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Abstract 

Thermoacoustic instabilities have gained particular importance in the gas 

turbine field since lean premixed combustion became the leading technology 

for this type of power plants. Lean flames allow producing very low pollutants 

emissions, but they result more prone to thermoacoustic phenomena, which are 

produced by the constructive coupling of the heat released by the flame and of 

the acoustic field of the burner.  

The Flame Transfer Function (FTF) represents the linear response of the flame 

to acoustic inputs, and constitutes a fundamental element for the analysis of 

thermoacoustic phenomena. This work investigates various aspects regarding 

FTF, from its description and interpretation to its use for the prediction and 

control of thermoacoustic instabilities. 

The first part presents a novel method to process bandfiltered flame images, 

called “Cross-Correlation Mapping Method” (CCM), which describes the local 

contribution of each flame parcel to the formation of the global FTF. The 

method has been developed analytically and validated experimentally, 

revealing a high potential in the interpretation, both qualitative and 

quantitative, of the phenomena behind the dynamics of the flames studied. 

In the second part, FTF has been used as an input to a simple thermoacoustic 

model of a burner, the so-called dispersion equation. The objective was to assess 

the validity of the linear response of the flame to predict the natural, unstable 

modes of the system, so conditions in which the flame response is extremely 

non-linear. A comprehensive experimental campaign has been carried out, 

varying various operational parameters, reaching conditions of strong, self-

induced instability (limit cycle conditions) in the experimental rig. The modes 

predicted match quite well with the experimental frequencies registered, so 

concluding that the FTF may be used to predict potential unstable modes. Since 

the FTF can be described by just one curve, instead of the family of curves 

needed to describe the non-linear response (flame describing function, FDF), 

this fact represents a notable simplification in terms both of computational cost 

to simulate and of experimental effort to collect data for FDF. 

The third and last part focuses on a novel system to control thermoacoustic 

instabilities, called pseudo-active instability control (PAIC) system. PAIC 

operation is based on the principles of active systems (a secondary injection of 

fuel controlled by an active element), but the control proposed is composed of 

purely passive elements, so it gathers the advantages of both systems. In this 

work a first proof of concept of PAIC has been proposed, where the main 

difficulty found has been a suitable definition of the FTF for the pilot flame 



used to control the instabilities. Nevertheless, the analysis performed revealed 

great potentialities of PAIC in damping instabilities, even though the pilot 

flame response resulted pivotal for the control proposed. 

A further added value of this work is that it analyzes the dynamic response of 

both methane and biogas flames. If the former have been widely studied in the 

literature, the research about the latter is much more limited; in particular, not a 

study has been found where the FTF of a biogas flame is shown and analyzed. 

In this work, an in-depth analysis of the dynamic response of biogas flames has 

been performed, and compared with methane and for a broad range of 

operational conditions. 

This work originates from the collection of five papers published by the author 

(with various co-authors) either in journals or in international congresses 

relevant to the field. 

  



Resumen 

Las inestabilidades termoacústicas han cobrado gran importancia en el campo 

de las turbinas de gas desde que la combustión de premezcla pobre se convirtió 

en la tecnología de combustión predominante en este tipo de plantas. Esta 

estrategia de combustión permite reducir considerablemente las emisiones de 

gases contaminantes; sin embargo, el empobrecimiento de las llamas aumenta 

la probabilidad de generar inestabilidades dinámicas provocadas por el 

acoplamiento constructivo entre la fluctuación de calor desprendido por la 

llama y el campo acústico del quemador.  

La función de transferencia de la llama (Flame Transfer Function, FTF) representa 

la respuesta de la llama, en el rango lineal, a excitaciones acústicas, y constituye 

un elemento fundamental para analizar los fenómenos termoacústicos. Este 

trabajo investiga diversas facetas de la FTF, desde su descripción e 

interpretación hasta su uso para la predicción y el control de inestabilidades de 

llama. 

La primera parte presenta un método novedoso para procesar imágenes de 

llama filtradas en bandas de quimioluminiscencia, que se ha denominado 

“Cross-Correlation Mapping Method” (CCM). Este método permite describir la 

contribución local de cada parte de la llama a la formación de la FTF global. 

Este procesado de imágenes ha sido desarrollado teóricamente y 

posteriormente validado mediante ensayos específicos. La investigación ha 

revelado un alto potencial del CCM para la interpretación, tanto cuantitativa 

como cualitativa, de los fenómenos que generan la dinámica de las llamas 

analizadas. 

En la segunda parte, la FTF ha sido utilizada como datos de entrada para un 

modelo termoacústico simplificado de un quemador, también conocido con el 

nombre de “ecuación de dispersión”. El objetivo era analizar la validez de la 

respuesta lineal de la llama para la predicción de los modos inestables del 

sistema, condiciones en las cuales la respuesta de la llama resulta 

extremadamente no lineal. Para este análisis se ha llevado a cabo un amplio 

estudio experimental, variando sistemáticamente ciertos parámetros de 

operación, con el objetivo de estudiar condiciones de fuerte inestabilidad auto-

inducida (ciclo límite). Los modos identificados por el modelo presentan una 

buena correspondencia con los registrados experimentalmente, demostrando 

que la FTF puede utilizarse para predecir los modos inestables de un 

quemador. Dado que la FTF está descrita por una única curva, esto representa 

una notable simplificación en términos de coste computacional y experimental 



respecto al uso de la FDF (Flame Describing Function), que requiere la generación 

y utilización de una familia de curvas.  

La tercera y última parte de este estudio se centra en el desarrollo de un 

novedoso sistema de control, llamado pseudo-active instability control (PAIC). Su 

funcionamiento se basa en los principios de sistemas de control activos 

(inyección fluctuante de combustible secundario modulada por un elemento 

activo), con la diferencia de que el PAIC está formado únicamente por 

elementos puramente pasivos; de esta manera, este nuevo concepto podría 

combinar las ventajas de ambos sistemas de control. En este trabajo se ha 

desarrollado una primera evaluación del funcionamiento del PAIC, siendo la 

mayor dificultad encontrada en el estudio la definición de la FTF de la llama 

piloto utilizada para controlar las inestabilidades. Aunque la definición de la 

FTF de la llama piloto resulte de fundamental importancia para el diseño de un 

sistema PAIC, el análisis muestra un alto potencial del concepto propuesto para 

amortiguar las inestabilidades generadas en quemadores de premezcla pobre.  

Un valor añadido de este trabajo reside en el análisis de la respuesta dinámica 

de llamas de metano y biogás. Mientras que las primeras han sido analizadas en 

un gran número de estudios, la información disponible sobre llamas de biogás 

es muy escasa. En particular, no se ha encontrado en literatura ningún estudio 

que analice la FTF asociada a la respuesta dinámica de una llama de biogás. 

Este trabajo recoge un análisis detallado de la dinámica de llamas de biogás, 

comparándola con la de llamas de metano para una amplia variedad de 

condiciones de operación.  

La mayor parte de la información presentada en esta tesis se ha publicado en 

cinco artículos científicos firmados por el autor (y por varios coautores) en 

revistas y congresos internacionales.          
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1 
1 Thesis as a compendium 

This document collects the work made in order to obtain the degree of Doctor 

of Philosophy in Fluid Mechanics, degree confirmed by the University of 

Zaragoza.  

The study carried out focuses on various aspects of the phenomenon of 

thermoacoustic instability, which have been studied both at theoretical and at 

experimental level. The results obtained have been published in either scientific 

journals or international congresses. Some of these works constitute the main 

body of this dissertation, intended as a compendium of the contents of these 

papers, which references are listed here below: 

 Paper 1: E. Luciano, J. Ballester, Analysis of the Dynamic Response of 
Premixed Flames through Chemiluminescence Cross-Correlation Maps, 
Combust. Flame 194 (2018) 296-308 

 Paper 2: E. Luciano, J. Ballester, Analysis of the Dynamics of Premixed 
Methane and Biogas Flames Based on Cross-correlation Maps, Combust. Sci. 
Technol. 191 (2019) 1-26 

 Paper 3: E. Luciano, E. Tizné, J. Ballester, Use of Flame Transfer Function to 
Predict Combustor Unstable Modes, 24th International Congress on Sound and 
Vibration (2017), paper 905 

 Paper 4: J. Oliva, E. Luciano, J. Ballester, Damping of Combustion Instabilities 
Through Pseudo-Active Control, ASME Turbo Expo 2018: Turbomachinery 
Technical Conference and Exposition (2018), paper 51067 

 Paper 5: E. Luciano, J. Oliva, Á. Sobrino, J. Ballester, Analysis of a Pseudo-
active Approach for the Control of Thermoacoustic Instabilities, Combust. Sci. 
Technol. 192 (2020) 1-28 

The possibility of presenting a doctoral thesis as a collection of published 

papers is established by the regulation of the doctoral degree of the University 

of Zaragoza, which also defines the minimum requirements and the structure 

this typology of doctoral thesis must be compliant with.  
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Therefore, this document has been elaborated, both in its form and in its 

contents, in accordance with the regulation established by the University of 

Zaragoza for doctoral thesis presented as a compendium of publications.  
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2 
2 Introduction 

2.1 Motivation 

Gas turbines play, nowadays, a fundamental role in the energy system, since 

they guarantee high flexibility in their operation [1], which can cope with the 

intermittent production of renewable sources, such as solar or wind.  

Due to the more and more restrictive regulation about pollutants emissions 

established in Europe during the last decades, lean premixed combustion has 

become the leading technology for gas turbines [2, 3]. In fact, it allows reaching 

lower temperature values in the primary combustion zone, which in turn 

causes a strong reduction of pollutants emissions (e.g. CO, NOx) keeping a good 

efficiency of the cycle [4].  

Nevertheless, this technology can present also disadvantages, especially if the 

operational point moves close to the technical minimum, which is becoming a 

standard situation for gas turbines and thermal power plants in general. The 

higher amount of air in the primary zone could cause, on the one hand, a steep 

increase in the CO emissions [5]. On the other hand, lean flames have shown 

more proneness to reach unstable regimes [3], mainly related to thermoacoustic 

instabilities or to blow-out. 

Thermoacoustic instabilities are produced by a constructive coupling of the heat 

released by the flame with the acoustic field in the combustion chamber. Firstly 

described by Lord Rayleigh [6], thermoacoustic phenomena may lead to a 

sudden and huge increase of the pressure fluctuation inside the combustor, 

which, in turn, can cause minor or major damages to the turbine hardware, as 

well as a sudden switching off of the device, all of them with detrimental 

economic consequences for the power plant. 

In the last years, scientists and companies have been committed to investigate 

in depth the field of flame dynamics, due to the major importance this 
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phenomenon has acquired for both manufacturers and operators of gas 

turbines. In this context, an extensive body of literature has been produced, in 

which the problem has been addressed following theoretical, computational 

and/or experimental approaches.  

Although those efforts have led to a number of advances in both the knowledge 

and the control of thermoacoustic instability, the phenomenon still presents 

grey areas and researchers are called to break new ground in this field. In 

particular, most of the published studies are focused on flames produced by 

either natural gas or its main component, pure methane. Despite the great 

majority of the gas turbines are nowadays fed by natural gas, climate change 

concern is pushing the energy production towards greener and more 

sustainable fuels. 

In this respect, both syngases and biogases are expected to play a central role in 

the future energy scenarios. Syngas is the acronym for synthetic gas; it is the 

product of the gasification of solid fuels, which gives a mixture of gaseous fuels 

(H2, CO and CH4) and, in minor extent, inert gases (N2, H2O, CO2) [5, 7]. Biogas 

derives from the anaerobic digestion of biological products (generally 

byproducts of food industry or organic residuals), which produces, as a result, a 

blend of mainly methane and CO2 [8, 9].  

The use of either syngas or biogas to produce energy allows lowering 

considerably the related carbon dioxide emissions [5, 9]; therefore, the use of 

these fuels to replace natural gas is strongly encouraged by the public and the 

authorities [8]. However, the switching in the fuel used in a gas turbine may 

bring a series of technical problems [10-12], some of them related to the 

dynamics of the flames produced by these fuels. In fact, the alteration of the 

chemical composition of the fuel compounds results in a drastic change of the 

stability range and of the dynamic response of the flame to acoustic inputs, with 

respect to methane or natural gas. 

Since the amount of CO2 contained in biogases can reach a considerable 

percentage (up to 40% [13]), the studies about biogas flames dynamics have 

focused mostly on the blow-out instability, since it represents a prominent 

problem for this fuel (see, e.g., [11, 14-16]). On the contrary, very few works 

concerning other combustion dynamics, such as thermoacoustic instabilities, 

can be found in the literature about biogas flames ([17, 18] represent the few 

examples of works dealing with this issue). 
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In this context, this work is intended to investigate more in depth what can be 

considered the main parameter involved in a thermoacoustic coupling, that is, 

the dynamic response of the flame to acoustic inputs. Different aspects of the 

flame dynamic response will be addressed, from the nature of the involved 

phenomena to the use of the ‘flame transfer function  (FTF) to predict and 

control thermoacoustic instabilities. Even though the FTF has been already 

widely investigated for methane flames, the present study is considered to 

bring new perspectives on the interpretation of flame images to characterize its 

dynamics, as well as alternative approaches for the control of the related 

instabilities. Moreover, a comprehensive investigation has been also carried out 

on biogas flames, comparing their response with that generated by methane 

ones. This adds further value to this work, since, as mentioned above, very few 

studies have dealt with the dynamic response of biogas flames.        
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2.2 Flame response as a key element in thermoacoustics 

The main physical parameters involved in thermoacoustics are the fluctuations 

of combustor pressure (  ), of the air-fuel mixture velocity at the inlet of the 

burner (  ) and of the heat released by the flame (  ). Each variable affects the 

other through a feedback loop, leading to either constructing or destructive 

coupling among the variables involved. 

Pressure oscillations propagate both upwards, towards the combustion 

chamber outlet, and downwards, towards the injection of the air-fuel mixture. 

These variations alter the mass flow rate of the air-fuel blend entering into the 

combustion chamber in a measure dictated by the acoustic response of the 

injection channels (expressed by the acoustic impedance,  ) which can be 

directly related to the velocity fluctuations at the inlet of the combustor,   . 

Moreover,    travels also along the injection channels, reaching the point at 

which air and fuel are premixed, affecting also the quantity of fuel injected into 

the main air stream, and so causing oscillations in the equivalence ratio of the 

mixture,    [19-21]. Fluctuations in these two variables may alter the heat 

released by the flame,   , due to oscillations in the quantity of fuel entering into 

the chamber and/or in the instantaneous reaction rate. In turn, a fluctuation of 

the heat instantaneously released inside the combustion chamber causes a 

variation in the pressure of the burner, closing the thermoacoustic loop.   

The response of a flame to acoustic inputs is generally described, in the linear 

regime, by the so-called Flame Transfer Function (FTF). The FTF describes the 

global response of the flame, in terms of heat release rate fluctuation (  ), to 

perturbations in the equivalence ratio,   , or in the velocity of the fuel-air 

mixture at the inlet of the combustion chamber,   , as a function of frequency,  . 

When the amplitude of the forcing oscillations increases, the heat release rate 

fluctuation saturates, so the linearity between the parameters involved is lost 

[22, 23]. In this case the FTF becomes a family of curves, for different excitation 

amplitudes, known as Flame Describing Function (FDF) [24, 25]. A more 

detailed description of the flame response to acoustic inputs will be given in the 

next chapter. 

The FTF (or FDF) represents the pivotal magnitude which connects the 

acoustics of the system with the heat released. Due to its central role in the 

thermoacoustic coupling, many theoretical [26-28], computational [29, 30] and 

experimental [31-33] studies have been aimed at characterizing the FTF, as a 

means to better understand the nature of the flame response to acoustics. 
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However, these works have been mostly focused on traditional fossil fuels 

(natural gas, pure methane), whereas the dynamic response of flames produced 

by other possible turbine propellants have received much less attention in the 

literature. In particular, not a study has been found, either theoretical or 

experimental, reporting an FTF for a biogas flame, which, as mentioned before, 

can be considered a suitable alternative to natural gas for the energy transition 

towards a greener production. Moreover, even for traditional fuels, further 

work is still needed to reach a comprehensive understanding of the relationship 

between the FTF and the underlying physical phenomena, since some aspects 

still remain unclear. 

As mentioned above, the flame response is one of the key components in the 

feedback loop leading to thermoacoustic instabilities; in fact, almost each 

theoretical modeling (apart from the simplest ones) aimed at describing the 

thermoacoustics of combustion systems requires the FTF as an indispensable 

input. A common objective is the study of stability ranges of a thermoacoustic 

system, that is, the natural modes at which a system oscillates, and also whether 

the oscillation is stable or unstable (i.e.    amplitude goes to zero or diverges). 

Rankine-Hugoniot relations [21] represent the basis for each of these models, 

which can then be simplified or particularized according to the level of detail 

required. Many studies report stability analyses of thermoacoustic systems, 

from the simple quarter-wave models [34, 35] to the ones which describe in 

detail the acoustics of every single part of a complex burner [2, 21, 34-38]. Due 

to the absence of works related to biogas flame response, stability studies for 

biogas are limited to purely experimental results [11] or highly simplified 

descriptions such as quarter-wave models [17], whereas, to the author s 

knowledge, thermoacoustic models which take into account the flame response, 

as described by its FTF/FDF, have not been applied for biogas flames. 

The prediction of instability modes is particularly important to calibrate control 

systems designed to damp combustion instabilities. These devices can be 

divided in two categories: active and passive [39, 40]. The former actuate by 

means of a dynamic element (usually a valve) which operates in closed-loop 

according to a reference signal (generally   ), whereas the latter consist of 

purely passive elements, such as quarter-wave tubes, Helmoltz resonators [41], 

perforated plates [42] etc. The two systems present pros and cons, which will be 

summarized in the next chapter, and are somewhat complementary: the 

drawbacks of one could be compensated by the presence of the other and vice-

versa. So, a possibility could be combining the two systems in one which 
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presents the advantages of both; few attempts have been made in this direction 

[43, 44], but the application of such systems is not still mature for large-scale 

applications and further investigation is needed in this direction. 

In this context, this compendium of works is intended for breaking new ground 

in the field of thermoacoustic instabilities. In particular, the topics mentioned 

above have been the object of a careful investigation, which pivots around the 

FTF as a central piece in the thermoacoustic feedback loop. The relationship 

between the FTF and flame behaviors has been studied through a novel 

methodology, called cross-correlation mapping (CCM), which involves the 

processing of bandfiltered flame images. A 1D acoustic model has been 

developed and employed to assess the unstable modes of a lab-scale burner 

operating both with methane and biogas, confirming that good results can be 

obtained using FTF to predict non-linear conditions. A novel system to damp 

instabilities has been designed, named as pseudo-active control, which is intended 

to combine the advantages of both active and passive systems. 

The whole investigation has been carried out by combining theoretical and 

experimental approaches. Also, most of the topics have been assessed for both 

pure methane and biogas flames. This represents an added value of this study, 

since the analysis of biogas flame response, as remarked before, has not been 

studied in detail in previous works. 

The results of the studies carried out have been disseminated in a number of 

publications, both in international congresses and in recognized journals. Five 

of them (cited in Chapter 0) have been chosen to constitute the main body of 

this work, and they can be grouped according to the topics mentioned above: 

 Papers 1 and 2 [45, 46] are related to the development of the cross-
correlation mapping and its use for the study of the relationship between 
local and global flame dynamics. 

 Paper 3 [47] deals with the use of a 1D thermoacoustic model for the 
prediction of the natural, unstable modes, based on the description of 
different flames in terms of their FTF 

 Papers 4 and 5 [48, 49] describe the pseudo-active control system 
developed 

The content of each topic will be summarized in the next chapter, whereas the 

published papers which compose this compendium constitute the Chapter 4  
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3 
3 Report 

3.1 Background 

The concern, both public and scientific, about the climate change has led the 

world, and in particular Europe, to a radical evolution of the energy panorama 

during the last decades. In fact, European policy reacted to the need of a 

climatic breakthrough by setting ambitious targets in terms of growth rate of 

renewable technologies production and energy efficiency, as well as of the 

reduction of greenhouse gases and pollutants emissions (e.g. EU 20-20-20 [50], 

COP 21 [51], Climate Action Plan 30 [52]).  

These goals led the European Countries to both incentivize the installation of 

new capacity fed by renewable energy sources (RES), and to regulate the 

emissions of traditional thermal plants (CO2 in particular). Due to these 

measures, the connection of more and more solar and wind capacity has been 

witnessed throughout Europe (+380% in the last 18 years [53]).  

Nevertheless, this huge amount of intermittent energy introduced into the 

electric system, which nowadays has replaced in a huge extent that produced 

by traditional thermal plants [53], has led to new issues for the electric grid, 

such as the lack of inertia and upward reserve margin, as well as the need of 

more flexible plants which can ramp-up in order to compensate the steep 

variations of the residual load (i.e. the demand not supplied by RES). 

Therefore, thermal plants have lost their original role of base load suppliers, 

whereas they are more and more often asked for guaranteeing flexibility to the 

system and act like “peakers”. In this context, gas turbines play a fundamental 

role for the power system, since they represent one of the most flexible 

technology fed by traditional fuels [1]. 

In order to reduce the emissions of pollutants (in particular NOx), in the last 

decades most of gas turbine facilities have adopted the lean premixed 
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combustion technology [2, 4, 21]; it consists of mixing fuel and air upstream of 

the combustion chamber in a way that the blend can result almost 

homogeneous and reaching an amount of air far above the stoichiometric one 

(Fig. 3.1).  

 

Fig. 3.1. Conventional vs. lean premixed combustion [54] 

This is an effective method to guarantee that the temperature, in the primary 

combustion zone, is almost constant and low with respect to the one the flame 

would have reached with a stoichiometric blend. These conditions inhibit the 

formation of thermal NOx to levels far below the thresholds imposed nowadays 

in regulations [55], keeping the efficiency of the cycle at the same level reached 

with other combustion techniques.  

Despite all the advantages described, lean premixed combustion presents also 

some drawbacks, one of them being that the combustor is more prone to incur 

in combustion dynamics [2, 5, 19, 21, 56]. Among them, thermoacoustic 

instabilities represent a major problem for both manufacturers and operators of 

gas turbines. In fact, this combustion dynamics, if not controlled, leads to a 

sudden and huge increase of the pressure fluctuation (  ) inside the combustion 

chamber which, in turn, can cause both minor and major damages to the 

facility. Also, an eventual forced switching off of the plant due to an 

uncontrolled growth of    has technical and economic consequences for the 

operator.  

The massive application of lean premixed combustion has raised the interest of 

the scientific community towards the study of thermoacoustic instabilities, even 

though the related basic phenomenology was already observed and described 

at the end of 19th century by Rayleigh [6]. The efforts spent in the last decades to 
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investigate thermoacoustic instabilities led to a better understanding of the 

phenomenon and how to control it; in the next section the main mechanisms 

and physical parameters involved in thermoacoustic coupling will be briefly 

described.   

3.1.1 Thermoacoustic instability 

The coupling between the acoustic field of a system and the heat released by a 

source contained in this system was firstly described by Lord Rayleigh [6]. He 

observed that, over a period, the pressure fluctuation (  ) produced in a control 

volume where a heat source was located could increase hugely if the oscillation 

of the heat released (  ) was in phase with the acoustic oscillation of the system, 

whereas a damping of the pressure oscillation occurred if the two oscillations 

were out-of-phase. 

These considerations led to the so-called Rayleigh criterion, which states that 

the acoustic energy released over a period,  , is greater than zero if    and    

oscillate in phase and smaller than zero if the two oscillations are out-of-phase. 

However, an in-phase oscillation of    and    is a condition necessary but not 

sufficient to observe the instability, since the energy produced must also exceed 

the losses ( ) caused by various effects (viscosity, sound radiation, heat transfer, 

etc. [21]). The formulation for the variation in time of acoustic energy is 

summarized in Eq. (3.1), where   indicates the specific heat ratio and    the 

mean pressure inside the control volume considered          

      
   

   
              
 

 

      (3.1) 

If the coupling between    and    is constructive and exceeds the losses, a net 

positive amount of energy is added to the system for each period, which results 

in an increment of    amplitude.  

However, the    fluctuation cannot grow indefinitely, but at a certain point the 

amplitude of the fluctuations in the flame reaches saturation [2, 20, 23]. 

Moreover, also the losses increase with    magnitude, often in a non-linear way 

[1, 21]. Hence, if the combustor resists the mechanical stress induced, eventually 

a state of equilibrium is reached in a condition called limit cycle [1, 23, 31]. This 

equilibrium is characterized by high-amplitude pressure fluctuations which can 

cause both minor and major damages to the turbine hardware; an example is 

shown in Fig. 3.2 [4]. 
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Fig. 3.2. Burner assembly: new one (left) and after limit cycle (right) [4] 

The relationship described by the Rayleigh s criterion is, however, just one part 

of the phenomenon of thermoacoustic instability, as sketched in Fig. 3.3. For an 

open system like a turbine burner, the driving mechanisms that lead to the 

instability involve also fluctuations in the velocity of the flow at the inlet of the 

burner (designated as   ) and/or in the equivalence ratio of the mixture 

entering into the burner (indicated as   ). Heat release fluctuations,   , are a 

source of noise, generated by unsteady volumetric expansions. In general,    

does not have a direct effect on the flame, but the acoustic field and combustion 

are coupled through fluctuations in fuel and air flows. 

In particular,    induces oscillations in the flow injected into the burner, which 

can be described by the fluctuation of the inlet velocity,    (the cross sectional 

area can be considered constant). Also, the propagation of the pressure wave 

along the injection duct can reach the point at which the fuel is injected and 

premixed with air, and so it can alter the amount of fuel that is premixed with 

air, causing an oscillation of the equivalence ratio of the blend,   . Both 

variations concur to vary the instantaneous heat released by the flame, closing 

the thermoacoustic loop. A detailed description of these mechanisms can be 

found in [57] and [21].  

Unsteady burning can also produce periodic temperature fluctuations, which 

are advected downstream and may generate acoustic waves upon acceleration 

at the combustor exit. This phenomenon is identified in the literature as entropy 

waves (  ) [21] and constitutes an additional, although less studied, mechanism 

leading to thermoacoustic instabilities.  

The relationship between    and    can be described by the acoustic impedance 

( ) of the injection duct which, for simple geometries, is not difficult to model if 
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the boundary conditions are known. Similarly, also the interaction between    

and    can be modeled in a straightforward way if the geometry is not complex. 

In case of an elaborated geometrical configuration of the injection, the problem 

can be anyway reduced to a series of simple geometrical configurations (see [21, 

37]).  

The flame response,   , to acoustic inputs (  ,  ) is generally quantified in terms 

of the  flame transfer function (FTF) in case the flame response is linear, or 

flame describing function (FDF) if    saturates. It represents, together with the 

interaction of the pure acoustic variables, the second fundamental piece of the 

thermoacoustic coupling. Nevertheless, the description of the flame response 

normally is much less straightforward to describe and model than the acoustic 

impedance, and, due to its paramount importance in thermoacoustics, the 

determination and interpretation of the FTF (or FDF) is still the object of careful 

investigation.   

 

Fig. 3.3. Feedback loop characterizing thermoacoustics of a gas turbine burner 

   

3.1.2 Description of the flame response 

As described before, the two magnitudes which affect the heat released by the 

flame and are, in turn, affected by the pressure oscillation produced into the 

combustion chamber are the fluctuation of the inlet velocity of the air-fuel 

mixture entering in the combustor,   , and of its equivalence ratio,   . Even 

though the mechanism that creates these oscillations is similar (both of them are 

due to an acoustic interaction between pressure oscillations and gas flows), both 

effects must be considered separately, and the global fluctuation of the heat 

release rate,   , is the combined result of the two mechanisms. 

The flames studied in this work can be considered perfectly premixed, that is, 

the equivalence ratio is constant and not affected by the pressure oscillation 
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produced in the burner (in the next chapter, the experimental facility used will 

be described, including these details). Therefore, fluctuations in equivalence 

ratio can be considered negligible for the experiments performed and, so, this 

section will be mainly focused on the response of the flame to fluctuations in 

the inlet flow velocity,   . Moreover, the flames studied present the classic “V-

shape” configuration [58] (see Fig. 3.4); so, for the sake of conciseness, the 

following description of the characteristics of the flame response is referred to 

V-shaped flames, whereas other flame configurations do not necessarily share 

the same features.    

 

Fig. 3.4. Example of a V-shaped methane flame (=0.86) 

As mentioned before, if a flame is subjected to an acoustic forcing,   , at a 

certain frequency,  , it exhibits an oscillation, at the same frequency, of the heat 

released with an amplitude determined by the dynamic response of the flame. 

In the low range of amplitudes, the relationship between    and    is linear; 

however, as the amplitude of    increases, the flame response saturates and the 

linearity between the two magnitudes is lost [2, 20, 23]. The acoustic response of 

the flame is commonly described in terms of the flame transfer function (FTF) if 

the response is linear, and of the flame describing function (FDF) if the amplitudes 

reach the non-linear range. Their definitions are given in Eq. (3.2), where    

represents the angular forcing frequency (      ), while the overscripts “^” 

and “¯” indicate, respectively, the fast Fourier transform and the mean value of 

the magnitude.  

         
         

         
                    

              

         
 (3.2) 

The definition of both FTF and FDF is practically the same, but, due to the 

independence from the    amplitude, the representation of the former in the 

Bode domain results in just one curve, as a function of the forcing frequency  . 

The latter, instead, consists of a family of curves, one for each value of     . An 

example of FTF and FDF is given in Fig. 3.5. 
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Fig. 3.5. Flame describing function varying the amplitude of    [24] 

The gain ( ) curves represented in Fig. 3.5 indicate that the flame analyzed 

presents a low-pass filter behavior, both for FTF and for FDF. This feature is not 

something peculiar of the case analyzed, but it is a well-known characteristic for 

the type of flames considered (as reported in, e.g., [27, 32, 59]). The FDF gain 

decreases with     , due to the gradual saturation of the    amplitude [20, 31, 37, 

60]. 

As for the phase,  , a linear trend is obtained with frequency, both for FTF and 

for FDF. This behavior is another characteristic commonly found for V flames 

[27, 31, 32, 61]. It is mathematically consistent with the existence of a 

characteristic constant time lag,   (      ), which can be interpreted as the 

average time a fuel particle takes to travel from the combustor injection until it 

is burnt [19, 20]. Another feature that Fig. 3.5 shows is that the FDF phase barely 

varies with      and is very similar to that of the FTF. Considering the 

interpretation proposed for  , it makes sense that the travel time for a fuel 

particle in a burner is determined by the mean flow and does not depend on the 

fluctuation of the flow velocity at the injection; moreover, this general behavior 

is well documented in a number of works (e.g. [24, 31, 37, 60]). 

Many authors have investigated the flame dynamics theoretically [26-28], 

experimentally [31-33] and computationally [29, 30]. This huge interest is 

motivated by the importance of FTF/FDF for the modeling of a thermoacoustic 
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system, being the key piece which connects the thermal and the acoustic parts 

of a thermoacoustic system. However, both the complexity of modeling the 

dynamics of realistic flames and the incomplete understanding of the 

mechanisms which finally give rise to the global response observed in Fig. 3.5 

still make the description of the flame response a challenging scientific 

objective. 

Moreover, as mentioned before in this document, the experiments have been 

mainly performed on traditional fuels, whereas the research about the response 

of flames produced by other types of fuel blends is much more limited. In 

particular, to the author s knowledge, the FTF/FDF of biogas flames or the 

differences with respect to methane have not been documented in the literature. 

Due to the growing importance of biogas and biofuels in general to meet the 

targets established by the European Union about greenhouse gases emissions 

[8], the dynamic response of flames produced by these alternative fuels needs to 

be characterized, since they are called to substitute natural gas, in a not 

negligible extent, in the next future. 

