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Abstract

The observation in real systems of emergent macroscopic properties which
are absent at the microscopic scale calls reductionist theories into question.
Instead, systemic approaches are needed to account for the nontrivial interac-
tion patterns among the constituents of social, biological or economic systems,
which gave rise to the birth of the scientific field called complex systems sci-
ence. An usual avenue to characterize complex systems has been to connect the
structure of connections existing in complex systems with the observed collec-
tive behaviors by focusing on single isolated dynamics. Nonetheless, complex
systems are not immutable but instead reorganize themselves according to
both external and internal inputs. This thesis revisits typical models studying
dynamics in complex systems to accommodate this flow of information, either
between both microscopic and macroscopic scales or encoded in the interde-
pendencies between simultaneous dynamical processes.

The first part of the thesis tackles the study of intertwined dynamics on
static contact networks. By adapting the compartmental models introduced
in the XX century to the nature of each dynamics, we address four different
problems: the spread of interacting pathogens, whose coexistence might be
beneficial or detrimental for their evolution, the control of ongoing epidemic
outbreaks with the use of digital contact tracing, the emergence of social move-
ments triggered by small initially coordinated groups and the competition be-
tween honesty and corruption in modern societies. We find that the flow of
information changes the critical properties of the dynamics and forces us to
rethink some of the conclusions drawn on the role of the contact structure
when studying each dynamics individually.

The second part of the thesis focuses on the impact of recurrent mobility on
epidemic spreading in urban environments. We derive a simple model which
enables to readily incorporate the distribution of the population in real cities
and their usual commuting patterns without any loss of information. We prove
that the effects of containment policies based on mobility reductions are not
universal but strongly depend on the interplay between the structural features
of cities and the epidemiological parameters of the virus propagating across the
population. In particular, we discover and characterize a new phenomenon, the
epidemic detriment, by which mobility can be beneficial to contain an ongoing
outbreak. We finally explore three different real case studies, showing that
our model provides insights onto the mechanisms turning urban centers into
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important contagion hotspots in recent outbreaks and that further tailored

frameworks built upon our simple model capture the evolution of real diseases
such as COVID-19 or Dengue.



Resumen

La emergencia de fendémenos colectivos a escalas macroscdpicas no observados
en escalas microscopicas cuestiona la validez de las teorias reduccionistas. Para
explicar estos fendmenos se necesitan enfoques sistémicos que den cuenta de los
patrones de interaccién no triviales existentes entre los constituyentes de los
sistemas sociales, biolégicos o econémicos, lo que ha dado lugar al nacimiento
de la disciplina conocida como ciencia de los sistemas complejos. Una via habit-
ual para caracterizar los sistemas complejos ha sido la bisqueda de la conexién
entre la estructura de interacciones y el comportamiento colectivo observado
en sistemas reales mediante el estudio individual de dinamicas aisladas. No
obstante, los sistemas complejos no son inmutables y se encuentran constan-
temente intercambiando informaciéon mediante estimulos internos y externos.
Esta tesis se centra en la adaptacion de modelos sobre diferentes dindmicas
en el campo de los sistemas complejos para caracterizar el impacto de este
flujo de informacion, ya sea entre escalas microscopicas y macroscopicas de un
mismo sistema o mediante la existencia de interdependencias entre procesos
dindmicos que se propagan de forma simulténea.

La primera parte de la tesis aborda el estudio dindmicas acopladas en redes
de contacto estaticas. Adaptando los modelos compartimentales introducidos
en el siglo XX a la naturaleza de cada dindmica, caracterizamos cuatro proble-
mas diferentes: la propagacion de patdgenos que interactdan, cuya coexisten-
cia puede ser beneficiosa o perjudicial para su evolucion, el control de brotes
epidémicos con el uso del rastreo de contactos digital, la apariciéon de movimien-
tos sociales desencadenados por pequenas minorias sociales bien coordinadas
y la competencia entre honestidad y la corrupciéon en las sociedades modernas.
En todas estas dinamicas, encontramos que el flujo de informacién cambia las
propiedades criticas del sistema asi como algunas de las conclusiones extraidas
sobre el papel de la estructura de contactos al estudiar cada dindmica de forma
individual.

La segunda parte de la tesis se centra en el impacto de la movilidad recur-
rente en la propagaciéon de epidemias en entornos urbanos. Derivamos un mod-
elo sencillo que permite incorporar facilmente la distribucién de la poblacién
en las ciudades reales y sus patrones habituales de desplazamiento sin ninguna
pérdida de informacién. Demostramos que los efectos de las politicas de con-
tencién basadas en la reduccién de la movilidad no son universales y depen-
den en gran medida de las caracteristicas estructurales de las ciudades y los
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pardmetros epidemiolégicos del virus circulante en la poblacién. En particular,
descubrimos y caracterizamos un nuevo fenémeno, el detrimento epidémico,
que refleja el efecto beneficioso de la movilidad en algunos escenarios para con-
tener un brote epidémico. Por tltimo, exploramos tres casos de estudio reales,
mostrando que nuestro modelo permite capturar algunos de los mecanismos
que han convertido a los ntcleos urbanos en importantes focos de contagio
en recientes epidemias y que el modelo desarrollado puede servir como base
para desarrollar marcos tedricos mas realistas que reproducen la evolucion de
distintas enfermedades como la COVID-19 o el dengue.
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Chapter 1

Introduction

The ability to reduce everything to simple fundamental laws does
not imply the ability to start from those laws and reconstruct the

universe.

P. W. Anderson [I].

Physics is the scientific discipline devoted to the characterization of the
laws governing the phenomena observed in nature. Since the publication of
the Newton’s laws in 1687, different generations of scientists have formulated
enlightening and accurate theories which have allowed us to acquire a deep but
not totally complete understanding of the principles determining the systems’
behavior across different spatial and energy scales, ranging from the physics of
the universe to the study of elementary particles. In light of the broad appli-
cation of physics, a natural question arises: can we derive from first principles
universal laws which remain valid to characterize any physical system?

The answer to the previous question has confronted two school of thoughts,
Reductionism and Emergentism and transcends the scope of physics, involving
the rest of scientific disciplines. Reductionists argue that these universal laws
should exist and, consequently, that the behavior of every system could be
explained as a sum of the contributions of each of its components (Construc-
tionist hypothesis). Consequently, an extreme reductionist seeks for a Theory
of everything and defends the existence of a natural hierarchy by which par-
ticle physics should be able to describe not only the physics of the universe
but eventually also chemistry, biology etc. In contrast, emergentism breaks
this hierarchical structure and defends that different emergent properties ap-
pear as a function of the level of description at which the system is studied.
The existence of emergent properties inherent to the complexity of the system
renders an exclusively reductionist approach as incomplete in order to derive
and understand the different laws governing the evolution of processes across
different scales.

The controversy between the two school of thoughts has persisted over
centuries and covers different areas of knowledge [2-/4]. From a physicist’s per-
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spective, the spontaneous symmetry breaking observed in many-body physical
systems questions the validity of the constructionist hypothesis. This mecha-
nism implies that some symmetries of the equations governing the interactions
among the constituents of a system are not present when studying the sys-
tem as a whole. For instance, the translational symmetry of the Hamiltonian
governing the interaction among atoms is broken when the latter are arranged
conforming crystals or the rotational symmetry of the Hamiltonian governing
spin alignment is lost in the ferromagnetic transition. Beyond these exam-
ples, gauge symmetry breaking has proven to be a fundamental mechanism
involved in the phase transitions giving rise to diverse relevant phenomena
observed macroscopically such as superconductivity or superfluidity.

Far from being something derived from the symmetry breaking in mate-
rials, the emergence of unexpected collective phenomena also occurs in living
systems. Indeed, routinary aspects such as motion, cognition or ultimately life
cannot be generated by a single cell but instead arise from the nontrivial com-
bination of the different hierarchical levels existing inside organisms. Climbing
into the natural biological hierarchy, collections of entities also display complex
emergent phenomena such as the formation of fish banks as a defense mecha-
nism from possible predators or the flocking behavior giving rise to mesmerizing
coherent structures of starling’s swarms. From a social perspective, language
shifts, the irruption of coordinated social movements or cultural evolution are
a few examples of the dynamical richness resulting from human interactions.

The ubiquity of emergent phenomena across different levels of description
in nature calls for a rethinking of reductionist theories. Indeed, the aforemen-
tioned examples constitute irreducible problems where the collective behavior
cannot be understood by summing the contributions of the individual compo-
nents of the system. Therefore, characterizing these systems require systemic
approaches modeling the relevance of the interactions between those compo-
nents as entities are aggregated across different scales. From the seminal work
published by Anderson in 1972 [I], the seek for theories connecting the local
interactions with the macroscopic behavior of real systems has given rise to
the so-called complex systems science.

Complex systems

The ambiguity of the word complexity and the great diversity of systems with
emergent properties makes delimiting an accurate definition of a complex sys-
tem difficult. Nonetheless, there is an extended consensus on some of the
properties which are always present in complex systems:



e Collective behavior: As anticipated when describing the examples
above, complex systems display emergent collective phenomena which
cannot be characterized when studying individually their components.
Interestingly, complex systems usually exhibit long-range coherent be-
havior emerging from local interactions, even in spite of the absence of a
central driver in the system.

e Nonlinearity: The nonlinearity of the equations governing the evolution
of complex systems is a natural consequence of their irreducibility and
is also needed to account for the complex response of real systems to
external perturbations.

e Adaptability: Along this line, complex systems are not immutable but
instead evolve over time. In this sense, complex systems have the ability
of restructuring themselves to increase their resilience and improve their
adaptation to changing environmental conditions.

The holistic approach through the lens of complex systems has been re-
ally useful to shed light on economic, social, biological and political dynamics.
Notwithstanding, one of the most important challenges still faced by complex
systems science is that of determining the features driving the spontaneous
emergence of complex collective phenomena from the assembling of a set of lo-
cally interacting components in these different disciplines. The parallelism be-
tween such goal and the connection between the microscopic and macroscopic
scales in physical systems has turn statistical physics into an indispensable tool
to tackle the study of the roots of complexity.

One of the most important advances coming from statistical physics in this
endeavor corresponds to the discovery of the self-organized criticality. The
existence of long-range correlations arising from local interactions in materials
constitutes the fingerprint of the divergence of the correlation length occurring
in phase transitions. Therefore, the macroscopic collective behaviors locates
complex systems in the surroundings of critical points where the order param-
eters behave according to power-law functions and, accordingly, spatial scale
invariance should be observed. Self-organized criticality entails that this crit-
ical behavior arises naturally from the internal dynamics of the system, i.e.
critical points are the equilibria of the underlying dynamics. The Bak-Tang-
Weisenfeld model [5] proposed in 1987 to mimic the dynamics of sand piles
was the first example of dynamics displaying self-organized criticality. In this
model, simple local interaction rules give rise to power-law distributions for the
size of avalanches triggered by the sequential addition of grains. Following this
seminal work, other models have been proposed inspired by different dynamics
such as forest fires [6] or earthquakes [7]. Despite the relevance of the latter
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results, there are still important concerns on whether self-organized criticality
can represent the main mechanism driving the emergence of complexity [§].

In the previous examples, the system is considered to be mostly homoge-
neous and the scale invariance shown by the different order parameters emerges
as a direct consequence of the imposed dynamical rules. Nonetheless, the struc-
ture of connections in most of the biological and social systems are far from
being homogeneous and usually correspond to fat-tailed distributions where
highly heterogeneous nodes coexist. Remarkably, there has been a growing de-
bate on whether these fat-tailed distributions corresponds to power-law func-
tions [9H11]. This controversy was ignited by the seminal work published by
Barabasi and Albert in 1999 [12], who proved that a power-law distribution for
the number of connections of the nodes in a network emerges naturally from in-
cluding a preferential attachment mechanism governing its growth. This result
has profound implications, for it entails that scale invariance can be conceived
as something inherent to the structure of the interactions rather than to the
nature of the dynamics analyzed.

The characterization of the complexity inherent to the networks of interac-
tions constituted a shift of the paradigm which encouraged complex systems
scientists to study the connection between structure and function in real sys-
tems, giving rise to the so-called network science. On the one hand, from an
empirical point of view, the study of the microscopic and mesoscopic struc-
tural features of real networks has provided insights into different social and
biological problems ranging from the polarization of societies [13] or the roots
of success in different disciplines [14] I5] to the structural causes of brain dis-
orders [16]. On the other hand, from a theoretical point of view, many efforts
have been devoted to determine how the heterogeneous nature of networks
alters the phase diagrams or the critical properties of the mean-field theories
capturing diverse phenomena such as epidemics, consensus or synchronization.

Our contribution to complex systems science

Despite the advances made in complex systems’ modeling, the vast majority
of the latter models cannot capture their natural adaptability. This limitation
comes from the fact that they usually study each dynamics individually, thus
neglecting the impact of possible interdependencies between different processes
occurring simultaneously. Moreover, even when addressing single dynamics,
models usually consider a bottom-up scheme exploring the casual relation be-
tween the structure of the underlying network and the observed behavior, but
do not include the possible feedback loop shaping the microscopic rules as a
function of the macroscopic dynamical state of the system. The main goal



of this thesis is to overcome the limitations of former models and explore the
physics and new phenomena arising from accounting for the environmental
adaptability of complex systems.

The document is divided into two well-separated parts. In the first part of
the thesis, we will study the effects of accounting for the time-varying nature of
the rates governing the evolution of dynamical processes on contact networks.
These rates vary according to the information obtained by the system under
study, either from the advance of other simultaneous processes or from its
own dynamical state. According to how the information flow is defined, we
have cooperative processes in which both dynamics are accelerated and benefit
from each other or competitive processes, characterized by a negative feedback
from the system to the dynamics. Specifically, we will explore four different
problems: the spread of interacting pathogens, which can be either cooperative
or competitive according to the nature of the diseases caused by them, the
positive feedback between information spread and consensus, the control of the
spread of a virus with contact tracing policies and the competition between
norm violating behaviors and punishment in social dynamics. In all these
cases, we will prove that interactions among coexisting dynamics shape the
nature of the phase transitions undergone by the system and alter some of
the important conclusions regarding the role of network which were previously
drawn by studying each dynamics individually.

The second part of the thesis instead focuses on studying how the under-
lying structure of connections governing the advance of one dynamical process
is shaped by a simultaneous process. Within the possible topics, given its rel-
evance to understand the fast evolution of recent outbreaks, we will character-
ize the interplay between human mobility and disease spreading. In this sense,
from a microscopic point of view, agents constantly change their acquaintances
driven by their movements, thus making the representation of populations as
static contact networks unrealistic. In this part of the thesis, we will revisit
the alternatives to contact networks proposed in the literature for such task
and propose a new dynamical model which allows us to address the impact of
commuting patterns on the spread of diseases. At a theoretical level, we will
show that the effect of mobility is not universal but depends on the structural
features of the population and on the characteristic of the pathogen as well.
In more applied terms, we will prove that the model allows getting insights
into the outcome of outbreaks in real cities. Specifically, we will derive the fea-
tures making specific areas vulnerable to the spread of diseases and show how
models based on complex systems can be leveraged to anticipate the advance
of epidemics, forecast its evolution and design policies to keep them under
control.






Part 1

Intertwined dynamics on
contact networks






Presentation of Part I

The advent of network science from the beginning of the XXI century
boosted by the increasing availability of real and complete datasets has fueled
the advance in our knowledge of complex systems. In particular, the incor-
poration of complex networks to theoretical frameworks addressing different
spreading processes has allowed for disentangling the main mechanisms gov-
erning their evolution. One paradigmatic example of network science success
in such endeavor was the correct characterization of the spread of computer
viruses, which remained elusive for the mean-field theories originally proposed
to deal with viruses diffusion across virtual spaces. Specifically, the frame-
works incorporating mean-field assumptions were not able to explain how the
low prevalence of the viruses, associated with critical or near-critical scenarios,
and the large lifetimes of the endemic states, typical from supercritical regimes,
were observed simultaneously. This conflict was solved by Pastor Satorras et
al. in their seminal work [17] where they stated that this dichotomy is caused
by the heterogeneous nature of the underlying structure, the Internet network,
which makes the existence of sustained endemic states affecting the most vul-
nerable (connected) nodes compatible with a negligible global impact of the
virus [18-20].

The previous finding still constitutes one of the most important milestones
in network science and paved the way to the application of networks to ad-
dress different problems from a wide variety of disciplines ranging from natural
sciences such as biology [21H23], ecology [24H26] or epidemiology [27H29] to hu-
man sciences such as sociology [30-32] or economy [33]34]. Typically, the most
common way of incorporating complex networks into these disciplines has been
to focus specifically on one spreading process and analyze the information that
the structural analysis of the underlying complex network can provide about
its evolution. In this sense, the interplay between dynamics and structure in
individual processes has shedded light onto very diverse problems such that the
estimation of arrival times of imported cases into a given area from epidemic
hotspots [35H37], the emergence of polarized and echo-chamber states in social
media [13, 38, 89] or the functionality of proteins assemblies [40H42].

Despite the aforementioned successes, neglecting the possible interdepen-
dencies existing among simultaneous spreading processes prevents these indi-
vidual frameworks from capturing many other observed phenomena. For in-
stance, the application of the Susceptible-Infected-Susceptible (SIS) model to
the spread of Pneunomia cannot reproduce the sudden surge in deaths caused
by this disease around 1918 [43] or the seasonal patterns of Influenza viruses
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[44]. Along the same line, the use of rumor models for the diffusion of ideas
does not explain the important irruption of recent social movements start-
ing from a small set of initial spreaders in social platforms such as the Arab
Spring [45], the 15-M movement [46] or, more recently, the Black Lives Matter
movement [47].

The latter examples highlight the need for more general approaches which,
apart from accounting properly for the inherent nature of each spreading pro-
cess, incorporate how the possible mutual feedback existing among them can
shape the rules governing their evolution. In this part of the thesis we tackle
this challenge and characterize the physics arising from the coexistence of dif-
ferent spreading processes over the same population. Our focus is therefore
to disentangle the coupling mechanisms between these processes giving rise to
those phenomena which are unexpected when studying both dynamics indi-
vidually.

In Chapter [2| we will derive a theoretical framework to analyze the spread
of interacting diseases across a networked population. This interaction either
entails a cooperation between both diseases, meaning that one pathogen makes
hosts more susceptible to contract the other one, or a competition, which
usually takes place in multi-strain diseases, for which contracting one strain
confers partial or total immunity with respect to the others. We will check
that the coexistence of both diseases can drastically alter the phase diagram
of the usual SIS model giving rise to new phases emerging from the interaction
among them.

Furthermore, in this chapter we will also address a very timely topic, the
effectiveness of control policies based on digital proximity tracing apps to keep
an ongoing outbreak under control. In the language of interacting processes,
this problem can be seen as a competition between two spreading processes,
the contagions driven by human-human interactions in the physical space and
a cascade of detections triggered in the virtual network constructed by the
application’s users. We will derive a theoretical framework to incorporate
both processes and use real networks constructed from face-to-face interac-
tions recorded via proximity sensors to test the framework in realistic setups.
Interestingly, we will see that the competition of both processes has strong
implications for the topology of the effective network of contacts across which
contagions occur. This fact leads to an outcome of control policies based on
contact tracing totally different from others aimed at reducing the transmissi-
bility of infectious individuals such as the increase of the testing capacity.

Chapter [3|is devoted to the study of social dynamics. In particular, we will
modify a SIS model which captures the activity of users in social platforms
to incorporate the higher predisposition to share one’s opinion when this is
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widely accepted within your close contacts. In more technical words, this
assumption corresponds to a positive feedback among consensus dynamics and
the diffusion of ideas. After formulating the framework, we will determine
under which conditions the cooperation among both dynamics can explain the
social movements mentioned above. As a byproduct, we will also prove how the
information horizon, controlled by the topology of the social network, crucially
shapes the diffusion of ideas when consensus is required.

Finally, to round off this chapter on social dynamics, we will also study the
diffusion of corruptive behaviors over a given population. To do so, we will
propose a theoretical framework adapting the compartmental models used in
epidemics to accommodate different features associated with the corruption.
In particular, characterizing the extent of corruption involves the study of two
competing dynamics, the diffusion of corruptive behaviors driven by tempta-
tion induced by the benefits of such conduct and the delation of the corrupts by
the honest population to restore honesty in the society. The outcome of such
competition is governed by the coupling among both mechanisms along with
the underlying network structure, which produce a very rich phase diagram.






Chapter 2

Disease dynamics

It is somewhat surprising that so little mathematical work should
have been done on the subject of epidemics, and, indeed, on the
distribution of diseases in general. Not only is the theme of imme-
diate importance to humanity, but it is one which is fundamentally
connected with numbers, while vast masses of statistics have long

been awaiting proper examination

R. Ross and H. Hudson [4§].

The complexity of the spatio-temporal patterns observed during different
epidemic waves across the history and the threats posed by contagious diseases
on the society have encouraged mathematicians and physicists to work actively
on epidemic modeling since the XVIII century. These models have been con-
tinuously gaining relevance until becoming indispensable tools to understand
the mechanisms responsible for epidemic spreading, provide short-term fore-
casts about ongoing epidemic outbreaks and design control policies to keep
them under control. Despite the recent advances on epidemic modeling, most
of these sophisticated frameworks are tailored for one specific disease and ne-
glect the existence of other circulating pathogens which, as motivated in the
introduction to this part, may be crucial to shape their long-term evolution.

In this chapter, we propose a theoretical framework to accommodate dif-
ferent coexisting diseases which simultaneously spread across a population and
evaluate how the interaction among them can substantially alter their prop-
agation. In Section [2.1] we first lay the foundations for such framework by
explaining the basic concepts involved in epidemic modeling and revisiting
how the epidemic models have been evolved from their beginnings to the in-
corporation of complex networks. In Section [2.2] we propose the equations
conforming our systemic approach to the spread of simultaneous diseases and
study the impact of the existence of positive (cooperation) or negative (com-
petition) interactions among them. Finally, in Section we propose a model
to accommodate contact tracing policies which can be conceived as a practical
example of the competition between spreading phenomena propagating over
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both virtual and physical spaces.

2.1 Compartmental models: From mean-field theo-
ries to complex networks

In 1766, Daniel Bernoulli published a seminal work [49] containing a mathemat-
ical analysis to quantify the importance of the variolation, i.e., the inoculation
of virus extracted from patients with mild smallpox in healthy individuals, for
increasing the life expectancy of the population. This work supposed the birth
of a new discipline, the mathematical epidemiology, aimed at using mathe-
matics to guide decision-making to reduce the impact of epidemics. Following
Bernoulli’s seminal work, other important models were published by Willian
Hammer [50] or Ronald Ross [51] at the beginning of the XX century. Both
authors were the pioneers in stating that the transmission of a virus should be
mediated by the close interaction among infected and susceptible hosts, as dic-
tated by the law of mass action typically applied to chemical reactions, which
is nowadays a basic pillar to construct epidemiological models.

In particular, Ross was the first to introduce the concept of compartmental
models to represent the evolution of malaria. Compartmental models assume
that the population is divided into a finite set of compartments which represent
the possible states across which an individual can transit during the course of
a disease. These transitions are governed by a system of differential equations
which are constructed according to the microscopic processes driving the spread
of diseases. Despite the eventual relevance of the model proposed by Ross,
especially for the modeling of vector-borne diseases [52], compartmental models
were mostly unnoticed until 1927, when A. G. McKendrick and W. O. Kermack
formulated the standard Susceptible-Infected-Recovered (SIR) model [53-55].

2.1.1 SIR model

The SIR model divides a set of individuals into three different compartments
which are Susceptible, corresponding to healthy individuals who have not con-
tracted the disease yet, Infected, containing those individuals who have been
already infected and are infectious and Recovered /Removed which gather those
infectious individuals who have either overcome the disease or eventually died.
In this sense, the SIR model assumes that the disease confers immunity to
its hosts so recovered individuals cannot be reinfected again. Regarding the
transition rules, each individual is assumed to make k contacts per time unit.
If those contacts involve susceptible and infectious individuals, the disease is
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transmitted with a probability A. Finally, infected individuals enters into the
R compartment at a rate p related to the typical infectious period.

In the original SIR model, the population is assumed to be statistically
equivalent, so the state of a system of N agents is completely described by
the differential equations governing the fraction of the population belonging to
each of the compartments, denoted by the corresponding lowercase letters. In

particular,
5= —Aksi (2.1)
i= Nksi— pi |
=i .

From Eq. , it becomes clear that #+ = 0 = ¢ = 0; therefore, the
steady state of a SIR dynamics is always characterized by the extinction of
the disease. The epidemic trajectory to arrive to such steady configuration
is crucially determined by the trade-off between the contagion and recovery
rates. This trade-off is usually captured in a pivotal indicator in mathematical
epidemiology, the basic reproduction number Rq [56, 57|, which is defined as
the expected number of contagions made by an index case in a fully susceptible
population. In the SIR model,

%
v

Ro (2.4)
From Eq. , it can be seen that when Ry > 1, introducing an index case in
a fully susceptible population triggers a cascade of contagions translated into
an exponential growth in the number of infected individuals. In contrast, if
Ro < 1, the infection force is not strong enough to get a sustained epidemic
state and the outbreak dies out without reaching a macroscopic fraction of the
population. In a SIR dynamics, the extent of an outbreak is characterized by
the attack rate r(oo), which reflects the total number of individuals who have
become infected over the course of the disease. This quantity can be derived

from Eq. (2.3) and Eq. (2.1 yielding the following self-consistent equation:
r(00) =1 — (1 —ig)e”Ror(®) | (2.5)

where ig is the fraction of the population initially infected acting as a seed
of the outbreak. To get a more illustrative picture on the relevance of the
basic reproduction number, we represent in Fig. the dependence of the
attack rate on Rg as obtained by solving the latter equation along with the
time evolution of an outbreak in both subcritical (Ro < 1) and supercritical
scenarios (Ro < 1).
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2.1.2 SIS model

The Susceptible-Infected-Susceptible (SIS) model was proposed as a variant
of the SIR model for those diseases not conferring long-lasting immunity to
their hosts such as sexually-transmitted diseases or Influenza. In this scenario,
the infected individuals are susceptible again of contracting the pathogen after
losing their infectiousness and, as a consequence, enter into the S compart-
ment. Following similar rules to the ones used in the SIR model, the equations
governing the evolution of a SIS disease are:

§=—MNksi+ pi , (2.6)
i = Nksi — i .

Given that the population is closed, it is useful to write s = 1 — 4. The study
of the fixed points of the dynamics gives us two possible steady configurations:

(s*,7")1 = (1,0) ,
(8*7i*)2 = (1/R07 1- 1/R0) )

whose stability changes via a transcritical bifurcation taking place at Ry = 1.
In particular, when Ry < 1, the epidemic eventually dies out, for the disease-
free state is stable and indeed constitutes the only physically meaningful fixed
point. In contrast, above the bifurcation, the disease evolves towards an en-
demic state characterized by a sustained fraction of infected individuals. There-
fore, the impact of a SIS disease is totally characterized by the fraction of in-
fected individuals in the steady state, i(00). For the sake of visualization, in
Fig. 2Ip, we illustrate the evolution of the latter quantity as a function of Ry
along with examples of epidemic trajectories in both regimes.

Finally, from Eq. , we can obtain an expression for the epidemic thresh-
old which is defined as the minimum infectivity per contact required to observe
a macroscopic outbreak and denoted in the following by A.. In terms of the ba-
sic reproduction number, the epidemic threshold fulfills that Ro(\.) = 1. This
quantity will appear recurrently throughout this thesis to quantify the inter-
play between structure and dynamics in the different frameworks here studied.
In particular, in the case of the SIS model under the mean-field approach, the
epidemic threshold is defined as

L
Ae = = . 2.8

- (28)

In what follows, we focus on SIS dynamics because of the higher analytical

tractability of their equations and the existence of a more pronounced phase
transition separating the disease-free and the endemic regimes.
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Figure 2.1: Evolution of the impact of an outbreak as a function of the control
parameter Ry for both SIR and SIS dynamics. For the SIR dynamics (Panel a),
this impact is quantified by the attack rate r(oco) whereas, in the SIS model (Panel
b), the extent of a disease corresponds to the fraction of population in the infected
compartment in the steady state i(co). In both panels, the insets represent the time
evolution of the fraction of infected population in a subcritical scenario Rg < 1 and
a supercritical scenario Ry > 1. In both panels, we fix k = 10, u = 0.2, 39 = 0.05 and
vary the probability of contagion per contact .

2.1.3 Heterogeneous mean field (HMF)

The mean field theories originally proposed for the SIS and SIR models pro-
vide important qualitative insights into the nature of epidemics transmitted



18 Chapter 2. Disease dynamics

through direct interactions among healthy and infectious peers, pinpointing
the existence of a second-order transition triggered by an increase in the in-
fectiousness of the pathogen. Nonetheless, neglecting the population diversity
in terms of their social connectivity, biological features or interaction patterns
makes mean field theories fail in giving accurate quantitative predictions on the
position of the epidemic threshold or the evolution of the epidemic trajectories.
The latest example of this failure resides in the COVID-19 pandemic, whose
course has been crucially shaped by the existence of super-spreaders [58-60].
This fact by no means can be explained with the homogeneous assumptions
included in mean-field theories.

The first important attempt to account for the heterogeneity of human in-
teractions was the heterogeneous mean field (HMF) theory proposed by Pastor
Satorras and Vespignani in 2001 [I7]. In this model, the authors abandon the
statistical equivalence of the entire population and include heterogeneous pop-
ulations where the number of interactions of each individual, referred to as the
degree or connectivity k, follows a probability distribution P(k). In addition,
HMF theory gets its name because all the individuals within the same degree
class are equivalent. Under these assumptions, the evolution of the fraction of
infected agents within the degree class k, pg, reads as

pr=—ppr+ (1= pp)k > P(k[K)prs | (2.9)
k/

where P(k|k") denotes the probability that one of the k connections of the
agents within the corresponding degree class points to an individual with degree
k'. Assuming an absence of degree-degree correlations, so that P(K'|k) =
K P(k')/{k), the linearization of the equations yields the following analytical
expression for the epidemic threshold:

Ae = pra (2.10)

where

(k) — / PUR)E™dk (2.11)
0

Eq. tells us that the value of the epidemic threshold is governed by
the trade-off existing between the first and the second moments of the degree
distribution. In particular, note that the mean field prediction is retrieved by
setting P(k) = dpk)-
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2.1.4 Models for synthetic networks

In absence of real data, different methods to construct synthetic networks have
been proposed in the literature. Within the very diverse realm of synthetic
networks, throughout this thesis we mostly focus on two models because of
their historical relevance and the sharp differences existing among them. These
models are the Erdés-Rényi (ER) and the Barabasi-Albert (BA) networks.

Paul Erdos and Alfréd Rényi proposed in 1960 a model [61] to generate
random networks by assuming that each possible pair of nodes in a network are
connected with a given probability p. As a result, the configuration obtained is
pretty homogeneous and the probability that a node has k connections follows
a binomial distribution so that

N -1
P = (N e (2.12)
with (k) = p(N — 1) and (k2) = (k)(1 — p) + (k)%. Plugging both values into
Eq., we obtain that

U
N = N T (2.13)

which is slightly lower than the one predicted by the MF equations due to the

existence of practically negligible heterogeneities arising from the randomness
of the connections.

Nonetheless, when analyzing the degree distributions of real networks [11],
one realizes that most of them are highly heterogeneous networks with fat-
tailed degree distributions characterized by the existence of a few set of indi-
viduals, usually denoted as hubs, whose connections are orders of magnitude
larger than the average connectivity in the network. To capture this fact, Las-
zlo Barabasi and Reka Albert published a seminal work in 1999 [12] in which
they state that the formation of a link in a network is not a random event but
instead is driven by a preferential attachment mechanism. This preferential
attachment consists in assuming that the probability for a new node setting
a link with a node already existing in the network is proportional to the con-
nectivity of the latter. As a result, the authors obtained the following degree
distribution:

P(k) ~ k3, (2.14)

for which (k%) > (k). As a consequence, AB4 << AMF which clearly suggests
that contact heterogeneity is an important driver for spreading phenomena.
In particular, subsequent works have proved that, despite having low infec-
tiousness, a given pathogen or computer virus is able to persist endemically in
localized states composed of the most connected nodes and their neighborhood
in this kind of networks [I8-20, [62].
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Network Adjacency matrix
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Figure 2.2: Example of a complex network with N = 5 nodes and its associated
adjacency matrix.

2.1.5 Microscopic Markov Chain Approach (MMCA)

The HMF equations reveal the relevance of contact heterogeneity for disease
spreading; however, they cannot account for the impact of the specific com-
plex structure of connections governing the interactions among the elements
of a system and determining the evolution of spreading phenomena running
on top of them. These complex patterns are usually embedded in the so-
called complex networks, which represent the core of network science [63H65].
Mathematically, a complex network G is defined as a tuple G = (V,E) where
V = {1,..., N} represents the vertices of the network and & = {ey,...,er}
the set of links connecting them. Within the different classes of networks, here
we focus on unweighted undirected networks, in which all the interactions are
reciprocal and their strength is equal regardless of the agents involved. An
useful object to represent such networks is the adjacency matrix A, whose
entries A;; = 1 if two agents ¢ and j interact and A;; = 0 otherwise. Fig.
depicts a toy complex network with N = 5 along with its adjacency matrix.

Multiple theoretical frameworks have been proposed over the last years
to accommodate complex networks in epidemic modeling [66H72]. All these
options differ from one another in the amount of information regarding the
structure of the complex network introduced in the equations. Theoretically,
the more information is included, the better the formalism reproduces the
results obtained from explicit agent-based simulations based on Monte Carlo
routines. Nonetheless, increasing the complexity of the formalism can be coun-
terproductive, for it is usually made at the expense of enlarging the set of
equations of the framework. This clearly increases the computational cost of
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their numerical resolution and can also preclude getting any analytical insights
into the specific role of the network in the process. Among all the available op-
tions, throughout this thesis we will adopt the Microscopic Markov Chain Ap-
proach (MMCA) [73] which optimizes the compromise existing between having
a framework as simple as possible while reproducing fairly enough the results
from the simulations.

Generally speaking, the MMCA is a time-discrete formalism which assumes
that the evolution of a disease is well-characterized by the probability that each
individual 7 is in each of the m available compartments at each time step ¢,
hereinafter denoted by p}*(t). Therefore, the number of equations in the for-
malism scales as N (Q¢ — 1) where Q¢ represents the number of compartments
of the chosen compartmental model. In particular, for the SIS model, the
evolution of the former probabilities reads as

pi(t+1) = (1= ppi(t)+ (1 —pi ())IL(t) . (2.15)

Eq. constitutes the fundamental basis on which the rest of formalisms
developed in this thesis are constructed. It basically tells us that the proba-
bility for an agent ¢ being infected at ¢ 4+ 1 can be expressed as the sum of the
probability for ¢ being already infected and not recovering and that of being
susceptible at ¢ and contracting the disease II;(¢). In this sense, assuming that

an agent interacts with all his/her neighbors in each time step, II;(¢) is given
by

N
H (1= AAip;(t)) (2.16)

which corresponds to the complementary probability of not contracting the
disease in any of these contacts. The numerical iteration of the system of
N(Q¢c — 1) coupled discrete equations informs about the spatio-temporal evo-
lution of SIS diseases on complex networks.

At the microscopic scale, the MMCA equations constitutes a probabilistic
description of the evolution of the state of each agent in the system under
study. Nonetheless, for a single outbreak, these states are well-defined due to
the compartmentalization of the epidemic model and live in a discrete space.
Therefore, the information provided by the MMCA equations should be under-
stood as the average probability that an individual 7 is in compartment m at
time ¢ computed over an ensemble of stochastic epidemic trajectories generated
with the same parameters and initial conditions. To obtain an order parameter
informing us about the global epidemic state of the network, we must compute
the epidemic size by averaging the probabilities that each individual remains
infected in the steady state. Therefore, the epidemic size obtained from the
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MMCA equations reads as

1 N
io0) = ZP?(OO) : (2.17)

Beyond understanding numerically the interplay between structure and dy-
namics on the evolution of the epidemic size, the MMCA approach allows for
getting an analytical computation of the epidemic threshold A. as well. To
do so, let us assume that the disease has arrived to a steady configuration for
infectiousness values A ~ A.. Mathematically, this implies that

pit+1)=pi(t) =¢f <1, (2.18)

where we assume that the epidemic size close to the epidemic threshold is
negligible. The latter condition allows us to linearize Eq. (2.15]) obtaining

N
He; = )\ZAZ']‘GJ‘ . (2.19)
J

From the last expression, it becomes clear that computing the epidemic thresh-
old involves solving the spectrum of the adjacency matrix A. In particular, as
we are interested in the minimum infectiousness required to observe a macro-
scopic outbreak, the epidemic threshold is given by

W

A= Fon(A)

(2.20)

where Apax(A) represents the largest eigenvalue of matrix A.

2.2 Interacting diseases

The theoretical formalism described thus far focuses on characterizing the
spread of a single virus and the role that the contact network plays in their
diffusion across the population. In this sense, the contagion/recovery rates are
assumed to be constant and not to depend on any environmental factor which
could interact with the pathogen under study. This individualistic approach,
though useful to get some insights into the complex nature of epidemic spread-
ing, is not always valid to characterize the evolution of some diseases, whose
course is crucially shaped by the presence of other pathogens and possible
interactions existing among them.

One empirical example of the crucial role of these interactions was the
simultaneous propagation of the Spanish Flu and Pneumonia in 1918 [43], for a
sudden increase in the death rate caused by Pneumonia was reported coinciding
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with the onset of the Spanish Flu. Another typical example of the impact of
reinforcement between coeval pathogens is the higher risk of contracting TB for
HIV patients, which is estimated to be around between 16-27 times according
to the WHO [74]. In general, we will denote by cooperation all the scenarios
in which the transmission of several diseases is favored by their coexistence.

In contrast, there are other scenarios in which there is a competition be-
tween coexisting diseases, for the presence of one pathogen is detrimental to the
propagation of other infections. These examples usually correspond to multi-
strain diseases in which the different variants/serotypes of the virus compete.
This competition is a consequence of the incompatibility of observing differ-
ent variants inside the same host and the total or partial immunity that one
serotype of a disease confers to the other circulating serotypes. Some paradig-
matic examples are the different Dengue [75] or Influenza [76] strains propa-
gating across the population or, much more recently, the complex and variable
landscape depicted by the different variants of the SARS-CoV-2 virus [77].
Nonetheless, these detrimental interactions can also occur between pathogens
corresponding to different diseases, such as the reported negative interaction
between the Zika virus and Dengue [78§].

