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In this paper we study Sigma-invariants of even Artin groups of FC-type, extending
some known results for right-angled Artin groups. In particular, we define a
condition that we call the strong n-link condition for a graph I' and prove that
it gives a sufficient condition for a character x : Ar — Z to satisfy [x] € X" (Ar,Z).
This implies that the kernel Af = ker x is of type FP,,. We prove the homotopical
version of this result as well and discuss partial results on the converse. We also
provide a general formula for the free part of H, (A¥;F) as an F[t*!]-module with
the natural action induced by x. This gives a characterization of when H,(Af;TF)

is a finite dimensional vector space over F.
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1. Introduction

The Sigma-invariants of a group G are certain sets " (G, Z), X" (G) of equivalence classes of characters
X : G — R that provide information about the cohomological — in the case of (G, Z) — and homotopical
— for X"(G) — finiteness conditions of subgroups lying over the commutator of G. The first version of these
invariants was defined by Bieri and Strebel in [10] and the theory was later developed by Bieri-Neumann-
Strebel [8], Bieri-Renz [9], and Renz [23]. Usually, it is extremely difficult to compute these invariants
explicitly but there are some remarkable cases in which a full computation is available.

One of those cases occurs when G is a right-angled Artin group (RAAG for short). These groups are
defined from a given finite graph I which will be assumed here to be simple, i.e., without loops or multiple
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edges between vertices. Associated to I' one can describe the RAAG, denoted by Ar, as the group generated
by the vertices of I with relators of the form [v,w] = 1 for any edge {v, w} of T'. This is a remarkable family
of groups that range between finitely generated free abelian groups (corresponding to complete graphs)
and finitely generated free groups (associated with graphs with no edges). Many properties of RAAGs can
be determined in terms of the combinatorial properties of the graph. This is precisely the case for their
Sigma-invariants, which were computed by Meier-Meinert-VanWyk in [19]. To describe their computation
we will need to introduce some terminology.

We recall the concept of link in our context as follows. Fix a simple finite graph I" as before and denote
by Vr (resp. Er) its set of vertices (resp. edges). If I'y C T is a subgraph and v € Vp, then the link lkr, (v)
of v in T’y is defined as the full subgraph induced by Vr, (v) := {w € V¢, | {v,w} € Er}.

We extend this definition for subsets A C I' by setting

1kF1 (A) = Myea lkFl ('U)

By convention we allow A to be empty, then lkp, (A) =T'.

We also recall the concept of the flag complex associated with I'. This the simplicial complex, denoted as
f‘, resulting after attaching a (k — 1)-simplex to each k-clique, i.e., to each complete subgraph of k vertices.
We use the same notation for arbitrary graphs. Note that, if A C I' is a clique and 'y C T" a subgraph,
then ﬂ<r1 (A) is the intersection with I'; of the ordinary simplicial link of the cell o associated to A, i.e., the
subcomplex of I consisting of those simplices 7 such that 7 U ¢ is also a simplex of .

Now, let x : Ar — R be a character and n > 0 an integer. Consider the full subgraph £{ induced by the
vertices v of ' with x(v) # 0. Following Meier-Meinert-VanWyk [19], we call £§ the living subgraph of T
and say that vertices not in £ are dead. Dead vertices are also called resonant in [11]. We will say that the
character x satisfies the n-link condition if for any clique A C T'\ L,

liiﬁg(A) is (n — 1 — |Al)-acyclic.

Then Meier-Meinert-VanWyk proved (see Subsection 3.1) that x € ¥"(G, Z) if and only if x satisfies the
n-link condition. In fact, they also proved the homotopical version of this result that characterizes ¥"(G) in
terms of a homotopical n-link condition (with “being (n—1—]A|)-connected” instead of “being (n—1—|A|)-
acyclic”).

Here, we want to extend this result for another remarkable family: even Artin groups of FC-type. Given a
finite simple graph I" as above, one can consider an even labeling on the edges, that is, for any edge e = {u, v},
its label £(e) is an even number. Any such even graph I' defines an even Artin group Ar generated by the
vertices of I' and whose relators have the form (uv)* = (vu)*, where £(e) = 2k. These special Artin groups
were first considered in detail in [12] and [13]. Note that any subgraph X C T of an even graph I" generates
an even Artin group Ax. In addition, an even Artin group is said to have FC-type if Ax is of finite type
for each clique X C I': this means that the standard parabolic Coxeter group Wx, i.e., the quotient of Ax
by the normal subgroup generated by (u?;u € V) is finite.

For a character y on an even Artin group we consider a generalization of the living subgraph as follows
(see [20]). Denote m, = x(v), v € Vr and me = m, + my, e = {v,w} € Epr. We say that an edge is dead
if e has label ¢(e) > 2 and m. = 0. We will consider the subgraph £X obtained from I' after removing all
dead vertices and the interior of all dead edges. Note that if all the edges have label precisely 2, i.e., for a
RAAG, then L} = LX.

To state our first main result, we also need to introduce the clique poset, that is the poset of subgroups
of Ar which are generated by cliques of I':

P ={Ax | A CT clique}.
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Note that the poset structure of P is the poset structure of the poset of cliques of I". Also, we allow A to be
empty, in that case Ay = {1}. So the geometric realization of the clique poset is the cone of the barycentric
subdivision of the flag complex where the vertex of the cone corresponds to the empty clique.

A special role is played by the subset BX C P of those subgroups Ax where A C T is a clique such that
for each vertex v in A either v is dead or v € e for e a dead edge in A. Observe that 1 = Ay € BX. We will
see that this is equivalent to asking that the center of A lies in the kernel of x, that is, x(Z(Aa)) = 0.

Definition 1.1. Let BX C P be as above. Assume that for any Ax € BX with |A| < n the link Ik« (A) is
(n — 1 —|Al)-acyclic. Then we say that x satisfies the strong n-link condition.

We also define a homotopical strong n-link condition in a similar way just changing (n — 1 — |A])-acyclic
by (n — 1 — |Al)-connected.

Note that the homotopical strong n-link condition implies the strong n-link condition.