The flame response represents the fundamental piece on which this work is 

built. The first part of the document describes an in-depth analysis performed 

about the mechanisms involved in the formation of the FTF. To do so, a novel 

method, which highlights the contribution of each flame region to the global 

flame response, has been developed. It has been called cross-correlation method 

(CCM) and involves a simple processing of bandfiltered flame images. Despite 

its simplicity, the method proposed gives useful insights on the formation of the 

FTF, as well as on the underlying phenomena. Moreover, it revealed itself 

useful to define characteristic magnitudes of the flames analyzed, related with 

the characteristic time lag of the FTF,  .  

The second part of this dissertation focuses on the use of FTF to predict the 

natural oscillation frequencies characteristic of a lab-scale combustor, in 

particular the unstable ones, using a quite simple model called “dispersion 

equation” [32, 34, 35]. One of the main points of this part will be the evaluation 

of predictive capabilities of simple thermoacoustic models to assess limit cycle 

frequency using FTF as an input, despite the flame response should be better 

characterized by the FDF (since the conditions tested are far from the linear 

regime). Moreover, the changes due to variations in operational conditions and 

fuel composition will be assessed and contrasted with predictions obtained 

with the “dispersion equation”. 
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The prediction of the natural unstable modes of a facility is particularly 

important for the correct design of the control systems to be installed in the 

burner, in particular for passive ones [39]. The third and last part of this work 

deals with a novel system proposed to damp thermoacoustic instabilities. The 

system acts in a purely passive way, but exploiting principles typical of active 

systems; therefore, it has been called pseudo-active instability control (PAIC). It is 

intended to gather the pros of active and passive systems, avoiding, at the same 

time, the cons they present. The experiments performed have demonstrated the 

applicability of this kind of system, but the complexity of the flame 

configuration studied in this case (a pilot, diffusion flame burning in the core of 

a main, premixed one) makes a proper design of the PAIC still a matter to be 

investigated in depth. In particular, its design and optimization heavily relies 

on a correct description of the dynamics of the pilot diffusion flame, but it is 

very difficult to isolate its response from that of the main premixed one. Further 

work is needed to assess properly this aspect, crucial for a PAIC system.   

The cross-correlation method and the prediction of natural modes has been 

applied not only for flames produced by traditional fuels, but also for two 

blends of methane and CO2 (85%-15% and 60%-40% in volume for CH4 and 

CO2, respectively) representing two possible compositions of biogas [13]. Thus, 

the biogas flame response has been obtained, studied and compared with that 

produced by pure methane. To the author s knowledge, this is the first time a 

biogas flame response is presented and analyzed in the literature. Furthermore, 

the study does not limit its scope to the simple description of the data obtained, 

but it analyzes in depth the dynamic response of biogas flames, comparing 

them with pure methane ones. Also, the impact of changes in fuel composition 

on the thermoacoustic behavior of a combustor is expected to be suitably 

accounted for by using the FTF specifically measured for the fuels considered. 

The predictions obtained by combining a thermoacoustic model with the FTF 

obtained for biogas flames gives information about the modifications in the 

natural modes and stability with respect to those obtained with methane, 

representative of the traditional fuel used in stationary gas turbines. In 

summary, the analysis performed is thought to offer valuable insights into the 

biogas flames dynamics and their similarities and differences with respect to 

methane ones, a topic which few authors have treated and needs further 

investigation. 

All the work carried out and compiled in this thesis is mainly based on a large 

experimental campaign. The experimental combustor and the equipment 
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available allowed a broad variety of configurations, such as the variation of the 

geometry or the acoustic boundary conditions, changes in the fuel flow and in 

the equivalence ratio of the mixture injected, testing with various fuels (in this 

case, methane and two different biogas compositions) and the possibility of an 

external acoustic forcing of the system. The instrumentation available has been 

used to determine different combustion and acoustic variables. Apart from the 

data directly provided by the instruments, further post processing was applied 

to maximize the information that could be used to describe and understand the 

underlying physics (e.g., multi-microphone method, CCM, phase-locked 

imaging). Therefore, the core of this study is composed of hundreds of tests and 

repetitions for each topic analyzed, which, eventually, have led to the results 

published and summarized in this dissertation. The characteristics of the facility 

used to perform the tests, as well as the instrumentation used to collect the 

experimental data and the experimental methods applied will be described in 

the next section.           
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3.2 Experimental methods 

3.2.1 Experimental rig 

The experimental rig used to perform the tests compiled in this work is 

sketched in Fig. 3.6. It is an atmospheric, swirl-stabilized, premixed burner 

composed of a plenum, an annular injector duct and a cylindrical combustion 

chamber. 

The air necessary for the combustion is conveyed by a compressor to a premixer 

in which the fuel, supplied from tanks, is injected. Both air and fuel mass flows 

are regulated in closed-loop with thermal mass flow controllers. The air-fuel 

blend is then split in two branches and injected into the plenum through two 

orifices. The diameter of the orifices (2.5 mm) was selected in order to achieve 

choked flow conditions for all the operational conditions tested; this guarantees 

that the flow entering the rig is constant, and so is the value of the equivalence 

ratio, no matter what the pressure value in the plenum is. Therefore, the flames 

studied can be considered perfectly premixed, that is, without fluctuations or 

spatial variations in the equivalence ratio. 

The plenum is connected to the combustion chamber by means of an annular 

duct (outer and inner diameters are 40 and 25 mm, respectively) of 600 mm in 

length. An axial swirler with six 30° vanes (geometrical swirl number S=0.48) is 

located 380 mm upstream of the injection plane. The acoustic boundary 

conditions at the entrance of the annular duct can be adjusted by means of a 

restriction shaped as a crenelated plug (see Fig. 3.6) with eight teeth of 25 mm in 

length. The relative position of the restriction with respect to the injection 

entrance can be adjusted to modify the open section through which the air-fuel 

mixture enters the annular duct, so varying the acoustic boundary conditions at 

the inlet of the annular duct.  

The combustion chamber is a cylinder (120 mm in diameter and up to 1,250 mm 

in length) composed of 3 sections of different lengths. The first section (400 mm 

in length) is fixed and its first part (220 mm) is a quartz cylinder, guaranteeing 

optical access to the flame, whereas the second part is made of stainless-steel. 

The other two segments (350 and 500 mm, both made of stainless-steel) can be 

mounted on top of the fixed section, so giving 4 possible lengths of the 

combustion chamber: 400, 750, 900 and 1,250 mm. The variation of the length of 

combustion chamber modifies its acoustic properties, allowing to change the 

natural modes of the facility and also to cover a wide range of instability 

amplitudes, from stable conditions to strong limit cycles. The exit of the 
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chamber can be open to the atmosphere or closed with a refrigerated lid, 

changing in this way the acoustic boundary condition at the outlet; for this 

study only the open end will be considered. 

A mid-pressure fan conveys the combustion products to a chimney, extracting 

them through an axisymmetric lateral slot at the chamber outlet, in order to 

keep the open-end condition. The whole combustion chamber wall is cooled by 

air which flows in an external, annular shield in co-current with the combustion 

products. This air stream flows between the walls of the combustion chamber 

and an outer cylindrical steel enclosure, whose first section (400 mm) is further 

refrigerated by a water jacket.   

A secondary fuel injector (plain orifice of 2.5 mm in diameter) is located at the 

center of the bluff body. The pilot fuel flow is fed from a methane tank and 

regulated by a dedicated thermal mass flow controller. An orifice of 0.2 mm in 

diameter is located between the mass flow controller and the rig. This orifice 

has two purposes: it chokes the pilot fuel flow, so it guarantees acoustic 

isolation of the facility from the rest of the pilot feeding line, and it represents a 

well-known acoustic boundary condition for the secondary line. Downstream of 

this orifice, the line consists of two different sections: a polyamide tube (8 mm 

i.d.), whose length can be adjusted, followed by a stainless steel pipe (length 

1.133 m, 8 mm i.d.), ending in the secondary injector.          

3.2.2 Instrumentation  

The facility is equipped with 6 pressure transducers (PT thereafter, PCB 

103B02); five of them are located along the annular duct, between the swirler 

and the dump plane, at different distances. They allow, using the multi-

microphone method [21], estimating the value of    along the injection tube 

from the data collected. Also, one PT is located at the injection plane, in order to 

measure    inside the combustion chamber. 

Two photomultiplier tubes (PMT thereafter, Hamamatsu H5784-03) are 

mounted perpendicular to the quartz section of the combustion chamber. One 

of them (from now on PMT1) is fixed and its view angle includes the whole 

flame. The second PMT (PMT2) is mounted on a system which allows its 2-D 

translation in a controlled way, and its end is fitted with a tube (i.d. 4 mm, 

length 90 mm) which reduces the portion of the flame seen by the PMT2 to a 

circle of 8.5 mm in diameter at the central axis of the flame. This measuring 

volume is small enough to characterize the spatial variations in local radiation 

intensity while providing a sufficiently strong signal to guarantee a high signal-



Flame Transfer Function: description, interpretation and use for prediction and control                                                                           

of thermoacoustic instabilities in premixed methane and biogas flames 

29 

 

to-noise ratio. The configuration of the two PMT is sketched in Fig. 3.7. Both 

PMTs can be fitted with optical filters covering either the OH* emission peak 

(310±5 nm) or the CH* one (430±5 nm). Both chemiluminescent radicals can be 

directly related to the instantaneous heat released by the flame [33, 62-64], so 

both measurements can be considered suitable to estimate  . In this work, OH* 

is mainly used, since it is normally considered more apt to describe the heat 

released by a premixed flame [65].    

The signals recorded by both the PTs and the PMTs are conditioned by a signal 

amplifier (PCB 482C05) and, then, acquired through an acquisition board (NI 

PCI-6229), which allows recording at a sampling frequency up to 10,000 Hz.  

An intensified CCD camera (ICCD, Hamamatsu C8484-05), fitted with a UV 

lens, is employed to record the spatial distribution of the heat released by the 

flame. Two loudspeakers (Eminence DELTA 10-A, 10”) are installed into the 

plenum where the air-fuel mixture is injected. They are powered in phase by 

the same amplifier and can acoustically excite the flame externally at the 

selected frequency.  
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Fig. 3.6. Experimental rig and instrumentation used 

 

Fig. 3.7. Location of the two PMTs relative to the flame. All dimensions in mm 
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3.2.3 Test methodology 

Fuels and operational conditions 

As mentioned before, this work deals with 3 different fuels: pure methane and 

two mixtures of CH4 and CO2 (85-15% and 60-40% by volume for CH4 and CO2, 

respectively), which represent two possible blends of biogas [13]. From now on, 

they will be designated as biogas (85-15) and biogas (60-40), respectively. 

The standard applied for this work is setting a constant mass flow for methane 

flames of 3 Nm3/h (almost corresponding to a power of 30 kW), whereas the air 

flow is regulated in order to obtain the desired value of  .  

The range of   values tested varied between 0.66 and 0.98, spanning from a 

point close to the lower stability limit of the burner to nearly stoichiometric 

conditions. It has been observed that the flame anchoring is not stable for   

values lower than 0.66 and flame blowout could happen; this is the reason why 

no test have been performed for flames leaner than  =0.66. Considering the 

cross sectional area of the annular duct and the flows defined, the mean 

injection velocity,   , of the mixture into the combustion chamber is shown in 

Table 3.1.  

Table 3.1.   values tested, and related values of   , for pure methane flames (3 Nm3/h) 

  0.98 0.92 0.86 0.80 0.72 0.66 

   [m/s] 12.7 13.4 14.3 15.2 16.8 18.2 

Since the analyses performed focus mostly on FTF, for biogas flames (both 

blends) it was decided to test the same   values as for pure methane and to 

keep constant, for each  , the    value obtained for CH4. This guarantees that, in 

case of external forcing, the magnitude of    induced is the same independently 

of the fuel studied.  

Due to these two constraints, the amount of methane injected into the facility 

cannot be the same for the three fuels, and it also varies with   for biogas 

mixtures. Therefore, the power released by the flame differs from methane to 

biogas and this difference depends on the equivalence ratio; nevertheless, this 

variation results very slight, 7% in the worst case.      

Measurement of FTF 

The flame transfer function was measured, for a given operational condition, 

with the combustion chamber of 400 mm (shortest length). Since this 

combustion chamber produces stable conditions for every fuel and   tested, a 
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possible natural instability does not overlap with external forcing and so the 

strong disturbances due to instabilities (or even limit cycles) reached with 

longer chamber lengths could be avoided. 

The facility is acoustically forced through the loudspeakers, with frequency 

varying from 50 to 600 Hz with 10 Hz steps (above 600 Hz the flame does not 

show any response to external excitation, due to the low-pass filter behavior 

described before). For each frequency the forcing lasts 6 seconds, of which the 

central 4 are recorded, in order to discard possible transient effects due to 

changes in frequency. During this 4-second period, both the dynamic pressure 

and OH* chemiluminescence (proportional to  heat release rate) are recorded by 

PTs and PMT1, respectively, sampling at 4 kHz, for a total of 16,000 data per 

frequency tested. 

The input voltage to the amplifier is kept constant at 2.5 V for each frequency. 

However, the resulting forcing amplitude varies according to the frequency, 

due to the acoustic response of the facility. Nevertheless, it has been verified 

that the flame response is always within the linear regime. 

For each frequency, the value of    at the dump plane is estimated by applying 

the multi-microphone method [21] to the    values collected from the five PTs 

installed along the injection duct. Both    and    are obtained from the data 

recorded by PMT1; performing the fast Fourier transform of each dynamic 

variable for each frequency sampled (see Eq. (3.2)), the value of FTF is 

estimated. This procedure has been carried out for each operational condition 

mentioned before, and repeated tests were systematically performed to verify 

and consolidate the results obtained.         

Acoustic stable/unstable condition 

The procedure to record the natural stability condition of the facility is quite 

similar to the one adopted for FTF, except that in this case the facility is not 

externally excited. Four seconds are registered with both PTs and PMT1, 

acquiring at 4 kHz, in order to characterize the acoustic and flame fluctuations 

naturally occurring in the test rig.  

These tests are more relevant in case of a natural instability, which occurred for 

combustion chambers longer than 400 mm, all of them inducing a more or less 

strong limit cycle (in general the magnitude registered increases with the 

combustion chamber length). For these tests, the PT located at the dump plane 

results particularly important, since it directly yields the magnitude and the 



Flame Transfer Function: description, interpretation and use for prediction and control                                                                           

of thermoacoustic instabilities in premixed methane and biogas flames 

33 

 

frequency of the    peak inside the combustion chamber. So, the variations of 

these magnitudes can be assessed by changing the operational conditions (e.g. 

fuel,  , restriction at the entrance, etc.) within the ranges attainable with the 

facility and the test matrix described above. 

Acquisition of bandfiltered flame images 

The ICCD camera is located at a suitable distance to include in its view angle 

the whole flame for each operational condition considered. The exposure time is 

set to 80 μs, much shorter than the period of the highest frequency of interest 

for this study (600 Hz, that is 1.67 ms); therefore the images acquired can be 

considered as instantaneous. OH* chemiluminescence images can be recorded 

either for natural conditions or externally exciting the facility through the 

loudspeakers at a certain frequency. The signal of the PT located at the dump 

plane is acquired simultaneously to the images acquisition, and the    signal is 

synchronized with each frame acquired, in order to assign, during the post 

processing, each image to a certain interval within the pressure cycle (the    

cycle has been divided in 34 equal parts, ≈10.6°, and each image assigned to a 

slot; a minimum of 12 images per portion were recorded). A total of 500 images 

are acquired per operational condition, sufficient to obtain a dataset 

representative of the dynamics of the flame, even for the description of the 

flame evolution along the    cycle.  
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3.3 Cross-correlation mapping method (CCM) 

3.3.1 Introduction 

Combustion plays a determinant role in the onset of a thermoacoustic 

instability by converting fluctuations in the feed flows into fluctuations in heat 

release rate, which finally act as a source of acoustic energy. Depending on the 

amplitude and delay in the flame response, and on the acoustic losses induced, 

the system may remain stable or the disturbance may grow to reach a limit 

cycle. In linear regime, this dynamic behavior is quantified in terms of the flame 

transfer function, FTF, which expresses the global response of a flame to a given 

perturbation (injection and/or equivalence ratio, depending on the particular 

case). Since this work deals with perfectly premixed flames, the following 

analysis will be focused on the flame response to   . 

Due to its major importance in thermoacoustic analyses, a number of studies 

have been dedicated to better understand the flame response, which, for the 

most common case of a premixed, V-shaped flame, coincide in that it presents a 

low-pass filter behavior in gain ( ) and a linear trend in phase ( ) [24, 26, 29-

33]. However, besides these two general and well established trends, the 

information regarding the FTF formation is still a matter under careful 

investigation.  

The global response of a flame is the combined result of the dynamic response 

of all flame regions, each one presenting a different magnitude and phase. 

Therefore, the bulk value of    could include widely different contributions: 

from some flame portions which oscillate in phase with   , supporting the final 

global oscillation, to other ones which could act in an opposite way, damping 

the response to an acoustic input. A proper assessment and interpretation of the 

local response at the different flame regions will contribute to better understand 

the phenomena ruling the flame dynamics and to gain insights into the FTF 

characteristics.  

Local details are lost in global flame signals, so some kind of spatially-resolved 

information is needed to analyze the contribution of each flame area to the 

global dynamics; for that purpose, flame images appear to be a most valuable 

tool. Furthermore, the proportionality between the instantaneous heat release 

rate and the radiation emission at certain wavelengths (e.g. CH* or OH* peaks) 

[33, 62-64] allows investigating locally the heat fluctuation generated by 

acoustic inputs. However, the process to extract from chemiluminescence 
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images reliable information on the effective contribution of each flame area to 

the global response is not so obvious. 

Various methods for the post processing of bandfiltered flame images can be 

found in the literature to assess the flame dynamics. The most simple (and 

common) approaches consist in the use of time-averaged images, either line-of-

sight or Abel-deconvoluted (see, e.g., [32, 33, 56, 66, 67]), or the standard 

deviation of the intensity recorded [68-71]. Also, more sophisticated methods 

have been employed, such as the phase-locking of the chemiluminescent 

images, in order to analyze the flame dynamics along a cycle (   is normally 

taken as a reference signal) [32, 37, 56, 61, 71-73], Rayleigh index maps [74-77], 

to assess the contribution to the acoustic energy release of each flame zone, or 

flame maps resulting from the fast Fourier transform (FFT) of each pixel signal 

acquired along the images recording [66, 78]. All these techniques have been 

used to gain insight into the flame dynamics, but in the author s opinion, they 

do not properly assess the actual contribution of each flame zone to the global 

flame response and, hence, to the FTF. A more in-depth discussion can be found 

in [45].  

In this work, a novel processing of chemiluminescence images, so called cross-

correlation mapping method (CCM), has been proposed and applied to a broad 

range of fuels and combustion conditions in the experimental facility described 

above. A preliminary version of the method was described in [79, 80], but none 

of those two works provide a detailed analysis and physical interpretations of 

the meaning of cross-correlation maps. Paper 1 [45] of this compendium 

performs a comprehensive analysis of the information contained in CC maps 

and how useful they are to assess the global flame dynamics. The cross-

correlation maps were demonstrated to be directly related to meaningful FTF 

parameters and to the actual contribution of different flame regions to the final 

flame response. When applied to a broad range of flames, the experimental 

results showed very good match with the patterns expected from theoretical 

considerations. The final maps obtained clearly reveal the dynamic phenomena 

generated by the acoustic excitation, highlighting the usefulness of CCM for 

thermoacoustic analyses. 

Paper 2 [46] consolidates some interpretations postulated from the CCM 

analysis performed in Paper 1. To do so, local FTF have been measured and 

compared with the indirect conclusions obtained in [45]. Also, further insight 

into flame dynamics can be gained from some variables which can be deduced 

from CC maps; in particular, the characteristic convective length of the flames, 
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  (which will be defined later in this chapter) was estimated, as an example of a 

practical application of CCM to relate local and global characteristics of the 

flame dynamic response. 

Both studies focus not only on pure methane flame, but also on biogas ones. On 

the one hand, this analysis proves that CCM is applicable to different fuels; on 

the other hand, these two papers are, to the author s knowledge, the first 

example in which the FTF of biogas flames is shown and analyzed, in 

comparison with pure methane ones.  

The objective of this section is to summarize the CCM methodology and the 

main findings of Paper 1 and Paper 2; for further details, both works can be 

consulted in Section 4.         

3.3.2 Theoretical formulation of CCM 

FTF has been already defined in Eq. (3.2) as a function of the angular forcing 

frequency   . In the frequency domain, it can also be defined in terms of a gain, 

 , and a phase,  .  

         
         

         
                     (3.3) 

In the temporal domain and considering a harmonic oscillation in time for the 

injection velocity   , as in Eq. (3.4), the flame response,   , can be obtained by 

applying the gain and the phase for the value of    considered (Eq. (3.5)) 

         
            (3.4) 

       
  
 

  
                          (3.5) 

Real turbulent flames can exhibit, locally, heat fluctuations not related to the 

forcing frequency,   , but to other local phenomena (e.g. turbulence, wobbling, 

etc.). So, heat release rate fluctuation at a generic position  ,   
 , can be split in 

two contributions (Eq. (3.6)), one oscillating with the forcing frequency    

(designated as      
 ) and the other one associated with other phenomena 

occurring at different frequencies (generically   ), indicated as      

 . 

   
          

          
     (3.6) 

The dynamic response at point   due to the forcing frequency can be expressed 

in terms of a local flame transfer function, FTFx (characterized by gain    and 

phase   :                               ) 
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                             (3.7) 

The final, global heat release fluctuation,   , is the combined result of the 

contributions from each single flame zone,   
 . In these local contributions, the 

magnitude of each local oscillation is not the only characteristic to be taken into 

account; the level of synchrony of each flame zone with respect to the bulk 

fluctuation must also be considered to extract the part of   
  actually 

contributing to   . The cross-correlation method, which is based on Eq. (3.8), 

represents a simple yet suitable method to assess this contribution. It is 

calculated as the cross-correlation of the variables       and   
     for zero time 

lag, averaged over a length of time,  , much longer than the period of the 

forcing signal. In Eq. (3.8),   
  has been split in the two terms defined in Eq. 

(3.6).   

      
  

 

 
         

      
 

 

 
 

 
            

      
 

 

 
 

 
            

      
 

 

 (3.8) 

The last integral is the average product of a signal at a defined frequency,   , 

with other ones which oscillate at different frequencies. If averaged over a 

sufficiently long period of time, this integral goes to zero. This is a first, 

important feature of CCM: it filters out the spurious contributions that could 

appear in the local heat release oscillation. 

On the other hand, the first term is the averaged integral of two signals 

oscillating at the same frequency, so the final result will not be null. Rewriting 

the global and local heat release fluctuations in terms of the global and local 

FTF, the following expression is obtained: 

 
     

  
 

 
  

  
 

  
 

 

                    
 

 

                                   

(3.9) 

The trigonometric identity                                    can be 

used to reformulate Eq. (3.9). Considering that the second term of this identity 

also vanishes in the integration for a sufficient period of time, the final result is 

expressed in Eq. (3.10). 

      
  

 

 
 
  
 

  
 

 

                                      (3.10) 
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The function      
  can then be normalized by the average heat release rates 

with all space-independent parameters grouped in a lumped constant,      , 

to give: 

      
  

     
 

      
                                (3.11) 

       
 

 
 
  
 

  
 

 

       (3.12) 

The function      
  is, then, proportional to the local gain,   , but it also 

depends on the synchronism between the global and the local fluctuations, that 

is, on the difference between the local and global phases. In particular, an in-

phase oscillation between    and   
 , so             , means that the heat 

release fluctuation in this area contributes entirely to the global response of the 

flame, whereas the flame parcels in which                have a damping 

effect on the global fluctuation, and the flame zones in which              

    do not contribute at all to the global FTF. So,      
  describes exactly what 

was searched for, that is, the effective contribution of each region of the flame to 

its global dynamic response.  

In order to apply the method to a series of chemiluminescence frames, Eq. (3.8) 

should be transposed to the finite domain of the pixels composing the 

bandfiltered images of the flame. Assuming that the intensity at pixel  ,   , is 

proportional to local heat release rate,    (both are depth-integrated values), Eq. 

(3.13) can be applied to obtain cross-correlation (CC) maps from experimental 

data, where      
  denotes the value of      

  as estimated from 

chemiluminescence images. 

      
  

    
      

   
   
    

 

   
   

          
 (3.13) 

    and   
  represent, respectively, the mean and fluctuating component of the 

intensity collected at pixel  , while    is the mean OH* intensity for the whole 

flame, calculated by summing up all pixels of the mean, line-of-sight integrated 

map. The calculations are performed over     instantaneous images, each one 

consisting of     pixels. 

In case the FTF studied presents some particular functional form, further details 

may be gained. For the cases studied, the  -  model [21] can suitably fit the FTF 

obtained, in particular due to the linear trend observed in the measured FTF 

phase. In fact, this linear evolution of the phase with respect to frequency can be 
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expressed as           , being   a characteristic time delay between the 

input (  ) and the output (  ) of the FTF.  

Therefore, both global and local FTF can be defined in terms of local (  -  ) and 

global ( - ) parameters of the model, being            ,              , 

           and             . Thus, Eq. (3.11) can be rewritten as 

follows: 

      
                              (3.14) 

Sensitive time lags can be related to characteristic velocities and lengths. 

Suitable values for characteristic velocities can be proposed based on the 

coupling mechanisms involved in the flame dynamics (some examples could be 

the speed of sound, the velocity in the injection duct or some relevant velocity 

of the gases along the flame, depending on the particular case).  

On the contrary, the identification of a length which suitably defines the time 

lag associated to FTF is not so obvious. As a matter of fact, in general at least 

three different dimensions are needed to describe an FTF of a turbulent, 

perfectly premixed, swirling flame (two concerning the flame and one 

representative of the swirl effect [27, 71, 81]). The analysis of phase-locked 

images of the flames studied in Paper 1 excluded the influence of the swirler in 

the dynamics shown (see [45]), so the attention of the study could focus just on 

the flame. However, even focusing just on the flame characteristic length  , its 

definition not always coincides among the works that have dealt with this 

theme. In fact,   has been defined by some authors as the total flame length [21] 

or as different fractions of it [20, 24, 31, 56]; some works identify   as the 

distance at which the maximum heat release occurs [67, 78, 82-84] while others 

relate it to the center of mass of the flame [61, 81, 85]. 

In this context, CC maps could represent a suitable alternative to define a 

characteristic length of the flame related to the FTF time lag  , being this latter 

explicitly included in CC formulation (Eq. (3.14)).   can be estimated as    , 

and the same can be applied for the local time delay (        ); assuming that 

the convective velocity does not sensibly vary along the jet path (    ), it holds 

that          . So, the cosine argument of Eq. (3.14) can be reformulated as 

follows:    

                           
  
 
     (3.15) 
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This last equation leads to conclude that the CC maps should exhibit 

oscillations, at least along the jet path, with a wavelength inversely proportional 

to   . The results section will show that this conclusion is completely supported 

by the experimental results; moreover, CC maps will be used to estimate the 

characteristic flame length  , and this estimation will be further validated by 

local measurements. Also, characteristic magnitudes for pure methane and 

biogas flames (such as FTF time delay or convective lengths) will be analyzed 

and compared. 

3.3.3 Test matrix 

Paper 1 and Paper 2 analyze perfectly premixed, V-shaped flames of pure 

methane, biogas (85-15) and biogas (60-40) (see Section 3.2.3); the equivalence 

ratios tested for each blend are  =0.98, 0.86 and 0.72. 

For each operational condition, the following experiments have been 

conducted: 

 Measurement of FTF; 

 Recording of OH* filtered images of flames with external excitation. 

The general details of the experimental methods used can be found in Section 

3.2.3. In Paper 2, also local FTFs have been reported for specific flame areas. The 

method used is exactly the same applied for global FTF, but using the PMT2 

(see Fig. 3.7) to record local heat release fluctuations. This analysis has been 

carried out for a pure methane flame at  =0.86. The location of the areas 

analyzed is marked in Fig. 3.8, superimposed both on the Abel-inverted map of 

the flame (left) and on the normalized CC map (right). The axial and radial 

coordinates of each point (respectively indicated as   and  ) are reported in 

Table 3.2.  
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Fig. 3.8. Flame areas selected to measure local FTF, superimposed on an Abel-transformed map (left) and 
on a cross-correlation map (right). Coordinates in cm 

Table 3.2. Axial and radial coordinates of the flame areas probed with PMT2 

Point code 1 2 3 4 5 6 7 8 9 

  [cm] 1.0 2.0 3.0 4.0 5.0 6.0 7.0 6.0 5.0 

  [cm] 1.7 1.8 1.9 2.2 2.7 3.1 3.7 4.1 4.1 

The flame parcels analyzed lay either on the flame sheet or on the peak areas 

highlighted in CC maps. The reasons behind the choice of the flame regions will 

be explained in Section 3.3.4; nevertheless it can be observed how the areas 

selected include all the flame regions highlighted by the CC method. 

The analysis of both studies focus on the CCM post-processing of bandfiltered 

images of flames externally excited through the loudspeakers. The selected 

forcing frequencies are    =90, 150, 230, 400 Hz (the last one has been analyzed 

only in Paper 1). For all the excitation frequencies, the forcing amplitude has 

been kept within the linear range of flame response [45]. 

3.3.4 Results and discussion 

Analysis of the dynamics of methane and biogas flames 

The FTF obtained for the three blends studied (from left to right, respectively, 

methane, biogas (85-15) and biogas (60-40)) are shown in Fig. 3.9. For each 

blend, three curves are represented, each one corresponding to one value of  . 
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Fig. 3.9. FTF gain (top row) and phase (bottom row) for each blend and   tested. Methane: left; biogas 
(85-15): center; biogas (60-40): right 

The main features identified in the literature (see Section 3.1.2) for the FTF of 

perfectly-premixed, V-shaped methane flames are confirmed for the tests 

performed. In fact, all the gains obtained present low-pass filter behaviors and 

the phases are nearly linear with respect to the forcing frequency.  

A reduction in   leads, generally, to an increase in the FTF magnitudes, at least 

in the frequency range where the flames result more responsive (between 50 

and 400 Hz).  

The general features identified for methane flames are confirmed when CO2 is 

added to the air-fuel mixture. In fact, the low-pass filter behavior can be clearly 

observed for the biogas flames tested; also, gain values are in general higher, at 

the same frequency, for biogas than for pure methane, which means that the 

effects of CO2 addition are similar to the ones observed by increasing the air 

dilution. 

The same happens for the phase slope, which presents an almost linear trend 

for both pure methane and biogas flames, and so the response can be well 

described by a constant time delay,  . The values of   calculated for each 

operational condition tested are represented in Fig. 3.10. The variation of the 

time delay with   is quite similar for the blends tested, displaying a minimum 

at  =0.86; blending with CO2 leads to an increase of the time delay, especially 

for biogas (60-40).      
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The sudden drop in the gain at 250-300 Hz observed for biogas (60-40) at 

 =0.72 is due to a change in the flame configuration for this operational 

condition; in fact, the acoustic excitation in this case induces a change in the 

flame shape, passing from a typical V-shape to a “trumpet” configuration [58]. 

This shape change only affects the gain values, whereas no major effects can be 

appreciated in the phase.  

 

Fig. 3.10. Evolution of the time delay,  , for the operational conditions tested 

In order to better understand the FTF results obtained, and in general the effects 

induced on the flame by both the air flow variation and the introduction of CO2 

into the blend, some examples of average, line-of-sight maps are reported in 

Fig. 3.11 for some selected tests.  