In the light of the ubiquity of interaction processes among coexisting dis-
eases, several works [T9-00] have tackled the extension of usual epidemic mod-
els to accommodate the mechanisms driving the competition or cooperation
among them. Interestingly, different theoretical results have been already ob-
tained on the physics behind the rapid surge of cases in presence of cooperation
or the extinction of evolutionary impaired variants in supercritical scenarios
(Ro > 1) as a result of the competition with other diseases. Nonetheless, most
of the mechanisms have been found at the expense of relying on mean-field
assumptions that neglect the structure of the underlying network of connec-
tions. Likewise, the frameworks found in the literature are usually specifically
tailored for addressing either strong cooperation or mutually exclusive com-
petition between diseases. Therefore, a general mathematical framework, able
to characterize the interaction between two pathogens in between these two
extreme scenarios when incorporating the complex nature of human contacts
is still missing in the literature. In this section, we tackle this challenge by
proposing a new model built upon the MMCA equations for the SIS model,
which are generalized to account for the coexistence of two pathogens and their
mutual influence.
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Figure 2.3: Contagion and recovery microscopical processes considered in our model.
Note that the contagion processes involving already infected individuals are influenced
by the parameter ¢ which encodes the interaction between the two coexisting diseases.
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2.2.1 MMCA equations for interacting diseases

Let us first assume that our system is composed of N agents whose interactions
are governed by a complex network represented by its adjacency matrix A. For
the sake of simplicity, we also assume that we deal with two SIS diseases which
are individually characterized by their infectiousnesses As and their recovery
rates us with s = 1, 2. Because of the presence of two pathogens, there are four
available states: totally susceptible individuals (SS), agents infected by the first
pathogen but susceptible to the second one (IS), its counterpart (SI), and those
who have contracted both diseases (II). Regarding the interaction between
both pathogens, we assume that having contracted one disease modulates the
probability of contracting the other disease by a given factor q. To be able
to capture the mutually exclusive competing diseases, we must impose a rule
to forbid double simultaneous contagions of totally healthy individuals. In
our case, we have decided that, if a susceptible individual receives potential
contagions from both pathogens when interacting with her neighborhood, she
is equally likely to contract each disease. A schematic representation of the
different compartments and the flows among them can be found in Fig. [2.3]
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In what follows, we denote the probability that an individual, say 4, is
in each of the v available states (y = {I1,1S5,51,5S5}) at time t by [;ﬂ]z.
Under the microscopic processes described above, the time evolution of these
probabilities read as

[ = [ (1 = o) [T} + [p"5TH(1 = ) [T
+[p"ME (1= ) (1= po) (2.21)

[075)57" = [0S pa[T971E + [079)! (1 = ) (1 = [IS)9) + [0 pa (1 — )
+ [p%5]; ISSY L8 (2.22)

(5] = (0" [TS1E + [057]E (1 = paa) (1 — [I157)9) + [0 ] (1 = )
+ [p°S], oS8T (2.23)

Sg7t+1 I 1 751t+1 Ssrit+1
7] = 1= = e = 7] (2.24)
The rationale for each equation is similar to the one used in the original MMCA
for individual SIS diseases. In presence of two pathogens, the probability that

a totally susceptible agent ¢ contracts the disease, [HSS ]L, is given by
N

%576 =1 =TT |1 = MAyle™]) = AAil®]f — (A + A2 = M) Ay "5 |
J

(2.25)

In its turn, frg and fs; encode the probabilities for a susceptible individual
contracting the first and second disease respectively. Based on the aforemen-
tioned selection rule, both quantities read as

(FIS]t = l9"%1i(1 = [g°"]}) + 0.5[9" L ™"}
' 9571 + 97515 = 19" Tile™l
rprs) = B0 = [97]0) + 05lg ™ Lilg™); (2.27)

i 95T+ [g™) = [g75) 9! :
In the former expressions, [¢/°]¢ ([¢°1]¢) represents the probability of having

a potential contagion from infected individuals by the first (second) disease.
Therefore:

(2.26)

~ MAy (01 + 1)) (2.28)
A

— A Aij([p ]g + [PH];')) : (2.29)

N
H1
J
N
Hl
J
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On the other hand, the probabilities of contracting one disease at time
t, providing an agent i is already infected by one pathogen, [II1/9])t or [IT5]t,
must incorporate the factor g encoding the interaction between pathongens.
In particular,

N
) =1 =TT [1 = Airea((0™75 + [p"19)] (2.30)
J

N
)} = 1 =T [ = Auhia(le")s + 1)) - (2.31)

Eqgs. allow us to monitor the time evolution of interacting SIS
diseases running on complex networks. To validate these equations in both
cooperative and competitive scenarios, we compare their predictions with the
results from Monte Carlo simulations. Each of these simulations corresponds
to a single epidemic trajectory in which the state of each agent is perfectly
defined at each time step. For each simulation, we start by infecting a set of
individuals, acting as the infectious seed of the disease. Once initialized, we
let the system evolve driven by stochastic probabilities defined according to
the microscopic contagion and recovery processes assumed in the model until
the stationary regime is reached. Note that in the Monte Carlo simulations,
this regime does not resemble a frozen configuration in which the state of
each agent is immutable. Instead, it corresponds to a dynamic equilibrium in
which the state of each agent is allowed to change but its average over a given
time window remains constant. To reduce the number of parameters, in what
follows, we focus on identical diseases so that Ay = Ao = X and 1 = ps = p.

2.2.2 Cooperative dynamics

Recall that, under cooperation, being infected by one disease increases the vul-
nerability to the other one. Mathematically, this is reflected in the formalism
by exploring the region of the parameters’ space for which ¢ > 1. To analyze
the impact of cooperation, we first consider that the structure of contacts cor-
responds to an ER network of N = 103 agents with average degree (k) = 8.

To validate the MMCA equations, we focus on the evolution of the total
epidemic size p as a function of the infectiousness of the pathogens A and their
coupling strength ¢. According to the equations, as there are three possible
infectious states, the epidemic size should be computed as

N

o= DI+ [T + o (2:32)
=1
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Figure 2.4: Panel (a) shows the epidemic size p as a function of the infectivity A for
several values of the interaction parameter q. The curves (solid and dashed) corre-
spond to the results obtained by iterating Eqs. when performing forward
(solid) and backward (dashed) continuation schemes (see text for details). In its turn,
points represent the results from 50 realizations of Monte Carlo simulations. In panel
(b) we plot the phase diagram p(g, A) for the cooperative case obtained by the nu-
merical iteration of the equations. The solid curves denote the points where epidemic
onsets take place. The critical point at g. pinpoints the value above which bistable
solutions are observed. In both panels we use an ER network of N = 1000 nodes with
(k) = 8, while u = 0.75.

In the case of the simulations, the epidemic size is obtained by averaging the
fraction of the population in the infectious compartments over a window of
50 time steps when the system has arrived to an stationary state so that no
important fluctuations are observed.

Fig. 24 contains the comparison between both approaches, showing that
the MMCA equations capture very accurately the steady state of the system.
Regarding the physics of the cooperation, we observe that, when the pathogens
are weakly cooperating (¢ ~ 1), the epidemic curve resembles an ordinary SIS
model with a smooth second order transition taking place at the epidemic
threshold A, whose expression is given by Eq. . Nonetheless, as we in-
crease the coupling strength, this transition becomes more abrupt until a first
order transition emerges at a given value g. and hysteresis cycles appear.

To characterize the hysteresis cycles, we iterate adiabatically the equa-
tions. In particular, we follow both forward (backward) continuation schemes
in which we set the initial conditions for A4\ (A —d\) as the steady state for
A with a small noise introduced as a perturbation to avoid unstable absorbing
states. The existence of bistable solutions is more evident in the phase diagram
represented in Fig. 2.4b. Interestingly, we can observe that the bistable area is
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progressively enlarged and invades the subcritical area A < A, as cooperation
increases, which suggests that cooperation confers higher stability to endemic
configurations even in a priori controlled scenarios.

The analysis of the phase diagram has revealed the existence of a critical
point g.. Thus far, we have obtained this point numerically by comparing
the forward and backward continuation schemes. In what follows, we seek
to derive an analytical approximation for its value by analyzing a simple case
study. In particular, let us consider a mean field scenario in which every agent is
equivalent and fix ;4 = 1. Automatically, the last constraint implies that the I'1
compartment is unaccessible. If we sum Eqgs. and introduce a mean
field assumption in the contagion probabilities, implying that all individuals
have degree k and neglecting the network structure, we arrive to the following
expression for the epidemic size in the steady state:

p=(1=p) (1= (1= 2)") +p (1= (1= ar/2)") (2.33)

The value ¢, corresponds to the coupling strength for which a saddle node
bifurcation occurs at A = A, and, as a consequence, a new physical solution
emerges. To find the saddle node bifurcation, we compute the Taylor expansion
of the nonlinear terms and neglect those terms with O(p*). Taking into account
that A = 1/k under a mean field approach, Eq. turns into

5 (q 3k-—1 3k —1 P k-2
P (2 2k )+p 2k PR T? (2.34)

We find two fixed points, p; = 0 and another different solution ps given by

3k —1— kq
(k—1) (1 - ¢?/4+552)

p2 = (2.35)

The critical point g, corresponds to the g value at which ps becomes physically

meaningful. In particular,
3k—1
qec = L . (2.36)

This expression reveals that the critical coupling strength depends on the con-
nectivity of the underlying population and is bounded so that 2 < ¢ < 3. In
particular, assuming k = 8 yields ¢. = 2.87, constituting a good approximation

for the value computed numerically in Fig. [2.4]

Finally, we want to assess the interplay among the cooperation between
pathogens and the heterogeneity of the underlying contact structure. To do
so, we rely on a model introduced by Gémez-Gardenes and Moreno [91] which
allows for interpolating between ER and BA networks by tuning a parameter
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Figure 2.5: Epidemic curves p(A) computed following the forward continuation scheme
for different networks characterize by the parameter a. The interaction strength is
fixed to ¢ = 10 and the rest of the parameters are the same as in Fig. 2.4 The
pictures on the right illustrate two of the networks with o = 0 (bottom) and o = 1
(top) respectively. In both of them, the size of the nodes is proportional to its degree.

«. This parameter determines the fraction of nodes of the final network which
form the initial bulk from which a BA network is constructed and, there-
fore, drawing their links randomly rather than according to the preferential
attachment mechanism. Indeed, o = 0 recovers the BA model whereas o = 1
generates an ER network.

Fig. shows the epidemic curves p(A) for different networks in the strong
cooperation regime, for ¢ = 10. As expected by the analysis made in Sec.
increasing the heterogeneity leads to a decrease of the epidemic threshold.
Despite the higher vulnerability of heterogeneous configurations, the jump in
the order parameter is much less pronounced because of the localization of
the endemic states in the most connected nodes. In contrast, in homogeneous
configurations, all nodes are very similar in terms of connectivity which causes
that, once the transition takes place, a macroscopic set of them contributes to
the endemic state, thus explaining the more abrupt behavior observed.

2.2.3 Competitive dynamics

Now we shift our attention to the competitive case in which the spread of one
disease is hampered by the presence of another one, so ¢ < 1. A particular case
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Figure 2.6: Evolution of the total epidemic size p (purple) and the difference in
pathogen abundance Ap (orange) as a function of the infectiousness for mutually
exclusive diseases, ¢ = 0. The underlying topology is an ER network with N = 1000
nodes and (k) = 8. Dots shows the results from 30 realizations of the Monte Carlo
simulations for each A\ value whereas solid lines represent the results obtained from

the numerical iteration of Eqgs. (2.2112.31)).

of interest given its frequency in nature is that of mutually exclusive diseases
for which contracting one disease automatically protects the host from getting
infected by the other ones. Previous works on mutually exclusive diseases
have revealed the existence of two different outcomes for competing diseases.
Namely, depending on the model and the topology of contacts, the competition
may end up with the prevalence of one pathogen over the other one which
is eventually extinguished or instead with the coexistence of both pathogens
forming disjoint clusters in the population. To capture the spread of mutually
exclusive diseases, we fix ¢ = 0 and consider the emergence of a new strain
in an ongoing epidemic outbreak. To do so, we introduce an asymmetry in
the number of individuals initially infected by each disease. In particular, we
assume that initially 2% of the population carries one pathogen whereas 1%
of the population is infected by the other one. Apart from the total epidemic
size, another useful indicator to quantify the outcome of the competition is the
difference in the individual epidemic sizes Ap, which is computed as

Ap = |p(00) = p™(0)] (2.37)
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with
1 N
plo(00) = & ;[pfs];” 7 (2:38)
1 N
Pl (o0) = ;[p“];” - (2:39)

Fig. shows the evolution of both order parameters as a function of the in-
fectiousness A, having a fair agreement again between Monte Carlo simulations
and the numerical results obtained from the iteration of the equations. In addi-
tion to the usual transition separating the disease-free state from the endemic
regime, another transition occurs at A = .. Note that this transition does not
affect the total prevalence of the disease but instead shapes the outcome of the
competition between both diseases. Namely, for A < )., the dominance regime
is the stable solution and the most abundant pathogen prevails over the other
one. This happen because, for low infectiousness values, the dominant disease
is able to block the spreading paths of the weak one, thus precluding its foster-
ing across the population. In contrast, when infectiousness is high enough, the
weak pathogen is able to spread despite the existence of the other pathogen,
thus leading to the solution of coexistence in which the infected population is
equally distributed among both diseases.

Unlike the cooperative scenario, unfortunately, it is not possible to find an
analytical closed expression for the second threshold )., for its computation
involves solving a self-consistent equation whose terms depend on the fixed
points of the individual SIS dynamics of the dominant pathogen (see Appendix
A). To numerically study the value of the second threshold as a function of the
underlying network structure, we make the following definition:

X, = {min(\) | p(A) = 2/N, A(\) < 0.01p(\)} .

We are now interested in determining the influence of the network of con-
tacts on the different regimes arising from the cooperation. For this purpose,
we represent in Fig. the values for A, and )\, as a function of the parameter
a controlling network’s heterogeneity. Interestingly, we notice that, the more
heterogeneous the network is, the lower the ratio \./A. is, implying that the
dominance regime loses stability in favor of the coexistence solution. Thinking
of spreading pathways, this occurs because the presence of highly connected
nodes allows the weak pathogen to find potential hosts despite the existence

of the dominant strain.

Finally, we analyze in Fig[2.7] how the phase diagram is altered for non-
mutually exclusive diseases so that ¢ # 0. In particular, we observe that for
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Figure 2.7: Panel a): Phase diagram of the spread of two mutually exclusive diseases
with ¢ = 0. The control parameters are the heterogeneity of the underlying network
governed by a and the infectiousness A. Three different regimes appear: Disease-free
state characterized by p = Ap = 0, the dominance regime for which p # 0 and Ap # 0
and the coexistence regime in which a non-finite fraction of infected individuals (p # 0)
is shared between both pathogens (Ap = 0). The solid lines represent the boundaries
between the different regimes. Panel b) Evolution of p (solid lines) and Ap (dashed
lines) as the competition between both pathogens is weakened (color code). In both
panels, we set the same network and recovery parameter as for the previous figures.

very low coupling strength ¢, the competition between both pathogens still
leads to the extinction of the weak one, albeit contracting both diseases is
no longer forbidden. Nonetheless, the extent of the dominant regime starts
shrinking losing stability for ¢ = 0.05, from which the coexistence between
both pathogens is the unique stable configuration in supercritical scenarios
when A > A..

2.3 Contact tracing on complex networks

So far, we have characterized uncontrolled epidemic scenarios where the tra-
jectory of ongoing outbreaks is univocally determined by the structure of the
network of contacts, the biological features of the pathogens or the interactions
existing among them. Albeit theoretically enlightening, these scenarios hardly
happen in reality, for the exponential growth in the number of infected individ-
uals in supercritical epidemic scenarios usually force the authorities to promote
interventions aimed at keeping them under control. The latest example of the
relevance of control policies to shape disease evolution is the spread of the
SARS-CoV-2 virus, responsible for the COVID-19 disease. From the first case



2.3. Contact tracing on complex networks 33

officially reported in December 2019 in Wuhan, COVID-19 has represented the
most important pandemic humankind has faced since the Spanish Flu in 1918,
taking a huge humanitarian, social and economic toll worldwide. In particu-
lar; as of May 2021, more than 152 million of people have been diagnosed with
COVID-19, of whom 4 million have died because of the disease.

The impact of COVID-19 pandemic has not been uniform, with important
differences between countries as a function of the strategies [92H94] chosen to
cope with the spread of the virus. Regardless of their nature, control policies
seek to lower the effective reproduction number R. defined as the average
number of contagions that an infectious individual makes during her infectious
period. Note that this number differs from R in the sense that it quantifies
the stage of an ongoing outbreak rather than the potential infections made
by an index case in a fully susceptible population. Qualitatively, the effective
reproduction number reads as

Re(t) ~ NeTpS(t) (2.40)

where A represents the probability of infection per contact, k the average
number of contacts, 7 the infectious period and p®(t) the fraction of popula-
tion susceptible at time t. Therefore, the reduction of the effective reproduction
number can be achieved with strategies targeting each of these four compo-
nents. For instance, the promotion of prophylactic measures such as hand
hygiene or mask wearing is translated into a lower A value, the vaccination of
the population leads to a depletion of the pool of susceptible individuals pS or
lockdown policies entail a strong reduction in our sociability k.

The explosion of COVID-19 cases took many countries worldwide by sur-
prise, forcing their authorities to deploy aggressive lockdown policies as an
emergency tool to drastically reduce the number of contacts of the population.
Despite the effectiveness of the latter interventions, they have had important
economic side effects as a consequence of stopping the work activity for long
periods of time. In contrast, the previous experience acquired by other coun-
tries, mainly located in South East Asia, during past epidemiological crises
such as SARS in 2003 or HIN1 in 2009 has allowed them to anticipate the
spread of the current pandemic and avoid the emergence of macroscopic out-
breaks. To do so, they have relied on strict border closure policies restricting
the possible landing of infectious individuals from other countries and strict
contact tracing and case isolation policies preventing community transmission
in case of the emergence of small local outbreaks.

The success of the aforementioned contact tracing policies rely on the iden-
tification of the close contacts of a diagnosed individual, mainly thanks to dig-
ital proximity applications, and their immediate isolation, therefore reducing
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Figure 2.8: Compartmental scheme of the model proposed to accommodate contact
tracing in epidemic modeling. Note that both contagion and detection events are
driven by pairwise interactions whereas the rest of transitions are governed by constant
rates encoding the typical epidemiological times.

the number of secondary contagions caused by the index case of an outbreak.
In terms of the effective reproduction number, contact tracing policies entail
a reduction of the infectious period 7 of the close contact depending on the
moment in which she is identified and an immediate reduction in her socia-
bility k. Therefore, in presence of contact tracing, epidemic spreading acts
as a self-inhibited dynamics, for activating contact tracting requires having
detected infectious individuals, whose spreading capability is highly precluded
when the control mechanism acts.

Interestingly, the pairwise nature of the events triggering contact identifi-
cation resembles the interactions by which a virus spread across a population.
Therefore, we can identify contact tracing as a spreading phenomenon taking
place across the virtual network constructed from the users of digital applica-
tions. Regarding their interaction with the actual pathogen, we can identify
contact tracing as a competing dynamics with disease spreading, for it leads
to a dismantling of the contact network sustaining the spread of the pathogen
across a population. In what follows, we propose a compartmental model tai-
lored for the spread of COVID-19 to capture the interplay between network
structure, disease spreading and the implementation of contact tracing policies.
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2.3.1 The model

The specific features associated with the transmission of SARS-CoV-2 virus
such as the important fraction of asymptomatic infections or the crucial role
played by the contagions made before developing symptoms demands to revisit
the compartmental models explained in this chapter. In particular, to accom-
modate these different epidemiological states, we assume that the population
is divided into the following compartments: Susceptible (S), Exposed (E), Pre-
symptomatic (P), Infectious Asymptomatic (I4), Infectious symptomatic (Ig)
and Recovered (R). Finally, to include the contact tracing mechanism and
the possible detection by symptoms of the patients, we also include an extra
compartment gathering the individuals Detected (D) and considered as active
cases.

A schematic representation of the model can be found in Fig. The flow
of the compartmental model reads as follows: For each contact of susceptible
agents with infectious peers in a given state m (m = {P,14,1g}), they contract
the disease with a probability A, entering into the E compartment where they
incubate the virus for a typical time given by n~!. Once they leave the exposed
compartment, they enter into the Pre-symptomatic compartment where they
have enough viral load to propagate the pathogen, staying there for a~! time
steps. Afterwards, a fraction 1—p of the patients are Asymptomatic individuals
who do not show symptoms before the eventual end of their infectiousness after

L and a fraction p are Symptomatic individuals. Symptomatic

a typical time p~
patients can either be tested and detected after a typical time 6~' or end
their infectiousness after a period of p~! days. Finally, the contact tracing
mechanism adds an extra detection channel during a typical time vy~ for those
contacts of detected individuals who are equipped with the application and
have incubated enough viral load to be infectious. Specifically, we assume
that a fraction f of the population is registered in the application so that the

probability of observing a successful contact tracing event is f2.

Let us consider that our system is composed of a set of N agents. Under the
microscopic processes described above, the model is characterized by the prob-
abilities for each individual ¢ being in each of the m available compartments,
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denoted by p!*. The time evolution of these equations read as

pR(t+1) = pf(t) (1 -IF())

Pt +1) = (1 —m)pi(t) + i (I F(2)

prt+1) = (1 =T7P@)(1 = a)p (1) + o’ (1)

it (t+1) = (L =I5 P (0)(1 = o (1) + (1= TP (1)) (1 — p)api (1)
Pt +1) = (1= IG5 (0))(L = w)pj(8) + (1= TP ())panf (1)
pr(t+1) = (L=)pP () + 152 (1) + AP (8) + 1772 ()] (1)
pi(t+1) = pit(t) + 00 (1) + (1 —HisﬁD(t))m (t)

+ (1 = TP () (1) (2.41)
Note that the flows involving the detection of infectious individuals have been
prioritized over the transitions between the different epidemiological compart-
ments to reflect the fact that, once individuals test positive, they are considered
as active cases regardless of their epidemiological state. The contagion term of
the susceptible individuals should take into account the different infectiousness
of the peers with whom they contact. Therefore,

N

WP = 1= [T {1 -4y el (0 + dapf (0 + daplf ()] . (242)
j=1

Finally, the detection terms driven by pairwise interventions can be expressed
as

N
=) =P ) =1 [ (1 - 45200 )) (2.43)
7=1
N
ISP =1-(1-0) [ (1 - A2} (1)) - (2.44)
j=1

Both probabilities differ in that symptomatic agents are also detected with di-
rect testing without the need of being identified as a close contact of a reported
case.

2.3.2 Results

To quantify the relevance of contact tracing in realistic setups, we apply our
model to static networks extracted from face-to-face interactions measured
in three different contexts: a hospital [95], a school [96] and a gallery of sci-
ence [97]. To transform the temporal nature of face-to-face networks to a static
configuration, we define a minimum duration of 5 minutes for the interaction
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Figure 2.9: Attack rate r(c0) as a function of the symptomatic detection rate ¢ and
the penetration of the digital contact tracing app f. The underlying contact networks
are the static networks obtained from face-to-face interactions recorded in a hospital
(Panel a), a science gallery (Panel b) and a school (Panel c¢) (see text for further
details). In all the panels, the grey lines denotes different contour lines of the surfaces
represented.

between two agents to be recorded by the application as a close contact be-
tween two individuals. The main structural properties of the resulting static
contact networks are summarized in Table Regarding the epidemiologi-
cal parameters, most of them are extracted from the literature as reflected in
Table @ but we leave A\p = Aty = A1, as a free parameter which is tuned in
the three different networks to obtain an attack rate in absence of detection
(0 =f=0) of r(c0) ~0.9.

Figs. —c show the dependence of the attack rate r(co) on the symp-
tomatic detection governed by ¢ and the fraction of the population equipped
with the application f. In all these panels, we check that improving the de-
tection mechanisms by decreasing the time from the onset of symptoms to
detection (increasing J) or achieving a higher penetration of the application
(increasing f) yields a substantial reduction in the extent of an outbreak. In-
terestingly, the impact of promoting contact tracing is much more pronounced
in all the cases when symptomatic detection is efficient, for the latter is re-
quired as the spark needed to trigger the cascade of detections on the virtual
space. Regarding the role of the contact network, some quantitative differences
are observed between the different diagrams but qualitatively all of them are
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Network N <k> T

Hospital 75 30 -0.18076
Science Gallery 410 13 0.22575

School 784 60 0.22814

Table 2.1: Characteristics of the three proximity networks. For each network
we show the number of nodes N, the average degree of the nodes (k), and the assor-
tatitivity measured as the Pearson correlation between the degrees of adjacent nodes
r. We also report the reference were these networks where presented and analyzed.

Parameter Value Description Reference
n 1/2.5 day~! Probabilty E — P [98]
! 1/2.5 day~!  Probabilty P — I, ,Ig [98]
D 0.65 Fraction of Symptomatic [99]
w 1/7 day~!  Probability I ,Is — R [100, [10T]
¥ 1 day ! Detection window length ~ Assumed

Table 2.2: Epidemiological parameters of the compartmental model.

pretty similar. For this reason, in what follows, we focus on illustrating the
physics of both detection mechanisms with a specific configuration, the school
proximity network.

To obtain a more clear picture on the role of each detection mechanism, we
keep one fixed and study the effect of enhancing the other one on the evolution
of the infection curves C(t). Here we define C(t) as the daily incidence, which
according to our formalism reads as

N N
o) =3 Gilt) = 3 pS O . (2.45)
=1

=1

Fig. 2.10] reveals that, despite their common overall positive effect on the
attack rate, the impact of symptomatic detection and contact tracing on the
dynamics is remarkably different. Namely, symptomatic detection flattens the
epidemic curve by reducing and delaying the epidemic peak whereas contact
tracing bends the epidemic curve by reducing but also anticipating the peak of
contagions. In terms of the standard SIR model, the former behavior corre-
sponds to a decrease of the reproduction number R to obtain a new harmless
supercritical scenario whereas the latter phenomenon implies that contact trac-
ing is able to bring the system to a subcritical regime. This difference resides
in the fact that contact tracing is able to suppress the transmission from agents
in both the presymptomatic and asymptomatic epidemic states. Finally, it is
worth noting that, despite the high effectiveness of contact tracing, it does not
allow for entirely mitigating the epidemic outbreak but instead keep the system
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Figure 2.10: Evolution of the daily cases C(t) as detection mechanisms are enforced.
Panel a): The color of the lines denote the value of the symptomatic detection rate
0 whereas the penetration of the application is fixed to f = 0. Panel b): The color
of the lines denotes the penetration of the application f whereas the symptomatic
detection rate is fixed to § = 0.05. Both panels have been obtained by studying the
school proximity network.

with a low basal incidence which is needed to keep this mechanism working.

To further characterize the differences between both control mechanisms,
let us compute numerically the expression of the effective reproduction number
R(t), hereby defined as the number of contagions made by an average infec-
tious individual becoming exposed at time ¢ during the infectious period [102].
Note that, at variance with the problems tackled throughout this chapter, the
contact tracing mechanism cannot be incorporated in the analytical expres-
sion of the epidemic threshold A. or the basic reproduction number R, for
contact tracing events involve terms O(e?) which vanish when linearizing the
equations.

To estimate the evolution of R(t), one must account for all the possible
combinations for the course of the disease in infected patients. These combi-
nations are encoded in joint probabilities and determine Z;(t), defined as the
expected number of contagions made by agent ¢ after becoming exposed at
time t. The derivation of the expression for this quantity is a bit cumbersome
so we refer the reader to Appendix [B]for further details. With this information
at hand, the effective reproduction number at time ¢ reads as

i 7 (t = DIF=P(t — DTi(0)

RO = oy s s B — )

(2.46)

We represent the time dependence of the effective reproduction number
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Figure 2.11: Panels a-b: Evolution of the global effective reproduction number R(t)
defined according to Eq. (2.46)) as symptomatic detection is enhanced (Panel a) or
contact tracing is promoted (Panel b). The values of § and f are the same as the
one explored in Fig. [2.9] Panels c-d: Evolution of the effective reproduction number
for each degree class k, Ry (t) computed by Eq. (2.47). The parameters governing
detection processes are set to (4, f) = (1,0) in Panel c) and (4, f) = (0.05,1) in Panel
d).

in Fig. when symptomatic detection (Panel a) or contact tracing (Panel
b) are the dominant detection mechanisms respectively. Firstly, we observe
that at very early stages of the outbreak, symptomatic detection works better
because of the time lag needed for contact tracing to be activated. Once contact
tracing is working, it leads to a more abrupt decrease of the reproduction
number, forcing the system to enter in a subcritical regime as anticipated
before. Note that the basal incidence aforementioned is reflected by a sustained
value of the reproduction number around R = 1, once contact tracing controls
the first epidemic peak.

Finally, to get some microscopic/mesoscopic insights into the impact of
both control mechanism, we compute the time evolution of the effective repro-
duction number associated with each degree class k, denoted by Ry (t). This
indicator tell us the average number of contagions made by individuals be-
coming exposed at time ¢ with k£ neighbors in the contact network. Therefore,
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We represent the time evolution of these queantities for two scenarios charac-
terized by (9, f) = (1,0) (Panel ¢) and (9, f) = (0.05,1) (Panel d). There it
becomes clear that contact tracing is so effective because it dismantles the con-
tact network and hinders the contagions made by the most connected nodes.
This result is aligned with the different papers studying the impact of contact
tracing under different theoretical approaches [103], [104] on contact networks.

Ri(t) (2.47)

2.4 Conclusions

In this chapter we have proposed a general framework to accommodate the
interaction existing between two pathogens which are simultaneously propa-
gating over the same population. This interaction may lead to a cooperative
scenario in which contracting one pathogen improves the diffusion of the other
one or to a competitive scenario where one disease confers total or partial im-
munity with the respect to its counterpart, thus hindering its spread. In both
cases, we have checked how new physics emerges when dealing with interact-
ing diseases which cannot be explained with the usual compartmental models
addressing each one individually.

In the case of cooperation, we have revealed the existence of a critical cou-
pling from which the smooth second order transition in the epidemic size of
the SIS model, separating the disease-free and endemic states, turns into an
abrupt first order one. As a consequence, we have found that the cooperation
between diseases leads to bistable solutions in which the emergence of macro-
scopic epidemic states in subcritical outbreaks is possible. Finally, we have
found that the first order transition is much more abrupt in homogeneous net-
works than in heterogeneous networks. This occurs because epidemic states
are mainly localized on the most connected nodes in heterogeneous configu-
rations whereas in homogeneous networks population-wide outbreaks emerge
abruptly as a result of the similar vulnerability of all the nodes.

For competitive diseases, we have revealed the existence of a second thresh-
old in the supercritical regime separating the solution of dominance of one
pathogen over the other one from the equilibrium corresponding to their co-
existence. Interestingly, the dominance solution leading to the extinction of
one pathogen emerges despite being in a supercritical scenario, which should
theoretically ensure its survival over the population in an isolated scenario. We
have found that this phenomenon mainly occurs for strongly competing dis-
eases because the presence of the most abundant pathogen blocks the spreading
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paths of the weak pathogen. As a consequence of this mechanism, the effective
degree for the weak pathogen is reduced turning the hypothetically supercrit-
ical scenario into a subcritical one, thus explaining its extinction. For this
reason, the dominance of one pathogen over the other one is less stable in
heterogeneous configurations where the highly connected nodes offer the weak
pathogen more chances to keep reproducing and survive.

In both cases, we have focused on identical interacting diseases charac-
terized by the same epidemiological parameters. Nonetheless, the formalism
could be applied to a more general scenario in which the latter assumption
is broken. For instance, in the case of nonidentical competing diseases, the
prevalent disease in the dominance solution is not the most abundant one but
instead corresponds to the one with the higher infectiousness, as observed in
the subsequents COVID-19 variants with higher infectiousness becoming dom-
inant worldwide. In the case of cooperative diseases, the existence of a disease
with much higher infectiousness than the other one would lead to asymmetric
scenarios where one disease is highly extended on the population whereas the
other one remains silent. As a consequence, the hysteresis cycles caused by the
cooperation between both of them would be enlarged due to the stability of the
epidemic states caused by the most contagious disease. Finally, this formalism
paves the way to the elaboration of other frameworks addressing the spread of
simultaneous interacting spreading units different from diseases. For example,
a more socially inspired model constructed from this framework could be useful
to study the intertwined spread of different opinions across social platforms.

Beyond competing spreading phenomena in the physical space, we have also
addressed the impact of digital contact tracing on epidemic spreading. Con-
tact tracing can be conceived as a spreading process, running on top a virtual
network constructed from the users of these applications, which is competing
or hindering the spread of contagious diseases across the physical network. We
have revealed that control tracing outperforms other control mechanisms such
as improving testing capacity, due to its ability to dismantle the network of
contacts and detect infectious individuals at the very beginning of their in-
fectious period. Finally, we have also observed that, despite optimizing the
trade-off between the functionality of a society and the control of an ongo-
ing outbreak, contact tracing policies cannot lead to the total extinction of
outbreaks because they need the emergence of symptomatic individuals to be
functional. This extinction arises from the combination of these interventions
with lockdowns of the population, which are widely studied in Chapter [6]
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Social dynamics

A person whose life is intertwined with the group [through friend-
ship, kinship, organizational membership, informal support net-
works, or shared relations with outsiders/. .. has a big stake in the
group’s fate. When collective action is urgent, the person is likely
to contribute his or her share even if the impact of that share is not

noticeable.

B. Fireman and W.A. Gamson [105].

Nowadays, the physical barriers previously separating people from faraway
regions have been removed by the existence of a vast interconnected virtual
network composed of different social platforms. As a consequence, the time
elapsed between the emergence of a given cultural trait or social trend in lo-
calized minorities, its progressive transmission across the population and its
eventual rooting in the society has been tremendously accelerated, giving rise
to a complex and fast-shifting cultural landscape. In light of this complex sce-
nario, disentangling the microscopic rules driving the exchange of information
across the network connecting people worldwide and its further penetration in
the society has become essential to understand the nature of different social
phenomena.

The direct interaction required between the spreader of an idea and its pos-
sible receptor in the virtual network reminds of the physical contact needed to
transmit a disease from infectious to susceptible individuals. For this reason,
different approaches resembling the compartmental models used in mathemat-
ical epidemiology have been proposed to deal with the spread of ideas. In
Sec. we explain these models and study the main similarities and differ-
ences existing between such frameworks and the models described in the pre-
vious chapter. Most of these differences come from the social flavor of human
interactions in the case of ideas diffusion, whose nature is different from the
biological processes governing the spread of pathogens between hosts.

Beyond the processes governing their spread across the population, the
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ideas of one individual or her opinions about a given topic are not immutable
and usually change over time. In particular, these changes are far from being
random processes and are usually highly influenced by the opinion of the rest
of the population with which one individual is in close contact. In Sec.[3.2] we
give a brief overview about the models used to accommodate the rules driving
the alignment of different opinions.

Although consensus and ideas diffusion have been already well-characterized
independently, less work has been done on the physics arising from the inter-
dependencies between both processes. To fill this gap, we propose in Sec.
an unifying theoretical framework characterizing the simultaneous evolution
of both dynamics and the feedback existing between them. This framework
allows us to propose a mechanism responsible for the sudden irruption of social
movements starting from strongly active minorities. We check that this phe-
nomenon is the fingerprint of the cooperation between consensus dynamics, i.e.
the extent to which an idea penetrates the society, and spreading dynamics,
i.e. how fast ideas are propagated.

Finally, in Sec. we exploit the parallelisms between social dynamics and
epidemic spreading to characterize the diffusion of corrupt behaviors across a
given set of agents. To do so, we show how the standard SIR introduced in
Chapter [2 model can be modified to account for the factors driving the onset
of corruption in a given society such as the greed, the social punishment or the
coercion. In terms of interacting spreading processes, the model represents a
competition between two behaviors, honesty and corruption.

3.1 Compartmental models for social dynamics

In the context of epidemics, the propagation of a virus is usually mediated by
pairwise interactions between infected hosts and susceptible individuals whose
success probabilities depend on the infectiousness of the pathogen. Likewise,
the infectious period of the disease’s hosts is tightly linked with the trade-off
between the speed at which the antibody response is deployed in our organisms
and the reproduction rate of the virus. Therefore, in absence of any pharma-
ceutical interventions, mathematical models assume both the infectiousness
and the infectious period as constant variables which are characteristic of each
disease.

In social dynamics, the contagion/recovery events are not univocally de-
termined by constant rates. Instead, these success probabilities for the mi-
croscopic processes are usually shaped by the interplay between the type of
information spreading across the network and the dynamical state of the sys-



3.1. Compartmental models for social dynamics 45

tem. For instance, in rumor dynamics, those spreading a rumor do not have an
established typical time during which they actively propagate the information
to other peers. Instead, it seems more logical to assume that a person spreads
actively a rumor until realizing that it is already well-known in the population.

Motivated by the latter fact, Maki-Thomson [I06], based on the seminal
work published by Kendall and Daley in 1964 [107], proposed a variant of
the SIR model to account for the existence of recovery events mediated by
pairwise interactions of the population. In this model, the Susceptible, Infected
and Recovered compartments should be interpreted as ignorants (people not
knowing the rumor), spreaders (people aware of the rumor and actively sharing
it) and stiflers (people who have lost interest in the rumor) respectively. The
transition from ignorant to spreader is equivalent to the contagions occurring in
epidemic spreading. In contrast, spreaders become stiflers because of pairwise
interactions with other spreaders or stiflers which underline the lack of novelty
of the rumor. The mean field evolution of the fraction of individuals in each
compartment for this model reads as

5= —M\ksi , (3.1)
i = \ksi — aki(i+71)
r=aki(i+r).

It is useful to rewrite the former system of equations considering the closed
population constraint so that s + ¢+ r = 1. After doing so and rearranging
terms, we obtain

§ = —Aksi (3.4)
i =(\+a)ksi — aki .

From Eq. it becomes clear that the basic reproduction number Ry value

is given by \
Ro = ;O‘>1. (3.6)

Therefore, regardless of its virality A, the rumor is able to reach a supercrit-
ical regime and spread across the network until the number of stiflers and
spreaders is high enough to prevent other spreaders from propagating it. This
is in sharp contrast with the SIR model, in which there exists a clear epi-
demic threshold separating the subcritical and supercritical behaviors of the
system. Phenomenologically, the lack of a threshold can be associated with the
emergence of rumors or fake news across social media independently of their
reliability.

Apart from the different recovery mechanisms, the diffusion of ideas, opin-
ions or cultural traits is usually intertwined with different environmental fea-
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Figure 3.1: Different models proposed to include complex contagion mechanisms in
social dynamics. Panel a): Contagion events take place only if the number of spreaders
surrounding a given agent i exceeds a critical mass. Panel b) The probability of
adopting an idea A is hindered when many of the neighbors surrounding an individual
ignore that idea. Panel ¢) To include the effects of group pressure in the adoption of
ideas, the transmission of the idea via collective interactions dictated by Aa is higher
than the contagion probability via pairwise contacts .

tures such as the credibility they have progressively acquired within the pop-
ulation or their legitimacy [I08]. The simple contagion processes included in
the usual epidemic models, driven by pairwise interactions and occurring at
constant rates, cannot capture the impact of these features. For example, the
standard SIR model cannot justify the behavioral patterns observed for the
adoption of technological [109] or medical [I10] innovations or the emergence
of social movements [111, [112]. To overcome this problem, compartmental
models applied to social dynamics should include more complex contagion
mechanisms. These complex contagion mechanisms usually rely on collective
or higher-order interaction terms which account for the presence of social re-
inforcement or group effect shaping the aforementioned patterns. In what
follows, we briefly describe some compartmental models proposed to capture
these phenomena.

The most paradigmatic framework along this line is the thresholding model
proposed by Granovetter in 1978 [I13] and used in subsequent works to charac-
terize the spread of information [I14} 1T5]. In this kind of models, it is assumed
that there exists a critical mass of spreaders needed for one ignorant to adopt
an idea. Therefore, threshold models represent the natural framework to cap-
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ture the social reinforcement mechanism. A similar approach was followed by
Gomez-Gardenes et al. in [116], where they include the social skepticism of
individuals to start spreading an idea which is not shared by their acquain-
tances. As a consequence, the diffusion of the idea is noticeably hindered until
it is widely accepted across the population, leading to first order transitions
in the size of spreaders. Finally, lacopini et al. in [I17] recently proposed a
model using simplicial complexes which allow them to include the effects of
group pressure on the diffusion of ideas. These models include higher-order
links or hyperlinks, involving more than two individuals, where diffusion of
ideas is accelerated due to the group effect. Once again, this assumption gives
rise to first order transitions as the virality of the idea is high enough to start
activating the so-called hyperlinks. In Figure [3.I] we sketch the three different
alternatives previously described to illustrate the differences existing among
them in terms of the contagion processes.

3.2 Consensus dynamics

As with the propagation of interacting diseases, the evolution of an opinion
on a given topic and their penetration in the society cannot be understood
as an isolated process but is instead highly influenced by its coexistence and
interactions with the rest of opinions/attitudes about the same topic. In the
literature, there is a vast number of publications addressing opinion dynamics
(see [30] for an extensive review on the topic). These works can be mainly
separated into two categories depending on how opinions are defined:

e Discrete models: These models assume that the different opinions about
a given topic are characterized by a discrete variable o; € N. Most
of these models assume the existence of two opposite opinions and are
usually inspired in the Ising model with s = 1/2. In 1982, S. Galam [I18]
applied the Ising model, by providing its usual parameters with a socially
inspired meaning, to understand the emergence of a strike within the
workers of a plant. Other examples of this type of models are the voter
model [119)] in which a randomly selected agent adopts the opinion of one
of her neighbors or the majority rule model [120] where all the individuals
in a given group are forced to adopt the most popular opinion among its
members.

o (Continuous models: There, agents’ opinion lies in a continuous space and
therefore are represented by a variable x € R. Some important models
along this line are the so-called bounded confidence frameworks such as
the Deffuant [12I] or the Hegselmann-Krause [122] models which mea-
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sure how two individuals influence mutually as a function of the distance
between their opinions. Following this rationale, Starnini et al. [38] in-
cluded a rewiring mechanism of the contact network towards those with
more aligned opinions, giving rise to a rich phase diagram composed of
different behaviors observed in social networks such as consensus, radi-
calization or polarization.

3.2.1 Kuramoto model in complex networks

Within the very diverse realm of models applied to opinion dynamics, we have
chosen the Kuramoto model following [123]. The Kuramoto model represents
one of the most used theoretical frameworks to study the collective synchro-
nization of non-identical oscillators emerging as a result of their local inter-
actions. Synchronization phenomena are ubiquitous in nature and are central
actors in many different areas such as biology, economy or technology [124].
From a social perspective, synchronization has been applied to the study of
social coordination [125] or behavior alignment within groups [126]. In our
case, we will assume that each oscillator encodes the opinion of a given agent
and the synchronized state represents the consensus eventually reached within
the population.

