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Distant emitters in ultrastrong waveguide QED:
Ground-state properties and non-Markovian dynamics
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Starting from the paradigmatic spin-boson model (SBM), we investigate the static and dynamical properties of
a system of two distant two-level emitters coupled to a one-dimensional Ohmic waveguide beyond the rotating
wave approximation. Employing static and dynamical polaron Ansätze we study the effects of finite separa-
tion distance on the behavior of the photon-mediated Ising-like interaction, qubit frequency renormalization,
ground-state magnetization, and entanglement entropy of the two-qubit system. Based on previous works we
derive an effective approximate Hamiltonian for the two-impurity SBM that preserves the excitation-number
and thus facilitates the analytical treatment. In particular, it allows us to introduce non-Markovianity arising
from delay-feedback effects in two distant emitters in the so-called ultrastrong coupling (USC) regime. We
test our results with numerical simulations performed over a discretized circuit-QED model, finding perfect
agreement with previous results, and showing interesting dynamical effects arising in ultrastrong waveguide
QED with distant emitters. In particular, we revisit the Fermi two-atom problem showing that, in the USC
regime, initial correlations yield two different evolutions for symmetric and antisymmetric states even before the
emitters become causally connected. Finally, we demonstrate that the collective dynamics, e.g., superradiance or
subradiance, are affected not only by the distance between emitters, but also by the coupling, due to significant
frequency renormalization. This constitutes another dynamical consequence of the USC regime.
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I. INTRODUCTION

In most scenarios, photons are weakly coupled to mat-
ter, and they travel fast relative to the matter dimensions. In
waveguide QED (wQED), however, they are confined in one-
dimensional waveguides to enhance the light-matter coupling
[1–3]. Also, well-separated emitters can be coupled to the
guide, such that photons take an appreciable amount of time
traveling between them. In these cases and depending on the
experimental conditions and architectures [3–11], neglecting
strong light-matter correlations and/or retardation effects is
not always justified. When taken into account, emitter dynam-
ics becomes non-Markovian, i.e., the system exhibits memory.
This is interpreted as a back-flow of information between
the traveling photons and the emitters. Non-Markovianity
occurs already at the level of a single emitter interacting
with structured environments or reservoirs [12–19], in the
presence of bound states [20], or in the ultrastrong cou-
pling (USC) regime [10,11]. In this particular regime, higher
order processes beyond the creation (annihilation) of one
photon by annihilating (creating) one matter excitation, play
a fundamental role. Entering the USC regime implies that
the rotating-wave-approximation (RWA) for the interaction
breaks down and the atomic bare parameters get renormalized,
by either the Bloch-Siegert shift [21], the effective qubit-qubit
couplings [22,23] in cavity QED, or renormalization due to
the coupling to the continuum electromagnetic (EM) field in
wQED [24]. The ground state also becomes nontrivial [25].
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Apart from non-Markovianity, USC in wQED has interesting
consequences, such as the localization-delocalization transi-
tion [26,27], particle production [28], nonlinear optics at the
single photon limit [29,30], or vacuum light emission [31].

In this work, we will consider this regime of coupling.
When several emitters are present, radiation retardation ef-
fects act as an alternative source of non-Markovianity. This
has been recently studied outside of the USC regime show-
ing that even in a simple system of two separated two-level
emitters, the collective dynamics can be significantly affected
by non-Markovian interference caused by radiation-delayed
feedback between them [32–38]. In this case retardation ef-
fects become important when the atomic lifetime γ −1 ∼ x/vg,
for a separation distance x. In the USC regime this condition
depends on the coupling and frequency renormalization, as
we will see below. The case of three distant emitters has
also been reported recently in [39]. This retarded back-action
can lead to new collective states in which the emission rate
of photons by the emitters can be enhanced or inhibited
beyond the usual Markovian limit. This effect, termed su-
perduperradiance [36], allows decay rates larger than 2γ ,
for two emitters with individual decay rate γ , which has
been predicted to scale linearly with the number of qubits
and numerically confirmed up to 100 emitters coupled to a
one-dimensional waveguide [37]. Non-Markovian features in
the emission spectrum of a driven two-qubit system were also
investigated recently, together with an experimental proposal
in circuit QED using transmon qubits and Josephson-Junction
arrays [40]. Another interesting proposal for observing modi-
fication of collective phenomena has been laid out in [41], by
emulating the emitter dynamics in optical waveguide arrays.
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In general, memory effects can be viewed as a problem of
quantum feedback, where the system is fed with a quantum
signal after some time delay. A general theory of quantum
feedback using tensor networks was developed in [42] and
later generalized for multiple delays in [43]. Efficient numer-
ical methods to treat more complex systems have also been
proposed in [44,45], and the capabilities of feedback to gener-
ate universal states for quantum computing was demonstrated
in [46].

So far, all previous works rely on neglecting counter-
rotating terms in the light-matter coupling. In this work we
present a first step in generalizing the effect of distance
to the USC coupling regime, combining both sources of
non-Markovianity. This is done by considering an Ohmic
environment with nonflat spectral density, and by taking into
account delay-memory effects due to finite distance sepa-
ration between emitters. Using the polaron transformation,
a method that has been shown to be useful for discussing
the dynamics of wQED in the USC regime, we first review
the ground-state properties of two distant emitters as done
in [47]. We introduce a discrete model to support our nu-
merical calculations, matching the Ohmic spectral density
used throughout the paper. We discuss and characterize the
localization-delocalization quantum phase transition, finding
closed formulas for the entanglement entropy. Then, we dis-
cuss the dynamics of the emitters in the low-energy sector. A
detailed discussion of the Fermi two-atom problem in the USC
regime is also given. As well, we compute the effective decay
rates for initially correlated symmetric (antisymmetric) initial
states. In short, we present a formalism for the study of the
different sources of non-Markovianity with various emitters
in the nonperturbative regime of wQED.

The rest of the paper is organized as follows. The next
section deals with the model, the polaron formalism, and
introduces the discrete model for the waveguide. Then the
ground state is discussed. Section IV is the main section of
this work. We discuss the low-energy sector of the dynamics.
The paper ends with the conclusions, while several technical
aspects are assigned to the Appendixes.

