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Lasserre [32] proved that for every compact set K C R”
and every even number d there exists a unique homogeneous
polynomial go of degree d with K C Gi(go) = {z € R :
go(z) < 1} minimizing |G1(g)| among all such polynomials
g fulfilling the condition K C G1(g). This result extends the
notion of the Lowner ellipsoid, not only from convex bodies
to arbitrary compact sets (which was immediate if d = 2 by
taking convex hulls), but also from ellipsoids to level sets of
homogeneous polynomial of an arbitrary even degree.

In this paper we extend this result for the class of non-negative
log-concave functions in two different ways. One of them is the
straightforward extension of the known results, and the other
one is a suitable extension with uniqueness of the solution in
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the corresponding problem and a characterization in terms of
some ‘contact points’.
© 2021 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In [3] the authors proved that for any non-negative integrable log-concave function
f: R” = [0,400) with || fllcc = f(0) = 1, there exists a unique pair (tg,&p), with
to € (0,1] and & C R™ an ellipsoid such that

tOXSo < f (1)

maximizing

[ txe@)do=tie]

R

among all the pairs (¢,&) verifying (1), where for any measurable set K C R™, xx
denotes its characteristic function and |K| denotes its n-dimensional Lebesgue measure.

This is a functional version of John’s celebrated theorem [30], which provides the
existence of a unique maximal volume ellipsoid contained in any convex body K C R™.
This maximal volume ellipsoid is called the John ellipsoid of K. Whenever one takes,
for any convex body K C R" containing the origin, f = xx in the aforementioned
maximization the solution is tg = 1 and & is the John ellipsoid of K. For other functional
version of the problem, see [28].

Recall that if f(z) = e *®) with v : R™ — [0,4+00] a convex function, its polar
function f° is defined as f°(x) = e=* ®), where u* : R® — R is the Legendre transform
of u given by u*(z) = sup,cgn((z,y) — u(y)). If K C R™ is a convex body containing
the origin in its interior, then (yx)° = e~ I'lx°. Here, for any convex body K containing
the origin, || - ||k denotes the Minkowski gauge

|zl x = inf{A >0 : x € AK},
and K° denotes the polar body of K, defined by
K°={zeR": (z,y) <1, Vye K}

Besides, we will denote by |z| = ||z gy the Euclidean norm, for every x € R™, where BY
denotes the Euclidean unit ball and the epigraph of a convex function u : R™ — [0, +00)
by

epi(u) := {(x,t) € R™ x [0, +00) : u(z) < t}.
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Using this functional notion of polarity [31], taking into account that f°° = f for any
log-concave function f, and the equality |€||€°| = | BY|? for any origin centered ellipsoid
&, whenever f is even, the previous result can be stated as a minimizing volume problem,
i.e., for any even integrable log-concave function f : R™ — [0, +00) with || f]|ec = f(0) =1
there exists a unique pair (¢1,&;) with t; > 1 and & C R™ a origin centered ellipsoid
such that

f<trexp{=[le,} (2)

minimizing
/t1 exp{—||z||e, } dz = t1n!|&1]

among all the pairs (¢, &) verifying (2).

In [35] the authors provided a definition of a functional Lowner ellipsoid also when-
ever f is not necessarily even. They considered the corresponding integral minimization
problem related to such functional ellipsoid. In that case the solution does not necessar-
ily coincide with the polar of the functional John ellipsoid of the polar function. This
result generalizes the dual version of John’s Theorem, which states that for any convex
body K C R™ there exists a unique ellipsoid, known as the Lowner ellipsoid of K, of
minimal volume containing K. Whenever one takes, for any convex body K containing
the origin, f = exp{—||-||x }, the solution of the minimization problem appearing in [35]
also recovers the Lowner’s ellipsoid of K. Interpreting and proving functional versions for
log-concave functions of well-known geometric results has become increasingly popular
in the last years, see for instance [2], [3], [4], [6], [7], [8], [15], [16], [17], [18], [20], [19],
[31], [34], [41].

John and Loéwner ellipsoids of convex bodies have been widely investigated in the
literature (see, for example, [23], [24], [22], [25]). Furthermore, the John or the Léwner
ellipsoid of a convex body K C R™ is characterized by the existence of some contact
points between the boundary of K and the Euclidean sphere, S"~! (see [9], [13]).

Other connections between convex bodies and ellipsoids can be found in the literature.
For instance, the Legendre and Binet ellipsoids are well-known concepts from classical
mechanics. For some references, see [33], [36], [38], [39], and [37] for recent developments.

On the other hand, Lasserre [32] generalized the definition of the Lowner ellipsoid for
any compact (non-necessarily convex) set by means of replacing the bilinear form given
by an ellipsoid by a homogeneous polynomial of even degree d > 2.

More precisely, if we denote by H4(R™) the vector space of homogeneous polynomials
of degree d in R, of dimension hq(n) = (""971), it was proved that, given any compact
set K C R™ with non-empty interior and an even integer d € N, there exists a unique
homogeneous polynomial gy € Hy(R™) of degree d, the d-Lasserre-Léwner polynomial,
such that
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K C Gi(go) ={r € R" : go(x) < 1} (3)

with minimum volume |G1(go)| among all d-homogeneous polynomial verifying (3).

Let F3(R™) be the set in Hg(R™) of all d-homogeneous polynomials in R™ such that
|G1(g)| < +oo. Note that |G1(g)] < +oco implies g > 0. In particular, the previous
minimization problem cannot be stated for odd d.

Moreover, the solution is also characterized in terms of some common contact points
in the boundaries of K and G1(go) (cf. [32]). More precisely, |G1(go)| is minimum among
all g € Hy(R™) verifying (3) if and only if there exist y1,...,ys € K, A1,..., Ay > 0,
with s < hg(n), such that go(y;) =1 fori=1,...,s, and

/xae*go(z)dl- = Z /\iy? (4)

Rn 1=1

for every aw € N” such that || = Y| ; = d, where z* = z{" --- 22". Note that the

identity above implies a trace identity (see Lemma 2.1)

g/efgo(m)dx: /go(x)efgo(m)dx:Z/\i.
i=1

Rn R~

In this paper we will extend the result of [32] to the functional setting. Let us pose
the following problem:

Problem 1. Given f : R"™ — [0, 4+00) with || f|lcc = f(0) =1, and d € N even, minimize

/te—g(w)a dx = tn!|G1(g)|
R"L

among all g € Hy(R™) and ¢ > 1 such that

f(z) < te=9@) (5)

Note that the functional (¢, g) — t|G1(g)| to be minimized verifies a strong global con-
vexity property on the space of pairs (r, g) verifying (5), once the natural reparametriza-
tion t = e”, together with an appropriate change in the integral to consider, is taken
(see Lemma 2.2 and Lemma 4.6). Despite this global property, the set of pairs (r,g)
verifying (5), with ¢t = e, does not verify a suitable convexity or compactness property,
so the existence and uniqueness of a minimizing pair is not straightforwardly obtained.
Considering, for instance, f(z) = xpy and taking ro,7; > 0 and polynomials of the form
gi(x) = rd|z|¢, i = 0,1, we have

1/d
xBy < exp{r; — gi/ }
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for i = 0,1. However,

1/d
xny £ exp{re — g;'"}

for any 6 € (0,1), where 19 = (1 — 0)rg + 0ry and gg = (1 — 0)go + 0g1.

In view of Lasserre’s result, one might think of integrable functions f : R™ — [0, +00)
as the typical extension of compact sets to spaces of functions. Unfortunately, Problem 1
does not make sense in such a general case (see Example 3.1). Motivated by this fact,
we solve the problem in the setting of log-concave integrable functions. Let F(R™) be
the set of all log-concave integrable functions on R™.