Formally, the Kuramoto model was first conceived as a mean-field the-
ory [127]. Specifically, Kuramoto studied how the phases g of a system of
N non-identical oscillators, endowed with natural oscillating frequencies @,
change as the coupling between them is strengthened. Assuming that the in-
teraction between two oscillators shorten the gap between their phases, the
evolution of these phases reads adl]

N
éi =w;, + K Z Sin(ej — 01) . (37)
j=1

This simple model allows for capturing the phase transition towards the syn-
chronization as the parameter K varies. Specifically, for low K values, the
oscillators’ evolution is driven by their individual frequencies which produces a
non-coherent collective state. In contrast, for high K values, the coupling term
is dominant, forcing all the opinions to align among each other, thus producing
a globally synchronized population. To quantify the degree of synchrony, Ku-
ramoto proposed the order parameter r, measuring the global phase coherence

'For the sake of direct comparison with the model considering the contact network, here

we have rescaled the coupling constant so that K = N KKuramoto
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Figure 3.2: Top: Phases configuration in the subcritical regime of the Kuramoto
model, corresponding to a desynchronized population (Left), and the supercritical
regime characterized by the emergence of synchronization (Right). Bottom: Evolution
of the global phase coherence r as a function of the re-scaled coupling parameter
K=K /K., where K, is computed according to Eq. The system is composed of
200 oscillators with natural frequencies normally distributed with (w) = 0 and 02 = 1.

across the set of oscillators. Mathematically, this parameter is expressed as

N
r()ei®t) — % S el (3.8)
j=1

where ¢(t) is the average phase. Interestingly, plugging Eq. into Eq.
makes evident the mean-field character of the Kuramoto model since it turns
into

0; = w; + KNrsin (¢ —6;) . (3.9)

From the latter expression, one can derive the critical value of the coupling K.
above which a synchronized state can emerge. Assuming that the distribution
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of the natural frequencies g(w) is symmetric and unimodal, this value reads as

2
Ko=———. 3.10
To get more insights into the physics of the Kuramoto model, Figure [3.2] rep-
resents the evolution of the order parameter as a function of the coupling
along with two snapshots of the phases’ configuration in both subcritical and

supercritical regimes.

To better reflect the complex and local nature of interactions, the Kuramoto
model was extended to accommodate complex networks [128]. In this case, the
evolution of the phase of one oscillator, say i, is given by

N
7j=1

where A corresponds to the adjacency matrix governing the interactions. In
its turn, the critical coupling K. is obtained as

Ke=—— . (3.12)

From the extension of the Kuramoto model, the interplay between the
structure of complex networks and synchronization has been widely studied in
the literature [128, [129]. In particular, a seminal work published in 2007 [130]
revealed that the route to global synchronization involves the progressive syn-
chronization of local clusters driven by the most connected nodes. Building
upon this phenomenon, the same authors discovered the emergence of the so-
called explosive synchronization in complex networks, characterized by a first
order transition in the synchronization of the network, when applying the Ku-
ramoto model to highly heterogeneous configurations [I31]. Specifically, the
explosive synchronization [132] [I33] arises from hindering the local synchro-
nization routes described above by imposing higher natural frequencies for the
hubs of the network. This delays the synchronization transition which now
occurs at a higher coupling strength, leading to the abrupt formation of a
globally synchronized state.

3.3 Kuramoto-SIS model

The introduction of complex mechanisms in compartmental epidemic models
or the design of specific configurations in opinion dynamics governed by the
Kuramoto model provoke first-order (explosive) transitions in the system under



3.3. Kuramoto-SIS model 51

study. This is a highly desired property in our model aimed at capturing the
abrupt irruption of movements in social networks. Notwithstanding, although
treated independently so far, information spreading and consensus dynamics
are highly intertwined in real systems. In particular, note that, in presence
of different ideas, imposing a complex contagion mechanism driven by group
pressure is equivalent to assume that individuals adopt an idea in virtue of the
consensus found among their acquaintances. Likewise, it has been reported
that the active diffusion of an idea boosts reaching the degree of homophily
needed for the creation of social consensus [134, [I35]. Therefore, in terms
of interacting spreading processes, there exists a cooperation between both
consensus and information spreading, for each dynamics enhances each other.

As illustrated in the Chapter 2] the existence of interdependencies between
dynamical processes [136], [137] can be captured by unifying frameworks in
which the rates governing each individual dynamics depends on the evolution
of the other one. Let us assume that our system is composed of N nodes which
form a multiplex network of L = 2 layers. In multiplex networks, there exists
a one-to-one correspondence between nodes in each of the layers. However,
the topologies of the two layers can in general be different and are described
by the adjacency matrices Al = {ag}} and AP = {ag]} respectively. There-
fore, multiplex networks accommodate the different connection patterns exist-
ing between the same set of individuals as a function of the nature of their
interactions. We denote the degree of node i in the first (second) layer by
]‘%[1] = Z;v:1 ‘15'] (k?] = Z;v:1 a?)

In general grounds, if we assume that the state of each dynamics is de-
scribed by a couple of vectors, x(t) = {z1(t),z2(t),...,zn(t)} € RY and
y(t) = {y1(t), y2(t), ..., yn(t)} € RV the evolution of the system can be writ-

ten as
.fi = ng (X, A[l]) s
yi = Gm‘ (ya A[ﬂ) :

Note that F¢, and G, are in principle arbitrary functions so the previous
expression holds for every pair of dynamics running on top of a multiplex net-
work of L = 2 layers. To tailor the model for intertwined dynamics, as stated
above, the parameters & and 7; should depend on the dynamical state of the

i=1,2,...N (3.13)

other process. To highlight the role of local interactions for the emergence of
collective states, we assume that the parameter & (1;) depends on the dynami-
cal states in layer 2 (1), y;(t) (z;(t)), of the j neighboring nodes of ¢ in the first

(second) layer such that ag-] =1 (ag] = 1). Formally, Eq. (3.13) is therefore
completed with

{ &(t) = f({y(Dlal} = 1})
ni(t) = g({z;(t)]a)) = 1})

i=1,2,...N (3.14)
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i
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Figure 3.3: Left: Schematic representation of our model on a multiplex network with
L = 2 layers and N = 5 nodes. The first (top) layer accounts for the consensus
dynamics, which is modeled by a Kuramoto model as in Eq. (3.15)), whereas the
second (bottom) layer describes the spreading of information according to the SIS
model as in Eq. . Right: The coupling strength K between opinions (top)
as well as the contagion rate A (bottom) have been modified as in Eq. and
Eq. respectively in order to mutually couple the synchronization process to the
spreading of information.

where f and g are two assigned functions.

3.3.1 Model equations

In our case, layer 1 contains the consensus dynamics governed by the Kuramoto
model. Therefore, the dynamical state of the agent ¢ at the first layer x;(t)
represents the phase of an oscillator, so that z; = 6; € (—m, 7|, whose time
evolution reads as

N
0:(1) = Fe (0, AM) = w; + K&(1) Y ay sin[0;(0) = 0,0] . (3.15)

In its turn, layer 2 governs information diffusion according to a SIS model.
Therefore, the state of each agent ¢ in this layer corresponds with the prob-
ability of being a spreader so that y;(t) = pf(t), which evolves according to
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N
pilt) = —uol () + (1= p 1) |1 = [T (1= 5ol )| - (316)
j=1
For both individual dynamics, the control parameters K and A are modulated
by the factors &; and 7; encoding their mutual influence. To reflect the social
reinforcement mechanism, we assume that the willingness of individuals to
change their opinions increases with the number of spreaders surrounding them.
A possible choice for &; capturing this fact is

SN aplpl(t)

gi (t) - k‘l[l]

(3.17)
Note that, for each agent 7, this factor depends on the dynamical state in layer
2 of her neighbors in layer 1. In its turn, we consider that social pressure
prevents individuals from spreading their ideas unless an extended consensus
about them exists within their acquaintances. To reflect this fact, we choose

1
1+ exp[—a(ri(t) —r*)] ’

where 7;(t) represents the degree of local consensus (phase coherence) among
the different opinions, residing in layer 1, of agent 7 neighbors in layer 2. There-

ni(t) = (3.18)

fore,
. ii(t) _
ri(t)e k[Q] Z a; (3.19)

The use of the Fermi function and the 1ntr0duction of another control param-
eter a allows us to tune the relevance of the group pressure for information
spreading. Specifically, for low « values, the local consensus does not play any
role and 7;(t) = 0.5, which yields to a standard SIS model where the infec-
tiousness is rescaled by a constant factor. In contrast, when « is high enough,
a minimum consensus r* among the neighbors of one individual is required for
her to start spreading her opinion. For the sake of simplicity, hereinafter we
fix r* = 0.5. Figure schematizes the model proposed for a toy multiplex
configuration with L = 2 layers and N = 5 nodes.

3.3.2 Results

Let us first study the evolution of both order parameters of the coupled dy-
namics, i.e., the fraction of spreaders p and the global consensus within the
population r, as the group pressure « is increased. To this aim, we start by
infecting a small fraction pg = 1% of agents and by initially setting the oscilla-
tor phases 6; at random within a range 6; € (—m, 7]. The natural frequencies
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Figure 3.4: Evolution of the global consensus r and the fraction of spreaders p as a
function of the synchronization control parameter K and the group pressure o. The
underlying multiplex network is a BA-ER network with N = 500 agents and (k) =4
in both layers (see text for more details). The parameters of the SIS model have been
fixed to A =0.70 and p = 1.

of oscillators {w;} are also randomly chosen so that w; € [—0.5,0.5]. Let us
first assume that interactions are governed by a multiplex network of N = 500
agents whose first layer is a BA network and the second layer contains an ER
network, both with (k) = 4. In what follows, we denote this configuration
as BA-ER network. To focus on the interplay between the synchronization
parameter and the group pressure, we fix ¢ = 1 and A = 0.70, which corre-
sponds to a supercritical scenario for a hypothetical individual SIS dynamics
running on top of the ER layer. The evolution of the dynamics is computed
by integrating numerically Eqs. by means of the 4th order Runge-
Kutta algorithm with d¢ = 0.01. Once the dynamics is stationary, both order
parameters are obtained by averaging them over a time window of T' = 500
time steps.

Figure shows the curves r(K) and p(K) for different values of the
social pressure a. There, we observe that the cooperation between consensus
and spreading phenomena leads to the emergence of first-order transitions in
both the agreement on a given topic and the number of spreaders. Namely, in
absence of coupling between both dynamics, the fraction of spreaders is roughly
constant and the evolution of consensus is smooth as the control parameter of
the synchronization dynamics increases. Interestingly, strengthening the social
pressure partially hinders the spread of ideas in absence of global consensus,
as reflected by the decrease in the number of spreaders for low K values.
In contrast, as K increases when social pressure is at play, different clusters
synchronized locally appear, favoring the emergence of spreaders as a result of
the social pressure, which in turn boosts reaching a global consensus.
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Figure 3.5: Diagrams of the average global consensus r (top) and the fraction of
spreaders p (bottom) as a function of the virality A and the coupling parameter K for
the BA-ER (left) and BA-BA (right) multiplex networks. The color code encodes the
magnitudes of the two order parameters. The striped regions in the panels highlight
the parameter region (K, \) where hysteresis cycles appear due to the coexistence
of two stable solutions: total consensus-disagreement in the synchronization layer
and active-inactive spreaders at the information spreading layer. The dotted line
corresponds to the critical value A, ensuring the presence of spreaders. The black
solid lines denote the critical values of the coupling K. separating the two solutions.
The rest of the parameters are the same as in Figure @

To further analyze the interplay between consensus and spreading phe-
nomena, we fix the group pressure to @ = 10 and represent in Figure the
diagrams for the global consensus r (top row) and the total fraction of spreaders
p (bottom row) as a function of (A, K) for two different multiplex configura-
tions, a BA-ER network (left panels) and a BA-BA network (right panels). To
find numerically the hysteresis cycles characteristic of first-order transitions in
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the phase diagrams, we integrate the equations adiabatically following forward
and backward continuation schemes in the parameter K for each \ value. At
first sight, we observe that below a given threshold \. the only stable state
is the absence of both consensus and spreaders within the population. Above
this threshold, the ideas are viral enough to ensure the presence of spreaders
propagating them regardless of the consensus, whose emergence is governed by
K. In particular, there exists another threshold K.()\) determining the sudden
emergence of global consensus. Therefore, three qualitatively different stable
configurations appear in the phase diagrams:

1. A < A Absence of spreaders and lack of global consensus within the
population.

2. A> A, K < K.()\): Presence of spreaders when consensus has not been
reached yet.

3. A > A, K > K.(\): Macroscopic set of spreaders and global consensus
within the population.

Interestingly, the transition between the latter two states is highly depen-
dent on the A value, which encodes the virality of the idea, as illustrated in
Figure for the BA-ER mutliplex configuration. In particular, for very vi-
ral ideas (A ~ 1), the stable solution in the absence of consensus is already
composed of a macroscopic set of spreaders and the system undergoes a second-
order transition when K is increased in both order parameters. In contrast,
for virality values closer to the threshold, the initial small set of spreaders ex-
periences a first order transition triggered by consensus dynamics. Note that
the latter behavior captures the sudden irruption of social movements whereas
the former one could capture the sustained presence and spread of fake news
in social media [13§].

Regarding the role of the contact networks, there does not seem to be
any remarkable differences between the diagrams of both BA-ER and BA-
BA networks. This constitutes a surprising result since, in the absence of
consensus, the spreading phenomena running on top of the BA network should
be favored by the presence of highly connected nodes. In fact, assuming that
n; = n Vi, one arrives to the following estimation of the ratio between both
spreading thresholds

/\ICBA _ Amax(AER)
AER - AmaX(ABA)

~0.11, (3.20)

which clearly differs from the results obtained. Therefore, the previous assump-
tion does not hold in this system and the observation of similar A, values for
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Figure 3.6: Average global consensus r (Top) and fraction of information spreaders p
(bottom) as a function of the coupling constant K for the BA-ER multiplex configu-
ration. These order parameters have been computed adiabatically by increasing the
value of the coupling constant K (Forward) from K = 0 or by decreasing it (Back-
ward) from K = 1.5. The contagion rate values used are for (a) and (b) A = 0.70 and
for (c) and (d) A = 1. The rest of the model parameters are the same as in previous
figures.

both configurations must be attributed to local effects related to the coupling
between consensus and information spreading. To confirm this statement, we
now represent in Figure [3.7] the evolution of the fraction of spreaders when
the consensus mechanism is not working (K = 0) as A increases for different
values of the social pressure «. Interestingly, when both dynamics are weakly
coupled, the expected behavior is retrieved and the heterogeneity of the BA
network favors the emergence of spreaders. Nonetheless, for high « values, the
trend is reversed and the ER layer diffuses the ideas more efficiently.

To understand the roots of this phenomenon, we must realize that increas-
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Figure 3.7: Fraction of spreaders in the non-synchronized regime (K = 0) as a function
of the virality A for both BA-ER (solid lines) and BA-BA configurations (dashed lines).
The line color denotes the value of the social pressure a.

ing the degree of one node has two opposite effects whose trade-off, governed
by «, determines the emergence of spreaders across the network. On the one
hand, having a larger number of acquaintances favors the faster diffusion of the
information by the spreaders. On the other hand, when synchronization is not
working, the probability for a highly connected ignorant adopting an idea de-
creases, for reaching a significant local consensus becomes more difficult given
the random nature of the values for the initial phases of the oscillators and their
natural frequencies. Mathematically, the local phase coherence in absence of
consensus fulfills

dri
dk;

which according to Eq. implies that

<0, (3.21)

dn;

ks <0. (3.22)
To get a more systematic picture of the competition between such opposite
effects, we now use the BA-ER network and numerically study in Fig. the
evolution of the threshold A. in the non-synchronized state as a function of the
social pressure a and the average degree (k) of the ER layer. As anticipated
above, the onset of an idea crucially depends on the interplay between both
factors.
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Figure 3.8: (a) Virality threshold A. (color code) as a function of the social pressure
« and the average degree (k) of the diffusion layer for the BA-ER configuration. In
panels (b) and (c) we show the virality threshold A, as a function of the average degree
(k) and the social pressure « respectively. In both cases we show these functions for
several values of the social pressure « (b) and the average degree (k) (c).

Fig. confirms the central role of the social pressure when increasing
the average degree of the population. Three different behaviors as the average
degree increases are observed: a reduction of the threshold for low « values
(higher spreading capability of the spreaders wins over the effect of the absence
of local consensus), a roughly constant threshold value for intermediate « val-
ues (both effects are equally weighted) or an increase of the threshold when
a is high (the social pressure dominates over the higher spreading capability).
Finally, to round off this analysis, we represent the dependence of A, on «
for three different configurations of the ER layer in Fig. [3.8c. As expected,
the threshold always increases with the social pressure, hindering the spread
of ideas in absence of global consensus. Furthermore, this effect is more pro-
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nounced as the connectivity of the underlying spreading network increases, for
local consensus among the neighbors of the most connected nodes is hardly
reachable.

3.4 Modeling the evolution of corruption

Upon this section, we have focused on studying the spread of ideas or opinions
across a given set of agents by using compartmental models adapted to capture
the social nature of these spreading units. Nonetheless, the study of social
dynamics under the lens of complex systems goes beyond the characterization
of the diffusion of ideas and tackles a wide diversity of problems ranging from
the origins of language [I39-I141] or cultural traits [142] [143] to the roots of
success in different disciplines [14, [I5, [144]. In this sense, one of the most
active fields in sociology is that of disentangling the mechanisms explaining
the different behaviors or conducts observed in the society [145H147].

The characterization of human behavior has been typically done by propos-
ing theoretical frameworks based on evolutionary game theory [148-151]. Un-
der this approach, each conduct is represented with a strategy and a matrix
of payoffs determines the cost of the interaction between two agents according
to their strategies. Moreover, an update rule is introduced, allowing agents to
change their strategy when considering that it does not constitute the opti-
mal one to maximize their benefit. Apart from socially-inspired problems, the
characteristics of evolutionary game theory have prompted its use in different
disciplines such as biology [152] 153] or economy [154]. Within all these pos-
sible applications, the study of corruption [I55] [156] has drawn the attention
of many scientists over the last decades given its ubiquity in many political,
economic and social contexts.

The greediness associated with corrupt behaviors and the trade-off exist-
ing between the benefits of this strategy and the punishment risk turns game
theory into the natural framework to characterize the evolution of this phe-
nomenon [I57HI64]. Notwithstanding, following game theoretical approaches
usually lead to a huge parameters’ space which hinders getting the key aspects
determining the viability of corruption in the system. In addition to the large
parameters’ space, the rule governing the evolution of strategies supposes a
hyper-parameter of the model, for its choice may dramatically affect the out-
come of the dynamics [I65]. To overcome the limitations of game theoretical
approaches, we propose a minimal compartmental model which incorporates
some of the factors inherent to the evolution of the corruption while not losing
the capability of obtaining analytical, general results provided by the basic
compartmental models explained in Chapter
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The existence of a social norm or convention among a set of agents leads
naturally to the division of the population into two disjoint states: the Honest
compartment, which comprises the individuals accomplishing the social norm
and the Corrupt compartment gathering those violating it. Moreover, the pun-
ishment imposed by the society to corrupt behaviors usually represent some
sort of freedom privation or isolation, (e.g. expulsion from society, exile, and
prison), which differentiates those punished from the corrupt and honest pop-
ulations. To capture this fact, we must introduce another extra compartment
denoted by Ostracism. Once defined the three possible states (Honest, Corrupt
and Ostracism), we must propose sensible flows connecting them to reflect the
inherent features to the evolution of corruption:

e First, honest agents can be tempted by their corrupt counterparts to
mimic their behavior in light of the potential benefits of violating the
social norm. The diffusion of corruption via interactions between cor-
rupt and honest agents resembles the nature of the contagions occurring
when modeling epidemics, which allows conceptualizing corruption as a
spreading unit diffusing across the population. Mathematically, we as-
sume that a honest individual has a probability a of becoming corrupt
when interacting with a corrupt peer.

e Second, the corrupt compartment has two escape routes: i) the repen-
tance before being punished or i) the punishment. Repentance is the
spontaneous decision of a corrupt individual to stop violating the social
norm because of the risk of being punished. We assume that this flow,
denoted in the following by warning-to-wrongdoers (WTW) is quantified
by the fraction of the population in the Ostracism. In contrast, corrupt
population does not decide to punish themselves, but instead punishment
involves the participation of the honest population which wants the so-
cial norm to be restored. This way, punishment is driven by pairwise
delation events from honest to corrupt individuals. To reflect this fact,
for each interaction with a honest agent, we introduce a given probability
B for a corrupt individual entering into the Ostracism compartment.

e Finally, we assume that punished agents can be reinserted in the society
as honest individuals at a given rate 7.

As a result, the HCO model is a 3-state model with four possible flows con-
necting them, which are schematized in Fig. Conceptually, the model re-
sembles the Susceptible-Infected-Recovered-Susceptible (SIRS) where the Sus-
ceptible, Infected and Recovered states are identified with the Honest, Cor-
rupt and Ostracism compartments respectively. Furthermore, the spontaneous
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Figure 3.9: Chart flow representation of the model. Four flows between population
compartments are possible. The flow O — H (reinsertion) occurs at a constant rate
r. The flow C — H (conversion) is fueled by the perception of the delation risk, that
we simply quantify by (O). However, only pairwise social contacts C' — H determine
the other two flows, say corruption flow at an infection rate f, and delation flow at
a delation rate fg.

recovery rate of the SIRS model is changed by the pairwise delation events
whereas an additional flow, the WTW, not contemplated in the SIRS model
is added in the HCO model to reflect corrupts’ risk perception.

3.4.1 Mean-field equations

Let us first characterize the mean-field equations of the model. The evolu-
tion of the dynamics is completely characterized by the equations governing
the fraction of the population inside the Honest, Corrupt and Ostracism com-
partments, denoted in the following by p, p¢ and p© respectively. From the
model assumptions, the time evolution of the latter variables reads as

PP (1) = (1= £(0) (1) + o (000 () + 70 (1) . (3.23)
PCt+1) = (1= p0) (1= 1°0) o) + f2 e (1), (3:24)
POt +1) = (1—r)p°(t) + (1= p°(1) f7(t)p" (t) , (3.25)

where the terms containing the interaction among corrupt and punished pop-
ulation, p.(t)po(t), encode the WIW effect and f.(t) and (f3(t)) corresponds
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Figure 3.10: Panel a): Evolution of the steady state of the dynamics as a function of
the corruption probability a and the delation probability 5 (color code). The fractions

of the population in the Corrupt and the Ostracism comparment, denoted by p©and

p©, are represented with solid and dotted lines respectively. Panel b) Phase diagram

of the system with three different equilibria: the honest and corrupt populations and
a mixed state in which agents in the three compartments coexist.

to the probability for a honest (corrupt) individual being corrupted (delated)
at time ¢t. Considering that individuals make k contacts per time step, both
probabilities are given by

falt) =1—(1=ap°(®)" , (3.26)
falt) =1— (1 - Bp ()" (3.27)

Eqgs. — allows tracking the evolution of corruption in the system.
To characterize the equilibria of the dynamics, we fix k = 4 and represent in
Fig [3:I0k the occupation of the Corrupt and Ostracism compartments in the
steady state as a function of the model parameters. There we observe that, for
low « values, the stable configuration corresponds to a honest population. In
its turn, for high « values, the equilibrium depends on the delation mechanism:
when the delation mechanism works efficiently , i.e. high g values, the stable
configuration is a mixed state in which the population is splitted into the
three available states. In contrast, when delation events hardly occur, i.e.
low 3 values, corruption is able to invade the entire system; hence, the stable
configuration is exclusively composed of corrupt agents. It is worth remarking
that an endemic equilibrium characterized by a totally infected population
is not feasible in classical epidemiological compartmental models. Therefore,
the emergence of this stable configuration obeys the social flavor of the flows
introduced in the HCO model to accommodate the diffusion of corruption.
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Let us now characterize the transcritical bifurcations changing the stabil-
ity of the three aforementioned equilibria. First, we assume that the disease
has reached the steady state so no fluctuations are observed in the order pa-
rameters. Mathematically, this implies that p™(t + 1) = p™(t) = p™ with
m = {H,C,0}. Introducing this condition in Egs. — turns them

into

0= (po (1—f'3> —fﬁ) pC+ o= p% = %), (3.28)
0=—rp®+ (1-p°) fPp°, (3.29)
where we have used the normalization condition pf + p& + p© = 1.

We first derive the corruption value «. triggering the emergence of corrupt
agents in a population of honest agents; we will call it corruption threshold.
For this purpose, we assume that p¢ = ¢¢ <« 1 and that p© = ¢ < 1. The
latter assumption allows linearizing the equations governing the steady state

of the system. In particular, Eqs. (3.26))-(3.27]) turn into
fa ~ kae® | (3.30)
fo=1—(1-p8)F. (3.31)

Plugging the former expression into Eq. (3.28)) and neglecting O(€?) terms, we
obtain

€ (ak - (1 —(1- 5)’“)) ~0. (3.32)

Therefore, the value a, corresponding to the onset of corruption is given by

_1-Qa-p)F

Qe = A

Note that the latter expression qualitatively resembles the epidemic threshold
obtained for the mean-field formulation of the SIS model according to Eq. (2.8]),

considering the numerator as an effective recovery probability u°/7. To char-
H

(3.33)

acterize the onset of honesty in a corrupt population, we assume p’ = €/ and
0P = €©, which yields p¢ =1 — €9 — /. Under these assumptions, we have

that

w1l —(1—a)f, (3.34)
fa ~ kBe (3.35)
which turn Eq. (3.29) into
H
© = kﬂ: . (3.36)

Substituting this value into Eq. (3.28)) and following the same rationale as in
the former transition, the value of the delation probability B, triggering the
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emergence of honesty, hereinafter referred to as delation threshold is given by

r 1—-(1—a)k

60:7"4—1 k

(3.37)

We observe that both thresholds are qualitatively similar to one another,
but the S, value is modulated by a prefactor depending on the reinsertion rate
r which accounts for the impact of the WI'W mechanism. In this way, as
the punishment times increase (r decreases), the area of the parameters’ space
corresponding to the corrupt equilibria shrinks, given the higher relevance of
the repentance of corrupt individuals. Fig [3.10b shows the phase diagram of
the system when fixing » = 1 and k = 4, highlighting the three stable equilibria
and the boundaries separating them.

3.4.2 HCO in complex networks

So far, we have introduced a mean-field theory to explore the qualitative
changes in the phase diagrams of epidemic compartmental models induced
by the social flavor of the processes involved in the diffusion of corruption. To
analyze the effect of network structure in this problem, we now abandon the
mean-field assumption and propose a formalism based on the MMCA intro-
duced in Chapter

Recall that the MMCA equations for a given compartmental model describe
the probability for each individual 7 being in each of the available compartments
m, denoted in the following by p*. Consequently, in the HCO model, the
dynamics is completely characterized by a system of 3 x N coupled equations
governing the occupation of the Honest, Corrupt and Ostracism states, being N
the size (number of agents) of the system. Considering that A corresponds to
the adjacency matrix of the network connecting the population, these equations
are given by

pH(t+1) = <1 - ff( >> P () + € (0P (1)) + rp2 (1) | (3.38)
P+ 1) = (1= 0m) (1= £70) o7 (1) + F2 00l (1), (3.39)
POt +1) = <1—r>p@ &)+ (1= (2m)) £ )% ) . (3.40)
with
N
) =1-TT (1= ady§ 1) (3.41)
=1
JN
ffy=1-T] (1= BAyp 1)) . (3.42)

<.
Il
-
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It is worth remarking that corruption/delation processes are considered to be
local and driven by pairwise interactions whereas the WTW effect depends on
global information, as reflected by the terms containing (p®(t)). This choice
is based on the fact that, in real setups, information on the occupation of the
Ostracism compartment, e.g. the number of imprisoned individuals, can be
obtained via social media or newspapers.

Let us quantify the impact of the network structure on the evolution of cor-
ruption. With this aim, we study how the panels represented in Fig. [3.10] are
altered by the network governing the interactions among agents. Specifically,
in Fig. B.11p we represent the fraction of corrupt population in the equilib-
rium state for ER and BA contact networks, both with N = 1000 agents and
(k) = 4. There we can observe that, for high 8 values, we recover the ex-
pected behavior in spreading phenomena where heterogeneous networks (BA)
prompt the emergence of infective individuals (corrupt in a honest popula-
tion) earlier than homogeneous networks (ER) due to the presence of highly
connected nodes; this dynamical advantage decreases for low 5 values. In con-
trast, beyond the corruption threshold, the fraction of corrupt population is
systematically larger in the ER than in the BA network, to the extent that the
corrupt equilibrium is destabilized earlier for the latter.

To shed more light on this behavior, we now derive the analytical expres-
sions for both thresholds in a networked configuration. Let us start with the
corruption threshold «.. To derive its value, we repeat the same procedure
explained for the mean-field approach but now accounting for the statistical
independence of the nodes. Therefore, we assume that

Kl+1) = pf(t) =€ <1, (3.43)
pPt+1)=pP(t) = <1, (3.44)
(3.45)

which turn Eq. (3.41)-(3.42)) into

N

fr=1-) adye (3.46)
j=1

fl=1-0-pk, (3.47)

being k; the degree of node i. Introducing both expressions into Eq. [3:39] and
keeping only linear terms yields:

N
e = My, (3.48)
j=1
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with

1-(-p
Eq. (3.48) represents an eigenvalue problem. Accordingly, the corruption
threshold «. is given by

i (3.49)

1

7Amax(M) . (3.50)

Qe =

Let us analyze the elements of the matrix M as a function of the delation

probability 3. First, for high /3 values, we have that 1—(1—43)% ~ 1. Therefore,
the matrix elements read as

and the threshold corresponds to

1
Qe 2 —— 3.52
“ R (A) (352
which is the epidemic threshold of a SIS model under the MMCA approach with
a recovery probability g = 1. This parallelism explains why the HCO model
retrieves the observed behavior in epidemic compartmental models when the

delation probability § is large enough.

In contrast, for small 3 values, one can assume that 1 — (1 — )% ~ k;33,

yielding
. 3.53
Bk (3.53)

In this scenario, the corruption threshold is straightforwardly computed by

Mij =

recalling the Perron-Frobenius theorem, which states that for every positive
matrix M the largest eigenvalue Apax(M) fulfills

N N
minz Mij S AmaX(M) S maxZMij . (3.54)
7j=1 J=1

N
Given the fact that ) M;; = 1/ for every row 4, the value for the threshold
j=1
is
a.=0. (3.55)

The previous expression does not depend on the underlying network and
makes the antagonistic nature of corruption and delation processes evident.
Namely, when § is small enough so no delation events are ensured, the sta-
bility of the honest population is directly determined by whether delation or
corruption spread faster in the pairwise interactions involving honest and cor-
rupt population.
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Let us study the value of the delation threshold S.. In this case, we must

assuime:
pllt+1) =p'(t) =€ <1, (3.56)
pPt+1)=pPt) =€ <1, (3.57)
(3.58)
which leads to
fr=1- -, (3.59)
N
7= BAell . (3.60)
j=1

Introducing both values into Eqs. (3.39)-(3.40)) and keeping linear terms, we
obtain

N
ref =B Ayl (3.61)
j=1
1 N
[1 —(1- a)’%} el =red + =D (3.62)
j=1

Merging both expressions, after simple algebraic operations, we obtain:

N
eff =B Myl (3.63)
j=1
with L
o N A
M;; = ——— — . 3.64
Y~ (1 — )k (3.64)
Therefore, the delation threshold S, is given by:
fom (3.65)
© Amax(M) '

To further characterize the impact of the contact network, we represent
in Fig. the phase diagrams for both the ER and the BA networks here
considered. As anticipated above, for small values of both the corruption and
delation probabilities, the phase diagrams are independent on the underlying
network. This phenomenon occurs because the highly connected nodes in het-
erogeneous networks are more capable of spreading corruption but are also
more exposed to the delation by their honest counterparts. The competition
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Figure 3.11: Panel a): Evolution of the fraction of corrupt population in the equilib-
rium p© as a function of the corruption probability o and the delation probability £
(color code). The underlying contact structure is an ER network (dotted lines) or a
BA network (solid lines), both with N = 1000 nodes and (k) = 4. Panel b): Phase
diagram of the system for the two networks with five different regions according to
the stable equilibria in each network. Specifically, denoting by M + N the scenario
in which the stable equilibrium for the ER network is M and the one for the BA
network is N we observe: (I) Honest + Honest, (IT) Mixed + Honest, (IIT) Mixed +
Mixed, (IV) Mixed + Corrupt and (V) Corrupt + Corrupt. Finally, the lines show
the corruption threshold . (blue) and the delation threshold . (orange) for both
the ER (dotted lines) and the BA (dashed lines) networks.

between both processes loses relevance when either delation (8 ~ 1) or cor-
ruption (a ~ 1) are ensured. In this scenario, the equilibrium of the system,
either an entirely honest or corrupt population, is more easily destabilized in
heterogeneous networks, provided the higher capacity of the hubs to propagate
either corrupt or honest perturbations.

3.4.3 Fear-induced explosive transitions

The interplay between individual awareness and spreading phenomena has been
widely studied in the literature, specially in the context of epidemics [T66HI70].
In most of these works, the individual awareness raised by the access to in-
formation on the global advance of the outbreak leads the population to take
preemption measures which reduce the probability of contracting the disease
and hence mitigate its impact. In contrast, in the HCO model, the mechanism
of individual awareness does not affect honest population but instead is intro-
duced via the WTW effect, which reduces the impact of corruption because of
the fear of the corrupt population to be punished.
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Here we aim at quantifying the effect of introducing individual awareness
for the honest population. On the one hand, note that, unlike epidemics,
becoming corrupt can be beneficial or tempting for honest agents, given the
incentives to follow this strategy. Accordingly, we assume that the awareness
mechanism does not alter the corruption probability «. On the other hand,
different studies can be found in the literature exploring the relation between
corruption dynamics and coercion [I7IHI73]. In this sense, in the HCO model,
coercion from corrupt individuals to honest population can be conceptualized
as an awareness mechanism preventing the latter from delating the former. To
accommodate this effect, we introduce a new parameter, the social intimidation
~ and define a new delation probability 3 which is given by

Bt) =B (1=2(p°®)) (3.66)
which modifies Eq. , which now reads as
N
7P =1-T (1= 3ol 1)) - (3.67)
j=1

Let us first study how the social intimidation mechanism shapes the evolution
of corruption. We focus on the ER network but the results here described also
hold for the BA configuration. In Fig. we represent the evolution of p in
the equilibrium state by keeping fixed the delation probability S and varying
both the social intimidation « and the corruption probability a. We computed
the curves adiabatically, following forward (backward) continuation schemes,
where the initial configuration used for o + da (o — dar) corresponds to the
equilibrium state for a with a negligible noise introduced to avoid absorbing
states.

The first relevant result is that the corruption threshold a. remains un-
altered by the new mechanism. Mathematically, this result arises because,
close to the corruption threshold, the contribution of the social intimidation

in Eq. (3.66) is negligible so that

B~p. (3.68)

In practical terms, with very low corruption levels, the coercion mechanism
is not strong enough to inhibit the honest population activity. More strikingly,
we find that the smooth second-order transition from the mixed to the corrupt
state turns into an abrupt first-order one as social intimidation is strengthened.
In particular, we observe how coercion gives rise to the emergence of hysteresis
cycles involving two stable states whose composition depends on the social
intimidation ~.



3.4. Modeling the evolution of corruption 71

10 m 1.0
1.0 \
0.8 0.8 0.8
0.6 0.6 0.6
UQ >
0.4 0.4 0.4
— y=0.00
— y=0.20
0.2 — ;;8:@8 0.2 0.2
v=0.80
0.0 y=1.00
' 0.0 0.0
0.00 0.25 0.50 0.75 1.00 0.0 0.2 0.4 0.6 0.8 1.0
a a

Figure 3.12: Panel a): Evolution of the fraction of corrupt population in the equi-
librium p® as a function of the corruption probability a and the social intimidation
7 (color code). The underlying contact structure is an ER network with N = 1000
nodes and (k) = 4. The equations of the formalism are iterated adiabatically, fol-
lowing forward (solid lines) and backward (dotted lines) continuation schemes (see
text for details). Panel b): Phase diagram of the system in the plane («,7y). The
color code represents the fraction of the population in the corrupt state at the equi-
librium. We distinguish five regions as a function of the stable equilibria. Regions
I, I1, III correspond to the honest, mixed and corrupt states observed in the original
HCO model. The shadowed areas highlight the presence of bistable solutions, which
consist of the mixed and corrupt equilibria in region IV and the honest and corrupt
equilibria in region V. The critical point (o, ~.) is obtained numerically whereas the
corruption threshold «, and the intimidation threshold ~ are computed by Eq.
and Eq. respectively. In both panels, the rest of the parameters are fixed to

(r,8) = (1,0.3).

To have a more complete characterization of the dynamics we represent the
phase diagram in Fig. . There we distinguish five different equilibria: (I)
honest population, (IT) mixed state, (III) corrupt population, (IV) bistability
between corrupt and mixed states and (V) bistability with corrupt and honest
states. Regions III, IV and V are separated from the rest of the phases by the
intimidation threshold ., defined as the minimum social intimidation needed
to observe a corrupt state. The derivation of this value is straightforward, for
close to the corrupt state, we have that (p©) ~ 1, implying that

B=51-7). (3.69)

We can substitute this value into Eq. (3.65)), determining the stability of the
corrupt state, and rearrange the terms to obtain

1
Ye=1-— 7ﬂA (M) . (3.70)
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The common point between regions II, IIT and IV, denoted by (al,~.) consti-
tutes the critical point of the dynamics, separating the two different types of
bifurcations—either smooth or explosive transitions [132] 133, [174]—leading
to the corrupt state. Conceptually, we observe that social intimidation, which
gains relevance in highly corrupted societies, allows corrupt configurations to
persist in the population because of the lack of delation events. Interestingly,
this phenomenon also takes places when corruption is not enough to destabilize
a honest society, which corresponds to the region V described above.

3.5 Conclusions

The social nature inherent to the fostering of ideas, opinions, innovations or
cultural traits demands the sophistication of the compartmental models ex-
plained in Chapter 2] Unlike contagious diseases, the propagation of an idea
or the adoption of a social conduct does not only depend on intrinsic probabil-
ities, encoding its virality, but is also highly influenced by other environmental
features such as its penetration in the society or its reliability among the pop-
ulation. In particular, in this chapter we have focused on unraveling possible
explanations for two different social dynamics: the recent explosive irruption
of some movements in social networks such as the Arab Spring or the Black
Lives Matter movements and the evolution of corruption in the society.

Concerning the irruption of social movements, we have revisited how com-
partmental models usually applied in mathematical epidemiology have been
modified to accommodate the complex contagion mechanisms driving the spread
of ideas across social platforms. Likewise, ideas or opinions are not unique or
immutable but are usually part of a complex ecosystem in which different points
of views about a topic coexist and interact, leading to dynamic changes in the
opinions’ landscape. In this chapter, we have also explained the most paradig-
matic frameworks addressing the evolution of opinion dynamics, putting our
focus on the Kuramoto model, provided its relevance and ubiquity in network
science to tackle other problems such as synchronization dynamics.

Following the spirit of this thesis, we have proposed the KM-SIS model,
which consists in an unifying formalism integrating both consensus and spread-
ing dynamics on top of multiplex networks, and studied the physics arising from
the interdependencies existing among both processes. In this sense, our com-
plex contagion mechanism entails that an individual is willing to adopt an idea
whenever she observes a high degree of consensus among her acquaintances.
In its turn, we assume that agents are more likely to synchronize their ideas
with the rest of the population when being surrounded by a large fraction of
spreaders, thus mimicking the social reinforcement mechanism.
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The natural coupling between both dynamics gives rise to the emergence
of first order transitions separating the social movement state, characterized
by the existence of a high degree of consensus on a given topic and a large
number of people spreading it, from an inactive and poorly aligned population.
The existence of bistability between both states can explain why punctual
perturbations forcing the population to leave the latter stable configuration
can give rise to a solid sustained social movement. It is worth mentioning that
different coupling rules, e.g., assuming that the spread of ideas is hindered
when high degrees of consensus are observed, lead to interesting physics like
the emergence of chaotic trajectories [136].

Regarding the evolution of corruption, we have exposed the shortcomings
of following game theoretical approaches to address this phenomenon and pro-
posed an alternative, the HCO model, which modifies the flows of the SIR
model to accommodate the features inherent to corruption. Specifically, the
main novelties of the formalism are that recovery events are substituted by
delation events from the honest population to the corrupt individuals and that
two additional flows are introduced: the WTW effect hindering corruption be-
cause of the possible eventual punishment and the reinsertation of the punished
individuals in the society.

The mechanisms introduced in the HCO model give rise to a rich phase
diagram with three different equilibria corresponding to a honest population,
a corrupt population and a mixed population characterized by the coexistence
between the three different types of individuals. Interestingly, we have checked
how another social mechanism, the coercion made by corrupt individuals, al-
ters the nature of the transitions between these three equilibria. Specifically,
the smooth second order transitions inherited from epidemic models become
abrupt first order ones with bistable equilibria, where both corrupt and honest
societies can be stable configurations.

Finally, we have revealed how the social flavor of the interactions introduced
in both models partially hinders the spreading advantage of highly connected
nodes. Specifically, in the KM-SIS model, we have found that the spread of
mistrusted ideas is favored as the average degree of the network decreases,
pinpointing that not contrasting what we read or receive in social platforms
with enough sources of information can provide an individual with a distorted
picture of the consensus existing on it. In addition, we have observed that cor-
rupt societies are more vulnerable in heterogeneous configurations, for highly
connected nodes are more capable of spreading corrupt behaviors but are also
more exposed to the delation of their honest counterparts.

