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Abstract: We review the peculiarities that make neutrinos very special cosmic messengers in high-
energy astrophysics, and, in particular, to provide possible indications of deviations from special
relativity, as it is suggested theoretically by quantum gravity models. In this respect, we examine the
effects that one could expect in the production, propagation, and detection of neutrinos, not only in the
well-studied scenario of Lorentz Invariance Violation, but also in models which maintain, but deform,
the relativity principle, such as those considered in the framework of Doubly Special Relativity. We
discuss the challenges and the promising future prospects offered by this phenomenological window
to physics beyond special relativity.

Keywords: quantum gravity; Lorentz Invariance Violation; Doubly Special Relativity; cosmological
neutrinos; ultra-high-energy cosmic rays

1. Introduction

Neutrinos are very special elementary particles in the Standard Model (SM) of particle
physics. Their existence was proposed for the first time in [1], not on the basis of a direct
observation, but to solve an apparent paradox (the lack of energy balance in some nuclear
decays). In fact, the approach used for neutrinos has served recently as a guide to several
proposals to extend the SM based on the addition of very light and weakly coupled new
(not directly observed) particles, introduced to solve some theoretical problems (QCD
axion [2-8]) or to identify candidates for the particle content of dark matter (axion-like
particles [9-11] and feebly interacting particles [12-16]). Another peculiarity of neutrinos
is that, although originally thought as massless particles, we now know (through the
observation of the phenomenon of neutrino oscillations [17]) that they have very small
mass differences. We still do not know their absolute mass, nor whether they are Majorana
or Dirac fermions [18].

Neutrinos are also very special messengers in high-energy astrophysics. In conven-
tional physics, they are only affected in their propagation by the expansion of the Universe,
and then, their observation gives us information of their production. Cosmic neutrinos are
produced by the disintegration of pions or nuclei which are created by strong interactions,
inside or close to astrophysical accelerators, or alternatively, by the decays produced after
the interaction between Ultra-High-Energy Cosmic Rays (UHECR) propagating from the
astrophysical Very-High-Energy (VHE) accelerators to the Earth and the electromagnetic
background (cosmogenic neutrinos). The observed cosmic neutrino flux can then be used to
obtain information about astrophysical accelerators, the evolution of the Universe, and the
cosmological electromagnetic background. This direct information provided by neutrinos
can be contrasted with the one obtained from the observed flux of UHECR, whose rela-
tion with the flux emitted by the astrophysical accelerators is affected by the interactions
produced in their propagation and also by the intergalactic magnetic fields, limiting the
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possibility to localize their sources. The other possible messengers, VHE 7y-rays, also suffer
from interactions with the electromagnetic background, which limits the information we
can extract from their detected fluxes.

The observation of cosmic neutrino flux gives us, therefore, information about different
processes in an energy domain several orders of magnitude beyond the highest energies
achieved in terrestrial accelerators. This can give access for the first time to new physics
whose observable effects increase with the energy. An example could be the deviations
from Special Relativity (SR), appearing as a trace of a quantum theory of gravity. Such a
theory will require us to go beyond the classical notion of spacetime which SR theories
are based on. Finding inconsistencies within the framework of SR theories, in terms of the
description of the different observations from the messengers in high-energy astrophysics,
could then be one way to identify signals of a theory of quantum gravity [19].

In this work, our aim is to present the different ingredients in the study of possible
signals of a departure from SR in the observations of high-energy cosmic neutrinos. In
Section 2, we present the different ways to describe a deviation from the kinematics of SR.
There are several recent reviews on this subject [20,21] which partly overlap with this work.
The main motivation for a new review is to include in the discussion the possibility of a
departure from SR while maintaining the relativistic principle. The different mechanisms
of production of cosmic neutrinos and the modifications due to a departure from SR are
the content of Section 3. Section 4 is dedicated to the study of the effects in the propagation
of neutrinos that can affect the detected flux of cosmic neutrinos. Some aspects of this
detection are the content of Section 5. We conclude with a discussion of the present situation
and future prospects of the use of high-energy cosmic neutrinos as a window to physics
beyond SR in Section 6.

2. Beyond Special Relativity

There are two different ways in which one can go beyond the kinematics of SR.
One can consider adding to the SM Lagrangian new terms that violate Lorentz Invariance
(LIV). In case one wants to preserve the relativistic invariance, one should modify the
transformations between inertial frames and accordingly modify the SR kinematics; this is
what is called Doubly /Deformed Special Relativity (DSR). In the following we will apply
both scenarios to the study of phenomenological traces of new physics in the observations
of very-high-energy cosmic neutrinos.