II. THEORETICAL MODEL

We start reviewing the spin-boson model (SBM) for Nq

spin-1/2 particles (or qubits) located at positions x j in
one spatial dimension. This model is also known as the
Nq-impurity SBM, and it is considered a paradigmatic Hamil-
tonian for the understanding of decoherence, dissipation, and
the physics of open quantum systems [24,48]. Applications of
this model include problems from fundamental physics such
as the quantum to classical transition [48], electronic transport
in biological complexes [49], and quantum simulators [50].
The general SBM is described by the following Hamiltonian
(h̄ = 1):

H = �

2

Nq∑
j=1

σ z
j +

∑
k

ωka†
kak

+
Nq∑
j=1

σ x
j

∑
k

gk (ake−ikx j + H.c.), (1)

where σ z
j = |e〉〈e| j − |g〉〈g| j , σ x

j = |e〉〈g| j + |g〉〈e| j . The
SBM was originally introduced for a single two-state system
as a fundamental physical model for decoherence [24]. It
describes the interaction of Nq spin-1/2 particles with the
surrounding environment considered as a collection of har-
monic oscillators at finite temperature (heat bath). In wQED,
it is the standard model for either actual spin-1/2 systems or
quantum emitters with anharmonic spectrum after performing
the two-level approximation. In the latter case, the two-level
approximation can be questioned at enough strong couplings
[51,52]. In this work, we fix our attention on natural or ar-
tificial two-level emitters, for which the SBM provides an
excellent description in the USC regime, our main interest
here. This ultrastrong coupling regime of light and matter
has been recently achieved in several experimental systems
involving superconducting circuits [53,54], semiconductors
[55], organic aggregates [56], optomechanical systems [57],
and others [11,58].

The system-environment coupling can be completely en-
coded in the so-called spectral function of the environment,
defined as [48]

J (ω) = 2π
∑

k

|gk|2δ(ω − ωk ), (2)

where gk is the coupling strength to the kth mode of fre-
quency ωk . The explicit form of this spectral function depends
on the physical realization of the corresponding bath. In
this paper we will be interested in modeling the environ-
ment as an Ohmic waveguide for which gk ∝ √

ωk , giving
rise to an Ohmic spectral function J (ω) = παω in the con-
tinuum limit, being α the coupling strength parameter (see
Appendix A1b). For the single SBM (Nq = 1) and zero tem-
perature it is well known that, as the coupling increases, there
exists a critical value where the system suffers a quantum
phase transition called localization transition with vanishing
spin magnetization 〈σ z〉 = 0 [59]. Experimental realizations
of the SBM through the coupling of a flux qubit to an open
1D transmission line using a shared Josephson junction have
been achieved in Ref. [54]. In the case of strong coupling, the
spontaneous emission rate from the qubit to the waveguide
was measured to be γ ∼ 2π × 88 MHz for a qubit frequency
of � ∼ 2π × 3.99 GHz. From the microscopic description
of the SBM we know that α = γ /π� (see Appendix A1d),
which results in a value of α ≈ 7 × 10−3. In this regime
results are well described within the RWA. On the other hand,
to explore the USC regime we require that γ ∼ �, which
was also achieved in the same experiment (with a different
device), measuring values of γ ∼ 2π × 9.24 GHz, and � ∼
2π × 7.68 GHz, from which we extract the spin boson cou-
pling α ≈ 0.38. This is a clear manifestation that the system
has entered the nonperturbative USC regime [54]. From a
general view, it seems that experiments with open transmis-
sion lines (propagating photons) can explore a wide range
of coupling regimes in regards to the SBM, ranging from
the underdamped (α < 0.5) to the localized regime (α > 1.0).
Another recent experiment in the context of the driven SBM
[60] has shown that values of α ∼ 0.8 are within the current
reach.

In general, the SBM can not be diagonalized, but a useful
approach based on the introduction of a variational displaced
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oscillator basis can be employed for the study of static and
dynamical properties of such systems [19,31,47,61–63]. The
accuracy of the polaron approach has been tested in sev-
eral works for one-qubit [27,64–66] and multiqubit systems
[67,68]. The variational approach is based on the following
multiqubit polaron transformation:

UP[{ fk}] = exp

[
−

Nq∑
j=1

σ x
j

∑
k

( fka†
keikx j − f ∗

k ake−ikx j )

]
,

=
Nq⊗
j=1

Uj, (3)

where Uj = exp[−σ x
j

∑
k ( fka†

keikx j − H.c.)]. The factoriza-
tion in Eq. (3) in local operators acting on the qubits can
be done once isotropic propagation of bosons (photons) is
assumed, i.e., | fk| = | f−k|. The ground-state Ansatz can be
defined as the application of the unitary in Eq. (3) to a nonen-
tangled state of the qubits and photons

|	GS[ fk, ζs]〉 = UP

∑
s j

ζs|s1, . . . , sNq〉 ⊗ |0〉, (4)

where |s1, . . . , sNq〉 is an arbitrary state of the qubits and |0〉 =
|0, . . . , 0〉 is the multivacuum state of the photonic waveguide.
Within this approach the task of finding the ground-state en-
ergy of the SB system is completely equivalent to minimizing
the energy over the following effective Nq-qubit Hamiltonian:

HS = �r

2

Nq∑
j=1

σ z
j −

∑
i< j

Ji jσ
x
i σ x

j + 2
∑

k

fk (ωk fk − 2gk ), (5)

where the qubit frequencies become renormalized according
to the rule

�r = � exp

(
−2

∑
k

| fk|2
)

, (6)

and the photon-mediated Ising interaction

Ji j = 2
∑

k

fk (2gk − ωk fk ) cos [k(xi − x j )]. (7)

The Hamiltonian in Eq. (5) resembles the one describing the
Ising model in the presence of a transverse magnetic field.
In the case of a single-qubit, the ground-state energy in the
polaron basis is EGS = −�r/2 + ∑

k fk[ωk fk − 2gk], which
can be minimized with respect to the variational parameters
{ fk}. The corresponding free-energy minimization results in a
self-consistent relation for the variational parameters [61]

fk = gk

ωk + �r
. (8)

In the case of a single qubit, the renormalization frequency can
be computed explicitly, obtaining the well-known formula in
the scaling limit �/ωc 
 1 [24,48],

�r ≈ �

(
�

ωc

)α/(1−α)

. (9)

It is worth recalling that this renormalization is responsi-
ble for the localization-delocalization phase transition that

FIG. 1. (a) Spectral function of the Ohmic waveguide J (ω).
Open circles are obtained from the discrete model simulations with
parameters: {N, ωc, α} = {1001, 1.0, 0.1} and the solid line with
the formula J (ω) = παω. (b) Pictorial illustration of two two-level
emitters separated a distance x interacting with the guided modes of
an Ohmic one-dimensional waveguide. (c) Circuit-QED implemen-
tation of the system (see Appendix A1 for further details).

corresponds to the ferromagnetic-antiferromagnetic phase
transition in the Kondo model [69]. Here �r drops to zero as
the coupling increases, triggering the transition at the critical
coupling αc = 1.

Discrete microscopic model

Below we will face situations, mainly when we discuss
the dynamics of the system, for which an analytical solution
is not possible. Then we approximate the environment us-
ing a finite number of modes N by taking advantage of the
discrete model for a transmission line resonator exposed in
Appendix A1b. In the continuum limit (N → ∞) this model
reproduces the spectral linear function of an Ohmic envi-
ronment with an appropriate cutoff frequency: see Fig. 1(a),
where the points are the spectral function constructed from
the discrete model, recovering the linear dispersion relation
ωk = vg|k|. This finite N-model has already been success-
fully used to test the dynamics of few emitters interacting
with waveguides within [35], and beyond [62] the RWA, with
numerical methods based on matrix-product-state simulations
(MPS), showing remarkable agreement with the advantage of
low computational cost. In Appendix A1, for completeness,
we sketch the main characteristics of the discrete model in
the context of circuit QED. Of course, when possible, the
convergence of this model to the Ohmic (continuum) model
has been verified.