The formalisms presented here constitute the starting point for the elab-
oration of more sophisticated frameworks aimed at capturing different social
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dynamics. In this sense, we think that the KM-SIS could be extended to
address the recent and relevant emergence of polarization and echo-chambers
in social networks [I3], [38]. This phenomenon has been usually characterized
by means of the activity-driven (AD) model [I75] and a preferential rewiring
mechanism to prioritize the links with those with aligned opinions. Introduc-
ing the latter mechanism in our model and quantifying its interplay with the
spreading dynamics remains as a future work. Furthermore, the HCO model
can constitute the core of a more refined model taking into account the presence
of different gangs or corrupt organizations in the population and the outcome
of the competition among them.



Part 11

Intertwined dynamics on
metapopulations






Presentation of Part I

The global spread of diseases can be conceived as a reaction-diffusion pro-
cess where the reaction stage corresponds to the contagions between infectious
hosts and susceptible individuals and the diffusion stage is associated with the
movements of the hosts, fostering the spatial unfolding of the contagious dis-
eases. The comparison between modern epidemics with important pandemics
occurring in the past before the XX century yields a straightforward result:
there has been an inversion in the time scales governing the spread of epidemic
outbreaks globally. In terms of reaction-diffusion processes, pandemics occur-
ring before the XX century like the Black Death [I76] were characterized by
diffusion times much slower than the reaction time scales, which gave rise to
well-defined subsequent epidemic outbreaks which were happening one after
another, being propagated typically to geographically neighboring areas or as
dictated by the most usual trading routes. In contrast, recent pandemics such
as the Influenza A caused by the virus HIN1 in 2009 or much more recently
the COVID-19 disease have been characterized by the existence of important
outbreaks occurring simultaneously in faraway regions as a consequence of the
shortening of the time scale associated with diffusion processes.

The acceleration of the spatial dissemination of recent epidemic outbreaks
is one of the side effects of the vast interconnected society to which we have
evolved as a result of the striking growth experienced by the international
mobility network [I77]. In this sense, different studies have proven that inter-
national connections provide key information to predict the global expansion of
epidemic outbreaks initially localized in small geographical areas. For instance,
the airport connectivity has proved to be a very reliable proxy to estimate the
arrival times of SARS epidemic to different countries in 2003 [35] [I78|, the most
likely infectious routes followed by the virus HIN1 in 2009 [I79] or recently the
risk of importing COVID-19 cases [180), 181].

Unlike the well-defined role of the airport mobility network for the im-
portation and exportation of cases, the complex relationship existing between
the distribution of the population across a city, their local recurrent mobility
patterns and the evolution of local outbreaks has been less explored in the lit-
erature. In this part of the thesis, we aim at shedding light on this problem by
proposing a theoretical framework to accommodate recurrent mobility patterns
in epidemic modeling. In terms of the common thread of this thesis, the inter-
play between recurrent mobility and epidemic spreading can be characterized
as an intertwined dynamics. On the one hand, mobility influences epidemic
spreading, by changing both the contact structures of the population and their
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spatial distribution. On the other hand, the advance of an epidemic also af-
fects the mobility of the population, because of the usual mobility restriction
policies implemented to stop the advance of threatening outbreaks.

Chapter [ is devoted to the study of the Movement-Interaction-Return
(MIR) model, which constitutes the core of this part of the thesis and the
formalism on top of which the rest of the results here presented are built. The
application of the MIR model to real cities, without making any statistical
assumption about the properties of their population or their mobility patterns,
reveals unexpected phenomena arising from the interplay between mobility and
epidemics which have not been reported in the literature yet. In particular, we
found that promoting mobility does not always foster epidemic spreading but
sometimes may lead to its extinction, a phenomenon that we have denoted by
epidemic detriment. Finally, leveraging the resolution of the available data for
Colombian cities, we introduce the socio-economic diversity of the population
and study its impact for the evolution of diseases in these cities.

Chapter [5] explores the physics behind the emergence of the so-called epi-
demic detriment. For this purpose, we introduce a synthetic metapopulation,
the star-like network, which allows us to control the population distribution and
their movements. This simple configuration allows us to explain the emergence
of the epidemic detriment following macroscopic arguments in some regions of
the parameters’ space but fails in capturing this phenomenon in other scenar-
ios. Afterwards, we propose an extension of the original MIR model including
tunable trips duration which reveals the microscopic nature of the epidemic
detriment. We conclude the chapter by proposing a model which allows for
incorporating heterogeneous degree distributions within the populations and
decouple the number of interactions of each individual from mobility. This
model reveals that the epidemic detriment is rooted in the dismantling of the
contact structures of vulnerable populations driven by mobility.

Finally, Chapter [6] reveals how the theoretical insights gained from the
previous chapters can be leveraged to increase the resilience of real cities to
epidemic outbreaks by the smart modification of the mobility patterns of their
population. Beyond theoretical results, we also show that the framework de-
veloped constitutes an useful tool to forecast the evolution of diseases in real
epidemic scenarios and assess the impact of those interventions promoted to
keep them under control. In particular, starting from the MIR model, we pro-
pose two formalisms which allows us to predict the most vulnerable areas in
the city of Cali for the spread of Dengue disease and the course of COVID-19
pandemic across Spain.



Chapter 4

Recurrent mobility and
epidemics

Why listen to me? I can only predict epidemics and plagues.

L. Kramer [182].

The importance of our mobility patterns, both across global and local scales,
for the course of contagious diseases demands to revisit the epidemic models
explained in the first part of the thesis. Upon this point, the population under
study has been always embedded into contact networks, whose nodes repre-
sent individuals and links encode the nontrivial interaction patterns existing
among them. Contact networks constitute static configurations which, despite
explaining the social factors driving the reaction phase of disease, cannot ac-
count for the spatial diffusion of the hosts.

To quantify the impact of human mobility, one must seek for alternative
representations of the system. In particular, to include the effect of long-haul
displacements, one typical approach has been to construct the airport mobility
network [35], 178 [183], [184] where each node corresponds to an airport and links
represent the flow of passengers between each pair of them. In this case, the
network provides very insightful information about the diffusion stage of the
disease at the expense of neglecting the specificities of its reaction phase.

To incorporate simultaneously both reaction and diffusion processes, we use
more complex objects to represent the population which are called metapop-
ulations. The basic notions about these structures as well as some previous
attempts existing in the literature to account for the interplay between mo-
bility and epidemics are explained in Section Section presents the
Movement-Interaction-Return (MIR) model, which enables to accurately cap-
ture the impact of recurrent mobility on disease spreading and represents the
theoretical framework of reference for the rest of the models studied in this
part of the thesis. Finally, in Section we propose an extension of the MIR
model to account for the socio-economic diversity of the residents in a city
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and study the new phenomena arising from the existence of different types of
individuals.

4.1 Metapopulations

The concept of metapopulations was initially introduced in the field of ecology
to study the impact of the coexistence of different subpopulations within the
same ecosystem [I85HI87]. In general grounds, a metapopulation is defined as a
set of spatially separated populations which interact among each other because
of the mobility of their constituents. In the language used in network science,
the usual representation of a metapopulation is a complex network where each
node, usually referred to as patch, corresponds to the geographical area pop-
ulated by each subpopulation. In its turn, the links connecting the different
subpopulations now encode the mobility patterns of the population rather than
their interaction patterns. Formally, a metapopulation with Np patches and L
links is defined as a tuple G = (V, N, €), being V = {C,...,Cn; } the set of
patches in the metapopulation, N = {\«, ..., \n; } the sizes of the different
subpopulations and £ = {], ..., |2} the mobility patterns of the population.

Given their nature, metapopulations are the most natural framework to
incorporate reaction-diffusion processes, for reaction processes constitute the
internal dynamics of each subpopulation and diffusion processes are captured
by the exchange of particles between subpopulations governed by their links. In
this sense, metapopulations have allowed for studying very diverse phenomena
ranging from the stability of ecosystems [I88] and the dynamics determining
the conservation or extinction of species [189, [190] to the diffusion of tumor
cells [191]. In the context of mathematical epidemiology, the use of metapopu-
lations has constituted an important step forward in the process to turn simple
epidemic models into valuable forecasting tools to anticipate the trajectory of
outbreaks and devise interventions to mitigate them [192, [193].

For the sake of visualization, Fig. illustrates the differences between the
representation of a set of agents as elements of a contact network or as subpop-
ulations within a metapopulation. It is worth remarking that metapopulations
offer a versatile framework for epidemic modeling, for they enable to charac-
terize the spread of diseases across different spatial scales depending on the
definition of patch and subpopulation. In this way, metapopulations can ac-
commodate from a set of neighborhoods within a city to a set of countries
within a continent [194H196].
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Contact network Metapopulation

Figure 4.1: Schematic representation of a given population as a contact network (Left)
where nodes identify individuals and links their interactions or as a metapopulation
(Right) where each node, also known as patch, represents a geographical area and
links govern the movements of the different subpopulations across the network.

4.1.1 Mobility frameworks

To run an epidemic model on top of a metapopulation, one has to choose how
the mobility patterns and the diffusive behavior of the different subpopulations
are introduced. In absence of data, one has also to determine how these links
are synthetically constructed given the attributes of the different subpopula-
tions exchanging individuals. Different alternatives have been proposed in the
literature [197] but the most paradigmatic ones are:

e Gravity model: The gravity model for human mobility inspired in the
Newton’s laws for body motion was first introduced by George K. Zipf in
1946 [198]. In this model, it is assumed that the population flow between
two locations is directly proportional to the product of their populations
and inversely proportional to the distance among them. Mathematically,
if we denote the population of a node i as IV; and its distance with another
node j as d;j, the weighted link connecting them, T;;, is estimated by

NiN;

T, =K
i dfj

(4.1)

The latter expression can be generalized by assuming an arbitrary de-
pendence on the masses (populations) and general functions to shape
the relevance of geographical distances as well. Therefore, in general,
the weights are computed as

T = Kmym, f(dij) (4.2)

where m; corresponds to the mass associated with node i and f(d;;) is a
decreasing function with the distance which usually ranges from power-
law to exponentially decaying functions, thus hindering the movements
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between faraway regions. The size of the different subpopulations are the
typical choices for the mass of each patch, although other variables have
been also explored such as the GDP per capita [199, 200].

e Radiation model: The gravity model assumes that the flows between
two locations obey only physical variables but does not account for other
incentives driving people’s movements [201]. To incorporate the attrac-
tiveness of each location in terms of, for instance, the number of job
opportunities, the authors in [202] develop the so-called radiation model.
In this model, it is assumed that an individual chooses the closest location
to its residence which maximizes the number of available opportunities.
Assuming that the number of job positions is proportional to the popu-
lation in each area, the expected value for T;; reads

mmj
T::) =1T; , 4.3
< ZJ) Z(mi—i-sij) (mi—i-nj +8ij) ( )

where T; is the total number of flows departing location ¢, m; and n;
encode the population at the origin and destination respectively and s;;
is the total population competing for resources inside the circle centered
in ¢ with radius d;;, excluding the inhabitants of both the origin and
destination. Note that this model, unlike the gravity model, introduces
a less severe penalization to long-range displacements connecting distant
population centers.

4.1.2 Previous epidemic models on metapopulations

Apart from constructing the links, it is necessary to determine the nature of
the mobility patterns. In this sense, the seminal model introduced in [203}, 204]
took advantage of the knowledge acquired in the study of random walkers dy-
namics on contact networks [205] and assume that individuals move randomly
across the different patches according to the links of the metapopulation. To
simplify the analysis, the authors also make use of a HMF approach, similar to
the one explained in Chapter [2, and consider that all patches within the same
degree class in the metapopulation are statistically equivalent. Note that the
HMF assumption in metapopulations has further implications, for it entails
that the attributes of each subpopulation, such as its size, should be linked to
its connectivity in the mobility network.

Under these assumptions, the evolution of the infected population inside
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patches with degree k, I is written as

1S
atfk = —kak + (1 —pk) [—,u[k -l-)\kakj|
/ IS (4.4)
k P (K'|k) prrdys 1— )l + A
+; (’)pkkk[( ) I + Nk’]

In the latter equation, Ny represents the population inside patches with degree
k, pr encodes the probability that one individual inside a patch of degree
k moves and dy corresponds with the diffusion rate between patches with
connectivities k and k. The diffusion rate is assumed to follow the gravity
model, being the masses proportional to the connectivity, so that

dii o (kk')?. (4.5)

Note that Eq. contains both reaction-diffusion processes involved in the
interplay between mobility and epidemics. The evolution of the occupation of
each compartment is completed with the time evolution of the spatial distri-
bution of the population, which evolves driven by mobility as

OiNy(t) = —piNi(t) + kY P (K'|k) prrdpnNi (8) - (4.6)
o
Nonetheless, an usual assumption is to consider the diffusion time scales much
shorter than the duration of the outbreak, so 7%/ « r7¢act This allows for
neglecting the time evolution of the underlying populations and assume that
the number of individuals inside each patch is given by the steady state of the
random walker dynamics.

Apart from proposing a set of deterministic equations to track the spatio-
temporal spread of diseases, the authors in [204] reveal the existence of a
new phase transition between the existence of localized outbreaks inside single
subpopulations and the observation of widespread epidemics across the entire
metapopulation. This phase transition is characterized by the so-called inva-
sion threshold R*, which is computed from a branching process characterizing
the evolution of the number of invaded subpopulations.

Despite the theoretical relevance or the results described above and others
found in subsequent works [179] 192, 206], assuming that the inhabitants of
a given city behave as random walkers exploring the different neighborhoods
without a fixed residence is far from reflecting the nature of our daily move-
ments. In contrast, there is growing evidence about the prominent recurrent
nature of human mobility patterns [207-210] in real datasets. As an exam-
ple, we represent in Fig. [1.2] the results from surveys carried out in the city
of Medellin in Colombia to understand the usual mobility patterns of its res-
idents [211 212]. Specifically, we represent the volume of people arriving and
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Figure 4.2: Origin and destination of the trips recorded in the surveys made to the
population of Medellin in 2017 to characterize their mobility habits. The color of each
area is proportional to the number of individuals entering or departing from them.
The title show the time range during which trips were aggregated.

departing in each specific neighborhood of the city at the beginning, middle
and end of the workday. In addition to the clear distinction between residen-
tial areas and workplaces, the figure clearly suggests that urban mobility is
governed by the regular trips followed by the commuters.

There are several attempts made in the literature aimed at including com-
muters in epidemic modeling. First works [213] 214] on the topic adapt the
previously explained HMF equations to include a preferential return rate 7 to
the associated patch of each agent, typically identified as the place where his
or her residence is located. In this case, agents are not only characterized by
their location in the network but also by their associated patch, which enlarges
the set of equations needed to characterize the evolution of the population. In

particular, Eq. (4.6) turns into

OiNiw(t) = =% N () + 7'k > Nyw (1) P (K'|E) (4.7)
o
N () = oty Niro(8) — 77 Ny (2) (4.8)

Plugging these equations into the branching process, the authors of [213, 214]
derive analytically an expression that relates the invasion threshold R* with
the mobility rate of the population, the time scale associated with the move-
ments and the features of the mobility network. They find that both promoting
mobility and increasing the permanence times at the destinations boost epi-
demic spreading, for both interventions promote the mixing of individuals from
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different subpopulations.

The validity of the previous findings when studying real metapopulations
remains uncertain due to the strong theoretical assumptions introduced in the
HMF equations. Specifically, there does not exist solid basis to couple the size
of each subpopulation with its number of connections in the mobility network.
For this reason, Belik et al. [21I5, 216] propose an alternative model which
abandons the statistical equivalence of all patches within the same degree class
k. In this model, the evolution of the infected and susceptible associated with
each patch k and located at each patch n, I¥ and S* respectively, is driven by

A
otk = St Y (bt —ubt) L (49)
n m m
A
OuSk = = SEY I+ Y (w,’jmsg - wﬁms,'j) : (4.10)
n m m
where w” encodes the diffusion rate from patch n to patch m for individuals

with residence in k. In this general framework, strictly commuting patterns
are therefore included by considering w¥, == 6%w,,,. Armed with these equa-
tions, the authors study the propagation of diseases across simple synthetic
configurations, finding that outbreaks in structured lattices can be charac-
terized as continuous waves propagating across a media with a well-defined
front propagation. In this model, the effect of decreasing the dwelling times
at the destination is always detrimental for disease propagation and universal
regardless of the size of the network.

The model proposed in [215, 216] constitutes the first step towards un-
derstanding the microscopic processes behind the complex interplay between
recurrent mobility and epidemic spreading. Nonetheless, it still contains some
theoretical limitations. Specifically, the model assumes a constant rate gov-
erning contagion events across the entire metapopulation, which implies that
the number of interactions made by one agent is constant and independent of
the place in which the individual is located. This limits the application of the
model to real scenarios; for example, the model cannot capture the recently
reported evidence about the positive correlation existing between population
density and the number of COVID-19 cases in different countries [217-219].

4.2 MIR model

Here we present our proposal to characterize the impact of urban mobility in
epidemic spreading, the Movement-Interaction-Return (MIR) model. Unlike
previous formalisms, we follow a discrete-time approach and assume that each
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Figure 4.3: Schematic representation of one time step of the movement-interaction-
return (MIR) metapopulation model. The metapopulation is composed of Np = 3
patches. At the movement stage, some of the local agents decide to move to the other
patches according to the mobility probability p and the mobility patterns encoded in
matrix R. After moving, the agents interact in a well-mixed way and change their
epidemic state (healthy or infected) according to a SIS model. Finally, they come
back to their home patches and a new time step starts.

time step is composed by three stages, which are schematically depicted in

Fig. (1.3t

1. Movement: At the beginning of the day, the population decide whether or
not to move with probability p. This probability acts as a control param-
eter which allows us to activate or deactivate mobility at convenience. If
an individual decides to move, he or she decides the destination according
to the origin-destination (OD) matrix R whose elements R;; encode the
weights of the links connecting patches ¢ and j in the metapopulation.

2. Interaction: Once all the movements have been completed, the reaction
phase starts and individuals interact, changing their epidemiological state
accordingly. Note that this phase aims at capturing the contacts made at
the workplace, school etc. Formally, we introduce a mean-field assump-
tion within each patch, which implies that all the individuals placed at
the same location make the same number of contacts. As stated above,
this number of contacts is not constant across the metapopulation but is
usually a function f of the attributes of the patches.

3. Return: Finally, as our main goal is to reflect the recurrent nature of
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commuting mobility, we force all the individuals to return to their as-
sociated residential patches. Note that here we get rid of the dwelling
times, which will be introduced in Chapter

The iteration of these three stages simulates the daily dynamics of conta-
gious diseases in our metapopulation. Note that our framework also presents
some drawbacks. First, we do not include the continuous nature of human
mobility and neglect the influence of more complex mobility patterns beyond
strictly back-and-forth displacements. This assumption simplifies the equa-
tions of the model and is supported by statistics [220] reporting that commut-
ing patterns represent around 30-50% of the daily movements. Second, we
neglect the contribution of the interactions made with the household members
after the return stage. According to some studies on the contact matrices of
the population in different environments [221], 222], this hypothesis seems rea-
sonableﬂ In Appendix |C| we relax the latter assumption and prove that the
qualitative results here obtained are valid in that scenario as well.

4.2.1 Model equations

We now introduce the set of Markovian equations composing the MIR model.
To do so, we start by considering a metapopulation with Np patches and as-
sume that each patch i is populated by n; residents, whereas the flows between
the different patches are captured in the OD matrix R. Regarding the type
of compartmental model, we consider that the disease follows a SIR or SIS
dynamics, although the formalism here proposed can be easily generalized to
account for more complex compartmental schemes, as shown in Chapter [7}
Under these conditions, the course of a SIR disease is entirely characterized by
the time evolution of the fraction of individuals living in each patch ¢ who are
either infected or recovered, denoted in the following as p; and r; respectively.
This time evolution is given by

pi(t+1) = (1 —p)pi(t) + (L — pi(t) —ri(0)IL () , (4.11)
ri(t+ 1) =ri(t) + ppi(t) . (4.12)

For the SIS dynamics, we can get rid of the equations for the recovered indi-
viduals, so the evolution of the disease is characterized by

pi(t +1) = (1= p)pi(t) + (1 — pi(t))ILi(2) - (4.13)

Unless specified, we will work with SIS dynamics due to the higher simplicity of
the equations. The first term in the r.h.s of Eq. (4.13]) contains those infected

'n the case of Spain, (k*)=3.2 and (k°) = 8.6, being k™ and k© the contacts inside and
outside the household respectively.
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individuals associated with ¢ not recovering at time ¢. In its turn, the second
term in the r.h.s of Eq.( reflects the contagions of susceptible population.
In this sense, II;(t), which represents the probability that a susceptible agent
living inside ¢ contracts the disease, is given by

IL;(t) = (1 — p)Py(t) +pZRij]3j(t), (4.14)

where the first term encodes the contagions in the residential patch and the
second one corresponds to the contagions occurring when one individual from
patch @ moves across the metapopulation. Therefore, P;(t) corresponds to the
probability that a susceptible individual, regardless of his or her residential
patch, contracts the disease inside patch i. Given the well-mixing hypothesis
introduced in the model, this probability is

~ fi
P(t)=1- (1 - ,\Ii(t)) , (4.15)

n;

where 7; represents the effective population of patch i, i.e. the number of
individuals placed at patch i after the movement stage and I;(t) is the effective
number of infected individuals inside patch ¢ at time t. Taking into account
the demographical distribution of the population and the mobility patterns,
both quantities are easily computed as

ni = an (1 —p)dij + pRji] , (4.16)

Li(t) = 3 (1) [(1 = )i + pRji] - (4.17)

4.2.2 Validation on synthetic networks

Egs. — form a closed set of equations which allows for characterizing
the spatio-temporal spread of contagious diseases. In absence of data, we
first construct synthetic metapopulations with Np = 10 patches which are
homogeneously populated by n = 5000 agents. For the sake of simplicity, let
us assume that interaction processes takes place all-to-all within each patch,
implying that f; = n;. Regarding the mobility patterns, we include both ER
and BA networks, which allows us to analyze the role of heterogeneities in
terms of spatial connections.

To validate the equations, we compare their predictions about the epidemic
size, defined as the total fraction of population remaining infected in the sta-
tionary state, with results obtained from computationally expensive Monte
Carlo simulations. To compute this order parameter, we start by infecting a 1



4.2. MIR model 89

% of the population of each node and let the system evolve until no fluctuations
are observed in the number of infected individuals. According to the variables
of the MIR model, the epidemic size p is computed as

Np
> nipi(o0)
p=""t (4.18)

Np
>
i=1

In Fig. [£.4 we represent this indicator as a function of the rescaled infec-
tivity A for several mobility scenarios in the ER (Panel a) and BA (Panel b)
metapopulations. The rescaled infectivity is computed by dividing the infec-
tivity A by the threshold of a well-mixed population of size n, so A= An/ .
There we observe a fair agreement between the numerical results obtained
by iterating our formalism and the ones yielded by the simulations. Apart
from the agreement, qualitatively we observe that promoting mobility from
the static case (p = 0) to the fully active population (p = 1), leads to an
increase in the epidemic size, pinpointing that mobility accelerates epidemic
diffusion as suggested in previous works. This acceleration gains relevance in
case of heterogeneous mobility networks, for heterogeneity favors the gathering
of a higher number of individuals inside the most connected areas.

4.2.3 Epidemic threshold

The analysis made in synthetic metapopulations has revealed that the impact
of mobility is highly influenced by the structural properties of the underlying
metapopulation. In addition to the computational cost saved by the Marko-
vian equations, they allow us to get an analytical expression of the epidemic
threshold to disentangle the interplay between mobility and epidemics. To do
so, let us consider that the disease has reached an endemic equilibrium, so
no fluctuations are observed in the fraction of population infected. Therefore,

pi(t + 1) = pi(t) = p}, which turns Eq. (4.13) into
pp; = (1= pi)II5 . (4.19)

Recall that the epidemic threshold is defined as the minimum infectivity re-
quired to observed a stable outbreak. As a consequence, close to the epidemic
threshold, the endemic equilibrium is characterized by a negligible fraction of
infected individuals so that p; = ¢; < 1. This allows for linearizing the equa-
tions of the formalism by neglecting the O(e?) terms. After doing so, Eq.
can be casted into:

Pr=1—|(1-)\=2 ~ 8;ii(1 — Rilen; . 4.20
i ( ﬁz) 7 JZ::I[ i (1 —p) +pRji] ejn; (4.20)
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Figure 4.4: Evolution of the epidemic size p as a function of the rescaled infectivity
X and the mobility p (color code). The rescaled infectivity is obtained by dividing
the actual infectivity A by the expected threshold for an isolated metapotulation,
ie. A = An/u. In panel a) the metapopulation is a ER network whereas panel
b) represents the curves for a BA network. both with Np = 103 patches, (k) ~ 4
and random weights assigned to the links. In both panels, the solid lines represent
the numerical results obtained by iterating Egs. — whereas dots show the
average of the epidemic size values obtained from 50 Monte Carlo simulations. The
recovery probability is set to u = 0.2.

Introducing this expression into Eq. (4.15) and rearranging terms, we obtain

H —ZTLJEJ ” 1_ )QQ +p( p) (Rijfj ]zfz) Z Zlelfl

1

(4.21)
Plugging this value into Eq. (4.19) and neglecting nonlinear terms, it turns

into
Np

pei =AY Me; (4.22)
j=1

where we have introduced a new matrix M whose elements are

Mij = nj |6i5(1 = )2& +p(1-p) <R§fj ﬂfz) Z ZlR]lfl

nj J

(4.23)
When f; = n; the elements of matrix M are further simplified into

M;; =n; [6;5(1 — p)* + p(1 — p) (Ri; + Rji) + p*(RRT);5] . (4.24)
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Figure 4.5: Epidemic size p obtained by the numerical iteration of Eqs. —
(color code) as a function of the mobility p and the rescaled infectivity A. The black
solid line shows the analytical estimation for the epidemic threshold computed by
Eq. for the ER (panel a) and the BA (panel b) metapopulations used in Fig.

Eq. is an eigenvalue equation; thus, computing the epidemic threshold
involves solving the spectrum of the matrix M. Specifically, as we are interested
in the minimum infectivity needed to trigger outbreaks, the epidemic threshold
is given by

A= —H (4.25)

Note that this expression resembles the epidemic threshold derived for SIS
dynamics on contact networks but here, rather than the adjacency matrix A,
a more complex matrix M governs the interactions of the population. Specifi-
cally, the elements M;; tell us the expected number of interactions made by one
individual from patch ¢ with the population residing in patch j. In particular,
the first term corresponds to those contacts taking place between individuals
from the same patch and not moving. The second (third) term encodes the
contacts made where the agent from i (j) moves to patch j (i) and interacts
with the population remaining there. Finally, the fourth term contains all the
interactions taking place in a third node different from the patches associated
with the agents in contact.

Fig.[4.5]shows the dependence of the epidemic size on the mobility p and the
infectivity A along with the estimation of the epidemic computed by Eq. .
There we observe that the analytical expression of the epidemic threshold
accurately captures the phase transition between the disease-free state and
the emergence of a stable endemic regime in both synthetic metapopulations.
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4.2.4 Cali: a real metapopulation

Upon this point, we have validated the equations of the MIR model and pro-
posed an analytical expression which allows us to determine the conditions,
related to the spatial distribution and the mobility patterns of the population,
triggering local outbreaks. However, we have not fully exploited our model, for
one of its main advantages with respect to other alternatives existing in the
literature is that no assumptions are made concerning the statistical equiva-
lence of the different patches. This implies that data about the demographical
distribution and the mobility of residents in real cities can be readily incor-
porated into our equations to study the relevance of commuting for disease
spreading.

In what follows, we apply the machinery of the formalism to the spread
of SIS diseases across Santiago de Cali, in Colombia. Santiago de Cali is
the third most populated city in the country with 2.5 million of inhabitants
which are distributed across 22 official administrative units. Therefore, our
metapopulation is composed of Np = 22 patches. Regarding the population
distribution, we collect the data from census information published by the
local authorities [223]. For the mobility patterns, we resort to surveys made to
a representative sample of the population indicating the usual places among
which they usually commute. In particular, the elements of the OD matrix R
are estimated as

(4.26)

being W;; the number of trips recorded in the survey between locations 7 and
j. The resulting metapopulation is schematized in Fig [I.6p. Note that differ-
ent alternatives have been proposed in the literature to capture the mobility
patterns of the populations such as census surveys [224] 225] or the location
history inferred from call detailed records [226], 227], or the activity on social
platforms [228] 229] or mobile-phone devices [230)], 231].

Once the metapopulation is constructed, we can repeat the same process
performed for the synthetic metapopulations to check whether the equations
remain valid in presence of heterogeneously distributed subpopulations and
more complex mobility patterns, as the ones characterizing the Cali metapop-
ulation. Note that, in what follows, the rescaled infectivity A is computed
as the ratio between the infectivity A and the threshold for the static case
Ae(p = 0). Thus, A = Mimax /i, where npax represents the maximum number
of residents within a patch.

Fig. [f.6b-c proves that our formalism is able to reproduce the results from
Monte Carlo simulations even in this case, which highlights the generality of
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Figure 4.6: Spread of diseases across real metapopulations. Panel a) Schematic repre-
sentation of the Cali metapopulation with Np = 22 patches. The color of each patch
is proportional to its population. Panel b) epidemic size p obtained by the numerical
iteration of Eqgs. (solid lines) and by averaging 50 Monte Carlo realiza-
tions (dots) as a functlon of the mobility p (color code) and the rescaled 1nfe

. Panel c): epidemic size p obtained by the numerical iteration of Egs. i
(color code) as a function of the mobility p and the rescaled infectivity )\ The black
solid line shows the analytical estimation for the epidemic threshold computed by
Eq. . In all panels, the recovery probability is set to u = 0.2.

its equations. Interestingly, some important quantitative differences appear
when comparing the diagrams with the ones previously obtained for synthetic
metapopulations, which were homogeneously populated. First, the static curve
contains secondary transitions beyond the epidemic threshold, which are char-
acterized by discontinuities in the derivative of the theoretical curve. This is
a direct consequence of population heterogeneities, which make some patches
more prone to develop early epidemic outbreaks than others. Specifically, when
p = 0 the matrix M is diagonal and each individual patch displays its own epi-
demic threshold (A.); = An;p.

Remarkably, increasing mobility in real heterogeneous metapopulations has
a counterintuitive effect on the dynamics. Namely, rather than boosting epi-
demic spreading as observed in synthetic metapopulations, there exists a non-
monotonic dependence of the threshold on the mobility. The initial increase
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of the threshold implies that mobility prevents the endemic equilibrium from
being reached, therefore hindering the spread of diseases. This phenomenon,
hereinafter denoted as epidemic detriment, constitutes the most important re-
sult obtained in this thesis and has profound implications for the efficiency
of control policies restricting population movements. Due to its relevance,
we devote the entire Chapter [ to understand the physical roots behind its
emergence.

4.2.5 Perturbative analysis

Mathematically, we can explore the origin of the epidemic detriment by per-
forming a perturbative analysis of matrix M [232]. Focusing on the case
fi = n;, after rearranging the terms in Eq. (4.24), the elements M;; read
as

Mij = M, + pM}; + p* M, (4.27)
with
Mjj = n;di; (4.28)
My; = n;(Rij + Rji — 20;5) . (4.29)
Mz?j =n; [(R-RY);j — Rij — Rji + 6] - (4.30)

The perturbative analysis tells us that the leading eigenvalue of matrix M can
be approximated by

Amax (M) = Apax(MP°) 4+ pA! + p?A? | (4.31)

with
A = (000 M 000) (4.32)
¥ 2 <U?leiﬁ:i<f%§f M) b e M) (433)

In both expressions, {v;-)} represents the eigenvector basis of matrix M? and, in

particular, v9  represents the eigenvector associated with the leading eigen-

max
value of matrix. Taking into account that the matrix M? is diagonal, the
eigenvalues correspond to the population of each patch and the eigenvector

basis is the canonical basis, which simplifies the calculus of the perturbative



4.3. Multiplex metapopulations 95

corrections. In particular,

A’ = e (4.34)
A = 2000 (Rinagmaz — 1) - (4.35)

A2 = nma;p{(l - Rmaxmax)Q

j Rmax‘ R'max 2
+ ) [nj( 3 & Rimae) +R3,mj”. (4.36)

j#mazx Mmaz = My

Note that the linear correction is always negative, ensuring that for low enough
p values, the leading eigenvalue of the critical matrix M decreases, which is
reflected in the increase of the epidemic threshold responsible for the epidemic
detriment. Interestingly, the second correction is always positive, thus explain-
ing the non-monotonic behavior observed for the epidemic threshold as a func-
tion of the trade-off between these two opposite contributions. Finally, let us
remark that, if we decrease the heterogeneity of the population distribution,
the second term becomes dominant, thus shrinking the epidemic detriment
regime, which finally vanishes for homogeneous populations, as observed in
the synthetic metapopulations.

4.3 Multiplex metapopulations

The MIR model represents a step forward towards capturing the complex in-
terplay between recurrent mobility and disease spreading. Apart from under-
standing the central result of this thesis, the detrimental effect of the mobility,
in what follows we focus on refining the MIR model to keep shortening the
distance between these theoretical frameworks and real epidemic scenarios.
One of the key assumptions to construct the equations of the MIR model is to
consider all the population within a single patch as statistically equivalent. In
plain words, this fact implies that the model assumes that the probability for
individuals from the same area being infected or their usual mobility patterns
are equivalent and independent of any socio-economic features.

The analysis of epidemic surveillance data calls for a rethinking of the latter
assumption. One of the most recent examples about the relevance of social
variables to understand the course of a disease is the vastly unequal COVID-
19 impact reported for different ethnics, race or socio-economic classes [233-
235]. Beyond the unequal impact of diseases, important structural differences
appear when analyzing the mobility patterns of the population as a function
of different variables like age [236], gender [237, 238] or wealth [239] 240].
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Figure 4.7: Schematic representation of a multiplex network with N = 3 patches and
L = 3 layers. Each layer represents the demographic distribution and the mobility
patterns of each type of individuals.

The existence of diverse individuals in each subpopulation, characterized
by different spatial distributions and mobility patterns, resembles the problem
of accommodating the different types of interactions connecting the same set
of individuals in contact networks . Recall that in, the latter case, this problem
has been traditionally overcome by using multiplex networks [241), 242] where
all the layers contain the same set of agents, but their connection patterns vary
from one layer to another as a function of the nature of the interactions.

Here we propose the generalization of multiplex networks applied in the
context of metapopulations, which is referred to as multiplex metapopula-
tions. A multiplex metapopulation is a mathematical object composed of L
layers containing the same set of geographical areas, but each one encoding the
mobility patterns and demographical distribution of the different types of in-
dividuals found in each subpopulation. Mathematically, a multiplex metapop-
ulation is characterized by the size of the subpopulations in each layer «, 7%,
and the mobility patterns connecting them, usually encoded in OD matrices
R*. A schematic representation of a multiplex metapopulation with L = 3
layers and Np = 3 patches is shown in Fig [£.7]
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4.3.1 Multiplex MIR model

The study of the dependencies between mobility, epidemics and individuals’
diversity demands an extension of the original MIR model to include multiplex
metapopulations. As in the original MIR model, we propose the equations for
SIR and SIS diseases. In the case of a SIR disease, the system is completely
described by the time evolution of the fraction of individuals of each type «
associated with each patch i inside the I and R compartments, defined in
the following as p§ and r{*. Taking into account the assumptions of the MIR
model, this evolution reads as

pi(t+1) = (1= p)pi(t) + (1= pi (t) = ri ()G (E) (4.37)
ri(t+1) = 7' (t) + ppi (t) - (4.38)

In the case of SIS diseases, we obtain

pi(t+1) = (1= wpi () + (1 = pf ()T () (4.39)

where II¢(t) represents the probability that one individual from layer a and
patch ¢ contracts the disease. Incorporating the multiplex metapopulation,
this probability reads as

I () = (1 = p) P (¢) +pZR§’}Pf(f) ; (4.40)

where Pf(t) is the probability that an individual from layer a contracts the
disease inside 7 at time ¢. To compute it, we denote the probability of contagion
per contact between individuals from layers « and 8 by A*? and focus on the

case in which interactions take place all-to-all within the patch. Therefore,

L Np e
J—1
Pty =1-[]]] (1 - Aaﬁpf) , (4.41)
B=1j=1
8 : e : .
where Ny encoding the number of individuals from layer 8 moving from j

to 1, is given by
=021 = p)éy; + R’ (4.42)
N =1 p)dij + pRj;| :

Note that Eq. is slightly different from the expression introduced
in Eq. for the original MIR model. Namely, in the all-to-all contacts
scenario, the former, which explicitly accounts for the different infectious states
of each layer and patch, is more accurate than the latter, which assumes that
an individual makes n; with an infectious cloud resulting from averaging all of
them. Nonetheless, it is worth remarking that the differences in the predictions
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are negligible and that both approaches yield the same estimation for the
epidemic threshold.

To find the analytical expression of the epidemic threshold, we follow the
same procedure as when studying the original MIR model. Therefore, we
assume that the disease reaches an endemic equilibrium characterized by a
negligible number of infected individuals so that p*(t + 1) = p$(¢) = p$*. This

turns Eq. (4.39) into
ppi = (1 — pi)II . (4.43)

The next step is to assume that we are close to the epidemic threshold so that

P = € < 1. This allows for linearizing Eq. (4.41) by getting rid of O(€?)

terms. In particular,

L Np

HOED DYy (4.44)
B=1j=1

After introducing the latter expression into Eq. (4.40) and the result into
Eq. (4.43]), we obtain

L Np

pes = Z Z )\Q’BM%BEJ@ , (4.45)

B=1j=1

with

M =0 6i;(1 = p)* + p(1 —p) (R?j + Rﬁ) +p2(RaRﬁT)ij} . (4.46)
Note that the terms of matrix M encode the same microscopic contact pro-
cesses as the ones described for matrix M but also account for the diversity of
the residents in the different subpopulations. Let us remark that, in general, it
is not possible to derive a closed expression for the epidemic threshold due to
the different contagion probabilities as a function of the interacting individuals.

4.3.2 Synthetic metapopulations

We first aim at validating the equations with simple synthetic multiplex metapop-
ulations. For the sake of simplicity, we assume that A*? = X\ and introduce
a multiplex network composed of L = 2 layers. These layers correspond to
an ER and a BA metapopulations respectively, with Np = 10? patches which
are homogeneously populated with n = 500 individuals in each layer. In this
scenario, the epidemic threshold is analytically estimated as

(4.47)
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Figure 4.8: Panel a) epidemic size p as a function of the rescaled infectivity A and
the mobility p (color code). Lines show the results obtained by the iteration of the
Markovian equations whereas dots correspond with the average of 50 Monte Carlo re-
alizations. Panel b) epidemic size (color code) as a function of A and p. The black line
depicts the analytical estimation of the epidemic threshold computed by Eq. .
In both panels, the underlying multiplex network is an ER-SF configuration with
Np = 1000 patches, which are homogeneously populated with n = 500 individuals in
each layer. The recovery rate is set to u = 0.2.

Let us first study the spread of SIS diseases across multiplex metapopu-
lations. Fig. represents the evolution of the epidemic size as a function
of the rescaled infectivity A and the mobility p, finding a very fair agreement
between results from the equations and the ones obtained via Monte Carlo
simulations. Note that the epidemic size is now computed as

L Np
> 2. npf(o0)

=1i=1
p="T : (4.48)

2 g

a=11i=1

In Fig. we plot the surface p(S\, p) along with the analytical estimation
for the epidemic threshold provided by Eq. , which captures the bound-
ary between the endemic and the disease-free equilibria. Furthermore, it is
worth remarking that the existence of different mobility networks in the ER-
BA multiplex configuration makes the epidemic threshold lie in between the
two curves obtained when analyzing monoplex configurations in Section [4.2

We now abandon the hypothesis of homogeneous infectivities and study
the spread of SIR diseases across the ER-BA configuration. In particular, let
us study one scenario in which the inter-layer coupling is much smaller than

the intra-layer coupling. Mathematically, this implies that \FR-BA « \ER-ER
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Figure 4.9: Panel a) Time evolution of the epidemic size in each layer p® according to
the Markovian equations (lines) and the Monte Carlo simulations (dots). Panels b)-c):
Evolution of the fraction of infected agents in the ER layer associated to each patch
according to the Markovian equations (Panel b) and the MC simulations (Panel c).
Panels d)-e): Evolution of the fraction of infected agents in the BA layer associated to
each patch according to the Markovian equations (Panel d) and the MC simulations
(Panel e). In all panels, the dynamics starts with one infected individual placed
randomly in the ER layer, the mobility is fixed to p = 0.3 and the recovery rate to
1= 0.2 (see text for detailed information of the intra-layer and interlayer couplings).
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and that \FR-BA « \BA=BA gpecifically, we assume that both layers are in a
supercritical regime such that APR-FR = 1.5/, /500 and ABA-BA = 1.14/500 but
weakly coupled among each other so that APR-BA = 0.0254,/500.

