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Abstract—The Schnorr-Stimm dichotomy theorem [31] concerns
finite-state gamblers that bet on infinite sequences of symbols
taken from a finite alphabet >. The theorem asserts that, for
any such sequence S, the following two things are true.

(1) If S is not normal in the sense of Borel (meaning that
every two strings of equal length appear with equal asymptotic
frequency in S), then there is a finite-state gambler that wins
money at an infinitely-often exponential rate betting on S.

(2) If S is normal, then any finite-state gambler loses money
at an exponential rate betting on S.

In this paper we use the Kullback-Leibler divergence to for-
mulate the lower asymptotic divergence div(S||a) of a probability
measure o on Y from a sequence S over X and the upper
asymptotic divergence Div(S||a) of o from S in such a way that
a sequence S is a-normal (meaning that every string w has
asymptotic frequency «(w) in S) if and only if Div(S||a) = 0.
We also use the Kullback-Leibler divergence to quantify the total
risk Riskg(w) that a finite-state gambler G takes when betting
along a prefix w of S.

Our main theorem is a strong dichotomy theorem that uses
the above notions to quantify the exponential rates of winning
and losing on the two sides of the Schnorr-Stimm dichotomy
theorem (with the latter routinely extended from normality to a-
normality). Modulo asymptotic caveats in the paper, our strong
dichotomy theorem says that the following two things hold for
prefixes w of S.

D(l(’)5|"l“§1|e‘inﬁnitely-often exponential rate of winning in 1 is
2 v @) |w .

(2) The exponential rate of loss in 2 is 2~ Riskg (w)

We also use (1') to show that 1 — Div(S]||«)/c, where ¢ =
log(1/minges; a(a)), is an upper bound on the finite-state «-
dimension of S and prove the dual fact that 1 — div(S||a)/c is
an upper bound on the finite-state strong a-dimension of S.

Index Terms—finite-state dimension, finite-state gambler,
Kullback-Leibler divergence, normal sequences

I. INTRODUCTION

An infinite sequence S over a finite alphabet is normal in
the 1909 sense of Borel [7] if every two strings of equal
length appear with equal asymptotic frequency in S. Borel
normality played a central role in the origins of measure-
theoretic probability theory [6] and is intuitively regarded as
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a weak notion of randomness. For a masterful discussion of
this intuition, see section 3.5 of [22].

The theory of computing was used to make this intuition
precise. This took place in three steps in the 1960s and 1970s.
First, Martin-Lof [28] used constructive measure theory to give
the first successful formulation of the randomness of indi-
vidual infinite binary sequences. Second, Schnorr [30] gave
an equivalent, and more flexible, formulation of Martin-L6f’s
notion in terms of gambling strategies called martingales. In
this formulation, an infinite binary sequence S is random if
no lower semicomputable martingale can make unbounded
money betting on the successive bits of S. Third, Schnorr
and Stimm [31] proved that an infinite binary sequence S
is normal if and only if no martingale that is computed by
a finite-state automaton can make unbounded money betting
on the successive bits of S. That is, normality is finite-state
randomness.

This equivalence was a breakthrough that has already had
many consequences (discussed later in this introduction), but
the Schnorr-Stimm result said more. It is a dichotomy theorem
asserting that, for any infinite binary sequence S, the following
two things are true.

1) If S is not normal, then there is a finite-state gambler
that makes money at an infinitely-often exponential rate
when betting on S.

2) If S is normal, then every finite-state gambler that bets
infinitely many times on S loses money at an exponential
rate.

The main contribution of this paper is to quantify the
exponential rates of winning and losing on the two sides (1
and 2 above) of the Schnorr-Stimm dichotomy.

To describe our main theorem in some detail, let > be a
finite alphabet. It is routine to extend the above notion of
normality to an arbitrary positive probability measure « on
3. Specifically, an infinite sequence S over X is a-normal if
every finite string w over X appears with asymptotic frequency
al®l(w) in S, where o' is the natural (product) extension of o
to strings of length ¢. Schnorr and Stimm [31] correctly noted
that their dichotomy theorem extends to c-normal sequences
in a straightforward manner, and it is this extension whose
exponential rates we quantify here. To be very clear, our
contribution is not the extension of Schnorr and Stimm’s
results to arbitrary positive positive probability measures on
3. That, as they wrote, is routine. Our contribution, the
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quantification of the exponential rates of winning and losing
on the two sides of their dichotomy, is new for all probability
measures « on S, including the uniform probability measure.
Our approach, which we describe next, is a fresh start, not the
approach of [31].

The quantitative tool that drives our approach is the
Kullback-Leibler divergence [23], also known as the relative
entropy [12]. If « and (8 are positive probability measures on
Y., then the Kullback-Leibler divergence of B from « is

D(a|B) = Ealog 3,

i.e., the expectation with respect to o of the random variable
1og% : X — R, where the logarithm is base-2. Although the
Kullback-Leibler divergence is not a metric on the space of
probability measures on ¥, it does quantify “how different” 3
is from «, and it has the crucial property that D(«||3) > 0,
with equality if and only if a = .