Along the top row, the change in flame structure due to air addition is 

displayed; as the flame becomes leaner, it expands along both the radial and the 

vertical dimensions. Similar variations can be appreciated in the bottom row, 

where the equivalence ratio is kept constant and CO2 is added. This observation 

is consistent with the observation pointed out above for the FTF: CO2 effects are 

primarily related to diluting the air-fuel mixture, as it happens in cases with a 

higher air excess. However, dilution with CO2 seems to be more effective, since 

higher air quantities are needed to induce the same effects on the flames. For 

instance, the leanest methane flame,  =0.72, exhibits a flame pattern similar to 

the case with 40% CO2 and  =0.86; this corresponds to an addition of almost 7 

Nm3/h of air in the first case versus less than 2 Nm3/h of CO2 in the second 

one. This can be also appreciated in the variation of time lags shown in Fig. 3.10 

(this analysis will be developed in detail later). 
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Fig. 3.11. Average images of depth-integrated OH* chemiluminescence. Top row: pure methane flames at 
 =0.98 (left),  =0.86 (middle),  =0.72 (right). Bottom row: flames at  =0.86 of pure CH4 (left), CH4-

CO2=85%-15% (middle), CH4-CO2=60%-40% (right) 

When externally excited, the dynamic behavior of the flames studied is 

dominated by the vortex shedding phenomenon. This mechanism has been 

described in many previous works (e.g., [19, 23, 24, 31, 33, 56, 69]) as one of the 

main causes of instability in lean premixed flames.  

As an example, Fig. 3.12 shows Abel-deconvoluted, phase-locked maps (   used 

as a reference signal, 45° steps are represented) of a pure methane flame at 

 =0.98, externally forced at 230 Hz. The maps highlight that the heat 

fluctuation is produced in the upper region of the flame, which starts at 135°, 

where the downstream part of the flame wraps itself towards the outer zone. 

This rolled zone increases its intensity and dimensions and moves downstream 

along the cycle, until 315°. Here the wrapped structure gradually disappears 

and the flame tip recovers the original V shape and, after 90°, the cycle starts 

again. 

This motion is due to the shedding of coherent macrostructures at the dump 

plane, which move downstream along the flame. These vortices impinge on the 

outer part of the flame, dragging gas parcels from the reaction layer along their 

rotating direction. At the flame basis, the vortices dimension is still modest, and 

the effect is not so apparent. When moving downstream, vortices grow in size 

and strength, but neighbor vortices obstruct the dragging of gases, due to their 

equal rotating direction. The obstruction disappears when the coherent 

macrostructures reach the flame tip, which, then, winds around the vortex 

kernel when it reaches the downstream part of the flame, creating the flapping 
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movement observed, also called vortex roll-up (more details about this 

dynamics can be found in [24]). The discussed dynamics is well captured and 

represented by the CC method, as it will be shown in the following analysis. 

 

Fig. 3.12. Abel-deconvoluted maps of the heat released (averaged within 10.6⁰ intervals) along the 
pressure cycle at  =0.98,    =230 Hz. Axes scale in cm 

Cross-correlation maps 

In Fig. 3.13-a, an example of CC map is shown for a pure methane flame at 

 =0.98 and forced at 230 Hz. It was calculated by applying Eq. (3.13) to a set of 

500 bandfiltered images recorded for this operational condition. This map 

displays a sequence of spots, which alternate positive and negative values and 

grow in intensity from the dump plane to the flame tip. They are disposed 

along the flame sheet and, to better assess their position, in Fig. 3.13-b the flame 

region has been superposed (shadowed area) on the CC map. The combustion 

area has been identified by the Abel-transformed map of the operational 

condition analyzed, considering just the pixels with intensities greater than 45% 

of the peak value; the white, solid line indicates the center of the shadowed 

area.  

The zones highlighted by the CC map are located on the outer edge of the flame 

sheet, and they gradually move outwards, with the peak laying almost 

completely outside the flame area. The relative position of the spots highlighted 

in CC map is considered perfectly consistent with the dominant dynamics of 

the flame, that is, the vortex shedding phenomenon. Moreover, it indicates that 

the heat release fluctuations occur mostly outside the average flame area, hence 

mean flame maps are not an appropriate means to assess dynamic variables 

associated with the flame.  
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A distinctive feature of the CC maps with respect to other flame representations 

is the presence of negative areas, which indicates zones fluctuating out-of-phase 

with respect to the bulk oscillation. So, these regions tend to damp the 

oscillation and to diminish the generation of acoustic energy from other flame 

parcels oscillating in phase with the global heat release rate (positive zones of 

the CC map). The combination of all, positive and negative, contributions 

builds up the global    signal and, hence, the FTF. Fig. 3.13-a shows positive 

and negative spots alternating along the outer part of the flame sheet. This 

oscillation can be better observed in Fig. 3.13-c, where the solid line represent 

the evolution along the axial distance (  ) of CC values integrated along the 

width of the shadowed area represented in Fig. 3.13-b. Both X and Y axes have 

been normalized, the former with respect to the position of the fluctuation peak 

and the latter considering the maximum of the fluctuation obtained. Once this 

normalization has been performed, the similarity between the experimental 

pattern and the one obtained through Eq. (3.15), represented by a gray, dashed 

line, results remarkable, supporting the validity of the theoretical formulation 

proposed above and, hence, the physical interpretation of the cross-correlation 

maps.  

The continuous increment of the amplitude of the experimental oscillation can 

be ascribed, according to Eq. (3.11), to an almost monotonic increment of the 

local gain,   , since       is a constant for a given operational condition. 

Moreover, the location of the “characteristic flame length”   can be easily 

determined, according to these results, by the location where the      
  peak 

occurs. The observed match between the experimental results and the 

theoretical formulation and the intuitive interpretation of the CC method are 

thought to make it a valid option to scrutinize the actual role of the different 

flame regions in the global flame response and, hence, in shaping the global 

FTF. As it was mentioned, similar information cannot be obtained from the 

maps derived from chemiluminescence images normally used. 
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Fig. 3.13. a) CC map for a methane flame at  =0.98 and forced at 230 Hz; b) Superposition of the relative 
combustion zone (shadowed area), as identified from the respective Abel map, on the CCM map (the 

white, solid line indicates the center of this area); c) comparison between      
  values along the shadowed 

area in (b) and the theoretical curve (dashed line) predicted from Eq. (3.15) for 230 Hz and  =5.6 ms 

The images recorded for the methane flames studied have been post-processed 

according to the cross-correlation method and the results are shown in Fig. 3.14. 

The      
  values displayed in the maps have been normalized by      , as 

defined in Eq. (3.12), calculated for each map of Fig. 3.14 as a function of the 

global FTF gain and of the normalized velocity fluctuation for the forcing 

frequency considered. This is an alternative way to analyze CC maps which 

requires additional data (FTF,   
    ) with respect to a simple sequence of 

bandfiltered images, but it also provides additional information as discussed 

below.   

In fact, considering Eq. (3.11), this normalization yields: 

 
     

 

     
 
     

 

     
                          (3.16) 

The right-hand side of Eq. (3.16) indicates that the normalized values obtained 

in CC maps represent the local FTF gain modulated according to the relative 

phase between the global and local heat fluctuation. Therefore, the normalized 

CC map can be interpreted as the actual contribution a flame parcel gives to   , 

so that local values of       
          are the “effective local gain”. 

The patterns displayed in Fig. 3.14 for the tests carried out at 90, 150 and 230 Hz 

are similar to the one observed in Fig. 3.13, with positive and negative spots 

alternating along the flame sheet which grow in magnitude from the dump 

plane to the flame tip. The cycles described grow in number with the forcing 

frequency, in accordance with what was predicted when developing the 

theoretical formulation for     model (see Eq. (3.15)).  

Peak values in the range between 5 and 13 have been obtained, always 

surrounding the flame tip, which indicate a very high local contribution of these 

flame portions to the global FTF. For all cases these values are greater than the 
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global gain obtained (  between 1 and 3 for the frequencies tested, see Fig. 3.9). 

This difference is easily explainable by considering that FTF is an average, 

weighed with    , of the local responses from all flame parcels, including those 

presenting values close to zero or even out-of-phase with the global one. Kim et 

al. [32] obtained analogous results, with local gains significantly higher than the 

global one, for CH4-H2 M-shaped flames.  

As described before for the particular case shown in Fig. 3.13, the patterns 

obtained for all the cases tested are thought to be perfectly in line with the 

mechanism ruling the dynamics of the flame analyzed, that is, the vortex 

shedding phenomenon. The peak values identify the vortex roll-up area, which 

represents the zone mainly contributing to the global FTF formation.   

The maps obtained by exciting the fames at 400 Hz do not show the oscillating 

pattern observed in the rest of the cases. This could be ascribed to the less 

responsive behavior of the flame to high frequencies (as demonstrated by the 

low values of  ; see Fig. 3.9) and to the low    reached for high frequencies, as 

explained in [45]. Since both   and   
  are included in the denominator of Eq. 

(3.16) (that is,      ), this magnifies the effect of the noise in CC maps, leading 

to noisy patterns with peak values > 15, probably unrealistic.   

 

Fig. 3.14. Normalized CC maps,       
        , for different equivalence ratios and forcing frequencies. 

As mentioned before, the       
         values can be interpreted as the “local 

effective gain” of each flame parcel. However, this value does not inform about 

the absolute contribution of each zone to the global FTF, which should be 
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calculated as a summation of each local FTF weighed with the mean value of 

the local heat release rate,     [32] (see Eq. (3.17)). This leads to an additional 

alternative formulation of the CCM method in terms of       
        , obtained 

by multiplying       
         by the average local intensity,    . Both 

magnitudes have different physical interpretations:       
         is a measure 

of the absolute contribution of a flame portion to the global FTF, whereas 

      
         is the “effective local gain”, as defined in Eq. (3.16).  

Some examples of       
         maps are represented in Fig. 3.15. Apart from 

a little contraction of the peak zones with respect to       
         maps, the 

general pattern is almost equal to the one observed in Fig. 3.14, since, for the 

cases analyzed,     is almost constant along the shear layer. So, the difference 

between the two representations, at least for the particular cases tested, is 

considered important for a quantitative analysis, but not relevant in terms of a 

qualitative assessment. However, this similarity is not thought to apply to the 

general case. 

 

Fig. 3.15.       
         maps for methane flames at  =0.86 forced at 90 (left), 150 (middle) and 230 

Hz (right) 

The sinusoidal evolution of the CC values along the flame sheet (calculated as 

in Fig. 3.13-c) has been represented in Fig. 3.16 for all the tests performed. The 

curves show that the number of cycles increases with    , as predicted if the 

CCM formulation is particularized for the     model (Eq. (3.15)). Also, the 

oscillation amplitude increases along the flame length, until reaching a 

maximum near the tip of the flame, which is located at almost the same distance 

from the dump plane for all values of  . 

These curves, and in particular their local maxima/minima, can be further 

analyzed in order to gain insight about the gain of local FTF,    or, better,   , 

since Eq. (3.15) is valid considering a description of both local and global FTF 

by an     model. Local extrema satisfy the condition                  

(where   is an integer), and, hence, the cosine of Eq. (3.16) is equal to ±1. The 

maxima/minima of the curves represented in Fig. 3.16 are shown in Fig. 3.17 
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versus   ; it can be seen how the values always increase with   , until they 

reach a maximum at    near the flame tip. This parameter was also determined 

from local FTF measurements in [32] for CH4-H2, M-shaped flames, with results 

very similar to those obtained here, only based on OH* chemiluminescence 

images.    

 

Fig. 3.16 Oscillations along the jet path for CC maps of Fig. 3.14 

 

Fig. 3.17. Evolution of  local maxima/minima of       
   values (normalized with the respective peak 

value) along the flame axial distance. Symbols: ( )  =0.98; ( )  =0.86; ( )  =0.72 – grey levels vary 
with    , as indicated in the legend 

CC processing has also been applied to biogas flames, obtaining very similar 

results to those shown up to now for pure methane flames; therefore, for the 

sake of conciseness, the analysis has focused on the results for pure methane. 

Some examples of biogas maps will be shown later on in this section.  

The comparison performed between the experimental data collected and the 

theoretical formulation proposed about CC method leads to two main 

conclusions: 

 Local FTF gain monotonically increases from the dump plane to the 
flame tip, at least in the low-medium frequency range; 
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 The characteristic flame length associated with the convective time lag 
normally found in the FTF can be determined from the location of the 
peak value in CC maps. 

Also, it should be noted that the assessment of the “characteristic flame length” 

  (i.e. Eq. (3.15)) is based on two main hypotheses: 

 The local FTF can be suitably described by an     model; 

 The “characteristic convective velocity”   of the flames studied can be 
considered constant along the flame sheet.  

Local FTF measurement 

In order to better assess the two conclusions mentioned above, and the related 

hypotheses behind them, local FTF measurements have been collected for 

specific flame regions. In Fig. 3.8 the points location on the flame maps is 

shown, while their absolute position is given in Table 3.2 in terms of axial,  , 

and radial,  , distances with respect to the dump plane and to the center line, 

respectively. These locations have been chosen, on the one hand, because they 

represent the zone highlighted by the CC method and, on the other hand, since 

they could provide experimental evidences directly related to the two 

conclusions inferred from the analysis of CC maps presented in the previous 

paragraphs.  

In particular, points from 1 to 7 sweep the whole flame shear layer, from the 

dump plane to the flame tip. The local FTF obtained for these points are shown 

in Fig. 3.18, superposed to the global FTF (black, solid line) for the operational 

condition tested (pure methane flame,  =0.86). 

Local gains,   , at the points located near the injection plane (1-3) display an 

almost flat evolution with frequency. Instead, points located farther 

downstream along the flame (5-7) present a low-pass filter behavior with gain 

peaking in the range 100-200 Hz, whereas point 4 represents the transition 

between those two distinct behaviors. 

Consistently with what has been concluded from the analysis of CC maps, the 

local FTF gain gradually increases with the distance from the dump plane, at 

least in the frequency range in which the CC experiments have been performed 

(90 – 230 Hz). For higher frequencies, the local gain obtained at the downstream 

part of the flame decreases, presenting values comparable to those obtained at 

the base of the flame. 
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The observed increase in local FTF gain with   is considered consistent with the 

vortex shedding dynamics, which, as discussed above, is the governing 

phenomenon for the flames studied. Near the dump plane, the vortices are still 

small and their effects are rather modest; as they move downstream, they grow 

in dimension and strength, but also neighbor vortices mutually obstruct their 

dragging of burning gases, due to their equal rotating direction. This creates 

cusps and hollows on the flame edge, while at the flame tip there is no obstacle 

to the ingestion of gases by the vortex and the roll-up phenomenon happens 

(see [24] for a more detailed explanation). The higher the excitation frequency 

is, the smaller the macrostructures formed will be, so also their dragging force 

will diminish; this might be the reason why the local FTF develop low pass 

filter behaviors as the probed points approach the flame tip. 

The phase of both the local and the global FTFs exhibits a linear trend with 

respect to the forcing frequency. The slope and, hence, the time delay increase 

with  , consistently with the observed flame dynamics, considering the 

convective displacement of the macrostructures from the injection to the flame 

tip. Also relevant, as discussed below, is the fact that the phase curve for the 

global FTF practically coincides with that of the local response at  =6 cm. 

 

Fig. 3.18. Gain (left) and phase (right) of the global and local FTF measured at points 1-7 of Fig. 3.8 (pure 
methane flame,  =0.86) 

The linear trends observed in all the local FTF s phases further support the 

analysis performed above on CC maps, since the application of     model can 

be considered a suitable approach to describe the local flame transfer function 

obtained for the cases tested. 

The evolution of the local time delays obtained for points 1-7 is depicted as a 

function of   in Fig. 3.19-left. The values obtained are grouped along a straight 

line, with    at  =6 cm being almost equal to the global time lag measured. The 
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linear trend obtained for    indicates that considering a constant convective 

velocity along the flame sheet is a plausible assumption for the cases studied; in 

other terms, the equivalence          , applied to obtain Eq. (3.15), holds for 

the cases analyzed. Also, point 6 is located very near to the peak value in the CC 

map (see Fig. 3.8-right). Since the two main hypotheses formulated to carry out 

the CC analysis can be considered valid, the location of point 6 ( =6 cm) may 

be considered representative of the average convective length traveled by a 

perturbation until it generates a fluctuation in heat release rate; that is,      at 

point 6. 

The evolution of local gain with   is represented in Fig. 3.19-right for the three 

frequencies tested throughout this work: 90, 150 and 230 Hz. The three cases 

show a peak at point 6, with a shape very similar to the one presented in Fig. 

3.17, confirming the good match between the evolutions extracted from the CC 

maps analysis and the ones obtained from direct measurements of local FTF. 

  

Fig. 3.19. Left: Variation of local time lag,   ,with the axial coordinate,  ; right: evolution of local gain, 
  ,as a function of   at    =90, 150 and 230 Hz 

The local FTF has been also measured at points 8 and 9, that is, in the core of the 

region of peak CC values where the dynamic activity is expected to be 

particularly strong. The gain and phase values are reported in Fig. 3.20, along 

with those obtained at points 5 and 6 (same height but located in the region of 

the flame shear layer) and the global FTF. 

The slopes of the phases are very similar among these points and to those of the 

global FTF; this fact indicates that the area highlighted by the CC maps (vortex 

roll-up zone) can be considered representative of the global time lag obtained 

by an integral measure of the flame fluctuation. Still, some minor yet consistent 

differences can be seen between the two pairs of points located at the same 

height (6-8 and 5-9), with slopes that coherently evolve with   (steeper decay 
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for points 6 and 8), while they result very similar between the pairs of points at 

the same heights. 

The local FTF gains for points 8-9 present low-pass filter behavior, as the ones 

obtained for the downstream part of the flame along the shear layer (see Fig. 

3.18), in line with the analysis presented above about the dynamics inferred at 

the upstream and downstream parts of the flame by the vortices impingement. 

Moreover, their magnitude is far above the values displayed in Fig. 3.18, with 

peaks around 7, clearly indicating the high sensitivity of this flame area to the 

dynamics induced by the vortices shed at the dump plane.  

 

Fig. 3.20. Gain (left) and phase (right) of the global FTF (black line) and of the local ones measured both 
at points 9-10 (solid lines) and at 5-6 (dashed line) 

At this point it is worth stressing that the high values of local gains do not 

necessarily mean that the vortex roll-up areas are actually the ones that 

contribute the most to the global FTF formation. In fact, as it has been 

highlighted above, the FTF is the weighed summation of local FTFs with the 

mean local heat release rate,     [38, 45, 86]. 

          
   

  
 (3.17) 

Applying Eq. (3.3) to both local and global FTF and re-arranging Eq. (3.17), the 

following expression for   holds: 

       
       

   

  
 (3.18) 

Since   is a real number, Eq. (3.18) can be simplified to 

                
   

  
 (3.19) 
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Equation (3.19) has been applied to the values obtained for points 1-9 and 

compared with the global FTF; the result is shown in Fig. 3.21. The similarity is 

remarkable despite the small area considered with respect to the whole flame, 

confirming that the flame areas considered (automatically highlighted in CC 

maps) are actually the ones which most actively contribute (either supporting 

or damping the oscillation) to the formation of the global FTF, whereas the 

participation of other flame zones to the global dynamics is negligible (values 

close to zero in CC representations).   

 

Fig. 3.21. Global FTF and its estimate by applying Eq. (3.19) to the FTFx measured at points 1-9 

The expression               is also coincident with the definition of 

“effective local gain” given to the normalized CCM values       
         (see 

Eq. (3.16)). Therefore, Eq. (3.19) can be reformulated as follows: 

    
     

 

     

   

  
 

 (3.20) 

The last expression only needs a series of bandfiltered images to be applied, 

since all the parameters involved can be easily extracted from 

chemiluminescence maps (in particular, average, line-of-sight map and CC 

map).   has been estimated with Eq. (3.20)  for all the operational conditions 

tested, that is, three fuel blends (methane, biogas (85-15) and biogas (60-40)) at 

three different equivalence ratios (0.72, 0.86, 0.98) forced at three different 

frequencies (90, 150, 230 Hz). The results are compared with the global FTF 

measurements (see Fig. 3.9) in Fig. 3.22. The relative difference only exceeds 

15% in one case (out of 27 tests), which again confirms the consistence of the 

procedure and the methodology proposed. 
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Fig. 3.22. Comparison between measured values of   and the corresponding estimates from cross-
correlation maps through Eq. (3.20) 

As mentioned above, the data shown in Fig. 3.22 derive from calculations 

performed on both average, line-of-sight integrated and CC maps for all the 

operational conditions tested. Therefore, it is worthwhile at this point 

comparing CC representations for methane and biogas (the same analysis for 

average maps has been already performed, see Fig. 3.11); for the sake of brevity, 

just the operational condition at    =90 Hz,  =0.86 will be analyzed (Fig. 3.23). 

The peak spots gradually move downstream and outwards as the amount of 

CO2 increases, an evolution that could be expected considering the increase in 

the flame dimensions caused by the injection of CO2 into the air-fuel mixture. 

Moreover, it can be observed how biogas maps show almost half cycle more 

with respect to pure methane ones. This variation can be ascribed to the 

different time lags obtained for the different blends (see Fig. 3.10), which affects 

the oscillation patterns according to Eq. (3.15). The same effect does not happen 

when   increases, since the time lag value is less sensitive to a given increment 

in air mass flow than to the same amount of CO2, as Fig. 3.10 clearly shows. 

Apart from these distinctive features, CC maps for biogas flames show the same 

characteristics already analyzed for methane ones (so, they are not shown, for 

brevity): the number of cycles depicted along the flame sheet increases with the 

forcing frequency, whereas no major variations appear when changing the 

equivalence ratio. This is perfectly in line with the theoretical analysis 

performed and with the experimental data collected.  
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Fig. 3.23. CC maps for    =90 Hz,  =0.86. From left to right pure methane, biogas (85-15) and biogas 
(60-40) flames 

Characteristic convective length,   

As a final exercise, a quantitative analysis has been attempted to determine the 

“characteristic flame length”  , defined as the average distance travelled by the 

perturbation until it produces a heat fluctuation. It has been both derived 

theoretically and proved experimentally throughout this section that this length 

may be suitably identified by the position of the peaks highlighted in CC maps. 

At the same time, it has been shown how these peak pockets represent the 

flame areas where vortex roll-up phenomenon happens. Durox et al. [24] 

performed a similar analysis for laminar flames governed by vortex shedding 

and identified as the characteristic flame length the distance between injection 

and the vortex roll-up region; the same approach was used in [31] for non-linear 

regime, confirming that this distance can be considered representative of a 

flame dynamic response governed by vortex shedding phenomenon. 

Therefore, the distance between the edge of the bluff body at the injection plane 

(Fig. 3.6) and the center of the peak in the CC maps, designated as  , has been 

calculated for each operational condition tested (the test with biogas (60-40) at 

 =0.72 and    =230 Hz has not been considered, due to the shape change the 

flame suffers, as it has been discussed before). The values of   are represented 

in Fig. 3.24 as a function of  ; each data point is calculated as the average of the 

lengths obtained for all the forcing frequencies considered.  

The behaviors depicted in Fig. 3.24 are in line with the trends expected from the 

analysis of CC maps:   increases with   and CO2 quantity; the only exception is 

biogas (85-15) at  =0.98, which presents a value of   greater than the ones 

measured for the same blend in leaner conditions.  
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Fig. 3.24. Distance between injector and CC peak,  , as a function of the equivalence ratio,  , and fuel 
composition 

The convective lengths extracted can be related to the time lags derived from 

the FTF phase through an estimated average propagation velocity of the 

perturbations from the injection plane to the place in which the heat fluctuation 

is produced ( ). However, a proper estimation of   is not so obvious, since 

various definitions have been proposed in the literature: some authors defined 

it as the injection velocity of the mixture into the combustion chamber (  ) [82, 

85], others as the bulk velocity of the flow along the flame jet path [20, 59] or as 

a fraction of the latter [24]. Nevertheless, it is reasonable to consider that a 

proper value of the characteristic velocity   should be assessed according to the 

phenomena dominating the dynamics of the flames tested (vortex shedding for 

the cases analyzed), that is the reason why various definitions can be found in 

the literature for the same parameter. 

Alemela [21] measured the velocity field for flames in a configuration very 

similar to the one used for this work (swirl-stabilized, V-shaped flames) and 

proposed the following relationship between some operational parameters and 

the value of the maximum velocity along the jet path, designated here as   : 

           
  
  

     (3.21) 

According to Eq. (3.21),    is proportional to the mean injection velocity,   , and 

it also depends on the ratio between the adiabatic flame temperature,   , and 

the temperature of the mixture at the inlet of combustion chamber,   , where   

is a coefficient characteristic of the burner used. The   value measured by 

Alemela was 0.08; due to both the impossibility of performing the same 

assessment and the similarity between the facility used for this study and the 
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one used by Alemela, it has been assumed  =0.1 for the present study (very 

close to the value obtained in [21]).   

The    velocities, calculated with Eq. (3.21), can be compared with the values of 

 , estimated by dividing the convective lengths obtained from CC maps,  , by 

the sensitive time lag derived from the FTF,  . Table 3.3 summarizes the 

parameters involved in the calculations and the results obtained (   is supposed 

constant at 293 K, whereas    has been estimated as the adiabatic flame 

temperature, calculated with the CEA2 code [87], for each fuel and   tested). 

The values obtained for    reveal an important difference from the ones 

obtained as      , with the former always being greater. 

Considering that some relation between both magnitudes should exist, a 

proportionality factor   can be defined between the two velocities (      ). 

This factor has been calculated for each condition tested and reported in Table 

3.3; the values obtained oscillate in a rather narrow range, between 0.4 and 0.6, 

with an average value around 0.5. These results, obtained for a wide variety of 

operational conditions, clearly indicate that the perturbations measured travel 

at a velocity of about one half of the maximum speed registered along the flame 

sheet.  

The ratio obtained is fully consistent with vortex shedding being the 

phenomena ruling the flame dynamics for the cases considered. In fact, Guiberti 

[88] found the same relationship between the displacing velocity of the vortices 

and the maximum velocity of the flame; this result is also confirmed by Durox 

and co-workers [24, 31] for laminar V-flames.  

These last results further confirm the suitability of CC method to gain insight 

into flame dynamics and, in particular, to define some key FTF characteristics, 

such as the “characteristic convective length”.  
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Table 3.3. Estimated convective velocity for the cases analyzed 

Methane 

     [m/s]    [K]   [cm]   [ms]   [m/s]  =    [m/s]    
 

   
  

0.98 12.7 2210 6.33 5.6 19.34 11.30 0.53 

0.86 14.3 2078 6.93 5.0 21.26 13.75 0.59 

0.72 16.8 1866 6.98 5.8 24.05 12.04 0.46 

Biogas (85-15) 

     [m/s]    [K]   [cm]   [ms]   [m/s]  =    [m/s]    
 

   
  

0.98 12.7 2177 6,81 6.3 19.22 11.55 0.55 

0.86 14.3 2048 6,41 6.0 21.14 11.65 0.50 

0.72 16.8 1842 6,67 7.1 23.94 10.45 0.40 

Biogas (60-40) 

     [m/s]    [K]   [cm]   [ms]   [m/s]  =    [m/s]    
 

   
  

0.98 12.7 2091 6.88 7.7 18.93 9.87 0.48 

0.86 14.3 1967 7.38 6.9 20.83 11.65 0.51 

0.72 16.8 1777 7.46 6.9 23.64 11.76 0.46 

3.3.5 Conclusions 

The two studies summarized in this section focus on a novel approach for the 

processing and interpretation of chemiluminescent flame images, called cross-

correlation method (CCM). The objective of this study was to investigate in 

depth the physical meaning of the results obtained by applying CCM, showing 

the potentialities of this method in the analysis of flame dynamics.  

Cross-correlation mapping has revealed itself as a simple yet suitable method to 

assess the actual contribution of each flame zone to the global heat fluctuation 

(and, so, to the global FTF). In its simplest formulation, CCM just needs a 

sequence of bandfiltered flame images; the results obtained allow a good 

qualitative analysis of the contribution of each flame area to the global FTF. If 

other parameters of the flame dynamics are known, also quantitative 

assessments can be performed, including the “local effective gain”, 

      
        , as well as the net contribution a flame zone gives to the global 

FTF (designated as       
        ).  
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Experimental results for both pure methane and biogas flames show patterns 

that clearly match with the theoretical formulation proposed and, so, with the 

physical rationale behind the method. In particular, oscillatory patterns have 

been obtained along the flame shear layer, evolving exactly as predicted in the 

theoretical development of the process (under certain reasonable hypotheses). 

These oscillatory patterns have led to two main conclusions: 

 The local FTF gain monotonically increases along the flame length; 

 The peaks highlighted by the CC maps can be considered as a suitable 
option to estimate the characteristic flame length. 

These two deductions, obtained by contrasting the CCM theoretical formulation 

and the experimental results, have been also experimentally verified by 

measuring the local FTF in appropriate flame areas. The results obtained from 

local FTF fully confirmed the deductions inferred by the CCM analysis, and 

they also prove the suitability of the hypotheses made to simplify theoretical 

formulation and to infer the abovementioned tentative conclusions (namely, 

describing local FTFs through     model and considering the characteristic 

convective velocity constant along the flame shear layer).  

Also, the results have further confirmed the good match between experimental 

data and theoretical development, leading to a quantitative estimation of the 

“characteristic flame length” obtained by the CC maps. A close connection 

between the flame dynamics observed (dominated by the vortex shedding 

phenomenon) and the geometrical values obtained by CC maps is evident. 

The assessment has been performed for a wide range of cases; in particular, two 

different CH4-CO2 mixtures (emulating biogas compositions) have been tested. 

The availability of these data made it possible comparing the characteristics of 

the flames for the three fuels studied. The CO2 addition produces longer and 

wider flames with respect to pure methane, at equal injection velocity and 

equivalence ratio. This size increasing is apparent in FTF phases, showing a 

significant increment of the time delay. This fact is also perfectly consistent with 

the different patterns obtained for biogas flames in CC maps, which show 

almost a half cycle more than the methane ones. The coherent results obtained 

for two biogas blends demonstrate the flexibility of the method with respect to 

the fuel used. Moreover, to the author s knowledge, the discussed documents 

are the first ones where FTF of biogas flames have been shown and analyzed in 

details.  



Flame Transfer Function: description, interpretation and use for prediction and control                                                                           

of thermoacoustic instabilities in premixed methane and biogas flames 

63 

 

In summary, the method analyzed can be considered a valuable tool to assess 

various aspects of the dynamics of flames, starting from the actual contribution 

of each flame area to the global response. In particular, various insights about 

FTF characteristics could be gained. This result is particularly important for the 

FTF phase, since, as it will be shown in the next section, this parameter governs 

the (in)stability of a thermoacoustic system.  

It would be worth performing further analyses using CCM, in particular 

considering different flame conditions, e.g. with different shape (conical, 

trumpet) or with different type of air-fuel injections (partially premixed or non-

premixed). In particular, the assessment of partially premixed flames may yield 

interesting results, since an analysis about the CC output in conditions of 

multiple dynamic inputs superposed (namely,    and   ) could lead to other 

advantages of the method proposed for the analysis of flame dynamics, not 

evidenced by the present study.  
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3.4 Prediction of natural un/stable modes of a thermoacoustic 

system 

3.4.1 Introduction 

As mentioned in Section 3.1.1, the main parameters involved in the 

thermoacoustic response of a burner are the fluctuations of pressure inside the 

system,   , of heat released by the flame,   , and of inlet velocity of the air-fuel 

mixture at the entrance of the combustion chamber,    (equivalence ratio 

fluctuation is not considered since this work deals with perfectly premixed 

flames). Also, the magnitude of each variable is not important per se, but it is 

their mutual interaction what defines if a system will be thermoacoustically 

stable or if it will present unstable oscillations. The Rayleigh s criterion [6] is 

formulated in this sense, focusing more on the relative phase between    and    

than on the magnitude of each fluctuation.  

Due to the high importance of avoiding flame dynamics in industrial facilities, 

various authors have developed models in order to predict the natural 

oscillation modes of a burner and whether these modes could result unstable 

and, so, lead the system to a limit cycle condition. These models result 

particularly useful during the design of the system, to know in advance if it 

could present some unstable conditions and, if so, to take remedial actions (e.g. 

by modifying the initial design or by installing dampers).  