Theorem 1.1. Let f € F(R™) with ||f|lcc = f(0) =1 and d € N even. Then there exists
(t1,91) € [1,+00) x F4(R™) a solution of Problem 1.

Notice that the problem considered in Theorem 1.1 was solved with uniqueness for
d = 2 in [3], in the even case, and in [35], in the general case, since for g € Ha(R"™) the
set G1(g) is an ellipsoid provided that |G;(g)| is finite (see Lemma 2.3 (2.3)).

However, even this case is not solved with uniqueness in the proof of Theorem 1.1
with this point of view, since polarity does not work clearly between polynomials. More
precisely, if we try to construct a proof by taking duals in the proof in [3], we would need
to take the polar of the ellipsoid G;(g), but the expression of the polynomial defining
the polar ellipsoid in terms of g is not clear.

In the general case, the uniqueness is not straightforwardly obtained (although we
do not know any example for which the minimization point is not unique). It seems to
us that the proof would require some more convexity properties than the ones we have
obtained.

The following similar problem is also posed. Unlike the case of Problem 1 above, we
are able to show existence and uniqueness of the solution.

Problem 2. Given f : R™ — [0, 4+00) with || f|lcc = f(0) =1, and d € N even, minimize
/tﬂ(@ dz = (2 + 1)|G: (9)
Rn

among all g € Hy(R™) and ¢ > 1 such that
fz) < te 9, (6)

Again, the existence of a global minimum is not guaranteed using the convexity of the
functional to be optimized, since the argument would need the feasible set of solutions
to be a convex compact set. Lemma 4.5 proves that the set is convex, but compactness
can not be assured.
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This problem is solved with uniqueness, when imposing an extra condition, in the
following result.

Theorem 1.2. Let f : R™ — [0,4+00) be a log-concave function with ||f|lcc = f(0) =1
and d € N even, such that

m(f)= |J log(i/N) Yz eR": f(z) > A}

A€(0,1)
is bounded. Then there exists (t2, g2) € [1,+00) x Fg(R™) a unique solution of Problem 2.

For an interior minimization point (t2,g2) € (1, +00) X intFy(R™), being the unique
solution of Problem 2 can be characterized by some touching conditions, via the Karush-
Kuhn-Tucker conditions (see [5], [27]). For these conditions to hold, no hypothesis on
the log-concavity of f is needed.

Theorem 1.3. Let f : R™ — [0,+00) be a bounded function with || fllec = f(0) = 1.
Moreover, let (ta,g2) € (1,400) x int(Fq(R™)) be such that f(x) < tyexp(—ga(x)) for
every x € R™. Then the following are equivalent:

(i) (t2,g2) is the only solution of Problem 2.
(ii) There exist x1,...,%m € R", m < ("i;l*l) + 1, with f(z;) = taexp(—ga(;)), and
Ai >0, 1<i<m, such that

to /exp(—gg(x))d:c = Z/\i and
i=1

]Rn

to / x® exp(—ga(x))dx = Z Aixg for all o € NJJ.
Rn i=1

The paper is organized as follows. In Section 2 we provide all the definitions and
properties related to homogeneous polynomials which are needed for the study of both
problems. Section 3 is devoted to give the existence of a minimization point in Problem 1.
In Section 4 we study Problem 2, giving similar results as the ones given in Section 3,
and new facts that allow to prove the existence and uniqueness of the minimization
problem, under the additional assumption given in Theorem 1.2. Further, we give the
characterization of the minimization point in terms of the contact points. Finally in
Section 5 we introduce the d-outer volume and integral ratio of a convex body, and show
an application of the d-Léwner-Lasserre polynomial to approximation of convex bodies.
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2. Homogeneous polynomials

Let H4(R™) be the vector space of homogeneous polynomials of degree d in R™, with

dimension h4(n) = ("*471). Any g € Hy(R") can be uniquely written as
g(x) = D gar®
aeNY
where N} = {a = (a1,...,a,) € N": |a| = a1+ -4+, =d} and for z = (21,...,2,) €

n
R™ and oo € N}, 2 denotes the monomial % = H xh.

For any g € Hy(R"™), let us denote, for any 115 ; 0, G¢e(g) = {z € R : g(x) < t}.
Notice that by the homogeneity of g, G¢(g) = t2G1(g), and that if |G1(g)| < 400 then
necessarily g must be non-negative on R™ and therefore d must be even. Moreover, if
d = 2, G1(g) is an ellipsoid. However, for d > 2, G1(g) can be non-convex, and even
unbounded, as the example g(z,y) = z?y?*(2? + y?) shows (see [32] and Lemma 2.3
below).

Let Fy(R™) be the set in Hg(R™) of all d-homogeneous polynomials in R™ such that
Ga(g)] < +ox.

We first show the identities involving the integrals in Problem 1 and Problem 2 and the
volume |G1(g)|. They are particular cases of the following technical result (a particular
case is given in [32, Thm. 2.2]).

Lemma 2.1. Letn > 1, k>0, d > 2 even, r € R and m > 0 be such that "T'H“+r>0,
For o € N, let g € Hg(R™) be such that z* is integrable in G1(g). Then

/x“g(x)" exp(—g(2)Y/™) dx = 2R (m (2 + 1)) / x® dz.
R Gl(g)

In particular,

/ 9(x) exp(—g(z)) dz = 2T (2 +1) |G1 (g)].
Rn

Proof. Let us define, for any y > 0, w,(y) = / x%dx. By the homogeneity of g

{z:g9(z)<y}
n+k

we have that wq(y) =y ¢ we(1). Therefore

Rn z)1/m

—+o0
[ gt exp(-g@) ™y da = [ [ (g mrymriedyds
R™  g(x)
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+

)
mr—1_—y

(y —mr)y e / x%dx dy

{z:g(x)<y™}

Il
o

+oo
_ /(y mr)y m(n+k+7) 1 e dy
0

= TR (i (25 4 ) (). @

Lemma 2.2. Let g € Fg(R™). For every t > 0, and m > 0,

o tn/d 1/m J
|Gi(g)] = 1“(%—#1)/6}{1)(9@) ) da.
Rn
In particular,
1 1 1/d
1G1(9)| = W exp(—g(z)) dv = — ol exp(—g(z) /) da.
d R~ R~

Proof. By the homogeneity of g, G¢(g) = t4G1(G) and then |G¢(g)| = t"/4|G1(g)| < +o0
for any ¢ > 0. Besides, by Lemma 2.1 with k =0, « = (0...,0), and r = 0, we have that
for any m > 0

[ expl-g@myda =1 (" 1) [Ga(o).
J.

In particular, taking m =1 or m = d we obtain

1

n'
R~

|G1(g)| = exp(—g(2)% dz. O

WRZ exp(—g(w)) dv =

The following result states some topological properties of Fy(R™).

Lemma 2.3. Let d € N be an even integer.

(1) F4(R™) is a convex cone in Hg(R™), which is not closed and has non-empty interior.

(2) For d = 2, g € F3(R™) if and only if G1(g) is bounded (an ellipsoid). Moreover,
Fo(R™) is open.

(3) Ford=4,n =2, g € F4(R?) if and only if G1(g) is bounded. Moreover F4(R?) is
open.

(4) Ford =4, n > 3, there exists g € F4(R™) so that G1(g) is not bounded. Moreover
F4(R™) is not open.
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For d > 6, n > 2, there exists g € Fg(R™) so that G1(g) is not bounded. Moreover,
g € F4(R™) is not open.

Proof. (1) Fy(R™) is a convex cone, as proved in [32, Lemma 2.1].

The polynomial go(z) = i, ¢ is an interior point in Fy(R"). In fact, if g(z) =

ZOLENZ Ga
a € N, then

(o] _ 1
is such that |go — go.o| < &, for some & < —2(1+(("+j*1)—n)) for every

o) > <1s>i§§:c?s ("5 =) e

(oefon (7))

1
52l
2

vV

v

where ||2]|cc = max{|z;| : 1 < i< n}. Then, G1(g) is bounded, so g € F4(R").

