnÞ

¼ A−
nψλ: ðA4Þ

A differential operator A−
n of order n is constructed

iteratively,

A−
n ¼ A−

nA−
n−1 � � �A−

1 ; A−
i ¼ A−

i−1ψ i
d
dx

1

A−
i−1ψ i

; ðA5Þ

where i ¼ 1;…; n, and A−
0 ¼ 1. This operator intertwines

the Hamiltonian of the initial system directly with the
Hamiltonian of the final system. Function (A4) is a solution
of the Schrödinger eigenvalue problem�

−
d2

dx2
þ V ½n�ðxÞ

�
ψ ½n�;λðxÞ ¼ Eλψ ½n�;λðxÞ; ðA6Þ

where V ½n� ¼ V − 2ðlnWðψ1;…;ψnÞÞ00 is a potential of
the corresponding final system. The DC transformation
is defined by the choice of the set of eigenfunctions
ðψ1;ψ2;…;ψnÞ of the initial system L ¼ − d2

dx2 þ VðxÞ,
and we refer to the corresponding transformation as a
ðψ1;ψ2;…;ψnÞ scheme. The change in the chosen order of
the eigenfunctions ψ i generates different intermediate
operators A−

i and A−
i in factorization (A5), but has no

effect on the nth order differential operator A−
n and the

potential V ½n�. Nevertheless, we see that the order in which
the seed states are taken is not unique, and the intermediate
schemes that occur in the nth order DC transformation
depend on the order in the chosen set of eigenfunctions
of the Hamiltonian operator of the initial system. The
kernel of A−

n is spanned by the chosen set of the seed
states, kerA−

n ¼ spanfψ1;ψ2;…;ψng, while kerAþ
n ¼

spanfA−
nfψ1;A−

nfψ2;…;A−
nfψng. Equation (A4) can be pre-

sented in an equivalent form

ψ ½n�;λ ¼ ðA−
nA−

n−1 � � �A−
2 ÞðA−

1ψλÞ

¼ WðA−
1ψ2;…; A−

1ψn; A−
1ψλÞ

WðA−
1ψ2;…; A−

1ψnÞ
: ðA7Þ
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Combining Eqs. (A4) and (A7), we obtain a new expression
for Wronskian,

Wðψ1;ψ2;…;ψn;ψλÞ

¼ Wðψ1;ψ2;…;ψnÞ
WðA−

1ψ2;…; A−
1ψn; A−

1ψλÞ
WðA−

1ψ2;…; A−
1ψnÞ

:

ðA8Þ

Consider now the scheme ðψ1;fψ1;ψ2;…;ψnÞ. We
realize the first step on the basis of the function ψ1 that
produces the intertwining operator A−

1 . Its action on fψ1

generates the function A−
1fψ1 ¼ 1=ψ1; see Eq. (A3).

According to (A5) and (A1), we obtain then
A−
2 ¼ −ðA−

1 Þ†. When applied twice, Eq. (A7) in this case
gives us relations

Wðψ1;fψ1;ψ2;…;ψn;ψλÞ
Wðψ1;fψ1;ψ2;…;ψnÞ

¼ WðA†
1A

−
1ψ2;…; A†

1A
−
1ψn; A

†
1A

−
1ψλÞ

WðA†
1A

−
1ψ2;…; A†

1A
−
1ψnÞ

¼ Wðψ2;…;ψn;ψλÞ
Wðψ2;…;ψnÞ

: ðA9Þ

Here we used the fact that the second order operator A†
1A

−
1

is equal to the original Hamiltonian shifted for some
constant, and ψ i, i ¼ 2;…; n, are its eigenfunctions. The
second equality in (A9) is modulo some nonzero constant
multiplier. Note that for a scheme ðψ1;fψ1;ψ2Þ, by (A4) we
obtain the relation Wðψ1;fψ1;ψ2Þ ¼ Wðψ1;fψ1ÞA†

1A
−
1ψ2.