These models can have very different degrees of complexity, depending on how 

many of the variables and physical effects involved in the problem are 

considered. The relevant parameters could be roughly grouped as follows: 

 Geometrical configuration of the system; 

 Acoustic boundary conditions; 

 Main thermal and fluid-dynamic parameters; 

 Dynamic flame response; 

 Irreversible losses. 

So, thermoacoustic models can range from the simple equations describing the 

Rijke tube response [89-91] to comprehensive CFD models [92, 93]; of course, 

the more complex the model is, the more the computational effort required will 

be, and the accuracy of each model depends on how well the system studied fits 

with the simplifications applied.    

In this context, low-order network models represent a good compromise 

between the computational effort required and the achieved accuracy. This 
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approach has been applied in a number of works (e.g. [2, 21, 34, 57, 94]) and 

consists of modeling each burner element in terms of transfer (or scattering) 

matrix, using linear acoustics. These matrices are, then, connected in series, the 

outputs of a matrix representing the inputs for the following one. A detailed 

description of the transfer matrix for the most common elements of a combustor 

can be found in [21].  

Some works suggest that the description of burner elements using linear 

acoustics is valid also in non-linear conditions (limit cycle), apart from the flame 

response [37, 95]. Therefore, an accurate description of the non-linear response 

of the flame (i.e. the flame describing function, FDF) combined with simple 

transfer matrix of the other burner elements may provide accurate prediction of 

the natural modes of a combustor (see, e.g. [37, 60, 95, 96]).  

The disadvantage of implementing the low-order network model with FDF is, 

precisely, the availability of the flame describing function. In fact, as shown in 

Section 3.1.2 (Fig. 3.5), the FDF depends both on the frequency and on the 

magnitude of   ; so a family of curves is needed to implement the model, 

possibly for a wide range of    amplitudes. The collection of these experimental 

data may be a challenging task, depending on the flame studied and on the 

necessary equipment to obtain the FDF. 

However, a few studies have been found that successfully used FTF as input to 

the low-order network model in limit cycle conditions [36, 38, 97, 98]. The use of 

FTF instead of FDF significantly simplifies the inputs to the model. It reduces 

the efforts needed to collect the flame dynamic response (only one curve is 

needed) and to run the model to obtain the modes of the burner. The results 

obtained using FTF in previous works are promising, so this approach has been 

explored here in a systematic way for a wide range of operational conditions, in 

order to evaluate the feasibility of predicting unstable modes based on 

simplified descriptions of the system and, especially, of the flame response.  

While Section 3.3 has been dedicated to investigate the actual contribution of 

each flame zone to FTF, and to relate FTF and flame characteristics, this section 

will focus on the use of the linear flame response to predict non-linear 

combustor modes. Experimental results will be analyzed and compared with 

theoretical ones, in order to assess the suitability of the FTF to predict unstable 

modes reaching non-linear regimes. 

Moreover, among the operational variations proposed, the use of two different 

blends (pure methane and biogas (60-40)) is considered. So, the analysis can 
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also focus on differences due to the addition of CO2, in terms of both    

amplitude and frequency, and offers a good opportunity to verify whether the 

FTFs measured include (together with other physical parameters needed for the 

model) the necessary information to correctly predict unstable modes and, 

hence, to account for the impact of changes in fuel composition. 

The results presented in this section have been also discussed in Paper 3 [47], 

which can be consulted in Section 4 for further details.           

3.4.2 Dispersion equation 

The experimental facility in Fig. 3.6 can be simplified as a two-cavity system, 

where the first one is represented by the injection duct and the second one by 

the combustion chamber.  

The transfer matrices for this geometry can be condensed in a single equation, 

called “dispersion equation”, under certain hypotheses:  

 1-D system, so the waves are supposed to propagate just along the 
longitudinal direction (forward and backward); 

 Linear acoustics describes well the phenomena happening in both 
elements; 

 Steady state; 

 Low Mach number; 

 Flame is a 0-D element; 

 Constant temperature in each cavity; 

 Same pressure and specific heat ratio ( ) in the two elements. 

Apart from assuming a constant temperature in the whole combustion 

chamber, the other hypotheses can be considered suitable for the cases 

analyzed. In particular, the approximation of the flame as a 0-D element is 

admissible if the flame length is much shorter than the wavelength considered 

[21]. For the frequencies of interest (hundreds of Hz) this condition is respected, 

so the approximation made can be considered acceptable.   

The two-cavity system is sketched in Fig. 3.25, where    and    denote the inlet 

of the injection duct (1) and the outlet of the combustion chamber (2), 

respectively. Hereafter, the same notation (subscripts 1-2) will be used for all 

the magnitudes referred to one of the two cavities.      represents the reflection 

coefficient at the boundaries of the system, and     
    designate the amplitudes of 

plane waves travelling forward (+)/backward (-) inside the two cavities.   

defines the longitudinal variable along the burner, measured from the upstream 
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end of the injection duct ( =0), with  =  at the dump plane and  =  at the 

outlet of the combustion chamber. In this model, the flame is supposed to be 

located exactly at the discontinuity between the injection and the combustion 

chamber, that is, at  = .   

 

Fig. 3.25. Sketch of a two-cavity system 

The main steps that lead to the final formulation used will be briefly described 

in this section; for further details about the derivation of dispersion equation, 

references [34, 35, 38] are recommended.  

According to linear acoustic theory, pressure amplitude is conserved at the 

discontinuity ( = ), whereas a sudden jump can be observed in velocity 

fluctuation, dependent on the ratio between the two areas (    ) and on the 

fluctuation of the heat release rate,   . These two conditions are expressed in 

Eqs. (3.22)-(3.23), where      indicates right (+)/left (-) handed limits, as   

approaches    

               (3.22) 

        
             

      
   

   
   (3.23) 

Assuming harmonic variation of the acoustic variables and of the heat release 

rate, Eqs. (3.22)-(3.23) can be rearranged as follows, where    and   represent the 

mean density and the speed of sound, respectively.   indicates the wave 

number, defined as            , whereas   is the imaginary unit. 

   
    

    
       

     
      

   (3.24) 

 
  
     

    
    

   
  
     

    
       

     
      

    
   

   
   (3.25) 

The upstream and downstream reflection coefficients can be defined as: 

    
  
 

  
         

  
      

      

  
       

      
 (3.26) 
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Rearranging Eqs. (3.24)-(3.25) in order to make explicit    and   , the final 

expression for the dispersion equation is obtained:  

 
                    

       
    

           
    

       

                  
          

    
       

      
    

       
(3.27) 

Where the coefficients    and    depend on both physical parameters and 

geometrical dimensions of the rig: 

    
       
       

        
     
       

   

     
 

  

  
 (3.28) 

The solutions of Eq. (3.27) in terms of   (hidden in the wave numbers,  ) 

represent the natural modes of the system considered. The results will be 

complex numbers, where the real part indicates the natural oscillation 

frequency of the system, whereas the sign of the imaginary part reveals if the 

solution is stable (       ) or unstable (       ).   

3.4.3 Experimental data 

A vast experimental campaign has been carried out in order to obtain results for 

a broad range of operational conditions. Two different combustor lengths have 

been tested (900 and 1,250 mm) for two different fuels: methane and biogas (60-

40). For each fuel and length, experiments have been carried out on five 

different values of  : 0.98, 0.92, 0.86, 0.80, 0.72. Moreover, for the shorter 

combustor, the inlet reflection coefficient    has been varied by adjusting the 

position of the crenelated plug; this position is identified by the coordinate  , 

which expresses the length of the plug teeth inserted into the duct, so  =0 mm 

means that the tip of the teeth is aligned with the base of the injection duct and  

 =25 mm indicates that the plug completely obstructs the inlet. Five different 

acoustic conditions at the inlet of the facility have been tested:  =0, 10, 15 and 

20 mm plus the condition where the plug is completely retired (fully open 

inlet), which will be indicated as  =-inf. 

Most of the operational conditions tested present self-induced pressure 

oscillations which reach a condition of limit cycle, with a magnitude of 

hundreds or even thousands of Pa. The frequency and amplitude of this natural 

fluctuation have been recorded for each test according to the methodology 

exposed in Section 3.2.3. 

Since the FTF is also a required input to solve Eq. (3.27), it was obtained for each 

fuel and   by applying the experimental procedure described in Section 3.2.3. 
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Three out of five conditions considered have already been discussed as a part of 

the analysis performed for CCM, so the related FTF have been already shown 

and their relative characteristics analyzed (see Fig. 3.9 and Section 3.3.4). The 

other two conditions ( =0.92 and 0.80) just increase the granularity of the 

operational conditions investigated, but no major differences have been 

observed with respect to the data presented above. The obtained results are 

shown in Fig. 3.26, but a detailed comparison of them will be skipped, for the 

sake of conciseness.     

 

Fig. 3.26. Gain (top row) and phase (bottom row) for flames of pure methane (left column) and biogas 
(60-40) (right column) at different values of   

Since the outlet of the combustion chamber is open to the atmosphere, the 

downstream reflection coefficient    can be considered equal to -1 [21], whereas 

the value of    has been determined experimentally for each value of   tested, 

following a similar methodology to the one applied to derive FTF. A 

loudspeaker was located at the top of the combustion chamber and the facility 

was excited at the same frequencies considered in FTF measurements (see 

Section 3.2.3).    data were acquired through the five pressure transducers 

located along the injection duct, sampling for 4 s at 4 kHz per each frequency; 

the Riemann invariants for    (and, hence, also for   ) were estimated from the 
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data collected using the multi-microphone method and the reflection coefficient 

could be obtained. Experiments were performed for the two combustor lengths 

considered and injecting a variable air mass flow to the rig, between 0 and 40 

Nm3/h; the values obtained barely change with these parameters, so    can be 

considered a function only of  . The gain and phase of    are depicted in Fig. 

3.27 for the various levels of restriction. The phases obtained for   from 0 to 20 

mm display an almost linear trend, with a slope that slightly increases with  , 

whereas the angles obtained for  =-inf. are almost constant with values around 

π, resembling the acoustic condition of an open boundary. Gain values display 

significant fluctuations in the frequency range explored, so no clear 

interpretation can be inferred about this parameter from the data collected.   

 

Fig. 3.27.    gain (left) and phase (right) for various restriction levels 

3.4.4  Results and discussion 

The amplitudes of the pressure fluctuations obtained for methane and biogas 

(60-40) are shown in Fig. 3.28-a. Both fuels display high    amplitudes, with 

values ranging from 200 to 2,600 Pa and generally higher as the mixture 

becomes leaner. Methane flames reach greater limit cycle amplitudes than 

biogas ones, especially for low values of  , where the difference between the    

registered for the two fuels is about 4 times.  

Methane flames also show higher unstable frequencies than those recorded for 

biogas (Fig. 3.28-b). This difference is higher for richer flames, and decrease 

with air addition to the mixture, mainly due to a decreasing in the frequency 

registered for CH4 cases (biogas frequency is almost constant). The lower 

frequency for biogas flames could be justified by the lower temperatures 

reached with this blend, where CO2 absorbs part of the heat released during the 

combustion process; this is also in line with the behavior depicted by the 

frequencies of methane flames with respect to  . Nevertheless, a more careful 
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analysis (not shown here for brevity) evidenced that the assumption of 

temperature as the unique element affecting the limit cycle frequency may 

result in omitting other phenomena which could affect this parameter in a 

comparable measure. Therefore, a more comprehensive analysis should be 

conducted, where all the parameters involved in the definition of the oscillating 

frequencies are accounted for. 

 

Fig. 3.28. Amplitude (left) and frequency (right) of the main peak in    spectra for methane and biogas 
(60-40). Combustor length=1,250 mm,  =-inf. 

The magnitudes of    reached with the combustion chamber of 900 mm are 

shown in the top row of Fig. 3.29 for methane (left) and biogas (right) as a 

function of  . Methane flames show a stable behavior for the condition of a 

completely open inlet, whereas the strength of the instability grows with the 

obstruction of the injection duct. Moreover, it can be observed that leaner 

flames are more responsive than richer ones to a variation in the inlet acoustic 

condition; in fact, they start showing instability for lower values of   than at 

richer conditions, being  =0.8 the most unstable condition for every restriction 

tested. 

Biogas, as methane, shows very low values of    for  =-inf, with the instability 

triggered as the injection inlet is closed. However, in this case pressure 

amplitude does not increase monotonically with the restriction level, but it 

presents a peak for  =0 mm, with other conditions showing dynamics quite 

similar among each other, independently of   and   values. The same is valid 

for unstable frequencies obtained with biogas flames: almost the same 

frequency is obtained for each restriction tested, and it barely varies with the 

equivalence ratio. 

Frequencies for methane flames, instead, appear to be switching between two 

characteristic modes of the facility: 150 and 135 Hz. These two modes do not 
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depend on the equivalence ratio, while they are sensitive to the value of  . In 

particular, the first characteristic frequency is typical of a completely open inlet, 

whereas the second is triggered by a higher restriction level.  =0 mm 

represents an intermediate condition, where both modes are recorded 

depending on the equivalence ratio.  

For the cases analyzed, it is clear that the inlet acoustic condition significantly 

affects the dynamics of the rig, whereas the interpretation of the frequency 

variation with other magnitudes, such as temperature, is not evident. 

 

Fig. 3.29.    amplitude (top) and oscillation frequency (bottom) for methane (left) and biogas (right), for 
different upstream reflection coefficient. Combustor length=900 mm 

The previous analysis clarifies that the characteristic modes of the rig are not 

determined by a single variable, but the whole bunch of physical parameters 

involved in the thermoacoustics of the system should be considered to define 

correctly the characteristic modes for each operational condition. Therefore, the 

dispersion equation has been used in order to include all the relevant 

magnitudes into the modal analysis. 

The natural modes of the rig have been identified for all the pairs of unknowns 

(real and imaginary part of  ) for which Eq. (3.27) is satisfied. In order to find 
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the solutions, the angular frequency plane has been swept: from 50 to 600 Hz, 

with 0.5 Hz steps, for the real part and from -1,000 to 1,000 rad/s, with 1 rad/s, 

steps for the imaginary part. 

As mentioned before, the temperature inside the combustion chamber (  ) must 

also be defined. The adiabatic temperature is not considered a good 

approximation in this case, due to the significant heat losses through the quartz 

and metal walls of the combustion chamber (see Section 3.2.1). This was 

experimentally confirmed, with temperatures around 400° C measured at the 

outlet of the 1,250 mm combustor. A systematic investigation has been 

conducted to find the best alternative to define the average gas temperature 

inside the combustion chamber, by varying its value as a fraction of the 

adiabatic temperature and comparing the output of the dispersion equation 

versus the experimental values for a fully open inlet. It has been observed that 

the correspondence between experimental and theoretical results reaches an 

optimum when the temperature in the combustion chamber was set at 50% of 

the adiabatic flame temperature, in K, for each operational condition (Fig. 3.30). 

 

Fig. 3.30. Error obtained in the dispersion equation predictions varying the    value for a burner length 
of 1,250 mm (right) and 900 mm (left). Black and grey markers represent methane and biogas cases, 

respectively;  =-inf.   

Another factor to be considered to obtain correct results is a correction of the 

burner length; in fact, to apply correctly the acoustic condition of a completely 

open outlet, the burner must be artificially elongated by a factor           , 

where   designates the hydraulic diameter of the combustion chamber [34, 35]. 

The differences between the frequencies obtained with the dispersion equation 

(   ) and the experimental ones (   ) are represented in Fig. 3.31. The values of 

    have been chosen as the solutions found which presented the lower real part 
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and a negative imaginary part. Overall, differences are below 10 Hz in 90% of 

cases, with a maximum difference of 16 Hz. 

 

Fig. 3.31. Differences between experimental and predicted frequencies. Hollow markers: methane cases; 
full markers: biogas cases. Left: burner of 1,250 mm,  =-inf. Right: burner of 900 mm for different inlet 

restriction settings 

So, despite the simplification of adopting a linear description of the flame 

response (FTF) to model non-linear situations, the results obtained are 

reasonably accurate for a broad variety of cases (changes in equivalence ratio, 

inlet restriction, burner length, fuel). The good match obtained between 

predictions and experimental results might be linked to the low sensitivity of 

the natural modes to the magnitude (gain) of the flame response. In fact, the 

gain parameter is the one distinguishing FTF and FDF, so the results obtained 

seem to be mainly determined by the phase of flame response, irrespectively of 

the gain this function presents. That is the reason why the predictions obtained 

are in line with the experiments, since FTF and FDF phases are very similar for 

the same operational condition. 

An important objective of this study was to assess the suitability of the 

dispersion equation for different fuels. It has been observed that, despite the 

different dynamic response of the two mixtures, the precision of the outputs for 

both blends is comparable, for the whole range of   tested. So, the information 

brought into the equation by the FTF is sufficient to allow distinguishing 

between the dynamic response for the two fuels tested. 

3.4.5 Conclusions 

A systematic variation of operational parameters has been performed in order 

to study how these changes affect both the amplitude and the frequency of 

unstable modes obtained in the experimental facility for methane and biogas 

(60-40) flames. 
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The two fuel blends tested showed a different dynamic behavior when varying 

operational parameters, such as equivalence ratio, acoustic reflection coefficient 

at the inlet of the rig and burner length. In particular, the natural frequencies 

obtained are not well described if the problem is simplified in order to consider 

just one variable, but all the parameters affecting the thermoacoustics of the 

system should be included to obtain suitable results. 

It has been considered that a two-cavity system could be used as a good 

description of the rig used throughout this work. Using a low-order network 

model approach, the thermoacoustics of such system is completely described by 

a unique equation, called “dispersion equation”. The dispersion equation has 

been applied for the whole set of experiments carried out, using as an input the 

linear-regime response of the flames tested (FTF). 

The results obtained using the dispersion equation have shown a good match 

with the experimental frequencies measured, highlighting that the FTF can be 

used also to predict modes in which the flame shows a strong non-linear 

condition. This fact suggests that solutions of the dispersion equation strongly 

depend on the FTF phase (very similar to the FDF one), whereas the FTF 

magnitude barely affects the estimated natural modes. Of course, this deduction 

should be properly validated, but it would allow a strong simplification in the 

prediction of the unstable modes of a burner (i.e., the use of only one curve, 

FTF, instead of a family of curves, FDF). 

The same information has been used for the two different fuels tested, obtaining 

a similar accuracy in the final results. This means that the FTF contains 

sufficient information to describe the impact of changes in fuel composition on 

the estimated modes of the system using low-order network models.  
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3.5 Pseudo-active control of thermoacoustic instabilities 

3.5.1 Introduction 

An accurate prediction of natural unstable modes of gas turbine facilities is 

essential at the design stage, but also for the implementation of control systems 

(especially passive ones), aimed at suppressing the onset of limit cycle 

situations.  

Instability control methods can be divided in two main categories: passive [39] 

and active [40] systems. Passive systems consist of devices aimed at damping 

the acoustic energy generated by the coupling of pressure and thermal 

fluctuations; some examples are quarter-wave tubes, Helmholtz resonators [41], 

perforated plates or acoustic liners [42]. The main advantages of passive 

systems are their structural simplicity and high durability, as well as their 

effectiveness in damping the onset of instabilities [41, 99-102]. Nevertheless, 

they are generally optimized to damp oscillations at a defined frequency, 

lacking flexibility when modes different from the one they have been designed 

for are triggered (in order to overcome this limitation, tunable devices have 

been proposed [101, 103, 104], which modify their natural frequency by varying 

their geometry). Moreover, the optimal location of passive system on the engine 

is usually difficult to be accomplished at theoretical level, and often the 

installation of these devices is experience-guided or based on “trial-and-error” 

experiments. 

Active systems typically operate in closed-loop with a reference signal of the 

unstable condition (normally,   ), activating a dynamic element (a loudspeaker 

or a high-frequency valve) which generates an additional acoustic input aimed 

at decoupling the interaction between    and   . Various works have 

investigated this approach (e.g. [105-108], in Ref. [108] an application at full-

scale is presented) whose major advantage with respect to passive systems is its 

adaptability to frequency variations of the instabilities. However, the elevated 

cost of the equipment, the limited bandwidth of the pulsating valves and their 

potential of making the system unstable [38] are important drawbacks that are 

hindering its use in industrial applications. 

Among the possible active control configurations, one often proposed is the 

injection of a secondary flow of pure fuel in the core of the main flame. It has 

been observed that, in general, the presence of a pilot flame in the combustion 

chamber represents, per se, a source of stability for the system [7, 109-113], even 
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though some communications report cases in which pilot injection supports 

instabilities [109, 114]. Moreover, further reduction of the amplitude of    into 

the burner by up to tens of decibels can be accomplished if the pure fuel 

injection is properly modulated in order to induce an out-of-phase oscillation 

between    and the heat released by the pilot flame [114-118]. 

The implementation of this type of control should be preceded by a careful 

study of the acoustic response of the pilot line, since it determines the 

magnitude and phase of the velocity of the pilot fuel at the combustion chamber 

inlet [119]. Some authors have proposed to take advantage of this natural 

acoustic response to replace the dynamic element (in this case, the pulsating 

valve), using the pressure fluctuation generated in the combustion chamber as 

the driving force which causes the oscillation in the heat released. However, the 

applications proposed for this type of control are mainly focused on the main 

fuel injection [120-124]. Only Richards and co-workers [43, 44] have proposed 

the implementation on a secondary fuel injection in the main air-fuel mixture, 

upstream of the combustion chamber (therefore the mechanisms involved in the 

flame dynamics are substantially different from the ones that govern the 

dynamics of a pure injection into the burner).   

In this work, a novel control system has been proposed, named as ‘pseudo-

active control , which has been implemented and tested on the experimental rig. 

It is based on the tuning of the acoustic impedance of the pilot line, which 

injects a small amount of pure fuel directly in the combustion chamber. The 

instantaneous mass flow rate of secondary fuel will oscillate according to the 

acoustic response of the pilot injection to the    oscillation generated in the 

burner, so the goal is to achieve an out-of-phase oscillation of the heat released 

by the pilot flame with respect to   . The implementation of a similar strategy 

has not been found in the literature, so this system can be considered as a fully 

new concept, at least to the author s knowledge. 

The proposed control system is composed of just purely passive elements, so it 

should be classified as a passive method [124]. Nevertheless, the effect sought is 

comparable with the one obtained with active methods, therefore the system 

has been called “pseudo-active instability control” (PAIC). The final goal is a 

control which presents the cost and robustness of passive systems and the 

versatility of active ones. 

It could be inferred from the PAIC description that the knowledge of three 

magnitudes is essential for the correct design of such a system: 
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 The unstable mode(s) of the facility, since the response of PAIC should 
be calibrated according to the    frequencies  

 The acoustic impedance of the pilot line, which determines how the pilot 
fuel flow is modulated 

 The dynamic response of the diffusion flame, which eventually leads to 
the damping effect sought 

The first magnitude can be obtained from suitable thermoacoustic modeling, 

like the one described in Section 3.4, whereas the acoustic response can be 

obtained either through experiments or through acoustic models of simple 

elements (see [21]). A major challenge in the PAIC design is represented by the 

pilot flame response, since the configuration tested implies that the pilot flame 

is burning in the core of the main premixed flame, making the assessment of its 

dynamics very difficult, as it will be explained in the following paragraphs.    

In this section, the rationale behind the PAIC system, as well as its design and 

implementation and the results obtained, will be summarized. For further 

details, Paper 4 [48] and Paper 5 [49] describe the main findings about the PAIC 

system; they can be found in Section 4. It is worth underlining that the results 

obtained represent a first proof of concept of the possibilities that the system 

proposed would give, but further work is needed to achieve a reliable and 

accurate control system to be implemented at industrial scale. 

3.5.2 Pseudo-active instability control 

The logic behind PAIC implementation is sketched in Fig. 3.32 (top), where     

is the acoustic admittance (inverse of the acoustic impedance, defined in Eq. 

(3.29)), and the subscripts   and   refer to the main flame/fuel (premixed flame) 

and to the pilot injection (diffusion flame), respectively.  

      
          

     
 (3.29) 

The dynamic pressure in the combustion chamber generates fluctuations in the 

pilot fuel flow (  
 ) determined by   

  . In turn, the heat released by the pilot 

flame,   
 , oscillates with a magnitude and a phase that depend on the flame 

transfer function FTFd. The effect sought is represented in Fig. 3.32 (bottom), 

with   
  in opposition of phase with respect to   . 
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Fig. 3.32. Conceptual diagram of PAIC (top) and ideal phase distribution (bottom) 

As mentioned above, a correct design of the PAIC system strongly relies on the 

knowledge of both   
   and FTFd. In particular, the time delay characteristic of 

FTFd results fundamental to suitably design the pilot line in order to obtain a 

  
   value which leads to the phase distribution depicted in Fig. 3.32. 

However, the determination of the response of a pilot flame burning in the core 

of a main premixed one is not trivial. The response of the tiny diffusion flame is 

masked by the heat released by the (much bigger) main premixed flame, and no 

reliable techniques have been found in the literature that could be suitable to 

characterize the dynamics of small non-premixed flames under such conditions. 

Some works have tackled this problem using CFD (e.g., [112, 125]), whereas 

recently Li et al. [126] proposed a model based on   equation, with good results 

in linear range, but presenting low precision in non-linear regimes (i.e. limit 

cycle). 

Since a CFD approach is out of scope for this work, and the system is aimed to 

act during strong self-sustained instability, for this first exploration PAIC has 

been designed considering the uncertainty related with flame response. 

Therefore, a set of   
   values has been tested, which have been obtained 

according to criteria which will be explained later in detail.  

The first results obtained were encouraging, and from them an attempt of 

estimating the phase of FTFd has been made. However, further tests revealed 
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that the effects measured in combustion chamber were not solely due to the 

PAIC system, but are also related to other purely acoustical phenomena, 

superposed to the one caused by PAIC. This superposition does not allow 

performing the estimations of FTFd initially proposed, but the results obtained 

anyhow confirmed a major dynamic effect caused by the PAIC system.  

3.5.3 Strategy for the design of the pilot fuel line 

Theoretical considerations 

In principle, the pilot impedance can be freely adjusted by modifying its 

geometry (in this case, its length). However, since PAIC works as a purely 

passive system, this limits the values of   
   that can be achieved. 

This can be easily deduced if   
   is expressed as a function of the reflection 

coefficient of the duct,  , defined as 

      
    

    
 (3.30) 

where   and   are the Riemann invariants, representing, respectively, the plane 

waves travelling forward and backward with respect to the flow direction.   
   

can be calculated from         as 

   
   

       

       
 

                 

                     
 (3.31) 

For a passive element the amplitude of the reflected wave     at its bottom 

cannot be greater than the incident one    , so that      , while its phase 

presents no particular constraint. This condition implies that the real part of   
   

is always negative (see Eq. (3.31)), confining the   
   values to the left half of the 

complex plane. Also, it can be demonstrated that, for a given     (so, a 

circumference in the complex domain), the values of     also describe a 

circumference whose radius diverges for     tending to 1 (see Fig. 3.33). 
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Fig. 3.33. Possible values of     for a given module of  , with the constraint      . The transformation 
of the curves for    =1, 1/3 and 2/3 are shown. 

These considerations lead to important conclusions about   
  ; in particular its 

absolute value can increase theoretically up to infinity, whereas its phase is 

limited to the interval [90°, 270°]; therefore, the phase between    and   
  can 

only be adjusted in this range. Since the final target is to obtain a   
  oscillation 

out of phase with respect to   , the constraints analyzed represent an important 

limitation (that is, only half of the possible values) to the optimization of PAIC 

system.  

PAIC design and validation 

Once determined the physical limitations of   
  , the other, and most important, 

limitation for PAIC design is the lack of information about FTFd. Due to the 

impossibility of an a priori knowledge of FTFd, the PAIC lengths have been set 

based on the following guidelines: 

 The modulus of   
   should be high, to maximize the amplitude of the 

velocity fluctuations at the injector; 

 The   
   phase should cover most of the physically possible range (180°, 

as shown before), to analyze the effect of the time delay between    and 
  
 . 

These two conditions should increase the pilot flame response in absolute value 

and allow exploring a range in phase as wide as possible, in order to investigate 

a set of cases that may give solid indications about the effectiveness of PAIC.  

Since the unstable oscillation for the combustion chamber considered is around 

110 Hz (see Section 3.4), the values of   
   have been optimized to comply with 

the bullets above in the neighborhood of this frequency. 
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To define the values sought, a 1-D acoustic model was developed to assist in the 

design of the pilot line and, in particular, to select the most convenient tube 

lengths,   (due to the geometrical characteristics of the system proposed, the 

value of   is the one to which   
   is more sensitive). 

The pilot injection has been modeled as an acoustic network composed of the 

orifice, the tube and the final injection. The choked orifice installed at the 

upstream end of the polyamide tube (see Fig. 3.6) represents the upstream 

boundary condition of the system analyzed, and it can be suitably modeled as a 

closed end, that is,  =1 [127]. For the two parts of the pilot pipe (the polyamide 

and the stainless steel one) the model proposed by Peters et al. [128] has been 

applied, which takes into account both the thermal and the viscous damping 

happening in the pipe through the shear and the Prandtl numbers, as well as 

the roughness of the duct surface through an empirical coefficient    (set as 1 

and 2 for the stainless steel and the polyamide tube, respectively). The model of 

the final injector is a combination of a sudden area change (from 8 to 2.5 mm in 

diameter) and a straight tube of 2.5 mm in diameter and 5 mm in length. The 

model used for a sudden area change has been described in [21]. Further details 

about the model developed can be found in Papers 4 [48] and 5 [49]. 

The model led to five values of   compliant with the characteristics defined 

above:  =1.30, 1,50, 1.65, 1.85 and 2.10 m; the correspondent   
   present 

absolute values greater than 10 and a phase range of 125° over a maximum of 

180° physically admissible (Table 3.4). The validation of the model has been 

performed by measuring, in cold conditions, the velocity fluctuations induced 

at the exit of the pilot line by means of a hot wire anemometer, and externally 

exciting the rig with the loudspeakers. The comparison between the 

experimental values and the theoretical ones showed a good match for the 5 

lengths defined (see Fig. 3.34), supporting the suitability of the model proposed. 

A more detailed description about the experimental methods used for the 

validation of the developed model can be found in Paper 4 [48].     
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Fig. 3.34. Theoretical and experimental values of   
   for the selected values of   

Table 3.4. Lengths of polyamide tubes selected for the tests and relative values of   
  at 110 Hz  

Case 1 2 3 4 5 

  [m] 2.10 1.85 1.65 1.50 1.30 

Abs (  
  ) 13.96 27.59 36.65 25.44 12.84 

 (  
  ) [°] 110 126 168 210 235 

3.5.4 Test matrix 

A first test campaign was carried out (see Paper 4) using, as a benchmark, three 

lengths of the polyamide tube ( =0.85, 0.75, 0.65 m) which should yield much 

lower contributions to the dynamics of the system than the lengths listed in 

Table 3.4. In fact, these lengths present absolute values of   
   ten times lower 

than the ones shown in Table 3.4, whereas the phase range covered is 

comparable. 

Table 3.5. Values of   
  at 110 Hz for the PAIC lengths used in the first test series  

Case 7 8 9 

  [m] 0.85 0.75 0.65 

Abs (  
  ) 2.38 1.63 2.27 

 (  
  ) [°] 218 175 132 
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A pilot mass flow,    , of 0.05 Nm3/h (1.66% of the main fuel injected into the 

combustion chamber) of pure CH4 was injected through the pilot channel for 

each PAIC length. Tests were carried out setting the equivalence ratio of the 

main flame to 0.98, 0.86, 0.72; each experiment was repeated twice to ensure the 

repeatability of the values obtained. To compare the dynamics induced by 

varying the value of  ,    amplitude inside the combustion chamber was 

measured. The 8 PAIC lengths tested were designated from 1 to 8, from the 

longest to the shortest one (see Table 3.4 and Table 3.5).     

