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ABSTRACT. Having its origin in theoretical computer science, the Kannan-Lovéasz-Simonovits (KLS) conjec-
ture is one of the major open problems in asymptotic convex geometry and high-dimensional probability
theory today. In this work, we establish a connection between this conjecture and the study of large and
moderate deviations for isotropic log-concave random vectors. We then study the moderate deviations for
the Euclidean norm of random orthogonally projected random vectors in an £7—ball. This leads to a number
of interesting observations: (A) the ¢7'—ball is critical for the new approach; (B) for p > 2 the rate function in
the moderate deviations principle undergoes a phase transition, depending on whether the scaling is below
the square-root of the subspace dimensions or comparable; (C) for 1 < p < 2 and comparable subspace
dimensions, the rate function again displays a phase transition depending on its growth relative to nP/2.

1. INTRODUCTION AND RESULTS

One of the major open problems in asymptotic convex geometry is the famous Kannan-Lovasz-Simonovits
(KLS) conjecture. This conjecture has its origin in theoretical computer science and arose in the study of
sampling algorithms for high-dimensional convex bodies. One specific situation of interest in the theory is to
design an algorithm that efficiently computes the volume of an n-dimensional convex body. Such an algorithm
is fed with a convex body K C R™ and a quality parameter ¢ € (0, 00), where the body K is represented by
a membership oracle, which, for each z € R™ can decide whether or not z € K. The algorithm returns a
number V = V(K ¢) € R such that

(1 —¢)vol,(K) <V < (14 ¢)vol,(K)

and the efficiency of the designed algorithm is measured in terms of the number of arithmetic operations and
calls to the membership oracle. While deterministic algorithms are deemed to be inefficient (see the works
of Bardny and Fiiredi [4] and of Elekes [14]), there are reasonable randomized algorithms available that can
accurately compute the volume of convex bodies with high probability in polynomial time, see Dyer, Frieze,
and Kannan [13]. At its core, the construction of this randomized algorithm is connected to an isoperimetric
inequality for log-concave probability measures on R™ (see, e.g., [1] for an introduction to the KLS conjecture
and [38] for a more detailed explanation on its connection with problems in theoretical computer science).
The constant appearing in this isoperimetric inequality, known as Cheeger’s constant, is of particular interest
and directly linked to the KLS conjecture, which by the work of Rothaus, Cheeger, Maz’ya, and Ledoux (see,
e.g., [7, Theorem 1.1]) can be stated as follows:

KLS Conjecture. There exists an absolute constant C € (0,00) such that for all n € N, every centered
random vector X with log-concave distribution and any locally Lipschitz function f : R™ — R such that f(X)
1s of finite variance,

Var[f(X)] < CXX E[IIVA(X)]I3],

where % := supgegn—1 E(X, 6)2.

Using what is known as the localization lemma, Kannan, Lovéasz, and Simonovits proved the conjecture with
a factor (E[| X||2)? instead of A% (see [26]), and later Bobkov [9] improved this estimate. But besides the fact
that the KLS conjecture holds for exponential and Gaussian random vectors and has attracted considerable
attention in the past 25 years, there has been very little progress to the present day (see [8] and [19] for a
proof of the conjecture for the class of revolution bodies, [6] for the case of the simplex, [30] and [36] for the
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case of the £}-balls, [29] for the case of 1-unconditional bodies with an extra logn factor, and [32] for the best
general estimate of the constant of the order y/n in the KLS conjecture). One of the reasons for the interest
in the KLS conjecture is that, if correct, it would imply several other well-known conjectures in asymptotic
convex geometry, including the variance conjecture (which is the special case f(-) = ||-]|2) and the hyperplane
conjecture. This brings us to the first purpose of this paper, which is to establish a connection between the
KLS conjecture and the study of so-called large and moderate deviations principles for isotropic log-concave
random vectors.
While the study of central limit theorems for random geometric quantities in asymptotic convex geometry is
by now a classical and still flourishing part of the theory, as can be seen in [3, 18, 20, 21, 22, 23, 28, 34, 35],
fluctuations beyond the Gaussian scale have only recently attracted attention in this context. For one,
there are the large deviations, or more precisely large deviations principles, which determine the asymptotic
likelihood of rare events on a scale of a law of large numbers, the most classical result in this direction being
Cramér’s theorem [10] (see also [12]). Contrary to the universality shown by a central limit theorem, the
large deviation behavior is typically sensitive to the distribution of the underlying random objects. Being a
classical topic in probability theory, large deviations have only recently been introduced in asymptotic convex
geometry and high-dimensional probability by Gantert, Kim, and Ramanan [15]. They obtained a large
deviations principle for 1-dimensional projections of £7-balls in R™ as the space dimension n tends to infinity,
showing how the speed and rate depend on the parameter p and thus in a subtle way on the geometry of the
body. Their work inspired a number of investigations regarding the large deviations behavior of quantities
that naturally appear in asymptotic convex geometry, such as Sanov-type large deviations for the random
spectral measure of a properly normalized matrix chosen uniformly at random in the unit ball of a Schatten
p-class [24] (a non-commutative analogue of a result previously obtained by Kim and Ramanan for random
vectors in high-dimensional £}}-spheres [27]), large deviations principles for £,-norms of random vectors in £} -
balls [22, 23], a description of the large deviations behavior for the Euclidean norm of orthogonal projections
of £-balls to high-dimensional random subspaces [2], and, very recently, large deviations under an asymptotic
thin-shell condition [37] as well as geometric sharp large deviations for random projections of {3 -spheres (33].
The question now arises of what can be said about the asymptotic likelihood of events on a scaling between
Gaussian fluctuations covered by the central limit theorem and large deviations? This scaling is exactly the
one covered by the so-called moderate deviations principles, which are nothing but large deviations principles
of differently normalized random variables. However, in contrast to large deviations, the so-called moderate
deviations principles are typically non-parametric in rate. In fact, usually moderate deviations principles
inherit properties from both the central limit theorem and the large deviations principle in that the central
limit theorem is still visible in form of a Gaussian (quadratic) rate function, while probabilities decay on an
exponential scale as in the large deviations principle. In the framework of random geometric quantities in
asymptotic convex geometry those have first been considered by Kabluchko, Prochno, and Théle in [23] for
{4-norms of random vectors in £-balls.
Now, let us be more precise and introduce what a large or moderate deviations principle formally is and
then describe its relation to the KLS conjecture. We recall that a sequence (X,,)nen of random vectors in
d-dimensional Euclidean space R¢ satisfies a large deviations principle (LDP) with speed s,, and rate function
I:R?— [0, 00] if
(1) - rienjo I(x) < linrgigf s, logP[X,, € A] < liﬂso%p s, logP[X,, € A] < — inf I(x)
z€A

for all Borel measurable A C R¢, where A° denotes the interior and A the closure of A, and where I is lower
semi-continuous and has compact level sets {z € R? : I(z) < a}, a € R. So loosely speaking, an LDP says
that if n € N is sufficiently large and A C R? sufficiently regular, then

P[X, € Al ~e " 2h1®)
As mentioned before, a moderate deviations principle (MDP) is nothing else than an LDP for a differently
normalized sequence of random variable. Namely, if a sequence (¢, !X, )nen of random variables satisfies
an LDP with some speed and some rate function, an LDP for the sequence random variables £ X,, with
tn — oo and t,, = o(t,) is referred to as a moderate deviations principle, see [11, Chapter 3.7] and especially
part (c¢) of the remark after Theorem 3.7.1 for further details on terminology. Typically, the reference to an
LDP corresponds to the scaling that provides deviations at the scale of a law of large numbers, as Cramér’s
theorem does for sums of independent random variables, and LDPs at the scales providing deviations between



LDP, MDP AND THE KLS CONJECTURE 3

that of a weak limit theorem (like a central limit theorem) and that of a law of large numbers are referred
to as MDPs. In this paper, for two sequences (2, )nen and (yn)nen we use the Landau notation z,, = o(y.)
if lim,, o0 z—: =0 and z,, = w(yy) if lim, 0 \%| = +o00. In addition, we write x,, = y, if there exist two
absolute constants c1, co such that cix, < y, < cox,. The following result establishes a connection between
the KLS conjecture and moderate/large deviations principles. Essentially, it is a consequence of the fact,
known from [1, 17, 31], that the KLS conjecture would imply a sharp concentration bound for the Euclidean
norm of isotropic log-concave random vectors.