III. TWO-QUBIT SPIN-BOSON MODEL:
STATIC PROPERTIES

The ground state of two qubits in an Ohmic environment
was discussed in [47]. They used a variational Ansatz equiv-
alent to the variational polaron treatment. In this section,
we review ground-state properties that will be needed when
discussing the dynamics of the system. This also is useful
to benchmark the discrete model for numerical simulations.
For the two-qubit case, the relative distance between emitters
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FIG. 2. Ising-like coupling as a function of the normalized rela-
tive distance between the emitters, for different coupling parameters.
Solid lines are plotted according to Eq. (12), and empty dots corre-
spond to numerical results based on the discrete Ohmic model with
parameters {N,�/ωc} = {1001, 0.2}.

plays an important role in the static and dynamical properties.
In this situation the induced Ising interaction of the effective
Hamiltonian modifies the single-qubit behavior, giving rise to
collective effects. For Nq = 2 the Hamiltonian (5) reads

HS = �r

2

2∑
j=1

σ z
j − J σ x

1 σ x
2 + 2

∑
k

fk (ωk fk − 2gk ), (10)

where J (x) = 2
∑

k fk (2gk − ωk fk ) cos(kx), being x = x2 −
x1 the distance between the qubits. In this case the ground-
state energy is EGS = −√

�2
r + J 2 + 2

∑
k fk (ωk fk − 2gk ),

and its minimization results in

fk = gk

ωk

E + J cos(kx)

E + J cos(kx) + �2
r /ωk

, (11)

where E = √
�2

r + J 2. The effective Ising model is charac-
terized by the ratio J /�r . In what follows, we compute both
parameters numerically by using the finite-N model. However,
it is always appealing to have analytical expressions even if
approximates. Taking the limit J → 0 in Eq. (11) we recover
the one-qubit relation in Eq. (8). Interestingly, the induced
Ising coupling can be computed in the large coupling approx-
imation for which fk −→ gk/ωk as �r → 0, which gives the
result [47]

J ≈ 1

π

∫ ωc

0
dω

J (ω)

ω
cos(ωx/vg)

= αωcsinc(ωcx/vg), (12)

where we have used the Ohmic spectral function J (ω) =
παω, and assumed a linear dispersion relation ωk = vg|k|
in the continuum limit. This Ising coupling shows long-
range damped oscillations as a function of the distance. This
means that, depending on the distance, ferromagnetic (J >

0) or antiferromagnetic (J < 0) interaction can be induced.
In Fig. 2 we show the behavior of the Ising-like coupling
as a function of the emitters relative distance for different
coupling strengths values. Continuous lines are calculated
using the approximation in Eq. (12), and open circles indi-
cate results obtained from numerical simulations based on the
microscopic discrete model presented in Appendix A1b. We
observe a very good agreement between the continuous and

FIG. 3. Renormalized frequency as function of the coupling
strength for different relative distances between emitters. Other pa-
rameters are the same as in Fig. 2.

the discretized microscopic Ohmic model. A more accurate
but cumbersome expression for the Ising coupling can also
be obtained by using the exact expression for fk in Eq. (8),
which includes small correction terms to the formula given in
Eq. (12). We show this expression in Appendix A2.

Obtaining an expression for the renormalized qubit fre-
quency �r for two qubits is not as simple as in the single-qubit
case. In general, it has to be found by numerical means. As-
suming that J is given by Eq. (12) and therefore does not play
any role on the energy minimization, the optimal variational
parameters can be approximated by fk ≈ gkE/(ωkE + �2

r ),
which after replacement into Eq. (6) gives

�r = � exp

[
−2

∑
k

g2
kE2(

ωkE + �2
r

)2

]
. (13)

This equation shows that �r is now distance-dependent
through the Ising-like coupling. For infinite separation dis-
tance (J = 0), the renormalized frequency in the scaling limit
is given by �r ≈ �(e�/ωc)α/(1−α), which shows the quantum
phase transition at α = 1, in agreement with the single impu-
rity case in Eq. (9). For slightly separated qubits in the limit
J /�  1, we can take E → J , obtaining that

�r ≈ �(e�2/ωcJ )α/(1−2α), (14)

predicting the critical coupling at α = 1/2 in stark contrast
with a single qubit [47]. It is worth mentioning that this shifted
critical coupling can also be inferred by studying the proper-
ties of the dynamical Kernel in the general non-Markovian
case [62]. In Fig. 3 we plot the renormalized frequency
varying the relative distance x. We show the lower and up-
per bounds, given by the expressions for zero and infinite
separation distances, respectively. It is clear that the effective
interaction between qubits modifies the localization transition
point depending of their relative position. In particular, at
intermediate relative positions (e.g., x = 8�x in Fig. 3), �r

drops abruptly to zero in a discontinuous way, and the local-
ization transition occurs for values of the coupling strength
α ∈ [0.5, 1.0].
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Ground-state and entanglement entropy

The ground state of the effective two-spin Hamiltonian (10)
can be found by straightforward diagonalization. It reads

|GS〉S = cos θ |gg〉 + sin θ |ee〉, (15)

where

cos θ = �r + E√
(�r + E )2 + J 2

(16)

and

sin θ = J√
(�r + E )2 + J 2

. (17)

The ground state of the complete system of two-qubits plus
the bosonic bath is then obtained by applying the polaron
transformation to the product of the ground state |GS〉S and
the multimode vacuum state of the bosonic environment ac-
cording to the Ansatz (4)

|	GS〉 = UP|GS〉S|0〉
= (cos θσ x

1 + sin θσ x
2 )UP|e〉|g〉|0〉. (18)

After applying the transformation we get the following en-
tangled state in terms of multimode coherent states of the
photonic bath

|	GS〉 = 1

2
(sin θ + cos θ )| − −〉|χ−−〉

+ 1

2
(sin θ − cos θ )| − +〉|χ−+〉

+ 1

2
(sin θ − cos θ )| + −〉|χ+−〉

+ 1

2
(sin θ + cos θ )| + +〉|χ++〉, (19)

where we chose the eigenstates of σ x
j for representing the

state of the qubits, i.e., |±〉 j = (|e〉 j ± |g〉 j )/
√

2, and the mul-
timode coherent states are given by

|χ±±〉 = exp

(
−i

∑
k

f 2
k sin kx

) ⊗
k

| ± ( fk + fkeikx )〉, (20)

|χ±∓〉 = exp

(
i
∑

k

f 2
k sin kx

) ⊗
k

| ± fk ∓ fkeikx〉, (21)

with |αk〉 = D(αk )|0〉, being D(αk ) the displacement op-
erator. Notice that in the deep-strong coupling (localized
regime) when �r → 0, the ground state becomes |	GS〉 =
(| − −〉|χ−−〉 + | + +〉|χ++〉)/