Theorem 1.2. Let G = Ar be an even Artin group of FC-type, and 0 # x : G — R a character such that the
strong n-link condition holds for x. Then [x] € X" (G, Z).

In the case n = 1, it is known for several types of Artin groups (see Theorem 3.6) that [x] € X"(G,Z)
if and only if £X is connected and dominant. This is equivalent to saying that x satisfies the strong n-link
condition (see Subsection 3.1).

We do not know whether the converse of Theorem 1.2 is true in general, but in Section 5 we prove a
partial converse. To do that, we use some of the techniques of [11] to perform computations on the homology
groups H,, (A¥,F) where F is a field, x : Ap — Z is assumed to be discrete and A¥ = ker . More precisely,
we show that these homology groups are finite dimensional as F-vector spaces if and only if certain p-local
version of the strong n-link condition holds. Recall that a consequence of the well-known properties of the
Sigma-invariants (see Section 2) is that if for a discrete character x we have [x] € ¥"(G,Z), then Af is of
type FP,, and therefore the homology groups with coefficients over any field must be finite dimensional. As
a by-product, an explicit computation of independent interest is provided in Theorem 5.5 for the free part
of H,(Af,F) when seen, via x, as a module over the principal ideal domain F [tE1].

Moreover, section 6 is devoted to stating and proving a partial homotopic analogue of Theorem 1.2 in
Theorem 6.1.

2. Sigma-invariants

Let G be a finitely generated group. In this section we will consider arbitrary non-trivial characters
x : G — R. We say that two characters x1, x2 are equivalent if one is a positive scalar multiple of the other,
i.e., if x1 = txo for some t > 0. We denote by [x] the equivalence class of the character y and by S(G) the
set of equivalence classes of characters. Note that if G/G’ has finite torsion and free rank r then S(G) can
be identified with the sphere S"~!. The homological Y-invariants of G are certain subsets

2¥(G,2) C--- CXNG,Z) C - CXHG,Z) CXNG,Z) CX0(G,Z) = S(G)

which are very useful to understand the cohomological finiteness properties of subgroups of G containing
the commutator G'.

For a formal definition, consider x : G — R a character and G, the monoid Gy, = {g € G | x(g) > 0}.
Then

(G, Z) = {[x] € S(G) | ZG,y, is of type FP,}.
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There is also a homotopical version

YX(GE)C---CENG) C - CEHE) € 2HE) € 2Y(G) = S(G).
We can sketch the definition as follows (see [19]). Let G be a group of type F,,. We can choose a CW-model
X for the classifying space for G with a single 0-cell and finite n-skeleton. Let Y be the universal cover of
X. Then we may identify G with a subset of Y and given a character x : G — R, we can extend x to a
map x : Y — R that we denote in the same way. To do that, map the vertex labeled by, say, g to x(g) and
extend linearly to the rest of Y.

For a € R denote by Yia#oo) the maximal subcomplex in Y N x~!([a, +00)). Assuming a < 0, the

inclusion Y£0’+°°) - Y)EG’JFOO) induces a map

i (Y£0’+OO)) - (Yia,Jroo))

and we say that [x] € ¥™(G) if there is some a such that this map is trivial for all i < n. The reader can find
more details about ¥"(G, Z), £™(G) in [19]. We recall now only two well-known properties: both ¥"(G, Z),
¥"(@Q) are open subsets of S(G) that determine the cohomological and homotopical finiteness conditions of
subgroups containing the commutator thanks to the following fundamental Theorem:

Theorem 2.1. Let G be a group of type FP,, and G’ < N < G. Then N is also of type FP,, if and only if
{Ix] € 5(G) [ x(N) = 0} € (G, Z).
Moreover, if G is of type ¥, then N is of type ¥, if and only if
{Ix] € S(G) | x(NV) = 0} € Z"(G).
In particular, if x : G — Z is discrete, we have that ker y is of type FP,, if and only if [x], [-x] € ¥"(G, Z).
If R is a commutative ring, one can also define R-Sigma-invariants 3" (G, R) by substituting the homology

groups in the definition above by homology groups with coefficients in R. Theorem 2.1 remains true when
FP,, is substituted by FP,, over R. Moreover we have

MG) € XM(G,Z) CX(G, R)
for any G, R and n > 2 and
YH(G) =246, Z) = (G, R).
We will also need the following useful result.

Lemma 2.2. /20, Lemma 2.1] Let G be any group of type F,, and x : G — R a character with x(Z(G)) # 0
where Z(QG) is the center of G. Then [x] € ¥"(G) C ¥"(G,Z).

Finally, we state here the following result which was proven by Meier-Meinert-VanWyk [19]. This Theorem
will be the main tool in the proof of Theorem 1.2 as it was one of the main tools in their description of the
Sigma-invariants for RAAGs.

Theorem 2.3. [19, Theorem 3.2] Let G be a group acting by cell-permuting homeomorphisms on a CW -
complex X with finite n-skeleton modulo G. Let x : G — R be a character such that for any 0 < p <n and
any p-cell o of X the stabilizer G, is not inside ker x. Then
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i) If X is (n — 1)-connected and [x|a,] € " P(Gy) for any p-cell o, 0 < p < n, then [x] € X"(G).
it) If X is (n — 1)-R-acyclic and [x|c,] € Z" P(Gy, R) for any p-cell o, 0 < p < mn, then [x] € "(G, R).

3. Artin groups and their Sigma-invariants

As we have seen in the introduction, Artin groups can be defined in terms of a labeled graph. Using the
symmetry of the standard presentation of an Artin group we can show the following.

Proposition 3.1. Let G = Ar be an Artin group. Then —¥"(G) = £"(G) and —X"(G,Z) = ¥"(G,Z).

Proof. Due to the symmetry of the relations in G, there is a well-defined map ¢ : G — G given as
¢(v) := v~! for v € Vp, which defines an automorphism of G. Since y o ¢ = —x and both X"*(G) and
¥"(G, Z) are invariant under automorphisms of G, the result follows. 0O

So we have:

Lemma 3.2. Let G = Ar be an Artin group and x : G — Z a discrete character. Then ker x is of type
FP,, if and only if [x] € X"(G,Z). In particular, if there is some field F and some 0 < i < n such that
dimp He(ker x,F) is infinite, x ¢ X"(G,Z).