Theorem A (LDPs/MDPs and the KLS conjecture). Let 1 < k, < n be a sequence of integers such that
kn = w(1) and let (£,)5°; be a sequence of isotropic log-concave random vectors in R*». Consider a sequence

— H£n”2
\/7

of random variables X, , n € N, which satisfies (1) with speed s, and rate function I. Assume that

one of the following two conditions is satisfied:
0 =1
+00 : otherwise.

(a) sp = o(\ky) and 1 is non-singular, i.e., I(z) # Io(x) = {

(b) sp =~ Vkn and tiiltf M =0 for some absolute constant ty € (1,00).
(0]
Then the KLS conjecture is false.

For a sequence of random vectors &, € R¥» n € N, as given in Theorem A it is well known that E||&, |2/ vk, —
1, as n — oco. Against this light, the natural scale for a law of large numbers and hence an LDP is v/k,,, while
scales with ¢, = o(v/k,) and t,, = w(1) correspond to an MDP. Thus, Theorem A establishes a connection
between LDPs or MDPs for isotropic log-concave random vectors and the KLS conjecture, showing that by
constructing a sequence of random vectors &,, n € N, such that X,,, n € N, follows an LDP or MDP with an
appropriate speed and/or rate function would disprove the variance and hence the KLS conjecture.

In this context it is instructive to recall that the large deviations principle [2, Theorem 1.2] or [22, Theorem
D] for the Euclidean norm of uniform random points in the rescaled n-dimensional crosspolytope D} :=

% ? (the normalization is designed in such a way that a uniform random vector in DY is isotropic)

h()ldS Wll}l Sp = \/ﬁ alld Iate fuIlCtl()Il
1:2 T I

+00 : otherwise.

In fact, the result from [2] can be transferred to our rescaled situation by a contraction with the function
x + x/+/2. This implies that, for any to > 1, the function

N 1
IR i I
t 12

is equivalent to a constant in the interval [tg, 00), since

tliltig)\llft—Q (/1 t—Q and tsiltpo\/lft—2

Thus, we cannot find tg > 1 such that the condition in Theorem A (b) is satisfied while at the same time

infae(¢,00) ()
t(l

there exists no ¢gp > 1 and an exponent o > 1 such that inf;~, > C for some absolute constant
C € (0,00). This shows that (rescaled) crosspolytopes constitute a critical case in Theorem A as they just
fail to satisfy condition (b) there. Notice also that the case of the crosspolytope shows that the condition

infme(t,oo) H(I)

; = 0 while we know

to € (1,00) in (b) cannot be relaxed to ¢y € [1,00) as this would give inf;~q
that they do satisfy the KLS conjecture (see [1, Theorem 2.3]).

The crosspolytopes just discussed are members of the important class of £7-balls, whose probabilistic aspects
have been under intensive investigation during the last years [2, 3, 15, 16, 20, 22, 23, 27, 33, 37] (see also
the comments in the introduction). As usual, for 1 < p < oo we let B} := {z € R" : [[z[|, < 1} denote
the unit ball in R™ with respect to the £}-norm ||z|, := (|z1[P + ... + |z, [P)VP, & = (21,...,2,) € R". In
the remaining parts of this paper we are studying random vectors that arise as orthogonal projections of
uniformly distributed random points in B onto random k,-dimensional subspaces. To formally introduce
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the framework and the necessary notation, let (k,)nen be a sequence of integers with 1 < k,, < n. Further,
for each n € N let X,, be a uniformly distributed random vector in ]B%Z. Consider a random k,,-dimensional
subspace F, of R™, which is distributed according to the Haar probability measure on the Grassmannian
manifold of all k,,-dimensional subspaces of R" and assumed to be independent of X,,. By Pg, we denote
the orthogonal projection onto F, and introduce the random variables

Znp =n'?||Pp, Xul2,  nEN,

where the factor n'/? is motivated by the asymptotic order of the factor VO](BZ)U "™ by which one has to
divide X, in order to make it, and consequently Pg, X, isotropic. In [15] and [2], large deviations principles
were proved (in some cases) for the sequence of random variables n—1/2 Z5.p- While these result provide large
deviations principles at the scale v/k, whenever k,, is proportional to n, that is not the case if k, = o(n).
For that matter, we will use the terminology MDP instead of LDP whenever we look at scales below /n and
call \/k;, the critical scale. Our next result is an MDP for %, , on the critical scale v/k,, i.e., for k;lﬂffn’p,
whose study is motivated by Theorem A. We will see that in this particular situation the rate function is
neither universal nor given by the quadratic Gaussian rate function. Instead, the rate function for 1 <p < 2
displays an interesting and non-expected phase transition, which is controlled by the relative growth of the
subspace dimensions k,, to n?/2.

Theorem B (MDP on the critical scale). Let 1 < p < oo and (kn)nen be a sequence of positive integers

» 3
1 <k, <n such that k, = w(1) and k, = o(n). Let M,(2) = ng/ Egiig Then the following hold:

(a) If p > 2, then k;l/zfn’p satisfies an MDP on R with speed k,, and rate function

3v2*1\/[p(2) —lo x
I(z) = 2Mp(2) 8 M, (2)
+00 : otherwise.

x>0

(b1) If1 < p < 2 and k, = o(nP/?), then k;l/{@fnm satisfies an MDP on R with speed k,, and rate function

zszp(Q) _ x .
I(z) = 5 log Vool x>0
400 : otherwise.

(b2) If1 <p <2 and k, = nP/?, then k;lﬂgn,p satisfies an MDP on R with speed n?/? and rate function

: (f)Q_l_ x 10,2 z
o [ 52 ()it e

+00 : otherwise.

(b3) If 1 < p < 2 and k, = w(n?/?), then k;l/{%’fn,p satisfies an MDP on R with speed n?/? and rate
function

400 : otherwise.
After having discussed the moderate deviations at the critical scale v/k,,, we finally turn to a description of
the moderate deviations at subcritical scales o(v/ky), which complement the central limit theorem and the
large deviations principle obtained in [3] and [2], respectively. In this case, we will see that the rate function
is indeed the universal quadratic Gaussian rate function also visible in the classical central limit theorem,
but with a typical prefactor encoding the variance of the Gaussian random variable appearing on the scale
of the central limit theorem as the limit of the sequence of random variables 2, ,, defined for every n € N as

r)
P (3)

which is normalized in such a way that E[Z,, ,] — 0, as n — oco. For technical reasons, we also restrict the
following result to the case that p > 2.

HPEanHQ Y/ kna

L p =nllP
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Theorem C (MDP on subcritical scales). Let 2 < p < oo and (kn)nen be a sequence of integers such that
1 <k, <nand lim 5 = X € [0,1]. Assume that k, = w(1) and that the sequence (t,)nen of positive
n—oo

real numbers satisfies t, = w(1), t, = o(v/kn) and either t,, = o(v/n — ky) or (n —k,) = o(f—kj). Then the
sequence of random variables t,;* %, , satisfies an MDP on R with speed t2 and rate function I(z) = oy, y2?

with constant oy, » given by
1y(3)2
2U(5)0(3) .
(20— A4+ 3p))T(1 + D)I(2)2 + AL(L)2T(3)

(2) Ap \ =

Remark 1.1. We end this section with a number of comments.