The polynomial tgy belongs to Fy(R™) for any ¢ > 0 but the zero polynomial does
not belong to Fy(R™). Therefore Fg(R™) is not closed.

Applying Sylvester’s law of inertia [43] for quadratic forms, any g € Hy(R™) can
be written in the canonical form g(z) = > | a;2? with an appropriate change of
coordinates. Then g € Fo(R™) if and only if o;; > 0 for all i = 1,...n (if and only if
G1(g) is an ellipsoid). That clearly implies that Fo(R"™) is open.

Similarly, any g € H4(R?) can be written, with an appropriate change of coordinates,
in the canonical form g(z,y) = az* + 2bx?y? + cy* (see [42, Les. XV]).

Notice that written in this canonical form G1(g) is bounded if and only if a,c > 0
and b > —+/ac. Indeed, if G1(g) is bounded then necessarily a > 0 and ¢ > 0. In
such case, if b < —y/ac then b2 > ac and there exists some \ = —% > 0 such that

a+ 20\ +ch? <0

and then all the points (z,y) € R? with y = v/Az belong to G1(g). Conversely, if
a,c>0and h = b+ /ac > 0, writing

g(z,y) = (Vaz? — /cy?)? + 2ha’y?

we have that if (z,y) € G1(g), then |yax? — /cy?| < 1, and 2hz?y? < 1. The two
inequalities imply |z|, |y| are bounded and then G;(g) is bounded.

Furthermore, g € F4(R?) if and only if a,c > 0 and b > —/ac. Indeed, if |G1(g)| <
+00, then a,c¢ > 0, otherwise for every yo € R, g(x,y9) < 0 for every z large
enough, or for every zp € R g(zg,y) < 0 for every y large enough; in any case
[[ e79@Y) dady = +00. If a,c > 0 and b < —y/ac, then g(z,y) < (yaz? — /cy?)? =
(vVax++/cy)?(/ax —+/cy)?. The change of variables u = y/ax++/cy, v = y/ax —+/cy
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and the fact [[ """ dudv = 400 show that |G (g)| = +oc. Therefore, a, ¢ > 0 and
b > —y/ac. Conversely, if a,c > 0 and b > —/ac, then G(g) is bounded, and
therefore |G1(g)| < +oc.

Consequently, g € F4(R?) if and only if written in its canonical form a,c > 0 and

—y/ac and then F4(R?) is open.

Let g(z,y,2) = 2* + y* + 2* — 2¢/22%y2. Then G;(g) is unbounded (see Figure 1),
since it contains the lines y = 2z, * = ++v/2y. But |G1(g)| < +oco. In fact, using
Lemma 2.2, and since g is even with respect to  and for y,z > 0, we have that
9(z,y,2) = gz, —y, —2) < g(z,—y, 2) = g(x,y, —2), it is enough to prove that

/// e 9@Y2) drdydz < 4o00.

[0,400)3

The change of variables * = u,y = uv,z = uw, with Jacobian J(u,v,w) = u?,

rewrites the previous integral as
/// uZe " PO dududw
[0,400)3

where h(v,w) = 1+ v* 4+ w* — 2y/2vw. The change of variables 7 = uh(v, w)3 shows
that the previous integral equals

dvdw [

U adw _o @t

[/ vw3/4/ue du.
0

O+oo

Therefore, it suffices to see that h(v,w) 3/4 is integrable in [0, +00)2. Note that h
can be written as

h(v,w) = V20 = w)* + (V¥ = 7*)? + (w? —~?)?
with v = 271/4. Notice that h(y,7) = 0 and that for every (v,w) € [0, +00)? such
that (v,w) # (v,7) we have that h(v,w) > 0.
First, for (v,w) € [0,27] x [0,27], the bound

h(v,w) > (v —7)% + (w —7)%) > V2[v —7]jw — 7|

shows the integrability of h(v,w)~3/* in [0,24] x [0, 27].
Second, for (v,w) € [0,27] x [27, +00), the bound

h(v,w) > (v —7)* + tw* > giz|v — v[w®
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Fig. 1. G1(g) for g(z,y, z) = a* + y* + 2* — 2v/22%yz2.

shows the integrability of h(v,w)~3/* in [0,27] x [27, +00). A similar bound shows

the integrability in [27, +00) X [0, 2v].

Finally, for (v, w) € [27,400) X [27,400), the bound

(1}4 +w4) > %U2w2
shows the integrability of h(v,w)™3/% in [27, +00) x [27, +00).
Adding z} for the rest of variables, we can construct an example in R™ for n > 3 of
a polynomial g such that G1(g) is unbounded but |G1(g)| < +oc.
The polynomial g;(x,y, z) = 2* +y* + 2* — ta?yz for any t > 21/2 does not belong to
F4(R™) (since g:(/¥,y,y) = (4—tv/2)y* < 0). A similar example can be constructed
in R™ for n > 3 as well, so F4(R™) is not open for n > 3.

(5) Consider g(z,y) = (2% — 3?)?(z?* + y?=*) in R2. Then, g € F4(R?2), since {(x,y) €
R2 @ zd7% 4 974 < 22 4+ 42} is compact and (22 — y?)?(2? + y?) € Fg(R?), by
Lemma 2.2 with m = 3, and integrating in polar coordinates:

/ exp{—((z? — y?)%(2? + %))/} dudy
R2
21 400

:/ / rexp{—r%(cos? § — sin? 0)/3}drde
00

27

= / i < oo
] 2(cos26 —sin®0)2/3 ’
0

However, G1(g) is unbounded (see Figure 2), since it contains the lines y = +uz.
Moreover, g(z,y) — (1 — t)z? is not in Fy(R?) for any ¢ < 1, since it takes negative
values for = 3. Thus F4(IR?) is not open.

Adding x¢ for the rest of variables, we can construct an example in R" forn > 3. O

Remark. It is worth mentioning here the connection of homogeneous positive multivari-
ate polynomials with Hilbert’s seventeenth problem, one of the 23 Hilbert problems set
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Fig. 2. G1(g) for g(z,y) = (z° — y*)*(z® + ¢°).

out in a celebrated list compiled in 1900 by David Hilbert. It concerns the expression of
positive definite rational functions as sums of quotients of squares.

In 1888, Hilbert himself [26] showed that every non-negative homogeneous polynomial
in n variables and degree d can be represented as sum of squares of other polynomials
if and only if either (1) n =2, (2) d =2 or (3) n = 3 and d = 4. This result, however,
cannot be used in the previous lemma, in the study of the structure of polynomials, since
that canonical way of writing homogeneous polynomials is not specific enough to suggest
a suitable change of variables, as it was done in (2) or (3) in Lemma 2.3.

The following result, of independent interest, will be needed for the study of the
convergence of coefficients of polynomials.

Proposition 2.4. Consider the map ® : Fg(R™) — R given by

*0) = | 7 / 2* exp(—g(z)) dx

at!
R aeNY
The map ® is one-to-one, continuous and differentiable, and its inverse (defined on
the image set) is also continuous and differentiable.