Proof. The first statement is a direct consequence of Theorem 2.1 and Proposition 3.1. For the second one,
recall that if a group is of type FP,,, then after tensoring a finite type resolution of the trivial module by
F, one obtains a finite type resolution of projective modules over its group ring and thus it is also FP,,
over F. O

8.1. Sigma-invariants for RAAGs

The explicit computation of the Sigma-invariants for a particular group is usually very difficult. In [21],
Meier and VanWyk computed $!(Ar) for Ar a RAAG:

Theorem 3.3 (Meier-VanWyk [21]). Let G = Ar be a RAAG and x : G — R a character. Then
[x] € 21(G) if and only if LY is connected and dominating in T.
Recall that £f is the subgraph obtained from I' by removing the vertices v with x(v) = 0. As we are
assuming that Ar is a RAAG, £§ = £X is the living subgraph defined above. Also, we say that a subgraph
A C T is dominating if for any v € T'\ A there is some w € A linked to v. In other words, the condition

of LY being dominant is equivalent to saying that for every v € I\ Lf, lkpx(v) # (). And therefore the
Theorem can be reformulated as follows: [x] € !(G) if and only if

i) lkzx (@) is 0-connected and,
ii) for every v € '\ L§, lkzx(v) is (-1)-connected.

This can be restated using the 1-link condition defined in the introduction:
[x] € £(G) if and only if x satisfies the homotopical 1-link condition.

Later on, in [19] Meier-Meinert-VanWyk, extending Theorem 3.3, were able to give a full description of
the higher Sigma-invariants of a RAAG in terms of the n-link condition.
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Theorem 3.4. Let G = Ar be a RAAG and x : G — R a character. Then [x] € X"(G,Z) if and only if the
n-link condition holds for x.

8.2. Some partial results for Artin groups

Not much is known about Y-invariants of general Artin groups. Let x : Ar — R, Ar an Artin group and
Z(S) the center of S C Ap. We highlight the following partial result.

Theorem 3.5 (Meier-Meinert-VanWyk [20, Theorem B]). Assume Ay is of FC-type. If I is (n — 1)-acyclic
and x(Z(Ap)) # 0 for any O # A CT clique, then [x] € X" (G, Z).

We will see below that the hypothesis x(Z(Aa)) # 0 for any § # A C T clique means that BX consists
of the trivial subgroup only. Therefore this result is a particular case of our main Theorem 1.2.
A full characterization is available in few cases only.

Theorem 3.6 (Meier-Meinert-VanWyk [20], Almeida [2], Almeida-Kochloukova [3,4], Kochloukova [18]).
Assume that one of the following conditions holds:

e [ is a connected tree,

e T is connected and w (') is free of rank at most 2,

o I' is even and whenever there is a closed reduced path in T with all labels bigger than 2, then the length
of such path is always odd.

Then [x] € £Y(Ar) <= LX is connected and dominating.

Moreover, the class of Artin groups that satisfy the hypothesis in Theorem 3.6 is known to be closed
under graph products and, as a consequence, every FC-type Artin group also does ([5]). Other concrete
examples of Artin groups satisfying this hypothesis can be found in [4] and [1].

Note that by a similar observation as above, this result can be stated as follows: For I" connected and
with 71 (T') = 1 or free of rank at most 2, then

[x] € Y (Ar) <= ¥ satisfies the strong 1-link condition.
Observe also that here we are not assuming that Ar is even.
3.83. An easier particular case: direct products of Artin dihedral groups

It will be important below to understand the Sigma-invariants of the finite type Artin subgroups A of
a given even Artin group of FC-type Ar. In general, finite type Artin groups are direct products of finite
type irreducible Artin groups and the only possible irreducible finite type Artin groups are those of dihedral
type, which are the Artin groups associated to a single edge. In the even case the edge is labeled by an even
integer, say 2¢ and the associated group is

DAz = (z,y | (zy)" = (y2)").

The (homotopical) Sigma-invariants for irreducible Artin groups of finite type have been described in
[20, Section 2]. In the particular case of a dihedral Artin group we have the following result.

Lemma 3.7. [20, Pg 76] Let G = DAy be a dihedral Artin group and n > 1. For any commutative ring R
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i) If € is odd, then S(G) is a 0-sphere and S(G) = ¥"(G) = ¥*(G, R) for any n.
i) If £ = 20 is even S(G) is a I1-sphere. Denoting by =, y the standard generators, we have X™(G) =
(G, R) = S(G) \ {[x]; [-x]} where x(x) =1, x(y) = —1.

Proof. For the homotopical result, see [20, p. 76]. For the homological one note that ¥'(G) = (G, R) and
»'(G) C ¥"(G,R) C 2HG,R). O

If Ar is an even Artin group of FC-type and A, is a finite type subgroup with A C T', then A must be a
clique and A, is a direct product of even Artin dihedral groups and possibly a factor which is free abelian
of finite rank. In this subsection we will give a full description of the Sigma-invariants of such an Ax. But
we will consider the slightly more general case of a product of arbitrary Artin dihedral groups and possibly
a free abelian groups of finite rank. Assume

G=G; x - x Gy

where each of the G;’s is either Z or Artin dihedral.

Using [7, Theorem 1.4] and the fact that according to Lemma 3.7 the R-Sigma-invariants for Artin
dihedral groups for R = Z and R = Q coincide, we deduce (the upper script ¢ means the complementary
of the corresponding subset)

MG, Z)° = U SM(G1L L) x5 (G, L),

ni+...+ns=n,n; >0

where * is the join product in the corresponding spheres (see [7]). We have ¥™(G;, Z)¢ = () unless m > 1 and
G, is dihedral of even type, in that case ¥™ (G, Z)¢ = {[xi], —[xi]} where x; maps the standard generators
of G; to 1 and —1 resp. As a consequence, if we order the factors so that Gy, ..., Gy are precisely those
which are dihedral of even type, we have

™G, Z)°
™G, Z)°

0 itm <t
{Ix] € S(G) | me =0for e € Er if {(e) > 2} ifm>t.