Here we use the empirical frequencies of symbols in S to
define the asymptotic lower divergence div(S||a) of « from S
and the asymprotic upper divergence Div(S||a) of « from S in
a natural way, so that S is a-normal if and only if Div(S||a) =
0.

The first part of our strong dichotomy theorem says that
the infinitely-often exponential rate that can be achieved in 1
above is essentially at least 2PV(Sll)wl where w is the prefix
of S on which the finite-state gambler has bet so far. More
precisely, it says the following.

l. If S is not a-normal, then, for every v < 1, there is

a finite-state gambler GG such that, when G bets on
S with payoffs according to «, there are infinitely
many prefixes w of S after which G’s capital exceeds
97 Div(S||e)|w]|

The second part of our strong dichotomy theorem, like
the second part of the Schnorr-Stimm dichotomy theorem, is
complicated by the fact that a finite-state gambler may, in
some states, decline to bet. In this case, its capital after a bet
is the same as it was before the bet, regardless of what symbol
actually appears in S. Once again, however, it is the Kullback-
Leibler divergence that clarifies the situation. As explained
in section 3 below, in any particular state ¢, a finite-state
gambler’s betting strategy is a probability measure B(q) on
Y. If B(q) = «, then the gambler does not bet in state g. We
thus define the risk that the gambler GG takes in state ¢ to be

riskc;(q) = D(a‘ |B(Q))ﬂ

i.e., the divergence of B(q) from not betting. We then define
the fotal risk that the gambler takes along a prefix w of the
sequence S on which it is betting to be the sum Riskg(w) of
the risks riskg(q) in the states that G traverses along w. The
second part of our strong dichotomy theorem says that, if S
is a-normal and G is a finite-state gambler betting on S, then
after each prefix w of .S, the capital of G on prefixes w of .S
is essentially bounded above by 2~ Riska(®) In some sense,
then, G loses all that it risks. More precisely, the second part

of our strong dichotomy says the following.
2/, If S is a-normal, then, for every finite-state gambler
G and every v < 1, after all but finitely many

2

prefixes w of .S, the gambler G’s capital is less than
2= Riskc(w)'

A routine ergodic argument, already present in [31], shows
that, if a finite-state gambler G bets on an a-normal sequence
S, then every state of G that occurs infinitely often along S
occurs with positive frequency along S. Hence 2 above follows
from 2’ above.

Our strong dichotomy theorem has implications for finite-
state dimensions. For each probability measure o on X
and each sequence S over X, the finite-state a-dimension
dimpg(S) and the finite-state strong a-dimension Dimpg(S)
(defined in section 4 below) are finite-state versions of
Billingsley dimension [5], [10] introduced in [26]. When
« is the uniform probability measure on 3, these are the
finite dimension dimpg(S), introduced in [14] as a finite-
state version of Hausdorff dimension [20], [17], and the
finite-state strong dimension Dimpg(.S), introduced in [2]
as a finite-state version of packing dimension [35], [34],
[17]. The finite-state strong dimension Dimpg(s) has been
shown [2] to coincide with the upper asymptotic compression
ratio Rpg(S) investigated by Ziv [37], and the finite-state
dimension dimpg(S) was earlier shown [14] to coincide with
the dual lower asymptotic compression ratio ppg(S). These
two finite-state dimensions have also been characterized in
terms of asymptotic entropy rates [8]. Intuitively, dimpg(.5)
and Dimpg(S) measure the lower and upper asymptotic a-
densities of the finite-state information in S.

Here we use part 1’ of our strong dichotomy theorem to
prove that, for every positive probability measure o on ¥ and
every sequence S over X,

dimpg(S) < 1 —Div(S]|a)/ec,

where ¢ = log(1/mingex a(a)). We also establish the dual
result that, for all such « and S,

Dim%(S) < 1 — div(S]|a)/c.

We also prove a divergence inequality relating finite-state
dimension with divergence and asymptotic Sannon entropy.
Lutz has proven in [26] a divergence equality that relates
the a-finite-state dimension of a S-normal sequence S to the
divergence of positive probability distribution o from positive
probability distribution 5 and the Shannon entropy of g,

namely
H(B)
H(B) + div(Blla)

Our inequality holds instead for any sequence S, and bounds
dimpg(S) in terms of the asymptotic Shannon entropy of S
and the divergence of a from S.