A second campaign was carried out (see Paper 5), in which the PAIC effects of 

the lengths defined in Table 3.4 were compared for two different values of     

(0.05 and 0.08 Nm3/h) in order to assess the effects of the amount of pilot fuel. 

Moreover, the same tests were also carried out in absence of pilot fuel injection, 

in order to quantify (and verify) the dynamic effects specifically induced by the 

PAIC through the fluctuations in the heat released in the pilot flame. 

3.5.5 Results and discussion 

The amplitudes of the dynamic pressure for the tests performed in the first 

campaign are represented in Fig. 3.35 against the phase of   
   for each tube 

length tested. The results present good repeatability and highlight a big 

difference between the configurations with a high absolute value of   
   (cases 

1-5) and those presenting a low module of their acoustic admittance (cases 6-8), 

with the former presenting a much lower dynamic pressure than the latter. 

Moreover,    values considerably vary also among cases 1-5, presenting a 

minimum almost at the center of the phase range swept. 
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Fig. 3.35.    amplitude versus   
   phase for configurations with high (cases 1-5) and low (cases 6-8)   

   
modules 

The results obtained show how the interaction between the tiny pilot flame and 

the main premixed one leads to changes in the dynamics of the system. In 

particular, pilot line lengths with a higher    
    strongly damp the dynamic 

pressure with respect to those with smaller    
   , and this difference should be 

attributed to the magnitude of the fluctuation of   
 , being this parameter the 

only difference between cases 1-5 and cases 6-8.  

The patterns obtained can be considered as a first evidence that the system 

proposed can considerably reduce the dynamic pressure self-induced in a rig 

during a limit cycle condition. Moreover, a variation in the phase of   
   seems 

to open the possibility to further reductions in   .  

The variation with   
   phase could be related to an optimization of the phase of 

  
 , with the minimum representing a condition perfectly out of phase with 

respect to   . In the lack of information about FTFd, and according to this 

interpretation, the patterns obtained can be used to estimate the phase of FTFd. 

The values of the two repetitions for cases 1-5 have been averaged, and the 
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results have been interpolated through a quadratic curve to identify the   
   

phase corresponding to the minimum. Once this reference point has been 

defined, it is quite straightforward to determine the FTFd phase for each case 

tested. The phasorial diagrams in Fig. 3.36 represent the results obtained. It 

should be noted that, in these graphs, the amplitude of   
  phasors is 

represented proportional to the corresponding   
 , since no further indication 

can be obtained from this analysis about the gain of FTFd. 

This is just one of the possibilities that could explain the results obtained; 

another one could be some dependence of the damping efficacy of the system 

on the magnitude of the modulation induced by   
  , even though the results 

obtained for  =0.72 do not seem to support this hypothesis. Also, the values 

obtained for cases 6-8 depict an opposite trend with respect to the one observed 

for cases 1-5, despite the phase range is almost the same. These data do not 

seem consistent with the approach proposed; however, the values of    
    for 

the cases considered are, as mentioned before, really low (Table 3.5), and for 

case 7 (the one presenting the    peak) it is almost half of the other two. So, the 

projection of   
  on the real axis for cases 6 and 8 might be greater than that for 

case 7, even if the phase of the latter is, in principle, more favorable to damp 

instabilities. Of course, this discussion can be considered just as a hypothesis, 

due to the impossibility of having reliable data about FTFd that could confirm it. 

In any case, the results have shown great potentialities for the PAIC system to 

reduce the strength of thermoacoustic instabilities induced by the constructive 

coupling between the acoustic field of the combustion chamber and the heat 

released by the main flame. In order to further explore the possibilities of PAIC 

system, a second test campaign was carried out. In particular, the first objective 

was to assess if a higher value of     (0.08 Nm3/h) could induce greater 

variations in    and, to set a reference, tests were also performed without 

injecting any pilot fuel. Unexpectedly, this last set of tests provided particularly 

interesting results for the evaluation of the actual role of the PAIC strategy 

proposed as well as to identify other phenomena not initially considered.  
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Fig. 3.36. Estimated phase of FTFd for different equivalence ratios   
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The results obtained for the three pilot injections tested are shown in Fig. 3.37. 

Also for these cases, the experiments have been repeated twice but, due to the 

good repeatability shown (as for Fig. 3.35) and to improve the readability of the 

plot, just the average of the two values has been represented. 

 

Fig. 3.37. Peak value of    vs. the phase of   
  . Test conditions identified by shape and colour of the 

symbols: white/grey/black for 0/0.05/0.08 Nm3/h; // for  =0.72/0.86/0.98. 

It can be observed that a greater pilot injection does not sensibly affect the 

dynamic pressure, with very similar values for the leanest case and slightly 

higher for richer ones when     is increased. 

The tests without pilot fuel injection depict a considerable variation in   , 

whereas an almost constant value was expected. Moreover, they show a 

different pattern (which decreases with the phase of   
  ) with respect to the 

one obtained with pilot flame for  =0.98 and 0.86, whereas this difference 

disappears for  =0.72, with    magnitudes quite similar to the ones obtained 

with secondary injection.  

In order to exclude some external effect that could affect the dynamic pressure 

obtained, the same tests were repeated plugging the secondary injection orifice: 

in this case, the    values obtained showed an almost constant value, so that 

various insights are gained by this comparison:  

 the simple variation of   
   causes an acoustic phenomenon which affects 

   in a measure comparable to the one observed with a secondary flame;  

 the two different patterns observed for the richer conditions with and 
without pilot flame highlight how the interaction of a secondary flame 



Flame Transfer Function: description, interpretation and use for prediction and control                                                                           

of thermoacoustic instabilities in premixed methane and biogas flames 

90 

 

with the main one has an additional effect on the dynamics of the 

system, which superposes to the one induced by   
  ; 

 the additional effect induced by the pilot flame disappears for  =0.72, 
with very similar    values independently of the presence of the pilot 
flame. 

In order to make the analysis more systematic, the mechanisms induced by the 

pilot flame presence will be analyzed separately from the ones caused by the 

pilot injection.  

Analysis of the interaction with the pilot flame 

The differences observed in Fig. 3.37 between the cases with and without pilot 

flame can only be ascribed to phenomena induced by the dynamics caused by 

the presence of secondary, non-premixed fuel. To better assess these 

differences, Fig. 3.38 shows, for each   tested, the ratio between    amplitudes 

obtained with 0.05 Nm3/h of CH4 from the pilot line (designated as      
 ) and 

those measured without pilot injection (  
 ). 

 

Fig. 3.38. Ratio between    amplitudes measured with    =0.05 and 0 Nm3/h, for different equivalence 
ratios, as a function of the length of the pilot fuel injection. 

As observed above, the values are practically the same for  =0.72, whereas they 

show noticeable differences for richer flames as   is changed. In particular, at 

 =0.98 the dynamic pressure is amplified for the shortest and the longest PAIC 

tubes tested, while the intermediate lengths shows no major effect induced by 

pilot flame. When   is set to 0.86, the secondary flame strongly damps the 

dynamic pressure in the combustion chamber for almost all the PAIC lengths 

tested, except for the shortest one, which shows an amplification of   . 
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The behaviors observed clearly support that PAIC system can significantly 

influence the dynamic pressure of the system; in particular, for  =0.98 and 0.86, 

respectively,    increases and diminishes by a factor of 2. Moreover, these 

variations are not constant with  ; hence, the effects observed are not ascribable 

to an offset caused by the introduction of a pilot flame into the system, but they 

must be attributed to the dynamic interaction between the tiny diffusion flame 

and the main premixed one. 

Instead, the leanest condition tested does not show any major variation due to 

pilot injection. This might be due to an enhanced dispersion of the pilot fuel 

before burning. In fact, the luminosity of the flame near the injection was 

reduced as the flame becomes leaner, which also causes a delayed ignition of 

the non-premixed fuel, so that it can be entrained into the main jet and its 

combustion is thought to take place, at least partially, in premixed mode. This 

might explain why for  =0.98 and 0.86 relevant differences have been observed 

with and without secondary injection, whereas no difference can be seen for 

 =0.72. However, these are just tentative conclusions, and a more specific 

analysis would be needed about how the   value could affect the interaction 

between the main premixed flame and the tiny diffusive one (this analysis can 

be considered as a part of the more vast investigation needed to properly 

design PAIC system, that is, a proper definition of FTFd).       

In an attempt to better assess how the main flame and the pilot one interact, 

OH* filtered images were collected and analyzed both injecting pilot fuel (0.05 

Nm3/h) and without pilot injection for  =0.98. The diffusion flame is not 

clearly discernible in the images collected, due to the very low power released 

(1.66%) with respect to the main one. To improve the visibility of the secondary 

flame, some images were recorded changing the filter wavelength from OH* to 

CH* (431 nm) but the resolution of the main flame resulted worse and the pilot 

flame was invisible anyway. 

Several post-processings of the bandfiltered images have been applied in order 

to obtain flame maps that could reveal differences between the cases with and 

without pilot flame, but most of them have not shown any visible variation in 

cases with pilot injection with respect to the ones without any secondary flame. 

The only exception are the CC maps, which allowed detecting some differences 

for some PAIC lengths worth to be analyzed more in depth. 
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Fig. 3.39. Cross correlation maps at  =0.98 for different tube lengths, from top to bottom:  = 2.1, 1.5 

and 1.3 m. Left: no pilot flame; right:    =0.05 Nm3/h    

The maps shown in Fig. 3.39 represent the CC representations without (left) and 

with (right) pilot injection for  =2.1, 1.5 and 1.3 m. It is clearly visible how the 

cases with a secondary flame display active areas at the base of the flame, close 

to the dump plane, whereas the same areas present almost null values with no 

diffusion flame. Therefore, recalling the meaning of CC maps (see Section 3.3), 

this is a clear sign that pilot flame is contributing, either in a constructive or in a 

destructive way, to the main dynamic response of the flame in a slight yet non 

negligible way. In particular, the shortest lengths tested ( =1.5 and 1.3 m) show 

opposite values at the two sides of the flame, which could reveal precession-

related phenomena in that area. For  =2.10 m this antisymmetric pattern is not 

apparent; instead, compared to the case with no secondary fuel, the presence of 
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the pilot flame seems to cause an elongation of the negative spots aligned with 

the V flame. 

The other two PAIC lengths, instead, show no major difference in CC maps 

both injecting pilot fuel and in absence of pilot flame (and, so, they have been 

not reported, for brevity). This is perfectly aligned with the global dynamic 

information shown in Fig. 3.38: the    values obtained for  =1.85 and 1.65 m are 

practically identical both with secondary flame and without it, and so CC maps 

do not show any relevant difference. Instead, cases presenting consistent 

differences in    values (that is,  =2.1, 1.5 and 1.3 m) highlight also a difference 

in CC maps. A further confirmation has been obtained by repeating the test for 

 =0.72: CC maps have not revealed any difference for    =0.05 Nm3/h 

compared with the same cases with no pilot flame, perfectly in line with the 

global results obtained in Fig. 3.38.  

The analysis carried out clearly shows that the dynamic interaction of the two 

flames has significant effects on the amplitude of the pressure fluctuation inside 

the combustion chamber, leading to important increase/decrease of    up to a 

factor of 2. Further analysis is needed to better understand the physics of this 

interaction, but CC maps clearly identified a difference at the basis of the flame, 

which may (should) be attributed to the presence of the diffusion flame; this 

difference disappears where no major variation in    is registered, so there is a 

consistent correlation between the two phenomena.                 

Effects of pilot line length variation with no secondary fuel 

As shown in Fig. 3.37, the variation of   causes a remarkable variation in    

values, even in the absence of a pilot flame. The patterns obtained depict a 

decreasing trend with the phase of   
  , and tests performed with the pilot 

injector plugged confirmed that the variations observed can only be caused by 

the change in the acoustic admittance of the pilot line. 

So, a first hypothesis is that the pilot tube acts as a tunable resonator, and the 

change of its length modifies its effectiveness in damping the instability. To 

verify the plausibility of this hypothesis, the order of magnitude of the losses 

caused by the secondary line has been compared with acoustic energy 

production. 

The acoustic losses,  , have been calculated according to Eq. (3.32), where    is 

the cross sectional area of the injector and      
  is the phase between both 
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variables. From the definition of the acoustic admittance, it can be easily 

deduced that the cosine can be expressed as its real part,       
   .       

   
 

 
          

          
 

  

 

 

    
    

 

 
          

      
 

 

   

    
       

      (3.32) 

The estimated   values range between almost zero losses up to around 1 W, 

depending on the operational condition and, of course, on the value of   
  . 

Therefore, some fraction of the acoustic energy generated in the combustion 

chamber is expected to dissipate in the pilot line depending on the value of   

and operational conditions. 

In order to understand if these losses can be the cause for the variations 

observed in    values, the acoustic source term,  , has been calculated through 

Eq. (3.33), where    represents the heat fluctuation released per unit of volume 

(also considered harmonic in time),   the flame volume and   the ratio of 

specific heat capacities. Assuming that the flame is acoustically compact,    can 

be assumed constant over the flame volume and the integral can be 

approximated as shown in the right hand side of Eq. (3.33).              
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Equation (3.33) has been applied for the various cases tested, yielding estimated 

values of   below 10 W. Although higher, these values are of the same order of 

acoustic dissipation and, hence, the latter may contribute to the observed 

reduction in the amplitude of    .  

As a further analysis, the relationship between the dynamic pressure of the 

combustion chamber and the acoustic losses has been explored for the cases 

tested. The acoustic dissipation tends to reduce the acoustic energy and, at the 

same time, it is proportional to    , so the effectiveness of the dissipation caused 

by PAIC is better represented by the normalized dissipation,       , which is 

proportional to        
    (see Eq. (3.32)). This latter is always a positive 

number, since it is physically impossible that the real part of   
   be positive, as 

shown above.  

The calculation has been performed for a wide set of data, i.e. the different 

acoustic admittances tested, with different amounts of pilot fuel (0, 0.05, 0.08 

Nm3/h). The plot clearly shows an inverse relationship, so the dissipation 

increases with        
   , further confirming that the purely passive dissipation 

at the pilot orifice can contribute to the damping observed in some tests.  
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Fig. 3.40. Amplitude of the limit cycle with normalized acoustic losses, as a function of the flow rate of 
pilot fuel and tube lengths (denoted, respectively, by the different colors and symbols). Left:  =0.86, 

Right:  =0.72.  

The data points display a more defined trend for  =0.72 (right plot of Fig. 3.40), 

probably due to the low influence of the pilot flame in this case. That is 

probably why, for  =0.86 (left plot of Fig. 3.40), the values are more scattered, 

and the same happens for  =0.98 (the pattern obtained is very similar to the 

one obtained for  =0.86, so data have not been shown for brevity). 

Finally, some additional experiments were carried out in cold conditions, in 

order to exclude that some thermal or fluid-dynamic effect could be responsible 

for the    variations in the absence of a pilot flame. For these tests the 

combustion chamber length was set to 750 mm, since this length presents a 

resonant frequency of 100 Hz at ambient temperature, close to the one for 

which PAIC lengths have been optimized; external excitation was provided by 

the loudspeakers.  

The results clearly show a well-defined, negative correlation, further supporting 

that the variation of dynamic pressure observed in absence of pilot flame are 

caused by dissipation induced by the pilot fuel channel. 
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Fig. 3.41.    amplitude vs acoustic losses, both normalized, for tests performed in cold conditions 

This is a result of practical interest, since it widens the possibility of PAIC; in 

fact, a proper combination of acoustic dissipation (caused by   
  ) and 

thermoacoustic damping (induced by an out-of-phase oscillation of   
  with 

respect to   ) would possibly lead to a very effective decrease of the amplitude 

of a self-induced instability. 

In summary, the significant damping obtained with PAIC is due to the 

superposition of two effects: dynamic interaction between the pilot and the 

main flame, and purely passive dissipation at the orifice. It should be noted that 

this in part invalidates the analysis attempted in Fig. 3.36, that is, an estimation 

of FTFd phase, since this reasoning considers   
  as the sole cause of damping. 

This might also explain why cases 6-8 in the first test campaign yielded so 

different    magnitudes with respect to cases 1-5. So, the superposition of the 

two phenomena (the heat release oscillation in the pilot flame and the pure 

acoustic response of the pilot tube) should be accounted for in order to properly 

estimate FTFd. 

3.5.6 Conclusions  

A novel strategy conceived to reduce the amplitude of    in limit cycle 

conditions has been proposed and tested in an experimental combustion rig. 

The system proposed seeks to mimic the effects induced by active controls, but 

involving only passive elements, so that it has been called pseudo-active 

instability control (PAIC). The strategy consists in producing an oscillation in a 

tiny, pilot flame (injected in the core of the main flame) out of phase with the 

pressure amplitude of the system, in order to damp the acoustic energy 
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released. The acoustic response of the injection duct to    is the driving force 

which induces the oscillations in the pilot flame.   

The main difficulty found in the design of the system is the impossibility of 

defining the flame transfer function of the diffusion flame, FTFd. Therefore, a 

wide range of PAIC acoustic responses has been tested, in order to see if the 

system is sensitive to the acoustic characteristics of the secondary injection and 

to look for some conditions in which    is effectively reduced. The 

implementation of PAIC on the experimental rig has led, in some cases, to 

variation of almost two times in the amplitude of    with respect to the value 

obtained without pilot flame, either amplifying or reducing the amplitude, 

depending on the operating conditions. This can be considered as a clear proof 

of the proposed concept. So, these preliminary results suggest that the system 

proposed can be considered as a possible alternative to control thermoacoustic 

instabilities, even though further research is needed to achieve robust PAIC 

designs. 

A key piece needed to make PAIC a reliable system is the knowledge of FTFd. 

The results make clear that the dynamic interaction between the two flames 

causes important variations in    amplitude, but it was impossible to isolate the 

response of the diffusion flame which would be needed to optimize the system 

by achieving out-of-phase heat release in the main and pilot flames. Also, 

another interesting result is the low effectiveness of PAIC when leaner 

conditions are set, probably due to a different combustion behavior of the pilot 

flame when the air surplus is higher. Finally, it has been observed that the 

dynamics of the system is also affected when no pilot flame is present, the pilot 

injection acting as an acoustic resonator which is more or less effective in 

damping the pressure fluctuations depending on its acoustic impedance. This 

makes PAIC even more interesting, since, if suitably designed, it can modulate 

the dynamic pressure in two ways. 

In summary, this preliminary investigation on PAIC demonstrates a good 

potential, making it worth for further analysis. Nevertheless, some key pieces 

would be needed to make the system robust and reliable, the most important 

being the description of the dynamic response of the pilot flame. Therefore, 

future work about PAIC should be focused firstly on the study of FTFd, and 

secondly on the analysis of the differences in the combustion behavior of the 

pilot flame with high and low excess of air. Progress along those lines could 

help to properly design the PAIC system, and so to exploit all its possibilities 

for the control of thermoacoustic instabilities.    
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3.6 Conclusions and future work 

The investigation carried out pivots on the flame transfer function, FTF, as a key 

magnitude in thermoacoustics. In fact, the flame response to acoustic inputs 

results fundamental to conduct a thermoacoustic analysis and, at the same time, 

it still presents grey areas worth of being analyzed more in depth. 

Throughout this work, various facets of thermoacoustic instabilities generated 

in gas turbine burners have been investigated and, in all of them, the flame 

response assumes a fundamental role. In fact, in many cases the FTF has been 

either the objective of the research carried out or a most important input to 

achieve the results. 

The study combines experimental and modeling approaches, in order to gain 

comprehensive insight into the nature and characteristics of thermoacoustic 

instabilities. In particular, great effort has been devoted to conduct a broad 

range of experiments, to give a solid support to the theoretical results obtained.   

Noteworthy, the tests have been performed on both pure methane and biogas 

flames. To the best of the author s knowledge, the literature about the dynamics 

of the latter is limited and, in particular, its FTF has not been reported before. 

Therefore, the analysis of the dynamics of biogas flames and the assessment of 

their FTF represent a further, important added value of this work.  

The first part of the present study is dedicated to a novel procedure to process 

chemiluminiscence flame images. The method proposed is based on the joint 

analysis of local and global fluctuation of the heat released in the flame, to 

obtain the so-called “cross-correlation maps”, CCM. According to the rationale 

behind CCM, the cross-correlation maps highlight the contribution of each 

flame parcel to its global dynamic response (that is, to FTF) both in magnitude 

and in quality (i.e. supporting or damping). The experimental CCM maps 

obtained for both methane and biogas flames show a quite good match with the 

expected theoretical patterns. These representations also reveal that vortex 

shedding is the mechanism which rules the dynamics of the flame analyzed. In 

particular, the zone in which the vortex roll-up occurs has been identified as the 

one which contributes the most to the global flame response. 

The CCM has revealed itself as a simple yet effective method to gain insights 

into the dynamics of the flame analyzed. Three different applications of CCM 

have been proposed, the simplest one needing just a series of bandfiltered flame 

images. In case other relevant parameters were known, CC values can be 
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converted into variables with notable physical meaning, quantifying the “local 

effective gain” as well as the net contribution a flame zone gives to the global 

FTF.  

The analysis performed on final CC maps has led to important insights on some 

features of the local response of each flame zone, also confirmed by local FTF 

measurements. As an example of the potential of CCM in gaining information 

on the dynamics of the flame studied, an assessment of the characteristic flame 

length has been proposed. This magnitude is strictly related to the FTF time 

length, and the regions where CC peaks are found (ascribed to vortex roll-up) 

have been identified as a suitable reference to define this geometrical 

magnitude for the flames analyzed. 

It has been observed that methane and biogas flames share similar patterns in 

terms of CC maps, highlighting that vortex shedding represents the dominant 

mechanism of instability for both fuels. Nevertheless, the characteristic lengths 

determined for biogas are greater than for methane, so confirming what was 

observed in the global FTFs: a higher time delay for biogas flames than for 

methane, which corresponds to longer flames at equal equivalence ratio. All 

these collateral analyses about differences and similarities in the FTF as well as 

the comparison between flame geometries have been duly reported throughout 

the document. 

In summary, the method proposed can represent a suitable option for the 

analysis of the dynamics of premixed flames, since the features captured by 

CCM are not evidenced by the other post processing methods used in the 

literature. This means that CCM should be considered not as alternative to 

other analysis, but as complementary, in order to make an assessment about the 

flame dynamics more complete. The results obtained opens the way for future 

analyses: CCM has been tested just on perfectly premixed flame, and it would 

be interesting for the future also to apply the method on partially premixed 

flames, where two contributions superpose in the observed flame dynamics 

(namely, simultaneous fluctuations in inlet velocity and equivalence ratio).   

The second part of this work consists of a systematic analysis in which various 

operational parameters have been varied in order to study the variation in 

unstable frequency. Tests have been performed for both methane and biogas 

flames, so that an in-depth comparison has been carried out about similarities 

and differences in the dynamic behaviors of the two flames for a broad variety 

of operational conditions. Generally speaking, biogas shows lower instability 
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amplitudes with respect to methane, even though each condition tested shows 

peculiar characteristics. Also, the frequency of oscillation is generally lower for 

biogas flames than for methane ones. 

This second parameter has been deeply analyzed. Firstly, a simple model 

(quarter-wave tube) has been used to estimate the unstable modes of the 

combustor, but predictions were not in line with experimental results. 

Therefore, a slightly more complex model has been adopted: a two-cavity 

system, representing the main features of the experimental facility, has been 

described through the so-called dispersion equation. One of the major 

differences with the quarter-wave tube model is that dispersion equation allows 

including the flame response (in terms of its FTF) as an input. The solutions 

obtained match with the experimental results, so confirming that the dynamic 

response of a flame represents a most important input to accurately describe the 

dynamics of a thermoacoustic system. Moreover, the difference in the modes 

between methane and biogas are well captured by the dispersion equation, 

whereas the variations in unstable frequencies, ultimately due to the differences 

in flame dynamics, cannot be predicted when a simpler model is used. 

Therefore, FTF contains enough information to distinguish between two 

different fuels, and no other input is needed to the model in this regard. 

Even though the study has included a notably comprehensive test campaign, 

addressing the effects of a wide range of operational parameters, a further 

confirmation of the robustness of the analysis could come from tests with 

partially premixed flames or flames produced by other fuels. In the first case, a 

suitable FTF, describing the fluctuations generated by both the injection velocity 

and the equivalence ratio, should be used, to assess if, even in the case of a 

superposition of inputs, the FTF measured in the linear regime contains enough 

information to lead to correct values of the unstable modes of the system.   

The final part of the study is focused on a novel system to control 

thermoacoustic instabilities. This control strategy is intended to damp the 

instability in the burner by spontaneously modulating the heat released by a 

pilot flame injected into the combustion chamber, so exploiting the same 

mechanisms used in an active control. However, the system proposed is only 

composed of passive elements, and the fluctuations are naturally induced by 

the acoustic response of the system to the pressure oscillation generated in the 

combustion chamber by the thermoacoustic instability. So, the device has been 

called “pseudo-active instability control”, PAIC.  
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A major difficulty encountered in the PAIC design is the impossibility of 

describing the response of the pilot flame for the configuration studied. In this 

context, the strategy followed consisted in exploring a range of cases with 

widely differing acoustic properties of the pilot line injection, as a means to 

evaluate the sensitivity of the response (i.e. limit cycle amplitude) to the 

particular conditions and, hence, the actual impact of the proposed strategy. 

With this aim, the length of the pilot injection has been modified, to vary the 

acoustic response of the system so as to cover the widest set of possible cases. 

The results have shown a relevant influence of the pilot flame on the dynamics 

of the system, with changes in the dynamic pressure amplitude by a factor of 

two in some cases (both amplifying and reducing the amplitude). Therefore, 

PAIC can be considered as a suitable option to suppress instabilities in a gas 

turbine burner, even if the design and the effects induced should be 

investigated more in depth. Moreover, PAIC has shown, unexpectedly, a 

considerable effect on the dynamics of the burner even in absence of the pilot 

flame. It has been verified that this influence is caused by the injection line, 

which acts as an acoustic resonator. This could represent a further advantage 

for PAIC, since the pressure oscillation can be controlled by two different 

methods, which can lead to a important mitigations of the instability strength if 

suitably combined. 

As mentioned above, a relevant limitation in this investigation is represented by 

the impossibility of quantifying the acoustic response of the pilot flame; some 

attempts have been made in this work, but the results were not conclusive. 

Therefore, future research on the topic should focus on properly defining this 

function. This would allow for an optimization of the PAIC system and, so, for 

a solid confirmation of the effectiveness of this novel control strategy. 

This report is based on five different papers published either in scientific 

journals or in international congresses, and it is intended as a summary of them. 

Further details on this research work can be found in these publications, which 

are enclosed to this document.            
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a b s t r a c t 

This work proposes a novel methodology to extract useful information on flame dynamics from instanta- 

neous chemiluminescence images in terms of the ‘effective local response’, by means of the so-called 

cross-correlation maps (CCM). Theoretical considerations suggest that CCM presents some advantages 

with respect to other options: it allows filtering out some spurious heat release rate fluctuations, not 

related to the acoustic excitation (either natural or forced) and generates a map of the ‘effective gain’, 

which can be interpreted as the actual contribution of each flame parcel to the global dynamic response. 

The method has been applied to an experimental dataset collected for premixed V flames of methane 

and CO 2 /methane blends, covering a wide range of operating conditions. The results are fully consistent 

with the physical interpretation proposed for the cross-correlation maps, and confirm their potential for 

diagnosing the effective contribution of the different flame regions to the global dynamic response, as 

quantified, for example, in terms of the flame transfer function. With further hypotheses (e.g., n- τ for- 

mulation), CCM can provide further information about some features of the dynamic flame response, 

such as the characteristic flame length related to convective time lag and, hence, to the phase of the FTF. 

Cross-correlation maps are also compared with the spatial distribution of the local Rayleigh index, re- 

vealing a qualitatively similar pattern but also some essential differences, related to the different nature 

of both magnitudes. CC maps reflect the intrinsic dynamic response of the flame, whereas the Rayleigh 

index is related to the spontaneous instability and, hence, depends on the coupling between flame and 

the rest of the system. 

© 2018 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 

1. Introduction 

Due to the very low values of pollutant emissions achieved, 

lean premixed combustion has prevailed among other solutions 

in the gas turbines field, and nowadays represents the leading 

technology for these plants [1] . However, lean flames are more 

prone to combustion dynamics [2] , a phenomenon due to in- 

phase coupling between pressure fluctuation ( p ′ ) and heat release 

oscillation ( Q 

′ ) in the combustion chamber [3] . The instability 

grows due to the acoustic energy supplied by the flame, in a way 

determined by its dynamic response. Hence, even though these 

are system instabilities, an adequate description of flame response 

is one of the main objectives in this field. 

∗ Corresponding author. Present address: Fluid Mechanics Group, School of Engi- 

neering and Architecture, María de Luna, 3, 50018 Zaragoza, Spain. 

E-mail address: ballester@unizar.es (J. Ballester). 

The flame transfer function (FTF) is normally used to character- 

ize the linear, global flame response, in terms of Q 

′ amplitude, to 

inputs which can affect heat release rate fluctuation (equivalence 

ratio, �′ , and/or inlet velocity, u ′ [4,5] ), as a function of frequency. 

The paramount importance of this parameter in the study of 

thermoacoustics justifies the large number of works devoted to 

determine FTF and to investigate its characteristics in different 

configurations. For the most common case of perfectly premixed, 

V-shaped flames, many studies coincide in that their FTF presents 

a low-pass filter behavior in gain and an almost linear trend in 

phase [6–12] . 

The global response of the flame, as quantified by its FTF, is 

the result of the dynamic response of different flame regions, 

each contributing with widely different magnitudes and phases. 

Hence, the bulk Q 

′ could actually reflect the dynamics of some 

flame portions, whereas other regions may even present negative 

contributions and, so, would tend to damp the response to an 

acoustic excitation. Since all these features are lost in the spatial 

https://doi.org/10.1016/j.combustflame.2018.05.005 

0010-2180/© 2018 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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Nomenclature 

Latin 

f frequency 

G gain of flame transfer function 

I intensity of bandfiltered radiation 

i normalized radiation intensity 

K constant, as defined in Eq. (10) 

L characteristic convective length 

N im 

number of images 

N px number of pixels per image 

n gain of the n − τ model 

p pressure 

Q heat release rate 

q normalized heat release rate 

T integration time 

t time 

u injection velocity 

V mean convective velocity 

Acronyms 

CCM cross correlation map 

FFT fast Fourier transform 

FTF flame transfer function 

PMT photomultiplier tube 

PT pressure transducer 

RI Rayleigh index 

Greek 

σ standard deviation 

τ time delay of the n − τ model 

ϕ phase of flame transfer function 

� equivalence ratio 

ω angular frequency 

Overscripts 

() mean quantity ̂ () fast Fourier transform 

Superscripts 

() ′ fluctuation 

Subscripts 

ex , f relative to external acoustic forcing 

x denotes a local value of the variable at a generic lo- 

cation x 

integration of Q 

′ , some kind of space-resolved diagnostic should 

be employed to analyze the local contribution of different flame 

zones to the global response. The proportionality between the 

chemiluminescence emission at certain wavelengths (e.g., CH 

∗

or OH 

∗ bands) and the instantaneous heat release rate [9,13–

15] makes the analysis of bandfiltered images of the flame a most 

valuable tool in this respect, although the process needed to ex- 

tract the relationship between global and local response is not so 

obvious. 