Proof. The integrability is guaranteed by Lemma 2.1, so ® is well defined on F4(R"™).
As it was shown in [32], the function

1
w(g) = |G = —— [ exp(—g(x))dx, € Fy(R™
@ =169 = gy [ ewloe)ds g€ RE)
Rn
is a strictly convex function. Moreover, its gradient is Vw = —®. Consequently, its

Hessian, a positive semi-definite matrix, is the Jacobian matrix of —®. More precisely,
as it was shown in [32],

0P, 1 o
Bo = iy | gt @
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where 8 € N7, and thus for every (h,) € R,

0P
S hahp S o1 / h()? exp(—g(x)) da,
o ponin 995 F(a“)Rn

where h =" eny hax®. This shows that the matrix (%i;:) is negative semi-definite. By
[21, Theorem 6] we get that ® is globally one-to-one. The continuity and differentiability

of the inverse function follow from the Inverse Function Theorem. O
Example 2.5. For n = d = 2, the function ® : Fo(R?) — R? is defined as
®(g) = (dac — b*) /2 (47¢, —27b, 4ma)

is bijective from {g € F3(R?) : g(x,y) = ax® + bxy + cy? (a,c > 0, 4dac > b*)} onto
{(d,b,c)eR3:d,c >0,adc > (b)?}.

3. Approximation of log-concave functions by polynomials

Before showing the existence of a solution for Problem 1 whenever f € F(R™) we
will start by considering the following example, which shows that without any convexity
assumption on f Problem 1 can be ill-posed (see also Example 3.5). Nevertheless, if
f:R™ = [0,400) is a function with || f||.c = f(0) = 1 and compact support, considering
K the convex hull of suppf we have that yx € F(R™) and f < xg. Therefore, a
solution of Problem 1 for xx will provide a function g € Hy[z] and a ¢t > 1 for which
f(z) < texp(—g(x)/?) and |G (g)] is finite.

Example 3.1. Let f = x4, where A is the union of concentric spherical shells:

A:U{xGR":kS\ﬂSk—I—Q%}.
k=1

The function f is integrable, but f(z) < texp(—g(x)'/?) for some g € Hy[x] would imply
g(z) < (logt)? for all x € A. The only d-homogeneous bounded polynomial is g = 0, for
which |G1(g)| = +oo.

Having this example in mind, we will solve Problem 1 in the setting of log-concave
integrable functions.

For f € F(R™) with ||flloc = f(0) = 1, let Kx(f) = {x € R" : f(z) > A}. These
super-level sets are convex by the log-concavity of f.

Given any quasi-convex function f (i.e., a function whose super-level sets are convex)
and t > 1, let
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H(f)= |J log(t/N) " Kr(f).

A€(0,1)

Since K (f) are convex sets that contain the origin, H;(f) is decreasing in ¢ > 1.
The following lemma shows the relation between H;(f) and Problem 1.

Lemma 3.2. Let f : R™ — [0,400) be a log-concave function with ||f|l« = f(0) = 1,
d €N even g € Hy(R™) and t > 1. The following conditions are equivalent:

(i) f(z) < texp(—g(z)?) for all x € R™.
(i) H(f) C Gi(g)-

Proof. Assume that condition (i) holds. Then, for any « € Hy(f), there exists A € (0,1)
such that (log(t/A))x € Kx(f). In other words, f((log(t/A\)z) > A. But then, using (7)
and the homogeneity of g,

A < f((log(t/N)x)) < texp(—g(log(t/N)a)"/?) = texp(—log(t/N)g(x)"/?)

and hence g(z) < 1. So (i) is proved.

Conversely, assume that (i7) holds and take any z € R™.

If f(z) <1, let A = f(z). Clearly, (log(t/\)) "'z € H(f), so using condition (7i),
(log(t/\)) "'z € G1(g), and therefore, f(x) < texp(—g(z)'/%).

Now assume that f(z) = 1. If ¢ > 1, then 1 < texp(—g(z)'/?) is equivalent to
g(x) < (logt)?. Take any A € (0,1). Then 2 € K,(f) and therefore

((log(t/X)~"a € ((log(t/A)) T KA(f) € Hi(f) C Gilg)

by condition (7i). Consequently, g(x) < (log(t/)))? for any A € (0,1). But then g(x) <
(log t)?.

Finally, assume that f(xz) =t = 1. It is left to show that g(z) = 0. Since Hy(f) is
decreasing in t > 1,

Hy(f) € Hi(f) C Gi(g)

by condition (ii). Using the case t > 1 proved above, g(z) < (logt)¢. This inequality is
true for any ¢ > 1, and then g(z) =0. O

The following result gives a monotonicity behaviour, crucial in the study of the mini-
mization problem. Moreover, it will imply some consequences about the boundedness of

Hy(f).

Lemma 3.3. Let f : R" — [0,+00) be a log-concave function with ||f|l.c = f(0) = 1.
Then, for every 1 < to < t1, we have that
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(logto)Hy, (f) C (logty)Hy, (f).

Proof. Since log is an increasing function and for every A € (0,1) K (f) is star-shaped
with respect to the origin, we have that

log t1 1
Hy, (f) = 5 KA(f)
’ log to /\EL(JJ) logty + ioi—ié log(1/\)

log t1 1

c U —————K\(f)
log tg ACoD) logt; +log(1/A)
log t1

= 220, ().
log tO t1 (f) D

Remark. In the previous two lemmas we have not assumed the integrability of f. More-
over, in Lemma 3.2 we have only used the log-concavity of f in the case ¢t = 1; indeed,
in both lemmas, the only fact needed is that a; K)(f) C aaK(f) for any 0 < a1 < as,
which is equivalent to the fact that Kx(f) is star-shaped with respect to the origin.
Finally, the inclusions in Lemma 3.3 above are sharp, see for instance Example 3.9 (3.9).

Now we can state the boundedness of H;(f).

Lemma 3.4. Let f € F(R™) with ||f|lec = f(0) =1 and an even d € N. Then H(f) is
bounded for every t > 1. Moreover, if Hi(f) is unbounded, then |H,(f)| = +oo.

Proof. Let tgexp(—| -|l¢) be the unique minimization ellipsoid verifying (2) for the even
log-concave function f; = exp(—us), being u, the convex function whose epigraph is the
convex hull of the functions u(z) and u_(z) := u(—=z). That is,

epi(us) = conv(epi(u), epi(u—)).

Notice that f < fs and, since f € F(R™), then also f, € F(R™) (see [1]).

Let us observe that g = ||-[|¢ € H4(R™). Then f < tyexp(—g'/?), which by Lemma 3.2
means that Hy (f) C G1(g). In this case G1(g) is an ellipsoid, hence bounded, so Hy, (f)
is bounded too. Since H;(f) is decreasing on ¢ > 1 and by Lemma 3.3, (logt)H:(f) is
increasing on ¢t > 1, we have that H;(f) is bounded for every ¢t > 1.

Finally, let us assume that Hi(f) is unbounded. Let us observe that

1 1
gt/ ) € Togit g )

for any 0 < A1 < A2 < 1. Indeed, take =z € Ky, (f). Since f(0) = 1 and
log(1/A2)/log(1/A1) € [0,1],

s log(1/Ag)
£ (BN ) 2 (o) SRS 2 AP
o 1
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Therefore Hy(f) = UAG(O,U(log(l/)\))_lK)\(f) is an increasing union of convex sets, i.e.,
convex. We can assume that [p, f(z)dz > 0, and hence |Kx(f)| > 0 for some A € (0,1),
so it has non empty interior, and so has Hi(f). Since Hy(f) is unbounded (and convex),
then |Hy(f)| = +o0, as desired. O

Example 3.5. The previous result is not true if the log-concavity assumption on f is
dropped. For instance, given K C R™ a convex body with 0 € K and o > n consider

f(ac):{l e K,

lz|| z* otherwise.

Then f is quasi-concave and

[ f@iz=1x1+ [ felzda

R~ R\ K

1
— ||+ [ 1o € R K s ol = 1)
0

1
:mﬂ+/u*MK\Kun:—ﬁ—mw<+m.
a—n
0

Its super-level sets are

AV <A <1

K/\(f):{K A= 1,

(note that these sets are convex), and thus for every ¢t > 1

1
()= |J 9=+~ K=R" O
ren ) AV log(t/3)

The following result shows the relation between H;(f) and the super-level sets of f°.
Recall that the polar body of a convex body K containing the origin is K° = {z € R™ :
(x,y) <1 for every y € K}.