(a) Although the results we presented so far were formulated for uniform random vectors X, in B, we will
prove more general versions for random vectors that are distributed in B} according to a distribution
from the class introduced in [5]. As special cases this includes the uniform probability measure or the
cone probability measure on Bj, but also image measures of these measures on higher-dimensional
£y-balls under coordinate projections. We refer to the discussion in the next section.

(b) We would like to point out that the constant ¢y, » in (2) coincides with m, where o?(p, \) is
the variance of the centered Gaussian random variable appearing as the limit in the central limit
theorem for 27, , from [3]. In other words, this means that the rate function I(y) in Theorem C can
be rewritten as I(y) = #;)\)7 as expected.

(c) We leave it as an open problem for future research to study moderate deviations at the supercritical
scales t,, = w(vky) (and t,, = o(y/n)). In addition, it would be interesting to investigate the situation
where the involved parameters neither satisfy t,, = o(v/n — k) nor (n—k,,) = o(‘é—’?) Another open
problem is to decide whether or not the rate function in the MDP in Theorem C is the same also for
1<p<2

2. PRELIMINARIES

2.1. Notation. We supply the n-dimensional Euclidean space R™, where n € N, with the Euclidean norm
| - |l2 and the standard scalar product (-, -). The £}-norm will be denoted by || - ||, and B} := {z € R" :
|#||, < 1} will denote the n-dimensional unit ball with respect to the ¢Z-norm. For a set A C R we shall
write A° for the interior and A for the closure of A.

2.2. Distributions on /j-balls. As already mentioned in Remark 1.1, we consider a much more general
class of distributions compared to [2], [15], [22] and [27]. Those have been intensively studied by Barthe,
Guédon, Mendelson, and Naor [5], and are closely related to the geometry of £p-balls. This class contains the
uniform distribution as well as the cone probability measure on the £;-unit ball B) := {z € R" : ||lz||, <1}
considered in [3, 15, 22] as special cases, and many more (see below). As usual, ||z||, := (|z1[P +...+ |z, [P)'/?
denotes the £)-norm of the vector x = (z1,...,2,) € R, and the parameter p satisfies 1 < p < oco. For
fixed space dimension n € N, we let W be any Borel probability measure on [0,00), U, , be the uniform
distribution on B}, and C,, ; be the cone probability measure on the boundary of B}, where we recall that
Cnp(4) :== U, ,({rz : x € A,0 < r < 1}) for a measurable subset A on the boundary Sp~' = {2 € R™ :
|z]l, = 1} of B. The distributions we consider are of the form

(3) Pwnpi=W({0})Cp,+ HU,p,
where the function H : B} — R is given by H(x) = h(]|z|,) with

1 1 o 1 P py—1
h(r) = n/pe= s (=) W (g , € [0,1].
(T) pn/pF(1 + %) (1 _ Tp)l—i—n/p /0 S e’ ( S) r [ ]

In other words this means that

(@) P o) = WD) [ (@) Copfe) + [ 1(a) H@) U, ()

n
]Bp

S WD [ F@) Copln) + [ 1@ hllal) U, plc)

n
B p
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for all non-negative measurable functions f : Bj — R. The class of measures of the form Pw 5, contains
the following important cases, which are of particular interest (see Theorem 1, Theorem 3, Corollary 3, and
Corollary 4 in [5]):
(i) If W is the exponential distribution with rate 1/p (and mean p), then W({0}) = 0, H = 1, and
Pw 5, reduces to the uniform distribution U, ; on Bj.
(ii) If W = §g is the Dirac measure concentrated at 0, then W({0}) =1, H =0, and Pw ,,;, is just the
cone probability measure on Bj.
(iil) If W = Gamma(q,1/p) is a gamma distribution with shape parameter o« > 0 and rate 1/p, then
Pw n,p is the beta-type probability measure on B} with Lebesgue density given by

. I'(a+ %)
Do) (20 (1+ )

In particular, if & = m/p for some m € N, this is the image of the cone probability measure Cy4,p
on IB%;“”” under the orthogonal projection onto the first n coordinates. Similarly, if « = 1+ m/p,
this distribution arises as the image of the uniform distribution U, 4y, on IB%;H‘m under the same
orthogonal projection.

(1= Jep), zeBr.

2.3. Gaussian and p-generalized Gaussian random variables. Let us denote, for 1 < p < oo, by
(Zi):ien a sequence of independent copies of a p-generalized Gaussian random variable with Lebesgue density

B_# R

Defining

(14 2t

pq/p ( »

4 M =
W A= AT AT 1)
for ¢ > 1, we can express the moments of p-generalized Gaussian random variables as follows:
() E|Z1|" = Mp(q)  and  Cov(|Z1]",|Z1]%) = My(r + s) — My (r) Mp(s),

where ¢,7,s > 1, see [3, Lemma 3.1]. In particular, Var|Z;|? = M, (2q) — M,(g)?>. We shall use these relations
frequently in the proof of Theorem C and its general version Theorem 5.1.

If p = 2, then a p-generalized Gaussian random variable is nothing else than a standard Gaussian random
variable. In this text we shall denote a sequence of such independent random variables by (g;)ien-

2.4. Background material from large deviations theory. Let (Q, A,P) be a probability space and
(X, )nen be a sequence of random vectors taking values in R? for some d > 1. Further, let (s,)nen be an
increasing sequence of real numbers and I : R? — [0, 0c] be a lower semi-continuous function with compact
level sets {x € R? : I(z) < a}, a € R. One says that (X,),en satisfies a large deviations principle (LDP)
on R? with speed s,, and rate function I provided that
— inf I(z) <liminfs, 'logP[X, € A] <limsups, 'logP[X, € A] < — inf I(x)
T€A° n—00 n—00 z€EA

for all Borel measurable A C RY. Especially, if A is an I-continuity set, that is, if A satisfies [(A°) = I(A)
with I(A) := inf{I(z) : x € A}, one has the exact limit relation

lim splogP[X,, € A] = —I(A).

Let dy,ds € N and suppose that (X,,),en is a sequence of R% -valued random vectors and that (Yo)nen is a
sequence of R%-random vectors. We assume that both sequences satisfy LDPs with the same speed. The
next result, taken from [2, Proposition 2.4], yields that also the sequence of R4 *%_valued random vectors
(X,,Y,) satisfies an LDP and provides the form of the rate function.

Lemma 2.1 (LDP for independent vectors). Assume that (X, )nen satisfies an LDP on R4 with speed s,
and rate function Ix and that (Y, )nen satisfies an LDP on R with speed s,, and rate function Iy. Then,
if X, and Y, are independent for each n € N, the sequence of random vectors (X,,,Y,) satisfies an LDP on
Ré+492 with speed s, and rate function I given by I(z) := Ix(x1) + Iy (x2), v = (z1,72) € R4 x Rz,
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Next, assume that a sequence (X,,)nen of random variables satisfies an LDP with speed s,, and rate function
I. Suppose now that (Y},)nen is a sequence of random variables that are ‘close’ to the ones from the first
sequence. The next result provides conditions under which in such a situation an LDP from the first can be
transferred to the second sequence, see [11, Theorem 4.2.13] or [25, Lemma 27.13].

Lemma 2.2 (Exponential equivalence). Let (X,)neny and (Yn)nen be two sequence of R%-valued random
vectors and assume that (X, )nen satisfies an LDP on R? with speed s,, and rate function I. Further, suppose
that the two sequences (X )nen and (Yo )nen are exponentially equivalent, i.e.,

limsup s, ' log P[[|X,, — Y, |[2 > 6] = —o0
n—oo

for any 6 > 0. Then (Yy)nen satisfies an LDP on R® with the same speed and the same rate function.