We are interested in unraveling the spatio-temporal propagation of SIR
diseases in this scenario. For this purpose, we start by infecting a single in-
dividual in the ER layer and let the system evolve until the disease dies out.
Note that the weakened inter-layer coupling can be thought as the result of
taking control measures to isolate the affected group from the unaffected layer.
We analyze the time evolution of the infected individuals in each layer, denoted
as p® and computed as

Np
> nipf(t)
U — (4.49)

Np
> ng
i=1

Fig. [£.9)shows that the disease is able to invade the BA layer despite the weak
inter-layer coupling. Once it has been transferred, the supercritical regime
existing in the BA layer triggers a cascade a contagions which ends up with a
macroscopic fraction of the population becoming infected. This phenomenon
highlights the relevance of anticipating and taking preemption measures in
unaffected social groups in light of possible imperfect isolation policies of the
affected groups.

Finally, we give a microscopic description of the epidemic trajectory by
analyzing the time evolution of the recovered population in each patch and
layer. Interestingly, the equations of the formalism shows a fair agreement
with the results from stochastic Monte Carlo simulations, which strengthens
the validity of the proposed framework. Regarding the spatio-temporal pat-
terns, we observe that in both cases mobility tends to synchronize the different
epidemic trajectories, but heterogeneities are observed in the BA layer due to
the important role of the most connected subpopulations.

4.3.3 Medellin: a real multiplex metapopulation

Upon this point, we have limited our analysis to synthetic metapopulations.
Nonetheless, in the same fashion as monoplex configurations, the formalism
allows for readily incorporating real data once the demographical distribution
and the mobility patterns of different types of agents are available. In this
sense, the division of a given population into disjoint groups can be made
attending different qualitative or quantitative indicators such as nationality,
age, gender or economic incomes. In our case, we characterize the spread
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Figure 4.10: Mobility patterns and demographical distribution of each socio-economic
stratum in the city of Medellin. The size of the patch is proportional to the number
of residents whereas the edge thickness encodes the entries of the origin destination
matrices R.

of diseases across Colombian cities, for Colombian society is stratified in six
socio-economic groups according to the quality of the household of each indi-
vidual, ranging from stratum 1 typically gathering those with lowest incomes
to stratum 6, corresponding to the wealthiest individuals. Important differ-
ences concerning the timeline, distance and transportation modes involved in
the commuting trips of each stratum have been already reported in the litera-
ture [211], 243]; we are interested in addressing the impact of these differences
on the spread of contagious diseases.

Let us focus on the city of Medellin, which is the second most populated
city in the country with roughly 3.5 million of inhabitants. We use the data
published in [2111 243] to construct the multiplex metapopulation of Medellin,
with Np = 413 patches and L = 6 layers, each one identified with one stratum;
the different layers are represented in Fig. [£.10] For the sake of simplicity,
we focus on the simple scenario A% = X\ and represent the evolution of the
epidemic size as a function of the mobility and the infectivity in Fig.
Remarkably, the infection curves allow us to get some insightful information
about the underlying mobility network. The first striking result is that the
underlying population distribution is pretty heterogeneous, for the values of
the epidemic size shown in Fig. are well below the prediction of mean
field theories for the SIS model, providing a A (Rg) value.

Furthermore, the evolution shown by the epidemic threshold differs not
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Figure 4.11: Panel a): Epidemic size of a SIS dynamics p as a function of the rescaled
infectivity X and the mobility (color code). Dots show the results obtained by averag-
ing 50 realizations of Monte Carlo simulations whereas solid lines correspond to the
endemic equilibrium obtained by the iteration of the formalism. Panel b): Surface
p(S\, u) along with the analytical estimation for the epidemic threshold provided by

Eq. .

only quantitatively but also qualitatively from the threshold in Cali. Note
that, the threshold displays a monotonic increasing trend, meaning that mo-
bility is always detrimental to the spread of diseases. It is also worth stressing
that the crossing points in the supercritical regimes between the curves asso-
ciated with high mobility p and those with low mobility p take place at high
infectivity values. This result suggests that, in the case of Medellin, contact
heterogeneities during the reaction phase are more relevant than the mixing of
the populations driven by mobility to characterize the course of a disease.

One question arising from the previous figures is whether the impact of
diseases is homogeneous across the different socio-economic strata. To answer
this question, we represent in Figs. [£.12p-b the epidemic curves of each in-
dividual layer for low (Panel a) and high (Panel b) mobility values. There
we observe that, when epidemic spreading is totally determined by the demo-
graphical distribution (low mobility), important differences emerge between
the curves of the poorest and the richest strata, which are considerably shrunk
when increasing mobility.

Both results clearly point out the existence of an important demographi-
cal segregation in Medellin; in particular, the smaller threshold displayed by
low strata suggest that they occupy more crowded residential areas. Despite
the differences in terms of the mobility patterns observed among strata, the
mixing promoted by mobility is higher than that given by the residential dis-
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Figure 4.12: Panels a)-b): Epidemic size of a SIS dynamics in each socio-economic
stratum « (color code) as a function of the rescaled infectivity X by setting p = 0.05
(Panel a) and p = 1 (Panel b). Panels ¢)-d): Time evolution of the number of infected
individuals within a SIR dynamics with p = 0.05 (Panel ¢) and p = 1 (Panel d). In
both scenarios, the epidemic start with a 15% of infected individuals inside stratum
5 and we fix the recovery rate to = 0.2 and the rescaled infectivity to =4

tribution, which leads to the homogenization of the epidemic curves for high
mobility values. More quantitatively, we observe that, despite the emergence
of a global epidemic detriment affecting the populations a whole, increasing
mobility has different outcomes as a function of the socio-economic stratum.
Namely, mobility hinders epidemic spreading inside the lowest strata while
promote contagions in the highest ones.

To shed more light on the segregation found for low mobility values, we
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start an outbreak inside stratum 5 and analyze the transient dynamics, i.e.
the time evolution of the number of infected individuals in each stratum, in
Fig. f10k. There we observe that contagions between different layers do not
occur randomly but instead take place hierarchically such that the disease is
almost exclusively transmitted between close strata. This hierarchy vanishes
when activating mobility, as shown in Fig. [L.I0d. Unlike the original SIR
model, in both cases, secondary outbreaks are observed within the different
strata arising from the interplay between mobility and demographic structures.

Finally, we aim to account for the impact of homophily, which recurrently
appears in social networks [244]. Homophily is defined as the higher likelihood
of interacting with those sharing similar cultural, social or economic features.
In the context of the multilayer formalism here proposed, the homophily is
easily introduced by strengthening intra-layer ties while weakening inter-layer
interactions. Mathematically,

s QA ia=8 (4.50)
YA otherwise

with v € [0,1]. Therefore, v is a parameter encoding the strength of the
homophily introduced in the population.

Let us first explore how homophily shapes the epidemic threshold. For this
purpose, we introduce the new definition of A*? into Eq. (4.45) so that the
epidemic threshold can be expressed as

7

Ae = ———F—— 4.51
Ko (M) 450)

where the elements of the new matrix M’ are given by
(M) = (1= (1= =59)) M (4.52)

Fig. [£13p represents the dependence of the epidemic threshold as a func-
tion of the mobility and the homophily parameter. As expected, promoting
the homophily by reducing v leads to a consistent decrease in the epidemic
threshold as a result of the lower number of interactions made by the popula-
tion. In its turn, at first sight, Fig. suggests that increasing the mobility
always has a detrimental effect regardless of the + value.

We confirm this intuition in Fig. where we explicitly plot the value
of the threshold as a function of the mobility for different v values. Despite
the apparent lack of new physics, a closer examination of the curves reveals
the existence of abrupt changes in the slope of the leading eigenvalue for low
~ values encoding homophilic populations. This fact pinpoints the existence
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Figure 4.13: Panel a) Evolution of the epidemic threshold A. as a function of the
mobility p and the homophily . Note that the epidemic threshold has been rescaled
by the value in the static case without homophily so that :\c(p, v) = Ae(p,7)/A(0,1).
Panel b) Dependence of the epidemic threshold on the mobility p for different ho-
mophily values «. To focus on the qualitative dependence, the rescaled threshold is
computed as the ratio between the actual threshold and the one associated with the
static case for each + value. Therefore X.(p,7) = Ae(D,7)/Ac(0,7).

of a collision between the first and the second eigenvalues of matrix M’, a
phenomenon which has been reported for other dynamics running on top of
multiplex networks and which is responsible for interesting physics such as
superdiffusion processes [245].

In our case, the collision of the two leading eigenvalues has profound impli-
cations for the implications of targeted control policies acting on specific areas.
Let us recall that the components of the leading eigenvector vyax reflect the
fraction of infected individuals belonging to each patch and each layer close to
the epidemic threshold. To focus on the spatial distribution of cases, we can
define a new vector Vyax obtained by coarse-graining the leading eigenvector
by summing all the contributions of each layer to the same area i. Therefore

_ e o8 (V]
\/Z;Vq [Zizl a:? (vmax)?] 2

where ¥ accounts for the fraction of residents in 7 belonging to the layer o

(Vimax); (4.53)

and the denominator is introduced to normalize V pmax.

Fig. illustrates how mobility shapes the components of the coarse-
grained eigenvector Vmax. We observe an abrupt change in the localization of
the eigenvector taking place around p = 0.21. As anticipated above, this fact
tells us that important changes in the spatial distribution of cases occur for
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Figure 4.14: Panel a) Component decomposition of the leading eigenvector Vmax as
a function of the mobility p in the strong homophily regime v = 0. Panel b) Inverse
participation ratio Y of the leading eigenvector as a function of the mobility p and
the homophily ~.

small variations in the mobility parameter, which manifest the need of accu-
rately knowing in advance the demographical and epidemiological conditions
of the system before implementing any targeted control policy.

We round off this analysis by analyzing the dependence on both the ho-
mophily and the mobility of the inverse participation ratio Y, which quantifies
the degree of localization of a normalized eigenvector. In particular, the inverse
participation ratio of Vyax is given by

Np
Y =3 Vo) (4.54)
i=1

From the latter expression, it is straightforward to realize that the inverse par-
ticipation ratio is bounded so that Y € [1/Np, 1]. The lower bound corresponds
to a completely delocalized eigenvector with all the components adopting the
same value ((Vinaz)i = 1/v/Np). On the contrary, the upper bound reflects a
localized state where the eigenvector is one of the elements of the canonical
basis.

Fig. represents the inverse participation ratio as a function of the
homophily and the mobility. For low mobility values, we observe Y ~ 1, which
means that outbreaks close to the threshold affect a few patches. Nonetheless,
for low 7 values (strong homophily) the localization of the outbreaks changes,
as shown by the abrupt variation of the inverse participation ratio reflecting the
transitions between different patches. Note that, in contrast, no changes occur
for high v values, denoting the relevance of the complex interplay between
socio-economic stratification, mobility and demographics for the emergence of
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this phenomenon.

4.4 Conclusions

The great development of the international mobility network over the last fifty
years has dramatically changed the course of pandemics. The removal of the
physical gaps separating faraway regions driven by this phenomenon has lead
to an inversion of the time scales responsible for the local and global diffusion
of outbreaks. In this sense, while network science has already shed light on
the role of mobility in the global diffusion of epidemics, determining exactly
how our daily mobility patterns shapes the local contagions remains a more
open question, given the limitations of the theoretical frameworks existing in
the literature.

In this chapter, we have tackled this problem and proposed a theoretical
framework, the MIR model, which allows for readily incorporating data about
the demographical distribution and the mobility patterns of the inhabitants
of real cities. To do so, we have abandoned the use of contact networks and
introduced the concept of metapopulations, which are composed of different
subpopulations and constitute the basic skeleton needed to account simulta-
neously for mobility and epidemic spreading. Afterwards, we have proposed
the MMCA equations of the formalism, which enable to quantify the spatio-
temporal evolution of the occupation of the different epidemiological states
in each subpopulation. These equations represent an important computa-
tional advantage with respect to the agent-based simulations in which each
microscopic contagion and mobility process should be simulated to obtain the
evolution of the disease.

From a theoretical point of view, the linearization of the equations leads
to an analytical expression of the epidemic threshold which allows for captur-
ing the impact of the mobility patterns of the population and the underlying
population distribution on the onset of diseases. Interestingly, this impact in
real metapopulations like Santiago de Cali in Colombia substantially differs
from the results for synthetic metapopulations. Specifically, the complexity of
the formalism allows us to discover a hitherto unreported phenomenon, the
so-called epidemic detriment, for which an increase in the mobility can be ben-
eficial to contain an ongoing epidemic outbreak. The emergence of such phe-
nomenon is characterized mathematically following a perturbative approach
and is rooted in the existence of heterogeneous subpopulations. The physical
roots and some heuristic rules to control the epidemic detriment are explored
in depth in Chapter
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To refine the MIR model, we have relaxed the assumption about the sta-
tistical equivalence of the individuals in each subpopulation and accounted
for the individuals diversity reflected in several factors such as age, race or
socio-economic status. To do so, we have introduced a new object, the mul-
tiplex metapopulation, which corresponds to a multiplex network where each
layer encode the mobility patterns and the spatial distribution of one type of
individuals across the same set of patches. Following a similar rationale as
in the original MIR model, we have proposed a set of Markovian equations
to track the epidemiological evolution of the different type of individuals and
derive the behavior of the epidemic threshold as mobility varies, showing dif-
ferent quantitative trends to the ones observed when neglecting the underlying
socio-economic diversity.

Finally, we have characterized the spread of diseases across the city of
Medellin in Colombia, leveraging the fact that Colombian society is stratified
into six different socio-economic classes which are embedded into the different
layers of the multiplex metapopulation. In this more realistic setup, the epi-
demic detriment still emerges and is even stronger than the observed for the
city of Cali, as shown by the continuous increasing trend of the epidemic thresh-
old with the mobility. Interestingly, despite the global epidemic detriment, the
effect of mobility on the individual threshold associated to each socio-economic
class is not universal but remarkable qualitative and quantitative differences
are observed across the different strata.

Furthermore, the analysis of the epidemic trajectories have allowed us to
get some insights into the features characterizing the underlying demographi-
cal distribution. Therefore, we have observed that the residential areas of the
different classes are highly spatially segregated, as reflected in the different
individual thresholds and the existence of a hierarchical contagion structure
between close socio-economic classes. To round off our analysis, we have intro-
duced the mechanism of social homophily, which strengthens the interactions
with those sharing similar social features. Remarkably, we have observed that
small variations in the mobility in strongly homophilic populations can lead to
abrupt changes in the most affected areas and therefore, can compromise the
efficiency of targeted control policies.

The MIR model represents the minimal framework needed to capture the
evolution of reaction-diffusion process while not making any assumptions about
the structure of the mobility network. Apart from the spread of diseases, in
upcoming works we seek to generalize the MIR model to accommodate other
reaction processes, such as the adoption of cultural traits in hunter-gatherer so-
cieties [246) 247| or the exchange of knowledge across different countries [248].






Chapter 5

Epidemic detriment with
recurrent mobility

If your new theorem can be stated with great simplicity, then there

will exist a pathological exception.

A. Mathesis [249].

The analysis of the impact of recurrent mobility patterns on the onset of
epidemics made in the previous chapter reveals that the epidemic threshold
exhibits a complex dependence on human mobility which varies as a function
of the system under study. In particular, when studying real metapopulations,
we report a counterintuitive phenomenon, the so-called epidemic detriment,
which consists in the beneficial effect of letting the population move across a
given city to contain an ongoing epidemic outbreak.

Far from being an artifact from the equations, we have shown that the
epidemic detriment also emerges in the Monte Carlo simulations for both SIS
and SIR dynamics and proven mathematically its existence via a perturbative
analysis performed on the critical matrix determining the value of the epidemic
threshold. Nonetheless, we have little intuition yet about how the features of
the metapopulation, i.e. the interplay between the spatial distribution of the
population and their mobility patterns, shape this phenomenon.

In this chapter we aim at shedding light on the roots of the aforementioned
epidemic detriment. To do so, we first propose in Section a toy-model,
the star-like metapopulation, which allows us to systematically tune different
aspects such as population heterogeneities or flows distribution and quantify
their impact on the epidemic threshold. In this section, we check that macro-
scopic arguments based, for example, on the redistribution of the population
driven by mobility cannot justify the emergence of the epidemic detriment in
all epidemic scenarios.

Motivated by this fact and to overcome some limitations of the original
MIR model, we break the symmetry between the time scales associated with
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agents’ movements and epidemiological processes and introduce in Section
a new parameter, the return time, encoding how much time individuals spent
at the destination before returning to the residence patch. We check that the
new time scale has a deep impact on the dynamics by changing quantitatively
the behavior of the system even in situations in which the population inter-
acting inside each patch is independent of this parameter. The latter finding
suggests that the epidemic detriment is not only determined by the number
of interactions that each individual makes but also depends on whom these
contacts are made with.

Finally, a typical shortcoming of the metapopulation models is the mean
field assumption introduced within each subpopulation. This automatically
precludes accounting for the existence of heterogeneous contact structures in-
side each patch. In Section we introduce a theoretical extension of the
MIR model which solves this problem by introducing different degree classes
in each subpopulation. Unlike the previous formalism, in this case the number
of contacts made by each individual remains constant and independent of the
location where he/she is placed. The emergence of the epidemic detriment in
this scenario allows us to understand the microscopic roots of this phenomenon
and its relation with other findings existing in the literature when addressing
epidemic spreading on contact networks.

5.1 Epidemic detriment and MIR model

5.1.1 Types of cities

The results shown in Chapter [] prove that the interplay between mobility and
epidemics is not universal but strongly depends on the features of the underly-
ing metapopulation. In particular, we have characterized three different types
of metapopulations according to the dependence of the epidemic threshold on
the mobility of the population p. In what follows, we denote these categories
as Type LII and III respectively.

e Type I: In these metapopulations, increasing mobility always favors epi-
demic spreading, which is reflected in a monotonic reduction of the epi-
demic threshold A, when increasing the mobility p. Synthetic metapop-
ulations whose nodes are uniformly populated fall into this category.

e Type II: In this case, the epidemic threshold shows a nontrivial behavior
with the mobility. For small p values, the epidemic threshold increases
with the mobility, giving rise to the so-called epidemic detriment. This
trend is maintained until a given value of the mobility, p*, for which the
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Figure 5.1: Evolution of the rescaled epidemic threshold \ as a function of the mobility
p for the three different qualitative behaviors observed so far. Type I cities show a
continuous reduction of the threshold while increasing p, so mobility boosts epidemic
spreading. The epidemic detriment, for which increasing mobility hinders the spread
of diseases, is non-monotonic for Type II cities, since it appears for small p values and
vanishes after the peak located at p*, and monotonic for Type III cities.

epidemic threshold reaches its peak. Afterwards, the impact of mobility
is reversed and promoting movements boosts epidemic spreading and
hence decreases the epidemic threshold. The city of Cali in Colombia
constitutes one example of type II metapopulation.

e Type III: Finally, there are other cases, like the city of Medellin in Colom-
bia, where the epidemic detriment appears consistently from the static
case p = 0 to the case in which the entire population moves according to
the mobility network p = 1.

The three different qualitative behaviors of the epidemic threshold are captured
in Fig. [5.1l The perturbative analysis made in Section [4.2] reveals that the
epidemic detriment always emerges, partially or totally, in metapopulations
with heterogeneous subpopulations, regardless of the mobility network, thus
restricting type I cities to uniformly populated cities. Despite the mathematical
characterization of the epidemic detriment, we lack a clear connection between
the features of the metapopulation and the qualitative impact of mobility on
the onset of epidemics.
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5.1.2 Star-like metapopulation

To explain the mechanisms responsible for the emergence of the epidemic detri-
ment, we introduce a new theoretical benchmark, the star-like city. Star net-
works are simple graphs whose topology is composed of a central node, usually
referred to as hub, which is linked to a set of peripheral nodes, the so-called
leaves. The main advantage of these simple configurations is the statistical
equivalence of all the leaves, which greatly simplifies the theoretical analysis of
different dynamics. For example, the use of star networks has been crucial to
analytically characterize the nature of different phenomena such as the onset
of SIS diseases [I8, [19] and the microscopic origin of the explosive synchroniza-
tion [131] or the oscillations in chemical reaction-diffusion processes [250].

Fig. schematically depicts the structure of the star-like city. In what
follows, we denote in the mathematical expressions the hub and the leaves
by the subscripts h and [ respectively. Note that the metapopulation is fully
characterized by four parameters:

1. Nypaz: Number of residents inside the hub so that nj;, = nmgz-

2. k: Number of leaves surrounding the hub. Note that the flows from the
central node to the periphery are uniformly distributed so that Rp; =
1/k.

3. a: Population asymmetry between the hub and the leaves. In this sense,
each leaf is populated by n; = anpq, agents with a € [0, 1].

4. ¢: Fraction of the flows departing from the leaves which end in the hub,
i.e. Ry, = 0. The remaining fraction of the moving population goes to
the next leaf in the counterclockwise direction so that R;; 1 =1 — 4.

At this point, let us recall the expression determining the fraction of individuals
in the infected state associated with each patch close to the epidemic threshold.

According to Eq. (4.22)), we have that

€= Mc¢, (5.1)
where the elements of the matrix M in the limit of all-to-all interactions are
given by

M;; = n; [6;(1 — p)* + p(1 — p) (Rij + Rj;) + p*(RRT);5] . (5.2)

Note that, in a general scenario, the vector € has as many components as
the number of patches Np in the metapopulation. Nonetheless, the statistical
equivalence of the leaves allows us to reduce the dimensionality of the system
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from Np to 2 equations, governing the evolution of the disease inside the
hub and a generic leaf respectively. Imposing this condition in Eq. (5.1)) and
unfolding the components of €, we obtain

€n = Mppen, + Mpje; (5.3)
€] = Mypen + Mye; .

The simplicity of the metapopulation enables to get a straightforward expres-
sion for the elements of the matrix. Namely,

Mph = Nimaa [(1 -p)? —|—p2//£] ) (5.5)
My = Kunag [p(1 = p)(1/k + 8) + p*(1 = 8) /K] (5.6)
My, = Nz [p(1 = p)(1/k +6) +°(1 =) /x] (5.7)
My = anipaz [(1—p)* +2p(1 = p)(1 = 6) +p* (6° + (1 = 6)*)] . (5.8)

Note that the matrix M is a 2 x 2 matrix, whose leading eigenvalue can be
computed analytically. This allows us for getting a simple expression for the
epidemic threshold, which now reads as

A= —H (5.9)

with

_tr(M) + /tr(M)2 — 4det M
= 5 .
The expression for the epidemic threshold depends on five parameters, the

Amax(M)

(5.10)

four characterizing the properties of the underlying metapopulation and the
recovery rate u. To focus on the effect of the mobility, we study the rescaled
epidemic threshold

X >\c Nmaz

Ae = =0 = AN (5.11)

Note that all the elements of the matrix M depend linearly on the population
of the hub n,,4:, which makes the rescaled epidemic threshold independent of
this parameter. In plain words, the qualitative impact of the mobility is not
a variable of the overall number of agents in the metapopulation but is only
influenced by the population asymmetries governed by a and the features of
the mobility network determined by (k, ). To check whether we can reproduce
the three qualitative types of cities observed thus far with the star-like config-
uration, we explore the mobility value p* at which the peak of the epidemic
threshold is located. Note that p* — 0 corresponds to type I cities which
display a monotonic decrease of the threshold, p* > 1 identifies type III cities
with a monotonic increase of the threshold and any p* value in between these
extremes is associated with the non-monotonic trend found for type II cities.
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Figure 5.2: Panel a) Schematic representation of the star-like metapopulation. The
relevant parameters are the population of the hub 7,4, the population asymmetry
a, the number of leaves x and the flow from leaves to the hub § (see text for details).
Panel b) p* (color code) as a function of («,d) for a star-like metapopulation with
k = 10 leaves. Panels ¢)-e): Epidemic size p (color code) as a function of the rescaled
infectivity X and the mobility p. The solid black line depicts the analytical estimation
for the rescaled epidemic threshold provided by Eq. .

Without loss of generality, let us fix £ = 10 leaves and represent the value
of p* as a function of (a,d) in Fig. . Note that type I cities are restricted
to the areas of the parameters’ space with a >~ 1 and therefore to metapopula-
tions with negligible population asymmetries, as suggested by the perturbative
analysis included in Chapter [d] The rest of the phase diagram shows a non-
trivial boundary between type II and type III cities. In particular, most of the
possible configurations correspond to type II cities whereas type III cities are
associated with a very specific region of the parameters’ space. In Fig. [5.2c-e
we illustrate the epidemic diagrams for three different combinations of (a, d)
identifying the three possible types of cities.

Once we have checked that the star-like metapopulation enables to retrieve
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the three different types of cities observed thus far, we now try to connect the
dots between the structural features of the metapopulation and the p* value.
We start by recalling that in the MIR model the number of contacts each
individual makes is an extensive variable which depends on the attributes of
the place where he/she is located. In particular, under the all-to-all interac-
tions scheme, this number of contacts matches the effective population of the
different patches.

Intuitively, one plausible explanation for the epidemic detriment would be
that mobility tends to homogenize the underlying population distribution, thus
reducing the number of individuals interacting inside the most vulnerable node
and, therefore, requiring a higher infectivity to observe a macroscopic outbreak.
In the star-like metapopulation, the effective populations of both the hub and
the generic leaf read as

nh = Nmaz [((1 — p) + akpd] (5.12)
N = Nmaz [01(1 —p(S) —{—p/l-i] : (513)

Equating both equations, we can estimate the value at which the effective
population inside the leaf becomes higher than the one crowded in the hub,
denoted in what follows as p; ., vielding:

k(1 — )

Pheur = (T 1)1 dak) (5.14)

Fig 5:3p shows the dependence of the latter indicator as a function of the
population asymmetry « and the flows from leaves to the hub, governed by 6.
Interestingly, two clearly differentiated regions appear in this figure:

e koa < 1: In this region of the parameters’ space, mobility tends to reduce
the population gathered inside the hub and increase the population in the
leaves, as shown in Fig[5.3b. Remarkably, the value predicted relying on
the homogenization of the population is able to capture very accurately
the actual value of p* represented in Fig. [5.2

e koo > 1: In this case, the value derived for py_ . is always negative, for
the distribution of population is no longer homogenizing. Instead mo-
bility tends to accumulate individuals inside the hub at the expense of
emptying the leaves, as captured in Fig [5.3c. Therefore, the epidemic
detriment observed in Fig. and universally predicted by the pertur-
bative analysis cannot be justified based on the redistribution of the
population.

The failure of macroscopic arguments based on the sizes of the interacting
populations suggests that the epidemic detriment, and more in general the
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Figure 5.3: Panel a) Value of the heuristic estimation for the position of the peak of
the epidemic threshold p} ... (color code) as a function of the population asymmetry
« and the parameter 6 governing the flow from the leaves to the hub. The solid red
line depicts the function o = 1/(kd), which delimit the region where macroscopic
arguments work to explain the epidemic detriment (see text for details). Panels b)-c):
Dependence of the effective population interacting inside the hub 7, and the leaves
7; on the mobility p for two star-like metapopulations with (o, d) = (0.4, 0.05) (Panel
b) and («, ) = (0.4,0.4) (Panel c¢) respectively. In all the cases, the number of leaves
is k = 10.

interplay between recurrent mobility and epidemics, are driven by processes
taking place across microscopic/mesoscopic scales. In the next sections, we
propose two theoretical extensions of the MIR model and provide solid evidence
about the crucial role that the modification of the agents’ contact structures
plays in the emergence of the epidemic detriment.
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5.2 MIR model with tunable return time

Upon this point, we have reflected the recurrent nature of human movements
in our formalism by forcing all the individuals to come back to their associated
patch at the end of each time step. While this hypothesis seems coherent and
resembles our daily habits, theoretically it makes us to restrict to a very specific
scenario where the time scales governing both contagion/recovery processes
and mobility are assumed to be equal.

In this section, we abandon this assumption and generalize our formalism
by introducing a new time scale, denoted in what follows as 7, which encodes
the number of epidemic time steps that agents spend outside their residence
before returning to their associated patch. As explain in Chapter [ this time
scale has been already introduced in the previous HMF approaches existing in
the literature [196, 213] 214], 25T], 252] and leads to important variations of the
epidemic curves. In our case, we are interested in checking whether this time
scale can shed light on the origin of the epidemic detriment.

We start by describing the extended version of the MIR model, which
is schematized in Fig. 5.4, The symmetry breaking between the time scales
involved in the model entails that the initial population of each patch at each
time step is not only composed of residents but also contains visitors who have
not come back to their respective residences yet. Therefore, we must redefine
the rules governing the three stages of each time step.

1. Movements: At the beginning of each time step, the residents in one
patch decide whether to leave it with a probability p or remain there
with probability 1 — p. To respect the commuting nature of human
movements and the new time scale, visitors in one patch are not allowed
to move. Mathematically, we introduce a third-order tensor R, whose
elements R;k denote the probability that a resident inside ¢ moves from
j to k. Note that, in general, the tensor R allows for accommodating a
wide variety of mobility schemes ranging from higher-order paths [253]
to random walker dynamics. In our case of interest, the assumptions
described above lead to

R;k = 5§Rjk + (1 — 5;)6jk R (5.15)
where R is the OD matrix used in the original MIR model.

2. Interaction: This stage remains as in the original MIR model. In this
case, both residents and visitors are indistinguishable and make the same
number of contacts depending on the attributes of the place where they
are located after the movement stage. In each contact between suscep-
tible and infected individuals, the first one contracts the disease with
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Figure 5.4: Schematic representation of the generalized MIR model. The agents color
encodes their residence. Each time step involves three stages: i) Movement stage
governed by the 3-dimensional tensor R computed according to Eq. At this
point, visitors outside their residence are forced to stay at their destination (dashed
lines) whereas agents located at their residence are allowed to move according to the
degree of mobility p and the OD matrix R. ) Interaction stage in which agents
update their dynamical state according to the contagious rate A and the recovery one

. ii1) Return stage where agents outside their residence can come back there with a

probability 771.

probability A. Likewise, infected individuals can overcome the disease
with a given probability p.

3. Return: Finally, visitors decide whether returning home with probability
771 or staying at their destination with probability 1 — 771,

5.2.1 Model equations

We start by assuming that our metapopulation has Np patches, each with
N residents. The introduction of the new time scale makes the population
associated with a given patch behave differently depending on whether or not
they are located inside their residence. This fact automatically breaks the
statistical equivalence of all the residents in a given patch and forces us to
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enlarge the number of equations needed to fully characterize the evolution of
SIS diseases across the metapopulation. In particular, rather than the Np
equations composing the MIR model, we need L equations which correspond
with each of the non-zero entries recorded in the OD matrix R.

On top of the equations governing the spread of the pathogen, we need
to account simultaneously for the time evolution of the occupation of each
patch. For this purpose, let us denote by né(t) the number of individuals
with residence in 7 who are placed inside patch j at time t. Following the
assumptions of our formalism, the time evolution of these quantities is given
by

nz(t +1)=(1- (5;) (1- 7'_1) (pRijné(t) + nz(t))

+85 (1 =p (1= Ra))ni(t) + 71 Y (pRini(t) + (1))
ki

(5.16)
The first line identifies the individuals staying at a destination different from
their residential node. This can happen if these individuals move towards
the destination or in case they were already there; in both cases, they decide
not to come back home later on. In its turn, the second line encodes the
number of individuals inside their residential patch. These agents either were
already there and decide not to move or return home after visiting a different
destination.

Theoretically, we should iterate concomitantly both equations governing
the distribution of the population and the course of the disease. Notwith-
standing, we must recall that the stationary state of a SIS dynamics is an
endemic equilibrium independent of the transient dynamics. To simplify our
analysis, we then assume that the epidemic time scale is much longer that the
thermalization time for the redistribution of the population. Therefore, we can
fix the different populations as their stationary values.

To find them, we must assume that nz (t+1)= n;(t) = nz V(i,7). Taking
into account that the sum of these variables should be equal to the number of
residents in each patch i, N?, we obtain the steady values for the population
distribution:

T, ()
ni = (1-8) N'R;; 0 (1_];7__)(1_ - - (5.17)
I—Rz‘z‘+p7(1 14 Bl

1) p—

Note that 7= = 1 recovers the original MIR model, for n; = 5} N*®. In contrast,
771 = 0 identifies a scenario where agents forget their associated patch and
are distributed among the neighboring patches according to the OD matrix R

so that NJZ: =(1- 5§)NiR¢j/(1 — Rii).
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Under the microscopic rules of this new model, the evolution of the number
of infected individuals with residence inside ¢ and placed in j, denoted as pé-,
is given by

pit+1) =651 — p] [(1—p (1= Rii)) pi(t) + 71> (pPRupi(t) + pi(t))
7]

+ 68 (1—p(1— Ry)) (nf — pi(t)) Pi(t)

+ 871y () (pRa (nf — pi(t)) + (n] — pi(1)))
I#]
+(1=8)) (L= p) (L =771) (pRiAi(t) + (1))
+ (1= 85) (L=771) Bi(t) (pRij (ni — pi(1)) + (nj — £5(1))) -
(5.18)

The first three lines contain the evolution of the infected individuals located
in the same patch where they reside. Specifically, the first line contains those
individuals already infected who do not recover at time ¢ and end up inside
their residential patch. The second and third lines govern the contagions of
susceptible individuals which can happen if the individual does not move and
contract the disease inside i (second line) or if he/she moves, contracts the
disease in the destination and decide to come back home (third line).

Finally, the last two lines correspond to the evolution of infected individuals
who are located inside a patch different from their residence. The fourth line
corresponds to those who were already infected and neither recover from the
disease nor return to their node and the fifth one encodes those susceptible
individuals contracting the disease inside the destination and not returning
home.

Assuming a well-mixed scenario and an all-to-all interaction scheme within
each patch, the probability for a susceptible individual contracting the disease
inside patch ¢ at time ¢ reads as

P(t)=1- (1 - Aﬁi(t))m : (5.19)

n;

where p;(t) and n; are the number of infected individuals and the population
placed inside ¢ at time t after the movement stage respectively. In particular,

Np A
pilt) = D8 (1= p (1= Ri)) pi(t) + (1= 82) (o] + pRup)(1)) , (5:20)
j=1

Np . .
=300 (1 =p (1= Ra) i+ (1= 8) (] +pRin]) . (5:21)
j=1
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Figure 5.5: Epidemic size p as a function of the rescaled infectivity A when varying
the mobility p (Panel a) and the permanence times 7 (Panel b). The permanence time
has been fixed to 7= = 0.5 in Panel a) whereas the mobility is set to p = 0.5 in Panel
b). In both cases, solid lines represent the results obtained by iterating Egs. (5.18)-
whereas dots show the average of the results obtained from 100 Monte Carlo

simulations for each (p,A)) value. In both panels, the recovery probability is fixed to
it = 0.2. The underlying metapopulation is a BA network with Np = 50 patches and
(k) = 4 and populations randomly assigned so that N* € [300, 1700].

5.2.2 Model validation

First, we aim at validating the equations by comparing their predictions with
results from Monte Carlo simulations. To do so, let us consider a BA network
with Np = 50 patches and (k) = 4. Nodes’ populations are drawn from an
uniform distribution so that N* € [300,1700]. We first study the evolution of
the epidemic size as a function of the infectivity and the mobility when agents
are not forced to come back home after each time step. Based on the variables
of the model, the epidemic size is now computed as

Np o
2 Zkf n’p; (o)
p = LIS , (5.22)

Np
> N!
i=1

where k(i) represents the neighborhood of patch i. Fig. shows that the
equations of the extended model fairly reproduce the results from the simu-
lations. Qualitatively, in Fig. [5.0h we observe that the epidemic detriment
phenomenon still appears when introducing slightly longer trips. Notwith-
standing, Fig. shows that increasing the permanence times (decreasing
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771) always lead to a reduction in the epidemic threshold, which promotes
epidemic spreading. Therefore, there seems to be a competition between two
opposite mechanisms, the one driven by mobility tending to increase the epi-
demic threshold and its decrease caused by increasing the permanence times,
whose trade-off governs the onset of diseases.

5.2.3 Epidemic threshold

We now seek to derive an analytical expression for the epidemic threshold to
shed more light on the aforementioned antagonistic relation between mobility
and permanence times. For this purpose, we try to follow a similar approach
as in the original model and assume that the disease has reached an endemic
equilibrium characterized by a negligible number of infected individuals. Math-
ematically, this implies that

pé-(t +1)= pé-(t) = pé < né . (5.23)

The latter assumption allows us to linearize the equations of the formalism.
Specifically, Eq. (5.19) turns into

PF o~ \p; . (5.24)

Plugging this value into Eq. ((5.18]) and neglecting O(€?), we characterize the in-
fected individuals close to the threshold for each possible residence-destination
(i,7) pair. Let us focus on the case i = j, for which we obtain

Np Np
poi=p(l—Ri) L—p) (A=7pi+ > (A= lpf + 2D > Fiph, .
I#i =1 m=1

(5.25)
Note that, unlike the rest of examples studied throughout this thesis, the latter
equations do not allow us to isolate the infectivity A from the elements of the
critical matrix. This is caused by the terms involving a redistribution of the
infected individuals across the different patches without any change in their
epidemiological state.

Therefore, we cannot get a closed estimation for the epidemic threshold by
using the typical linearization technique. Instead, to estimated this quantity,
we here resort to the next-generation matrix method (NGM) [56] 254, 255]. In
the context of mathematical epidemiology, the NGM method allows getting an
analytical estimation of the basic reproduction number R¢ from the ordinary
differential equations (ODEs) governing the evolution of a given disease.

To apply the NGM, we need to turn our discrete-time equations into con-
tinuous ones and explore the proximities of the disease-free state. To do so, we
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define p{ = pg(t +1)— p‘z(t) and assume pg < n{, which turn Eq. 1} into

Np Np

=3 (AL = Vi) ol (5.26)

=1 m=1

with

pil 5;1{n;: 1 91] 5908, (1= ) + (1 57) [pRuly + 6]

+ 71 (1= 0L,) L, (Rim + ) (1= p(1 = Rim))
+77'6, Z (1—6;) (pRioni + 1)) pRio

o=1
(1) (1) R+

(1= 81 = 77N (pRign} + b |050h,(1 = ) + (1= 64, (pRijol + Gy)]
(5.27)
and

Vil =606" [6h, (n+pi(1—p)(L—771)) = (1= 65,) (1 — p)77 1]

(1= 80) [0t 7 (1= ) = 8Ly (1 = @) (1 =7 )pRim | - (5.28)

In both expressions, we have denoted p; = p(1— R;;) for the sake of readability.
Note that the tensor F gathers all the contagions of susceptible population
leading to an increase of the epidemic size whereas tensor V contains the
transitions between the infectious states. The NGM method states that the
basic reproduction number is given by

Ro = Amax AFV™) = Ao (FV ) (5.29)

Recalling that Ry encodes the number of contagions made by one infectious
individual in a fully-susceptible population, the value of the epidemic threshold
corresponds to the A, value such that Ro(A.) = 1. Therefore,

1

Ae = Amax(FV-1)

(5.30)
Fig. shows that the latter expression accurately captures the value of the
epidemic threshold in the scenarios explored in Fig. and reproduces the
qualitative description previously made on the impact of both the mobility
rate and the trip duration.

Beyond generalizing the original MIR model by breaking the time sym-
metry between contagions and movements or getting an analytical expression
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Figure 5.6: Epidemic size p (color code) for the BA metapopulation as a function
of the rescaled infectivity A and the mobility p for 71 = 0.5 (Panel a) and the
trip duration 7 for p = 0.5 (Panel b). The black solid lines represent the analytical
estimation for the epidemic threshold computed from Eq. In both panels, the
recovery rate is set to = 0.2.

for the threshold, here we aim at understanding the origins of the epidemic
detriment phenomenon. To do so, we recover the star-like metapopulation in-
troduced in the previous section and set « = § = 0.4 and k = 10 leaves. It
is worth remembering that macroscopic arguments based on the redistribu-
tion of the population cannot justify the emergence of the detriment in such
configuration, for mobility tends to accumulate agents inside the hub.

We represent the evolution of the epidemic threshold ), as a function of
the mobility p and the trip duration 7 in Fig.[5.7h. There we observe a striking
result: the epidemic detriment vanishes when increasing the permanence times
at the destination. Specifically, in Fig. we explicitly observe that increas-
ing 7 (reducing 77 !) always decreases the value of p* from the one observed
in the original MIR model to p* = 0, at which the epidemic detriment is no
longer observed. Apart from the anticipation of the peak p*, we observe that
the effect of mobility is boosted as we increase the new time scale introduced,
which is reflected in the higher slope of the threshold for small p values.