Lemma 3.6. Let f € F(R™) with ||f|lcc = f(0) = 1. Then for any t > 1 Hy(f) is convex
and

Hy(f) ={z € R" : f°(x) > $}° = (K1(f°))".
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Proof. Calling ¢t = e” for some r > 0 and A = e~*° for s > 0, we have that

Kefs(f) .

HeT(f):U r+s

s>0

We start showing that Her(f) is convex. Let 21, 22 € Hy(f) and 0 < 6 < 1. Then, there
exist s1,82 > 0 such that y1 = (r + s1)a1 € K-« (f) and yo2 = (r + s2)22 € Ko-s5 (f).

Letting 0 < A = mg;;% <1 and sp = (1 — N)s; + Asy we have that

(r+so)[(1 —0)xy + 0z23] = (1 — Ny1 + Ay
and then, since

f((l — )\)yl + >\y2) Z e—[(l—)\)51+>\52] — e—se’

we have that (r+sg)[(1—60)x1+0x3] € K s, or, equivalently, (1 —60)zq +60xy € I;;e C
He’"(f)’
Let u : R™ — [0, +00] be the convex function such that f = exp(—u). Note that
o 1 .
)T eu@ s

where u*(x) is the Legendre transform of u

u*(z) = sup ((z,y) —u(y)).
yERn

Therefore u*(z) < r if and only if for every y € R™

(,y) <uly) +r,

which happens if and only if for every s > 0 and every y € {y € R™ : u(y) < s} =
K. (f) we have

which is equivalent to the fact that for every s >0, x € (s + T‘)K:_S. Thus,

Ky(7) = e R ()2 1= ke = () (57

S r
s>0 s>0 +

and then
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Using Lemmas 3.2 and 2.2 we can reformulate Problem 1 as follows: Given f € F(R™)
with || fllsc = f(0) =1, find ¢ty > 1 and gy € Hg[z] such that Hy,(f) C G1(go) and

lGr o) = tica(o)| = int (¢ it 162(o)])

where the infimum is taken among all (¢, g) verifying t > 1, g € Hy[z], and H;(f) C
G1(9).

Let us observe that for every ¢ > 1, the infimum above over g € Hy(R™) such that
H:(f) C G1(g) is a minimum. Indeed, we may apply the minimization problem solved

by Lasserre to H;(f), the closure of Hy(f), (which by Lemma 3.4 is compact), and get
g+ € Hy(R™) the only polynomial verifying

Hi(f) € Gi(ge)

with minimum volume |G1(g¢)| among all g € H4(R™) such that H¢(f) C G1(g).

We can also apply the argument to Hy(f) (or its closure) if Hy(f) is bounded (if it is
unbounded, then Lemma 3.4 implies that |H;(f)| = 400, and hence it does not play any
role in the minimization problem). Let g; be the corresponding polynomial to Hy(f) (if
it is bounded). Then, the infimum in Problem I can be rewritten as

inf #]G1(ge)l-

For any t > 1, let v(t) = |G1(g¢)| (consider v(1) = +oo if Hi(f) is unbounded) and
@(t) = tv(t) be the function to be minimized. Some properties for these functions are
needed to solve the problem. Let us start with a technical lemma.

Lemma 3.7. Let to,t1,d > 1, 0 € [0,1], and a € (0,1]. Then
(1-6) (log )" +6 (log )" < (log 2),
where ty is defined by the identity (logte)? = (1 — 0)(logto)? + 0(logty)?.

Proof. If d = 1 the inequality in the statement is trivially an equality. Assume d > 1.
The inequality above can be reformulated as

1

F(a) = aexp [(1 — ) (1og%0)d+9 (log %)d} Ty,

for any a € (0,1]. Since F(1) = ty, it is enough to prove that F is increasing on (0, 1].
Indeed, considering the change of variables a = e, t; = %, i = 0,1, F is increasing if
and only if G is decreasing on [0, +00), where

G(b) = log F(e=®) = ((1— 0)(s0 + D)+ 0(s1 + D)) * —b, b e [0,+00)
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for any sg, s1 > 0. Its derivative equals

Gty — | (A= 00D+ 0051 + 1) 124 1 d1_1.
((1=0)(so +b)* +6(s1 +b)4)7

Letting u; = (s; +b)?1, i = 0,1, then G’(b) < 0 rewrites as

((1—9)u0+9u1) < (1-0)u§ —|—9ud Y
which is a consequence of the convexity of u +— wiT, O
Lemma 3.8. Let f € F(R™) with ||f|llco = f(0) =1 and d € N even. Then v(t) is a

decreasing function and (logt)™v(t) is increasing in t.
Moreover, if to,t1 > 1 and 0 € [0, 1], then

v(te) < v(to) Pu(t1)?,
where (logtg)? = (1 — ) (logte)? + O(logt1 ).

Proof. v is decreasing by definition. On the other hand, taking volumes in the inclusion
given in Lemma 3.3, for any 1 < tg < t;

(log to)"v(to) < (logt1)"v(t1).

Now, for any ¢ = 0, 1, and for every = € R™,

(@) < tiexp(—gy, (2)"9).

Then, if f(z) #0

gu:(2) < <log ﬁ)d

for i =0, 1. Since f(z) € (0,1] and ¢; > 1, then by Lemma 3.7 we get that

(1= O)g1o (&) + 031, (0) < (1= 0) (Lo ft<30>) +0 (log f(z))d < (log ft((;)>d’

and by Lemma 3.2, Hy, (f) C G1((1—6)g, +09:,). Since (1 —0)gs, +0g:, € Hg(R™), the
minimization property of g;, implies that |G1(gs,)| < |G1((1 — 0)gr, + 09t )|, and using
Lemma 2.2 and Hélder’s inequality
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G1(g10)| < 1G1((1 = 0) g1, + Og1,)]

— (2 4 1) / exp(—((1— 0)gy (2) + O, (1)) d
* 1-6 0
+ 1)t / exp(=g1o (¢)) dz Pz 4+ 1)t / exp(—ge, (2)) da

R~ Rn
=1G1gt,)|'"1G1(gr)”. D

IN

I

a3
a3

Now we can prove the first main result.

Proof of Theorem 1.1. By Lemma 3.8, the function s € (0,400) — logv (esl/d) is a

convex function. This implies that v is a continuous function on (1, +00). We will also
prove that

lim v(t) = v(1). 9)

t—1t

Recall that H:(f) is decreasing in ¢ > 1. That implies that there exists

lim |[H(f)] < [Hi(f)]-

t—1+

We have that pH:i(f) C U;sq He(f) for any g < 1. Indeed, 2 € Hi(f) if and only if
f(log(1/X)x) > X for some A € (0,1). Take ¢ > 1 so that plog(t/A) = log(1/A). Then
px € log(t/\) T EA(f) € Hy(f).

The Monotone Convergence Theorem ensures that p™|Hy(f)| < limy_1+ |H:(f)| (even
if |[H1(f)| = o0) for any pu < 1. Then

Jim | H(F)| = [ Hy(D).