Let us now recall what is known as Cramér’s theorem for sequences of real-valued random variables. It
provides an LDP for sequences of independent and identically distributed random variables, see [11, Theorem
2.2.3]. The rate function in Cramér’s theorem is identified as the Legendre-Fenchel transform of the cumulant
generating function of the involved random variables.

Lemma 2.3 (Cramér’s theorem). Let (X, )nen be a sequence of independent and identically distributed
random variables. Assume that E[e’1] < oo for some X\ > 0. Then the sequence of random wvariables
LS | X; satisfies an LDP on R with speed n and rate function I(z) = sup { Az — log E[e**!] : X € R}.

Finally, we consider the possibility to transport a large deviations principle to another one by means of a a
sequence of functions. We recall the following version of the contraction principle from [11, Corollary 4.2.21].

Lemma 2.4 (Contraction principle). Let di,ds € N and let F : R4 — R be a continuous function. Suppose
that (X, )nen is a sequence of R -valued random variables that satisfies an LDP on R% with speed s,, and
rate function I. Further, suppose that for each n € N, F,, : R — R% s a measurable function such that for
all § > 0,

limsup s, ' log P[X,, € T, 5] = —o0,

n—roo
where Ty, 5 := {z € R4 : ||F,(z) — F(x)|2 > 6}. Then the sequence of R -valued random variables
(F (X)) nen satisfies an LDP on R with the same speed and with rate function I o F~1.

2.5. Moderate deviations in R%. A moderate deviations principle (MDP) is formally nothing else than
a large deviations principle. As already explained in the introduction, the difference is that LDPs provide
estimates on the scale of a law of large numbers, while MDPs typically describe the probabilities at scales
between a law of large numbers and a central limit theorem. An important tool for us will be the following
MDP for sums of independent and identically distributed random vectors, see [11, Theorem 3.7.1].

Lemma 2.5 (MDP for sums of i.i.d. random vectors). Let (X,)ncn be a sequence of independent and
identically distributed random vectors in R% and let (t,)nen be sequence of positive real numbers such that
t, = w(1) and t, = o(y/n). We assume that X, is centered, its covariance matriz C = Cov(X1) is invertible,
and logJE[eO"Xl)] < 0o for all X in a ball around the origin having positive radius. Then the sequence of

random vectors tni/ﬁ Yo X, n €N, satisfies an LDP (i.e., an MDP as the sum is scaled by t,\/n) with

speed t2 and rate function I(x) = §(z,C™'z), x € R%.

3. PROOF OoF THEOREM A

Let us recall from [1, Theorem 1.15] (see also [17] and [31]) that if the KLS conjecture were true, there would
exist an absolute constant C' € (0, 00) such that, for every n € N and all ¢ > 0,

-1
Vkn

Therefore, we have

loeP|—== —1>t < logP — 1| >t| <log2—Ct\/k,
o8 {wv = 0| =08

and

log P {anb < 1t] < log]P’{

-1 >t| <log2— Ct\/k,
VEn ‘ }—Og

‘I&IIQ
VEkn
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and thus, for every n € N and ¢t > 0,

lI€nll
log]P’[\/Hz>1+t] 10g270t /kn
Sn o Sn Sn

and

lEnl
IOgP{\/k—j <1—t} _ 10g2_ct [k,

Sn Sn Sn
Therefore, taking the limit inferior, as n — oo, and taking into account the assumption that the sequence of
random variables % satisfies (1) with speed s,, and rate function I, we make the following observation: if
$n = 0o(Vkn), then for every t > 0,

— inf I(z)<-0c0 and — inf  I(z) < —o0,
z€(14t,00) r€(—o00,1—1t)

which implies that I is identically equal to +o00 on R\ {1}. Since

16nll2 B
¥ [wv € R] =h

we have that, for every n € N,

log P [“j’;lz c R}

Sn

=0.

Hence, taking the limit as n — oo,

0= —;Ielﬂf{]l(l‘) = —1I(1),

which implies that I would coincide with the singular rate function Iy, a contradiction to our assumption
that T # Ij.
If otherwise s, & vk, then for any ¢ > 0 there exists a constant C; € (0, 00) such that

— inf  I(z) < -Chit,

z€(t+1,00)
which implies that
inf,, o) I t
€(t41,00) 1(7) e
t+1 t+1
for all £ > 0. This is equivalent to the fact that, for every ¢t > 1,
inf,eito0) I(x t—1
z€(t,00) ( ) N Cl ]

t t
Now, for every to > 1 we have that for all ¢ € [tg, 00), Cl% > Cy(tp). Thus, for any to > 1,

inf

infare(t,oo) ]I(l’)
t>to t

> Cy(to).

However, this is a contradiction to our assumption. |

4. PROOF OF THEOREM B AND ITS GENERALIZATION

In this section we prove the following generalized version of Theorem B. For this recall the definition of the
probability measures P ;,;, on Bj.

Theorem 4.1 (MDP on the critical scale, general version). Let 1 < p < 0o and (k,)nen be a sequence of
positive integers such that 1 < k, < n, k, = w(l), and k, = o(n). Also let (Wy)nen be a sequence of
probability measures on [0,00) and for each n € N let X,, be a random wvector with distribution Py, ;.
Independently of X,, let E, be a uniformly distributed k,-dimensional random subspace for each n € N,
and define %, , := n'/?||Pg, X, 2. Suppose that the sequence of random variables W, with distribution W,
satisfies an LDP with speed n and a rate function Ly, satisfying Ly (x) # 0 for all x # 0. Then the same
conclusions as in Theorem B hold.
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4.1. Probabilistic representation. The proof of Theorem 4.1 is based on a suitable probabilistic repre-
sentation of the random variables 2, ,. For the case that the random vectors X,, are uniformly distributed
on B} such a representation was derived in [2, Lemma 3.1] and for the general situation considered here it is
the content of [3, Proposition 2.7]. It says that

kn 1/2 n 1/2
K12 g P, Xolla & (;93) (X 1%F)
n n.p — 1/2 En 2= 927 n 1/2 1/
fn S (L im W)
where g¢1,...,g, are independent standard Gaussian random variables and Zi,...,Z, are independent p-

generalized Gaussian random variables, which are also independent of all g;’s. Thus,

)1/2 (%Zj: |Zi|2)1/2

)1/2 (%i:| |p+ )1/P

4.2. Proof of Theorem 4.1 for 2 < p < co. As a consequence of Cramér’s theorem (Lemma 2.3) the

nl/p d (
) P, Xall2
kr

S
Fxe

kn
sequence of random variables 1% > g7 satisfies an LDP with speed k,, and rate function
"i=1

x

r— = 10 z x>0
Hdﬂ={2 s
+00 : otherwise,

compare with [2, Lemma 5.4]. Consequently, by the contraction principle (Lemma 2.4) the sequence of
random variables (Mgi@) i 93)1/2 satisfies an LDP with the same speed and rate function
"=l

22
2

I\/Ip(2) _1 .
(7) I (z) = I <Mx> = 8 g (>0

»(2) 400 : otherwise,

which is the rate function from the statement of the theorem. In the same way, the sequence (L 3" | |Z;[P) 1/r

satisfies an LDP with speed n and rate function

zP—1

r— _1lo x>0
waz{ PR

+00 : otherwise.

The rate functions were explicitly given by [2, Lemma 5.4]. However, the authors realised that there was an
overlooked misprint in the rate function I(z) given there, so we explicitly write the rate function here.