√
2, which can be recognized

as a Schrödinger cat state of light and matter analogous to the
one-qubit SBM [70]. Having obtained the ground state, one
can also compute relevant physical observables, for instance,
the qubit magnetization and the entanglement entropy. In the
first case we find that〈

σ z
j

〉
GS

= 〈	GS|σ z
j |	GS〉 = −�r

�
cos 2θ cos [φ(x)], (22)

where we have introduced the auxiliary function φ(x) =
4

∑
k f 2

k sin kx. It is also interesting to compute the linear
entanglement entropy, defined as SL = 1 − Tr�2

q, where the

FIG. 4. Entanglement entropy as a function of the coupling
strength for increasing distance between the emitters. Parameters are
the same as in Fig. 3.

reduce density matrix of the two-qubit system can be ob-
tained by tracing out the bath degrees of freedom, i.e., �q =
Trenv�GS = Trenv|	GS〉〈	GS|. This measure quantifies the de-
gree of mixedness of the two-qubit ground state with the
bosonic bath. Remarkably, a rather general expression of the
linear entropy for arbitrary emitter separations can be ob-
tained, but the expression is too lengthy to be shown here (see
Appendix A3). However, we show the limiting formula for
infinite distance

SL = 1

4

[
3 − 2

(
�r

�

)2

−
(

�r

�

)4]
. (23)

It is well known that entanglement entropy reflects the appear-
ance of a quantum phase transition, so we expect to observe
signals of the localization transition in the entanglement as
the coupling is increased, in a similar fashion as observed
for �r in Fig. 3. Quantum phase transitions manifest as a
nonanalyticity in the entanglement contained in the total state
of the system and its environment [71]. We confirm this by
plotting the entanglement entropy as a function of the cou-
pling in Fig. 4 for increasing relative distance. The dashed line
in Fig. 4 is given by Eq. (23), indicating a smooth behavior of
the entropy with no discontinuities for large couplings. This is
expected from the one-qubit results for the renormalized fre-
quency discussed in Sec. II for which αc ∼ 1. The asymptotic
entropy in this case is a complete mixed state of the qubits
with SL → 3/4, which can be seen directly from Eq. (23)
in the limit �r → 0. For finite separation we have a richer
behavior, as sudden decay of the entropy occurs at specific
couplings, reflecting the influence of the effective qubit-qubit
interaction on the localization transition. Notice also that in
this case the steady-state entropy as a function of the coupling
is SL = 1/2. This is because the Ising interaction dominates
over the magnetic field produced by �r in the two-spin ef-
fective model, and the ground state becomes degenerate with
reduced density matrix �q = 1/2. This is also clear from the
general expression for the linear entropy in Eq. (A20) in the
case of sin θ = cos θ = 1/

√
2.

IV. DYNAMICS

Not only the ground state but the first excited states are
well captured by the polaron Ansatz [31,62,63,72]. It is conve-
nient to work in the polaron picture (1): HP = U †

P HUP ≈ Heff ,
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which can be approximated by [62]

Heff = �r

2

2∑
j=1

σ z
j − 2�r

2∑
j=1

σ z
j

∑
kk′

fk fk′ei(k−k′ )x j a†
kak′

+
2∑

j=1

∑
k

[
2�r f (0)

k + ε(�r − ωk )
](

σ−
j a†

keikx j + H.c.
)

+
∑

k

ωka†
kak − J σ x

1 σ x
2 + 2

∑
k

fk (ωk fk − 2gk ). (24)

Here f (0)
k is the variational parameter of a single qubit given

by Eq. (8), i.e., when the ferromagnetic interaction is neg-
ligible (J = 0), and ε is a small correction. The key fact
here is that Heff preserves the excitation number. Therefore,
this effective Hamiltonian can be now treated using standard
RWA methods. In the following we will study the generated
dynamics in the polaron frame in order to extract relevant
information of the system in the laboratory picture.

As the Hamiltonian Heff preserves the number of total ex-
citations, we can project the dynamics in the single excitation
sector spanned by the basis: {|e〉|g〉|0〉, |g〉|e〉|0〉, |GS〉S|1k〉}.
This means that photonic excitations are created from the
polaron ground state of the two-spin system. The state of the
system at any time is postulated via the following dynamical
polaron Ansatz [62]:

|	(t )〉P =
(

c1|e〉|g〉 + c2|g〉|e〉 +
∑

k

ψka†
k |GS〉S

)
|0〉, (25)

where the time-dependent probability amplitudes require to
fulfill the normalization condition

∑
i |ci|2 + ∑

k |ψk|2 = 1.
These coefficients satisfy the coupled set of equations,

iċ1 = −J c2 +
∑

k

Gke−ikx1ψk cos θ, (26)

iċ2 = −J c1 +
∑

k

Gke−ikx2ψk cos θ, (27)

iψ̇k = −(�̃r − ωk )ψk + Gk

∑
j

eikx j c j cos θ

+ 2�r fk

∑
j,k′

fk′ei(k−k′ )x j ψk′ cos 2θ. (28)

Here we have defined the functions Gk = 2�r f (0)
k + ε(�r −

ωk ) and �̃r = �r cos 2θ + J sin 2θ. Using the discrete
model, this set of equations are integrated numerically and,
then, transformed back to the original laboratory picture.

A. Dynamics in the polaron frame

For future convenience and understanding, it is useful
to start analyzing the dynamics in the polaron picture. The
reason is twofold. It is easier, so some explicit formulas
can be obtained, and it will be convenient to understand
the dynamics in the laboratory frame. As well, if the cou-
pling is small enough, both polaron and polaron frame are
equivalent. Moving to the rotating frame for the photon am-
plitudes, ψ̃k = e−i(�̃r−ωk )tψk , and performing the integration,
i.e., tracing out the photonic modes, and setting ψ̃k (0) = 0, we

arrive to

iċi = −J c j − 2i�2
r cos2 θ

π

∫ ωc

0
dω

J (ω)

(ω + �r )2

×
∫ t

0
dτei(�̃r−ω)τ ci(t − τ )

− 2i�2
r cos2 θ

π
ei�̃r x/vg

∫ ωc

0
dω

J (ω)

(ω + �r )2

×
∫ t−x/vg

0
dτ ′ei(�̃r−ω)τ ′

c j (t − x/vg − τ ′), (29)

where it was assumed that |Gk|2 ≈ 4�2
r f (0)

k

2
for small ε.