Macroscopically, both phenomena suggest that increasing the permanence
times comprises the curves of the original MIR model and introduces an ef-
fective mobility higher than the actual mobility p. Nonetheless, this argument
fails in capturing the behavior of the system for p = 1. Note that the effective
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Figure 5.7: Panel a): Rescaled epidemic threshold X, (color code) as a function of the
mobility parameter p and the return probability 7=1. Panel b): Rescaled epidemic
threshold as a function of the mobility for different return probabilities (color code).
In both panels the recovery rate is fixed to p = 0.2 and the underlying metapopulation
is a star like configuration with x = 10 leaves and («, ) = (0.4,0.4).

population of the hub in this case reads
np = ako , (5.31)

which is independent of the permanence time. However, the epidemic threshold
is significantly reduced when extending the trip duration; this is the most clear
example showing that the interplay between recurrent mobility and epidemics
goes beyond the redistribution of the population.

Let us address the role of the architecture of the mobility network. For
this purpose, we represent in Fig. the same curves for two metapopulations
which differ one from another in the parameter § governing the share of flows
going from the leaves to the hub. Interestingly, when § = 1, so the individuals
of the leaf always move to the hub, the value of the rescaled epidemic threshold
at p = 1 does not depend on the permanence times. In contrast, as stated
before, this dependence does appear if § = 0.4, corresponding to a scenario in
which agents from the leaf can either visit the hub or another leaf.

Note that the variability of the possible destinations visited by one indi-
vidual is crucial to understand the impact of mobility on epidemic spreading.
Although the interacting populations remain constant and independent of the
permanence time for p = 1, the recurrent nature of mobility allow each single
individual to escape from the hub, where most contagions occur, and visit a
leaf where they rarely get infected. This mechanism is boosted with high re-
turn rates to the residence patch, which explains the consistent increase of the
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Figure 5.8: Rescaled epidemic threshold A as a function of the mobility parameter
p and the return probability 77! (color code).The recovery rate is fixed to u = 0.2
and the underlying metapopulation is a star like configuration with k = 10 leaves and
(a,0) = (0.4,0.4) and (o, 0) = (0.4,1).

epidemic threshold when decreasing the permanence times .

In light of the prominent role of the time scales, we explore the impact of
modifying the infectious window of infected individuals, typically encoded by

the inverse of the recovery rate p= 1.

For this purpose, let us fix the return
rate to 77! = 0.2 and study the curves S\C(p) as a function of the recovery
rate p in Fig. [5.9h. Unlike the original MIR model, we observe that varying
the infectious period alters the impact of mobility on epidemic spreading. In
particular, when p~' < 7, the infectious individual typically stays at one
destination during the infectious period, which hinders the epidemic detriment
and potentiate the negative effect provided by agents’ accumulation inside the
hub. In contrast, long infectious windows allow them to move and visit less
vulnerable areas, which reduces the number of contagions and give rise to the

epidemic detriment.

Finally, to further explore the interplay between the two time scales, we
fix the mobility rate to p = 1 and represent in Fig. [5.9b the evolution of the
rescaled epidemic threshold as a function of the permanence time for different
infectious windows. The steeper slope of the epidemic threshold for small infec-
tious periods confirms that, rather than the absolute value of the permanence
time 7, its relative value compared with the typical infectious window is key
to understand how the trip duration hinders the epidemic detriment.
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Figure 5.9: Panel a): Rescaled epidemic threshold A as a function of the mobility
parameter p and the recovery rate p (color code). The return probability is fixed
to 771 = 0.2. Panel b): Rescaled epidemic threshold Ac as a function of the return
probability 771 and the recovery rate u (color code). The mobility rate is fixed to
p = 1. In both panels, the underlying metapopulation is a star like configuration with
k = 10 leaves and (a,d) = (0.4,0.4).

5.3 MIR model with heterogeneous contact patterns

The introduction of the permanence times in the MIR model reveals that the
variation of the contact structures of the population plays a crucial role in
the emergence of the epidemic detriment. However, note that, so far we have
considered the number of contacts of each agent to be an extensive variable
depending on the population gathered in each geographical area. This way,
the effect of changing the set of individuals with whom an agent interacts is
intermingled with the variation of the overall number of contacts. In general,
this fact makes it difficult to attribute the main responsible mechanism for the
epidemic detriment.

Furthermore, one of the most important limitations of the frameworks
based on metapopulations is that they usually introduce mean field assump-
tions consisting in considering all the individuals of a given subpopulation as
statistically equivalent agents. A few examples can be found in the literature
relaxing the latter assumption to accommodate different types of individuals
within the same subpopulation [256, 257]. Nonetheless, in all of them, it is
assumed that individuals make the same number of interactions within each
group, thus hindering the crucial role of heterogeneous contact distributions in
epidemic spreading, as found in the models on contact networks explained in
Chapter
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To overcome both limitations, in this section we propose a new extension of
the MIR model in which we assume that each individual carries an attribute,
the degree or number of contacts k, which is not altered when visiting different
locations from her residential node. Moreover, we abandon the usual mean-
field assumption and instead follow a heterogenous mean field (HMF) approach
where the individuals from the same residential patch are divided into different
degree classes, whose members are assumed to be equivalent.

5.3.1 Model equations

Let us assume that our population is composed of Np patches, each one pop-
ulated by n; (i = 1,..., Np) residents, giving rise to an overall population of
N individuals across the metapopulation. As stated before, we assume that
each individual has a given degree k, which encodes his/her number of daily
interactionsﬂ and that individuals with different degree can coexist within the
same subpopulation. In particular, we denote by €2; the number of different
degree classes inside the patch ¢ and define P;(k) as the probability that a
resident inside ¢ has degree k.

Regarding the mobility model, we assume that each individual follows the
Movement-Interaction-Return scheme, where the interaction stage is modified
to account for the heterogenous nature of the contacts made by the population
inside each location. For the sake of simplicity, we fix 7 = 1 and restrict
the analysis to SIS diseases, although the formalism here proposed is easily
generalizable to accommodate more complex compartmental models or account
for the impact of trips duration.

Given the assumptions of the model, we need 2 equations to fully describe

the evolution of the system, where 2 corresponds with the sum of the different
Np

degree classes coexisting within the same patch, so that Q@ = >~ Q;. Let us

i=1
denote the fraction of infected individuals associated with patch ¢ within degree

class k at time ¢ by pl[-k} (t). Under the dynamical rules previously defined, the
time evolution of the latter quantities reads as

e+ 1) = = el + [1- T 1) (5.32)

where Hgk} (t) encodes the probability that a susceptible agent with residence
inside ¢ and degree k becomes infected at time ¢. Assuming that individuals
with degree k move with probability p; according to the OD matrix R, we

In what follows, the degree refers to the number of contacts of each individual rather
than to the number of connections of each subpopulation in the mobility network.
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obtain

N
() = (1 - p)m () + o1 Y Ryl (8) (5.33)
j=1
Note that, unlike the original MIR model, the probability of contracting the
disease inside each patch is not the same for all the agents placed there. In par-
ticular, assuming an annealed regime where we do not fix any specific contact
structure, the probability that a susceptible individual of degree k becomes
infectious inside patch i at time ¢ reads as

k
M) = (1—)\ZP (K |k) )) . (5.34)

In the latter expression, ,0[ ]( t) denotes the fraction of individuals with degree
k' inside i who are infectious at time ¢. Therefore,

7lk]

i "

M =120 (5.35)
U

being fi[k} (t) and ﬁgk} the infected and total population with degree k inside
patch 7 at time ¢ respectively. Taking into account the mobility matrix and
the original population distribution, we obtain

an ) (1) (551~ pi) + (1 — G)pkRys) . (5.36)

! = Z”J 0ij (1 — p) + (L — bij)piRyi) - (5.37)

In its turn, P;(k'|k) represents the probability that an individual of degree k
sets a link with another individual with degree k' inside patch i. Neglecting
degree-degree correlations, this probability reads as

~ Pk k/~[k’]
Bk = ) F,

G
k”

where we have defined the effective degree distribution of patch 4, pi(k’ ).

: (5.38)

5.3.2 Heterogeneous star-like metapopulation

Here we present the generalization of the star-like metapopulation introduced
in Section to accommodate heterogeneous contact patterns. Specifically,
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Figure 5.10: Example of a heterogeneous star-like metapopulation network with Np =
5 patches. The bimodal distribution inside the hub is characterized by ke = 20
and (k), = 5. In addition, the average degree inside the leaf is fixed to (k); = B(k)n,
with 8 = 1. The population asymmetry is set to o = 1.

we keep the population distribution which is governed by the asymmetry pa-
rameter a and the mobility network which is fully-determined by the number
of leaves k and their flows governed by §. Regarding the degree distributions,
we assume that all the individuals from the leaves make (k); contacts, so that
the degree distribution is given by

Py(k) = by, - (5.39)

In its turn, to introduce contact heterogeneities, we consider that the degrees of
individuals from the hub follow a bimodal distribution, splitting the population
into agents with a single contact and with k,,,; interactions respectively. Note
that the share of population belonging to each group is governed by a new
parameter denoted as 1. Therefore,

Py(k) =n+ (1= n)knaax - (5.40)

Note that the n-th moment of the hub’s connectivity distribution is

(k")n =D K" Ph(k) =+ (1= n)kija - (5.41)
k
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In particular, fixing the average degree as (k), automatically determines 7,
yielding
kmax - <k>h

P— (5.42)
max

’]7 =
It is worth remarking that the latter configuration introduces two flavors of
contact heterogeneities. First, the bimodal distribution of the contacts made
by hub’ residents induces local contact heterogeneities there. Likewise, the
possible different average degree between individuals from the hub and the
leaves represent some sort of global heterogeneity, quantifying how different
individuals from distinct locations are. To control this global heterogeneity,
we assume that (k), = f(k), with g € (0,1]. A schematic representation of
the proposed toy-model configuration is shown in Fig. [5.10] with k4. = 20,
(k),=5and a=p=1.

5.3.3 Validation of the equations

Analogously to the rest of the models, first we aim at validating the pro-
posed equations with Monte Carlo simulations. Regarding the different stages
involved in one Monte Carlo step, the movement and return stages remain
unaltered with respect to the original MIR model but the interaction stage is
modified to account for the different contacts made by the population gathered
in one patch.

Therefore, in the movement stage, agents with degree k move with a prob-
ability pr and choose their destination according to the OD matrix R. In the
interacting stage, we assume that each susceptible individual with degree k
makes k interactions. Assuming that the susceptible individual chooses ran-
domly with whom she interacts, the probability of getting infected in each

Skl
P L A— (5.43)

Skl

k

attempt is given by

Note that we do not construct any specific networked configuration within each
patch, for we work in the annealed regime [258]. Finally, at the return stage,
each individual comes back home and another time step starts.

To focus on the effects on contact heterogeneities, unless specified we as-
sume that both hubs and leaves are equally populated with n, = n; = 10*
residents, i.e. a = 1. Concerning the mobility, let us assume that the mobility
rate is independent of the degree, i.e. pp = p. Fig. shows the evolution of
the epidemic size p, i.e. the fraction of the population infected in the endemic
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Figure 5.11: Epidemic size p as a function of the rescaled infectivity A and the mobility
p (color code). Equilibrium regimes of the Markovian equations (lines) and MC
simulations (dots) for a star-like metapopulation with n, = n; = 10* (o = 1) and
%k = 10. The hub contains individuals with connectivity (k), = 100 (n = 0 and
kmax = 100), and the leaves (k); = 10 (8 = 0.1). The mobility patterns are given by
(a) 6 = 0.1 and (b) 0.9. In both panels, solid lines represent the predictions yielded
by the Markovian equations whereas dots correspond with the average epidemic size
from 10 realizations of the Monte Carlo simulations. In both panels, the recovery rate
is set to = 0.2.

equilibrium, as a function of the mobility p and the rescaled infectivity X for
two star-like metapopulations, one with 6 = 0.1 (Panel a) and another one
with ¢ = 0.9 (Panel b). Note that in this case, we compute the rescaled infec-
tivity by dividing the actual infectivity A by the expected threshold following
the HMF approach in case of a set of spatially isolated patches. This way,

A
A= " (5.44)
with
Ao = Mmin{<k>h/<k2>ha <k>l/<k2>l} : (5.45)

In both cases, we neglect the local contact heterogeneities by setting n = 0
and explore the effect of global heterogeneities governed by 8 = 0.1. In this
formalism, the epidemic size is computed as

Np
k
S S Pk ()
i=1 ke{k;
p= ZLEcth) < . (5.46)

The agreement between the Monte Carlo simulations and the predictions of the
formalism is remarkable except some small discordances around the epidemic
threshold caused by the difficulties posed by the combination of stochastic
fluctuations and the existence of an absorbing state.
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Qualitatively, the epidemic detriment emerges despite the uniform popula-
tion distribution across the metapopulation. This is in sharp contrast with the
phenomenology observed in the original MIR model when setting o = 1, for
in that scenario mobility always promotes epidemic spreading. More impor-
tantly, it is worth stressing that in this framework, at variance with the models
previously presented, agents preserve their number of interactions regardless of
the place to which they move. This way, mobility does not shape the number
of interactions of the population and therefore the epidemic detriment is by no
means explained by macroscopic arguments based on the redistribution of the
population.

5.3.4 Epidemic threshold

To shed light on the interplay between contact heterogeneities and recurrent
mobility, we now derive the expression of the epidemic threshold. Let us assume

that the disease has reached the endemic equilibrium so that pgk] (t+1) =

pgk] (t) = p} k], In this case, Eq. |i turns into

poi = [1 - o] (5.47)
with
N
I (k] _ (1 — pp)f LI Z Rijﬂ;[k] ) (5.48)
=1

Now we assume that, close to the epidemic threshold, the endemic equilib-
rium is characterized by a negligible fraction of infected individuals so that
P; k] = €k < 1V(i, k). The latter assumption allows linearizing the equations
of the formalism. In particular, the probability for an individual with degree
k contracting the disease inside i reads as

wi = 2 ST Bk k)5 (5.49)
k/

Incorporating Eqgs. (5.35) and ((5.38]), the latter expression reads

. Ak =
wi = S (1 - pe) By + oo Ryl (K, (3.50)
K J
where
Q; = Z k Z (1 — pr)dij + peRji] njPj(k) (5.51)
k J

is the effective number of edges in patch 7. Finally, plugging the latter expres-
sion into Eq. (5.47) and neglecting O(e?) terms, after some algebra we arrive



136 Chapter 5. Epidemic detriment with recurrent mobility

to the following expression:
_ — ik~
ME = A Z Z Mz]k €K/ (5.52)
Jj K

that defines an eigenvalue problem with

— 1t 5 R
Mﬁ=ﬁwﬁ%wkwmwu—m»+u—mmy

Qi Qi
Ry Rj
pr(l— pk/) Lt Y — |y (5.53)
QJ [ Ql
According to its definition, the epidemic threshold is computed as
W
A= ———=. 5.54
Amax(M) (5:54)

Note that Eq. constitutes the exact value of the epidemic threshold in
presence of subpopulations with heterogeneous degree distributions. Nonethe-
less, its computation involves solving the spectrum of a matrix whose dimen-
sion corresponds to the sum of all the degree classes coexisting inside each
subpopulation. In this sense, for fine-grained spatial datasets, such task can
be computationally expensive.

In what follows, we prove that the estimation of the epidemic threshold
can be greatly simplified. Let us first perform a similarity transformation
€k — ke, which by definition does not alter the matrix spectrum. After such
transformation, Eq. turns into

pe =AY > M e, (5.55)
iw

where the elements of the new matrix M read as

Ly 5 R
Mﬁzwmm@hmm—wbzu—mmg
R;R
(1 _pk,)f2 + DD Z S (5.56)
J

If we decouple the mobility rate from the degree, i.e pp = p, the matrix’ ele-
ments become independent of k. This way, we can assume that €;; = ¢; which
allows a dimensionality reduction of the matrix from the total number of degree
classes €} to the number of patches in the metapopulation Np. Specifically,
Eq. transforms into

He; = )\ZMZ‘jﬁj, (5.57)
J
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and the elements of the reduced matrix M are given by:

dij Rji | Ry RaRji
M;; = (k?); 1—p2]+p1—p(]+]>+p2 ln; .
=00 | aP g a1 =) (G4 G2 )+ T |
(5.58)
Finally, in this scenario, the epidemic threshold is computed as
_ H
Ae = 7Amax(M)‘ (5.59)

From the elements of the reduced matrix M, we immediately realize that,
when p = 0, the epidemic threshold matches the expression for Ay provided
by Eq. ; thus, our formalism allows for retrieving the HMF equations on
contact networks. The connection between this model and the HMF approach
on contact networks reveals that the epidemic detriment could emerge as a
result of dismantling the contact structures of individuals located inside the
most vulnerable node because of the recurrent mobility.

It is also worth remarking that the matrix M qualitatively resembles the
critical matrix obtained in the MIR model. Indeed, the four different contri-
butions to the matrix elements encode the same microscopic processes but are
differently weighed according to the modified interaction rules. This reveals
the generality of the mobility scheme introduced in this thesis and how this ba-
sic model can be easily extended to cover more complex dynamics. Fig. [5.12}
shows that the estimation for the epidemic threshold accurately captures the
transition from the disease-free to the endemic state and the emergence of the
epidemic detriment.

5.3.5 Microscopic roots of the epidemic detriment

One crucial feature of this formalism is that the number of contacts of each in-
dividual is independent of the mobility network. As a consequence, we can
accurately discriminate the role of both contact heterogeneities and recur-
rent mobility in shaping the epidemic threshold. To do so, we use a star-like
metapopulation where we neglect global heterogeneities 8 = 1 and assume the
population to be uniformly distributed so that o = 1. In this setup, we vary
either the local heterogeneities governed by k.. or the architecture of the
mobility network governed by 4.

Qualitatively, Fig. proves that the position of the peak p* is deter-
mined by the mobility flows of the network but is independent on the local
contact heterogeneities. Specifically, the peak is anticipated as d increases, for
the scarce overlapping between the mobility patterns of the individuals from
the hub and the leaves reduces the beneficial effect of their mixing. In contrast,
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Figure 5.12: Dependence of the epidemic threshold on the mobility parameter p.
The underlying metapopulation is the star-like configuration with x = 10 leaves. All
patches are uniformly populated (v = 1) and the average connectivity of both hub
and leaves is fixed to (k) = (k); = 5, so that 8 = 1. (a) Comparison of the theoretical
epidemic threshold obtained using Eq. (solid line), scaled by its value for p = 0,
and the steady values of the epidemic size p (color code) for (kmax,d) = (50,0.4). (b)
Rescaled epidemic threshold A, for different configurations (Kmax,9), shown in the
legends, with solid and dashed lines for kp.x = 50 and 100, respectively.

note that the exact value of the peak of the epidemic threshold A(p*) is the
same regardless of the position of the peak. Indeed, its magnitude is shaped by
the local heterogeneities, leading to an increase of the peak as the parameter
kmar increases, i.e., as the hub becomes more vulnerable with respect to the
leaf. Mathematically, these observations entail the components of the eigen-
vector are fully-determined by the mobility network whereas the associated
eigenvalues depend on how different the mixed subpopulations are.

Finally, we abandon the assumption of uniformly distributed populations
and study the effect of the population asymmetry o on the peak of the epidemic
threshold. Apart from the parameter [, let us define a new parameter v to
control global heterogeneities so that (k?), = v(k*),. Note that the specific
degree distributions of both hubs and leaves impose a constraint on these
values, which must fulfill that

B (k)
<k>h (kmax + 1) - kmax'

v = (5.60)
Fig. [5.13| represents the value of the rescaled epidemic threshold at the peak as
a function of the population asymmetry « and the parameters controlling the
heterogeneities, 5 in panel (a) and « in panel (b). The first striking result in
both panels is that the epidemic peak is considerably reduced as the population
is asymmetrically distributed, approaching S\C(p*) = 1 when a — 0. This
behavior is observed because, as the leaves’ population becomes negligible with
respect to the hub’s one, the agents from the leaves hardly alter the degree
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Figure 5.13: Peak of the rescaled epidemic threshold S\C(p*) as a function of «, [,
and v, with (k);, = 5. In (a), all patches have the same average connectivity, with
B = 1 while the local heterogeneity of the hub is modulated by 7. Dashed lines
correspond to the values of v for kp.x = 100, 50, and 20, from left to right. The
plot in (b) considers a fixed value of v & 0.0617, corresponding to kmax = 100 when
B = 1, tuning the connectivity of the leaves with 8. The population asymmetry is
modulated by « for all cases.

distribution of the residents in the hub.

Furthermore, note that, if we fix 3, decreasing v leads to an increase of the
peak, thus highlighting a higher beneficial effect of the mobility. This effect
is rooted in the fact that both subpopulations become more different among
each other because of the higher k., value needed to decrease . Likewise,
the constraint posed by Eq. makes the epidemic threshold increase with
B as a result of the higher k., value to keep v constant.

In a nutshell, the results here shown provide solid evidence on the mi-
croscopic origin of the epidemic detriment caused by recurrent mobility. To
link the epidemic detriment with the results obtained when studying epidemic
spreading in contact networks, we must recall that there are different studies
proving that the endemic states close to the epidemic threshold are mainly
driven by the most connected nodes and the ties connecting them [19, 259)]. In
our model, the mixing between the different subpopulations promoted by mo-
bility reduces the probability for them being connected among each other, thus
preventing the emergence of localized endemic states and, as a consequence,
increasing the threshold.

5.4 Conclusions

The interplay between recurrent mobility and disease spreading in the MIR
model produces an unexpected phenomenon: the mixing between different
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subpopulations, rather than promoting epidemic spreading, sometimes may
be beneficial to keep an ongoing outbreak under control. This chapter of the
thesis has been devoted to disentangle the mechanisms responsible for such
surprising result. To do so, we have constructed a toy configuration, the star-
like metapopulation, which allow for systematically tuning different structural
features characterizing the metapopulation such as the population distribution
or the flow architecture and analytically quantify their impact on the onset of
diseases.

First, we have studied the MIR model proposed in Chapter 4] on top of
the star-like metapopulation. By tuning the aforementioned features, we have
recovered the three different types of metapopulations observed so far. Namely,
those for which no epidemic detriment appears and mobility favors epidemic
spreading (type I cities) and those for which the epidemic detriment partially
(type II) or totally (type III) emerges. Qualitatively, we have characterized
a region of the parameters’ space for which the epidemic detriment emerges
as a result of the homogenization of the population driven by mobility. In
contrast, this kind of macroscopic arguments based on the redistribution of
the population are not always valid, for the epidemic detriment also emerges
when mobility tends to accumulate population in those vulnerable areas.

The limitations of these macroscopic arguments have pushed us to go fur-
ther and seek the microscopic/mesoscopic roots of the detriment. For this
purpose, we have proposed an extension of the MIR model by introducing tun-
able permanence times or trips duration. Interestingly, we have found that
extending the trip duration reduces the epidemic threshold in some scenarios
when the size of the interacting populations are constant and independent of
this time scale. A thorough analysis has revealed that the epidemic detri-
ment emerges because the back-and-forth movements allow infectious agents
to stay away from the infection hotspots, thus reducing the potential number
of contagions made during their infectious window.

Finally, we have extended the MIR model to accommodate heterogeneous
contact distributions of the population. Regarding the interplay between mo-
bility and the number of contacts, unlike the previous approaches, in this new
model we have assumed that agents preserve their number of interactions re-
gardless of the population gathered in their destination. Based on macroscopic
arguments, this fact should suppress any dependence of the epidemic threshold
on the mobility; however, the epidemic detriment also occurs in this scenario,
which manifests its microscopic nature. Specifically, recalling some concepts in
network science, we conclude that mobility dismantles the localized endemic
states by weakening the ties linking the most connected and, hence, vulnerable
agents.
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Overall, the epidemic detriment constitutes an emergent phenomena arising
from the variation of the contact structures of the population. Interestingly,
a similar phenomenon has been reported when studying epidemic spreading
across temporal networks [260]. From a theoretical point of view, the next
step is the formulation of a framework mapping the flows observed across
different locations onto the time-varying connections of temporal networks.
This formalism would enable to apply all the machinery recently developed to
characterize dynamics on these configurations [261-264], thus improving our
understanding of the impact of human mobility on epidemic spreading.






Chapter 6

Applications of the MIR model

During an outbreak, we rarely see the full picture at first, and this
is where mathematics is essential.

A. Kucharski [249].

Mathematical models are nowadays indispensable tools to assess the stage
of an ongoing outbreak, forecast its short-term evolution and guide policy-
makers in the design of control policies to reduce its impact on the society.
In this sense, driven by the important theoretical advances made over the last
decades, epidemic frameworks have become general enough to accommodate
different factors such as age-structured populations [222] 265], [266], simulations
at the individual level [267H269] or detailed compartmental schemes to reflect
the complex course of some real diseases [270), 271].

However, there is no free lunch, and the increased realism of epidemic
models comes hand in hand with an increased complexity that makes it difficult
to identify, with simple physical arguments, the key ingredients behind the
observed spatio-temporal spreading patterns. In this chapter of the thesis, we
seek to optimize this trade-off existing between the applicability of theoretical
models to specific real outbreaks and the possibility of getting physical insights
into the role of the different mechanisms involved in their spread. To do so,
we propose different extensions of the MIR model which allow us to tackle
different epidemic scenarios on real systems when not losing the analytical
power provided by its equations and the theoretical knowledge acquired thus
far.

In Section we apply the MIR model to a large dataset of 163 cities
distributed across 4 countries around the globe. Our goal is to find a better
understanding, rooted in the architecture of human flows, of the influence of
daily mobility in these cities despite the differences in terms of land coverage,
urbanization or population existing among them. To do so, we use a dimen-
sionality reduction technique relying on the LouBar method [226] which allows
classifying the set of a patches inside a given city into two categories according
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to their population density. We reveal an universal trend dictating how the
flows between the most dense areas shape the epidemic threshold. Based on
the nature of the epidemic detriment, we propose different interventions mod-
ifying the architecture of the mobility network to increase the cities’ resilience
without the need to massively confine the population.

In Section [6.2] we generalize the MIR model to tackle the modeling of the
course of COVID-19 pandemic across Spain. The theoretical challenge posed
by COVID-19 is two-fold. On the one hand, the complex natural course of
the disease along with its highly different outcome as a function of the age of
the patient demand to introduce much more complex compartmental schemes.
More importantly, capturing COVID-19 trajectory requires real-time epidemic
modeling and formulating versatile enough formalisms to capture the time-
varying nature of different factors determining its evolution, such as mobility
restrictions or lockdowns. After validating the model with data in Spain, we
simplify it and obtain an analytical expression for the interplay between non-
pharmaceutical interventions (NPIs) and the effective reproduction number,
which sheds light into the factors determining their efectivenness.

Finally, in Section [6.3] we study how the MIR model should be modified to
capture the contagion mechanisms of vector-borne diseases such as the Dengue
or Chikungunya viruses. We show that the qualitative dependence of the epi-
demic threshold on the mobility strongly depends on the clinical features of
the disease such as the number of asymptomatic patients. As a case study,
we derive a theoretical indicator to quantify the vulnerability of the different
neighborhoods within an endemic area for Dengue, the city of Cali in Colom-
bia, showing that it captures very accurately the spatial distribution of cases
reported from 2015 to 2016.

6.1 Preparing for the next pandemic

COVID-19 constitutes the most recent and clear example of how vulnerable
our current society is to the irruption of highly contagious pathogens. This
high vulnerability is the outcome of the combination between the existence of
a vastly interconnected mobility network, removing any spatial barrier con-
taining a localized outbreak, and the growing phenomenon of urbanization,
which tends to accumulate more and more of the population in large cities,
to the extent that in 2007 it exceeded the population living in rural environ-
ments worldwide [272, 273]. The interplay of globalization and urbanization
turns large cities into contagion centers accelerating the reaction phase of the
disease [274]. In this sense, disentangling the roots behind such acceleration is
essential to be prepared for new forthcoming pathogens.
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In the same spirit as different works within the so-called science of cities [275-
278|, we here seek to explore hierarchies and regularities of cities’ structures
to explain the factors shaping their vulnerability to epidemic outbreaks. To
succeed in this endeavor, we rely on the LouBar method proposed in [226],
which allows a dimensionality reduction of the mobility networks. This way,
the LouBar method enables to encapsulate superficial cultural, structural or
historical differences existing between different cities and focus on the meso-
scopic structures governing the flows and agents’ distribution across them. In
some sense, this method resembles the renormalization group widely studied in
statistical physics [279], which is able to classify dynamics of different nature
within the same universality class.

6.1.1 LouBar method

The LouBar method establishes a hierarchical structure within the different
geographical areas inside a city as a function of a given attribute of interest.
This attribute may be related with demographic features such as the popu-
lation, density or socio-economic indicators such as the GDP per capita. In
practical terms, the LouBar method is a non-parametric method which allows
classifying the patches in a metapopulation in different levels according to their
contribution to the Lorenz curve of the attribute of interest.

If the variable of interest x is continuous and governed by a given probabil-
ity function f(z) and cumulative distribution F(x), the Lorenz curve L(F(z))
is defined as

L(F(m)):<1 / o f(2)da | (6.1)

where the factor (x) is included to ensure that L(1) = 1. In economic terms,
the value L(x) represents the proportion of the total wealth of a system shared
between those whose income is lower than x . Given this definition, the Lorenz
curve has been used to quantify economic inequalities via the Gini coefficient.
This coefficient is defined as the area between the Lorenz curve and the curve
corresponding to an egalitarian economic distribution provided by L(F(z)) =

Note that our variables are discrete and correspond to different attributes
of the patches. Assuming that the values are sorted so that 1 < ... < zn,,
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Figure 6.1: LouBar method for classifying patches according to their contribution to
the cumulative distribution F' of a given attribute = across the metapopulation.

the Lorenz curve is computed as

L
_ i—1
L(F() = 2
L
j=1

; (6.2)

with )
K
=N
Once the Lorenz curve L(F) is constructed parametrically, the LouBar method
draws the tangent line to the curve at (1,1) and finds the intersection point of
the latter with the x-axis, setting a threshold denoted by F'x. From Eq. ,
the intersection point is computed as

F(i) (6.3)

Fr=1- @ . (6.4)
Tn
The intersection point F™* allows discriminating those areas contributing to the
inequalities of the distribution. In particular, for egalitarian distributions, i.e.
xn = (x), the intersection point is F* = 0 and, consequently, all the patches are
equivalent. As the value z, grows with respect to the average, the intersection
point F* adopts intermediate values separating the patches into two subsets.
In this sense, we identify a patch i as a hotspot when F(i) > F*. An scheme
of the LouBar method is depicted in Fig.
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In a nutshell, the LouBar method allows coarse-graining the patches in a
metapopulation as a function of their similarities according to a given property.
One application of this method was proposed by Bassolas et al. in [231]. In
this manuscript, the attribute of interest is the number of flows departing from
each area. Applying the method iteratively, the authors embed the complex
nature of the mobility network into a hierarchical structure formed by the
different hotspot levels and their aggregated connections. Interestingly, they
derive an indicator, the hierarchical flow, quantifying to what extent the flows
connect hotspots within the same level in different cities, and find that there
exist a correlation between the latter indicator and different environmental and
social features such as the level of pollution or the share of public transport.

6.1.2 MIR model with hotspots

Here we want to check whether the LouBar method can be applied to shed
some light on the interplay between mobility and the epidemic threshold in
real cities. The dataset here analyzed comprises 163 urban areas distributed
across four different countries: Italy, Australia, South Africa and United States.
To construct the mobility network of each city, we use the Google COVID-19
Aggregated Mobility Research Dataset, which contains anonymized mobility
flows aggregated over users who have turned on the Location History setting,
which is off by default. We use data collected weekly from November 3rd 2019
to February 29th 2020 to avoid being influenced by lockdowns. These flows
are obtained at the S2 cells level 13, whose typical size is 1.27 km? [280].

Providing that the definition of cities is not univocal in all these countries,
the spatial resolution of the metapopulation and its patches vary from one
country to another. Moreover, apart from the mobility flows, we need to extract
the population and the area of each specific patch. In this sense, depending on
the availability of population data per country, the mobility flows between S2
cells are aggregated to patch size of comparable resolution between countries.
As a result, we construct the following metapopulations:

United States: 50 Urban areas with zip code patches [28]].

Italy: 49 Communes with S2 cell patches [282].

South Africa: 31 Municipalities with ward patches [283].

Australia: 33 Statistical Areas Level 4, with Level 2 patches [284].

Regarding the epidemic model, we use the original (and simplest) version
of the MIR model introduced in Chapter [ Recall that in this model the
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Figure 6.2: Panel a: Rescaled epidemic threshold Ae as a function of the mobility p
for Boston (purple line) and Miami (orange line), with the localization of the peak of
the epidemic threshold p* pinpointed with a dashed line. Note that this value allows
distinguishing between type II cities (p* < 1) like Boston and type III cities (p* = 1)
like Miami. Panel b: Histogram of the p* values for each of the 163 cities contained
in the dataset.

epidemic threshold in this model is given by

=i (6.5)
with
Mij = mnj |035(1 = p)% +p(1-p) <R§fj JZfl) Z dRﬂfl
J J
(6.6)

Given its relevance for the spread of airborne diseases, we assume that the
function f governing the number of contacts inside each patch is a monoton-
ically increasing function with the population density. In particular, for the
sake of simplicity, we choose f(i) = n;/a;, being n; the effective population
gathered inside patch 7 and a; its area.

Before applying the LouBar method, let us make a qualitative classifica-
tion of the cities in our dataset according to the critical regimes described
in Chapter For this purpose, we study the evolution of the rescaled epi-
demic threshold A. on the mobility. Within the 163 cities, we find 109 type
IT cities, for which a non-monotonic epidemic detriment is observed and 54
type III cities characterized by a monotonic epidemic detriment; examples of
both cities types are shown in Fig[6.2h. Likewise, for the sake of completeness,
we represent a histogram with the localization of the peak of the epidemic

threshold p* in Fig. [6.2p.
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Figure 6.3: Panel a): Mobility network of Chicago in the United States and its associ-
ated low-dimensional representation. The brown areas correspond to suburbs whereas
the red areas identify the hotspots defined according to the population density. Panels
bl-b4: Rescaled epidemic threshold A as a function of the hotspot flow concentration
k for each of the cities analyzed in United States (bl), Italy (b2), Australia (b3) and
South Africa (b4). In all these panels, the metric § is the exponent of the power-law
function to which data are fitted in each country (see text for details) and rg is the
Spearman rank correlation coefficient relating the rescaled epidemic threshold val-
ues to the hotspots flow concentration. The shadowed region shows 95% confidence

interval for the fitted dependencies.
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Beyond the qualitative description, here we want to connect the metapop-
ulation features with the quantitative value of the threshold. To do so, we
apply the LouBar method to find the hierarchies existing within each city and
extract the population density hotspots; the remaining patches are denoted
by suburbs. Motivated by the crucial role of contacts’ variability in shaping
the onset of diseases, we define a new indicator kj; as the share of the flows
in a given city k connecting hotspots. Assuming that H (k) encodes the set
of hotspots within city k& and that TZ’; denotes the flows going from patch 7 to
patch j inside city k, this indicator is given by

> T

_ 1,J€H (6 7)

Rl — —<
k
§ T}
1,J

Note that this metric lies in the range 0 < k < 1. An illustrative scheme of
the dimensionality reduction here proposed is represented in Fig[6.3h.

Our hypothesis based on the physics found in Chapter || is that the detri-
mental effect of the mobility should be hindered in those cities where the flow
is mainly concentrated around hotspots. In this scenario, mobility does not
allow the population to escape from the most vulnerable areas, therefore re-
ducing the beneficial effect of contacts’ variability. To have a fair comparison
of the effect of the mobility in two cities with disparate population densities,
we use the rescaled epidemic threshold Ae at p = 1, which is defined as

- )\c(p = 1) o mas
“TAG=0) DMy | 08

where d,,q, represent the largest population density observed within the patches

of each city.

Fig. represents the rescaled epidemic threshold as a function of the k
value of each city in each of the four countries analyzed here. There we confirm
our hypothesis, finding a moderate negative correlation between both variables.
As a proof of concept, we have fitted the curve of each country to a power-law
decay A. ~ ArP by using least-squares regression, obtaining negative values
in all the cases for the exponent 5. The different values observed in these
exponents may arise as a consequence of the different spatial resolutions with
which the mobility networks in each country are constructed or obey further
structural features here not considered.

6.1.3 Interventions on the mobility matrix

To confirm the negative effect of the concentration flow around hotspots for
cities’ vulnerability, we perform an intervention on the mobility network con-
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sisting in removing all the flows connecting different hotspots and distributing
them among the suburbs neighboring areas, preserving the proportions as dic-
tated by the original matrix R. In the following, this intervention is referred
to as reshuffling intervention. The effect of such intervention is captured in
Fig. [6.4h, which presents a histogram of the values for the ratio between the
normalized threshold after and before the intervention, S\E/[OD and ), respec-
tively. Note that most cities fall into the beneficial domain for which removing
the flow between hotspots increases city’ resilience. In contrast, there are a
few cities, around 9% of the cities studied, for which the intervention is detri-
mental and accelerates epidemic spreading. We believe that this phenomenon
is rooted in those details of the underlying density distribution which are over-
looked when coarse-graining the flow between hotspots in x. A breakdown of
the cities classified according to the effect of the reshuffling intervention and
their country is made in Fig. [6.4p.

Despite the clear beneficial effect of removing the flows between hotspots,
this intervention is not doable as a short-term reaction to an ongoing outbreak
due to the long times needed to achieve the desired redistribution of the pop-
ulation across the neighboring suburbs. Instead, a more realistic intervention
would be that of targeting specific individuals and forcing them to stay in
their associated patches. Let us stress that this intervention does not entail
the lockdown of this population at home but only prevents the circulation of
the targeted individuals across the metapopulation. We explore four different
scenarios in which the flows connecting two categories of patches are deleted
and converted into self-loops. The affected subpopulations are:

e [Intervention I. Individuals moving from hotspots to suburbs.
e Intervention II: Individuals moving from suburbs to hotspots.
e Intervention III: Individuals moving from hotspots to hotspots.

e Intervention I'V: Individuals moving from suburbs to suburbs.

Fig.[6.4k summarizes the effects of deploying each of the interventions described
in this section for the United States (US) cities. The first striking result in
this figure is the asymmetric outcome of closing the flows involving individuals
moving between hotspots and suburbs. Specifically, we observe that prevent-
ing residents in the suburbs from visiting the hub increases the city’s resilience
whereas removing the routes from hotspots to suburbs makes the city more
vulnerable. To understand this asymmetry, we must recall that hotspots be-
have as contagion centers; hence, every intervention aimed at reducing the time
spent by the population in these areas will be beneficial to stop the propaga-
tion of the disease. For this reason, intervention I works and intervention II
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Figure 6.4: Panel a): Histogram for the ratio between the rescaled epidemic threshold
after the reshuffling intervention 5\34 OD and the original threshold A, highlight two
different types of cities: those for which this intervention is beneficial and those for
which is detrimental. Panel b): Breakdown of the cities belonging to each country
(color code) as a function of the outcome of the reshuffling intervention. Panel c):
Distribution of the ratios following different intervention schemes for the US cities.
The black dots represent the average of each distribution. For the sake of clarity,
we explicitly indicate the flows affected in each intervention. For example, S - H
removes the flows from suburbs to hotspots and turns them into self-loops. The red
dashed line highlights the case in which the interventions do not have any effect on
the threshold.

fails, because in the latter case the spatial isolation of the outbreak is made at
the expense of a higher exposure of the residents in the hub to the contagion
sources. Finally, we observe that, on average, acting on the flows connecting
patches from the same category (namely interventions III and IV) does not
alter the threshold because of the internal similarities within each category.
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6.1.4 Application to COVID-19 in United States

Up to now, we have analyzed how the structural features a city, i.e. the
population distribution and its mobility patterns, are able to predict the impact
of mobility on the onset of diseases across a city and how we can improve the
resilience of the city by altering the mobility network. Now we are interested in
determining whether the dimensionality reduction scheme here proposed can
characterize the actual vulnerability of a city to the emergence of outbreaks
upon the arrival of an index case. In particular, due to data availability, we
focus on the impact of COVID-19 pandemic, caused by the spread of the SARS-
CoV-2 virus, on different US cities. In this sense, although our approach is
based on a SIS model, we think that our findings about the role of the structure
of the metapopulation are general enough to remain valid when more complex
compartmental schemes are introduced [265], 285-287].

To quantify cities’ vulnerability, we extract the infection curves from data
collected at the county level from different sources [288, 289]. There are differ-
ent sophisticated methods to estimate the speed at which an epidemic evolves
from the infection curves. Most of them rely on the estimation of the effective
reproductive number, which requires to know some features of the disease such
as its generation time [102] 290, 291]. As we want to keep our approach as
simple and general as possible, we decide to follow a more basic approach and
fit the infection data to an exponential curve, Ij, ~ %, which correspond to the
expected behavior for the early stage of the disease according to the standard
compartmental models [29], and define the empirical vulnerability of the city
as its exponent, denoted in the following by b*P.

The exponential fitting procedure should be carefully made to avoid some
practical difficulties associated with the data. First, we use the Savitzky-Golay
filter [292] to reduce the inherent noisy nature of the data by fitting intermedi-
ate windows [293] with low-order polynomials. Moreover, as we seek to explore
the connection between structure and vulnerability, the vulnerability metric
should not be affected by any external factor such as those NPIs promoted in
the different regions. For this purpose, we only use for fitting purposes data
corresponding to two weeks after the first 100 cases were reported in a given
area.