3.4. Coset posets
In this section we prove some results on coset posets that will be used in the main proofs later on.

Definition 3.8. Let G be a group and P a poset (ordered by inclusion) of subgroups of G. The coset complex
Ca(P) (or simply C(P) if the group G is clear by the context) is the geometric realization of the poset
GP of cosets gS where g € G and S € P. In other words, it is the geometric realization of the simplicial
complex whose k-simplices are the chains

90S0 C 9151 C -+ C giSk = go(So C S1 C --- C Sy), (1)

where go,...,gr € G and Sy, ..., S, € P. Let P, be the subposet of P consisting of those subgroups S € P
such that x|g # 0. It yields a subcomplex C(P), of C(P). We identity C(P) with its geometric realization.

We will consider posets of subgroups P having a height function h : P — Z* U {0} such that whenever
S C T both sit in P, we have h(S) < h(T). We also assume that there is a bound for the height of the
elements of P. We denote that bound by h(P). Now, assume we have a subposet H C P. Then C(H) is a
subcomplex of C(P). We want to compare the homology of C(P) with the homology of C(#). Let
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o:9(So CS1C---CSk)
be a k-simplex in C(P). Using the height function h we set

-1 if S; € H for every 0 <i < k,
hye (o) =

max{h(S;) | S; ¢ H} in other case.

Note that if 7 C o is a face, then hye(7) < hge(o). This implies that we can use this function to define
a subcomplex

D*:={o € C(P) | hye(0) < s}
for —1 < s < h(P). So we have a filtration
C(Py)=D°C D' C...C D" = C(P).
For s > 0, simplices in D* but not in D*~! are of the form
o:9(SoC S C---CSk)

such that there is some 0 <4 < k with S; € P\ H of height precisely s and S; € H for j > i.
Fix an S € P\ H of height precisely s and consider the set of all simplices of the form

0:9(S9C S C---CSCSy1 C---CSy) (2)

with S; = S and S; € H for each j > 7. Those simplices lie in D*. The boundary do of such a k-simplex o
consists of k — 1-simplices 7 which are of the same form except of the case when

T:9(8CSC--C81CSit1C---CSk)

and then 7 € D*~!. Consider now the complex Z° which is the geometric realization of Cs(Ps) \ {S} for
the poset Pg = {SNT | T € P} (note that Z° could be empty if S is empty). And let 7° be the poset

T3 ={TcH|SCT}.
The join Z° x| J*| is in a natural way an S-space and we may form the induced G-space G/S x (Z° x| T%|).

Its chain complex is a G-complex that consists of induced modules of the form Co(Z° % |J7|) 1§. We claim
that the quotient complex D**!/D* can be decomposed as

D Cnl(G/sx (255177 (3)

SEP\H,h(S)=s

where C~.+1 is the augmented chain complex shifted by one. To see it, consider a simplex o as in (2) and
put g = zy for y € S so that

o:2(ySo C---CySic1 €S C Sy C--- CSp).

Then o yields a free direct summand of the chain complex of D5*!/D* at dimension k that we map onto
the summand of Ce;1(G/S x (Z° x| T?|) associated to z ® (o1 x 02) with
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o1:Y(So C--- CSi—1)
and
09 : 841 C - C Sk

Lemma 3.9. With the previous notation, assume that for any S € P\ H with h(S) = s we have that Z° is
(s — 2)-acyclic or empty if s = 0 and |T°| is (n — 1 — s)-acyclic. Then, if C(P) is (n — 1)-acyclic, so is
C(H).

Proof. Using Mayer-Vietoris one can determine the homology groups H,.(Z° x|7°|) in terms of H;(Z°) and
H;(|J%|) for i+j < r so the hypotheses imply that the complex Z%x|7%|is (n—1—s+s5—2+2) = (n—1)-
acyclic.

By equation (3),

H;(D**/D*) = P H (25« T 1§=0
SEP\H,h(S)=5

for 0 < j < n. And this implies the result: to see it assume by induction that D**1 is R-(n — 1)-acyclic (the
beginning of the induction is D) = C(P) which is (n — 1)-acyclic) and consider the long exact homology
sequence of the short exact sequence of complexes 0 — D* — D+ — Dst1/Ds — 0

coo = 0=H; 1 (D) = Hip (DT /D) — Hy(D*) — Hy(D*) =0 — ...
Thus also D* is (n — 1)-acyclic. Eventually, C(H) = D° is (n — 1)-acyclic. O

Remark 3.10. As noted by an anonymous referee of this paper, Lemma 3.9 can also be proven using Morse
theory, having hy. as the Morse function. The complex Z° x| 79| is the link of S in D**! so the hypothesis
of Lemma 3.9 is in fact a condition on the acyclicity of the link. The proof presented in this paper exhibits
the fact from Morse theory that acyclicity of the links yields isomorphisms between the homology groups
of the involved subcomplexes.

Remark 3.11. In Lemma 3.9 we can substitute the instances of “being acyclic” by “being R acyclic” for any
unital commutative ring R.

4. Proof of Theorem 1.2

As stated above, our proof of Theorem 1.2 is based in Theorem 2.3. To do that we need a suitable
complex X.
Let Ar be an Artin group and consider the clique poset

P ={Aa | A CT clique}

(recall that a cligue is a complete subgraph). If the Artin group Ar is of FC-type, then any clique of T'
generates a finite type Artin subgroup so the coset complex Cg(P) = C(P) of P is the modified Deligne
complex for Ar considered by Charney and Davis in [16]. In [17] the modified Deligne complex is used to
construct what is called the clique cube-complex which is a CAT-(0) cube complex.

For Artin groups of FC-type, the modified Deligne complex was shown to be contractible in [16] but for
completeness, we give a direct easy proof of the fact that the coset complex C(P) is contractible in general,
i.e., for arbitrary Artin groups Ar possibly without the FC condition.
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Lemma 4.1. Let G = Ar be an Artin group and consider P the clique poset. The coset complex Cq(P) =
C(P) is contractible.