2.1. Lorentz Invariance Violation

A deviation from SR whose effects increase with the energy, which is the physics we
claim one can explore through the observations of high-energy cosmic neutrinos, can be
incorporated in the framework of Effective Field Theory (EFT). This is achieved by adding
to the fields and symmetries that define the SM of particle physics, terms of dimension
higher than four which are not invariant under boosts (neglecting a possible deviation in
the rotational symmetry). This is known as the Standard Model Extension (SME) [22,23].

The most important effect of this extension is contained in the free part of the La-
grangian density, i.e., in the part which is quadratic in fields. This leads to a modification
of the SR energy-momentum relation of a free particle (modified dispersion relation)

mZ pn+1
E ~ —
p+2p+¢x A

when m < p <A, @

where E and p are the energy and the modulus of the momentum of a particle with mass m,
respectively, A and n are the energy scale and order of correction which parametrize the
deviations from SR, respectively, and « is a dimensionless constant which parametrizes the
particle’s dependence of the LIV effects. Different values of « for different neutrino mass
eigenstates would affect the patterns of neutrino oscillations [24]. There exist very strong
constraints to such effects [21]. In this review, we consider the same « for all neutrinos.
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The dimension of the first quadratic term in the SME which violates Lorentz invariance
is D = (4 + n). There are two alternative values, n = 1 (linear case) or n = 2 (quadratic
case), considered in the studies of LIV. It is also possible to consider a minimal SME [25],
where there are only operators of dimension four or less. However, in this case, the effects
do not increase with the energy; since we are interested in the phenomenology of cosmic
neutrinos, along this review we will limit ourselves to the linear and quadratic cases.

A modified dispersion relation implies a modification of the expression of the veloc-
ity of a particle in terms of the energy, which can lead to observable consequences from
transient astrophysical phenomena (energy-dependent photon time delays), even if the
energies of the observed particles are much smaller than the energy scale parametrizing the
LIV. Another observable consequence of modified dispersion relations is the modification
of the SR kinematics in the different particle processes which are relevant in high-energy
astrophysics. The thresholds and the separation of kinematically allowed/forbidden
processes (with respect to SR) are affected by the modified energy—-momentum rela-
tion when the mass-dependent and the LIV terms in (1) become comparable, i.e., when
(m?/E%) ~ (E/A)" [19,26,27]. This happens for E < A, and then, one can have observable
consequences of the LIV in high-energy astrophysics at energies much lower than the
energy scale of LIV.

An important issue in the discussion of the use of cosmic neutrinos as a window
to LIV is the particle dependence of the departures from SR. If the modification of the
dispersion relation comes directly from a quadratic term in the SME, then the gauge
symmetry requires the dimensionless parameter « to be the same for charged leptons and
neutrinos. In this case, one can use the bounds on the scale A from the absence of signals of
LIV in observations involving electrons to exclude the possibility that LIV effects will be
discovered from high-energy cosmic neutrino observations. There is an alternative, where
the quadratic term responsible for the modification of the dispersion relation comes from
a higher dimensional term involving the scalar field doublet responsible for the Higgs
mechanism. In this case, it is possible to obtain a modified neutrino dispersion relation
with no modification in the electron energy—momentum relation while maintaining the
gauge symmetry [28,29].

2.2. Doubly Special Relativity

We have seen that considering an LIV scenario entails a loss of the relativity principle
and the acceptance of a preferred reference frame, which is usually identified with the one
defined by the homogeneity and isotropy of the Cosmic Microwave Background (CMB). If
one wants to maintain a relativity principle when going beyond SR, one has to consider a
deformation of the transformations relating the inertial reference frames. The deformation
of SR, usually called DSR [30], is assumed to be parametrized by a new energy scale A,
which does not usually affect the rotational symmetry, as in the case of LIV.