Fig. [6.5h illustrates the fitting procedure for the city of Miami. To connect
the hotspot flow concentration x with the empirical vulnerability b, we must
realize that the former does not include any information about the overall pop-
ulation density, but only accounts for the variation of the density profile of a
city driven by mobility. Providing the crucial role of population density for
SARS-CoV-2 transmission, a combination of both factors should be included
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Figure 6.5: Panel a): Cumulative number of cases in logarithmic scale as a function
of the days after the first 100 cases were reported in Miami. The black line shows the
fit to an exponential function I(t) = Ae®™"*, where b**P corresponds to the empirical
city vulnerability. Panel b): Empirical city vulnerability b**P as a function of the
theoretical vulnerability b*" obtained as the combination between population density
information and the concentration of flows between hotspots (see text for details).
The correlation between both variables is quantified with the Pearson and Spearman
correlation coefficientes, denoted by rp and rg respectively. The inset panel removes
New York city to obtain a more representative value of the Pearson coefficient.

to provide a reasonable theoretical estimation for cities’ vulnerability. Specifi-
cally, we choose b = (d"") k943 where (d") represents the average density
within hotspots and the scaling corresponds to the exponent of the power law
fit obtained in Fig. [6.3b. Fig.[6.5b represents the theoretical and empirical es-
timation for cities’ vulnerability. The positive correlation existing among both
variables indicates that the combination between the population density and
the flows’ architecture of real cities provides a plausible explanation for the
heterogeneous growth rates observed at the early stages of COVID-19 across
the United States.

6.2 COVID-19 compartmental model

In the last part of Section [6.1], we have proven that simple arguments based on
the structure of the underlying metapopulation are useful to characterize the
very early stages of COVID-19 outbreaks. Nonetheless, COVID-19 represents
the most important humanitarian, social and economic crisis humankind has
faced since 1918 Influenza pandemic, with more than 200 million of cases and
4 million of deaths reported as of September . Over this period, the course of
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COVID-19 has been shaped by different social, political, economical and de-
mographic aspects which have demanded to evolve the traditional frameworks
towards more tailored mathematical models [28| 18T, 294-298§].

These models usually contain more elaborate compartmental schemes to
capture the particularities concerning the spread of SARS-CoV-2 and the het-
erogeneous clinical features of COVID-19 patients. In particular, the large vol-
ume of contagions made during the presymptomatic stage (around 40% [99])
requires accounting for the existence of infectious individuals who have not
developed symptoms yet. Moreover, COVID-19 has overburdened the health
system and taken a huge death toll in many countries, which reflect the need
for including some compartments capturing the clinical course of the disease.
In its turn, the severity of COVID-19 strongly varies as a function of the age of
the patient, which prevents the use of mean-field theories in favor of including
age-structured populations in the model.

Apart from the additional epidemiological and clinical compartments, mod-
eling COVID-19 represents an important theoretical challenge, for models
should be general enough to provide real-time assessment on the expected
impact of different NPIs [92] 299-302], which in the absence of vaccines, were
essential to keep the pandemic under control worldwide. Therefore, the equa-
tions of the model should include the mechanisms needed to account for these
interventions and evaluate their outcome.

In this section, we propose an extension of the multiplex MIR model pre-
sented in Chapter (4] to accommodate the specific features associated with the
spread of SARS-CoV-2 virus and COVID-19 disease. After a general presen-
tation of the assumptions of the model and its equations, we particularize the
model to capture the course of COVID-19 in Spain. Finally, we derive a gen-
eral expression for the effective reproduction number which allows for readily
assessing the impact of different interventions.

6.2.1 Model equations

Let us assume that our system is composed of Np patches and Ng layers,
which can be identified with different types of individuals showing unequal
COVID-19 impact such as age-groups [303], [304] or ethnicities [305] [306]. The
movements of the population are captured in the multiplex mobility network
R, whose elements Rfj encodes the probability that an individual of class g
and residing inside ¢ moves to j. Furthermore, we assume that each patch
i is populated by n; individuals, which are broken down into n{ individuals
belonging to each class g. Denoting as N the total number of individuals across
the system and as n9 the total number of individuals of class g, the following
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equation is fulfilled:

Ng Np Np Ng
NzZZn?zZni:an. (6.9)
g=1i=1 i=1 g=1

The compartmental scheme adopted in the model is summarized in Fig.
Namely, the model can be splitted into two well-differentiated parts, the epi-
demiological compartments determining the spread of the virus and the clinical
compartments governing the outcome of the disease:

e The epidemiological part of the model is a variant of a SEIR model
which distinguishes between asymptomatic and symptomatic individuals.
Therefore, the compartments correspond to: susceptible (S), exposed
(E), asymptomatic infectious (A), symptomatic infectious (I).

e Regarding the clinical part of the model, the compartments included are:
to be admitted in ICUH (pre-hospitalized in ICU, Pp), fatal prognosis
(pre-deceased, Pp), admitted in ICU that will recover (Hp) or decease
(Hp), recovered (R) and deceased (D). Compartments Py and Pp are
introduced to account for the delays observed for individuals before they
are admitted in ICU or before they die outside ICU, respectively. Sim-
ilarly, the compartments Hr and Hp represent the individuals in ICU,
but separated according to their final state (recovered or deceased, re-
spectively), which is reached at different rates.

Our system is completely characterized by variables p;"?(t) which account for
the probabilities that individuals of class g assigned to patch ¢ are in state m

Mntensive Care Units.
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at time t. The temporal evolution of these quantities is given by

pf*’(t +1) = pfﬂ( t) (1 — I (t)),

t+1) = p () T (1) + (1 — %) p9(t), 6.11

t+1) =n%p (1) + (1 — %) p"(8), 6.12

gt+1 =af A9<t>+<1w9>p£’9<> 6.13
prD’g t+1

PP+ 1) = MW pPH (1) + (1 99) 1P (1),

P 1) = X (1= ) p )+ (1= X)),

(6.10)

(6.11)

(6.12)

(6.13)

1969 p, % (t) + ( —¢9) pi P9 (t), (6.14)
(6.15)

(6.16)

(6.17)

9t+1 (6.18)

PO+ 1)
M+ 1)
(t+1)
(t+1) =
P9t +1) = (1—99)7 pi9(t) + (1= M) {7 9(),
(t+1)
(t+1) =
(t+1) =
I+ 1) =

S A ORI ORI OF

t)
t+1 ug(l—ﬁg)( —49) i 9(t) + X9 pI(t) + pi (L),

(6.19)

The flow of the compartmental models for individuals belonging to class g and
patch ¢ is as follows: Susceptible individuals contract the disease at time ¢
with probability ng (t) and becomes Exposed, spending in this compartment
(n9)~! time steps corresponding with the latent period. Afterwards, they be-
come asymptomatic infectious during () ! time steps, eventually developing
symptoms and entering the infectious symptomatic where they remain during
(u9)~! time steps. The clinical part contains three different patches. The first
one is death without being hospitalized in ICU, with probability 69, after a
latency period governed by rate (9. Otherwise, with probability 49 the in-
dividuals are hospitalized in ICU, which are reached at rate A9, while with
probability 1 — 49 they recover. Individuals in ICU have a fatality probabil-
ity w9, which is reached at a rate 9, whereas the recovery is reached at a
rate x9.

Following the multiplex MIR model, the expression for ITY(t) reads as
() = (1 — )+ p? Z RY, Pt (6.20)

where p? represents the degree of mobility of class g and P (t) corresponds to
the probability that a susceptible individual from class g contract the disease
inside ¢. To calculate the latter probability, we include a refinement in the
interaction stages with respect to the original MIR model and the extensions
explained throughout this thesis. Namely, we include a more realistic function
shaping the dependence of the number of contacts on the density of each patch.
In particular, following [307], we choose

fi=2—e thi/ai (6.21)
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Figure 6.6: Compartmental scheme of the model tailored for COVID-19. The available
compartments are: susceptible (S9), exposed (EY), asymptomatic infectious (A9),
symptomatic infectious (I9), pre-hospitalized in ICU (P§}), pre-deceased (P%), in
ICU before recovery (H$), in ICU before death (HY,), deceased (DY), and recovered
(RY), where g denotes the class of individual. The arrows indicate the transition
probabilities.

where a; corresponds with the area of patch ¢ and n; with its effective popula-
tion. Taking into account the mobility scheme, the effective population inside
patch ¢ is given by

2
Q
IS

, (6.22)
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(6.23)
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For the sake of readability, we define in the latter expression MZ:‘Jj as the proba-
bility that one individual from class g and residing in i is located at j. Specif-
ically,

Mz% = (1 — pg)éij +pgjo . (6-24)

The form of Eq. makes the number of contacts made in densely packed
areas at most twice those occurring in less populated patches. In addition, we
define the average number of contacts made by the individual inside class g
as (k9) and assume that the mixing between different classes of individuals is
governed by the matrix C, where C9" encodes the fraction of the contacts made
by agents of class g involving agents of class h. Under the latter constraints,
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we obtain

sh
Ne e 29 (ko) g, con "= ()

Pity=1-TT11 II -5 " (6.25)

h=1j=1me{A,I}

which includes different infectiousness for both symptomatic and asymptomatic
individuals. In the latter expression, z9 is a needed factor to satisfy the con-
straint posed by the average number of contacts of each stratum g. In par-
ticular, assuming that the number of interactions for these individuals in one
patch i is given by z9 f;, the following condition must be fulfilled:

Np
> adad fi = nI (k) (6.26)
=1

so the scaling factor reads as
xd = 29(k9) , (6.27)

with
ng

> finf

i=1
Finally, n}"_’}?(t) refers to the number of individuals from class h in state m
residents in patch j that are placed in ¢. Therefore,

mhy b mh h
VRS (t) = nj Pj (t) Mj;. (6.29)

6.2.2 Modeling confinement measures

The model previously described allows for characterizing COVID-19 impact
when the SARS-CoV-2 virus spreads uncontrolledly. Nonetheless, the alarming
numbers associated with COVID-19 forced the authorities of many countries to
implement control policies to mitigate the outbreaks and reduce the pressure
to the health systems. In the absence of vaccines, different NPIs have been
promoted ranging from prophylactic measures such as the use or masks or
hands hygiene to population-wide lockdowns or strict contact tracing policies.
Given its ubiquity worldwide, here we focus on the impact of lockdowns and
social distancing measures.

To incorporate confinement policies in our formalism, we consider that a
fraction of the population of class g, §(t), is under lockdown at time ¢. Note
that we do not assume this parameter to be constant to capture the time-
varying nature of this type of interventions [308]. In this sense, kK = 1 corre-
sponds to a total lockdown scenario in which all activity is paralyzed whereas



160 Chapter 6. Applications of the MIR model

kg = 0 reflects a less strict policy not affecting the population. Moreover, we
introduce the effects of social distancing measures taken by the population as
a reduction J of the number of contacts made by the non-confined population.
We assume the social distancing d to be constant in time.

Let t. denote the time at which the NPIs are initially implemented. First,
lockdowns and social distancing measures alter the number of contacts made by
the population. Therefore, the average number of interactions of each degree-
class should be time-dependent. Specifically,

(K)(t) = (1 = O(t — 1)) (k) + O(t — te) (k) (1) , (6.30)

where O(z) is the Heaviside function, that is 1 if x > 0 and 0 otherwise. To esti-
mate the number of interactions of the confined population k., we leverage the
contact matrices presented in [22I] and break down the daily interactions ac-
cording to the environment where they occur, distinguishing between contacts
at home, schools, workplace or in other locations. In particular, we assume
a total school closure and that population under lockdown restrict their in-
teractions to the contacts made at home whereas the rest of the population
has only additional contacts in their respective workplaces. Denoting both
contributions as k" and k" respectively, we obtain

(k) (t) = w5 (8) ki + (1 = kg () (1 = 0) K, - (6.31)

Likewise, the confinement of the population leads to a reduction of the mobility
of the population. Accordingly, we set

() = (1 —rf(t) Ot —t.)p?. (6.32)

Finally, we recall that lockdowns have been typically associated with the cre-
ation of social bubbles involving the members of each household. These social
bubbles are crucial to control the extent of the outbreaks, for completely iso-
lating households with susceptible individuals from the society prevents them
from being reached by infectious peers. Unfortunately, social bubbles are not
perfectly shielded due to sporadic mixing events between members of different
households while covering essential needs such as buying groceries, drugs etc.
To quantify the effectiveness of such isolation, we introduced the permeability
¢ governing the degree of mixing between different households and assumed to
be constant in time.

The creation of social bubbles entails a depletion of the pool of susceptible
individuals. Assuming that the household size is given by o, the probability
of finding a household without infectious members at time ¢ is given by

o

CH() = | 3 (1= P20 - o) — o) n? | L (639
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After introducing the social bubbles mechanism, Eqgs. (6.10)-(6.11)) turn into

g0+ 1) = (00 + 7)) (=T (1) %

Ot — to) (1 — ¢) k(1) CH,(t)). (6.34)

P+ 1) = (p00) + o) (1) X
(

—~
[a—
|

]

(1 —19) (L), (6.35)
P9+ 1) = (p790) + 07" (1))
(1= ¢) rg(t) CHi(t) Ot — tc) , (6.36)

where we have added Eq. governing the occupation of a new C'H com-
partment, gathering those individuals living in fully susceptible households,
which form perfectly isolated social bubbles from the rest of the society. Sum-
marizing, the lockdown policies are captured in the formalism by the time
series describing confinement x§(¢), the social distancing measures taken by
the active population governed by J, and the mixing between different social
bubbles governed by the household permeability ¢.

6.2.3 Model validation: COVID-19 in Spain

Here we study how the formalism presented can be applied to study the evo-
lution of COVID-19 across Spain. The first step is to construct the multiplex
metapopulation by defining the groups conforming each layer, their demo-
graphic distribution and their mobility patterns. Due to the relevance of the
age of the patient for the clinical course of COVID-19, we split the population
into three different groups: the young population Y, spanning up to 25 years
old, the adult population M, whose ages ranges from 25 years to 64 years old
and the elderly population O gathering the rest of the population.

The mobility data were provided by the Instituto Nacional de Estadistica
(INE), and consist in extensive surveys made in 2011 [309] capturing the daily
flow of active population between municipalities with more than 100 habitants.
Therefore, the resolution of the data forces us to identify each patch with a
municipality, considering all the individuals inside it as statistically equiva-
lent agents. As most of these data are associated with the adult population,

we incorporate them in the adult layer whereas we force the young and el-
Y7O — ..
i = 0ij-
In its turn, the average number of contacts (k) and the mixing matrices gov-

derly population to stay in their respective municipalities, i.e. R

erning the interactions between different age strata were obtained from an



162 Chapter 6. Applications of the MIR model

exhaustive study revealing the social structure of 152 countries distributed
worldwide [221]. These parameters are reflected in Table [D.1]

The next step is to incorporate the clinical parameters, which are summa-
rized in Table These parameters are extracted from existing literature
addressing COVID-19 spread in other countries [310-312] or from official re-
ports published by national health institutes in Spain [313] B14]. Regarding
the epidemiological parameters, we fix the incubation period ! + a~! = 5.2
days [315] and set 4 = 0.55; following [265] 267], but leave the rest of the
parameters for the model calibration in light of the lack of consensus on their
values. In general, these parameters are independent of the age group but, to
reflect the high number of asymptomatic patients within young population, we
force the latter to stay inside the A compartment by assuming that

(@) t=at4+pt-1, (6.37)
(W) t=1. (6.38)

The confinement measures are introduced into the model from March 14
onward, matching the implementation of the first nationwide lockdown. We
obtained the time series £ (¢) from official reports [316] by estimating the work
mobility reduction with respect to a baseline day, November 19th, 2019. We
assume that these time series are equal for all age groups and refer in the
following to /fé/’A’O(t) as ko(t). Likewise, the household permeability ¢ and
the social distancing § are also left for model calibration.

In a nutshell, despite the complex compartmental scheme and parameter
space here introduced, most of the information needed can be straightforwardly
incorporated from the literature. Indeed, the free parameters which are tuned
to calibrate the model are: the infectiousness per contact 3y, the asymptomatic
infectious period a~!, the symptomatic infectious period p~!, the household
permeability ¢ and the social distancing §. Moreover, to set the initial con-
ditions, we arbitrarily fix the initial date as February 9*", 2020 and assume
that Ag individuals are initially infected, whose spatial distribution matches
the share of cases reported by March 3'4, 2020 in the official data. A complete
description of the parameters and their values can be found in Tables

The calibration of the model is made by using the Approximate Bayesian
Computation (ABC) method [317]. The main advantage of this computational
method with respect to other Bayesian approaches is that one does not have
to define the functional form for the posterior distribution of the parameters.
Instead the method relies on inferring this distribution from the set of param-
eters generating the trajectories which are accepted according to the goodness
of the fit. In our case, we use the logarithmic least squares error between
the number of fatalities reported up to April 8" and those predicted by the
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Figure 6.7: Calibration analysis: the diagonal of the table contains the posterior dis-
tributions for the parameters obtained after model calibration. The lower triangular
part shows the scatter plot for every pairwise combination of parameters present in
the posterior parameter space whereas the upper triangular one represent the entries
of the covariance matrix for the parameters involved in the calibration.

equations as an objective function for the ABC algorithm and keep the first
percentile of the simulations. The posterior distribution obtained along with
the covariance matrix between the variables are represented in Fig|6.7

In Fig we show that the model is calibrated to correctly capture the
daily number of fatalities in Spain and provides accurate forecasts of their
evolution beyond the dates used for calibration purposes, which validate the
formalism. To guide the readers’ eye, we have introduced the course of the
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Figure 6.8: Model validation and spatiotemporal propagation of COVID-19 across
Spain. Panel a): Solid lines show model predictions for the daily fatalities whereas
dots correspond to real data. The shadowed areas represent the 95% prediction
interval. Panel b): Correlation between the accumulated number of deaths (rp =
0.98) per 100000 inhabitants observed by May 15 and those predicted by the model.
The plot shows this correlation at the level of Comunidades Auténomas of Spain.
Error bars cover the 95% prediction interval.

major interventions promoted by Spain authorities. The LM phase corresponds
with the population lockdown where work mobility was allowed. The EM phase
identifies the most strict lockdown restricting all economic activities except the
essential ones. Finally, during the ECS and L1 the authorities started relaxing
the policies by allowing some outdoors and commercial activities respectively.

To fully leverage the resolution of the equations, we also assess whether the
formalism is able to capture the heterogeneous impact of the disease across the
highest administrative units in Spain, referred to as Comunidades Auténomas.
We observe that the introduced seeds are enough to predict the fatalities ob-
served in some areas but fails in capturing the evolution of COVID-19 in other
regions, possibly due to initial underreporting of cases there. To solve this dis-
cordance, we introduce the minimal set of infectious individuals in those largest
populated cities of each Comunidad Auténoma to ensure a fair correspondence
between data and model, which is optimized by using the Nelder-Mead method.
After such correction, which does not alter the curves presented in Fig [6.8h,
we observe a remarkable agreement between the predictions of the model and
the data. Interestingly, some regions like Ceuta or Melilla does not present any
seeds, which highlights the crucial role of case exportation from other regions
driven by mobility |37, 318].
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6.2.4 Effective reproduction number

Apart from reproducing the course of COVID-19 disease across Spain or fore-
cast its evolution, our model allows assessing the effectiveness of the mobility
restrictions implemented to keep the pandemic under control. In this sense,
the usual avenue to quantify the stage of an ongoing outbreak is the use of the
effective reproduction number R, which quantifies the expected number of con-
tagions made by one infected individual at some point of the outbreak. Note
that this indicator differs from Rg for the latter only remains valid at the begin-
ning of the outbreak, where the index case is surrounded by a fully-susceptible
population. There are two different interpretations [290] for defining the effec-
tive reproduction number R(¢) at a given time ¢:

e Instantaneous reproduction number R™(t) [291]: Expected number of
secondary contagions made by infectious individuals at time £.

e Case reproduction number R¢(¢) [102]: Expected number of secondary
contagions made by one individual contracting the disease at time t.

When the parameters governing the contagions and the epidemic curves
evolve smoothly, both approaches yield the same result. Nevertheless, in pres-
ence of strong NPIs, this behavior cannot be expected and the information
provided by them is different. In particular, R"'(¢) constitutes a backward
projection which quantifies the potential harm caused at a given time t by
previously infected individuals. Therefore, this indicator is extremely useful
in real-time modeling to anticipate the growth or mitigation of an outbreak.
In contrast, R¢(t) looks forward and predict the potential contagions made
by individuals infected at time ¢. This indicator is less affected by the noisy
nature of the data and provide a better retrospective assessment of the impact
of the different interventions at the expense of losing the real-time picture of
the outbreak.

Due to the retrospective approach of this work, let us study the evolution of
the case reproduction number, so in what follows we assume that R(t) = R¢(t).
It is worth remarking that the case reproduction number was already used in
Chapter 2 when addressing the impact of contact tracing policies on the spread
of diseases across contact networks. To derive its expression in this model,
we propose an incremental rationale starting from basic first principles and
adding the different layers of complexity of the model to eventually compute
the most accurate estimation. Following a mean-field approach to the standard
SIR model and assuming constant epidemiological conditions, the effective
reproduction number reads:

R(t) = (BaTa + Br7r) (k) ps(t), (6.39)
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where (3, corresponds to the infectiousness of individual in the state m, 7, is
the time spent in each compartment and (k) denotes the average number of
contacts. Note that Eq. , yet simple, identifies the different contributions
to the reproduction number on which we can act to control the outbreak. For
instance, the infectiousness 8 can be reduced by prophylactic measures, the
average infectious period 7 is shortened via the implementation of efficient test-
tracing and isolate policies, the number of contacts (k) is reduced via lockdown
policies whereas the pool of susceptible individuals p° can be depleted by the
vaccination of the population.

Despite the insights provided by the mean field approach, it overlooks all
the specific details concerning the structure of contacts and the mobility pat-
terns of the population, which prevents us from getting a fair assessment on the
impact of the interventions. To do so, let us define the effective reproduction
number associated with individuals from class g and patch ¢ as the expected
number of contagions made by one of them contracting the disease at time ¢
over the infectious period. This quantity, denoted in the following by Rf , is

given by
Np Ng

( ) (BATA [T[ Z Z kgh NSh (6.40)

7j=1h=1

In the previous expression, kfjh(t) represents the expected number of contacts
made by the infected individual inside patch j with agents from group h
whereas ﬁf’h corresponds to the fraction of these agents in the susceptible
state. Taking into account the mobility network, the latter is given by

Np
S.h
ngpy (8) M7 (¢)
~S,h k=1
pin) = . (6.41)

anMI?j(t)
k=1

To compute kigjh(t), let us recall that the number of contacts made by agents
from class ¢ inside each patch j is governed by 29(k9)(t) f; and the matrix C,
determining the mixing of agents from different groups. Incorporating both
factors, we obtain that

K (8) = Mg29(8) () (1) £,C0" (6.42)

In a nutshell, Eq. allows for accounting for the effect of the non-trivial
contact and mobility patterns governing contagions. Nonetheless, analogously
to Eq. , it assumes a static picture by considering that some epidemio-
logical parameters such as the fraction of susceptible population or the average
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number of contacts remain constant over the entire infectious window of agents
contracting the disease. In presence of strong NPIs, this assumption does not
hold and it is necessary to reformulate the equations to take into account the
system evolution as the external policies are enforced. In particular,

RIE) =D (¢M9(s —t) Ba+C"9(s —t) Br)
S:iVP Ng
DIIACTALON (6.43)
j=1h=1

where ("™9(s) is the probability that one agent from group g is in the infectious
state m after s time steps since contracting the disease. The evolution of these
probabilities is given by

¢PIt+1) = (1—n)¢P(), (6.44)
¢HIt+1) =07 CPI() + (1= ) (1), (6.45)
¢HI(t+1) = ¢MI(1) + (1 — ) (L) - (6.46)

As the individual enters the E' compartment right after contracting the disease,
the initial conditions are given by ¢(%9(0) = 1 and ¢*9(0) = ¢/9(0) = 0.
Accordingly, solving explicitly the recursive Egs. (6.44) to (6.46)), we find

¢BIt) = (1 —n9)", (6.47)
CA’g(t) = agn_g o [(1 — )t —(1— ag)t] 7 (6.48)
chae) = e

(9 —n9) (9 —n9) (u9 — a9)
X [(u? —a?) (1 =n)" + (1 = p?) (1 — %)
+ (o — %) (1 —p9)'] . (6.49)

Once we have characterized the individual reproduction number for each
patch and group, we can aggregate them to characterize the reproduction num-
ber of each group g, RY or the global reproduction number of the system R.
To do so, we must compute a weighted average of the individual reproduction
numbers by considering the distribution of contagions across ages and patches
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Figure 6.9: Time evolution of the effective reproduction number RY(¢) for each age
stratum and its global value R(¢). Inset: The black line represents the temporal
evolution of the degree of confinement rg(t) extracted from data daily updated by
INE [316]. The blue line shows the average over a 7 days time window to smooth out
fluctuations observed in the data. To improve the visibility of the inset, degrees of
confinement from March 14 until March 28 are not represented.

at time t. Accordingly,

Np
Yo D (M= 1) = p () nd RY(H)

RI(t) = DELSCH , (6.50)

Np

> D (Mt —1) = p () nd
me{S,CH} i=1
Np Ng

ST e —1) = (1) nd RY(L)

me{S,CH} i=1 g=1
Np No . (6.51)

Yo D> M=) = p () nf

me{S,CHY} i=1 g=1

R(t) =

Fig. represents the time evolution of the reproduction number for each
group g, with g € {Y, M, O} and the global reproduction number along with
the time series characterizing the mobility reduction observed in Spain from
March 14*" onward. There we check that the reproduction number is highly
correlated with the mobility reduction, which suggest the relevance of the lat-
ter intervention to mitigate the first epidemic wave in Spain. Remarkably, the
global reproduction number reflects a subcritical scenario R < 1 while reopen-
ing the economy despite the reproduction number for the adult population
corresponds to a supercritical scenario RM > 1.
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Figure 6.10: Top: Time to epidemic extinction from May 15 as the reproduction
number is fixated from this day onwards. The reproduction number is kept constant
by adjusting the confinement level through time. We define epidemic extinction as a
daily incidence of less than 10 cases. Bottom: Average confinement level necessary to
keep the reproduction number constant. At each time-step, we correct the confine-
ment level by steps of 0.1% until the effective reproduction number R(¢) differs less
than 1% from the envisaged value.

The latter fact opens the door to age-specific control policies aiming at
controlling outbreaks when minimizing the socio-economic collateral damage of
the interventions at play. For this purpose, we study in Fig. the minimum
degree of confinement needed to keep R fixed to a given value. Note that
the generality of the formalism allows exploring other different goals such as
maintaining the ICU occupation at convenient levels [319] or reducing the
magnitude of the epidemic peak [320]. For the sake of completeness, we also
represent the extension of lockdown policies needed to suppress the disease as a
function the lockdown strength in Fig. observing that small variations in
the confined population entail significant changes in the control of an outbreak.
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6.2.5 Phase diagram for the impact of control policies

Eq. tracks the evolution of the effective reproduction number but its
high complexity prevents us from getting any clear insight into the role of each
mechanism involved in the NPIs. For this purpose, let us now consider the
existence of a single intervention at ¢, characterized by the mobility reduction
Ko, the household permeability ¢ and the social distancing . Likewise, we
neglect the heterogeneities existing among the different patches and neglect
the variations in the pool of susceptible individuals during the intervention.
This assumption enables to retrieve Eq. , which at time ¢, is given by

R(te) = (Balra) + B1(11) k(te)p®(te) - (6.52)

Taking into account the expressions for the fraction of susceptible population

and the contacts at t = t. provided by Eq. (6.34) and Eq. (6.31]) respectively,
we obtain

A I
R(te) = o5 (1) (@ n @) (1~ ko (1 ¢) CH)

x (ko (kn) + (1 = 0) (1 = ko) (kniw)) , (6.53)

being (-) the average of the different quantities over the different age groups
g. In Fig. we fix the social distancing to the median calibrated value
6 = 0.207 and compute the effective reproduction number as a function of the
mobility reduction kg and the household permeability ¢. There we observe that
both reducing the mobility of the population or the mixing between different
households favor the control of the disease. It is also worth noticing that the
phase diagram is divided into two regions: the supercritical and the subcritical
regimes. Both regions are separated by the line R(t.) = 1 corresponding with
a scenario in which the daily incidence, i.e. the number of new cases, remains
constant.

The expression provided by Eq. (6.53)) allows estimating the minimum de-
gree of confinement which would have been required to keep COVID-19 under
control in Spain, with R(t.) = 1 . In particular, after some algebra, we have
that

A(K§)? —Br§+C =0, (6.54)

with
= (1= ¢) (CH) ((kniw) (1 —0) — (kn)) , (6.55)
= (kniw) (1= 06) (1 + (CH) (1 = 9)) = (kn), (6.56)

1

A
B
C —ps(%+%>.

= (knyw) (1 =0) —
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Figure 6.11: Panel a): Effective reproduction number when mobility restrictions are
imposed R(t.) (color code) as a function of the confinement ko and the household
permeability ¢ computed from Eq. . The white solid line reflects the condition
R(t.) = 1 separating the different regimes for which enforcing the confinement leads
to the flattening or bending of the epidemic curve, respectively. The dashed white
lines represent contour lines for different values of R(¢.). The social distancing value is
fixed to § = 0.207. Panel b): Critical confinement x§ computed from Eq. needed
to ensure that the system reaches the bending regime, i.e. R = 1, as a function of the
household permeability ¢ and the social distance §. Panel ¢): Temporal evolution of
the daily fatalities as a function of the confined population kg in a single intervention
taking place on March 14 while fixing (4, ¢) = (0.207,0.174).

Therefore, the critical value & is given by
B++vVB?2-4AC
2A ’

Note that we must retain the physical meaningful solution for which &§ € [0, 1].
We represent in Fig. [6.11p the dependence of the critical confinement on both
the social distancing and the household permeability. Remarkably, we observe

KE = (6.58)
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the relevance of establishing social bubbles by precluding the mixing between
different households, for decreasing the permeability leads to substantial re-
duction in the critical confinement values.

To complete the picture, we study the impact of the confined population on
the dynamics. For this purpose, we set (4, ¢) = (0.209,0.174), i.e. ki = 0.44
and study how the time evolution of the daily fatalities evolves as kg is var-
ied. We observe two clearly differentiated behaviors: when kg > s reducing
mobility flattens the curve by delaying and reducing its peak. In contrast,
when ko > K, this intervention bends the epidemic curve by anticipating and
reducing the peak. The qualitative differences between both behaviors resem-
ble the expected outcome of reducing the reproduction number in supercritical
(flattening) and subcritical (bending) regimes for SIR-like models.

6.3 Vector-borne diseases

COVID-19 represents a single example within the vast realm of communica-
ble diseases circulating around the globe. Well before COVID-19 emergence,
communicable diseases already represented one of the leading causes of deaths
worldwide, specially when referring to low-income countries [321]. In this sense,
traditional SIS and SIR models has been adapted to accommodate the specific
clinical features of some of the deathliest diseases transmitted among humans
such as Tuberculosis [270], [322] or the HIV /AIDS [323],1324]. Nonetheless, these
models need to be rethought when modeling the spread of vector-borne diseases
(VBD), whose spread is not driven by the close interaction between hosts, but
instead requires the participation of an external agent carrying the pathogen
from the infectious individual to the susceptible one.

VBD transmitted by mosquitoes like Dengue, Chikungunya or Malaria are
responsible for million of deaths worldwide, being especially harmful in those
tropical areas whose humidity and temperature ranges favors the proliferation
of the vectors driving its transmission [325]. In this sense, the concerns on
the impact of these diseases have been continuously growing as a byproduct
of vectors adaptation [326] and climate change [327H330], which have progres-
sively turn formerly hostile areas for mosquitoes survival into endemic regions.
Proofs of this phenomenon are the increasing transmission of West-Nile virus
or the first Zika local cases acquired in Europe [331] 332].

Mathematical modeling of the spread of VBD [78] 333339 is a very active
field in light of their current relevance and their potential harmfulness in the
short and medium term. The theoretical foundations for most of the formulated
frameworks were established by the seminal Ross-Macdonald model proposed
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in 1911 by Ronald Ross [51] and revisited in 1957 by George Macdonald [340].

6.3.1 Ross-Macdonald model

Let us consider that our system is composed of Ny hosts and Njs vectors.
The Ross-Macdonald (RM) model assumes that both vectors and hosts can be
either Susceptible or Infected. Regarding the mechanisms driving contagions,
the RM model assumes that each vector makes [ bites per time step. More-
over, susceptible hosts (vectors) contract the disease when contacting with
infectious vectors (hosts) with probability AM# (A
are assumed to recover at a given rate ! and become susceptible again whereas

. Finally, infected hosts

infected vectors die at a rate u, being replaced by newborn susceptible ones.
The basic processes described above are schematized in Fig. [6.12

Following a mean field approach, the dynamics is completely characterized
by the time evolution of the fraction of hosts’ and vectors’ populations in the
infected state, denoted in what follows by p and p™. Namely,

p = = p™ 4+ (1= p™) By AMH M (6.59)
pM = —pMpM 4 (1= M)A (6.60)

where v denotes the ratio between vectors’ abundance and host’ population,
i.e. v = Nps/Npg. Conceptually, the RM model resembles a double SIS model
where contagions take place among vectors and hosts. In this sense, there exists
a phase transition between a disease-free state and an endemic equilibrium
taking place at Rg = 1. To derive the basic reproduction number, we cast

Eqgs. (6.59) and into

p=F-V)7, (6.61)
with
0 )\MH
_(u 0
V= ( 0 MM) . (6.63)

The NGM approach introduced in Chapter [5] allows computing R as

2 )\MH)\HM
Ro = Amax(FV™1) = ¢ /%4 . (6.64)
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Figure 6.12: Schematic representation of the processes described in the RM model.
Relevant parameters are: (i) the probability that an infected vector transmits the
disease to a healthy individual, AM# (i) the probability that an infected human
transmits the disease to a healthy vector, A¥M | (iii) the feeding rate of vectors f3,
(iv) the probability that an infected human recovers, u*?, and (v) the mortality rate
of vectors, pufl.

6.3.2 MIR model for vector-borne diseases

The mean field approach introduced in the original RM model cannot explain
the heterogeneous impact of VBD in urban areas [341], [342]. Furthermore,
an important control mechanism to keep VBD such as Dengue in subcritical
regimes is the introduction of Wolbachia bacteria in the mosquitoes popula-
tion [343H345]. When resources are limited, it is crucial to determine those
areas triggering contagions, where the introduction of Wolbachia should be
promoted. All these shortcomings of the original RM model call for the ad-
dition of a spatial layer to the model. To do so, we extend the MIR model
proposed in Chapter [] to accommodate the mechanisms of the RM model in
the reaction phase of our framework.

Let us assume that our system corresponds to a metapopulation composed
of Np patches. Each patch of the metapopulation ¢ is characterized by its
number of residents n; and the vectors’ abundance m;. We assume that mo-
bility is dependent on the dynamical state of the individual. This assumption
is rooted in the fact that symptoms associated with VBD are usually severe
and limit the mobility of the infected individuals. To capture this fact, we
assume that susceptible individuals move with probability p whereas infected
population moves with probability ap, with o € [0, 1]. Note that, if symptoms



6.3. Vector-borne diseases 175

are severe enough to completely hinder mobility, o might be also interpreted as
the fraction of asymptomatic infectious individuals. Finally, we force vectors
to stay in their associated areas, for their typical flying ranges, ranging from
100 to 400 meters [340, B47], are negligible with respect to the usual spatial
resolution of the patches determined by data availability.

Given the nature of the RM model, the system’s dynamics is completely
described by 2 x N equations governing the time evolution of the fraction of
population and vectors in the infected state in each patch 4, which are denoted
by le and le respectively. Specifically, these equations read as

pit(t+1) = pf (1)1 — u) + (1= pff ()T (1), (6.65)
pil (¢ +1) = p ()1 = p™) + (1= pM (O)IL (1) - (6.66)

A (¢) (TTM(t)) corresponds to the probability than one susceptible individual
(vector) associated with ¢ gets infected. The former is given by

N
I/ (t) = (1-p)PF(t) +p>_ Ri; P (1), (6.67)
j=1

where R;; encodes the entries of the OD matrix and P (t) is the probability
that an agent placed in population ¢ at time ¢ is infected. This probability can
be written as

pm;
PH(t) =1 - (1 — \MH )M ﬁj(t)) : (6.68)

where Sm; represents the total number of bites made by vectors associated
with patch i. Note that, as a result of coupling mobility and dynamics, the
effective population in patch ¢, n; is a time-dependent variable. Namely,

Ao, (1)) = [1 = p (1= (1 = a)of? ()] m,

N
+ pZRﬁ- (1-(1- a)pf(t)) n; . (6.69)
j=1

The probability of infection for vectors is much easier, for they always remain
in their associated patch. In particular,

N
M) =1- (1 — \TM i((?)) , (6.70)

where fi(t), which represents the effective infected population of patch 7 at
time t, is given by

N
Li(t) = (1= ap)nip{ (1) + ap Y Rjmjp} (1) . (6.71)
j=1
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Figure 6.13: Top: Epidemic size py as a function of the contagion rate between vec-
tors and humans AM# = \HM — X\ and the human mobility p (color code). Dots
correspond to results of averaging 50 stochastic realizations whereas solid lines repre-
sent the theoretical predictions obtained by iterating the equations of the formalism.
Model parameters have been fixed to (3, uf, u™) = (1,0.3,0.3) . The values assumed
for the restriction of the mobility of infected agents are (a) & = 0 and (b) a = 1.
Bottom: Temporal evolution of the fraction of infected agents (color code) according
to the equations of the formalism (Panel ¢) and by tracking the individual state of
each agent while performing a single Monte Carlo simulation (Panel d). Infectivity is
fixed to A = 0.3 whereas mobility parameter is set to p = 0.3. The rest of parameters
are the same as in Panel a).

Eqgs. and allows tracking the spatio-temporal evolution of VBD
in networked metapopulation systems. As a sanity check, we validate them by
comparing their predictions with results from mechanistic Monte Carlo simu-
lations in a synthetic metapopulation, a BA network with Np = 50 patches
and (k) = 4. We assume that all the patches are homogeneously populated by
n = 1000 inhabitants and draw vectors’ abundance from a uniform distribution
spanning the range m; € [300, 1700].
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Let us first study the epidemic curves relating the epidemic size p to the

infectivities \TM and AMH | For the sake of simplicity, we fix A\TM = \MH — )
Recall that the epidemic size gives information about the state of the system

in the stationary regime via

Ne o
Z nip;’ (00)
pH=1=_ (6.72)

Np
>
i=1

Figs.[6.13h-b show that the equations fairly reproduce the impact of mobility p
on the epidemic curves for & = 0 (panel a) and o = 1 (panel b). Interestingly,
the behavior of the system close to the epidemic threshold is highly influenced
by the mobility of the infected population «. In particular, when mobility
is independent of the host state (& = 1) we observe an epidemic detriment
similar to the one reported for diseases transmitted among humans, whereas
this behavior is lost when neglecting the mobility of the infected population
(v =0).

To further validate the equations, we check whether the time evolution
of the epidemic trajectories can be retrieved with our model. To do so, in
Figs. [6.13c-d, we fix the A value and start a localized outbreak in a single
patch, letting the system evolve according to the Markovian equations (panel
¢) or the microscopic processes occurring in a single Monte Carlo realization
(panel d). There we check that the equations are able to reflect the infection
pathways observed in the metapopulation, despite the noisy nature of the
simulation induced by the stochasticity of the underlying processes.

Fig. [6.13| reveals a change in the behavior of the epidemic threshold as the
new parameter « is tuned. We now aim at deriving an analytical expression
of the epidemic threshold to capture this phenomenon. For this purpose, we
apply the NGM method. Recall that close to the epidemic threshold, the size
of the infected populations for both vectors and hosts are negligible. Therefore,
we can assume

pil(t) =€l (t) < 1 (6.73)
Mity=eMt) < 1. (6.74)

)

Both assumptions allow us to linearize the equations governing the dynamics.