Proof. We argue by induction on the number of vertices of I'. Observe first that the result is obvious if IT" is
complete, because then G itself lies in P. If I' is not complete we may decompose I' = 'y UT'y with I';,I's C T
such that for I'y = I'1 N's no vertex in I'y \ Ty is linked to any vertex in I's \ T'g. This decomposition induces
a decomposition of G as the free product with amalgamation

G = AFl *AFo AFQ.

Let C(P1), C(P2) and C(Py) be the corresponding coset complexes for the clique posets of Ar,, Ar, and
Ar,. By induction we may assume that they are all contractible. Consider the poset

BS ={gAr, | g€ G} U{gAr, | g € G} U{gAr, | g € G}.

The geometric realization of this poset is precisely the barycentric subdivision of the Bass-Serre tree asso-
ciated to the free amalgamated product above. Consider the map
f:C(P)—=BS
gAr, if A CTy
gAA — S gAp, if A CTy, Ap £ Ar,
gAr, if A CT9, Ax £ Ap,.

Observe that each clique of I is a subgraph either of I'; or of I's. Moreover, if ¢S C g7 with S and T" both
in P, then f(¢S) C f(sT) so it is a well-defined poset map and for any gAr, € BS,

{95 € C(P) | f(9S) < gAr,} = gCay, (Pi)

Le., it is the coset poset of the clique poset of Ar, shifted by g. By induction, the posets Ca,. (P;) have con-
tractible geometric realizations for i = 0, 1,2. So we may apply Quillen poset map Lemma ([6]) and deduce
that f induces a homotopy equivalence between the geometric realizations. As the geometric realization
|BS| is contractible, we deduce the same for the geometric realization |C(P)|. O

Note that the Artin group acts on the clique poset so we have a nice action on the geometric realization.
However, this is not what we need to apply Theorem 2.3 because the stabilizers of this action are not nice
enough. In order to construct our suitable X, we will also need an auxiliary Lemma.

Lemma 4.2. Let A be a (non empty) complete graph with s vertices and with S := Ax even of FC-type and
consider the simplicial complex Z° with simplices

hSo € Sy C -+ C hS,

for h € Ax and each S; a special proper subgroup of Aa. Then 73 is homotopy equivalent to a wedge of
(s — 1)-spheres and therefore it is (s — 2)-acyclic.

Proof. We will consider a covering of Z% and will denote A, = A\ {v}. For each v € A and each i € Z,
consider the coset v'Ax, and let

XUJ' = {gS | gS g UiAA,U}.
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Observe that this is in fact a covering: each special proper subgroup of A is inside one of those and we
have Ara,y < Aa and {v',i € Z} = Ax/Aa,. We claim that if {v;’Aa, ..., v Aa,, } is a set of pairwise
distinct cosets, then they have non empty intersection if and only if the vertices v ..., vy are also pairwise
distinct and in that case

’UéoAAvO N...N 'U;kAAvk = gAA{vo,
for some g € Ay, 00}
Note first that if two of the vertices were equal we would have two cosets of the form ¢S # hS so

gS N hS =10. So it is enough to check that if the vertices vy ..., v, are pairwise distinct,

io 'Lk J—
Vg AAUO Nn...Nwvg, AAvk = gAA{vo,

..... v}
for some g € Ay, 0, }- We may assume by induction that
. i B
UBOAAUO Nn...Nwv, IAAvk,l = glAA{UO ..... o1}
for g1 an element in the corresponding special subgroup. Then
0 A, N Nl AN, = 1A Ly DUt A,
91(Aag, vy N vy l’“gflv,’c’“AAuk) =
gl(AA{uo YYYYY on1} N (I AA%) B glv,’;’“.
Thus
”éOAAUO Nn...N v,i’“AA% = glv,i’“ (AA{uO ..... ooy N AA%) = gAA{U0 ..... -
for g= glv]ik € A{vo,...,vk}-
The claim implies that each set {X;; 4y, - - - s Xiy v, } Of elements in the covering have either empty inter-

section or

Xi07v0 N...N Xikﬂ)k = {hS | hS g gAA{/UO

which is contractible. Therefore Z* is homotopy equivalent to the nerve of the covering (see [14, Chap. VII
Theorem 4.4]). The nerve has k-simplices the sets {X;, vos - - -, Xig.0, p With non empty intersection and the
discussion above implies that this nerve is the s-fold join of the discrete spaces

Oy, ={Xi, |icZ}
where v € A, i.e.,

s
77 >~ xpenfly.

Each €, can be seen as a wedge of O-spheres and using induction and the fact that S™ x St ~ §m+t+1 we
get the result. O

At this point, we are able to construct the desired X. Note that Theorem 2.3, together with the next
result, implies Theorem 1.2.
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In the introduction we have defined the subposet BX of P as those Aa for A C T clique such that for
each vertex v in A either v is dead or v € ¢ for ¢ a dead edge in A, this includes the case when A = (). The
hypothesis that Ar is even of FC-type implies that Ax is a direct product of dihedral groups (corresponding
to edges with label bigger than 2) and of infinite cyclic groups (generated by dead vertices). Taking into
account that the center of the dihedral group generated by, say, = and y is the infinite cyclic group generated
by xy we see that for such a A we have x(Z(Aa)) = 0. The converse is also obvious. So we have

BX ={Ax € P | x(Z(Aa)) = 0}
Denote
HX =P\ BY,
one has the following result on the homotopy of the geometric realization of the coset poset X := |[CHX]|.

Proposition 4.3. Let Ar be an even Artin group of FC-type. Let x : Ar — R be a character. If the strong
n-link condition holds, then the geometric realization of the coset poset X := |CHX| is (n — 1)-acyclic.

Proof. Use Lemma 3.9 for P the clique poset with h(Aa) = |A|. Fix S = Ax € BX = P\ HX with h(S) = s.
The complex denoted Z° in Lemma 3.9 is the simplicial complex of Lemma 4.2 and J° is the poset

T ={TeP|SCT x(Z(T)) +#0}.
Now, consider the poset
L5 :={L=A, €P|0+#o0 clique of Ikgx(A)}.