Research on normal sequences and normal numbers (real
numbers whose base-b expansions are normal sequences for
various choices of b) connected the theory of normal numbers
directly to the theory of computing. Further work along these
lines has been continued in [21], [29], [3], [33]. After the
discovery of algorithmic dimensions in the present century
[24], [25], [14], [2], the Schnorr-Stimm dichotomy led to
the realization [8] that the finite-state world, unlike any
other known to date, is one in which maximum dimension

dimfig(S) =
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is not only necessary, but also sufficient, for randomness.
This in turn led to the discovery of nontrivial extensions
of classical theorems on normal numbers [11], [36] to new
quantitative theorems on finite-state dimensions [19], [16], a
line of inquiry that will certainly continue. It has also led to a
polynomial-time algorithm [4] that computes real numbers that
are provably absolutely normal (normal in every base) and, via
Lempel-Ziv methods, to a nearly linear time algorithm for this
[27]. In parallel with these developments, connections among
normality, Weyl equidistribution theorems, and Diophantine
approximation have led to a great deal of progress surveyed in
the books [15], [9]. This paragraph does not begin to do justice
to the breadth and depth of recent and ongoing research on
normal numbers and their growing involvement with the theory
of computing. It is to be hoped that our strong dichotomy
theorem and the quantitative methods implicit in it will further
accelerate these discoveries.

II. DIVERGENCE AND NORMALITY

This section reviews the discrete Kullback-Leibler diver-
gence, introduces asymptotic extensions of this divergence,
and uses these to give useful characterizations of Borel normal
sequences.

A. The Kullback-Leibler divergence

We work in a finite alphabet & with 2 < |X| < co. We write
3¢ for the set of strings of length ¢ over X, ¥* = | J;2, X* for
the set of (finite) strings over X, X“ for the set of (infinite)
sequences over ¥, and ¢ = 3* U X%, We write \ for
the empty string, |w| for the length of a string w € X*, and
|S| = w for the length of a sequence S € X%, For x € L=¢
and 0 < ¢ < |z|, we write z[i] for the i-th symbol in z,
noting that z[0] is the leftmost symbol in z. For x € ¥=* and
0<i<j<|x|, we write x[i..j] for the string consisting of
the ¢-th through j-th symbols in x. Specially, we write = [ n
to mean x[0..n — 1]. For z, y € £, we write x C y if x is
a prefix of y. We write = C y to denote = being a strict prefix
of y, which excludes the case z = y.

A (discrete) probability measure on a nonempty finite set
Q2 is a function 7 : Q — [0, 1] satisfying

> ww) =1. (1)

weN

We write A(2) for the set of all probability measures on 2,
AT (Q) for the set of all 7 € A(Q) that are strictly positive
(i.e., m(w) > 0 for all w € Q), Ag(Q?) for the set of all 7 €
A(Q) that are rational-valued, and A(E(Q) = AT (Q)NAQ().
In this paper we are most interested in the case where ) = X
for some ¢ € ZT.

Intuitively, we identify each probability measure m € A(Q)
with the point in RI®l whose coordinates are the probabilities
m(w) for w € Q. By (1) this implies that A(£2) is the (|| —1)-
dimensional simplex in RI’l whose vertices are the points at
1 on each of the coordinate axes. For each w € (2, the vertex
on axis w is the degenerate probability measures m, with
7w (w) = 1. The centroid of the simplex A((2) is the uniform
probability measure on {2, and the (topological) interior of

3

A(Q) is AT(Q). We write OA(Q) = A(Q) ~ AT(Q) for the
boundary of A(Q).

Definition. ([23]). Let o, 8 € A(Q2), where € is a nonempty
finite set. The Kullback-Leibler divergence (or KL-divergence)

of B from « is

D(al|B) = Ea log%, ®)

where the logarithm is base-2.

Note that the right-hand side of (2) is the a-expectation of
the random variable

(07
log—: Q0 —R
B

(bg Z) () =lg 5)

for each w € €. Hence (2) is a convenient shorthand for

D(al|f) =) a(w)log

weN

defined by
a(w)

a(w)

Blw)

Note also that D(«||3) is infinite if and only if a(w) > 0 =
B(w) the some w € .

The Kullback-Leibler divergence D(«a|3) is a useful mea-
sure of how different 3 is from «. It is not a metric, because
it is not symmetric and does not satisfy the triangle inequality,
but it has the crucial property that D(«||5) > 0, with equality
if and only if @« = (. The two most central quantities in
Shannon information theory, entropy and mutual information,
can both be defined in terms of divergence as follows.

1) Entropy is divergence from certainty. The entropy of a
probability measure o € A({), conceived by Shannon
[32] as a measure of the uncertainty of «, is

H(a) = Z a(w)D(my,||a), 3)
wel
i.e., the a-average of the divergences of « from the
“certainties” .
2) Mutual information is divergence from independence.
If a, B € A(Q) have a joint probability measure
v € A(Q x Q) (ie., are the marginal probability
measures of 7), then the mutual information between
« and B, conceived by Shannon [32] as a measure of
the information shared by « and §, is

I(ev; B) = D(af||v), 4)

i.e., the divergence of v from the probability measure in
which « and § are independent.