First, assume that H;(f) is bounded. Using the minimization property for |G1(g:)],
we have that (|G1(g:)|)e>1 is decreasing, so there exists lim; 1+ |G1(g¢)| < |G1(g1)]-

Using (4) (and repeating some of the contact points and the coefficients if necessary),
for any t > 1, there are ygt), . .,y}(;)(n) € Hi(f), )\gt), . )\flt)( ) = 0, such that 9t (y; (¢ ))
1fori=1,...,hq(n), and

hd ’I’L)

/ _gf(x)dx — Z )\ t) (t) (10)

R~

for every a € NJ. Moreover, using the trace identity and Lemma 2.1,
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ha(n)

n —gi(z
FCERVCHEAIEY BRI SR
R" i=1

Using that H¢(f) C Hi(f) and subsequently, |G1(g:)| < |G1(g1)], all coefficients )\Et) are
uniformly bounded by

n
0 <X < 2T( + DG

and all the vectors ygt) lie in the same bounded set Hy(f). These uniformly bounding
conditions together with the set of equalities in (10), for every o € N7, imply that there
exists a compact set  C R(") such that for every ¢t > 1, ®(g;) € Q, where ® is the
map defined in Proposition 2.4. Using Proposition 2.4, we have that the coefficients of all
g+ are uniformly bounded. Thus, taking a sequence (tx) converging to 1, considering the
sequence g, , and passing to a convergent subsequence, we can construct a polynomial
go € Hy(R™) whose coefficients are the limit of the coeflicients of such a subsequence of
(9, ). Using that H:(f) C G1(g+) for any t > 1 and Lemma 3.2, and taking limit, we get
that Hy(f) C G1(go). Using that the miminizing property defining g1, we have |G1(g1)| <
|G1(g0)|, and using Lemma 2.2 and Fatou’s lemma, |G1(go)| < lim;_,1+ |G1(gt)| (since

this limit exists). Then |G1(g1)| < lim;_1+ |G1(g¢)| and
li G = |G
T [G1(90)] = [Ga(ou)],

as desired. Note that, using the equalities (10), and taking again a subsequence, we get
the same equalities for g, for some coefficients and contact points in Hy(f). Since these
equalities characterize g1, we have gy = ¢;.

If Hy(f) is unbounded, then |H;(f)| = +oo by Lemma 3.4. The Monotone Conver-
gence Theorem ensures again that lim;_, 14 |H(f)| = +o0. Since Hy(f) C G1(g¢),

Jim (G (g0)| = +o0

and the proof of (9) is completed.

Using Lemma 3.8, the function ¢(t) = (log%)n(log t)"v(t) is the product of two positive
increasing functions in [e™, +00). If Hy(f) is bounded, ¢ attains its minimum in [1, e"”]
by continuity. If Hq(f) is unbounded, then lim; .1+ ¢(t) = 400 and so, ¢ attains its

minimum in (1, e"] by continuity. In both cases, this is the minimum of ¢ in [1,+00). O

The end of this section is devoted to showing several examples where Problem 1 can
be explicitly solved.

Example 3.9. In the following examples, K C R" is a convex body with 0 € K and
g € Hg(R™) is the optimal polynomial verifying (3) for the given convex body K given
in [32].
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(1)

(2)
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Let f(z) = e”I#lx. Then Ky(f) = (log(1/\)K, Hi(f) = int(K) for t > 1, and
H,(f) = K. Therefore g, = g for every ¢t > 1. Thus ¢(t) = t|G1(g)| and then
min,>1 ¢(t) = ¢(1).

More generally, for a > 1 let f(z) = e I#lk. Then Ky(f) = (log(1/\)"/*K,
Hy(f) = a~ Yo/ logt) K for t > 1 (o= + (/)" = 1) and H,(f) = R™
Then g, = a%*(a’logt)¥* g for every t > 1 (g1 is undefined since Hi(f) is
unbounded). Thus ¢(t) = ta™/*(a/logt)~™/*'|G1(g)| and then ming; (t) =
B/ ) = (e/n)™ a= /|Gy (g)].

Let f = xx. Then K)\(f) = K, Hy(f) = (logt)™'K for t > 1, and Hy(f) = R™.
Therefore g, = (logt)?g for t > 1 (g1 is undefined since H;(f) is unbounded). Thus
¢(t) = t(logt)~"|G1(g)| and ming>1 ¢(t) = ¢(e") = (e/n)"|G1(g)|-

Let

f(x)_{1 z €K,

el=lzllx  otherwise.

Then f € F(R™). Moreover,

1+logi)K 0<A<1
K)\<f)= ( A)
K A=1,
and thus
LK 1<t<
H(f)=q st =
int(K) t>e.
Hence,
{<1ogt>dg 1<t<e
gt =
g t>e
and thus

t
(b(t):{m Gi(g)] 1<t<e
t|G1(9)| t>e

is not differentiable at the point t = e, precisely where it attains the minimum

mings1 9(t) = dle) = elGi(g)]
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4. A new approach to approximate log-concave functions by polynomials

With the purpose of getting uniqueness for the optimal polynomial, we pose Problem 2
as a similar minimization problem, where the polynomial exponent é is dropped in (5),
turning into (6).

In order to solve Problem 2, for t > 1, we introduce

Hi(f)= |J Qog(t/N) " Ex(f).

Ae(0,1)

This case is not a generalization of Lasserre’s problem, and moreover we can not
assure Hy(f) to be bounded, as in Problem 1 (as one can see by taking f(z) = e~ llll2).
In fact, the following example shows the existence of a log-concave function f for which
H 1(f) is an unbounded set with finite volume.

Example 4.1. Let us consider f(z) = (1 — |[(z1,-..,Zn-1,0)][c0)X[0,1)» (). Notice that f
is integrable and concave in its support, and thus, also log-concave. Moreover, K)(f) =
[0,1 —A]"~! x [0, 1] for every A € (0,1). Thus

A= U [0.0-x001m "

o<1

x [0, (log 1 /A)*l/d} .

Notice that the terms of the union when A — 1~ contain points with arbitrarily large
norm, thus Hy(f) is unbounded.

The function h(A) = (1 — A)(log(1/A)) =4 fulfills h'(\) = —%

Let Aq € (0,1) be the unique root of the equation A'(A) = 0 in (0,1). Then, h is
increasing in (0, Aq) and decreasing in (Ag, 1). Therefore

H(f) = [0,(1 ~ Aa)(log 1/Ad>—1/d]”71 x [o, (log 1/Aq)~ 4] U

U {(ml, e, (log 1/N) Y9 0 < 2y < (1= N(log1/A) Y4, 1<i<n— 1}.

Aa<A<1

Since the first term in the union above is bounded, | H; (f)| < +oc if and only if the second
term in the union has finite volume. Letting 1 = (log(1/)))~/¢, that term becomes

—d
{(xla"'amn—lvﬂ):Oéziéu(lieiu )’:U‘Z.ud}

where pg = (log(1/A\q))~"/%. Using Fubini’s formula, its volume is

- N
7 punt (1 — e_“fd)nil dy = 7%%6[9.

Hd 0
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This last integral converges if and only if (n—1)(d—1) which turns out to be always
)

> 1,
true except in the case n = d = 2. In this last case, I;Tl(f is unbounded with infinite
volume. Otherwise |H (f)| < +o0, as desired.

Note also that f[l(f) is not convex, in contrast to Hi(f) (see Lemma 3.6), while f is
concave on its compact support. Regarding Problem 2, it would be interesting to solve

Lasserre’s problem for these type of sets Hi(f) (bounded or not).

For that reason, we will restrict the study of Problem 2 to B(R™), the set of all log-
concave functions for which Hi(f) is bounded. Note that B(R™) C F(R™). Since Ky (f)
are convex sets that contain the origin, f-\[f( f) is decreasing in ¢t > 1, so the boundedness
of ﬁt(f) for any ¢ > 1 is guaranteed by the condition f € B(R"™).

Similar lemmas to those given in Section 3 are now provided. The proofs follow the
same ideas as in the previous section.

Lemma 4.2. Let f : R™ — [0,+00) be a log-concave function with ||f|l.c = f(0) = 1,
d € N even, g € Hy(R™) and t > 1. The following are equivalent:

(1) f(z) < texp(—g(x)) for all x € R™.

~

(2) Hi(f) € Gi(g)-

Lemma 4.3. Let f : R™ — [0, +00) be a log-concave function with || f|lec = f(0) =1 and
d € N even. Then for every 1 < ty < t; we have that

(logto) @ Hy, (f) C (logt1)d Hy, (f).