Let A, € £°. Then for T = A(oxny, we have S < T and T' € P. We claim that T' € J*%. To see it, note that
as 0 £ () and 0 C LX, Z(A,) # 0. As T is even of FC-type, this implies that either there is some v € o,
v € Z(A,) with x(v) # 0 or there are v,w € o, (vw)* € Z(A,) for some k with y(v) + x(w) # 0. Again,
the condition that I is of FC-type implies that in the second case, (vw)* € Z(T) so x(Z(T)) # 0. In the
first case, either v € Z(T) so again x(Z(T)) # 0 or there is some w € A with (vw)* € Z(T) for some k. In
this case moreover w € Z(S) thus y(w) = 0. Therefore x((vw)*) # 0 and again x(Z(T)) # 0. The claim
follows and therefore we have a well defined poset map

f.L85=7°
Ay — A(J*A).

We claim that this map induces a homotopy equivalence between the corresponding geometric realizations.
To see it, let T € J° and consider

far={UeL’| f(U) < T}
By Quillen’s poset map Theorem (see [6]) it suffices to check that the poset f;% has contractible geometric
realization. Put T'= A,. Then v is a clique of T" such that v = A x ¢ for some @) # & clique in lkp(A). We

can describe o as a join

O =€1 X k€ kP x...Pg
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where each e; is a single edge with label > 2 and each p; is a single point and all the edges not in some e; are
labeled by 2. We may order them so that x(e1),...,x(e;) =0, x(er41),...,x(er) Z0, x(p1), ..., x(pr) =0,
X(Pr+1)s-- -, X(ps) # 0. Then

CNLY =Wy, kW k€p1 % K€ *kPpy1 *- K Psg

where each w; is the disconnected set consisting of the two vertices of each e; has as barycentric subdivision
precisely the geometric realization of the poset f;}. As ej41 * - -k er % Pry1 k- x Ps 1S either contractible
or empty, so show that f;% is contractible we on_ly have to show that ej11 % -+« % €4 % Pry1 * -+ - % Ps IS NOL
empty. As T' € J5, x(Z(T)) # 0. If there is some v vertex of v with v € Z(T) and x(v) # 0 then the fact
that x(Z(S)) = 0 implies v € ¢ so v belongs to {p;41,...,ps}. So we are left with the case when y(vw) # 0
for v,w vertices of an edge of v with label > 2. If; say, v lies in A, then v € Z(S) so x(v) = 0 and we
deduce x(w) # 0. Moreover, in this case the FC-condition implies that w is in the center of A,, i.e., w
belongs to {py41,...,ps}. SO we may assume that both v, w lie in o so the edge joining them lies in the set

{€l+1,...,€t}. O
We finish this section with a couple of example to illustrate how to apply Theorem 1.2.

Example 4.4. Let I" be the graph and x the character

4
1a b -1 1 a b -1
' 2 2 |2 LX 2 |2
0 c d 1 d 1
4

For A = (ab), Z(AA) is generated by ab so x(Z(Aa)) = 0.
For A = (a,b,d), Z(Aa) is generated by ab, d so x(Z(Aa)) # 0.
We get: P\ Hy = {0, (c), (ab)}. The links are:

koo (0) = £X lkpa(c) = \ , leex(ab) =d

All the links are contractible so x € ¥°°(Ar, Z).

Example 4.5. Let I" be the graph and x the character

4
1a b -1 l1lae b -1
I' 2 2 LX 2
0c d 1 d1
4

As before: P\ H, = {0, (c), (ab)}. However, lkzx(0) = L£X is not connected, so [x] might not even be in
SYAr, 7).

Incidentally, in this case, the hypothesis of Corollary 5.7 below is satisfied for p = 2, hence the converse
of Theorem 1.2 also holds true so
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[x] ¢ 2'(Ar, Z).
5. The free part of the homology groups of Artin kernels

Let Ar be an even Artin group of FC-type and x : Ar — Z a discrete character. In this section, we are
interested in the homology groups H, (A, F) where F is a field of characteristic p (either zero or a prime).
More precisely, we want to characterize when they are finite F dimensional and, more generally, to compute
their free part when seen as F[t¥1]-modules via x.

To do that we first develop a p-local version of some of the notions that we used above.

We say that an edge e of T' with label 2/, is p-dead if m, = x(v) + x(w) = 0 and p | £. In [11], p-dead
edges were called F-resonant (recall that [ is a field of characteristic p).

We set L for the subgraph of I' that we get when we remove dead vertices and open p-dead edges. This
notation is consistent with £§ because no edge can be 0-dead. Note that the set of dead edges is the union
of the sets of p-dead edges where p runs over all prime numbers and therefore £X = ﬂp prime L.

Let Bg be the set of those Ax € P for a clique A C I'" such that for each vertex v in A either v is dead
or v € e for e a dead edge in A (this includes the case when A = (). Note that as edges which are p-dead

for some p are dead, this condition implies that x(Z(A4a)) = 0.

Definition 5.1. Assume that for any Ax € BY with [A[ < n the link li%;(A) is p— (n — 1 — |Al)-acyclic,
meaning that its homology up to degree (n — 1 — |A|) with coefficients in a field of characteristic p vanishes.
Then we say that x satisfies the strong p-n-link condition.

The homology groups H, (Af,F) are precisely the homology groups of the F-chain complex Cn(gif)
described in [11, Section 2]. This complex was obtained using the y-cyclic cover of the Salvetti complex of
Ar (see [24,15,22]) and has

Cu(Saly) = F[t*' @p C(1)ns

where C_‘(f‘)n,l is the augmented chain complex of the flag complex I' shifted by one. The differential of
C,(Saly) can be described as follows (see [11], after Remark 2.3). For each edge e € Er let 2, be its label
in T and denote g (z) = (2 — 1)/(x — 1). Then for any X C I' complete we have

OXox = (Xy | X)by x0, (4)
veX

where we are denoting X, the clique obtained from X by removing v and

=@ - [T e, o)
w e X,
e={v,w} € Er

In particular, if /, = 1, then gz (t™<) = 1 and if m, = 0, gz (t™<) = l.. Recall that an edge e € Er is
called p-dead if m, = 0 and p | £.; otherwise will be called p—li’ving. So we see that in (4), the coefficient
by, x vanishes if either v is dead or belongs to a p-dead edge in X.