Two additional properties of the Kullback-Leibler diver-
gence are useful for our asymptotic concerns. First, the di-
vergence D(al|B) is continuous on A()? (as a function
into [0,00]). Hence, if a,, € A(Q) for each n € N and
li_>m o, = « in the sense of the Euclidean metric on the
;Limoglex A(Q), then nlgrgo D(ay||la) = nlgl;o D(a|law) = 0.
Second, the converse holds. It is well known [12] that

1
S = e — B2
D(allf) > 5i5ll - I
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where |lo — Bll1 = > cqola(w) — B(w)| is the Z;-norm.

Hence, if either lim D(wy,|le) = 0 or lim D(a|lay,) = 0,
n— o0 n—0o0

then lim «, = a.

Mgrgoéxtensive discussions of the Kullback-Leibler diver-
gence appear in [12], [13].

B. Asymptotic divergences

For nonempty strings w, z € ¥*, we write

Sl

|w
for the number of block occurrences of w in xz. Note that
0 < #o(w,z) < 1.
Foreach S € X%, n € ZT, and X\ # w € X*, the n-th block

frequency of w in S is

zm|wl..(m + Dfw| — 1] = w}

#olw,2) =i <

#o(w, S[0..n|w|—1])

n

®)

s (W) =

Note that (5) defines, for each S € ¢ and n € Z*, a function
Mgt 55N {A} — Q.

For each such S and n and each £ € Z, let ﬂg)” =g, | T

be the restriction of the function 7y, to the set ¢ of strings
of length /.

Observation 1. For each S € ¥¥ and n, £ € Z1,
) € Ag(xh),

(6

i.e., 7y is a rational-valued probability measure on X¢.

We call 7T.(5‘)n the n-th empirical probability measure on $¢
given by S.

A probability measure o € A(X) naturally induces, for each
¢ € Z*, a probability measure o'¥) € A(X¢) defined by

|w]—1

aOw) = ] alwli).

=0

(6)

The empirical probability measures n(sz)n provide a natural

way to define useful empirical divergences of probability
measures from sequences.

Definition. Let / € ZT, S € 3, and o € A(Z).
1) The lower (-divergence of o from S is dive(S|la) =
lim inf D(rr?) [|a(9).
n— oo ’
The upper {-divergence of o from S is Divy(S||la) =
lim sup D(T[g)nﬂa(z)).
n— o0
3) The lower divergence of « from S is div(S|la) =
sup divy(S]|a)/L.
LezZt
4) The upper divergence of o from S is Div(S||a) =
sup Div,(S]|a)/L.
LeZ+t

2

~

A similar approach gives useful empirical divergences
one sequence from another.

Definition. Let £ € Z* and S, T € X¥.
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1) The lower f dlvergence of T from S is divy(S||T) =
lim inf D(ﬂs n||7r )
n— oo

2) The upper (- dlvergence of T from S is Divy(S||T) =
lim sup D(7IS ”||7IT ”)
n— oo

3) The lower divergence of T from S is div(S||T) =
sup div(S]|T)/¢.
LeLF

4) The upper divergence of T from S is Div(S||T) =
sup Div,(S||T)/4.
ezt

C. Normality

The following notions are essentially due to Borel [7].
Definition. Let o € A(X), S € X%, and £ € ZT.
1) S is a-l-normal if, for all w € X,

— ~®
nh_}m Tty n(w) = o' (w).

2) S is a-normal if, for all ¢ € Z+, S is a-f-normal.

3) Sis l-normal if S is p-f-normal, where p is the uniform
probability measure on .

4) S is normal if, for all £ € Z*, S is ¢-normal.

Lemma IL1. For all o € A(X), S € X%, and { € 7T, the
following four conditions are equivalent.

(1) S is a-¢-normal.
(2) Dive(S||er) = 0.
(3) For every a-t-normal sequence T € 3%, Divy(S||T) =

0.
(4) There exists an a-¢-normal sequence T € % such that
Dive(S||T) = 0.

Proof. Let «, S, and / be as given.
To see that (1) implies (2), assume (1). Then lim ﬂg)n =
n—00 ’

o9, so the continuity of KL-divergence tells us that
Dive(Slla) = lim D(),[la) =0,

i.e., that (2) holds.
To see that (2) implies (3), assume (2). Then
lirn D(n(l) ) = Divy(S|le) = 0, whence the £

(¢ ) =a®. For any

a-f-normal sequence T € X¢, we have hm ng) = a(‘g),

bound in section II-A tells us that hm Ty

whence the continuity of KL-divergence tells us that

Div,(S||T) = lim D(n§),[|n),) = D(a?]jal?) =0,
n— o0

i.e., that (3) holds.

Since «-f-normal sequences exist, it is trivial that (3)
implies (4).

Finally, to see that (4) implies (1), assume that (4) holds.
Then we have

lim D(ry),||ml)) =

n—oo

Div,(S||T) = 0,
whence the .2} bound in section II-A tells us that

)

TN O R () T
Jim [l7cg, — 7 [l = 0.
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We also have

: 0 _ (0
w33 =

whence '
Tim ), = a“]ly = 0. @®)

By (7), (8), and the triangle inequality for the .Z}-norm, we
have ®
i —a®, =
nIL)IEO||T[S7n « ||1 07

whence (
. 0) @)
lim e =«
n—o0 S’,n ’

i.e., (1) holds. O]
Lemma II.1 immediately implies the following.