Remark. In these two lemmas we have not assumed f € B(R"™) or the integrability of f.
Moreover, in Lemma 4.2 the log-concavity of f is only used in the case ¢ = 1; indeed,
in both lemmas the only fact needed is that a3 K)(f) C aeKx(f) for any 0 < a1 < ag,
which is equivalent to the fact that Kx(f) is star-shaped with respect to the origin.
Finally, the inclusions in Lemma 4.3 above are sharp (take f = yx for a convex body
K CR"™).

For every t > 1, the minimum in Problem 2 over g € H4(R™) such that ﬁ[t(f) C Gi(9)
is attained. Indeed, we may apply the minimization problem solved by Lasserre to Hy(f)
(actually its closure) and get g; € Hy(IR™) the only polynomial verifying

Hy(f) € G1(3s)

with minimum volume |G4(g;)| among all g € Hq(R™) such that Hy(f) C G1(g).
Then, the infimum in Problem 2 can be rewritten as

ggﬁthl(gt)l'
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For any ¢ > 1, let 5(t) = |G1(g:)| and ¢(t) = t3(t) be the function to be minimized.

Lemma 4.4. Let f € B(R™) with ||fllc = f(0) = 1 and d € N even. Then U is a
decreasing function and (logt)dv(t) is increasing on t. As a consequence,  is increasing
on [ed,400).

Lemma 4.5. Let f € B(R™) with ||f|lcc = f(0) = 1 and let d € N even. Then r €
[0,4+00) — ¢(e") is log-convex. Moreover, if ¢(to) = ¢(t1) = ming>1 ¢(t), then to = t1.

Proof. We have that for any to,t1 € [1,400), f(z) < exp(r; — g, (x)) for i = 0,1, where
t; = €". Then

f(@) < (exp(ro = Gy (2)))' ™" (exp(r = Giy (2)))"
= exp((1 = 0)ro + Or1 — ((1 — 0)gu, (z) + 0g1, ().
Since (1 — 0)gs, + 0g;, € Hg(R™), the minimality of Gexp((1—g)rg+6r,) implies that

|G1(Gexp((1=0)ro+0r1))| < |G1((1 — 0)gs, + 07z, )|. Therefore, using Holder’s inequality
and Lemma 2.2,

|G1(/g\exp((l—9)’l“o+9'r1))| < ‘Gl((l - 9)/9\750 + e/g\t1)|

—r(z 4 1) /ef<<1fe>§t0<x>+0§tl<z>> .
Rn
1-6 0

r(§+1)—1/e—§to<w> dz rz +1)—1/e—§t1<w> dz
R~ R~
‘G1(§t0)|1_0|G1(§t1)|9’

IN

and thus qg(exp((l —O)rog +0r1)) < 5(@7"0)1’9(5(6“)9, ie., q/b\(e’”) is log-convex for r €
[0, +00).

Let us now assume that 0 < rg < 7, t; = €™ are such that QAS(eTO) = gg(e”) =
min,>g ¢?(6T). This implies that for every 6 € [0, 1],

G 1 (Gexp((1=0)ro+0r)) | = |G1(Geo) " ?1G1 (G0,

which by Hélder’s equality cases means that e 9% = ce 941, for some ¢ > 0. Since
9+,(0) =0 for ¢ = 0,1, then ¢ = 1, thus gs, = g,, and hence |G1(gt,)| = |G1(gt,)| from
which we get that ¢ty = " = "' = t1, concluding the proof. O

Now we prove the existence and uniqueness of a global minimum for Problem 2.

Proof of Theorem 1.2. By Lemma 4.5, ¢(e”) = e"|G4(3:)| is a log-convex function, and

A~

thus convex in [0, +00). This shows, in particular, that ¢ is continuous in (1, +00).
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The same ideas used in the proof of Theorem 1.1 can be used to see that

lim o(t) = v(1).
lim (1) = (1)
By Lemma 4.4, (Z is increasing on [e%, +00), and since (E is continuous, it attains its
minimums in to € [1,e4].
Finally, Lemma 4.5 shows that if ¢ attains the minimum, it must be at a single point
t = tgy, concluding the proof. 0O

Now we can characterize the minimization point using the Karush-Kuhn-Tucker con-
ditions (see [5], [27]). In order to do so, we first show a global convexity property of the
function to be minimized.

Lemma 4.6. The feasible set Fy(R™) is convex and the objective function W : [0, 4+00) X
Fy(R™) given by

W(r.g)=¢" / exp(—g(z))dz
R

is log-convex and strictly convex.

Proof. Let (r;,g;) € [0,+00) x Fq(R™), i = 0, 1. Then, Holder’s inequality implies that

0

1-6
/67((179)90(@%91(@))% < /e*go(z) dx ({R/ e~ 91(2) go , (11)

Rn n

thus showing that Fq(R™) is convex and

W((1=0)(ro,g0) + 0(r1,91)) < W(ro,go)' "W (ri, g1)°,

and hence the log-convexity of W.
Notice that the Arithmetic-Geometric mean inequality implies that W is convex.
Furthermore, we show now that it is strictly convex. First of all, let us suppose
(ro,90), (r1,91) and 6 € [0,1] with

W((1—0)(ro,90) +0(r1,91)) = (1 = 0)W(ro, go) + OW (11, g1).

The equality case of the AG-mean inequality directly implies that W (rg, go) = W (r1, g1).
Moreover, it also means that there is equality in (11). Hence, the equality case of Holder’s
inequality implies the existence of ¢ > 0 such that e™9 = ce™9'. Since go(0) = g1(0) = 0,
¢ = 1. Therefore gg = g1. Thus |G1(g0)| = |G1(g1)|, and then ro = r1, hence showing the
strict convexity of W. O
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Proof of Theorem 1.3. Let W be defined as in Lemma 4.6. Problem 2 then rewrites as
the following minimization problem:

min W (r, g),
o (r,9)

where
C ={(r,g) € [0,400) x Fg(R"™) : r —log f(x) — g(x) > 0 for all z € Sy}

with Sy = {z € R" : f(x) # 0}.

Any g € Hyg(R"™) can be uniquely written as g = ZaeN; gar®, so we can identify each
g with its coordinate vector (ga)a € R, Notice that r — g(z) = r — ZaeNg gax® =
((r, (9a)a)s (1, = (2%)q)). Thus the feasible set can be rewritten as

C = {(r,(ga)a) € [0, 400) x Rra(™) .

(12)
g9 € Fa(R"), ((r, (9a)a); (1, =(2%)a)) = log f(z) for all x € Sy},

so it is convex, as it is the intersection of half-spaces.

Assume condition (i) holds. Notice that, taking to = €2, (r9, g2) € OC. Otherwise, we
can take (r,g2) € C with r < ro, and W(r, g2) < W(ra, g2) contradicting that W attains
its minimum on C' at (72, g2).

Since C is described in (12) as intersection of halfspaces, then the supporting cone
Sc(ra, g2) of C at (ra,g2) is given by the set of all such halfspaces whose boundaries
contain (rg, g2), i.e.,

Sc(re, 92) ={(r,(ga)a) € [0,400) x R?a(®) .
9 € Fa(R"), {(r, (ga)a), (1, =(2%)a)) > log f() for all & € S},

where S} = {z € Sy : r2 — g2(2) = log f(2)}. Thus we have that

Ne(ra, g2) = pos({(—1, (z%)a) : @ € S}}),

where N¢(z) is the outer normal cone of C at z, for every convex set C and every z € 9C,
and pos(R) is the positive hull of R, the smallest convex cone containing R.