What remains to show is that the sequences of random variables k;,, 1/2 Znp and (M »(2) i 93)1/2 are expo-

i=1
nentially equivalent (recall Lemma 2.2). For this, we fix d,& > 0 and write
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We further analyse the term 75 and observe that, for every €; > 0,

[ S N RS JIED S KA

n M,(2) Py
1 — _ Wa
—HP’{EZ|Z1‘|” > (1—g)7?/® —51} —HP{T > 51}

i=1

L S ables LS _Zi 1Nt 2
By Cramér’s theorem (see Lemma 2.3), the sequences of random variables 7311 376y, 5 2oi—1 9i» and

%Z?zl |Z;|P satisfy LDPs with speed n and rate functions only vanishing at 1. Taking e; such that (1 —
6)_”/ 3 —£; > 1 and taking into account that, by assumption also the sequence of random variables W, /n

satisfies an LDP with speed n and a rate function that does not vanish on (g1, 00) we have that the term T3
decays exponentially with speed n and hence satisfies

1
limsup — log 75 = —o0,
n—oQ n
since k, = o(n) by assumption. The same argument also yields that
1
limsup — log T5 = —o0,
n—roo kn

which in turn leads to

k
M..(2 M..(2 n 1/2 —
lim sup ,’;( )10@?’[( ,Z( )291‘2) == 1/2%1 " W, \1/p >6]
n—00 n nooiq (E ;gf) (E ;'Zz|p+ n't)
1 5 i + ! 0
<1 ~ logTy = I (7):—“‘4"2 -1
> l,ﬁllsolip . 0g 11 1z ) ogg M,(2)

with I; given by (7). As ¢ — 0 the last expression tends to —oo for any 6 > 0. This shows the desired
exponential equivalence. O

4.3. Proof of Theorem 4.1 for 1 < p < 2. The idea of the proof of Theorem 4.1 for 1 < p < 2 is similar
to that for 2 < p < oo: identify the dominating term(s) in the probabilistic representation (6) and show

exponential equivalence of k, 1 2||§é”n4,||2 to them. However, the analysis in the case where 1 < p < 2 is
a bit more subtle, since depending on the growth of k, relative to n?/? different terms can take over the
dominating role. Moreover, if k,, = n?/? there is more than one such term.

4.3.1. The case k,, = o(np/z). This situation is similar to that where 2 < p < co. But now the sequence of

random variables (£ 3" Zi2)1/2 satisfies an LDP with speed n?/? instead of n (see [2, Equation (5)]). This
slowdown of the speed is due to the fact that for 1 < p < 2 the squares of p-generalized Gaussian random
variables display heavier tails and do not have finite exponential moments. However, since the subspace
dimensions satisfy k, = o(n?/?), the proof still works in this situation. a

4.3.2. The case k,, = nP/?. To deal with this case we start by observing that by Lemma 2.1 the sequence of

random vectors i
1 & ,\1/2 1< 2\ 1/2
()" Gx2)
i=1 i=1

satisfies an LDP on R? with speed n?/? and rate function Ig, z(x,y) = Ig(z) + Iz (y). Here,

z2—1 . 10,2 /2 .
-1 x>0 “(y* — P ty >
Ie(x) =1 2 osT T . and  Iz(y) = p” = my) v
+00 : otherwise +00 : otherwise,

where the constant m,, is given in Theorem B and the precise form of the LDPs for the individual sequences

follow from [2, Lemma 5.4 and Equation (5)]. By the contraction principle (Lemma 2.4) this implies that the
sequence of random variables (- Zf;l gf)1/2 (A Z?)l/2 satisfies an LDP with speed n?/? and rate

function I as given in the statement of Theorem B (b2). It remains to prove that the sequences of random
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variables (- Sk ?) 12, (2>, Zf)l/2 and n~P/2|| %, || are exponentially equivalent (recall Lemma 2.2).

=11
> 5]

To show this, fix §,& > 0 and observe that
1
! . ]
n 1/2 n N1/
(5220 97) (3 iy 12l + )

En
1 1/2 2 1/2
P\, 29 ZZ
l Fn | CGTL) PRz )
En
SP[(;Z 1/2 ZZQ 1/2 ]—HP

oi=1

1
<
(A5, g2) P (A, |Zifr + Wa)' /7

Now, for T5 we obtain that, for any 7 > 0,

—|—P1 :ZT1+T2+T3.

n

TQSP{(%ig§)1/2>(1— e)” UZ}—HP’[ Z|Zi|p>(1—5)_p/2—61}+P{%>51}.

i=1 i=1

By Cramér’s theorem (Lemma 2.3), the sequences of random variables 1 Ly g? and * LY 1Zi|P satisfy
an LDP with speed n, and, by assumption, W, /n also satisfies an LDP Wlth speed n. Moreover taking &1
small enough so that (1—¢)7?/2 —¢; > 1, the corresponding rate functions do not vanish on ((1— 5)*1/2, 00),
(1 —e)P/2 —¢1,00), and (g1, 00). Since a similar argument applies to T3, we conclude that

lim sup —logT5 < —o0 and limsup — log T3 < —o0.
n—o0o n/ n—o0o /
Thus,
hmsup log]P’{( L Z 1/2 ZZQ 1/2‘1 ! ’ > 6]
1/2 1/
oo o 5 S 92) T i 1 Zife + )
< limsup —= log T} = ]I(é),
n—o00 / £

where I is the rate function from the statement of Theorem B (b2). Taking into account the explicit form of
I, we conclude that I(§/e) — oo, as € — 0. This proves the result for the case that k, = n?/2 a

4.3.3. The case k, = w(nP/?). In this case we claim that the sequence of random variables (% S Zf)l/2

is exponentially equivalent to k, 1 fon,p. In fact, for §,e > 0 we can write

1-— (161’%%1912)1/2
(% ig?)1/2(% Xn: |Zz|p_|_ L/L/Ln)l/P
1 i=1
(7 > g2
Bt

1-— _ z_n N 5]
(£ 9" (R 3 1z + M) 7

1-— = < —¢

(2 62)" (5 1+ 2

1=

=Ty + T + T3,
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and for Ty, we obtain that, for any 1 > 0,

TQS]P’{ 291 1—52/3}—#]}”[ Zgz (1-¢) 2/3]
B DT P LI
=1

Once again, by Cramér’s theorem (Lemma 2.3), the sequences of random variables + 3" | g2 and = > | |Z;[P
satisfy an LDP with speed n, and, by assumption, W, /n also satisfies an LDP with speed n. Again by
Cramér’s theorem (Lemma 2.3), the sequence of random variables i ngl g7 satisfies an LDP with speed
kn. Also and as already discussed above, taking 1 small enough so that (1 — &)~/ —g; > 1, the corre-
sponding rate functions do not vanish on (—oo, (1 —¢)%/3, ((1—¢)72/3,00), (1 —¢)7P/3 —£1,00), and (g1, 00).
This proves that for suitable constants ¢1,co > 0,

. . cikn, | com
lim su logTy, < —limsu (— —) = —00,
n—)oopn/2 §12= n—>oop np/2 +np/2

since k, = w(np/ %) by assumption and 1 < p < 2. Similarly, one has that

limsup —= log T3 = —©
n—oo NP p/2
and hence
kn 1/2
1 & 1/2 (kl Zg?) /
2 i:l
lim sup —= / logP (ﬁZZZ) — = y >5]
n ; p
o =1 (z26) "5 ZIZI”+ )
1=
< limsup — log T} 7]1(,)7
n—oo TP p/2 9

where I is the rate function of the LDP for the sequence of random variables (% 2?21 Z?)I/Q, which holds
at speed n?/2. We have that

1.2 /2 .
¢ —m cx > /m
]I(I) _ p( p) . P
+00 : otherwise
with the constant m,, as in Theorem B according to [2, Equation (5)]. In particular, this shows that I(§/e) —
o0, as € — 0, and proves the exponential equivalence of the sequences of random variables (% Z:.L:l Zf)

and k, 1 23‘””,,). The proof of Theorem 4.1 is thus complete. m|

5. PROOF OF THEOREM C AND ITS GENERALIZATION

Recall the notions and notation introduced before Theorem C and recall the definition of the probability
measures Pw  , on Bj. The goal of this section is to prove the following result, which contains Theorem C
as a special case.