Theorem IL.2 (divergence characterization of normality). For
all « € A(X) and S € X, the following conditions are
equivalent.
(1) S is a-normal.
(2) Div(S]|ja) = 0.
(3) For every a-normal sequence T € X%, Div(S||T) = 0.
(4) There exists an a-normal sequence T € X“ such that
Div(S||T) = 0.

III. STRONG DICHOTOMY

This section presents our main theorem, the strong di-
chotomy theorem for finite-state gambling. We first review
finite-state gamblers.

Fix a finite alphabet ¥ with |X| > 2.

Definition ([31], [18], [14]). A finite-state gambler (FSG) is
a 4-tuple
G =(Q,4,s,B),

where () is a finite set of states, § : QXX — @ is the transition
function, s € Q is the start state, and B : Q) — Ag(X) is the
betting function.

The transition structure (Q,d,s) here works as in any
deterministic finite-state automaton. For w € X*, we write
d(w) for the state reached from s by processing w.

Intuitively, a gambler G = (Q, ¢, s, B) bets on the succes-
sive symbols of a sequence S € X“. The payoffs in the betting
are determined by a payoff probability measure o € A(X).
(We regard o and S as external to the gambler G.) We write
dg.o(w) for the gambler G’s capital (amount of money) after
betting on the successive symbols of a prefix w C S, and we
assume that the initial capital is dg (X)) = 1.

The meaning of the betting function B is as follows. After
betting on a prefix w C S, the gambler is in state d(w) € Q.
The betting function B says that, for each a € X, the gambler
bets the fraction B(d(w))(a) of its current capital dg (w)
that wa C S, i.e., that the next symbol of S is an a. If it then
turns out to be the case that wa C S, the gambler’s capital

will be
B(d(w))(a)
ala)

€))

dg.o(wa) = dg,qo(w)

(Note: If a(a) = 0 here, we may define dg o(wa) however
we wish.)

5

The payoffs in (9) are fair with respect to «, which means
that the conditional a--expectation

Z a(a)dg,q(wa)

acy
of dg,o(wa), given that w C S, is exactly dg o (w). This says
that the function dg o is an a-martingale.

If §(w) = ¢ is a state in which B(q) = «, then (9) says that,
for each a € 3, dg o (wa) = dg,o(w). That is, the condition
B(q) = a means that G does not bet in state ¢q. Accordingly,
we define the risk that (G takes in a state ¢ € (Q to be

riskg(¢) = D(e||B(q))-

i.e., the divergence of B(q) from not betting. We also define
the total risk that G takes along a string w € ¥* to be

Riskq(w) = Y _ riskq (5(u)).

We now prove our main theorem.

Theorem IIL1 (strong dichotomy theorem). Let o € AT (Z),
SeX¥ and v < 1
1) If S is not a-normal, then there is a finite-state gambler
G such that, for infinitely many prefixes w C .S,

des o (w) > 27 PV(Slla)

2) If S is a-normal, then, for every finite-state gambler G,
for all but finitely many prefixes w C S,

dga(w) < 277 Riske(w),

Proof. To prove the first part, let S be a non-normal sequence.
Then by Theorem II.2, we know that Div(S||a)) > 0. Let
r < 1 and let € > 0. By the definition of Div(S||«a) there
must exist £ such that

Divy(S]|a)/€ > r Div(S||a). (10)

That is
Div(S||a) = limsup D(n) [|a(®) > ¢r Div(S]|).
n—oo ’

We can pick a subsequence of indices my’s, such that
limy_y oo D(T(g)nkHa“)) = Divy(S||e). Therefore by inequal-
ity (3.2)

D(ng{;kna(@) > 0r Div(S||o) (11)

for sufZﬁciently large k. In particular, by compactness of
[0, 1]IE | equipped with the .Z;-norm, we can further require
that

. o) .
kli}ngo Ty, ~ CXISES. (12)
Let My = mo(r,m) € Ag(X?) be the m-th n(s.z)nk that

satisfies (11), indexed by k. By the way we define 7y, we
have

D(m|a'?) > £r Div(S||e), and (13)

[|7to — ﬂg)nkH — 0, asm — oo and k — oo, (14)
whence D’s continuity in section II-A tells us that

D(Trg)nkﬂﬂo) — 0, asm — oo and k — oo. (15)
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Also note that,
lim D(mo|[a®?) = lim D(n) [|a(®) = Dive(S]|a) > 0.
m—»o0 k—o00 Tk
(16)
Fix m such that for 7y = 79 (r, m), for any ny, sufficiently
large, we have

D(ry), |Imo) < /(1 + €) Divy(Sla) < eD(molla'?), (17)
and
D(r), llal) > Dive(S]|a)(1 - &)
> D(mollaP)(1—€) > 0.  (18)
By doing the above we pick a probability measure 71y that

is “far” away from a(g), we now hard code 7 in a gambler
G = (Q,0,s,B), where

_ if |lwal < £
_ oyt _ Jwa i
Q ) {A ool &

s=\, and B(w)(a)=m(alw),

where 7t (a|w) describes the conditional probability (induced
by mg) of occurrence of an a after w € @, and is defined
by 719 (alw) = mp(wa) /7o (w), where for u € @, the notation

7 (u) is defined recursively by mo(w) = Y, cx To(wa).