Let I be the augmentation ideal of the ring R = F[t*!], i.e., the kernel of the augmentation map R — F
with £ — 1, R is a principal ideal domain and I is the ideal generated by ¢t — 1. Since I is a prime ideal,
we can localize and get a new ring R;. We can also localize the complex C, (@?) and get a new complex
C,(Sal}); with n-term

Cn(Sal}); = Ry @ C(1)p_1
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whose differential we also denote by 9X. Since localizing is flat, the R-free part of the homology of (R ®p
C(I)n_1,0X) has the same rank as the R;-free part of the homology of (R; @ C(I),_1,9X). But in this
complex we can normalize over the living vertices and p-living edges in the following way.

Let X CT be a clique and put

ax= I @™-1 J[  aem

veX living ecEx p-living

Let ux be the multiplicity of ¢t — 1 as a factor of ax. Then
ax = (t —1)**hx
where hx is a unit in our ring R;. Observe that for any v € X we have
(t—1DH*hx =ax = by xax, =b, x(t —1)"*vhx, . (6)

We can choose an integer k such that k|X| > ux for any X C T clique. Let X CT be a clique and set

1
ox = (t — 1)k|X‘7HX TJx.
X

Then
1

ox(ox)=(t— 1)’“‘X'_“XL53§(0x) = (t = DM Y (X, | X)bo o, -
hX h ex v

Recall that the summand associated to each v € X vanishes if either v is dead or it belongs to a p-dead
edge in X. Otherwise, using (6) we see that summand is, up to a sign,

, by 1 .
(t — 1)k|X\—ux h—)XUEC(U =(t— 1)k|X\—uxv _U;((U =(t— 1)kt - 1)k|Xv|—uxu 03((7) = g3<(v,

X Xv XU

Hence, if we denote by f;‘(X ) the subgraph that we get from X when we remove dead vertices and closed
p-dead edges we have

oX(6x)=(t—1F > (X,|X)éx,. (7)

vEFX(X)

Observe that ]-'g(X )y Xn LX where LX is the p-living subgraph defined in the introduction, i.e., the
subgraph of I' that we get when we remove dead vertices and open p-dead edges.

Now, for each n let C,(Saly); be the sub Ry-module of C,(Sal}); generated by the Gy, |X| = n.
The computations above imply that (C,,(Sal}t);, dX) is a subcomplex of (Cy,(Sal}t), dX) and by definition
each quotient C,(Sal});/C,(Saly); is a Rj-torsion module. Using the long exact homology sequence we
see that the Rj-free part of the homology of (C, (Q?) 1,0X) equals the Rj-free part of the homology of
(Cp(Saly), 8X). So from now on we consider this last complex.

We define a new map dX : C,,(Saly); — Cp,_1(Saly); by

1
X — X
& = oo

Lemma 5.2. With the notation above we have
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i) ker 90X = ker d¥,

i) im AX C imdy,
iii) imdX N I*C,(Saly); = im X,
)

i) dimy (im dX/im 0)X) < oo.

Proof. i) is obvious. For ii), take @ € im9dX. Then a = (t — 1)a; and a = 9X(b) so a; = dX(b) € imd¥X
so a = (t —1)a; € imdY. For iii), the fact that im&X C imdX N I*C,(Sal}); is obvious because of ii).
Conversely, take a € im dX N I*C,(Saly);. Then a = dX(b) and the fact that a € I*C),(Sal}); together with
the definition of d implies that also b € I*C,,(Sal}); so b = (t—1)by and 9X(by) = ﬁ@%(b) =dX(b)=a
thus a € im 9X. Finally, iv) follows from iii). O

Proposition 5.3. For each n, dimy H,,(A¥,F) < oo if and only if the n-th homology of the localized chain

X

complex 1*C,,(Saly); respect to d¥ has finite F-dimension, i.e., if and only if dimp ker dX/im dy 1 <00,

Proof. Note that for each n there is a short exact sequence
0 —imdY, ,/imdy | —kerdX/imdy , — kerdX/imdy , — 0.

Since the left-hand side is of finite F-dimension by Lemma 5.2iv) and ker 0X = ker dX by Lemma 5.21), the
result follows. O

Proposition 5.4.

kerdX/imdX =Rror P Hao1ox (ke (X))
Ax€By,|X|<n

Proof. From (7) we have

d(6x)= > (X | X)ox,.
veEFX(X)

Let ) # X CT be a clique. Let BX(X) =Y be the subgraph of X generated by dead vertices and closed
p-dead edges and Z = }';f(X). Then any vertex of X lies either in Y or in Z, in other words, X is the
subgraph generated by YU Z. Note that Z C lkx (Y) is a clique and Ay € B, obviously Y is the biggest
subgraph of X satisfying this.

Conversely, given Ay € BY and a clique Z C 1k x (Y), then the subgraph X of T" generated by YU Z is a
clique. We claim that Y = BX(X), obviously Y C BX(X). If there is some v € BX(X), v ¢ Y, then v € Z so
it can not be dead and there must be some p-dead edge e € X with e = (v,w). As Z is a clique we cannot
have w € Z so w € Y. Then 0 = m, = my, + my, so m,, # 0, in other words, w is not a dead vertex and as
Ay € By, we deduce that there must be some p-dead edge e; € Y with e; = (w,u) for some other u € Y.
But then observe that the vertices v, u,w from a triangle in I" and the fact that both e and e; are p dead
implies that both have labels bigger than 2 which contradicts the FC-condition. Moreover we also deduce
that Z = FX(X).

We will check that for each Ay € BY there is a subcomplex (Dy)s of (Rr ®p C(D),,d¥) so that, as
complexes,

Co(Salp)r= @ (Dy)..

Ay EB%

To see it, let (Dy)r =0for 0 <k <|Y|—1and for k > |V,
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(Dy)r = ®{Ri6x | [ X[ =k, X CT clique,Y = By(X)}.