Here the presence of non-Markovian processes is evident. The
second and third contributions in the r.h.s both depend on
the spectral function J (ω) of the waveguide (environment).
So there is an unavoidable source of non-Markovianity as
consequence of the memory of the environment, which cannot
be considered as flat (Markovian) in general [73]. On the
other hand, the third term contains an additional source of
non-Markovianity due to the finite distance effect between
emitters, which also enters in the nonlocal parts of the Kernel
and therefore invalidates the Markov approximation. These
two non-Markovian timescales are different in general and
need to be distinguished in the dynamical evolution. Unfor-
tunately, this is not so simple, and we have to get rid of one
of such memory time scales in order to study the behavior of
Eq. (29). At this point we follow the lines of the Weisskopf-
Wigner theory of spontaneous emission [74], and neglect the
memory effects of the environment in order to evaluate the
contribution of the last two terms in Eq. (29). We can then
make the replacement ci(t − τ ) ≈ ci(t ) and extend the time
integral to infinity. By using the identity [75]

lim
t→∞

∫ t

0
dτei(�̃r−ω)τ = πδ(ω − �̃r ) + iP

(
1

�̃r − ω

)
, (30)

we arrive to the coupled delay-differential equations

ċi(t ) = iJ c j (t ) − γ

2
ci(t )

− γ

2
ei�̃r x/vgc j (t − x/vg)�(t − x/vg), (31)

with the spontaneous emission rate defined by

γ = 4�2
r J (�̃r )

(�r + �̃r )
2 cos2 θ, (32)

and the function �(τ ) being the Heaviside step function.
Obviously, once the approximation ci(t − τ ) ≈ ci(t ) is made,
the only source of non-Markovianity is due to the finite dis-
tance of the emitters, which induces back-action of the field,
leading to a radiation feedback phenomenon in the system. As
a consequence, these equations resemble the delay dynamics
obtained for two distant emitters coupled to a waveguide with
flat spectral density of the field modes [36]. However, in this
case a coherent coupling term between the emitters appears
as a consequence of the Ising coupling J induced by the
polaron transformation. As this coherent interaction depends
on the distance between emitters [see Eq. (12) and Fig. 2],
it contributes to the dynamics at small separation distances.
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Notice also that the spontaneous emission rate and the relative
phase gained by the retarded radiation gets renormalized as
they are given in terms of the polaron qubit frequency �r .
For infinitely distant emitters, the spontaneous emission rate
reduces to the result of a single emitter with γ = J (�r ) =
πα�r [19,62].

It is worth mentioning that in deriving the delay differential
equations (31), we have neglected the Lamb-shift correction
to the qubit frequency, which is formally given by

δL = 2

π
�2

rP
[∫ ωc

0
dω

J (ω)

(ω + �r )2(�̃r − ω)

]
. (33)

A detailed analysis of the consequences of collective spon-
taneous emission and Lamb shift is given in [35]. The
magnetization dynamics (or population inversion) in the po-
laron image can be expressed in terms of the qubit probability
amplitudes,

〈
σ z

i (t )
〉
P = cos2 θ [2|ci(t )|2 − 1] − sin2 θ [2|c j (t )|2 − 1]. (34)

Let us now analyze the emergence of non-Markovian dy-
namics due to the back-action induced by the delay term in
Eq. (31) for different initial states of the emitters. Naturally,
we expect these results to agree with those obtained within the
RWA with a flat environment for very small couplings [36].
We first explore the case of large but not infinite separation
distance between the emitters for which J ≈ 0. The steady-
state solutions in the polaron picture can be computed from
the standard final value theorem [76], by taking the Laplace
transform in Eqs. (31). We first take initial symmetric (anti-
symmetric) states in the polaron Ansatz, i.e., c1(0) = c2(0) =
1/

√
2 or c1(0) = −c2(0) = 1/

√
2. For these initial conditions

the Laplace transformed amplitudes read

c̃±(s) = 1√
2[s + γ /2 ± γ e(i�r−s)x/vg/2]

, (35)

where c̃+ = c̃1 = c̃2, and c̃− = c̃1 = −c̃2. For a renormalized
qubit frequency, and separation distance satisfying the condi-
tion �rx/vg = 2nπ , being n ∈ Z, the symmetric initial state
will decay to the polaron ground state, i.e., limt→∞ c+(t ) =
0. However, if the initial state is antisymmetric we get
a bound state with finite excitation probability amplitude
given by limt→∞ c−(t ) = (1 + γ x/2vg)−1/

√
2 [36]. This

gives the steady-state magnetization for the antisymmetric
state 〈σ z

−〉P = (1 + γ x/2vg)−2 − 1, which is different from
−1 for finite-distance emitters [see Fig. 5(a)]. This bound state
in the continuum (BIC) is the result of a trapped stationary
excitation between the two emitters acting as an effective
cavity formed by two perfectly reflective mirrors [77,78].

B. Laboratory frame

The previous analysis will help us discuss the actual dy-
namics. They can be obtained by back-transforming with the
polaron unitary. It turns out this can be done exactly, as we
have restricted our analysis to the single-excitation polaron
manifold. In particular, the magnetization in the laboratory

FIG. 5. Dynamics of the magnetization 〈σ z〉 for initial symmetric
|	+

0 〉 and antisymmetric |	−
0 〉 states. Dash-dotted lines indicate the

evolution in the polaron picture. To enable comparison with the true
dynamics, the polaron lines are renormalized by �r/�. From (a) to
(d) the increasing couplings are α = 0.01, α = 0.1, α = 0.5, and
α = 1.0. Other parameters are L = 40π , N = 1001, x = 2πvg/�.

picture reads〈
σ z

i (t )
〉 = P〈	(t )|U †

Pσ z
i UP|	(t )〉P

= �r

�

[〈
σ z

i

〉
P + 4 cos θRe

(
ci

∑
k

fkψ
∗
k

)

− 4 sin θRe

(
c j

∑
k

fkψ
∗
k

)

+ 4 cos 2θ
∑
kk′

fk fk′ψkψ
∗
k′

]
, (36)

which shows the dynamical contributions due to each emitter
and field correlations.

In (36) we see that the differences between both frames are
O( fk ); therefore in the weak coupling both frames give the
same results, as expected by construction. In the same region,
one can perform the RWA approximation already in the orig-
inal spin boson model (1). This is illustrated in Fig. 5(a) for
which we recover RWA results.

As we increase the system-bath coupling α, non-
Markovian dynamics emerges as consequence of the memory
of the bath and also from interference caused by retardation
effects [36]. At this point the collective two-qubit dynamics
is no longer captured by the effective delay dynamics dictated
by Eqs. (31). We show these results in Figs. 5(b), 5(c), and
5(d) for a fixed separation distance between the emitters. We
also expect that for very strong couplings, the localization
transition takes place (�r → 0), and the two-qubit system
freezes in a state of zero magnetization. In this deep-strong
coupling regime retardation effects are no longer present in
the magnetization.