Let u = ag---as—; be in X¢. The following observation
captures the above intuition:
B()N)(ao) - B(u[0..£ —2])(ag—1)  mo(u)
alag) -+ alar—1) a®(u)’
Now let w = S [ n; for some k. We can view w as w =
Ul * * * Up—1Up, Where |u;| = £ for 0 < ¢ < m — 1 and
Uy = Qg -+ + Ay, With m < £. Then we have
n—1
7o(u;) \ B(A)(ao) - - - B(un[0.m — 1)) (am,
o) =( )
an(w) (11 G ala0) - alan)
n—1
7'[0(’&7;)
> C ,
= Co 1;[ a0 (u;)

(19)
where Cy is the minimum value of

B(X)(ao) - - B(un[0..m — 1])(am)
alag) - alag—1) ’
where u,, = ag - - - a,, ranges over ©<¢. Taking log on both
sides of (19) we get

log dg. a( ) —log Cy
> Zl ’/To uz luze#m u, w) log ()(22)
) nmz_:e o s —log 5(2)(22)
:wzz:ﬂw) (;%Z%
" (6) (€)
=1 3 [ toon sy oion

= n (D), [1a®) = D(r), lImo)) (20)

0018-9448 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission. See httf ://www.ieee.org/publications standardsgubhcatlons/nghts/mdex .html for more information.
Authorized licensed use limited to: Universidad de Zaragoza. Downloaded on July

6

Then by (18), for w = S [ ny long enough, we have

log dg.a(w) — log Cy > n(D(ngma(@) - D(ngénnno))

> n(D(T(OHa N1 —€) — D(n) IIﬂo))

> “:#D(noncy(f))u — 2e).
Therefore, by (13) we have

d o(w) > Cp2 T2 D(molla?) 5 glulr(1-26) Div(s]|a),

Since r and 1 — 2e can be picked arbitrary close to 1, take
r(1 — 2€) > ~, then there is a G such that

da.o(w) > 27 Div(S||a)|w|

for w = S [ ny long enough.

We now prove the second part of the main theorem.

Let S be a normal number, G an arbitrary finite-state
gambler. By Proposition 2.5 of [31], G = (Q,d,s, B) will
eventually reach a bottom strongly connected component (a
component that has no path to leave) when processing S. A
similar argument can also be found in [33]. Without loss of
generality, we will therefore assume that every state in G is
recurrent in processing S.

Let w=ag---a,_1 = S. Then
B(O(N)(ao) - - 3(5( [a0--an—2])) (an—1)

a(ag) - - ofan-1)
I (Pt on
a(a)

qeEQ acX

dcya(w) =

where the notation #¢ ., (¢, a) denotes the number of times G
lands on state ¢ and the next symbol is a while processing w.
Similarly, we use the notation #¢ ,,(g) to denote the number
of times GG lands on ¢ in the same process.

Taking the logarithm of both sides of (21), we have

logdGa Z Z#Gw q,a log (()() )
gEQ aEX
_Z#Gw Z#Gw q,a gB(Q)(a)
2ol 2 S o
(22)

By a result of Agafonov [1], which extends easily to the
arbitrary probability measures considered here, we have that,
for every state g, the limit of #‘;‘”7('(1;;) along S exists and
converges to «(a). That is

#G w(qa )

lim ——————~ =

w—S #G w() Ol(a),

(23)

for every state q.
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Therefore, by equations (22) and (23), and the fact that there
are finitely many states, we have

logdg,o(w) < Z #aw(Q) Z(a(a) +0(1)) log Biq(zl()a)
q€Q a€y
=3 riska(@) @+ 3 Fow(@ S o(1) log B(i()())
q€Q q€Q agxy
= — Riskg(w) + Z #Hew(q) Z o(1) log Bgi)a()a)
q€Q a€s
= Riskg(w)(—1+ o(1)).
It follows that
dg.o(w) < 2_(1+0(1))RiSkB(w)7
so part 2 of the theorem holds.
O

IV. DIMENSION

Finite-state dimensions give a particularly sharp formulation
of part 1 of the strong dichotomy theorem, along with a dual
of this result.