Theorem 5.1 (MDP on subcritical scales, general version). Let 2 < p < oo and (kp)nen be a sequence of
integers such that 1 < k, <n and lim "= = X\ € [0,1]. Assume that k, = w(1), and that the sequence (t,)nen
n—oo

of positive real numbers satisfies t, = w(l), t, = o(\ky), and either t, = o(x/n — ky,) or (n—ky) = 0(%)
For each n € N let W,, be a probability measure on R such that
(8) li_>m t 2 log W, ((8tny/n, 00)) = —o0

for every & > 0. Further, let X,, be a random point with distribution Pw, n, and E, be a uniformly
distributed k., -dimensional random subspace of R™. Assume independence of X,, and E,, and put

21;1)(;())|PEX|2 V.

T p =nllP
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Then the sequence of random variables t,;' 2, , satisfies an MDP on R with speed t2 and rate function
I[:R—[0,00), [(z) = apz? with oy x given by (2).

5.1. Probabilistic representation. As for the proof of the central limit theorem in [3] and the large
deviations principle in [2], a suitable probabilistic representation for the target random variable ¢, 2, , in
terms of families of independent random variables turns out to be one of the most crucial ingredients also in
our proof of the moderate deviations principle. In the context of the MDP, it is in fact the representation
used in the proof of the central limit theorem, which is most suitable and which we develop further in the
present text. To ease comparison we adopt the notation from [3] and recall from the proof of [3, Theorem
1.1] that for each n € N, we have

%n,p Y >\n g(ng) Y )\n fz(,np) + 1- >\n (n) An(]- - )\n) (n) - /)\n Wn
) P )

tn  2M,(2) 2 Ot 2 2 Pt/
. ¢ 5(") " (n) t C(n) t (") W
+ n N\ D,2 nsp,p 1 ’ Wn ’
tu/n NIV Y wa v e
where the random variable W,, has distribution W,,,
€0 = ir Z (22 - M,(2)), = tnlﬁg (1z:" = 1),
(n) ._ M. 1 (2
= g; — 1), g; — 1),
= e £ 6 et 5, 6

G = VAT VISR G = e T (9 1),

and where U, : R® — R is a function with the property that there are two constants M,§ € (0,00) such
that |W,(x)| < M ||x||3 whenever ||x|l2 < . At this point we shall remind the reader of our convention
that (Z;);en stands for a sequence of independent p-generalized Gaussian random variables and (g;);en for
a sequence of independent standard Gaussian random variables and that both sequences are assumed to be
independent of each other. In addition, it is understood that the random variables W,, are also independent
of all g;’s and Z;’s. We also emphasize that a notation involving the symbol & refers to random variables
involving the p-generalized Gaussian random variables Z; only, while the symbol ( refers to random elements
only based on the standard Gaussians g;.

Finally, we shall denote by %, , the random variable given by

\/ g(n) \/ E(n) )\n (n) /\n(l - An) én)

Pnp = 2M() 9 o1 2

n € N.

Moreover, we define

v VvV An (n) VAn

1—A
% = _ (n) n ~(n)
P L@y et

5 1 n € N.

5.2. MDP for p-generalized Gaussian random variables. Specializing Lemma 2.5 for d = 1 to normal-
ized sums of p-generalized Gaussian random variables leads to the following MDP.

Lemma 5.2 (MDP for sums of powers of p-generalized Gaussians). Let 2 < ¢ < p < oo and (Z;);en be a
sequence of independent copies of a p-generalized Gaussian random wvariable. Let (t,)nen be a sequence of
positive real numbers such that t, = w(1) and t, = o(y/n). Then the sequence of random variables

1 n
8= ; (127 = My(q)),  neN,

satisfies an MDP on R with speed t2 and rate function

x? x?

oVar[|Z:]9]  2(M,(2q) — M,(q)%)

Proof. Clearly, E[|Z1]7 — M,(q)] = My(q) — M,(q) = 0 and, using the notation of Lemma 2.5, C™1 =
1/Var[|Z1]7] (in fact, Cis a (1x 1)-matrix in our case). In addition, we have that Var[|Z1]9] = M, (2¢)—M,(q)
from (5). The result is now a direct consequence of Lemma 2.5, since exponential moments exists by our
assumption that 2 < ¢q < p.

J R —[0,00), S(x) =
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O

Remark 5.3. It is not strictly necessary to assume that 2 < ¢ in the previous lemma. However, we imposed
this condition as we will apply the result for ¢ = 2, and it shows the reason why we need the condition p > 2
in Theorem 5.1.

5.3. MDP for Gaussian random variables. As a consequence of Lemma 5.2 obtained in the previous
section, applied with p = ¢ = 2, we obtain the following MDP for sums of random vectors composed by
Gaussian random variables.

Corollary 5.4 (MDP for sums of Gaussians). Let (g;)ien be a sequence of standard Gaussian random
variables. Then we have that if k, = w(1l), and (t,)nen is a sequence of positive real numbers such that

t, = w(l) and t, = o(\/ky), the sequence of random wvariables d") = \1/,72?;1(91‘2 — 1) follows an
MDP on R with speed t2 and rate function .7 (x) = %, x € Rand, if n —ky, = w(1) and (tn)nen is a

sequence of positive real numbers such that t, = w(1) and t,, = o(x/n — ky,), the sequence of random variables

2(") = ﬁ Z?zknﬂ(g? — 1) follows an MDP on R with speed t2 and rate function ¥ (x) = %, z eR.

Consequently, if k, = w(l), n — k, = w(1), t, = w(1), tn, = o(Vkn), and t, = o(v/n — k), the sequence of

2
random vectors (") = ( fn) én)) satisfies an MDP on R? with speed t2 and rate function % (x) = %,
xr € R%

5.4. MDP for correlated vectors of p-generalized Gaussian random variables. In a next step we
prove an MDP for a sum of random vectors, whose entries are correlated and composed of p-generalized
Gaussian random variables.

Lemma 5.5 (Bivariate MDP for p-generalized Gaussians). Let 2 < p < oo and (Z;)ien be a sequence
of independent copies of a p-generalized Gaussian random variable. Assume that (t,)nen s a sequence of
positive real numbers such that t, = w(1) and t,, = o(\/n). Then the sequence of random vectors in R? given

by

)y = L NS (2 oz 1
(Cl 7(2 ) tn\/ﬁ;( ) P( )’| 1‘ )
satisfies an MDP on R? with speed t2 and rate function
1 re) e rQ;)
J(z1,22) = —— px2+p4/p< e - >x2—4p2/p Ploizs |, (z1,22) € R,
(21, 22) 2Ap< 1 (L) ) 2 )" (21,22)
with the constant A, given by
rQ;) )’
A ::p4/p< d —(p+4)—2 )
M rat g T gy

Proof. We start by noting that the random vector (|Z1]? — M,(2),|Z1|P — 1) is centered. Its 2 x 2 covariance

matrix C is given by
C11 €12
C= ,
Cl2 €22

en = Cov(|Z1]? = My(2), |21 — Mp(2)) = Var| Z1|* = M,(4) — M,(2)?,
c12 = Cov(|Z1[* = Mp(2), 1217 — 1) = My(p +2) — Mp(2) M, (p) = My(p + 2) — My(2),
caz = Cov(|Z1[P = 1,| 1|7 — 1) = M,(2p) — M,(p)* =p,

where

recall (5). Consequently, det C = p(M,(4) — M,(2)?) — (M,(p + 2) — M,(2))? and

c ! — 1 ( p Mp(Q)Mp(p+2))
det C \M,(2) — Mp(p+2)  My(4) — M,y(2)* )
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Expressing this in terms of gamma functions, using (4), we arrive at det C = A, and

2/p LG

o 1 p —2p*/" S
A, | 92/ t@) (TG TG
P\ Ty P\ ) T

Since by assumption p > 2, exponential moments exist and we can apply Lemma 2.5. Thus, we conclude

that the sequence of pairs (( f"), Q(n)))nEN satisfies an MDP on R? with speed t2 and rate function

1
J(fl?l,./L'Q) = §<(x17x2)T7 C_l(x17x2)T>7 (x17$2) S R2'
Using the explicit form of C~!, the result follows. O

5.5. Intermediate MDP. Recall the definition of the random variables 51(:2), gz(,f;?, len), and Cén). Using
what has been proved in the previous section, we arrive at the following MDP for the sequence of random
vectors (67, &, (i) and (63,675, ¢", &").