1. The Fermi problem in the USC regime

Another interesting fact is the apparent causality violation
that can be observed in Fig. 5(c). For moderate couplings
(α = 0.01, 0.1), where RWA still applies, the dynamics of
symmetric and antisymmetric initial states are exactly the
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same before the retardation time, i.e., independent exponential
decay of both emitters at the same rate (Fermi golden rule)
occurs. As we increase the coupling we can see from Fig. 5(c)
that this is no longer the case. Symmetric and antisymmet-
ric initial states start to have different dynamics long before
they reach the vertical line indicating the light-cone overlap
between the two emitters. This apparent paradox was first
studied by Fermi in 1932, and it is known as the Fermi prob-
lem [79]. Fortunately this paradox can be explained in terms
of correlations between spacelike distant events arising in the
ultrastrong coupling regime and that are absent in usual RWA
models [80]. The Fermi paradox can be formulated explicitly
as follows: in a system of two distant emitters, where initially
one of them is in the excited state and the other is in its ground
state, the following interesting question arises: is it possible to
excite the second emitter through the spontaneous emission
of the first one at a time t < x/vg? It turns out that this is not
possible, and there is no causality violation in this problem,
as was pointed out by Fermi [79], and better justified later
by several authors [81–83]. However, as was shown by Sabin
et al. [80], if nonlocal correlations are shared initially by the
two emitters, the probability of finding the second emitter in
the excited state and the first one in the ground state can be
different from zero even at times t < x/vg. We will show here
that the existence of these correlations explains the different
dynamics experienced by symmetric and antisymmetric initial
states at times before the retardation time observed in Fig. 5.
We now move for convenience to the Heisenberg picture, and
write the equation of motion for the magnetization using the
original laboratory Hamiltonian (1)

σ z
j (t ) = σ z

j (0) + 2
∫ t

0
dτσ

y
j (τ )V (x j, τ ), (37)

where we have defined

V (x j, t ) = V0(x j, t ) + V1(x j, t ) + V2(x j, t ) (38)

with the field operator

V0(x j, t ) =
∑

k

gk (ake−ikx j e−iωkt + H.c.) (39)

and the qubit operator

Vi(x j, t ) = −
∑

k

∫ t

0
dτ |gk|2σ x

i (τ )eik(x j−xi )e−iωk (t−τ ) + H.c.

(40)

The expectation value of the qubit magnetization is then the
sum of different contributions〈

σ z
j (t )

〉 = 〈
σ z

j (0)
〉 + 2

∫ t

0
dτ 〈σ y

j (τ )V0(x j, τ )〉

+ 2
∫ t

0
dτ

〈
σ

y
j (τ )V1(x j, τ )

〉

+ 2
∫ t

0
dτ

〈
σ

y
j (τ )V2(x j, τ )

〉
, (41)

where the last two correlation terms suggest some influence
or back-action of the respective distant emitter. However,
it can be shown that both contributions are independent

FIG. 6. Dynamics of 〈σ z
1,2〉 starting from the initial state |eg〉.

From (a) to (d) the parameters are the same as in Fig. 5.

of such distant emitter [80]. To make this clear let us fo-
cus in the first emitter magnetization, i.e., 〈σ z

1 (t )〉. In this
case one can show that the correlation 〈σ y

1 (t )V2(x1, t )〉 ∝
d
dx 〈σ y

1 (t )σ x
2 (t − x/vg)〉�(t − x/vg), showing that this function

is zero for times t < x/vg. An analogous calculation for the
autocorrelation function of the first emitter shows that it is
in fact independent of the second emitter, so the only contri-
bution to the qubit magnetization is due to the second term
in Eq. (41). We can examine this contribution for initial sym-
metric or antisymmetric states of the emitters, which are initial
entangled states in the polaron picture. Then〈

σ
y
1 (τ )V0(x1, τ )

〉 = 〈	±
0 |σ y

1 (τ )V0(x1, τ )|	±
0 〉, (42)

where |	±
0 〉 = 1√

2
(σ x

1 ± σ x
2 )UP|g〉|g〉|0〉. An explicit calcu-

lation of these qubit-field correlations is complicated as
consequence of the nontrivial action of the polaron transform,
but one can see that, in general, they are different from zero
for all times and have different value for symmetric and an-
tisymmetric initial states. This is in strong contrast with the
RWA case, where these correlations are totally absent and
this contribution is exactly zero, as the polaron transform
does not enter in the initial state. This analysis explains the
different dynamics experienced by both initial states when the
system enters in the ultrastrong coupling regime as shown in
Fig. 5(c). It is also worth mentioning that although we were
interested in the difference in time evolution of symmetric
and antisymmetric initial states, the above analysis is in fact
independent of the initial state of the two-qubit system. These
correlations emerge as the coupling of the two distant emitters
to the Ohmic waveguide increases, breaking down the usual
RWA. We have additionally explored the dynamics for the
initial state |e〉|g〉|0〉 in the polaron image. This is shown in
Fig. 6, where the magnetization of each emitter is plotted
for increasing coupling and for the same parameters used
in Fig. 5. For weak coupling we observe exponential decay
(Fermi golden rule) of the excited emitter and the subsequent
excitation of the noninitially excited emitter at time t = x/vg.
For α = 0.1 [Fig. 6(b)] the spontaneous decay rate gets renor-
malized, and we are able to see the damped coherent exchange
of the excitation between the two emitters until it reaches the
expected equilibrium magnetization given by −�r/�. Exci-
tation of the second emitter before retardation time is shown in
Fig. 6(c) for α = 0.5 with notorious effects on the dynamics
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FIG. 7. Dynamics of the instantaneous decay for increasing cou-
pling α. (a) Symmetric initial state |	+

0 〉, and (b) antisymmetric
initial state |	−

0 〉. Other parameters are the same as in Fig. 5.

at x/vg and the expected localization transition for α = 1.0
in Fig. 6(d), where localized and small amplitude (2�r/�)
Rabi oscillations between the emitters are observed due to the
coherent Ising interaction moving the excitation between the
two emitters [see inset in Fig. 6(d)].

2. Time-dependent decay rate

The analysis of non-Markovian dynamics allows a de-
scription in terms of a master equation that is local in
time [73]. It turns out that the time-dependent generator
for this master equation can be written in the standard
Lindblad form with time-dependent decay rates. Following
this approach, and from our analysis in the polaron pic-
ture, we can define a time-dependent decay rate for each
emitter as

γ (i)(t ) = −2Re

[
ċi(t )

ci(t )

]
. (43)

In general, as in the case of probability amplitudes in the
strong coupling regime, an analytical evaluation of this
formula is not possible, and we must resort to numerical cal-
culations based on the discrete model. The time evolution of
this quantity will contain both sources of non-Markovianity,
the one due to the memory of the bath, and the influence of
retardation effects. Of course, as Eq. (43) is defined in terms
of the polaron probability amplitudes, we need to transform it
back to the laboratory frame. In Fig. 7 we show the numerical
calculation for the collective dynamics of the time-dependent
decay rate for symmetric (γ +) and antisymmetric (γ −) initial
states.