Since Wðψ1;fψ1Þ ¼ const ≠ 0, the equality reduces to
Wðψ1;fψ1;ψ2Þ ¼ Cψ2. This corresponds to a particularly
simple case of a relation Wðψ2;…;ψn;ψλÞ ¼
Wðψ1;fψ1;ψ2;…;ψn;ψλÞ directly following from (A9).

APPENDIX B: EQUIVALENT
REPRESENTATIONS FOR
EIGENFUNCTIONS OF Lm

Equation (2.13) can be used to establish the relationship
between eigenfunctions (2.11) of the isotonic oscillator
given in terms of the Hermite polynomials and their
standard representation in terms of the generalized
Laguerre polynomials.
The normalized form of the eigenstates (2.11) is given by

the relation ψ̂m;l ¼ hm;lψm;l with normalization coefficients
hm;l¼2−ð2mþlÞπ−1=4ððmþ lÞ!ð4mþ4lþ1Þ!=l!Þ−1=2. On the
other hand, the lth normalized eigenstate of the isotonic
oscillator (2.2) with g ¼ mðmþ 1Þ is given by the relation
[4] ψ̂m;l¼ð2 · l!=Γðmþ lþ 3

2
ÞÞ1=2ð−1Þlxmþ1Lmþ1

l ðx2Þ, and
we obtain the equality

A−
mðH2nþ1ðxÞe−x2=2Þ ¼ Cnmxmþ1Lðmþ1=2Þ

n−m ðx2Þe−x2=2;
Cnm ¼ ð−1Þnþm22nþmþ1n!; ðB1Þ

where n ¼ mþ l ≥ m. Equation (B1) can be extended for
the case m ¼ 0 if we put here A0 ¼ 1 in correspondence
with definition (A5). Multiplying this relation by ex

2=2 from
the left, we obtain

xmþ1Lðmþ1=2Þ
n−m ðx2Þ ¼ C−1

nmDmH2nþ1ðxÞ;

Dm ¼
�
d
dx

−
m
x

�
� � �

�
d
dx

−
1

x

�
: ðB2Þ

Note that the differential operator Dm of order m appearing
in (B2) has exactly the form of the operator that intertwines
the Hamiltonian operator of a free quantum particle on the
positive half-line and that of the Calogero model with
coupling constant mðmþ 1Þ [46]. One can invert relation
(B2) by multiplying it from the left by the operator ex

2=2Aþ
m

and applying Eq. (2.13). This gives the relation

H2nþ1ðxÞ ¼ ð−1Þnþmðn −mÞ!22nþmþ1

×D†
mðxmþ1Lðmþ1=2Þ

n−m ðx2ÞÞ: ðB3Þ

Differentiating (B3) and using the relation ðHnðxÞÞ0 ¼
2nHn−1ðxÞ we also obtain the relation

H2nðxÞ ¼ ð−1Þnþmðn −mÞ!22nþmð2nþ 1Þ−1 d
dx

×D†
mðxmþ1Lðmþ1=2Þ

n−m ðx2ÞÞ: ðB4Þ

Equations (B3) and (B4) generalize the well known
relations of the case m¼0 with D0¼D†

0¼1 between
the generalized Laguerre and Hermite polynomials:

H2nþ1ðxÞ¼ð−1Þn22nn!2xLð1=2Þ
n ðx2Þ and H2nðxÞ ¼

ð−1Þn22nn!Lð−1=2Þ
n ðx2Þ, where for obtaining the last

equality we also used the relation d
dx ðxαLðαÞ

n ðxÞÞ ¼
ðnþ αÞxα−1Lðα−1Þ

n ðxÞ with α ¼ 1=2.