Since W is a differentiable strictly convex function, and C' is a convex set, under the
assumption (rg,92) € (0,+00) x int(Fyz(R™)) the Karush-Kuhn-Tucker conditions (see
[5]) characterize (rq, g2) by

~VW(ra,g2) € No(ra, g2)- (13)

Besides, by (7)
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VW(r,g)= [ W(r,g), fer/xa exp(—g(z))dx
R~ o

Moreover, since N (r2, g2) C R"(")+1 ig a convex cone, using Carathéodory’s theorem
for cones, the previous condition (13) is equivalent to the existence of x1,...,x,, € R™,
m < hq(n) + 1, with ro — log f(x;) — ga(x;) =0, and A; > 0, 1 < i < m, such that

Wrzg), | & [ ep(-gla)ds | | =3 A1)

Rn «

which proves (ii).

Conversely, suppose condition (ii) holds. The Karush-Kuhn-Tucker conditions imply
that (12, 92) is an extreme point, and thus by the convexity of W, a local minimization
point of W on C'. Since W is strictly convex and C'is a convex set, this local minimization
point must be the only global minimization point, and (i) is proved. O

Remark. Note that our arguments work for the case |Hy(f)| = +oco (as long as Hy(f) is
bounded for some ¢ > 1), since then the minimum is attained at some t2 € (1, 400). This
remark allows us to apply our results to a more general set of functions outside B(R"),
as shown in the following example. The only case we can not use our arguments is when
Hy(f) is unbounded but |Hy (f)| < +oo (see Example 4.1). For this reason, it would be
very interesting to get an extension of Lasserre’s theorem for sets of the form H 1(f).

Example 4.7. Let f(z) = exp(—||z||¢) for some d € N even. Problem 2 then makes sense
for f for every even d’ € {2,...,d}. Since

(1) !

%Kx(f)

0nel (logt —log \)@

—log \)d
U ( og )d . B;z
oene (logt —log A)@

Note that Hj(f) = R™. Since the maximum of (—log A) 7 /(logt —log \) @ is attained at

d
Ay =t 4= then

_ db (d—d\T
Ht(f) = dﬁ ( log t > Bg:Gl(Qt%
where
d _d ’
gi(z) = ———————7 (log )"~ |[z[|§ .

4T (d—d) =4
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Then

: d'a (L —1 . t
min t|G1(g;)| = —(d — )@~ 2w, min
t>1 da t>1 (logt)”(d

x|

_5)7

where w,, = |BY|. The minimum above is attained at t, = ¢"(@’ =), and then

dd_r, ! /
fz) < tge 90 @) = (@ =) exp <—d—jn1_%”x”2 )

is the unique solution to Problem 2 for f with

ts /exp(—gto(:ﬁ))dw =w'(F +1) (%)n/d/ (%)n/d, )

Rn”

5. Application: d-outer volume and integral ratio

Given a compact set K C R", it is a natural question to consider how well does the
volume of the level set of the d-Lasserre Lowner polynomial approximate the volume of
K. In the context of convex bodies, K € K™ (resp. centrally symmetric convex bodies
K € KY), it was already Ball in [10, Thms. 1 & 2] who showed, by means of the Brascamp-
Lieb inequality, that the largest ratio between the volumes of a compact convex set K and
its John ellipsoid is attained when K is a simplex (resp. a cube when K € Kf)). Later on,
Barthe (see [11, Thms. 2 & 3]) showed, by means of a reverse Brascamp-Lieb inequality
[12], that, in the case of the Lowner ellipsoid, the analogous largest ratio between the
volume of G1(gz2) and the volume of K (assuming G1(gz2) is the Lowner ellipsoid of K)
is attained when K is a centered simplex (resp. a crosspolytope when K € K7).

The existence of the d-Lasserre-Lowner polynomial g, naturally leads to define the
d-outer volume ratio 0.v.rg(K) for any given K € K™ as

o) - (olaa) "

for every even d € N.

Since g4 is homogeneous of degree d, g4 is an even function, and thus Gi(gq) is
a centrally symmetric star-shaped with respect to the origin set. The first non-trivial
examples on how well we can approximate K € K by G1(gq) were computed by Lasserre
(see [32, Thm. 3.4]), for the 2-dimensional cube in the cases d = 4 and d = 6.

Benko and Krod showed (see Theorem 2 and Lemma 5 in [14]) that if K € K has
C'*¢ boundary, for some € € (0, 1], then for any 7 € (0,1) and any even degree d there
exists a sequence of polynomials g4 € Hy(R™) such that |gg(x) — 1] < ed™7¢, for every
x € 0K and some constant ¢ > 0, only depending on K. By the homogeneity of g4 and
of the Minkowski gauge | - || x, the inequality above can be rewritten as
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Vo € R" (1 —cd ™) |a|% < ga(e) < (1+cd™ )|k
This inequality leads to the following theorem:

Theorem 5.1. Let K € K. Then lim o.v.rg(K) =1.

d—+oo

Proof. Fix § > 1. A standard approximation argument gives us some Q € Ky of C?
boundary, with K C Q and (|Q|/|K|)*/™ < V4. Let us apply Benko and Kro result
above to ) (with e = 1 and any fixed 7 € (0,1)) to get, for any even d > 2 a sequence
of homogeneous polynomials gq5 € Hy(R™) and a constant cs > 0 such that

(1= csd™)zll§y. < galz) < (L+esd )|zl Vo € R™

Define g5 = (1 + ¢sd™ ") 'gas € Ha(R™). We have g, s(z) < 1 for every z € Q,
which means Q@ C G1(g,,4)-

On the other hand, if x € Gi(gas), then |z]lg < (1 — csd~7)~*/?, which implies
G1(ga5) € (1= csd™T)714Q.

Using the fact that |G1(g4,5)| = (1 + csd™ )" 4|G1(gas)l,

=

(W> - (1+csd™T) (%%> x

1

—T\ d

S \/g ]. + Cdd S 67
1—csd™7

for any d > ds and large enough even ds. Since K C Q C G1(g,,5), choosing the sequence

O = % and taking ds, ., > ds, , the sequence of polynomials

9d2,25 9ds+2,25 - - - agd3/2,3/23 gd3/2+2,3/23 cee
immediately proves the result. O
Remark. Rogers and Shephard showed (see [40]) that if K € K™ with 0 € K, then

|conv(K U(—K))| < 2"|K|. Considering ggl) and g((f) the d-Lasserre-Lowner polynomials
of K and conv(K U (—K)), respectively, we have that K C conv(K U (—K)) C G1(g3),

and
(15601 G\
ov.ry(K) = (W) £2 <|COHV(K Ud(—K))| .

Therefore, if K € K™ with 0 € K, we have that

limsup o.v.ry(K) < 2.

d— oo
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A natural functional extension of the d-outer volume ratio for any f € F(R"™) with
[Ifllcc = f(0) =1 is the d-outer integral ratio

1/n

oirg(f) = t/exp(—g(x)l/d) dx//f(x) dx
R~

R~

where (t,¢) minimizes Problem 1. For d = 2, a similar definition is considered in [29].
Theorem 5.1 can also be extended to some examples whenever we approximate log-
concave functions. For instance, we can show that if f € F(R"), then

lim odrg(f) =1

d— 400

whenever f(z) = e l?lx with K € KJ. Indeed, it was shown in Example 3.9(1)
that Hy(f) = int(K) if t > 1 and Hy(f) = K. Since K € Kj, we can take g4 a
sequence of homogeneous polynomials given by Theorem 5.1 such that K C Gi(ga)
with |G1(gq)|/|K| — 1 when d — +oo. Since ming>1t|G1(g4)] = |Gi1(gq)|, and
Hi(f) = K C Gi(gq) for every even d > 2, we have that f(z) < exp(—ga(x)'/?)
(see Lemma 3.2) and

oira(f) < (m/ exp(—ga() /%) d / [ sy :(%)tl

as d — 400 (see also Lemma 2.2).
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