As expected, for weak coupling, the decay rate starts to
oscillate around the Fermi golden rule value (almost without
renormalization) γ ± = γ = πα�r

∼= πα� until the feed-
back from the other emitter suddenly accelerates the decay
process, reaching a maximum value of ∼4.4γ for the sym-
metric state in Fig. 7(a). At this point, the emitters see each
other, forming a collective state and emitting in a superradiant
manner beyond the Markovian Dicke limit of 2γ for two
emitters located at the same position. This non-Markovian
collective enhancement of spontaneous emission has been
reported recently within the RWA limit in Ref. [36], where

it was shown that larger values can be reached at a particu-
lar critical distance. We must emphasize that even for weak
coupling the Ohmic environment model used here is not flat,
so it is reasonable to expect that our calculation of the decay
rate does not match exactly the results for a flat environment.
Also, it is clear that non-Markovian processes involving retar-
dation are also present beyond the RWA limits. On the other
hand, for the antisymmetric initial state in Fig. 7(b) we have
similar behavior at times t < x/vg. Once they are causally
connected, in this case, the antisymmetric state is a dark state
and no decay is observed. For weak coupling this is compat-
ible with the appearance of bound states in the continuum
for subradiant initial states in RWA [36,77]. We also have
verified that for slightly distant emitters in the weak coupling
we recover the usual Markovian dynamics for initial sym-
metric (antisymmetric) states. As the coupling is increased
we observe the suppression of emission caused by the qubit
renormalization frequency, i.e., γ = πα�r accompanied by
an oscillating behavior accounting for emission and reabsorp-
tion of radiation, which explains the negative values of the
decay rate. In the deep-strong coupling regime, where α → 1,
the system undergoes a localization transition with zero mag-
netization and the two-qubit system does not radiate anymore.
It is worth recalling that what determines the nature of the
collective state generated after both qubits become causally
connected is the actual phase gained by the radiation field
during propagation inside the waveguide. This phase is re-
sponsible of the constructive (destructive) interference of the
delay dynamics [36,40]. Within the RWA this phase is given
by �x/vg, which is independent of the qubit-field coupling.
In the USC regime the accumulated phase is now coupling
and distance-dependent for finite distant emitters as we saw in
Sec. III, through the renormalized qubit frequency, dropping
to zero in the localized phase for a particular critical coupling.
This is a purely USC phenomenon, in which non-Markovian
interference effects are also affected by the coupling to the
waveguide as we observe in Fig. 7. In particular superradiant
and subradiant behaviors arise as appropriate combinations of
the symmetry of the initial state, the coupling strength, and the
relative distance between the emitters, reflecting the complex
relation between the Hamiltonian parameters in this regime,
which has to be taken into account in real experiments aiming
to investigate non-Markovian delay dynamics in waveguide
QED [84]. As complementary information we show in Fig. 8
the individual emission (absorption) rates, where the initial
state is |e〉|g〉|0〉 in the polaron picture in correspondence
with Fig. 6, showing the anticorrelated dynamics of both
emitters. In this case one can clearly see the influence of
Rabi oscillations in the two-qubit system over the spontaneous
emission (absorption) rates at strong coupling in the localized
regime.

V. SUMMARY AND CONCLUSIONS

Employing theoretical tools based on the polaron transfor-
mation, we have addressed the problem of two distant emitters
interacting with a one-dimensional Ohmic waveguide beyond
RWA. We have tested early results for the static properties
of the two-impurity SBM in the continuum limit, comparing
those with a discretized finite N-model based on circuit QED,
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FIG. 8. Dynamics of the instantaneous decay corresponding to
the first (a) and second emitter (b) in Fig. 6, for increasing coupling
α. Other parameters are the same as in Fig. 6.

finding fully agreement for relevant physical quantities. In
particular, the induced Ising-like interaction, frequency renor-
malization, and the modification of the critical coupling for
the distance-dependent localization transition in the SBM.
We have also shown that it is possible to obtain analyti-
cal expressions for the ground state, its magnetization, and
the linear entanglement entropy as a function of the relative
distance between the emitters. For the study of dynamical
properties we have used a time-dependent polaron Ansatz,
from which we were able to obtain effective polaron non-
Markovian dynamical equations in the weak coupling regime
accounting for retardation effects of the emitted radiation.
We have performed numerical simulations to compare those
results with the ones obtained from the proposed discrete
model and explore the full dynamical behavior for finite sep-
aration distance between the emitters. In the latter case, we
have also recovered recent results in the limit of the RWA
and discussed some interesting aspects when entering the
so-called ultrastrong coupling regime with finite distant emit-
ters, like the Fermi paradox and the dynamics for particular
entangled initial states. We have shown that the dynamics
of symmetric (antisymmetric) correlated initial states in the
USC regime are strongly affected by non-Markovian delay
effects, breaking their indistinguishable exponential decay in
the Markovian limit even before qubits are causally con-
nected. We have also shown that collective dynamics, e.g.,
superradiance or subradiance, depend not just on the distance
traveled by photons between emitters in the waveguide, but
also on the coupling. We remark that this behavior is an exclu-
sive trait of the USC regime that can be potentially exploited
for the control of collective states in ultrastrong wQED.
In short, we have established a theory that can be used to
study other aspects of time delay or quantum feedback in the
USC regime. As a final note, while writing this manuscript,
the physics beyond two-level emitters in the deep and ex-
tremely deep coupling regimes were reported [85]. Their
treatment is based on a unitary transformation that resembles
the Polaron transformation. In the future, it seems interest-
ing to explore the physics described here in such extreme
coupling regimes and beyond two-level emitters and few
excitations.
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APPENDIX

1. Ohmic spin-boson model in circuit QED

In this Appendix we review the microscopic description
of the SB Hamiltonian in the circuit-QED context [86]. For
simplicity we treat the case of a single qubit, but the general-
ization to Nq qubits is straightforward. The complete classical
Hamiltonian describing the circuit model is [see Fig. 1(c)]

H = Hq + HL + HI , (A1)

where each contribution represents the energy of the two-level
system or qubit, the transmission line, and their mutual inter-
action, respectively.

a. Qubit Hamiltonian

For the two-level system we consider a circuit model de-
scribing a charge qubit with classical Lagrangian

Lq(�, �̇) = CJ

2
�̇2 + Cg

2
(�̇ − Vg)2 + EJ cos

(
2π�

�0

)
, (A2)

where Vg is the bias voltage, Cg the coupling capacitance,
and CJ , EJ the Josephson junction capacitance and energy,
respectively. The corresponding Hamiltonian can be simply
obtained by a Legendre transformation: Hq = q�̇ − L, be-
ing q = ∂Lq/∂�̇ the conjugate generalized momentum. The
resulting Hamiltonian, after canonical quantization of the co-
ordinates ([�, q] = i) reads

Hq = (2e)2

2C�

(n − ng)2 − EJ cos

(
2π�

�0

)
. (A3)

Here C� = Cg + CJ is the total capacitance, and n = q/2e is
the number operator describing Cooper-pairs excitations. The
constant term ng = CgVg/2e is the gate charge. Writing the
above Hamiltonian in the number basis we obtain

Hq = 4EC

∑
n

(n − ng)2|n〉〈n|−EJ

2

∑
n

(|n〉〈n + 1|+H.c.).