APPENDIX C: PROOF OF RELATION (4.1)

Our goal here is to prove relation (4.1), for which the
key point will be the equality H2nþ1ðxÞ ¼ xLð1=2Þ

n ðx2Þ
modulo inessential numerical constant. Consider the
Wronskian identities WðuðxÞh1ðxÞ;…; uðxÞhmðxÞÞ ¼
umðxÞWðh1ðxÞ;…; hmðxÞÞ, where hnðxÞ, n ¼ 1;…; m,
and uðxÞ are some arbitrary functions of x, and
Wðh1ðx2Þ;…;hmðx2ÞÞ¼xmðm−1Þ=2Wðh1ðzÞ;…;hmðzÞÞjz¼x2 .
Then for an arbitrary set of odd states of the harmonic
oscillator we have
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Wðψ2n1þ1;…;ψ2m1þ1Þ ¼ xmðmþ1Þ=2e−mx2=2gð−ð2n1þ1Þ;−ð2n2þ1Þ;…;−ð2nmþ1ÞÞðxÞ; ðC1Þ

where gð−ð2n1þ1Þ;−ð2n2þ1Þ;…;−ð2nmþ1ÞÞðxÞ ¼ WðLð1=2Þ
n1 ðzÞ;…;Lð1=2Þ

nm ðzÞÞjz¼x2 . Using the derivative relation for the generalized

Laguerre polynomial, dk

dzk
ðLðαÞ

n ðzÞÞ ¼ ð−1ÞkLðαþkÞ
n−k ðzÞ if k < n; otherwise dk

dzk
ðLðαÞ

n ÞðzÞ ¼ 0, and also the relation LðαÞ
0 ¼ 1,

for a particular case when nj ¼ j, j ¼ 0; 1;…; m − 1, one finds that the function gð1;…;2m−1Þ is a determinant of some

triangular matrix with constant numbers in the diagonal, and then Wð1;…; 2m − 1Þ ¼ Cxmðmþ1Þ=2e−x2=2. Under the
transformation x → ix the Wronskian (C1) takes the form

Wðψ−
2n1þ1;ψ

−
2n2þ1;…;ψ−

2nmþ1Þ ¼ emx2=2xmðmþ1Þ=2fð−ð2n1þ1Þ;−ð2n2þ1Þ;…;−ð2nmþ1ÞÞðxÞ ðC2Þ
with fð−ð2n1þ1Þ;…;−ð2nmþ1ÞÞðxÞ ¼ gðð2n1þ1Þ;…;ð2nmþ1ÞÞðixÞ. This is just a particular example of a nonsingular Wronskian of
nonphysical eigenstates.

APPENDIX D: LIST OF SOME DEFORMED CONFORMAL MECHANICS POTENTIALS

Here we display the explicit form of some deformations of the conformal mechanics potentials Vm ¼ x2 þ mðmþ1Þ
x2

discussed in the main part of the text:

Vð−3;−7Þ ¼ V2 − 4þ 24
32x10 þ 240x8 þ 528x6 − 840x4 − 3654x2 − 2205

ð8x6 þ 60x4 þ 126x2 þ 105Þ2 ; ðD1Þ

Vð1;4;5Þ ¼ V1 þ 6þ 8
96x10 − 48x8 − 144x6 − 920x4 þ 230x2 − 75

ð8x6 − 4x4 þ 10x2 þ 15Þ2 ; ðD2Þ

Vð1;5;6Þ ¼ V1 þ 6þ 16
256x14 − 960x12 þ 1152x10 − 5712x8 þ 432x6 þ 9180x4 − 3960x2 − 675

ð16x8 − 48x6 þ 72x4 þ 60x2 þ 45Þ2 ; ðD3Þ

Vð1;4;5;10;11Þ ¼ 10þ V1 þ 16
NðxÞ
DðxÞ ; ðD4Þ

where

NðxÞ ¼ −72937816875þ 359826563250x2 − 3559365463500x4 þ 1124647108200x6

þ 368202542400x8 þ 1343539612800x10 − 1951252934400x12 þ 822933619200x14

− 1455591836160x16 þ 1118053063680x18 − 1055756298240x20

þ 535377653760x22 − 147987087360x24 þ 32552681472x26 − 9212461056x28

þ 5052694528x30 − 1919090688x32 þ 402784256x34 − 49020928x36 þ 2621440x38;

DðxÞ ¼ ð467775þ 623700x2 − 374220x4 þ 1995840x6 − 702240x8 þ 94080x10

þ 146560x12 − 64512x14 þ 45824x16 − 11264x18 þ 1024x20Þ2:
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