Specifically, Eq. (6.70) now reads as

M )\HMﬁ & H
I () = —; > [6i5(1 — ap) + apRji| njef (1) (6.75)
i j=1
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where we have defined 7Y = 7;(cv, p,0). In its turn, Eq. (6.68) can be approxi-

mated as
PH(t) ~ AMHBmZ eM(t) . (6.76)

Introducing Egs. (6.73)-(6.76) into Egs. |D and keeping only linear

terms, we obtain:

Np
el = el () + )\MHBZ <pRijﬁQJ +(1- p)5ijﬁo> it (6.77)
j i

j=1
Np

. 1

M — MMy 4 )\HMBZ <o¢pRJZ —5 + (1-— ap)(sljﬁo) JH, (6.78)
j=1 !

where we have defined € = €f(t + 1) — €7 (t), with = {H, M}. In terms of
overall populations rather than fractions, the evolution of the system is given

by

L ni\ -
= el ) +AMH52( : 0+<1—p>6z-jﬁg> & ()

j=1 J

* mg\ .
6;{\/[ _ _MM ( )+ )\HMﬁZ <OépRﬂ =0 + (1 )6”'ﬁo> EJH, (680)
Jj=1 :

where Efl = niefl and Eﬁw = mzef\/l Recall that in the NGM method, the
tensor F' contains all the contagions of the susceptible population whereas the
tensor V encodes the transitions affecting the infected agents. Following these
definitions, the former system of equations can be casted into

i =(F-vi) (6:81)
with
Frl = g=H M gA\MH £y 5o M §H gNIM N (6.82)

Given Eq. (6.81)), the NGM allows computing the basic reproduction number

Ry as
2\HM \MH —
Ro = Amax (FV 1) = ,/m Amax(MM) . (6.84)
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Note that, for p = 0, we have that M;; = d;; and Mij = 7305, with v; = m; /n;.
Therefore, in the static case, the basic reproduction number is

/ 2)\HM)\MH ;
R[‘_)(p = 0) = max W y (685)

i.e. the largest individual reproduction number computed by Eq. within
the same of patches of the metapopulation. In general, the value of the ba-
sic reproduction number depends on a nontrivial combination of the mobility
parameters p and «, the OD matrix R and the distribution of vectors and
individuals across the system, m and 77 respectively. To estimate the value of
the epidemic threshold, we fix A#M = A\MH — X and recall that Ro(\.) = 1.
Imposing this constraint into Eq. we finally obtain

N (6.86)
TV B2 A (M) '

Fig. [6.14] reveals the accuracy of the estimation for the epidemic thresh-
old, for it perfectly captures the boundaries between the disease-free and the
endemic equilibria when representing the phase diagrams of the system. Be-
yond this agreement, there we confirm that the impact of the mobility p on
the threshold is highly determined by the a value. Specifically, we observe a
wide range of behaviors, ranging from a non-monotonic epidemic detriment
for & = 1 to a non-monotonic reduction of the epidemic threshold for o = 0,
passing through an oscillatory regime for « = 0.5. The absence of epidemic
detriment in the case of @ = 0 can be associated with the negative effect of
removing the mobility of infectious agents located in the contagion hotspots
to the rest of the metapopulation, reported in Section [6.1]

Regardless of the qualitative behavior of the threshold, the three scenarios
explored share a common feature: there is a critical mobility value p. for
which an abrupt change in the slope of the epidemic threshold occurs. This
kind of behavior has already been characterized in Chapter [4] and encodes a
change in the localization of the leading eigenvector and therefore, a change
in the localization of the epidemic outbreaks. To get more insights into the
localization of the most affected areas, we represent in Fig[6.14]the components
of the leading eigenvector of the matrix MM and highlight the p. values.
Remarkably, for a = 0, we observe a second critical point located at pl. ~ 0.92.

6.3.3 Dengue in Cali

From a practical point of view, the previous results have profound implica-
tions for the effectiveness of control policies targeting specific areas such as the
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Figure 6.14: Panels (a)-(c) in the top show three epidemic diagrams p(p,)) in a
synthetic metapopulation of N = 50 patches. Each panel corresponds to a different
re-scaling value (o) for the mobility of infected humans, namely: (a) a = 0, (b)
a = 0.5 and (c) o = 1. In addition, we have set \#M = \MH = ) while the rest of
the RM parameters are: puff = 0.3, p™ = 0.3, and 8 = 1.0. The color code shows the
incidence p™ as obtained from agent-based simulations while the solid curve represents
the prediction for the epidemic threshold, A., calculated from Eq. . The bottom
panels (d)-(f) show the evolution, as a function of p, of the Np components of the
eigenvector of matrix MM corresponding to the maximum eigenvalue Amax(MM).

introduction of the Wolbachia bacteria. In this section, we apply the machin-
ery developed above to study a real case: the spread of Dengue across Cali,
which constitutes an endemic region due to the weather conditions facilitating
the proliferation of the carriers of this disease, the Aedes aegypti and Aedes
albopictus mosquitoes. Specifically, here we aim at deriving a data-driven in-
dicator, hereinafter referred to as epidemic risk £ R, which informs about the
vulnerability of the different areas across Cali. To do so, we exploit the physical
meaning of the elements of the critical matrices M and M.

Specifically, M;; corresponds to the expected number of interactions be-
tween a single infected vector from j and the population from patch ¢. In its
turn, Mij contains the expected interactions between one individual from patch
i and the vector population in patch j. We define the epidemic risk of one area
i, ER;, as the total number of indirect interactions of the residents there with
the rest of the population in the system, mediated by the participation of a
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Figure 6.15: Top: Normalized epidemic risk (ER/ER,q.) and normalized Dengue
prevalence (I/Iq.) for each of the 22 districts of Cali. Color encodes the Epidemic
Risk, from the lower (yellow) to the highest (blue).The correlation between the two
variables yields a coefficient of determination of R? = 0.81. Bottom: Spatial distribu-
tions of the normalized Dengue prevalence in the city of Cali (left) and the normalized
epidemic risk (right) according to Eq. (6.87). The parameters concerning agents’ mo-
bility have been set to (p, ) = (0.36,0.75).

vector. In terms of the variables of the model,

ER; = Y n;MMy; . (6.87)
J,k?:].

To test the performance of the new data-driven indicator, we must add the
information about the spatial distribution of the vectors on top of the Cali
metapopulation constructed in Chapter [l For this purpose, we rely on re-
ports yearly released by the local authorities [348] containing different ento-
mological indicators at the level of comuna, which constitutes the definition of
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patch in our metapopulation. In particular, we assume that the ratio between
mosquitoes and residents in each area i, y;, is proportional to the recipient in-
dex, which is computed as the proportion of containers deployed across the dif-
ferent areas containing Aedes pupae. Regarding the mobility, we fix a = 0.75,
which reflects the number of asymptomatic Dengue cases [349] 350] and leave
p as a free parameter to be calibrated.

To get an empirical estimation of the exposure of the different areas, we
aggregate the Dengue cases reported from 2015 to 2016 in the epidemic surveil-
lance reports published by the local authorities [351] B52]. To estimate the
mobility p, we seek to optimize the correlation between both the empirical and
the theoretical risk indicators, yielding p = 0.36. Interestingly, this value con-
stitutes a reasonable estimation, for it implies that individuals spent 36% of
their time inside their workplaces. Finally, we compare in Fig the spatial
distribution of cases according to the data with the epidemic risk indicator,
finding a remarkable agreement between both of them (R? = 0.81). There-
fore, we prove that simple metapopulation models as the one proposed here,
comprising demographic, social and entomological features of a given city, are
complex enough to provide reliable information about the spatial dissemination
of VBD and guide the design of control policies.

6.4 Conclusions

From the birth of mathematical epidemiology in the XVIII century, epidemic
models have been continuously evolving towards two complementary direc-
tions. On the one hand, most of the theoretical work has been devoted to add
layers of complexity to the original mean-field theories and study how the new
information alters progressively the phase diagrams and the critical properties
of the models. On the other hand, leveraging the increasing complexity of the
theoretical frameworks, different data-driven models have been proposed to
address real epidemic scenarios with the aim of providing reliable estimations
on the progress of an outbreak and test interventions to mitigate it. In this
sense, while Chapters [4] and [5|are restricted to the theoretical domain, in this
chapter we have shown how the models proposed throughout this thesis can
represent useful tools to study real outbreaks.

To further characterize the interplay between daily urban flows and epi-
demic spreading in real metapopulations, we have first quantified the depen-
dence of the epidemic threshold on the mobility for 163 cities distributed
worldwide. The theoretical insights obtained when analyzing the origin of
the epidemic detriment for the simple star-like metapopulation in Chapter
have pushed us to perform a dimensionality reduction of the mobility network
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and extract an universal trend: those cities with a large volume of commuters
across densely populated areas are more vulnerable to the spread of diseases.
Based on the latter results, we have proposed realistic interventions on cities’
architecture to increase their resilience to future epidemic outbreaks, finding
that cities must evolve towards more egalitarian distribution of facilities, thus
hindering the crowding of individuals inside their hotspots. Finally, we have
shown that a combination of the population density and the distribution of
flows across the city provides a plausible mechanism to explain the heteroge-
neous growth rates for COVID-19 cases during the first wave in the United
States.

Despite the information provided by the former analysis, the complex fea-
tures characterizing the spread of SARS-CoV-2 and the clinical course of
COVID-19 call for more sophisticated compartmental models to forecast its
evolution and the impact of the different NPIs promoted to cut down its trans-
mission worldwide. Here we have tackled this challenge and generalized the
multiplex MIR model introduced in Chapter 4] to model COVID-19 evolution
in Spain during the first epidemic wave. The proposed model reproduces very
accurately the evolution of the daily fatalities in Spain across both national
and regional scales. To estimate the impact of the different NPIs, we have
derived a numerical estimation for the evolution of the effective reproduction
number, revealing how relevant the different lockdown phases implemented
in Spain were to control the pandemic. Finally, we have performed a mean-
field analysis on the latter expression, which has enabled to derive the critical
confinement needed to ensure a proper control of the disease. In this sense,
the inverse dependence of the critical confinement on the mixing of individuals
from different households reveals the relevance of the creation of social bubbles
to control an outbreak when trying to minimize the collateral socio-economic
damage of the restrictions in place.

To round off this chapter, we have extended the original MIR model to
accommodate the contagion mechanisms of VBD. Remarkably, we have found
that the qualitative behavior of the epidemic threshold as mobility varies is
strongly influenced by how the symptoms associated with the disease affects
the mobility of the host. In addition, we have found that abrupt changes
in the localization of epidemic outbreaks occur when tuning mobility, which
constitutes a relevant result providing most policies promoted to control VBD
target specific areas via the introduction of Wolbachia bacteria. Finally, we
have addressed the spread of Dengue across the city of Cali and derived a
theoretical indicator, the epidemic risk, from the matrices determining the
epidemic threshold. This indicator incorporates demography, mobility, vectors’
abundance and their complex interplay and captures very accurately the spatial
distribution of cases reported in Cali from 2015 to 2016.
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The MIR model provides the basic building blocks to construct realistic
models allowing us to characterize the spread of real diseases. In this sense,
the generality of the recurrent mobility scheme introduced in the MIR model
makes it easily extendable to address not only other infectious diseases but
also spreading phenomena of different nature. For instance, the modification
of the rules governing the reactions of the agents could make the MIR model
a suitable framework to explore diverse problems such as the diffusion of cul-
tural traits among different hunter-gatherers societies [246], 247] or the complex
interactions governing ecosystems’ stability [353].



Chapter 7

Conclusions

Finally, we want to conclude this thesis by giving a global summary of our most
relevant findings and discuss possible future research directions arising from the
models here proposed. The main objective of this thesis has been to abandon
the study of individual isolated dynamics to account for the adaptability of
complex systems and characterize the phenomena resulting from intertwining
different complexity levels.

In the first part of the thesis, we have focused on the study of interacting
dynamical processes across static contact networks, assuming that the micro-
scopic rules governing the evolution of each dynamics depend on both the
macroscopic state of the system and the evolution of other coeval processes.
Within this scope, we have tackled four different problems: the spread of in-
teracting pathogens, the efficiency of control policies based on contact tracing
strategies, the irruption of social movements and the onset of corrupt societies.
Depending on the nature of the problem, we have considered either cooperative
or competitive schemes as a function of whether both dynamics are mutually
enhanced or hindered as a function of their interaction.

Despite the diversity of the topics addressed, some common conclusions can
be drawn on the role of the different interaction schemes. Namely, cooperation
leads to a change in the nature of the phase transitions undergone by the sys-
tem, turning the second-order smooth transitions characteristic from synchro-
nization or epidemic models into first-order explosive ones. These transitions
emerge naturally from the coupling between different dynamics and provide
a plausible explanation for the sudden emergence of simultaneous important
outbreaks across history or the astonishing speed with which social movements
evolves from small initial critical masses to involve an important share of the
population. In its turn, the introduction of competing dynamics yields a sur-
prising result: the spreading advantage of heterogeneous contact networks,
typically reported for individual dynamics, is hindered or even reversed, giving
rise to a faster diffusion in homogeneous configurations. This result is a direct
consequence of the higher vulnerability of heterogeneous networks to targeted
attacks, which in this case is associated with the simultaneous and detrimental
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presence of the competing dynamic process.

Concerning the specificities of each problem analyzed, we have proven that
the competition between two interacting pathogens can lead either to a coexis-
tence regime where both survive endemically or to a dominance regime where
the weakest virus becomes extinct. The most clear example of such competition
is the existence of mutually exclusive strains of the same disease circulating
simultaneously across a given population. The formalism here proposed could
constitute the starting point towards a more sophisticated framework incorpo-
rating the natural evolution of the virus to capture the complex landscape of
genomic variants observed for different diseases such as Influenza, Dengue or
COVID-19.

We also explored the microscopic roots of the successful application of con-
tact tracing to fight COVID-19 pandemic in some countries. Specifically, we
have reveal that contact tracing is able to anticipate and reduce the epidemic
peak by targeting the highly connected nodes, showing a qualitative different
behavior from other control policies such as symptomatic detections. Nev-
ertheless, our results do not shed light onto the viability of contact tracing
strategies in real scenarios, for we assume a homogeneous penetration of the
application in the population, independent of demographic variables such as
age or socio-economic level, and neglect the contribution of other control poli-
cies. We think that incorporating the latter realistic features into our model
is worthy of future research and would increase the robustness of our findings.

From a social point of view, we have shown how social movements can
emerge abruptly as a consequence of the positive coupling between the diffu-
sion of ideas and the consensus raised on the population about their veracity.
Moreover, the model proposed also reveals that, in absence of global consensus,
doubtful information is better propagated in scarcely connected populations.
This phenomenon arises as a consequence of the limited access to information,
which increases the likelihood that a person observes an uniform opinion among
his/her acquaintances. Studying the spread of fake news in different real con-
texts would be helpful to confirm this surprising phenomenon highlighting the
relevance of contrasting information sources to avoid misinformation. More-
over, another straightforward extension of the model is to include the time
varying nature of social interactions to capture the emergence of polarized
states and echo-chambers, which are frequently observed in social platforms
and arise from the confrontation between two opposing opinions on a given
problem.

Finally, we have also illustrated how epidemic models can be adapted to
capture social dynamics such as the propagation of corruption. Remarkably,
the punishment mechanism driven by the delation of corrupt individuals by
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honest peers leads to an emergence of a corrupt equilibrium, whose stability is
reinforced when social coercion is introduced in the model. The evident difficul-
ties to gather data on the topic makes difficult introducing further refinements
in the model to better capture the evolution of corruption. Nonetheless, we
hope this model inspires future research on the application of compartmental
models in different fields beyond mathematical epidemiology.

In the second part of the thesis, we have studied the impact of mobil-
ity on epidemic spreading. The prominent role of human movements, across
urban, national and international scales, maps the evolution of an outbreak
onto a reaction-diffusion process where the reaction refers to the contagion
and recovery processes shaping the transmission of the pathogen among hosts
and diffusion corresponds to their spatial dissemination. Among the different
flavors of mobility, we have focused on studying the interplay between daily
mobility in cities and community transmission, with the aim of determining
the features turning urban environments into contagion centers accelerating
the local spread of global pandemics.

We have proposed a new model which accounts for the recurrent nature of
commuting mobility and allows one to readily incorporate the mobility network
of the residents in a city without any information loss. The most important
result is that the effect of tuning mobility is not universal and strongly depends
on the specificities concerning pathogen transmission dynamics, the spatial
distribution of the population and their mobility patterns. Therefore, the
systematic deployment of the same control strategies in different cities can be
counterproductive. Along this line, we have discovered a hitherto unreported
phenomenon emerging in some scenarios, the so-called epidemic detriment, by
which mobility, rather than fostering epidemic spreading, is detrimental to the
onset of diseases. This finding has profound implications for policy making
purposes since it reveals that the spatial isolation of affected areas cannot be
as efficient as thought to mitigate an ongoing outbreak.

The epidemic detriment is just one of the examples that highlight the need
to follow systemic approaches to characterize complex phenomena in nature
such as the interaction between mobility and epidemics. To explain the roots
of the epidemic detriment, we have extended the aforementioned model to sep-
arate the contribution of the different features shaping the dynamics such as
the recurrent nature of daily mobility or the existence or heterogeneous popula-
tions showing different vulnerabilities to disease spreading. From our analysis,
we conclude that the impact of mobility on epidemic spreading is the outcome
of the trade-off between two antagonistic effects: on the one hand, mobility
tends to accelerate the spatiotemporal spread of diseases by mixing different
subpopulations and, on the other hand, mobility allows infected individuals
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to stay away from the most vulnerable areas, thus reducing their potential
number of contagions. Therefore, the detrimental effect of human mobility
on epidemic spreading emerges in those scenarios where the latter mechanism
gains more relevance. Leveraging this phenomenon, we have explored different
containment strategies based on the modification of the mobility networks ob-
served in real cities. We obtain that an efficient policy substantially increasing
cities’ resilience consists in an asymmetric isolation of vulnerable areas forbid-
ding the entrance of individuals from different parts of the cities but allowing
residents living there to follow their usual commuting patterns.

We think that our model provides solid theoretical foundations to con-
struct more refined frameworks tailored for specific real diseases. As a proof
of concept, we have explored the insights provided by our model into the evo-
lution of real epidemic scenarios. Specifically, we have proven how the average
population density and the flows’ distribution provide a plausible explanation
for the different growth rates observed across United States cities during the
early stage of the COVID-19 pandemic. Moreover, we have proposed a further
theoretical extension of the model to accommodate different features shaping
the evolution of the pandemic, such as the existence of presymptomatic con-
tagions, the age-dependent nature of the clinical and epidemiological features
of the disease and the non-pharmaceutical interventions promoted to keep it
under control. This model has allowed us to reproduce the evolution of the
fatalities in Spain during the first epidemic wave and characterize under which
conditions different interventions such as social distancing policies, the creation
of social bubbles or population lockdowns are able to mitigate the pandemic.
Beyond COVID-19, we have also studied the spread of Dengue across the
city of Cali, in Colombia. After adapting the model to capture the contagion
mechanisms of vector-borne diseases, we have derived a risk indicator, compil-
ing demographical features of the city and information about the abundance of
vectors and the mobility of its residents, which matches the spatial distribution
of cases reported from 2015 to 2016 in Cali.

In a nutshell, this thesis constitutes our little contribution to the continu-
ous search for the microscopic origin of the unexpected collective phenomena
observed in nature. The lack of isolation of real systems and the intricate rela-
tionship between different dynamics running across diverse complexity scales
demand the formulation of unifying frameworks which take into account their
simultaneous propagation and the possible interdependencies existing among
them. We hope that the few examples shown in this thesis will inspire future
research on this topic and enable to keep advancing in our knowledge about
both the foundations and applications of complex systems.



Conclusiones

Por dltimo, queremos concluir esta tesis recapitulando nuestros hallazgos méas
relevantes y discutiendo las posibles direcciones de investigacién que se abren a
partir de los modelos propuestos en esta tesis. El objetivo principal de esta tesis
ha sido abandonar el estudio de dinamicas individuales aisladas para dar cuenta
de la adaptabilidad de los sistemas complejos y caracterizar los fendémenos
resultantes del intercambio de informacién entre diferentes dinamicas y escalas
de complejidad presentes en sistemas reales.

En la primera parte de la tesis, nos hemos centrado en el estudio de proce-
sos dindmicos interactuantes en redes de contacto estaticas, asumiendo que las
reglas microscopicas que rigen la evoluciéon de cada dinamica dependen tanto
del estado macroscopico del sistema como del progreso del otro proceso co-
evolutivo. Bajo este enfoque, hemos abordado cuatro problemas diferentes: la
propagacion acoplada de diferentes patogenos, la eficacia de las politicas de con-
trol basadas en estrategias de rastreo de contactos, la irrupcién de movimientos
sociales y la aparicién de la corrupcion en la sociedad. Dependiendo de la nat-
uraleza del problema, hemos considerado un esquema de cooperaciéon o com-
peticion en funcién de si los dos procesos dindmicos se potencian o perjudican
mutuamente como resultado de su interaccion.

A pesar de la diversidad de los temas tratados, se pueden extraer algunas
conclusiones comunes sobre el papel de los distintos esquemas de interaccion.
En particular, la cooperacién entre procesos dinamicos da lugar a un cambio
en la naturaleza de las transiciones de fase que experimenta el sistema, con-
virtiendo las transiciones suaves de segundo orden caracteristicas de los mod-
elos de sincronizacién o epidemias en transiciones explosivas de primer orden.
Estas transiciones surgen de forma natural del acoplo entre diferentes dinami-
cas y proporcionan una explicaciéon plausible para diferentes fenémenos tales
como la apariciéon repentina de importantes brotes epidémicos simultaneos a
lo largo de la historia o la asombrosa velocidad con la que los movimientos
sociales evolucionan desde pequenas masas criticas iniciales hasta involucrar a
una parte importante de la poblacién. Asimismo, la introducciéon de dindmi-
cas competitivas nos ha permitido hallar un resultado sorprendente: la mayor
capacidad difusiva de las redes heterogéneas observada tradicionalmente en
dindmicas individuales se ve claramente reducida o incluso se revierte, dando
lugar a una difusién mas rapida en redes homogéneas. Este resultado es una
consecuencia directa de la mayor vulnerabilidad de las redes heterogéneas a los
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ataques dirigidos, que en este caso se corresponden con la presencia simultanea
de dindmicas que se perjudican mutuamente.

Restringiéndonos a la fenomenologia propia de cada problema estudiado,
hemos demostrado que la competencia entre dos patdégenos puede conducir a
un régimen de coexistencia en el que ambos sobreviven de forma endémica
0 a un régimen de dominaciéon en el que el virus mas débil se extingue. El
ejemplo mas claro de esta competencia es la existencia de cepas mutuamente
excluyentes de la misma enfermedad que circulan simultdneamente en una
poblacion determinada. El formalismo aqui propuesto podria constituir el
punto de partida hacia un marco maés sofisticado que incorpore la evolucién
natural del virus para capturar el complejo ecosistema de variantes genémicas
observado para diferentes enfermedades como la gripe, el dengue o el COVID-
19.

Asimismo, hemos explorado las raices microscopicas de la aplicaciéon exitosa
del rastreo de contactos para combatir la pandemia de COVID-19 en algunos
paises. En concreto, hemos revelado que el rastreo de contactos es capaz de
anticipar y reducir el pico epidémico mediante la deteccién temprana de los
nodos altamente conectados de la red. Este efecto es completamente diferente
al de otras politicas de control como las detecciones sintomaticas. Sin embargo,
nuestros resultados no permiten extraer ninguna conclusién sobre la viabilidad
de las estrategias de rastreo de contactos en escenarios reales, ya que asumimos
una penetraciéon homogénea de la aplicaciéon en la poblacién, independiente de
variables demograficas como la edad o el nivel socioeconémico, y despreciamos
la contribucién de otras politicas de control. Creemos que la incorporacién de
estas ultimas caracteristicas realistas a nuestro modelo debe ser investigada en
el futuro y aumentaria la robustez de nuestros resultados.

Desde el punto de vista social, hemos demostrado c6mo los movimientos
sociales pueden surgir de forma abrupta como consecuencia del acoplamiento
positivo entre la difusiéon de ideas y el consenso suscitado en la poblacién sobre
su veracidad. Ademés, el modelo propuesto también revela que, en ausencia
de consenso global, la informacién dudosa se propaga mejor en poblaciones
escasamente conectadas. Esto es debido al efecto negativo del acceso a pocas
fuentes de informacion, lo que aumenta la probabilidad de que un individuo
asuma de manera incorrecta que una idea esté aceptada en la sociedad. El
estudio de la propagacion de fake news en diferentes redes reales serfa 1til para
confirmar este sorprendente fenémeno que pone de manifiesto la relevancia de
contrastar las fuentes de informacion para evitar la desinformaciéon. Ademés,
otra extensiéon directa del modelo es incluir la posible variacién temporal de
las interacciones sociales con el objetivo de reproducir la apariciéon de esta-
dos polarizados y camaras de eco observados frecuentemente en redes sociales
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como resultado de la confrontacién entre dos posturas opuestas ante el mismo
problema.

Por dltimo, hemos ilustrado cémo los modelos epidémicos pueden adap-
tarse para captar fenémenos inherentemente sociales como la propagaciéon de
la corrupciéon. En este sentido, la introduccién de un mecanismo de castigo
impulsado por la delacién de individuos corruptos por parte de individuos
honestos conduce a la aparicién de un equilibrio corrupto, cuya estabilidad se
refuerza cuando se introduce la coaccién social en el modelo. En este caso,
la evidente dificultad para recopilar datos reales con los que contrastar los
modelos aqui introducidos dificulta su posible refinamiento con el objetivo de
capturar la evolucién de la corrupcién. No obstante, esperamos que el modelo
introducido inspire futuras investigaciones sobre céomo los modelos comparti-
mentales pueden ser aplicados en diferentes campos mas alla de la epidemi-
ologia matemaética.

En la segunda parte de la tesis, hemos estudiado el impacto de la movili-
dad en la propagacién de las epidemias. La gran relevancia de los movimientos
humanos, a escala local, nacional e internacional, convierte la evolucién de
un brote en un proceso de reaccién-difusion en el que los contagios y recu-
peraciones determinan los procesos de reaccién mientras que la difusién esta
gobernada por la movilidad. Entre los diferentes tipos de movilidad, nos hemos
centrado en el estudio del impacto de la movilidad diaria en nicleos urbanos
para la transmisién comunitaria de un virus, con el objetivo de determinar las
caracteristicas que convierten las ciudades en centros de contagio, acelerando
la propagacion local de las pandemias globales.

Hemos propuesto un nuevo modelo que tiene en cuenta la naturaleza re-
currente de la movilidad cotidiana y permite incorporar facilmente la red de
movilidad de los residentes de una ciudad sin pérdida alguna de informacion.
El resultado mas importante es que el efecto de la variacion de la movilidad no
es universal y depende en gran medida de las caracteristicas relacionadas con la
transmision del agente patégeno, la distribucién espacial de la poblacién y sus
patrones de movilidad. Por lo tanto, la imposicién sisteméatica de las mismas
estrategias de control en diferentes ciudades puede ser contraproducente. En
esta linea, hemos descubierto un fenémeno hasta ahora inédito que surge en
algunos escenarios, el llamado detrimento epidémico, por el que la movilidad,
lejos de favorecer la propagacion de enfermedades, es perjudicial para la apari-
cion de brotes epidémicos. Este hallazgo tiene profundas implicaciones para la
elaboracién de politicas, ya que pone en entredicho la eficacia del aislamiento
espacial de las zonas afectadas para combatir una epidemia.

El detrimento epidémico es s6lo uno de los ejemplos que ponen de manifiesto
la necesidad de proponer enfoques sistémicos para caracterizar la apariciéon de



192 Chapter 7. Conclusions

fenémenos complejos de la naturaleza como la interaccion entre movilidad y
epidemias. Para explicar las causas del detrimento epidémico, hemos ampliado
nuestro modelo y discriminado la contribucion de las diferentes rasgos asocia-
dos a la dindmica tales como la naturaleza recurrente de la movilidad diaria o
la existencia de poblaciones heterogéneas con diferentes vulnerabilidades a la
propagacion de una enfermedad. A partir de nuestro analisis, concluimos que
el impacto de la movilidad en la propagacién de la epidemia es el resultado
del balance entre dos mecanismos opuestos: por un lado, la movilidad tiende a
acelerar la propagacion espacio-temporal de las enfermedades al mezclar difer-
entes subpoblaciones y, por otro lado, la movilidad permite que los individuos
infectados se alejen de las zonas mas vulnerables, reduciendo asi el nimero po-
tencial de contagios que pueden provocar. Por tanto, el efecto perjudicial de la
movilidad para la propagaciéon de epidemias es dominante en aquellos escenar-
ios en los que este tltimo mecanismo adquiere mayor relevancia. Aprovechando
este fenémeno, hemos explorado diferentes estrategias de contencién basadas
en la modificacion de las redes de movilidad en ciudades reales. Obtenemos que
una politica eficiente que aumenta sustancialmente la resiliencia de las ciudades
consiste en un aislamiento asimétrico de las zonas vulnerables, prohibiendo la
entrada de individuos a dichas zonas pero permitiendo que sus residentes sigan
sus patrones habituales de desplazamiento.

Creemos que nuestro modelo proporciona una base solida tedrica para con-
struir marcos mas refinados adaptados a enfermedades reales. Como prueba de
ello, hemos explorado como el modelo propuesto nos permite obtener informa-
cion acerca de la evoluciéon de escenarios epidémicos reales. En concreto, hemos
comprobado céomo la densidad media de la poblacién y la distribucién de los
flujos proporcionan una explicaciéon plausible de las diferentes velocidades de
expansion observadas en las ciudades de Estados Unidos durante la fase inicial
de la pandemia de la COVID-19. Ademas, hemos propuesto una ampliacion
tedrica del modelo para incluir diferentes rasgos caracteristicos de dicha pan-
demia, como la existencia de contagios presintomaticos, la alta variacién de
las caracteristicas clinicas y epidemiologicas de la enfermedad en funcién de
las caracteristicas socio-demograficas de la poblacién y las intervenciones no
farmacéuticas promovidas para mantenerla bajo control. Este modelo nos ha
permitido reproducir la evolucién de las victimas mortales en Espana durante
la primera ola epidémica y caracterizar bajo qué condiciones diferentes inter-
venciones como las politicas de distanciamiento social, la creacién de burbujas
sociales o los confinamientos poblacionales son capaces de mitigar la pandemia.
Ademas de la COVID-19, hemos estudiado también la propagacion del dengue
en la ciudad de Cali, en Colombia. Tras adaptar el modelo para capturar
los mecanismos de contagio de las enfermedades transmitidas por vectores,
hemos derivado un indicador de riesgo, que incluye variables demograficas,
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entomoldgicas y asociadas con la movilidad, que permite reproducir la dis-
tribucion espacial de los casos reportados entre 2015 y 2016 en la ciudad de
Cali.

Como conclusién final, esta tesis constituye nuestra pequena contribucion
a la busqueda continua del origen microscopico de los fenémenos complejos
observados en la naturaleza. La falta de aislamiento de los sistemas reales y la
compleja relacion entre diferentes dinamicas involucrando diversas escalas de
complejidad exigen la formulaciéon de marcos teéricos que integren los posibles
efectos derivados de su propagacion simultédnea y las interdependencias exis-
tentes entre ellas. Esperamos que los pocos ejemplos mostrados en esta tesis
inspiren futuras investigaciones a este respecto y permitan seguir avanzando
en nuestro conocimiento sobre los sistemas complejos.






Appendices

A Dominance threshold for competing diseases

The analysis of the epidemic curves for the spread of competing diseases reveals
the existence of a second threshold X, destabilizing the dominance solution in
which one pathogen prevails over the other one in favor of the coexistence
solution where both diseases survive in the population. To compute its value,
it is convenient to rewrite Egs. to capture the evolution of the
epidemic size p and the relative abundance of each specie Ap. In this way, for
mutually exclusive diseases (¢ = 0), the evolution of these variables read

Pt = (1= w)pl+ (1 — ph) I (A1)
Apith = (1= ) Aph+ (1= p) [ ([F751E = [£510) - (A2)

Eq. implies that the prevalence is independent of the microscopic config-
uration of the population. Therefore, the phase transition between both solu-
tions is completely characterized by the Kp values. Specifically, when Kp ~ P
the dominance solution is stable and the weak pathogen becomes extinct. In
contrast, A_'p = 0 characterizes the stabilization of the coexistence solution. To
find the dominance threshold, let us first assume that the dynamics has reached
the stationary state so that pi™! = pt = pi and Apf‘l = Apl = Ap;Vi. In

7

this case, Eq. (A.2]) turns into:
Ap; = pf (P51 = 17°10) - (A.3)

Incorporating Eqgs. (2.2612.27)), the previous expression becomes:

. _ l9"]; = [¢°";
M T T - T A

2 K3

where the individual probabilities of getting each pathogen are given by
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In the coexistence regime, Ap = 0 so that [¢/5]; = g
the dominance threshold, we assume that the system in the coexistence regime
and introduce a small perturbation in one pathogen such that the perfect
coexistence amongthem is broken. Mathematically, this implies that Kp* =
€ < 1 which allows us to linearize Eq. , obtaining

Sl];k = g/ Vi. To compute

N *
== daep/2) (1- (- g1)%)
N
=3 Ma(5 06 - (A7)
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Eq. constitutes an eigenvalue equation with N possible solutions. In
particular, the coexistence solution will be unstable if the perturbations intro-
duced to the system are able to grow and stable otherwise. This implies that
all the eigenvalues of matrix M, A;, must satisfy A; < 1. In particular, the
destabilization of the coexistence solution will take place when Apax(M) = 1.
Therefore, to find the expression for the second epidemic threshold )., one
must iterate the individual SIS dynamics for the dominant pathogen, obtain
the stationary state p*, compute the elements of the matrix M and check its
largest eigenvalue. In particular, the dominance threshold X, satisfies that

A= {min A | Apax(M(p*0)) =1} . (A.8)
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B Derivation of R(t) with contact tracing

We start by defining the effective reproduction number R(¢) as the expected
number of contagions that one individual becoming exposed at time ¢ produces
over her infectious period. Denoting the number of contagions made by agent
i after contracting the disease at time t — 1 by Z;(t), the effective reproduction
number reads

i 7 (= DIF=P(t =~ DTi(0)

R = N s R )

(B.1)

To get the expression for Z;(t) we must contemplate all the possible combina-
tions of the epidemiological states of agent ¢ before entering into the compart-
ment D or R, for afterwards they are not able to produce any further contagion.
For this purpose, let us define Pi(7g, 7p, 71,[t) (Pi(TE, TP, TI4|t)) as the joint
probability that an asymptomatic (symptomatic) patient remains in the ex-
posed compartment during 75 time steps, in the presymptomatic state during
Tp steps and in the asymptomatic (symptomatic) infectious compartment for
71, (T14) time steps. Incorporating the joint probabilities, it is straightforward
to prove that
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Tp=117p=175=0 s=t+71p+1 j=1

t+TE+TP+T]S N

D D A (s)

s=t+1g+7p+1 j=1

© oo 00 t+Te+TP+T1, N
MDD UD BRCIUILNDE B DR DR IAC
TEZITPZIT[AZO S:t+TE+1 ]:1

(B.2)

The derivation of the joint probabilities is immediate when contact tracing
is not at work. In this particular case, the probabilities of staying inside each of
the possible states become independent of each other and, more importantly,
independent of the dynamics. In particular

PZ‘(TE,TP,T[AH) = P(TE)P(TP)P(T[S) ,
Pi(te, TP, T14|t) = P(TE)P(TP)P(T1,)

z w
£
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with

P(rg) = (L—n)™ ",
P(rp)=(1—-a)? la,
P(r,) =1 =)™y,
P(rrg) = [(1 = p)(1 = 8)]s ™ (1= (1= 6) (1 — p)) (B.5)

The inclusion of contact tracing complicates the computation of the joint prob-
abilities for two reasons: i) the probability of staying in each infectious com-
partment is dependent on the dynamical state of the system, so we need the
epidemic trajectory and i) the probability of entering into an advanced stage
of the disease depends on not having been detected earlier because of the
contact tracing mechanism. Taking into account both factors, in the case of
symptomatic patients, the joint probabilities read:

TE—l

Pi(TEaTP7TS|t) :(1777) n

X {5Ts,0'Hz‘CT(t+TE+TP) (B.6)

+ (1= 6rg0) - a(1 =TT (t+ 7 + Tp))}

t+TE+TP—1

< J] @—a)a-0fT(s)]
s=t+71p+1
t—‘rTT—l

X {573,0 + (1= 68r40) I[I a-wa-6)[1-1"(s)]

s=t+Tp+Tp+1
x {6+ 1 =08) [Tt +7p) + (1 -1 (¢t + 7)) M]}}

(B.7)
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while, for the asymptomatic individuals, we obtain

Tp—1

Pi(TEvTP7TIA‘t) = (1 - 77) n

X {5TIA,0'HiCT(t+TE+TP) (B.8)
+(1- ‘571,4,0) - (1 — H?T(t 4+ 7R+ TP))}

[[ a-o-0fe)

t+1p+17p—1
X
S:t+TE+1

t+1r—1

x {%,o F=b0) [ 0-w [ -1

s=t+71p+7p+1

x [IET(t 4+ 77) + (1 =TTt + 7)) 1] } (B.9)

In the former expressions, we use 7 to encapsulate the whole infectious
cycle which corresponds with 7 = 75 + 7p + 774 and 7 = 7 + 7p + 71, for
symptomatic and asymptomatic individuals respectively. In its turn, we also
include TI¢T'(¢) which is the probability that an agent i is detected at time t
via the contact tracing of her detected acquaintances. Therefore

N
T () =1 [ [1 - 24502 )] - (B.10)

J=1
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C MIR model with household contacts

One of the limitations of the MIR model is that it neglects the contacts made
with the household members. Here we explore how to modify the equations to
accommodate the latter interactions and study whether the epidemic detriment
persists in this new scenario. Let us consider a SIS disease spreading over
a metapopulation with Np patches. Recall that the course of the disease is
completely characterized by the time evolution of the fraction of the population
living in each patch in the infected state p;, which is given by:

pi(t+1) = (1 —p)pi(t) + (1 — pi(t))IL(t) , (C.1)

where II; accounts for the probability that one individual from patch i contracts
the disease. This probability reads

Np
Ii(t) = (1= p)Py(t) + pY_ RijPj(t) - (C.2)
j=1

Pi’j (t) denotes the probability that one individual from patch i and visiting j
at time ¢ becomes infected. Taking into account the household contacts, we
compute this probability as

Pj(t) = [1 - (1= P (1)) (1 - F(t))] (C.3)

where PZH (t) corresponds to the probability of getting infected when contacting
with the household members and P;(t) encodes the probability of contracting
the disease in the workplace j as dictated by Eq. [£.15] Finally, assuming a
mean field approach within each patch ¢ so that the number of contacts inside
every household is given by k¢, the probability P/ (¢) is given by:

PH(t) =1~ (1= Apa()" . (C.4)

The expression of the epidemic threshold is slightly modified in this new
model. Specifically, following a similar procedure to the one explained in the
main text, consisting in the linearization of the equations governing the steady
state of the dynamics, we arrive to the following expression:

n
A, = o (M) (C.5)

being the elements of the new critical matrix

Mi; = 8 <k0+n1(1 )Zf]>+ngp(1 p)(%Jerff")

j 1

QZ le]lfl (C6)
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Recalling the elements of the original matrix M, we can rewrite the latter
expression as

Mi/j = Mij + 5Uk‘lc . (07)

The new term does not contain any contribution with p because agents interact
with cohabitants, regardless of whether they move or not. As a consequence,
the sign of the linear correction in the perturbative analysis remains unchanged,
so the epidemic detriment with mobility is preserved.



D COVID-19 model in Spain

We now describe the choice of our parameters to study the epidemic outbreak
in Spain, whose values are enumerated in tables [D.I]to[D.4] Specifically, each
table contains the values of the different components conforming our formal-
ism: the features of the underlying multiplex metapopulation (table , the
clinical (table and epidemiological (table features of the disease and
the parameters governing lockdown policies (table .

Regarding epidemiological parameters, the incubation period has been re-
ported to be 7! + o~ = 5.2 days [315] on average which, in our formalism,
must be distributed into the exposed and asymptomatic compartments. In
principle, if one does not expect asymptomatic transmissions, most of this
time should be spent inside the exposed compartment, thus being the asymp-
tomatic infectious compartment totally irrelevant for disease spreading. How-
ever, along the line of some works [354H350], we have found that the unfolding
of COVID-19 cannot be explained without accounting for infections from indi-
viduals not developing any symptoms previously. In particular, after calibrat-
ing the model, we have estimated a~! = 2.756 (95% Crl: 2.135 — 3.377) days
as asymptomatic infectious period. In turn, the infectious period while being
symptomatic is calibrated to u~! = 3.915 days (95% Crl: 3.470 — 4.360), except
for the young stratum, for which we have reduced it to 1 day, assigning the
remaining days as asymptomatic; this is due to the reported mild symptoms
in young individuals, which may become unnoticed [357]. Furthermore, we
assume asymptomatic individuals are half as infectious as symptomatic ones,
Ba = 0.50;, as in [265, 267].

Regarding the clinical parameters, we fix the fatality rate w = 30% for
ICU patients according to official reports [314]. We incorporate from pre-
viously published studies the typical time from ICU admission to death as
=t = 7 days [310] and the stay in ICU for those overcoming the disease
as Y~ ! = 21 days [311]. In turn, the parameters 49 and 69, controlling the
infected population requiring ICU beds and dying without occupying any of
them respectively, are estimated by correcting the real observed values [314]
with the estimated underreporting from [313]. Likewise, the parameters (¢ and
A9 are computed by assuming that times between onset of symptoms and ICU
occupation or fatal outcome are 8 and 11 days [314] on average, respectively.
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