Lemma 5.6 (Multivariate MDP for the core term). The following sequences of random vectors satisfy MDPs
with speed t2 and the given rate functions:

(a) If ky, = w(1), t, = w(l), and t, = o(Vky), then the sequence of random wvectors (fz(,nQ), ](gflp), f"))
satisfies an MDP on R? with speed t2 and rate function

I(xlaanxfi) = J(.’El,l’g) + —

where J(-, -) is the rate function from Lemma 5.5.
(b) If kp, = w(1), n — k,, = w(1), t, = w(l), t, = o(Vkn), and t, = o(/n — ky,), then the sequence of

random vectors (51(:2),51(,71,), 1(n), én)) satisfies an MDP on R* with speed t2 and rate function

z3 + 23
I(zy, w2, w3, 24) = J (21, 22) + %7

where J(-, -) is the rate function from Lemma 5.5.
Proof. We only prove part (b), since the proof of part (a) is completely analogous and simpler. We note
that «EI()TLQ) and f,(fp) are independent from C:fn) and Cén). We have seen in Lemma 5.5 that the sequence of
random vectors (fl(:), 51(,71,)) satisfies an MDP on R? with speed t2 and rate function J(z1, x2). Also, Corollary

5.4 implies that the sequence of random vectors ( fn), én)) satisfies an MDP on R? with speed ¢2 and rate

2 2
function L(x3,74) = 255, Thus, the sequence of random vectors (5;72), () ¢ () satisfies an MDP on
R* with the same speed ¢2, whose rate function is the sum of the rate functions J(z1,z2) and L(z3,74), see
Lemma 2.1. U

Next, we shall apply the contraction principle from Lemma 2.4 to deduce the following intermediate MDP
for the random sequence (%, ,)nen.

Lemma 5.7 (Intermediate MDP for the core term). The following sequences of random variables satisfy
MDPs with speed t2 and the given rate functions:

(a) If kyp, = w(1), t, = w(l), and t, = o(\/ky,), then the sequence of random variables (5;7/\,:4,)”61\; satisfies
an MDP on R with speed t2 and rate function

2 ~
I(y) = inf {J(@1,22) + 2 : Flor,an,0) =y}, y€R,

with the function F:R3 >R given by

F(CC171'2,I'3) =
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(b) If ky, = w(1), n — k,, = w(1), t, = w(l), t, = o(Vkyn), and t, = o(~/n — ky,), then the sequence of

random variables (%, p)nen satisfies an MDP on R with speed t2 and rate function

x%—&—xi

I(y)zlnf{'](x17x2)+ iF($17$27$37$4):y}» yGR;

with the function F : R* = R given by

VA VA 11—\ 1=\

ML) Tyt Ty T T g
Proof. Again, we only prove part (b), since the proof of part (a) is completely analogous and simpler. For
each n € N let F,, : R* = R be the function

Van Vn 1-A, An(l=Ap)
L) T Ty 2T Ty BT 2
and observe that F(z1, 22,3, 24) is the pomtwise limit of F,(x1,x2,23,24), as n — oco. Note that for each
n € N, %, , has the same distribution as Fn(fp )eln) el elny,
Our goal is to apply Lemma 2.4 to conclude from Lemma 5.6 the MDP for the random sequence (%, ,)nen-
For this we need to argue that

F($1,l‘2,l’3,1’4)

F (.’E1,1'271'3,£C4) Ty

©) Jim 5 logP(€7,€(5), ¢, ¢5") € Tos] = —o0,
where for § > 0, T',, 5 is the set [',, 5 := {x € R* : |F,,(x) — F(x)| > §}. To prove this, we first note that
n VA, — VA S M, (2
[(§p27 ;(;71374-1 )aC )Ern, ] S [ t \/’ | Z(ZE _MP(2)) > 5( )
i=1
N — n k
+P (1Z;]P — 1) +P F—1) > -
A R TP ()

ml— %) = /X

tnv/n — ky,

= )
(97 -1)| > ] :
i:kzn:+1 2
e

If there exists a constant ¢; := ¢1(d,p) € (0,00) such that NowitVo > cin, then, by Cramér’s theorem in

Lemma 2.3 the sequence %2?21 (ZZ2 — M,,(Q)) satisfies an LDP with speed n and some rate function. So,
there exists a constant co := c2(d,p) € (0,00) only depending on § and on p such that

V?ﬁf' > (27 - 1,0) | > P < [ > . Mgm] P
so that
i e | WS 2 ) > ‘Wﬂ o

by our assumption on the growth of ¢,. On the contrary, if such constant does not exist, then by Lemma 5.2
there exists another constant c3 := ¢3(d,p) € (0,00) depending on ¢ and p only such that

[I\/?ffl g(zg_Mp(z)) >5MQP(2)] < T

which also implies that

VA = VAl
b/t

since A\, = A, as n — oo. Thus, in any case we have that

l|¢7 ZZQ

Z (22 — M,(2))

i=1

.1
nh_)rrgo g log P [

lim —lo P
’I'L—)OO n
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The rest of the terms are treated in the same way, which eventually proves (9). d

5.6. Explicit form of the rate function. After having proved an intermediate MDP in Lemma 5.7, we
shall now provide an explicit form for the rate function I(y).

Lemma 5.8 (Explicit rate function). The rate functions I : R — [0,00] in Lemma 5.7 (a) and (b) are given
by I(y) = apry? with
1\ 332
20 ()T (5)

p

2p — A4 +3p))L(1 + )I(

A P+ ALY (E)

3
p
Proof. For parameters A, a,b,c € R let us introduce the function G:R* >R by

G 1 x3 4 x5
G(1, 23,03, 24) 1= o3 (a2} +bal + cxrwa) + =

Our goal is to minimize this function subject to the condition that azi + Sxq + yas3 + dxy = y for fixed
a,3,7,6 € R and given y € R. For that purpose we define G : R — R by

G(x1, 22, 3,24, N) := G(1, T2, 73, 24) + A1 + Ba2 + yT3 4 074 — Y).

Differentiation with respect to x1, ..., x4 gives
oG 1 oG 1
s 2A(ax1—|—cx2)—|—a, D3 2A( x2—|—cx1)—|-ﬂ,
oG T3 oG Ty
—=— A — = — + A\
Oz3 2 TN 014 2 *
The system g—g =0, 37(;2 =0, gTi =0, gTi = 0 has the unique solution
2AN(Bc — 2ab) 2AN ac — 2fa)
0_ 0 _ 0 _ 0 _
Ty = W, Ty = w, Ty = —2’7)\, Ty = —20)\.
Plugging this into % = ax1 + fro + yx3 + dxy — y = 0 and solving for A yields the unique solution
\_ c® — 4ab
—Y 4A(ab + B2a — afc) + 2(4ab — ¢2) (6% +42)
Plugging this in turn into the expressions for 29, x93, 23, z{ obtained above yields
0 A(2ab — Be)
1=y 2A(a2b + B2a — afc) + 2(4ab — 2)(62 +~2)’
0 A(2Ba — ac)
2=V 2A(a?b+ B%a — afc) + 2(4ab — ¢2)(62 +~?)’
0 v(4ab — c?)
s =Y 2A(a2b + B2a — afc) + 2(4ab — ¢2)(62 +~2)’
5(4ab — c?
559; _ (4ab —c?)