Some information about the flame dynamic behavior can 

be obtained from time averaged maps of the heat released 

by the flame (analyzed either from line-of-sight integrated or 

Abel-deconvoluted images [9,10,16–18] ), by extracting selected ge- 

ometric characteristics of the flame, such as length, angle, aspect 

ratio (see, for example, [17,19] ), which have been used as inputs 

to model the global response of laminar V flames [20,21] and 

turbulent, swirl-stabilized ones [22] . Local time averaged values, 

however, are not representative of the local dynamic response 

of the flame parcels. Alternatively, the standard deviation of the 

chemiluminescence intensity recorded at different locations could 

be used as a measure of local fluctuations [23–26] . It should 

be noted, however, that fluctuation maps could be influenced by 

spurious contributions such as spatial flame movements (e.g., wob- 

bling), broadband fluctuations (e.g., due to turbulence) or noise, 

which do not actually contribute to the global thermoacoustic 

response of the flame, as represented by the FTF. 

Phase-locked chemiluminescence images have been widely ap- 

plied for the analysis of flame instabilities (e.g., [10,18,26–30] ). This 

is a most valuable tool to reconstruct and interpret the dynamic 

flame behavior along an oscillation cycle. However, how to extract 

from phase-resolved maps statistically meaningful information on 

the effective contribution of different regions to the global Q 

′ is 

not at all obvious. As a possibility, phase-locked images can be 

further processed to obtain the spatial distribution of the Rayleigh 

index (see, e.g., [31–34] ). This is a most relevant magnitude in 

thermoacoustics, since it expresses the acoustic energy gener- 

ated by the coupling of pressure and heat release oscillations [3] . 

Therefore, the RI map describes the role of different flame areas, in 

which acoustic energy can be either generated or damped (respec- 

tively due to in-phase or out-of-phase oscillation with respect to 

p ′ ). Nevertheless, it is important to note that RI maps describe the 

coupling between the flame and the acoustics of the whole system 

and, hence, do not inform on the intrinsic response of the flame. 

Alternatively, if chemiluminescence images are acquired at 

high frame rates, the frequency content of local heat release rate 

oscillations can be determined by performing the fast Fourier 

transform (FFT) on every pixel. Among other advantages, this 

procedure filters out spurious fluctuations not related to the 

acoustic excitation or to a specific oscillation mode. This approach 

has been applied in a few works [16,35] , demonstrating the very 

good potential of local FFT to describe in detail the dynamics of 

the flame. However, as it will be discussed later, the effective 

role of different zones in building global Q 

′ cannot be ascertained 

directly from these maps and further processing of FFT would be 

required, in particular to evaluate the actual synchrony between 

local oscillations and global flame response. 

Therefore, the magnitude of local oscillations in a given flame 

region may not be indicative of its actual contribution to the 

global response of the flame, as quantified in terms of bulk Q 

′ or 

FTF. In this work, the approach proposed to address such analysis 

is the evaluation of the ‘ effective local contribution ’ of different 

portions of the flame to its global response and, to this end, a 

novel methodology based on ‘ cross-correlation maps ’ (CCM) is 

proposed. In its simplest form, this approach only requires a series 

of instantaneous, low frame rate, bandfiltered flame images, which 

are converted into 2D maps directly related to the magnitude of 

the share of global response associated with different flame por- 

tions. A very preliminary version was presented in [36] , showing 

its potential for the qualitative assessment of distributed dynamic 

response. That development was parallel to the method used in 

[37] , based on the so-called ‘ heat release rate index maps’ , which 

was successfully applied to diagnose the role of different flame 

zones in the global dynamic response. 

In this article, the physical interpretation of CC maps is dis- 

cussed and expressed in terms of the parameters of local and 

global FTF. The results of CCM analysis are illustrated here for 

a wide range of swirl-stabilized, perfectly premixed flames of 

methane and CO 2 /methane blends. First, the experimental fa- 

cility, instrumentation and conditions of the tests carried out 

are described. Section 3 summarizes the main features of the 

flames studied, in terms of FTF and various chemiluminescence 

maps. The rationale behind the cross-correlation method is ex- 

plained in Section 4 . The analysis and discussion of the results 

obtained is performed in Section 5 , while the main conclusions 

are summarized in Section 6 . 
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Fig. 1. Experimental rig and instrumentation. 

2. Experimental Method 

2.1. Experimental rig 

The experiments were carried out in the combustion rig 

sketched in Fig. 1 . It is an atmospheric, swirl-stabilized premixed 

combustor, consisting of a plenum, an annular duct and an op- 

tically accessible quartz combustion chamber. Compressed air is 

conveyed through a pipeline in which the fuel, supplied from 

pressurized tanks, is injected through a multi-orifice injector. 

Both air and fuel flows are regulated in closed-loop with thermal 

mass flow controllers. The air-fuel mixture is then split into two 

branches of the same length and is injected into the plenum 

through two choked orifices. This configuration guarantees perfect 

premixing and, at the same time, decoupling of air and fuel flow 

rates from pressure fluctuations in the combustion chamber. So, 

fluctuations in equivalence ratio and mass flow rates are negligible 

and the flame dynamics is solely due to modulation in the burner 

injection velocity. 

The plenum is connected to the combustion chamber by means 

of an annular duct with outer and inner diameters of 40 and 

25 mm, respectively. An axial swirler with six 30 ° vanes (geomet- 

rical swirl number S = 0.48) is located 380 mm upstream of the 

dump plane. The combustion chamber is cylindrical, with 120 mm 

in diameter and a total length of 400 mm. The first 220 mm are 

made up of a quartz tube, providing full optical access to the 

flame. A stainless steel tube forms the last 180 mm, with the exit 

open to the atmosphere (acoustically open end condition). 

2.2. Instrumentation 

Five piezoelectric pressure transducers (PT thereafter, PCB 

103B02) were installed along the annular duct at different 

positions between the swirler and the injection plane. The multi- 

microphone method [38] was applied to determine velocity 

oscillation at the injection plane from the five pressure signals. 

Another PT located at the back plate was used to measure pressure 

fluctuations inside the combustion chamber. 

A photomultiplier tube (PMT thereafter, Hamamatsu H5784- 

03), fitted with an interference filter (310 ± 5 nm, suitable for the 

OH 

∗ band), was mounted perpendicular to the quartz section at a 

radial distance of 370 mm, in order to determine the instantaneous 

heat release rate from the whole flame volume. An intensified CCD 

camera (ICCD, Hamamatsu C8484-05) equipped with a UV lens and 

a band-pass filter (310 ± 5 nm) was employed to record the spatial 

distribution of the chemiluminescence emission due to OH 

∗. The 

exposure time was set at 80 μs, much shorter than the period 

of the highest frequencies detected in the flame ( < 10 0 0 Hz), so 

that the ICCD images can be considered as instantaneous. Global 

heat release rate fluctuation, Q 

′ , may be derived from both the 

photomultiplier signal or, by summing up all pixels, from ICCD 

images. In fact, the consistence of the results obtained with both 

methods was specifically verified, so that the photomultiplier 

is not actually necessary as the ICCD camera could provide all 

radiation information. 

Two loudspeakers (350 W, 10 ′′ , Eminence DELTA-10A) powered 

in phase by the same amplifier were installed at both ends of the 

plenum in which the air-fuel mixture is injected. They provided 

the acoustic excitation necessary to study the dynamic response 

of the flame in terms of both the FTF and OH 

∗ chemiluminescence 

maps. 

2.3. Tests performed 

The experiments were performed on pure methane flames, 

at three different equivalence ratios ( �= 0.98, 0.86 and 0.72), 

in order to cover a broad range, from nearly stoichiometric to 

lean conditions. The air mass flow rate was adjusted to set the 

equivalence ratio values, while the fuel flow rate was maintained 

constant (3 Nm 

3 /h). 

Two different diagnostics were carried out for each condition: 

FTF measurement and recording of OH 

∗ filtered flame images. FTF 

was measured by exciting flames from f ex = 50 to 600 Hz (above 

600 Hz, the flames did not show any response to excitation) with 

10 Hz steps. Both pressure and photomultiplier signals were sam- 

pled at 4 kHz during 4 s (16,0 0 0 data) for each excitation frequency. 

For each � tested, 500 OH 

∗ chemiluminescence images were 

recorded with the ICCD at a frequency of 7 fps, both without and 

with external excitation; in these tests, four excitation frequencies 

(90, 150, 230, and 400 Hz) were selected to study flame dynamics 

for widely different frequencies and to compare it with unforced 

flames. The dynamic pressure in the combustion chamber and 

the PMT signal were sampled at 20 kHz and recorded together 

with the ICCD trigger, with a common temporal reference in order 

to synchronize the images with the pressure fluctuation and to 

calculate local and global Rayleigh indices. 

In all tests, the dynamic response of the flame to acoustic 

forcing was within the linear range. This was specifically verified 

by increasing the magnitude of the input voltage up to 2.5 V, and 

checking that the FTF measured presented negligible variations in 

the entire range of frequency tested. Due to this, the input signal 

to the amplifier was set to a constant voltage (2.5 V), although 

the u ′ amplitude achieved for each condition varies due to the 

different response in frequency of both loudspeakers and facility. 

Table 1 lists the normalized amplitudes reached at the frequencies 

for the tests using the ICCD. 

The same experiments were performed also on biogas flames 

(blends of methane and CO 2 , at 85–15 and 60–40% by volume, 

respectively). Addition of CO 2 led to changes in the dynamic 

response of the flames, which is primarily ascribed to a decrease 

in flame temperature due to dilution, since the tests were de- 

signed to keep constant the values of � and ū with respect to 
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Fig. 2. Mean OH 

∗ chemiluminescence maps at different equivalence ratios. Axes scale in cm. 

Fig. 3. FTF gains (left) and phases (right) varying �. τ values calculated from the slope of the phase plot are also indicated. 

Table 1 

Values of | u ′ | / ̄u for the ICCD tests. 

�

f ex [Hz] 

90 150 230 400 

0.98 4.0% 6.6% 15.0% 3.0% 

0.86 7.0% 5.5% 15.0% 2.8% 

0.72 4.4% 4.7% 12.7% 2.5% 

pure methane cases. For brevity, biogas cases have been omitted 

throughout most of this article to avoid redundancy in the presen- 

tation and discussion of the results since, as briefly summarized in 

the Conclusions section, those results just confirmed the findings 

obtained from methane flames regarding the application and 

interpretation of the cross-correlation method. 

3. Analysis of the flame dynamics 

In the first place, the main features and the dynamic response 

of the flames studied in this work will be described in terms 

of OH 

∗ chemiluminescence maps and FTF measurements. The 

flames display the usual V shape, as shown in Fig. 2 for differ- 

ent stoichiometries, without acoustic forcing. These pictures are 

the average of 500 instantaneous ICCD frames and, hence, are 

depth-integrated maps of local mean OH 

∗ chemiluminescence 

(designated as Ī x ). A consistent evolution of the flame shape and 

dimensions with fuel-air ratio is apparent and some reduction 

in peak intensities can be observed for lean flames, in spite of 

maintaining an almost constant heat input; this is ascribed to the 

fact that OH 

∗ emission decreases as the mixture becomes leaner 

[15,39,40] . No significant variation in flame length and shape can 

be observed in mean flame maps when acoustic excitation is 

applied; for example, Fig. 2 -left is a non-forced case which can be 

compared with the bottom-left image in Fig. 4 . 

The FTF measured at the three different � studied are rep- 

resented in Fig. 3 . In all cases, the gain ( G ) of the FTF behaves 

as a low-pass filter and the phase ( ϕ) depicts an almost straight 

line. Similar results have been reported in previous works for CH 4 

flames [10,11,22,27] . The linear behavior of the FTF phase can be 

interpreted as a constant time delay ( τ ) between the Q 

′ and u ′ 
signals, irrespectively of excitation frequency. The value of τ was 

calculated from the slope of the phase diagram and the results are 

indicated in the legend of Fig. 3 b. 

To analyze more in depth the phenomena involved in the flame 

dynamics, Abel-deconvoluted maps of the average heat released 

by the flame along a cycle have been examined. The reference 

to phase-lock the images is the pressure fluctuation recorded by 

the PT at the dump plane; the pressure cycle has been divided 

into 34 parts ( ≈10.6 ° each), with a minimum of 12 images per 

phase interval. Since the dynamics of the flame was very similar 

across the cases tested, only one condition will be analyzed here 

( �= 0.98, f ex = 230 Hz), in terms of phase-resolved maps at 45 °
steps along the pressure cycle ( Fig. 4 ). Average line-of-sight and 

Abel-deconvoluted maps, as well as the line-of-sight fluctuation 

map are included. 

Maps clearly show how the main fluctuations of the heat 

release rate are produced by the movement of the upper region 

of the flame. This flapping motion begins at 135 °, where the 

downstream part of the flame starts to wrap itself towards the 

outer zone. This rolled zone increases its intensity and dimensions 

and moves downstream along the cycle, until 315 °. Here the 

wrapped structure gradually disappears and the flame tip recovers 

the original V shape and, after 90 °, the cycle starts again. 

This fluctuating mechanism is apparently due to coherent 

macrostructures shed at the dump plane and convected down- 

stream. These vortices impinge on the flame front, and drag it 

along their rotating direction. The flame tip winds around the 

vortex kernel when the coherent structure reaches the down- 

stream zone of the flame, causing large periodic perturbations in 

that region, whereas the visible effect of vortices is much weaker 

at the flame base. The nature and role of the vortex shedding 

phenomenon as one of the main instability mechanisms in lean 
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Fig. 4. Top and middle row: Abel-deconvoluted maps of the heat released (averaged within 10.6 ° intervals) along the pressure cycle at �= 0.98, f ex = 230 Hz. Bottom row: 

mean intensity map, depth-integrated (left) and Abel-transformed (center), and line-of-sight fluctuation map σ ( I x ) (right) for the same condition. 

premixed flames has been reported and analyzed in many previous 

works (e.g., [4,9,11,12,18,24,41] ). 

As mentioned before, also the presence of the swirler may 

generate fluctuations of heat release rate due to the modulation in 

swirl number. These fluctuations would result in a breathing move- 

ment of the internal recirculation zone of the flame, causing cyclic 

changes in the flame angle which can be easily detected from fluc- 

tuations of the heat released at the flame base [24,26] . However, 

the flame angle barely varies for the case analyzed, suggesting that 

no significant variations in instantaneous swirl number occurs for 

the flames studied. Also, the rms map included in Fig. 4 clearly 

shows that the highest heat release fluctuation is produced at 

the vortex roll-up region, whereas the flame base presents very 

low magnitudes, indicating that swirl number fluctuations barely 

contribute to flame dynamics in these particular cases. Finally, 

the shape of FTF gain curves shown in Fig. 3 a also supports this 

conclusion. Fluctuations in swirl number generally cause peaks 

and hollows in the gain curve, due to the constructive/destructive 

interference between the flame tip and the flame base oscillations 

(respectively induced by vortices and swirl number fluctuations) 

[16,24] ; the smooth variation of FTF gains observed further 

confirms a negligible role of swirl number modulation in this 

case. 

The same behavior was observed for the other cases analyzed. 

It is worth mentioning that this undulating evolution of the V 

flame is much less appreciable in phase-locked maps obtained 

for f ex = 400 Hz. This is probably due in part to the low level 

of | u ′ | / ̄u achieved for this excitation frequency and to the fact 

that the flames analyzed are more responsive to lower frequency 

excitations than to higher frequency ones, as evidenced by the 

low-pass filter behavior depicted by the FTF gains ( Fig. 3 a). 

4. Cross-correlation maps 

This work describes a novel method to extract meaningful 

information on the dynamic response of the different regions 

of the flame from chemiluminescence images. A notably simple 

procedure is applied to obtain the so-called ‘cross-correlation 

maps’ (CCM), revealing flame patterns very different from most 

of the maps normally analyzed, like average or, in some cases, 

fluctuation of the intensity. As already explained for earlier ver- 

sions of the CCM method [36] , cross-correlation maps present 

the advantages of filtering out all heat release rate fluctuations 

but those caused by injection velocity oscillation and of showing 

the actual contribution, either positive or negative, of each flame 

parcel to the global Q 

′ . The theoretical basis of the CCM as well as 

the procedure to derive them from chemiluminescence images are 

detailed in this section. 

4.1. General formulation of CCM 

The flame transfer function is defined as in Eq. (1) (where the 

overscript ‘ ̂ ’ indicates the Fourier transform of the variable and i 

the imaginary unit), and it can be generally described by a gain, 

G , and a phase delay, ϕ, both only depending on frequency, since 

the flame response is considered linear in this work. 

F T F 
(
ω f 

)
= 

ˆ Q 

(
ω f 

)
/ ̄Q 

ˆ u 

(
ω f 

)
/ ̄u 

= G 

(
ω f 

)
· exp 

[
−iϕ 

(
ω f 

)]
(1) 

Considering a harmonic oscillation for the injection velocity at 

the forcing frequency, ω f , ( Eq. (2) ) the flame response induced can 

be obtained by applying the corresponding FTF gain, G , and the 
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phase delay, ϕ, at the considered frequency, as shown in Eq. (3) . 

u 

′ (t) = u 

′ 
0 · cos 

(
ω f t 

)
(2) 

Q 

′ (t) = 

u 

′ 
0 

ū 

· Q̄ · G ( ω f ) · cos 
[
ω f t − ϕ( ω f ) 

]
(3) 

In real, turbulent flames, other fluctuations may occur simul- 

taneously to those due to acoustic excitation. So, heat release rate 

oscillation at position x , Q 

′ 
x , can be split in two contributions ( Eq. 

(4) ): the first one is the fluctuation due to the acoustic forcing at 

ω f (designated as Q 

′ 
x, ω f 

) while the second one is due to effects 

not related to u ′ and includes all frequencies ω j different from ω f 

(indicated as Q 

′ 
x, ω j 

). 

Q 

′ 
x ( t ) = Q 

′ 
x, ω f 

( t ) + Q 

′ 
x, ω j ( t ) (4) 

The dynamic response at point x due to the acoustic forcing 

can be expressed, using flame transfer function de-composition 

[10,42] , in terms of the local FTF (characterized by gain G x and 

phase ϕx : F T F x ( ω f ) = G x ( ω f ) · exp [ −i ϕ x ( ω f ) ] ) as: 

Q 

′ 
x, ω f 

( t ) = 

u 

′ 
0 

ū 

· Q̄ x · G x ( ω f ) · cos 
[
ω f t − ϕ x ( ω f ) 

]
(5) 

The global dynamic response, quantified in terms of Q 

′ ( t ), is 

the outcome of the combined response of all flame elements, 

Q 

′ 
x (t) . However, the magnitude of Q 

′ not only depends on those 

of local fluctuations, but also on how well they are synchronized. 

Therefore, both the amplitude and phase of local and global heat 

release rates need to be analyzed in order to extract the part of 

Q 

′ 
x (t) actually contributing to Q 

′ ( t ) (and, hence, to the FTF). The 

method proposed here, based on Eq. (6) , is thought to constitute 

a simple yet effective method to achieve that goal. The integral in 

Eq. (6) is the average cross-correlation of the variables Q 

′ ( t ) and 

Q 

′ 
x (t) for zero time lag, averaged over a length of time, T , much 

longer than the period of the forcing signal. The local heat release 

rate, Q 

′ 
x (t) , can be split as indicated in Eq. (4) : 

Q 

′ ∗ Q 

′ 
x = 

1 

T 

∫ T 

0 

Q 

′ ( t ) · Q 

′ 
x ( t ) dt = 

1 

T 

∫ T 

0 

Q 

′ ( t ) · Q 

′ 
x, ω f ( t ) dt 

+ 

1 

T 

∫ T 

0 

Q 

′ ( t ) · Q 

′ 
x, ω j ( t ) dt (6) 

The last term is the average product of a periodic signal, of 

angular frequency ω f , with a sum of periodic signals of different 

frequencies. If this integral is averaged over a sufficient long period 

of time, the result goes to zero. Therefore, all the spurious heat 

fluctuations, not related to the acoustic forcing, are filtered out in 

Eq. (6) . 

On the contrary, the first integral represents the product of two 

waves of the same frequency, so its final result will not be null. If 

the global and local heat release rates are written as a function of 

their respective transfer functions, the first term in Eq. (6) can be 

written as: 

Q 

′ ∗ Q 

′ 
x = 

1 

T 

∫ T 

0 

(
u 

′ 
0 

ū 

)2 

· Q̄ · Q̄ x · G ( ω f ) 

·G x ( ω f ) · cos 
[
ω f t − ϕ( ω f ) 

]
· cos 

[
ω f t − ϕ x ( ω f ) 

]
dt (7) 

Using the trigonometric identity 2 · cos (a ) · cos (b) = cos ( a − b ) 

+ cos ( a + b ) , and since the second term of this identity also 

vanishes when averaged over a sufficiently long time, T , the final 

result is given in Eq. (8) . 

Q 

′ ∗ Q 

′ 
x = 

1 

2 

(
u 

′ 
0 

ū 

)2 

Q̄ · Q̄ x · G ( ω f ) · G x ( ω f ) 

· cos 
[
ϕ x ( ω f ) − ϕ( ω f ) 

]
(8) 

The function Q 

′ ∗ Q 

′ 
x can then be normalized by the average 

heat release rates with all space-independent parameters grouped 

in a lumped constant, K ( ω f ), to give: 

q ′ ∗ q ′ x = 

Q 

′ ∗ Q 

′ 
x 

Q̄ x · Q̄ 

= K( ω f ) · G x ( ω f ) · cos 
[
ϕ x ( ω f ) − ϕ( ω f ) 

]
(9) 

K( ω f ) = 

1 

2 

(
u 

′ 
0 

ū 

)2 

· G ( ω f ) (10) 

The function q ′ ∗ q ′ x is, therefore, proportional to the gain of the 

local FTF, G x ( ω f ), but also depends on the relative phase between 

global and local heat release rate. The cosine term introduces a 

correction on the local gain, related to the synchrony between 

local and global fluctuations of the heat release rate. For example, 

if ϕ x ( ω f ) = ϕ( ω f ) , all the fluctuations in heat release rate at 

flame position x contribute to global Q 

′ , whereas the parcels at 

which ϕ x ( ω f ) − ϕ( ω f ) = π have a damping effect on the response 

to the acoustic excitation, or they do not contribute at all if 

ϕ x ( ω f ) − ϕ( ω f ) = π/ 2 . Therefore, q ′ ∗ q ′ x properly describes the 

spatial distribution of the ‘ effective ’ local FTF gain and provides 

an alternative description of the flame topology with respect to 

its dynamic response, which may reveal effects not visible in the 

various types of flame maps normally used in the field. 

At this point, it should be noted that there exists a parallelism 

between some of the expressions included above and the defini- 

tion of Rayleigh index, with the difference that the latter involves 

the pressure signal p ′ ( t ) instead of Q 

′ ( t ). Despite the obvious 

formal similarity, there are fundamental differences between the 

results, and their interpretation, obtained with both approaches. 

For the sake of clarity, this discussion is postponed and will be 

specifically addressed at the end of Section 5 . 

The CCM method will be applied to the flames studied in 

this work. To do so, OH 

∗ chemiluminescence maps have been 

processed according to Eq. (9) . Assuming that the intensity at pixel 

x, I x , is proportional to local heat release rate, Q x (both are depth- 

integrated values), cross-correlation (CC) maps can be calculated 

from experimental data through Eq. (11) , where i ′ ∗ i ′ x denotes the 

value of q ′ ∗ q ′ x as estimated from chemiluminescence images: 

i ′ ∗ i ′ x = 

∑ N im 
j=1 

(
I ′ x ·

∑ N px 

k =1 

(
I ′ x 
)

k 

)
j 

N im 

· Ī x · Ī 
(11) 

Ī x and I ′ x represent respectively the mean and fluctuating com- 

ponent of the intensity collected at pixel x , while Ī is the mean 

OH 

∗ intensity for the whole flame, calculated by summing up all 

pixels of the mean, line-of-sight integrated map. The calculations 

are done over N im 

instantaneous images, each one consisting of 

N px pixels. 

4.2. Formulation for n - τ model 

Further insight into characteristic parameters related to the 

flame response may be gained for some particular functional forms 

of the FTF, namely for the n - τ model. This FTF model has been 

chosen since it suitably approximates the dynamic response of the 

flame studied, in particular because of the almost linear variation 

of the phase with f ex (see Fig. 3 ). In the following analysis, the 

global and local dynamic response will be expressed using the 

parameters ( n , τ ) for the global FTF and ( n x , τ x ) for the local one. 

So, following the usual notation, FTF gains will be written in terms 

of the proportionality factors ( n ( ω f ) ≡ G ( ω f ) and n x ( ω f ) ≡ G x ( ω f )), 

while the FTF phase can be expressed as proportional to a sen- 

sitive time lag, so that ϕ( ω f ) = ω f · τ , ϕ x ( ω f ) = ω f · τx . So, Eq. 

(9) can be rewritten as: 

q ′ ∗ q ′ x = K( ω f ) · n x ( ω f ) · cos 
[
ω f · ( τx − τ ) 

]
(12) 
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Fig. 5. Theoretical patterns obtained from Eq. (13) for different � (left) and f ex (right). 

Sensitive time lags can be related to characteristic velocities 

and lengths. Whereas plausible values can be proposed for the 

characteristic propagation velocities (depending on the coupling 

mechanism, it can be the speed of sound, the velocity in the 

premixing duct or a relevant flow velocity along the flame), much 

less obvious is to identify suitable characteristic lengths in some 

cases. As it has been shown in previous works, in general at least 

three characteristic dimensions are needed to describe an FTF of 

a turbulent, perfectly premixed, swirling flame (two concerning 

the flame and one representative of the swirl effect [19,22,26] ). 

For example, time lags associated with swirl number modulation 

should be related to the distance between swirler and injection 

plane. Convective distances in the flame should represent the 

length ‘typically’ traveled by a fluid parcel between injection and 

the location where it is burnt. In this case, however, there are no 

geometrical references that can be used and representative flame 

distances need to be derived from some kind of flame map. 

Various studies have investigated the characteristic convec- 

tive flame length, L , involved in the FTF time lag. The definition 

of this distance not always coincides among different works: 

L has been defined by some authors as the total flame length 

[38] or as different fractions of it [5,11,12,18] ; some works identify 

L as the distance at which the maximum heat release occurs 

[17,35,43–45] while others relate it to the center of mass of the 

flame [19,27,46] . In this context, CC maps could represent a valid 

alternative to identify a flame zone suitable to define this charac- 

teristic flame distance. It is important to note that, by no means, 

this implies that L is always the only relevant length related to 

the sensitive time lag. As mentioned before, the delay in the 

flame may need to be combined, for example, with that of swirl 

perturbations inside the premixing duct (see, e.g., [19] ). However, 

in the flames analyzed in this work, no significant effects due 

to swirl number modulation were detected, so that the sensitive 

time lag can be only ascribed to the convective delay along the 

flame. Therefore, τ can be estimated as the ratio between a char- 

acteristic flame length, L , and a related propagation velocity, V . 

Similar considerations can also be applied to the distributed FTF 

and, so, τ x ∼ L x / V x . If the convective velocity is considered to be 

approximately constant along the jet path, V ∼ V x and τ x / τ ∼ L x / L . 

So, the cosine term in Eq. (12) can be reformulated as 

cos 
[
( ω f · ( τx − τ ) 

]
= cos 

[ 
ω f · τ ·

(
L x 

L 
− 1 

)] 
(13) 

This suggests that the cross-correlation maps should exhibit 

along the jet path a sinusoidal evolution with respect to the dis- 

tance to the injection plane. This is illustrated in Fig. 5 , where Eq. 

(13) is plotted for different cases. Figure 5 a shows the results for 

flames excited at a fixed frequency of 90 Hz and three � values, 

with very similar results, due to the small differences in τ (see 

Fig. 3 ). As shown in Fig. 5 b, higher excitation frequencies result in 

a corresponding decrease in the spatial wavelength of q ′ ∗ q ′ x along 

the flame path. As it will be shown later, these theoretical patterns 

are reproduced in the experiments when the function q ′ ∗ q ′ x , as 

determined from experimental data, is plotted against the distance 

L x . Since the cosine exhibits a peak at L x = L , this sort of curves 

could provide a valid alternative to easily identify a characteristic 

flame length associated to the global convective time delay, τ . 

5. Results and discussion 

5.1. Experimental results 

Eq. (11) has been applied to the chemiluminescence images 

recorded for the case at �= 0.98 forced at 230 Hz and the cross- 

correlation map obtained, in terms of i ′ ∗ i ′ x , is represented in Fig. 

6 a. It is interesting to compare the flame pattern revealed by 

this CC map with the images shown in Fig. 4 for the same test. 

Whereas the mean intensity and the standard deviation show sig- 

nificant values, respectively, over most of the flame volume and at 

the outer edge of the flame, the CC map displays a sequence of 

spots, with alternating negative/positive values, aligned with the V 

flame sheet. To better assess the position of these areas with re- 

spect to the flame region, the location of the V flame has been 

overlapped in Fig. 6 b. These shadowed areas were determined as 

the pixels in the Abel-transformed map ( Fig. 4 ) with intensity ex- 

ceeding 45% of the peak value; the white, solid lines mark the cen- 

ter of these regions. In general, the zones with significant values 

(both negative and positive) in the CC map are located at the outer 

edge of the flame sheet. These spots gradually move outwards, so 

that most of the last peak falls outside the V flame (their relative 

position with respect to the flame cone is clearly seen by com- 

paring the enhanced zones with the white line). The relative loca- 

tion of the peak values, both positive and negative, in the CC map 

with respect to the shadowed area is considered a relevant and re- 

vealing result: first, this demonstrates that the strongest dynamics 

may perfectly occur outside the main average flame location (and, 

hence, average intensity maps should not be used to determine 

variables related to dynamic response) and, second, the pattern re- 

vealed by the CC map is perfectly consistent with vortex shedding 

as the main instability mechanism in this case, causing intermit- 

tent heat release at pockets located at the outer edge of the flame. 

A distinct, fundamental feature of CC maps is the existence of 

areas with negative values, indicating oscillations in heat release 

rate which are out of phase with respect to the global Q 

′ . Hence, 

these regions tend to damp the response of the flame to acoustic 

forcing, in contrast with other regions showing high positive 

values and, hence, contributing to the total Q 

′ or, equivalently, 

to the FTF. This oscillating pattern can be observed more clearly 

in Fig. 6 c, where the solid line represents the evolution with the 
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Fig. 6. a) CC map for a methane flame at �= 0.98 and forced at 230 Hz; b) Superposition of the combustion zone (shadowed area), as identified from the Abel map of Fig. 

4 , on the CCM map (the white, solid line indicates the center of this area); c) comparison between i ′ ∗ i ′ x values along the shadowed area in (b) and the theoretical curve 

(dashed line) predicted from Eq. (13) for 230 Hz and τ= 5.6 ms. 

axial distance, L x , of i ′ ∗ i ′ x integrated across the width of the shad- 

owed area. Both axes have been normalized in order to compare 

the obtained pattern with the theoretical one expressed by Eq. 

(13) (deduced under the assumptions of proportionality between 

τ x and L x , and global and local FTF described by an n − τ model), 

which has also been plotted in Fig. 6 c. Once the Y and X axes are 

normalized respectively with the magnitude and L x at the i ′ ∗ i ′ x 
peak, the experimental results display a remarkable similarity with 

the theoretical curve, supporting the validity of the theoretical 

considerations behind the CCM method and, hence, the physical 

interpretations proposed for the cross-correlation maps. According 

to Eq. (9) , the continuous increase of the amplitude of i ′ ∗ i ′ x oscilla- 

tions in Fig. 6 c can be ascribed to an almost monotonic increment 

of the local FTF gain, G x , with L x , since K ( ω f ) is a constant for a 

given operational condition (this point will be analyzed below in 

greater detail). Also, these results may serve to determine a flame 

zone suitable to define the ‘characteristic flame length’ (associated 

with the convective delay between u ′ and Q 

′ ). This characteristic 

length was noted as L in Eq. (13) and, according to Fig. 6 c, it can be 

easily determined as the distance at which the i ′ ∗ i ′ x peak occurs. 

The intuitive interpretation as well as the theoretical derivation 

of L obtained from the CC maps are thought to clearly make it 

a physically plausible and valid option, among other definitions 

obtained from different kinds of chemiluminescence maps. 