Finite-state dimensions were introduced for the uniform
probability measure on X in [14], [2] and extended to arbitrary
probability measure on X in [26]. For each oo € A(X) and each
S € X¥, define the sets

B (S) = {s e o, oo)‘(EIFSG Q)

lim sup o (w) ' ~*dg o (w) = oo}
w—S

and

B2 (S) = {s e [0,00)‘ (IFSG @)

lim inf o/ (w)' % dg, o (w) = oo}
w—S

The limits superior and inferior here are taken for successively
longer prefixes w C S. The “strong” subscript of &g, (.5)
refers to the fact that al*l(w)'=*dg . (w) is required to
converge to infinity in a stronger sense than in &*(.5).

Definition ([26]). Let o € A(X) and S € X¥.
1) The finite-state a-dimension of S is
dimpg(S) = inf (9).
2) The finite-state strong a-dimension of S is
= inf 685, (9).

It is easy to see that, for all @« € A(X) and S € X¢,
0 < dimpg(S) < Dimgg(S) < 1.

Theorem IV.1. For all « € A (X) and S € ¥ let ¢ =
log(1/min,ex a(a)). Then,

dimpg(S) <1 — Div(S]|a)/c

and
Dimpg(S) < 1 —div(S]|a)/c.

7

Proof. Let t < Div(S||a)/c, and let s = 1 — ¢. Fix ¢ such
that Divy(S|a)/¢ > tc, then for io. n, D(my ) |la(?) > ttc.
Note that ol®l(w) > (1/2°)1*! for every w € X*.

Define the gambler G be G = (Q, 9, so, By, ), where

Q _ 2§€—1

5w, a) = wa if jwa| < ¢
’ A if jwa| = ¢’

so = A, and

By (w)(a) = g, (alw),

where 71(;1)71(@|w) describes the conditional probability (in-
duced by Ttg)n) of occurrence of an a after w € Q.

Let w = ag - - - ag—y be in XL

Bu(A)(a0) -+ Bu(ul0..6 = A)(ar_1) _ 5 (u)
alag) -+ alag_1) a®(u)’

Then for z € ¥* with z C S and |z|= ¢n, we have

a?(2)! g o (2) = o*1(2) dg a(2)

Therefore,

a?l(2)'dg,a(z) > (%)|2|t2”D<ﬂ§LHa“>>

> 2fc\z\t+c|z|t

Since the number of states is fixed, this implies dimpg(.S) <
1 —Div(S||a)/ec.
The proof of the other case is similar, where we use the fact
that, for a.e. n,
D(n) [|a®) > tte.

O

V. ASYMPTOTIC ENTROPY AND FINITE-STATE DIMENSION

In this last section we present a divergence inequality
relating finite-state dimension to asymptotic divergence and
Shannon entropy. A divergence equality exists for S-normal
sequences S, for 8 a positive probability distribution, char-
acterizing dimfyg(S) in terms of the divergence of « from 3
and the Shannon entropy of 8 [26]. Our result here holds for
any sequence .S, and therefore uses instead the divergence of
« from S and the asymptotic Shannon entropy of a sequence
S, defined below.

Definition. Let S € 3“. We define the following asymptotic
entropy.

1) HJ(f)(S) = ¢ limsup,,_, H(Ttg)n)

2) H*(S) =inf, H".

3) HY(S) = Liminf,, o0 H(7),).

4) H=(S) =inf, HY,
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Our next lemma compares the condition div(S||a) > 0 (not Note that G can be viewed as a gambler gambling on every
equivalent to Div(S||a)) > 0, characterising non-normality) to £ symbols, in the way that he always “waits” until he sees the
the success obtained by finite-state gamblers on S. first £ — 1 symbols of a string © = wa of length ¢, and then
bets a fraction of 71y(wa) of his capital on the next symbol

Lemma V.1. Let o € AT(X) and S € X%. For every v < 1,
if div(S||e) > O then there is a finite-state gambler G such
that, for infinitely many prefixes w C S,

being an a.
Let u = ag---ag—1 be in ¢ The following observation
captures the above intuition:

div(S i
dg,a(w) > 27V Slllvl, B(N)(ao) -+ Bul0. — 2)(ar—1) _ mo(u)
Proof. Let S be such that div(S||a) > 0. Letr < 1, let e > 0. a(ag) -+ a(ag—1) ald(u)’
By the definition of div(S||a) there must exist £ such that Now let {n;} satisfy (25) and (26), and let w = S | ny,
dive(S||a) /¢ > rdiv(S||a) (24) for some k. We can view w as w = uquy - - - un_l.un, where
|u;l =€ for 0 <i<n-—1and u, =agp---a, with m < £.
That is © 1 ® Then we have
liminf D(7tg’ ||a'™) > £r div(S]|a). ne
n—voo L Sm () = ( 1_[1 m,(ui)) B(\)(ao) - - - B(un[0..m — 1]) (@)
We can pick a subsequence of indices ny’s, such that ~ °® o(u;) a(ag) - alam)
limy_y oo D("(Sl)nk ||a’) = div,(S||c). Therefore n1 ()
’ Tho (U
>C , 32
D(rg), |lal?) > erdiv(S]|a). (25) =0 1;[ a(u;) (32)
for sufficiently large k. In particular, by compactness of RIZ‘I where Cj is the minimum value of
equipped with % -norm, we can further request that B(M\)(ag) - - B(un[0.m — 1])(ay,)
klim ﬂg)nk exists. (26) a(ao) - -~ a(ag-1)
—00 R
where u,, = ag - - - a,, ranges over <t Taking log on both
Let sides of (32) we get
o =Tio(r, m) = “the m-th number in {n;} that satisfies (25)” n—1 o0 (us)
o(uq
— >
By the way we pick 7y, we have log dg,a (w) — log Co > ; log a® (uy)
D(mo)|a®) > £rdiv(S||a), and Q27) _ o (u)
® - Z #D(U’a U}) 1Og a(@) (u)
I7t0 — 7tg p, Il = 0, asm — oo and k — oo, (28) |ul=¢
: , _ #o(u,w),  7o(u)
whence the %} bound in section II-A tells us that =n Z n log a® (u)
u|=~
D(n), |lmg) =0, asm —ooand k—oo.  (29) 5 " to(u)
= 1
Also note that, " MZ_Z T (1) 10g a® (u)
. . 1 .
lim_D(mol[a) = lim D(ne) []a®) = dive(S||a) > 0. © A0 20 (u)
mmee = (30) =n Z [T[S (u) log — — 7y, (u) log 7}
n a®(u) o 7o ()
For a fixed 7y = 7y (r, m), by the definition, for any ny > |ul=¢
m’s, we have - ”(D(”(sli)nﬂa(z)) _ D(W(Sli)nnﬂo)) (33)
) ¢ ¢
D(T(S,TLkHa( )) > D(m||a!) > 0. BD  Then by (29) and (31), we have
By doing the above we pick a probability measure 71 that log d —log Ch — ( DD 11a®Y — DD )
is “far” away from «, we now hard code 71y in a gambler 08 dg,o(w) —log Co =n (T[S’"Ha ) (ﬂs’"Hﬂo)
G = (Q,6,s, B), where > n(D(ﬂoua(f)) - D(ng{?nnno))
— ES@*I
Q , > P pra®)1 o)
wa if (wa| < ¢ ¢
6(w,a) = A\ if Jwal = ¢ ) Therefore, by (27) we have
s=), and dg.o(w) > COQ‘LZ‘D(HOHMQ)G —€) > 2lulr=9 div(Slla)

B(w)(a) = mo(alw) Since r and 1 — € can be picked arbitrary close to 1, take

where 71y (a|w) describes the conditional probability (induced (1 —€) > 7, then
by 7y) of occurrence of an a after w € @, and is defined dG.o(w) > o7 div(S][a)|w|
by 719 (alw) = mp(wa) /7o (w), where for u € @, the notation ’ -

o (u) is defined recursively by 7 (w) =}, oy To(wa). for w = S [ nj long enough.
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O
We can now prove a divergence inequality for finite-state
dimension that holds for any sequence.

Theorem V.2. Let o« € A1 (X) and S € X“. Then for every
~v < 1 there is an { such that
HY(S) + (1= 5) div(S]|a)

H=(S) 4+ v div(S||a)

dimpg(9) <

Proof. If div(S||a) = 0 the theorem is trivially true. So we
assume div(S||a) > 0. Let s € (0,1).
By Lemma V.1, there must be a FSG G such that

dg.o(w) > 27V Slelwl

for infinitely many prefixes w C S. We also let ¢ be picked
as in the proof of Lemma V.1. And let w C S and |w|= n/,
where n is integer.

Then consider

ol (w)' = dg o (w)
= dg o (w)20 9 gl (W)
= des o ()20~ i i og aw)

_ dG,a (w)Z(l—s)# Zlulzi nf;:)n (u) log ar(u)

(0)
) g (w)
— .o (w) 2~ A D 760 () (log —25— —log () (w)

= dg o (w)2~ 1= (DAL +H )

< o(vdiv(s]le) =172 (D(n), [ )+ H (n ) ) o]

To make the left-hand side “hit infinity” infinitely often, we
only need to make,

1—
1imsup{7div(S||a)—7( ) (D(ﬂg)nHa“))—i—H(ﬂg)n))} >0
w—S

/
(34)
Equation (34) holds whenever
_ dive(Sllo)/¢ + H(S) =~ div(9]|a) )

dive(S||er) /¢ + HO(S)
From the proof of Lemma V.1
dive(S||a) /€ > v div(S||a)

Replacing this in inequality (35) we have that equation (34)
holds whenever

HO(S) + (1-7) div(S]|a)

7 THA(S) + 4 div(S]|a)

We then have

HO(S) + (1 —7) div(S]|o)
H=(S) + ~vdiv(S]|a)

dimgg(5) <

O
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