(A4)

Truncating the basis to the lowest energy states around the
degeneracy point ng, provided that EC 
 EJ , we obtain the
effective qubit Hamiltonian

Hq = −EC

2
(1 − 2ng)σ z − EJ

2
σ x, (A5)

where the Pauli spin operators are defined in the charge basis.

b. Discrete transmission line

For the transmission line we follow a similar procedure by
considering a discretized line of length L with N nodes, such
that the discretization distance is �x = L/N [see Fig. 1(c)].
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We define C0 and L0 as being the characteristic capacitances
and inductances of the lumped circuit model, respectively. The
Lagrangian in this case is written as

LL = 1

2

N∑
n=1

[
C0�̇

2
n − (�n+1 − �n)2

L0

]
. (A6)

The corresponding conjugate momentum (charge coordinate)
is given by qn = ∂LL/∂�̇n = C0�̇n. The Hamiltonian is ob-
tained by applying the Legendre transform: HL = ∑

n qn�̇n −
LL, which results in

HL = 1

2

N∑
n=1

[
q2

n

C0
+ (�n+1 − �n)2

L0

]
. (A7)

This Hamiltonian is identical to that of a linear chain of
classical N coupled harmonic oscillators, therefore it can be
diagonalized by Fourier transforming to the momentum space.
Here we impose periodic boundary conditions such that �1 ≡
�N+1, hence km = 2πm/L. The diagonal Hamiltonian can be
written as

HL = 1

2

∑
k

{
qkq∗

k

C0
+ [2 − 2 cos (2πm/N )]

�k�
∗
k

L0

}
, (A8)

where �k = N−1/2 ∑
n exp(ikxn)�n is the magnetic flux in

momentum space. This leads to the dispersion relation of the
transmission line

ωk = 1√
C0L0

√
2 − 2 cos (km�x)

= ωc

√
2 − 2 cos (km�x), (A9)

where we have defined the cutoff frequency ωc = vg/�x,
being vg = 1/

√
c0l0 the group velocity of photons in the

transmission line. In the continuum limit, i.e., N −→ ∞ (or
�x −→ 0) we have that

HL = �x

2

∑
k

[
q̃k q̃∗

k

c0
+

(
2πm

N

)2
�k�

∗
k

l0

]
, (A10)

where q̃k = qk/�x is the charge density. From the continu-
ous Hamiltonian in Eq. (A10) we find the well known linear
dispersion relation

ωk ≈ vg|k|. (A11)

Figure 9 shows the dispersion relation for the discrete trans-
mission line and its approximate linear behavior for low
momentum.

c. Microscopic interaction

The capacitive interaction between the superconducting
qubit and the discrete transmission line is given by

HI = e
Cg

C�

σ zV (x). (A12)

By using the fact V (x) = ∂t� = −i[�,H], where the quan-
tum flux field for the transmission line satisfies the one-
dimensional massless Klein-Gordon scalar equation, whose

FIG. 9. Dispersion relation of the transmission line with periodic
boundary conditions. Empty circles indicate results for the discrete
model, and the solid line shows the linear behavior in the continuum
limit. Three cases for different cutoff frequencies (dashed-dotted
lines) are shown: ωc/� = {1.0, 3.0, 5.0}.

solution reads [87]

�(x) =
∑

k

√
1

2c0ωkL
(ake−ikx + H.c.), (A13)

we arrive to

HI = σ z
∑

k

(gkake−ikx + H.c.), (A14)

where

gk = g

√
ωk

2L
, g = ie

Cg

C�

√
1

c0
. (A15)

In view of the above discussion we can conclude that the total
quantum Hamiltonian reads

H = −EC

2

(
1 − 2ncl

g

)
σ z − EJ

2
σ x +

∑
k

ωka†
kak

+ σ z
∑

k

(gkake−ikx + H.c.), (A16)

which is the general one-qubit SBM up to a unitary rotation
of the spin basis [24].

d. Ohmic spectral function

Once we have calculated the couplings from the micro-
scopic interaction, we can compute analytically the spectral
function of the transmission line, i.e., the environment spectral
density in the continuum limit, which contains all the informa-
tion about the bath modes [48,86]. It reads

J (ω) = 2π
∑

k

|gk|2δ(ω − ωk )

= |g|2
vg

∫ ωc

0
dωkωkδ(ω − ωk )

= |g|2
vg

ω = παω, α ≡ |g|2/πvg. (A17)
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As we showed in Fig. 1 this Ohmic spectral function
can be well approximated with the aforementioned
discrete transmission line model. Notice that in

deriving the above expression we have made use
of the linear dispersion relation in the continuum
(A11).

2. Correction terms for Ising interaction

Small corrections can be obtained for the approximate Ising coupling given in Eq. (12) by replacing the complete expression
for the variational fk into Eq. (7),

J = 2α

∫ ωc

0
dω

ω

(�r + ω)
cos (ωx/vg) − α

∫ ωc

0
dω

ω2

(�r + ω)2
cos (ωx/vg)

= αωcsinc(ωcx/vg) + α�2
r cos(ωcx/vg)

δr

+α�r

{
x�r

vg
sin(x�r/vg)[Ci(x�r/vg) − Ci(xδr/vg)] + x�r

vg
cos(x�r/vg)[Si(xδr/vg) − Si(x�r/vg)] − 1

}
, (A18)

with δr = �r + ωc, and Ci(x) = − ∫ ∞
x dt cos t/t , Si(x) = ∫ x

0 dt sin t/t .

3. Reduced density matrix and linear entropy

Tracing over the bath degrees of freedom we can get the two-qubit ground-state density matrix in the basis
{| − −〉, | − +〉, | + −〉, | + +〉}:

�GS = 1

2

⎡
⎢⎢⎢⎣

1
2 + sin θ cos θ − �r

2�
cos 2θ − �r

2�
cos 2θeiφ(x) �2

r
�2

(
1
2 + sin θ cos θ

)
e−ζ (x)

− �r
2�

cos 2θ 1
2 − sin θ cos θ

�2
r

�2

(
1
2 − sin θ cos θ

)
eζ (x) − �r

2�
cos 2θe−iφ(x)

− �r
2�

cos 2θe−iφ(x) �2
r

�2

(
1
2 − sin θ cos θ

)
eζ (x) 1

2 − sin θ cos θ − �r
2�

cos 2θ
�2

r
�2

(
1
2 + sin θ cos θ

)
e−ζ (x) − �r

2�
cos 2θeiφ(x) − �r

2�
cos 2θ 1

2 + sin θ cos θ

⎤
⎥⎥⎥⎦,

(A19)

where φ(x) = 4
∑

k f 2
k sin kx, and ζ (x) = 4

∑
k f 2

k cos kx. Using the above density matrix, a general expression for the linear
entanglement entropy reads

SL = 1 − Tr�2
GS

= 1 − �2
r cos2 2θ

2�2
− 1

2

(
1

2
− sin θ cos θ

)2

− 1

2

(
sin θ cos θ + 1

2

)2

− �4
r e2ζ (x)

(
1
2 − sin θ cos θ

)2

2�4
− �4

r e−2ζ (x)
(
sin θ cos θ + 1

2

)2

2�4
. (A20)
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