In general, the initial value of the theoretical sinusoidal function 

has to be taken into account when matching experimental and 

theoretical patterns. In fact, the combination of Eq. (13) behavior 

with that of the local gain (which, according to the observations, 

tends to zero at the dump plane and increases monotonically with 

L x ) could lead to discrepancies between the two curves when L x 
tends to zero (unless also the theoretical oscillation goes to zero 

for L x = 0 , as for the case in Fig. 6 ). However, these differences 

are limited to the very first portion of the curves. Very similar 

conclusions to those derived from Fig. 6 can be obtained for other 

experimental conditions when analyzing the CCM results. 

CC maps have been calculated from depth-integrated chemi- 

luminescence images, but other options could be considered. An 

alternative would be, for instance, to first calculate tomography- 

transformed images before applying the CCM analysis. However, 

since the CC maps reveal essentially toroidal structures with 

very low values at the inner flame core, the distortion due to 

line-of-sight integration is almost negligible with respect to the 

actual radial profiles, at least for the considered cases. 

The CCM method was applied to analyze the spatial patterns 

representing dynamic flame response for the different combus- 

tion conditions explored in this work; the results are shown in 

Fig. 7 . The cross-correlation values represented in those maps have 

been post-processed by dividing i ′ ∗ i ′ x , calculated with Eq. (11) , by 

K ( ω f ), as defined in Eq. (10) . K ( ω f ) is a constant for a given test 

(and, hence, CC map) and is only a function of data involved in 

FTF calculation: gain and normalized velocity fluctuation for each 

equivalence ratio and forcing frequency. This is an alternative way 

to analyze cross-correlation results. Non-normalized data, as those 

shown in Fig. 6 a, can be directly obtained from chemiluminescence 

images, with the advantage of not requiring FTF information. But 

if FTF is known, CC values normalized in this way can provide 

additional information. According to Eq. (9) , this normalization 

yields: 

i ′ ∗ i ′ x 
K( ω f ) 

≈ q ′ ∗ q ′ x 
K( ω f ) 

= G x ( ω f ) · cos 
[
ϕ x ( ω f ) − ϕ( ω f ) 

]
(14) 

The right-hand side of Eq. (14) not only depends on the gain of 

the local FTF but also accounts for the phase difference between 

global and local heat release rate. Therefore, normalized CC maps 

calculated with Eq. (14) directly quantify the contributions of the 

different flame regions to the global dynamic response of the 

flame to acoustic excitation, which justifies describing them as 

‘ effective local gain ’. 

In most cases, Fig. 7 display flame patterns very similar to 

that observed in Fig. 6 . There is, however, the exception of the 

tests forced at 400 Hz, with a much more noisy appearance, which 

will be discussed below. As in Fig. 6 , the CC maps for frequencies 

of 90, 150 and 230 Hz show alternating positive/negative spots 

along the outer edge of the V flame, with absolute magnitude 

growing with axial distance. The number of cycles increases with 

the forcing frequency, in coincidence with the behavior predicted 

by combining CC mapping and the n - τ model (see Eq. (13) and 

Fig. 5 b). Peak values in the range 5–13 have been obtained, which, 

according to the interpretation proposed above, indicate a very 

high ‘effective local gain’ over small toroidal volumes, always 

located surrounding the flame tip. It should be noted that, in all 

cases, those peak values exceed by far the gain of the global FTF 

( G in the interval 1–3 for those frequencies, see Fig. 3 ). Obviously, 

this difference is explained by the fact that the global FTF gain is 

an average (weighed with Q̄ x ) of local contributions, which also 

include flame portions with weak response (e.g., near the dump 

plane) and with negative contributions (even < −5, immediately 

upstream of the regions with largest positive values). Kim et 

al. [10] obtained analogous results, with local gains significantly 

higher than the global one, for CH 4 –H 2 M-flames (although the 

local gain data in [10] were determined with a different method 

and represent an average over the cross section). 

This behavior is thought to be perfectly consistent with fluctu- 

ating heat release due to vortex shedding, which, as discussed in 

Section 3 when analyzing Fig. 4 , appears to be the dominant mech- 

anism of the instability for the cases analyzed. The spots indicate 

the impingement of the coherent structures on the flame front, 

causing flame area fluctuations at the outer edge of the shear layer 
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Fig. 7. Normalized CC maps, ( i ′ ∗ i ′ x ) /K( ω f ) , for different equivalence ratios and forcing frequencies. 

clearly highlighted by CC maps. The toroidal volume with peak 

local gain mentioned above coincides with the vortex roll-up zone 

seen in Section 3 , where the highest instantaneous heat release oc- 

curs and which mostly determines the global Q 

′ (and hence, global 

FTF). At the same time, the CC maps demonstrate that the regions 

immediately upstream of those peak values exhibit heat fluctua- 

tions which are out-of-phase with the bulk response of the flame. 

Most of the maps obtained for 400 Hz do not show the os- 

cillating pattern along the flame jet path, at least as clearly as 

observed for lower frequencies. This is ascribed to the causes 

already discussed in Section 3 , which result in small amplitude 

oscillations along the flame, more affected by experimental uncer- 

tainties and causing the noisy profiles obtained. A consequence of 

this is the low G value at this frequency, which, together with the 

low amplitude of u ′ (both included in the denominator of Eq. (14) ) 

magnify the effect of noise in normalized CC maps, reaching peak 

values > 15, probably unrealistic. 

The ( i ′ ∗ i ′ x ) /K( ω f ) maps shown in Fig. 7 describe the ‘effective 

local gain’ of the FTF. This is a useful description of the dynamic 

response of the flame but it should be noted that, since the 

intensity fluctuation has been normalized by the average value Ī x , 

( i ′ ∗ i ′ x ) /K( ω f ) values do not inform on the absolute contribution 

of a flame portion to the global FTF. As indicated, e.g., in [10] , the 

global FTF can be calculated from the local ones as a summation 

weighed with the mean value of the local heat release rate, Ī x . 

Therefore, this defines an alternative formulation of CC maps in 

terms of ( i ′ ∗ I ′ x ) /K( ω f ) , obtained by multiplying ( i ′ ∗ i ′ x ) /K( ω f ) 

by the average local intensity, Ī x . Both magnitudes have different 

physical interpretations: ( i ′ ∗ I ′ x ) /K( ω f ) is a measure of the ab- 

solute contribution of a flame portion to the global FTF, whereas 

( i ′ ∗ i ′ x ) /K( ω f ) is the ‘effective local gain’, as defined in Eq. (14) . 

Figure 8 displays this alternative definition for a few cases, 

which can be directly compared with the corresponding normal- 

ized form in Fig. 7 (second row). Even though the peak areas at 

the flame tip become slightly smaller, the general pattern is very 

similar since, for the cases analyzed, Ī x is almost constant along 

the shear layer; this also produces ( i ′ ∗ I ′ x ) /K( ω f ) values almost 

proportional to those of ( i ′ ∗ i ′ x ) /K( ω f ) maps. So, the differences 

between the two CC formulations are considered important for a 

quantitative analysis and for the calculation of global FTF from lo- 

cal contributions, and they can offer two alternative descriptions of 

the flame dynamics. Nevertheless, as the general pattern obtained 

for the particular cases tested is very similar, and the values pro- 

portional to those of Fig. 7 , no further analysis will be performed 

in terms of ( i ′ ∗ I ′ x ) /K( ω f ) for the flames studied (however, this 

similarity is not thought to necessarily occur for the general case). 

The sinusoidal shape of the effective local gain can be better 

illustrated by means of its evolution along the V flame. The same 

procedure described above to build Fig. 6 c was applied to all 

cases, with the results shown in Fig. 9 . The curves exhibit the 

features already noted above. First, the wavelength is inversely 

proportional to the forcing frequency, as predicted by Eq. (13) and 

illustrated in Fig. 5 under the assumptions of n − τ response 

and constant convective velocity. Second, the amplitude of the 

oscillation gradually grows until reaching a maximum near the 

tip of the flame. According to Eq. (14) , the curves shown in 

Fig. 9 could be further analyzed to determine the local FTF gain, 

G x , from the local maxima/minima along the different curves. 

These points almost satisfy ϕ x ( ω f ) − ϕ( ω f ) = kπ (where k is an 

integer) and, hence, cos = ± 1. The results are shown in Fig. 10 and 

indicate that, in all cases, the local gain gradually increases until 

reaching a maximum (some scattering is shown, probably related 

to the fact that the first peak does not satisfy the condition of 

cos = ± 1 for all conditions, as explained above). Actually, to derive 

Fig. 9 it was assumed that the FTF obeys the n − τ model and, 

hence, the local gain so estimated is n x ( ω f ). This parameter was 
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Fig. 8. ( i ′ ∗ I ′ x ) /K( ω f ) maps for methane flames at �= 0.86 forced at 90 (left), 150 (middle) and 230 Hz (right). 

Fig. 9. Oscillations along the jet path for CC maps of Fig. 7 . 

Fig. 10 . Evolution of ( i ′ ∗ i ′ x ) local maxima/minima values (normalized with the 

respective peak value) along the flame axial distance. Symbols: ( ♦) �= 0.98; 

( �) �= 0.86; (o) �= 0.72 – grey levels vary with f ex , as indicated in the legend. 

also determined from local FTF measurements in [10] for CH 4 –H 2 , 

M-shaped flames, with results very similar to those obtained here, 

only based on OH 

∗ chemiluminescence images. 

5.2. Comparison with other chemiluminescence maps 

Cross-correlation maps are thought to provide a different and 

original perspective of the local flame dynamics, complementary 

to other chemiluminescence maps, such as the ones representing 

either the mean heat release rate or its fluctuation. Nevertheless, 

other processing methods give results that are more closely linked 

with the information contained in CC maps, so it seems worth 

comparing the different approaches. 

As mentioned in the introduction, FFT processing can be ap- 

plied locally as a means to analyze the magnitude of the local 

response. This approach has been successfully applied in some 

previous works to investigate the nature of flame dynamics in 

different situations [16,35] . However, it must be noted that the FFT 

value at a point informs about the amplitude of the local response 

but it does not describe the actual contribution of the flame zone 

to the global flame response, since this also depends on how well 

Q 

′ and Q 

′ 
x are synchronized. Therefore, the FFT results at each 

pixel would need to be corrected by taking into account the phase 

with respect to the global Q 

′ ( t ), which may result in a significantly 

different result, not only in magnitude but also even in the sign. 

Whereas this post-processing could be performed to determine 

CC maps from local FFT data, it requires additional operations and 

also high frame rate images. The CCM has much lower require- 

ments in this respect, since the Nyquist criterion does not need to 

be fulfilled and the cross correlation can be calculated from image 

series with much longer intervals, as long as the image series are 

sufficiently representative of the whole cycle. 

The parallelism between CC and RI formulation has been 

already pointed out in Section 4 . In fact, the oscillating pattern 

observed in the CC maps is visually similar to the Rayleigh index 

maps for forced flames reported in [32–34] . Also, the definition 

of the local Rayleigh index ( Eq. (15) ) exhibits a remarkable formal 

similarity with that for the cross correlation ( Eq. (6) ), except 

that in the RI formula Q 

′ ( t ) has been replaced by the pressure 

fluctuation, p ′ ( t ). 

R I x = 

1 

T 

∫ T 

0 

p ′ ( t ) · Q 

′ 
x ( t ) dt (15) 

Since, p ′ ( t ) is practically constant over the flame volume and 

fluctuates at the same frequency as Q 

′ ( t ), the similarities between 

both maps is not surprising at all. As an example, both CC and RI 

maps are shown in Fig. 11 for a methane flame at �= 0.98, forced 

at 230 Hz; in order to better visualize and compare both variables, 

Fig. 11 c represents their evolution along the flame sheet, following 

the same procedure described above for Fig. 6 c. As shown in 

Fig. 11 , both maps exhibit practically the same pattern, apparently 

only differing in the spatial phase. Also, the curves in Fig. 11 c 

for CC and RI display very similar shapes (sinusoidal evolution 

with amplitude growing with axial distance), but with a phase 
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Fig. 11. (a) CC and (b) RI maps for methane flame at �= 0.98 externally excited at 230 Hz; (c) normalized oscillations pattern along the jet path. 

Fig. 12. (a) CC and (b) RI maps for CH 4 –CO 2 (60-40% in volume) flame at �= 0.98 in a condition of self-sustained instability; (c) normalized oscillations pattern along the 

jet path. 

difference close to π /2. Practically the same lag was determined 

between p ′ ( t ) and Q 

′ ( t ) signals (not shown here for brevity), consis- 

tently with the different variables involved in RI and CC definitions. 

However, this shift in the oscillating patterns, and the con- 

sequent different values associated to each flame area, is by no 

means a secondary aspect, but reveals an essential difference 

between CC and RI maps. In fact, the inherent physical meaning 

of the two magnitudes is different. As it has been discussed, CC 

maps are only related to the dynamics of the flame and describe 

the effective contribution of the different flame zones to the global 

FTF. In contrast, RI is a measure of the production or suppression 

of acoustic energy, as a result of the coupling between the flame 

response and the acoustics of the whole system. Therefore, for 

example, a positive RI value of a flame zone does not imply that 

this area is contributing to the global flame response to u ′ (or 

any other instability mechanism), as it can be clearly observed by 

comparing Fig. 11 a and b. These substantial differences make the 

results obtained with CCM and RI complementary for what con- 

cerns the thermoacoustic analysis, but absolutely not correlated 

(the only option would be to reprocess the data by accounting for 

the phase between p ′ and Q 

′ to transform RI into CC maps). 

According to this interpretation, the only case in which the two 

maps would be expected to show similar results is when p ′ ( t ) and 

Q 

′ ( t ) signals oscillate perfectly in-phase, as it approximately hap- 

pens in limit-cycle situations. Pure methane flames did not present 

a sustained pressure oscillation at any operational condition, there- 

fore a mixture of CH 4 and CO 2 (60-40% in volume, respectively) 

was used. At �= 0.98, this fuel showed a moderate, self-sustained 

pressure fluctuation at 240 Hz. Figure 12 shows the two maps (CC 

and RI) obtained for this condition, as well as their associated 

fluctuation patterns calculated along the jet path. As expected, in 

this case, the CC and RI maps display a remarkable resemblance, 

and the respective curves ( Fig. 12 c) fluctuate almost in phase (and 

so do the temporal oscillations of p ′ ( t ) and Q 

′ ( t )). Therefore, CC 

and RI maps lead to the same results uniquely in the case of a per- 

fect synchronization between the two global variables considered 

by both methods (it should be noted that even in unstable cases 

CC and RI maps may not coincide, since the phase between p ′ ( t ) 
and Q 

′ ( t ) may adopt any value between –π /2 and π /2). As it has 

been noted above, the information contained in CC maps could be 

obtained by correcting RI values according to the relative phase 

between p ′ ( t ) and Q 

′ ( t ). However, this adds unnecessary complica- 

tions, since CC calculations are quite straightforward from a series 

of chemiluminescence images, and do not require the phase-locked 

analysis involved in Rayleigh index processing or even the mea- 

surement of p ′ ( t ). Moreover, the quantitative analysis afforded by 

normalized CC maps in terms of local gain is not possible from RI 

maps. Finally, it should be noted that, whereas cross-correlation is 

expected to yield meaningful information on the dynamic response 

of flames for both forced and non-forced conditions, in general the 

Rayleigh index concept does not apply to velocity-forced flames. 

6. Conclusions 

In this work, a novel method, based on the so-called ‘cross- 

correlation maps’ (CCM), has been presented as a valid tool to 

determine the effective local response of the various flame zones. 

The theoretical analysis indicates that this flame mapping method 

is an effective way to determine the actual contribution of the 

different flame regions to the global flame dynamics. Moreover, 

significant practical advantages of this method are its notably low 

instrumentation and processing requirements. 

Different versions of CC maps can be obtained, depending on 

the information available. In its simplest form, CC mapping only 

requires a series of instantaneous chemiluminescence images, 

representative of the oscillation cycle, but which do not need to be 

phase-locked or acquired at high frame rates. CC maps calculated 

by simply applying cross-correlation processing on instantaneous 

OH 

∗ images can be interpreted as a qualitative description of the 

synchronism of the local response of the flame with respect to the 
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global heat release fluctuation. If the global FTF is known, those 

primary results can be normalized to obtain a quantitative descrip- 

tion, in terms of the ‘effective gain’ of the local FTF (i.e., its compo- 

nent in phase with the global flame response), or to estimate the 

net contribution of the different flame regions to the global FTF. 

This method has been applied to a wide range of situations 

involving turbulent, swirling premixed V flames. The CC maps 

derived from recorded OH 

∗ images display a sequence of spots 

alternating negative/positive values along the outer border of the 

flame sheet, whose number and magnitude increase, respectively, 

with the forcing frequency and with the axial distance from the 

dump plane. This pattern, and the fact that peaks in CC maps fall 

on the outer edge of the main flame, are thought to well highlight 

vortex shedding as the main instability mechanism in the flames 

studied. More detailed information and further confirmation of 

the proposed physical interpretation of CC maps can be gathered 

if both global and local FTF are described by n − τ models: 

• The proportionality between the wavelength of the alternating 

spots in CC maps and the forcing frequency is easily explained. 

• Local FTF gain monotonically increases from the dump plane to 

the flame tip. 

• The characteristic flame length associated with the convective 

time lag normally found in the FTF can be determined from 

the location of the peak value in CC maps. 

Although not shown here for brevity, the same procedure was 

applied to biogas flames. The addition of CO 2 resulted in some 

quantitative differences with respect to analogous methane cases 

(e.g., longer flames, longer u ′ − Q 

′ delay times). However, from 

the point of view of the applicability and interpretation of the 

CCM method, which is the main objective of this work, biogas 

tests served to confirm all the conclusions described for methane 

flames for a wide range of situations. 

A comparison of the CC method with others which can provide 

similar information has been performed, and, in particular, a 

parallelism between the CCM process and the Rayleigh index one 

has been analyzed. CC and Rayleigh index maps present similar 

oscillating patterns, due to the formal similarity of their respec- 

tive formulations. However, a difference in phase can be noticed 

between the two maps, which varies according to the thermoa- 

coustic conditions. This is an essential difference between both 

maps, related to their different physical meaning. The information 

provided by CC maps, in terms of the ‘effective local response’ 

might be also obtained from other descriptions of flame response 

(like RI maps or local FFT data), if they are suitably post-processed, 

so as to obtain precisely the same magnitude as that calculated in 

the cross-correlation analysis. 

In summary, cross-correlation maps derived from chemilumi- 

nescence images are thought to provide an alternative and useful 

perspective of the flame pattern regarding its dynamic response. 

Also, remarkable advantages of the CCM method are the very lim- 

ited information required and the simplicity of the data processing 

involved. 
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USE OF FLAME TRANSFER FUNCTION                               
TO PREDICT COMBUSTOR UNSTABLE MODES 
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Laboratory for Research on Fluid Dynamics and Combustion Technologies (LIFTEC), CSIC - University of 

Zaragoza, María de Luna 10, 50018 Zaragoza, Spain 

email: eluciano@liftec.unizar-csic.es 

The use of low-order network models to predict the natural modes of a burner is a very useful 

tool especially during the early stage of combustor design. In particular, the prediction of the 

unstable modes, which can generate limit cycle conditions, is a major objective of these simula-

tions. A few studies have shown that the flame transfer function (FTF), i.e. linear flame re-

sponse, can also be used to predict unstable, non-linear modes, both in their frequency and in 

their growth rate. In order to further assess the validity of this approach, predictions with this 

simplified method have been compared with experimental results for a broad range of condi-

tions, in most cases reaching limit cycle regimes. Two different fuels, methane and biogas, have 

been studied for two different burner lengths and varying both the equivalence ratio and the up-

stream reflection coefficient. The results of the model coincide quite well in their real part with 

the experimental frequencies measured, while the imaginary part of the solution reveals the in-

stability of the modes obtained. So, the results validate the viability of this approach for a broad 

range of operational conditions, including the differences in dynamic flame response between 

methane and biogas.   

 
Keywords: Flame Dynamics, Dispersion Equation, Limit Cycle, Flame Transfer Function 

 

1. Introduction 

Lean premixed combustion has become the leading technology in gas turbines field because of 

its high efficiency combined with very low pollutant emissions [1]. However, combustion dynamics 

has risen as a major problem since lean combustion has shown proneness to the coupling of flame 

heat flux fluctuation (Q’) with pressure oscillations in the combustion chamber (p’). 

According to Rayleigh’s criterion [2], the in-phase oscillation of these two magnitudes, if their 

product is greater than irreversible losses, produces a strong increment of p’ fluctuation, eventually 

reaching limit cycle conditions, which can cause serious damages to the hardware. 

Prediction of instability modes is an important objective, especially at the early stage of combus-

tor design. Two main approaches can be followed [3]: on the one hand, the direct calculation of 

both acoustic waves and unsteady heat release through CFD simulations is a possibility, even if 

really onerous at computational level. On the other hand, the development of simplified network 

models, in which burner elements are modelled using linear acoustics (in terms of transfer or scat-

tering matrices) and, then, are connected in series, has shown a high potential to identify unstable 

ranges. 

Previous works suggest that linear acoustics correctly describes the behaviour of the system, ex-

cept for the flame response [3, 4].Therefore, an accurate model of non-linear flame dynamics com-

bined with simple transfer matrices of the other elements may provide good predictions of the un-

stable modes of the system studied. 
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In this context, many authors have performed simulations combining linear models of the burner 

elements and non-linear flame dynamics (e.g., [3-6]), which can be resumed by a family of curves 

called flame describing function (FDF). Nevertheless, some studies successfully used the flame 

transfer function (FTF), i.e. the linear flame response, for the prediction of natural unstable modes 

[7-10]. The use of FTF, instead of FDF, as an input to the model significantly simplifies the proce-

dure to describe the dynamic response of the flame and, so, it reduces the effort and time required to 

predict combustor stability. The results obtained in previous works are encouraging, and the objec-

tive here  is to explore in a systematic way a relatively wide range of operational conditions, includ-

ing fuel composition, in order to evaluate the feasibility of predicting unstable modes based on sim-

plified descriptions of the system and, especially, of the flame response.  

In this work, a simplified model, called dispersion equation, has been used to predict unstable 

modes of a lab-scale, gas turbine burner using FTF as an input. A wide range of possible situations 

has been explored, which includes variations in geometry (burner length, upstream reflection coef-

ficient), equivalence ratio and fuel composition. In particular, a specific objective was to evaluate 

the ability of the model and of the FTF to successfully capture the impact of changes in fuel proper-

ties on combustor stability. With this aim, the experimental results for both methane and biogas 

flames have been compared with the predictions of the model. The formulation of the dispersion 

equation is developed in Section 2, while Section 3 describes the experimental rig as well as exper-

iments performed and instrumentation used. Section 4 is dedicated to the results discussion, and the 

main conclusions are summarized in Section 5. 

2. Dispersion equation 

Figure 1 shows a simplified scheme of the burner used for the experiments, which will be used 

as a reference to develop the model. Further details are given in Section 3. This combustion rig can 

be modelled as a two-cavity system and, for the frequencies of interest, the flame can be considered 

compact. Therefore, the low-order network model of the entire system can be reduced to a single 

equation, called dispersion equation. The main steps which lead to the final formulation of the 

model are outlined in this section; for a more in-depth analysis, references [7, 11, 12] are recom-

mended.  

 

Figure 1. Scheme of the burner (all dimensions in mm).  

𝐴1,2
+,−

 represents plane waves travelling forward (+)/backward (-) inside the injection duct (1) and 

combustion chamber (2). The same notation will be used from now on to designate variables in both 

sections (1, 2) and propagation directions (+, -). Supposing small values of Mach number and con-

stant mean pressure (p) and specific heat ratio (γ) in both elements, according to linear acoustic the-

ory pressure fluctuation is conserved at the discontinuity (x=b), while there is a sudden jump in ve-

locity oscillation, dependent on the area (S) variation and on the fluctuation of heat release rate, Q’ 
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(the flame is assumed to be located very close to the dump plane).These conditions are expressed in 

Eqs. (1-2), where 𝑏+,− indicates right (+)/left (-) handed limits, as x approaches b.   

        )()( 
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Assuming a harmonic variation of both acoustic variables and heat release rate, continuity condi-

tions can be reformulated as in Eqs. (3-4), where ρ and c represent the mean density and the speed 

of sound, respectively. k is the wave number, defined as )( uck   , with ω and u designating 

angular frequency and mean flow velocity, respectively. 
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Upstream and downstream reflection coefficients (R1 and R2) can be defined as in Eq. (5), where 

L indicates the total length of the rig: 
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Rearranging Eq. (3) and (4), in order to make R1, R2 and FTF explicit, leads to the dispersion 

equation (Eq. (6)), which completely describes the burner acoustics: 
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 Γ1 and Γ2 are two variables dependent on physical parameters and rig dimensions, as shown in 

Eq. (7), where Q indicates the mean heat flux.    
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(7) 

Solutions of Eq. (6) in terms of ω (hidden into k values) are the natural modes of the burner. The 

solutions are complex numbers, whose real part indicates oscillation frequency, while the sign of 

the imaginary part reveals if the solution is stable (Im(ω)>0) or unstable (Im(ω)<0). The dispersion 

equation has been applied to the experimental conditions explained in the next section.  

3. Experimental method 

3.1 Experimental rig 

Tests have been performed in an atmospheric, swirl-stabilized, premixed combustor facility con-

sisting of a plenum, an annular duct and a combustion chamber (main dimensions as in Fig. 1). Fuel 

is premixed with air upstream of the plenum and injected into it through two choked orifices in or-

der to prevent ER fluctuations. The air-fuel mixture flows into the annular duct, passing through an 

axial swirler (six 30º vanes) located 380 mm upstream of the dump plane. The acoustic boundary 

condition R1 at the entrance of the injection duct can be modified by manipulating an adjustable 

restriction. As sketched in Fig. 1, this restriction is shaped as a crenelated plug, with eight, 25 mm 

high teeth. The relative position between the plug and the duct entrance can be adjusted. This set-

ting will be identified by the coordinate H, expressing the length of the teeth inserted into the duct: 

H=0 means that the tips are aligned with the duct inlet, which is gradually restricted as H increases 

until completely closed for H=25 mm. H=-infinity indicates that the plug is withdrawn and the inlet 

is fully open. 
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The combustion chamber is composed of a first, optically accessible, quartz section (220 mm in 

length) followed by a second stainless steel one, whose length can be changed by installing different 

segments, so that the total chamber length can be set to 400, 900 or 1250 mm.  

Five piezoelectric pressure transducers (PT1-5 in Fig. 1, PCB 103B02) are located at various posi-

tions along the annular duct, while another one (PT0) measures p’ in the combustion chamber. 

Flame heat flux is determined using a photomultiplier tube (PMT, Hamamatsu H5784-03), fitted 

with an OH* band interference filter (310±5 nm). Two loudspeakers (10”, Eminence DELTA-10A), 

powered by the same amplifier, are installed at both sides of the plenum to provide acoustic excita-

tion to the premixed flow. Another loudspeaker (8”, HQ Power VDSSP8/8) can be installed, in ab-

sence of flame, at the combustor exit to acoustically excite the facility from the top. 

3.2 Flame and rig characterization 

 Apart from physical magnitudes (such as densities, speeds of sound etc.) and geometrical di-

mensions, some parameters involved in the dispersion equation have to be determined experimen-

tally. In particular, FTF and reflection coefficients must be determined in ad-hoc tests, as explained 

in the following sub-sections. 

3.2.1 Upstream reflection coefficient  

The combustion chamber outlet was open to the atmosphere in all tests and, hence, the down-

stream reflection coefficient was taken as R2=-1 for the calculations. Instead, R1 value can be 

changed by modifying the position of the restriction and so it had to be measured. To do so, an 8” 

loudspeaker was located in front of the combustor outlet to provide acoustic forcing at frequencies 

from 50 to 600 Hz with 10 Hz step. p’ was measured (4 s, 4 kHz) with the five PTs located along 

the annular duct and the multi-microphone method [13] was applied in order to determine the two 

Riemann invariants in the duct, and so the value of R1. The results for different H settings are shown 

in Fig. 2 and were used as an input for the dispersion equation model. The tests were repeated for 

different combustor lengths, forcing amplitudes and air mass flows injected into the rig (from 0 to 

40 Nm
3
/h); however, R1 displayed negligible differences and so it was taken as constant for all test 

conditions. R1 results show similar patterns for H values from 0 to 20 mm in magnitude and phase, 

with the latter depicting an almost linear trend with frequency whose slope slightly increases with 

restriction level. A different behaviour is obtained for the fully open inlet (H=-inf), especially for 

the phase, which is almost constant around π, resembling the acoustic condition of an open end.     

 

Figure 2. R1 absolute value and phase for various restriction levels 

3.2.2 FTF tests 

The flame transfer function was measured for the short combustion chamber (400 mm), in order 

to avoid self-excited instabilities, which otherwise would strongly affect the results. Acoustic forc-

ing was provided by the two loudspeakers located in the plenum, for the same sampling frequency, 

recording time and excitation frequencies described above for R1 tests. The amplitude was regulated 

at sufficiently high levels to obtain meaningful results but always within the linear regime. The mul-

ti-microphone method was applied to calculate u’ value at the dump plane, while both mean and 

fluctuating value of heat flux were measured with PMT. FTF tests were performed at five different 

ER (0.98, 0.92, 0.86, 0.80, 0.72) for two different fuels: methane and a CH4-CO2 blend (60-40% in 
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volume), representative of biogas. Methane flow rate was kept constant at 3 Nm
3
/h in all tests, 

changing the air mass flow in order to vary ER. For biogas cases, the air-fuel mass flow was set to 

achieve the same ER and mean injection velocity as in CH4 tests. As a consequence, power cannot 

be the same for the two fuels, however differences are really low (7% in the worst case). FTF re-

sults are shown in Fig. 3.  

 

 

Figure 3. FTF magnitude and phase for methane (top) and biogas (bottom) varying ER 

3.3 Limit cycle tests  

Strong limit cycle conditions are naturally established with combustor lengths of both 1,250 and, 

in most of the cases, 900 mm. So, these two geometries were selected for these tests, where Q’ and 

p’ signals in the combustor were recorded, respectively, with PT0 and PMT (both, for 4 s at 4 kHz). 

Experiments were carried out for the same fuels and ER as in FTF tests. With the 1,250 mm 

combustor, measurements were performed only with the inlet fully open, while all restriction set-

tings listed above for the R1 measurements were tested with the length of 900 mm. The experi-

mental results and the comparison with predictions are discussed in the following section. 

4. Results and discussions 

4.1 Limit cycle results 

Pressure amplitudes obtained with the burner of 1,250 mm for both CH4 and biogas and different 

ER values can be observed in Fig. 4-a, while Fig. 4-b shows the frequency of the main peak in the 

pressure spectra (the frequency correspondence between Q’ and p’ has been verified for all tests).  

Both fuels present high p’ values, ranging from a minimum of about 200 Pa to a maximum of 

more than 2,500 Pa, with amplitude increasing as the mixture becomes leaner. CH4 flames show 

higher pressure oscillations than biogas ones for all the ER tested, especially at lean conditions, 

where the difference is of about 4 times.  

Methane flames present also higher oscillation frequencies than biogas, with values that increase 

almost linearly with ER. On the contrary, frequency results almost constant for biogas, with a slight 

change between ER=0.92 and 0.86.The changes in frequency are explained in part by the variation 

in flame temperature (and, so, in speed of sound), which gradually increases with ER and is higher 

for methane than for biogas. This effect, however, does not fully justify the variations observed for 

changes in fuel properties or fuel-air ratio. Most probably, the changes in FTF shown in Fig. 3 

should also be accounted for, but this requires a more comprehensive analysis, combining both FTF 

and burner acoustics, for example using the dispersion equation, as shown below. 
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Figure 4. Amplitude and frequency of the main peak in p’ spectra for methane and biogas. Combustor 

length=1,250 mm, H=-inf 

 

Figure 5. p’ amplitude (top) and oscillation frequency (bottom) for methane (left) and biogas (right), for dif-

ferent upstream reflection coefficient. Combustor length=900 mm 

Figure 5 shows p’ amplitudes and frequencies obtained with the combustion chamber of 900 mm 

changing the upstream reflection coefficient. Methane shows very low p’ amplitudes for an inlet 

completely open, while the instability tends to increase as the inlet is progressively closed (H in-

creasing). The amplitude of the instability varies with the restriction level, but in all cases the 

strongest limit cycle occurs for ER=0.8.  