Y 2A(a2b + B2a — afc) + 2(4ab — c2)(6% +~2)’
Consequently,

4ab — c?
4(214(0425 + B2%2a — afc) + (dab — ¢2)(62 + fy?)) '

In our set up, the parameters A, a,b,c and «, 3,7, are given as follows:

(2 T(3)2 (3
P

G(x?,x&:rg,xo) = y2

L) T()? ()
and
VA VA 1= AT
“une T, T 07 2
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Plugging this into the above expression leads to

4ab — c? 2F(%)F(§)2

p

4(2A(a%b + B2a— aBe) + (dab— 2)(0° 7)) (2p — A(d +3p))T(1 + SID(2)2+AT(3)20(3) - e

after simplifications, where o, » was defined in (2). Note that this covers both cases lim, o (n — k) = 00
and lim, o (n — ky) < 00, since in the latter case we automatically have A = 1, which in turn corresponds
to the choice v = 6 = 0. This completes the argument. O

5.7. MDP for %, , via exponential equivalence. The purpose of this section is to complete the proof of
the MDP for (%, p)nen in Theorem 5.1. We do this by showing that this sequence is exponentially equivalent

to the random sequence (%}, ,)nen. Moreover, if (n—ky,) = o ‘/’T) we shall argue in addition that the random

sequences (@;,p)neN and (%, p)nen are exponentially equivalent as well. As a consequence, (£, p)nen and
(%, p)nen satisfy an MDP at the same speed and with the same rate function (see Lemma 2.2), which implies
that Theorem 5.1 follows from the intermediate MDP in Lemma 5.7. Moreover, the explicit form of the rate
function is a consequence of Lemma 5.8. So, what remains to prove is the following exponential equivalence.

Lemma 5.9 (Exponential equivalence). If k, = w(1), t, = w(1), and t, = o(v/ky) the sequence of random
variables t,’ll%n_,p and the sequence of random wvariables %, , are exponentially equivalent. Moreover, if

also (n — ky) = o(‘éf?), then the sequences of random variables (@’;,p)nEN and (%, p)nen are exponentially
equivalent.

Proof. We start by noting that, for any € > 0,

|

1
f%np - %,p

)
’I’L

2 1ogIP’ [

t:

VAn
tn

o (52 & 1" tald” Wi )| €
P\ vn D v VE, T VT on 2

B

N N n n n 2
< ilog P An |W ‘ > An tn 1(),2) tn pp nC( ) tnC?(, ) Wn > i
~ 2 Ptp/T 2 Lo/ vnloyn D VE,T v on ) 2M

" f(n) tn 5;:2 tndn) tnCén) w,
P ATV TV Ve Y

< né(") t, E<n) - C(n) . C(n) W, )
where M is the constant associated to ¥,. On the one hand, by assumption (8), we have that

T e ke Ty
Now 1 t
ngp{ (W| > }gﬁlogP[|Wn|>pe ﬁ} S oo,

+P

2 ?

2

t to/10 2

as n — oco. On the other hand, notice that, if M and ¢ are the constants associated to ¥,

" ng(n) tnﬁé’fﬁ tncY‘) tnCén) w,
p f v VE, ) v

(n) n
63 tagl) ¢ 1,08 W,
v tovn ) VE, 7 V0 on

2

2

b £l a8 ™ e wa\| o
N vV Vs \f T )
tnlép, | tn prp J talG |
+P +P — > —| +P
(n)
tnlC3" | [IWnl 4 ]
+P >—| +P > —
Vn \/5 n V5
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£
By Cramér’s theorem in Lemma 2.3, the sequence of random variables I\/EZ = L3 (Z2— M,y(2)) follows

an LDP with speed n. So, there exists a constant ¢; := ¢1(p,0) € (0,00) depending on ¢ and p only, and
Ny € N such that if n > Ny,
(n)
128 :
b l Szl 0| o an

2.4

Therefore,

71—)00 n

(n)
1 tnlps | ] cn
lim —lo Pl—=—>—%| <— lim = —00.
In the same way we conclude that

! talépp]

1 talcd"|
— 00 and lim — logP > —
& [ NI

(n)
Also, the sequence of random variables t”\‘cﬁ | = 1% Z 1(g? — 1) satisfies an LDP with speed k,,, implying

that there exists a constant cg := ¢3(d) € (0, 00) only depending on 4, and Ny € N such that if n > Ny, then

P [tJ/CLI > \6[1 < g~ 02kn,

Therefore, by our assumption on the growth of k,,, this implies that

1 £l Cokn
nhlﬂotgllogpl N e

Besides, by condition (8)

W] Y .1 on]
J:H;ologﬂ”[ w7 ) S gz o8 [Wal > D] =m0
Finally,
2
VA 517,2 tngp nCin) tnC?En) % =
vl oyn U VE, T Jn T on 2M

(n) n
-p tnéps o Vet | £l et/
- Ve T N VioM v T A/AT0M
el () o Vetn/n | ot {n) Vet
Vn 1/4 NG 1/4
n A VI0M no T a/tV10M
Wl et
+P > 57 .
no T AYAI0M

Like before, there exists a constant ¢; := ¢1(g, M) € (0,00) depending only on € and M, and Ny € N such
that, for all n > Ny,

(n) n
p bz o Vetw/n | gt (m) RV .
Vi T VIO Vo T VI0M | T ’

which in turn implies that
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In the same way, we conclude that

(n) oyt
1 tn tn
lim — logP LA ctoy/n
n—oo 7 Vo T/ A10M
S :
1 tn Vet
lim L logP |6 5 _VEtnvR an
nooe £ Vi TOVIOM | T e B

tact™ N Vetn/n
Vi T AT T e 12

1
lim ) log P

n—oo
n

Also, by condition (8), since ¢, = w(1)

1 Vetn 1 54/t
lim — logP | [W,| >"14’3J < lim 210g19>[|wn|>”\/g =
n—oo tz n/ /10M n—oo tz V10M

As a consequence, we have that if t,, = o(v/k,), as n — oo, for any & > 0,

.1 1
nh—>nclo glog}P’ [ a%mp —p| > E:| = —00.
This proves that the sequences of random variables Z;, , and %, ,, are exponentially equivalent.

Vo

tn

To finish the proof, in view of Lemma 2.2 it is enough to argue that if (n—k,) = 0( ), then the sequences

of random variables ,@;J, and %, ,, are exponentially equivalent as well. For this we recall the definition of

2(") and write, for € > 0,

n

~ 2ent
Tl 5] 35 -] 2]
- Flz el =r|| 3 ol

Denoting by g a standard Gaussian random variable and applying a union bound we see that

n

~ 2ent,
P[|%np — Pyl > €] < Pl Z g > N (”kn)]

i=kn+1

2ent
<(n—Fk)Plg>,[——n 1.
< ( ) [g \/(n—kn) e ]
But since Plg > z] < (2v27)'e=*"/2 for any & > 0, we conclude that
1 2ent, 2 Vkn n

1 —~
Y ) 1 %, 2%
dn PPy = Fnpl > e < = lim g oS = - lim oo S

Since n — k, = 0(@), the last expression tends to —oo, as n — oo. This proves the desired exponential

equivalence. 0
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