The fact that this is a d&-subcomplex follows from the fact that for 6x € (Dy )., dX(Gx) vanishes in all the
summands not in (Dy ),_1, more explicitly:

d\@Gx)= Y (X,|X)dx,

vEFX(X)

and as v € FX(X), 0x, € (Dy)n—1-
Moreover, the discussion above implies that we can identify

(Dy)r=Rr® 6k-|y\—1(ﬁiﬁ;§ (Y))

and the fact that each X determines uniquely Y = B;f(X ) implies that

R; ®F é(f). = @ Ry ®€.+1+|y‘(ﬁ(£;¢ (Y))
Ay eBy

Therefore the result follows. O
As a consequence, we obtain the following result.

Theorem 5.5. Let G = Ar be an even Artin group of FC-type, x : G — Z a discrete character with kernel A¥
and F a field of characteristic p. Then the free part of the homology groups H,,(AY,F) seen as F[t*1]-modules
has rank

> dimg Hy gy (lkgy (X), F).
Ax€B},|X|<n

Therefore,

Corollary 5.6. Let G = Ar be an even Artin group of FC-type, x : G — R a character and F a field of
characteristic p. Then dimp H;(Af,F) < oo for 0 < i < n if and only if x satisfies the strong p-n-link
condition.

In the particular case p = 0, note that B is just the set of those Ax € P with X CT'\ L.
We also deduce a partial converse to Theorem 1.2.

Corollary 5.7. Let G = Ar be an even Artin group of FC-type, and 0 # x : G — R be a character such
that LX = LX for some p either zero or prime. Assume that the strong p-n-link condition fails for x. Then

Xl ¢ X"(G, Z).

Proof. Let x be a character that does not satisfy the strong p-n-link condition. Assume first that x is
discrete, i.e., x(G) C Z. Let F be a field of characteristic p. By Proposition 5.4 and the discussion above
we deduce that some of the homology groups H;(Af,F) has infinite dimension as an F-vector space, thus
Af is not of type FP,, thus [x] ¢ £"(G, Z). For the general case, i.e., when x : G — R is not necessarily
discrete, consider the set

{le] | ¢: G — Z,L? = LX}.

Observe that [x] lies in the closure of this set. The discrete case considered above implies
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{lell9:G—Z, L7 =Ly} CX(G,Z)
and as Y.¢(G,Z) is closed we deduce that also [x] € £¢(G,Z). O

Example 5.8. Let G = DAy be the dihedral Artin group associated to a graph I" which consists of a single
edge e with vertices v, w and label ¢ = 20 and let y : G — Z given by x(v) = 1, x(w) = —1. Let F be a
field of characteristic p. In this case the homology groups H, (A, F) vanish for n > 1 and one can compute
directly Hy (A, F) for a field F using the description of the differential (4) above and gets:

Flt£Y  if p|f
Hl(AiS;]F) =\ F[ttY .
W otherwise.

This is precisely what Theorem 5.5 predicts: if p ¢ /, there are no p-dead edges and no dead vertices
which means BX = {1} and L£X = T. The link lk,x(0) is the whole I" so the associated flag complex is
contractible and the associated reduced homology groups vanish. By contrast, if p|¢, the edge (v,w) is
p-dead so BY = {1,e} and Ly consists of 2 isolated points. According to Theorem 5.5, the free rank of
H (A, F) is

Z dim]F EO,|X‘(11{£;§(X),F) = dimF Ho(ﬁ{ﬁg(w),]}r) = dim]F ﬁo(ﬁZ,F) =1.
AxeBy,|X|<1

Example 5.9. Let G = DA, x DAg where DAy (resp. DAg) is the dihedral Artin group associated to the edge
with label 4 (resp. 6). Then G = Ar, where T is a full graph with 4 vertices and two disjoint edges labeled
with 4 and 6. Denote the standard generators of the factor DA4 by v, w and the standard generators of the
factor DAg by z, y and consider the character x : G — Z induced by x(v) = x(z) = 1, x(w) = x(y) = —1.
Taking into account the computation of the Sigma-invariants for this type of groups that we performed in
Subsection 3.3, we see that [x] ¢ £?(G, Z) so its kernel A is not of type FPs. In fact G does not satisfy
the strong 2-link condition. To see it, note that BX = {),e1,es} where e; = (v,w) and ez = (z,y) and
LX is a square with vertices v,z,w,y (that we get when we remove the interior of e; and ey from T'). For
X = () € BX we have lkox(0) = £X. Then

Hy g x(kex (X)) = Hi(£X) = Z # 0.

It is easy to see that also the strong 3-link condition fails: to check it consider for example X = ey, its link
in £X consists of the isolated vertices = and y.

We claim however that this x does satisfy the strong p-n-link condition for each p (zero or a prime). As
a consequence, for any field IF,

dimg Hg(A?,IF) < Q.

Assume first that p = 2. Then BY = {0),e1} and £ is the graph obtained from I" when we remove the
open edge e;. Then lkyx () = £3 and lkzx(e1) = ep and both associated flag complexes are contractible.

The argument for p = 3 is analogous. Finally, if p # 2,3, BX = {0} and £X = I'. Again, the flag complex
is contractible.

Example 5.10. Things are very different if we consider for example G; = DAy x DA, and x as before. Then
one easily checks that the strong 2-2-link condition fails so dimp Hy (A, F) is infinite.
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6. The homotopic invariants

In this section we explain how to modify the statement of Theorem 1.2 to obtain the analogous homotopic
result.

Basically, we have to change the hypothesis to the homotopic version. As we have said in Definition 1.1,
we define the strong homotopic n-link condition as follows:

Consider again the set BX C P of those Aa in the clique poset such that x(Z(Aa)) = 0. Assume that
for any Aa € BX with |A| < n the link lkex(0) is (n — 1 — |o])-connected. Then we say that x satisfies the
strong homotopic n-link condition.

Theorem 6.1. Let G = Ar be an even Artin group of FC-type, and 0 # x : G — R a character such that the
strong homotopic n-link condition holds for x. Then [x] € ¥"(G).

Proof. The proof follows that of Theorem 1.2 in its homotopic version. The homotopic analogue of
Lemma 3.9 can be proved using relative homotopy groups, and the (n — 1)-connectedness of Z° x | 7|
(see [25, p. 57 (2.5)]). O
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