Biogas, as methane, shows very low pressure fluctuations for fully open inlet (H=-inf), with in-

stabilities triggered as the restriction is closed. However, in this case the dynamics does not increase 

monotonically with restriction level, but the most unstable case is represented by H=0 mm. Further 

increase in the inlet restriction causes a decrease in the combustion dynamics and only ER=0.72 

suffers a slight increment of pressure fluctuation. Differently to methane, p’ level is almost constant 

for any ER for the highest restriction tested (H=20 mm).  

Biogas frequencies are almost the same for a given ER, irrespectively of the inlet restriction, 

while methane flames appear to shift between two characteristics frequencies, at 150 and 135 Hz 

approximately. The first mode is typical of a completely open inlet, whereas the second appears at 

high restriction levels. The intermediate condition with H=0 mm leads to an oscillating behaviour 
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between both modes depending on the ER value. Frequency values are less interpretable in terms of 

temperature in this case and are probably more conditioned by the reflection coefficient value and 

by the acoustic of the system.  

4.2 Dispersion equation results 

All tests presented in the previous section have been simulated using the dispersion equation. 

The solutions were identified as those yielding a result of approximately zero for Eq. (6). With that 

purpose, the angular frequency plane has been swept: from 50 to 600 Hz with 0.5 Hz steps for the 

real frequency and from -1000 to 1000 rad/s, with 1 rad/s steps, for the imaginary component.  

The temperature inside the combustor is not known. Adiabatic temperature is not a good approx-

imation, due to significant heat losses: the combustion chamber is cooled by 50 Nm
3
/h of air flow-

ing, in parallel and cocurrent with burnt gases, between the combustion chamber wall and an outer 

concentric shield, which in turn is refrigerated by a water jacket along its first 400 mm. Therefore, 

the temperature is significantly lower than the adiabatic one and, moreover, it varies noticeably 

along the axial distance (preliminary tests showed a temperature down to 400°C at the outlet for the 

1,250 mm combustor). Since the dispersion equation requires a single temperature value for the 

whole combustion chamber, it was set at 50% of the adiabatic temperature (as calculated for differ-

ent fuels and ER), as a reasonable approximation. 

Another factor to be considered for a correct simulation is the burner length considered in the 

model: to represent a completely open outlet the combustor length must be artificially increased by 

δ=0.85·D/2, where D is the hydraulic diameter of the combustor [11, 12].  

Due to space limitations, the analysis will be focused on the differences between experimental 

and predicted oscillation frequencies in order to assess the ability of this simple approach to identify 

the instability modes under limit cycle conditions. Figure 6-a and b present the difference between 

experimental frequencies (fex) and the modes predicted with the dispersion equation (fth) for com-

bustor lengths of 1,250 and 900 mm, respectively. Values of fth have been chosen among the differ-

ent solutions provided by the dispersion equation as the lowest frequency with a negative imaginary 

part. Overall, the differences obtained are below 10 Hz in 90% of the cases, with a maximum dif-

ference of 16 Hz.   

 

Figure 6. Differences between experimental and predicted frequencies; (◊) methane cases, (o) biogas cases. 

Left: burner of 1,250 mm, H=-inf. Right: burner of 900 mm for different inlet restriction settings 

So, despite the simplifications involved, the use of linear FTF to simulate strong non-linear limit 

cycle conditions has shown to correctly predict unstable modes for a large variety of cases, includ-

ing changes in conditions of very different nature (geometry, ER, fuel). A particular objective of 

this work was to test these methods against changes in the composition of the fuel, also with good 

results, in spite of the significant changes in flame properties for methane and for biogas. The de-

scription of the dynamic response of the flame in terms of the FTF measured for linear regimes 

seems to provide the information required to anticipate limit-cycle behaviour for different fuels. 

The fact that the FTF gain does not describe the actual flame behaviour in non-linear conditions 

does not seem to lead to significant errors in the predictions of oscillation modes. The reason could 
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be that these results are mainly determined by the phase (rather than the gain) of the FTF, which 

barely changes from FTF to FDF, at least for the flame shape studied (V-flame). Nevertheless, fur-

ther investigation would be required to verify this interpretation. 

5. Conclusions 

The FTF of two different fuels has been used as an input to a simplified network model to pre-

dict unstable modes for a wide range of operational conditions. The results obtained have been 

compared with experiments in which high pressure fluctuations are naturally obtained, reaching 

limit cycle conditions. Theoretical unstable modes obtained show a very good agreement with ex-

perimental frequencies, so indicating that the FTF contains the information required to predict in-

stability modes, irrespectively of operational parameters. Apparently, the phase information con-

tained in the FTF may be accurate enough (i.e., similar to the phase in non-linear conditions, as de-

scribed by the FDF) to successfully identify the natural oscillation modes when the system reaches 

a limit cycle. Nevertheless, further work to confirm this conclusion is needed. The results presented 

are expected to complement the findings of previous works by extending the range of validation 

tests with a systematic study of different conditions, including biogas flames and their differences 

with respect to methane.   
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ABSTRACT 
Active instability control techniques have demonstrated 

very good capabilities to correct combustion oscillations but, 
due to high costs and other practical reasons, have not 
achieved the success expected in gas turbines engines. A 
different approach, named here as ‘pseudo-active instability 
control’, has been explored and the first results are presented in 
this work. In this case, the flow of non-premixed pilot fuel is 
modulated by passive methods: the pressure oscillation in the 
combustion chamber induces a velocity fluctuation at the 
secondary fuel injector. In principle, damping of the instability 
may be achieved if the heat release oscillations due to the 
secondary fuel are out of phase with those of the main flame. 

This work reports a first exploration of this strategy, aimed 
mainly at performing a proof of the concept. An experimental 
study has been carried out in a laboratory premixed combustor 
with pilot fuel injection. The relationship between the 
fluctuations of pressure in the combustion chamber and those of 
velocity at the injector was studied both experimentally (hot 
wire anemometry) and theoretically (1-D acoustic model of the 
injection line). Combustion tests in limit cycle conditions 
demonstrated that modifications in the geometry of the 
secondary injection affected the pressure fluctuations inside the 
combustion chamber. Depending on the geometry (and, hence, 
acoustic impedance), the instability was enhanced or damped. 
This demonstrates that the proposed ‘pseudo-active control’ 
can produce similar effects (at least, qualitatively) to those of 
active control, but only using passive means, as initially 
postulated. 

  
[Keywords: Combustion instability, premixed combustion, 
pseudo-active instability control.] 
 
INTRODUCTION 

Due to the very low amount of pollutant emissions 
generated, lean premixed combustion has become the most 

widely adopted technology in gas turbine facilities [1]. 
However, a major drawback of lean flames is their proneness to 
thermoacoustic instabilities [2], generated by the in-phase 
coupling between pressure oscillation and heat flux fluctuation 
in the combustion chamber, which could lead to unbearable 
levels of dynamic pressure for the engine. 

Different solutions have been proposed and developed for 
the control of this phenomenon, leading to a range of 
configurations which can be subdivided in two groups: passive 
and active methods. Passive systems, such as quarter-wave 
tubes or Helmholtz resonator [3], mitigate the pressure 
fluctuation of the system by acting as dampers of the acoustic 
energy generated in the burner. The structural simplicity and the 
high durability of these devices as well as their effectiveness in 
reducing the amplitude of the dynamic pressure have favored 
the use of passive dampers in industrial plants [3-7]. However, 
these devices are generally adequate to dissipate oscillations 
only at the design frequency, so they lack the flexibility 
required to act on different modes of the system (even if 
tunable devices have been proposed [6, 8, 9] , which modify 
their natural frequency by varying their geometry). Moreover, 
their optimal sizing and location on the engine are difficult to 
model and can be quite onerous if performed by “trial-and-
error”. 

Active instability control is based on the modulation of 
fuel flow rate by means of a high-frequency valve which, 
operating in closed-loop with a sensor signal, modifies the 
thermoacoustic response of the system in order to decouple the 
constructive interaction between the dynamic pressure and the 
heat release fluctuation. Contrarily to passive dampers, the 
active systems present the advantage of being adaptable to 
variations in the unstable frequencies of the burner, but the 
elevated cost of the equipment, the limited bandwidth of the 
pulsating valves and their potential of making the system 
unstable (in case of some failure in the logic of control) make 
the application of this technology still very limited at industrial 
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level. Several authors have studied the active systems in depth 
(e.g. [10-13]) and, among the various solutions adopted, one 
often proposed is the modulation of a secondary injection of 
small amounts of non-premixed fuel into the combustion 
chamber [14-18]. These studies have demonstrated that, if 
designed correctly, this modulated pilot injection can lead to 
important reductions in the pressure amplitude. 

This work explores an alternative method to modulate the 
flow rate of pilot fuel, by means of the natural acoustic 
response of the secondary line to the pressure fluctuations 
produced inside the combustion chamber, and the possibility to 
adjust it as required to damp combustion instabilities. The 
obvious advantage would be to avoid the use of pulsed valves 
and other ancillary systems, which finally are the main practical 
drawback for the implementation of active instability control. 
Since the mechanism sought is the same as in active instability 
control, for brevity the proposed strategy will be named as 
pseudo-active instability control (PAIC). 

This general idea is not fully new, as the occurrence and 
potential of naturally-induced fuel modulation has already been 
studied in a number of relevant previous works.  

The effect of the acoustic response of the pilot line was 
already addressed by Auer et al. [18], in the context of active 
instability control, demonstrating that the dynamic pressure can 
induce oscillations in the flow rate of pilot fuel and that these 
effects must be taken into account in order to achieve the 
desired fuel modulation. Although this work was oriented to 
active control, their results are relevant for this work and 
suggest that the proposed PAIC strategy may significantly 
impact combustor dynamics. Richards et al. [19, 20] studied the 
response of a secondary injection on the dynamics of a burner. 
However, differently to the strategy analyzed here, in these 
works the secondary line did not directly discharge into the 
combustion chamber (and, so, a pilot flame was not formed) 
but bypassed a small amount of fuel which was finally injected 
into the premixing duct. 

Other studies have been focused on the application of 
strategies analogue to PAIC, but based on the modulation of the 
main fuel flow. Richards et al. [21, 22] demonstrated 
substantial reduction of the dynamics for a broad range of 
operational conditions by tuning a resonator installed in the 
primary feeding line. Huber and Polifke [23] studied the 
effectiveness of a similar system simulating the flame response 
to fluctuations in both equivalence ratio and injection velocity; 
they also observed that a modification of the fuel line response 
can represent a suitable tool to influence the stability of the 
facility. Considering a burner with two injectors, Richards et al. 
[24] achieved a further reduction of the instability, with respect 
to the case with only one injection, mismatching the two 
impedances. Noiray et al [25] applied a similar strategy in a 
burner with multiple injectors. 

All these previous works point to the possibility to achieve 
significant modulation of fuel flow rate due to the acoustic 
interaction with the pressure fluctuation in the combustion 
chamber. The way in which this is implemented in the proposed 
PAIC strategy is explained in the following section. 

GENERAL DESCRIPTION OF PSEUDO-ACTIVE 
INSTABILITY CONTROL  

As in conventional active instability control, the objective 
is to naturally induce a modulation of pilot fuel that could 
interact, and finally damp, the instability of the main, premixed 
flame. This is sketched in Figure 1, where the subscripts d and 
p refer to the secondary and primary injection, while ,  and 

 represent the pressure, velocity and heat flux fluctuation, 
respectively. 

The dynamic pressure in the combustion chamber induces 
velocity fluctuations in the different injections, including both 
the main premixed fuel-air stream and the pilot fuel. For 
convenience, the relationship between  and  will be 
expressed in terms of the inverse of the acoustic impedance, 
 

′ ̅⁄ ̅
′

 (1) 

 
 and  designate the inverse of the acoustic 

impedances of the premixed and pilot fuel lines, as determined 
at their plane of injection into the combustion chamber. For a 
given pressure fluctuation in the flame, , the fluctuation in the 
velocity at their outlet will be ′ ̅ ̅⁄  and 

′ ̅ ̅⁄  for the premixed stream and for the pilot 
fuel, respectively. The transfer function of the (main) premixed 
flame, FTFp, converts  into an oscillation of heat release rate 
which, in absence of other mechanisms, will finally determine 
the thermo-acoustic behavior of the system. 

The oscillations in pilot fuel flow, however, also affects the 
dynamics of the flame by inducing additional heat flux 
fluctuations. This could be quantified in terms of the transfer 
function of the diffusion flame created by the pilot fuel, FTFd. 
According to the Rayleigh criterion, this secondary fuel will 
tend to damp an existing instability if the oscillation in heat 
release rate in the diffusion flame is out of phase with the 
pressure fluctuation existing in the combustion chamber (and 
generated by the unstable main, premixed flame). Therefore, 
the PAIC configuration should be designed so as to ideally 
achieve the phase diagram shown at the bottom of Fig. 1. The 
phase difference between  and is the sum of the phases of 
FTFd and of . Therefore, a hypothetical PAIC application 
could be optimized by acting on any of both. In principle, the 
adjustment (and, as discussed below, even the measurement) of 
the flame transfer function of the diffusion flame is much less 
obvious than modifying the acoustic impedance of the 
secondary injection line. This study has focused on the effects 
of changes in , achieved through changes in the geometry, 
on the dynamic behavior of a premixed combustor.  
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Fig. 1. Schematic representation of the PAIC strategy: main 
elements (top) and the ideal phase diagram (bottom) 

EXPERIMENTAL FACILITY  
The tests were performed in the atmospheric, swirl-

stabilized combustion facility sketched in Fig. 2.  
The primary fuel is supplied by a pure CH4 pressurized 

tank and is on-line blended with the air supplied by a 
compressor; both flows are regulated by mass flow controllers. 
The mixture is injected into a plenum through two choked 
orifices which acoustically isolate the feeding line from the rig, 
so that the blend can be considered perfectly premixed with 
constant equivalence ratio. The air-fuel mix flows in an annular 
duct where a swirler (swirl number S≈0.48) is located 380 mm 
upstream of the dump plane. The combustion takes place inside 
a cylindrical combustion chamber composed of a quartz tube 
(220 mm in length), which guarantees optical access to the 
flame, followed by a stainless steel extension of the same 
diameter, for a total length of 1,250 mm. 

The pilot fuel is injected by means of a central gun 
installed coaxially with the annular premix duct. Methane is fed 
from a pressurized tank and its mean flow rate is automatically 
regulated by a mass flow controller. A choked orifice installed 
downstream of the control valve represents a well-defined 
acoustic boundary condition. The orifice dimensions were 
chosen to choke the entrance with the minimum flow allowed 
by the mass flow controller (0.05 Nm3/h); choked conditions 
were verified by measuring the static pressure upstream of the 
choked section. The orifice discharges into a 8 mm line, 
composed of a first polyamide section of variable length and a 
second stainless steel one which is a part of the central gun and, 
hence, of fixed length. The pilot fuel injector is a round orifice 
of 5 mm in thickness and 2.5 mm in diameter (mean injection 
velocity is 3 m/s for a methane flow rate of 0.05 Nm3/h). 
A pressure transducer (PCB 103B02) is located at the dump 
plane of the combustion chamber to record the pressure 

fluctuations generated. The rig can be externally excited by 
means of two loudspeakers (Eminence Delta 10-A, 10”, 350 W) 
which are in-phase powered by the same amplifier. 
Photomultipliers with interference filters were used to 
determine heat flux fluctuations and flame transfer functions, 
but these results have not been reported here for brevity.  

Fig. 2. Sketch of the experimental facility 

ANALYSIS OF THE ACOUSTIC IMPEDANCE 
In principle, the acoustic behavior of the fuel line can be 

freely adjusted by modifying its impedance. However, there is a 
limit in the range of possible values. This can be easily deduced 
by expressing the inverse impedance in terms of the reflection 
coefficient, | |∠  (for simplicity,  will be just denoted as 

 hereafter): 
 

| |∠ 1
| |∠ 1

| | 1 	2| | sin
| | 1 2| | 1 cos

 (2) 

 
Since | | 1, the real part of the numerator of Eq. (2) is 

always negative, while the denominator is always positive. 
Therefore, all the possible values of  are restricted to the 
left-hand half-plane of the complex domain. Moreover, it can 
be demonstrated (not shown here for brevity) that, given a 
certain value of | | (i.e., a circumference in the complex 
plane), the correspondent values of  also depict a 

Flame: 

Non-prem. fuel

Premixed fuel

Flame: 

PAIC
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circumference whose radius increases with | |. In the limit of 
| | tending to 1, (denoted as R1 in Fig. 3), the circumference is 
transformed into the imaginary axis. Therefore, the range of 
possible values of  is restricted to the left half plane 
(negative real part). 

 

Fig. 3. Possible values of  for a given module of , with the 
constraint | | 1 

Transposing these results to the physical plane, this 
analysis defines that the amplitude of  can theoretically 
increase up to infinity and that its angle is always included in 
the range between 90º and 270º. Therefore, the phase of  
with respect to ′ is restricted to a range of 180º (see Fig. 4). 
This may constitute an important limitation in a hypothetical 
PAIC implementation since, depending on the phase imposed 
by the FTFd, the possibilities to place  out of phase with 
respect to p’ may be hindered. In the worst case, if the phase of 
FTFd is 180º, in theory any configuration of the secondary fuel 
injection would yield  in-phase with ′ (see Fig. 1) and, 
hence, it would always enhance the instability. 

 

 
Fig. 4. Possible range of phases between 	and ′ 

Therefore, the details on the dynamic behavior of the 
diffusion flame are fundamental in the implementation of PAIC. 
However, assessing the pilot flame response, in terms of FTFd, 
in the considered situation (a diffusion flame in the core of a 
premixed flame) is an extremely difficult task. This would 
require a reliable measurement of the heat flux fluctuation, , 
exclusively due to the diffusion flame. If the usual method 
based on chemiluminescence intensity is to be applied, a first 
difficulty is to establish a valid relationship between emission 

in selected bands and heat release rate. In any case, due to the 
very small power of the diffusion flame, the signal due to the 
diffusion flame is probably hidden by the fluctuations in the 
much stronger emission from the main flame. So, the most 
common approach found in literature is based on computational 
analyses (e.g., [26, 27]), as no experimental technique has been 
found to differentiate the response of the two flames. Li et al. 
[28] have recently proposed a theoretical model of the FTFs of 
a flame similar to the one considered in this work; however, 
apart from minor differences in their facility and resultant 
flame, their method showed applicability only for linear 
regimes, while in this case limit cycle conditions are studied. 

The strategy followed in this study consisted in testing a 
wide range of configurations of the secondary fuel injection. 
This allows evaluating the impact of the PAIC configuration 
used in the tests on the severity of the instability as well as to 
indirectly derive some conclusions on the expected phase of the 
dynamic response of the pilot flame. 

A 1D linear acoustic model was used to calculate the 
impedance of the fuel line for the different lengths of the 
polyamide section. The line can be decomposed into a number 
of elements connected in series: choked orifice, polyamide 
tube, stainless steel tube and injector. The global model was 
built by suitably combining their respective submodels. The 
choked orifice was described through a reflection coefficient 
formulation proposed in [29], which gives a final result very 
similar to the reflection coefficient of a closed end ( 1). 
The 8 mm tube was modeled as plane acoustic waves 
propagatin along a straight duct with damping, according to the 
model proposed in [30]. The damping effect is quantified 
through the shear and the Prandtl numbers and through an 
empirical coefficient  which takes into account the wall 
roughness (  was set to 1 and 2 for the stainless steel and the 
polyamide tubes, respectively). The injection orifice was 
described as a sudden area change (from 8 to 2.5 mm in 
diameter), as described in  [31], followed by a straight tube of 5 
mm in length. 

The predictions of the model were firstly contrasted with 
experimental results to assess its reliability. The velocity 
fluctuations at the injector were measured using a constant 
temperature hot wire anemometer (TSI Instruments, IFA 300). 
The hot wire element (1.5 mm in length) was located 1 mm 
downstream of the injection orifice (Fig. 5) to measure the  
amplitude generated by a given pressure fluctuation and their 
relative phase (the distance between the orifice and the hot wire 
can be considered short enough to not affect the fluctuations 
generated at the dump plane). The pressure fluctuation was 
measured by the pressure transducer installed at the dump 
plane. The signals of both sensors were recorded for 4s, at a 
sampling rate of 4 kHz. The system was acoustically excited 
using the two loudspeakers installed at both sides of the plenum 
(see Fig. 2), from 50 to 250 Hz with 10 Hz steps. 

Figure 6 compares, in magnitude and phase, the measured 
values of  (solid lines) and the ones predicted by the model 
(dashed lines) for a methane flow rate of 0.05 Nm3/h in the 
pilot line and without installing any polyamide tube ( =0). 



 5 Copyright © 2018 by ASME 

Model predictions agree quite well with the experimental 
results, therefore the acoustic model can be considered reliable 
to calculate the impedances for the various pilot line 
configurations used to assess the results with pseudo-active 
control on the rig.  

 

 
Fig. 5. Setup for hot wire measurements (dimensions in mm) 

 

Fig. 6. Model validation 

The combustion chamber of 1,250 mm presents a sustained 
limit cycle at a natural frequency around 110 Hz. So,  
calculations were performed in the vicinity of this frequency for 
various values of . The aim is to determine the range of 
injection line lengths that provide the desired range of   
values, i.e, high magnitude and phases covering as much as 
possible of the theoretical 180º range.  

Five lengths of the polyamide section were finally selected 
(1.30, 1.50, 1.65, 1.85 and 2.10 m), all of them yielding 
| |>10 and a phase variation that covers 125º of the 180º 
physically possible. The calculations were again compared with 
measurements with hot wire anemometry for all these lengths 
(Fig. 7). The agreement between the experimental and predicted 

 is again very good, supporting the suitability of the model 
proposed also when the polyamide tube is installed.  

In order to evaluate the effect of the PAIC strategy, the 
amplitude of the instability should be compared with the case 

without pilot fuel. However, this would not be a valid 
procedure, because the presence of diffusion flame, even 
without any modulation, alters the dynamic behavior with 
respect to the fully premixed operation [32]. The method 
adopted was to compare the results with cases in which the 
fluctuations in pilot fuel are low enough. With this purpose, 
additional tests were performed with configurations yielding 
very low absolute values of , so that the  amplitudes and, 
as a consequence, the magnitude of  are expected to be 
sufficiently small to serve as a reference. These conditions are 
expected to be achieved with shorter polyamide tubes, of 

=0.85, 0.75 and 0.65 m. The module and phase of  at 110 
Hz for the 8 cases tested are listed in Table 1, for the 
configurations intended to evaluate the effect of pilot fuel 
modulation (1-5) as well as for the shorter lengths providing 
low modulation amplitudes (6-8). 
 

 

Fig. 7. Comparison between model predictions and 
experimental results for different lengths of the polyamide tube 

Table 1. Lengths of the polyamide tubes and absolute values 
and phases of  at 110 Hz for cases 1-8 

Case 1 2 3 4 5 6 7 8 

L [m] 2.10 1.85 1.65 1.50 1.30 0.85 0.75 0.65

Abs (Z-1) 13.96 27.59 36.65 25.44 12.84 2.38 1.63 2.27

∠(Z-1) [⁰] 110 126 168 210 235 218 175 132 

 

EFFECT OF PAIC IN LIMIT CYCLE CONDITIONS 
The eight configurations detailed above were tested for the 

same experimental conditions. The primary methane flow was 
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3 Nm3/h in all cases, whereas the air flow rate was varied to 
achieve three different values of the equivalence ratio (Φ):  
0.98, 0.86 and 0.72. The mean flow rate of pilot fuel was also 
fixed in all the experiments reported (0.05 Nm3/h, 1.66% of the 
main fuel). This very low flow rate was selected on purpose, in 
order to evaluate the capabilities of the strategy without 
significantly increasing pollutants emissions due to the 
diffusion flame. 

Each polyamide tube was tested for the three Φ values 
indicated, and the dynamic pressure in the combustion chamber 
was recorded at 4 kHz for 4 s. Each measurement was repeated 
twice. Figure 8 shows the results for all the cases, in terms of 
the amplitude of the pressure oscillations as a function the 
phase of the  associated to the various tube lengths, for the 
three Φ tested. Two data points are represented for each case, 
corresponding to the two repetitions. Apart from the (minor) 
deviations in p’, there are also some small displacements in the 
phase values. These are a consequence of the differences in 
limit cycle frequencies between repeated tests, which have 
some effect on the acoustic impedance (see Fig. 7). 

As it was previously noted, | | is very small for cases 6-
8 (see Table 1), so that fluctuations in pilot fuel flow are 
expected to be very low and, hence, these tests can be taken as 
representatives of a steady pilot diffusion flame. In spite of the 
existence of this pilot flame, the combustor still exhibits a 
strong and well defined limit cycle with high pressure 
amplitudes for all equivalence ratios tested. 

The results are very different for cases 1-5, characterized 
by a much higher module of  and, hence, larger modulation 
amplitudes of the pilot fuel flow for a given p’. The interaction 
between the unstable main flame and the fluctuating pilot flame 
results in an equilibrium ′ inside the combustion chamber 
which is significantly smaller than the range of values recorded 
for cases 6-8. Since the only relevant difference between the 
tested configurations is the acoustic impedance of the pilot fuel 
tube, the large differences observed should be attributed to the 
modulation in secondary fuel flow rate induced by the pressure 
fluctuations inside the combustion chamber. This confirms that 
a strategy of the type of the ‘pseudo-active control’ analyzed 
here might yield significant reductions in the strength of 
combustion instabilities. 

Also relevant are the differences observed among cases 1-
5. Since the module of  is similar in all these tests, the 
changes in p’ should be ascribed to the differences in the phase 
of the impedance which, for a given p’, leads to different phase 
delays between the oscillations in the pilot fuel velocity and 
those of the main flame. This is considered a further 
confirmation that the rationale behind the PAIC strategy is 
consistent with the experimental results obtained. 

A more precise analysis would require some knowledge 
about the dynamic response of the pilot flame. In the lack of 
detailed results, or even hints from the literature, in this regard, 
the results obtained in this parametric study may also be useful 
to extract some information about the dynamic behavior of the 
diffusion flame.  

   

 

 

 

Fig. 8. ′ amplitude versus  phase. Blue (cases 1-5) and red 
(cases 6-8) symbols denote, respectively, configurations with 

high and low  modules 
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In general, the significant reduction in ′ achieved in cases 
1-5 clearly points to  oscillations being out-of-phase with 
respect to ′, so that the fluctuations acoustically induced in the 
pilot flame tend to damp the natural instability of the system. 
The relative variations among cases 1-5 allow identifying a 
minimum within the phase range covered by the impedances of 
the lines used in the tests.   
This minimum must correspond approximately to the situation 
in which  is perfectly out-of-phase with respect to ′ and, 
since the phase range covered is less than 180º and the 
minimum approximately falls in the middle of this range, it can 
be concluded that, in all cases, the modulation attained in  is 
expected to be out-of-phase with the dynamic pressure. 

Based on this general idea, an attempt to estimate the FTFd 
phase for the various tested impedances can be carried out. 
Assuming that dynamic response of the pilot flame does not 
depend on the impedance of the fuel line, the minimum 
depicted by the ′ values of cases 1 to 5 might be assumed to 
correspond to a situation in which  and ′ are perfectly out-
of-phase (180º). This reference point has been obtained with a 
second degree polynomic fit of the experimental values of cases 
1 to 5. So the FTFd phase for each one of the tested cases can 
be estimated according to their relative phase difference with 
respect to the minimum obtained with the fitting. Figure 9 is a 
phasorial representation the phases estimated for the different 
cases tested.  

The magnitudes of the  phasors in Fig. 10 are 
proportional to the respective  amplitudes and, since the 
FTFd magnitude is unknown, the  phasors have been 
represented with the same length than the associated . The 
results obtained indicate that the response of the pilot flame is 
delayed by about 15-30° with respect to the velocity 
fluctuations at the injector. Also, the FFTd phase apparently 
increases for leaner flames. Obviously, this can only be taken as 
a qualitative and very preliminary analysis and should be 
studied more in depth, but it could serve to gain some insight 
into the dynamic behavior of pilot diffusion flames. 

Cases 6-8 apparently depict an opposite trend to that 
observed for cases 1-5, despite the phase range is more or less 
the same. In particular, the maximum obtained (case 7) presents 
a similar value of  phase than that at which cases 1-5 
display their minimum. So, these data might seem to invalidate 
the deductions presented before. However, cases 6-8 display 
some additional differences that make them not suitable to 
apply the same reasoning explained for cases 1-5. The 
polyamide lengths were selected to present low amplitudes of 

, but they display significant differences between the cases 
(see Table 1). Case 7 has the lowest absolute value of , 
while cases 6 and 8 give similar results (the exact quantification 
of them is difficult due to the high sensitivity of  with 
frequency when it presents low amplitudes). Therefore, this 
difference might cause that the projections on the ′ direction 
of the  phasors for cases 6 and 8 are greater than the one for 
case 7; as a consequence, despite case 7 presents a more 
favorable phase to attenuate instability, cases 6 and 8 exhibit  

stronger damping than the case 7 because of their greater  
magnitude. Therefore, the differences observed among the ′ 
values recorded for cases 6-8 are thought to be due to additional 
causes and cannot be interpreted only in terms of the FFTd 
phase. 

 

 

 

 

Fig. 9. Estimated phase of FTFd for different equivalence ratios   

CONCLUSIONS 
This article presents an exploratory study of the potential 

of acoustically-induced pilot fuel modulation for damping of 
thermo-acoustic instabilities. Due to the similarity with the 
principles of active instability control, this strategy has been 
denoted as ‘pseudo-active instability control’ (PAIC). The 
experiments were conducted in a laboratory swirl-stabilized 
premixed combustor, for a range of lengths of the pilot fuel 
line. This secondary injection generates a diffusion flame of 
very low power (1.6%), which can be naturally excited by the 
velocity modulation caused by the fluctuations of pressure in 
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the combustion chamber. The tests were performed in limit 
cycle conditions. 

The global dynamic behavior depends on the dynamics of 
the small diffusion flame, but its response (FFT) is unknown. 
So, the method applied consisted in evaluating the results for a 
range of configurations of the injection line, which are expected 
to lead to a wide range of phases between the modulated pilot 
flame and the natural instability of the premixed flame. A 1D 
acoustic model, verified by measurements using hot wire 
anemometry, was used to estimate the acoustic impedance of 
the pilot fuel line, so that the lengths of the tube were selected 
to obtain very different phases and amplitudes of velocity 
fluctuation at the pilot fuel injector. The results confirm a 
significant effect of the PAIC strategy, with significant 
reductions (by factors in the range 2-7) in dynamic pressure. 
Besides, the large variations observed due to changes in the 
acoustic impedance of the fuel line further confirm the general 
ideas behind the PAIC strategy. Further analysis of the results 
for different phases of the impedance may also provide some 
indication on the phase of the FTF of the diffusion flame, which 
is one of the parameters governing the global dynamics of the 
system.  
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NOMENCLATURE 
FTF flame transfer function 

 polyamide tube length 
        pressure 
        heat flux 
        reflection coefficient 
        flow velocity  

Z        acoustic impedance 
Φ       equivalence ratio	

       mean value    
′   fluctuation 

 
Subscripts 

     refers to the secondary fuel (diffusion flame)   
     refers to the primary fuel (premixed flame) 
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