A necessary ingredient of this departure from SR at the kinematical level is a nontrivial
characterization of a multi-particle system with a total energy and momentum differing
from the sum of the energies and momenta of the particles. One then has a composition of
energy and momentum which is non-symmetric under the exchange of the particles [31].
One arrives at this conclusion from different perspectives of DSR. The starting point
of this proposal is the attempt to make compatible the relativistic invariance with the
presence of a minimal length [32,33], which seems to be a characteristic of a quantum
theory which incorporates consistently the gravitational interaction [34-37]. Such minimal
length can be understood as a consequence of a non-commutativity in a generalization of the
classical spacetime, which requires us to go beyond the usual implementation of continuous
symmetries by Lie algebras. The new algebraic structure is a Hopf algebra [38] with a non-
trivial co-product, which leads to a deformed kinematics with a non-symmetric composition
of momenta [39,40]. An alternative way to arrive at the same conclusion is to identify the
non-commutativity of spacetime with a non-commutativity of translations in a curved
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momentum space, which can also be related with to composition of momenta [31,41-44].
This composition law is therefore a crucial ingredient differentiating DSR and LIV.

Together with the non-linear composition of momenta, the invariance under deformed
Lorentz transformations will lead in many cases to a modification of the dispersion relation.
As a consequence, in the kinematic analysis of a process in DSR, one has to consider both a
possible modification of the energy—momentum relation of the particles participating in it
and a modification of the energy—-momentum conservation law. The compatibility with
the relativity principle, in comparison with the case of LIV, can be shown to produce a
cancellation of the effects of the two modifications. Therefore, in order to have an observable
consequence of the deformation of the kinematics in a process, one has to consider energies
comparable to the energy scale A of the deformation [45—49]. This means that in order to
have a signal of DSR in the particle processes which are relevant in high-energy astrophysics,
and in particular, in the observations of cosmic neutrinos, it is necessary to consider an
energy scale parametrizing the deformation of the kinematics of the order of the energy
involved in those processes. At the same time, many of the constraints to the high-energy
scale in the case of LIV do not apply in the DSR scenario.

The two previous kinematic ingredients of DSR raise several problems and apparent
contradictions on the physical interpretation of the theory. On the one hand, a modification
of the composition of momenta in a particle system (independently of the distance between
the particles) implies a departure from the notion of absolute locality in spacetime [50,51].
The corresponding loss of the crucial property of cluster [52], which is at the basis of the
formulation of special-relativistic quantum field theory, originates the so-called spectator
problem [53-55]. On the other hand, a modification of the dispersion relation with the
associated modification of the velocity of a particle raises an apparent inconsistency of DSR
when one applies the deformed kinematics to any system, including a macroscopic system
(soccer ball problem [56,57]).

A way out to these difficulties is to assume that the deformation of the kinematics only
applies to particles closer together than a certain length scale. If the mean distance among
constituents of a macroscopic system is larger than this length scale, then the deformed
kinematics will not affect these systems. In addition, particles which are not sufficiently
close to the particles participating in an interaction will not affect the kinematics of this
process. This assumption would imply the absence of certain effects in the propagation of
free particles, such as energy-dependent time delays, allowing one to consider deformations
of SR at energies much lower than the Planck scale. As we will notice later, these ideas
affect the study of the possible effects of DSR in high-energy astrophysics. However,
the identification of a consistent theoretical framework incorporating them is still an
open question.

3. Production of High-Energy Cosmic Neutrinos

The first place to look for possible effects of a departure from SR in the physics of
cosmic neutrinos are the processes responsible for their production.

Charged pions, produced in strong interactions inside or close to a very-high-energy
astrophysical accelerator, will decay producing very-high-energy neutrinos. There are diffi-
culties in identifying the accelerators producing the highest cosmic rays and the mechanism
of acceleration. From our experience at terrestrial accelerators, one can expect a very large
number of pions produced in each interaction of a UHECR with the gas or electromagnetic
halos surrounding the accelerator. It is then very difficult to give a reliable estimate of the
production of charged pions at an astrophysical accelerator before considering a possible
modification due to a departure of SR. In the case of LIV, such a departure would require
us to consider a modification of SR kinematics in a process with a large number of parti-
cles with modified energy-momentum relations, which could be particle-dependent. The
processes producing the pions involve composite particles (protons, nuclei, pions) and,
according to the ideas proposed in the previous section to avoid the inconsistencies of a
physical interpretation of DSR, one would expect no effect of DSR in the production of
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charged pions (assuming that the size of pions as composite systems is much greater than
the characteristic length scale at which new effects should appear). The same arguments
can be applied to the production of neutrons or unstable nuclei that are also a source of
cosmic neutrinos through beta decay.

Together with the production of neutrinos associated with the strong interactions
inside or close to a very-high-energy astrophysical accelerator, one can also consider the
production of neutrinos due to the interaction of UHECR propagating in the electromagnetic
cosmic background (CMB and Extragalactic Background Light (EBL)). Those neutrinos are
referred to as cosmogenic neutrinos and produce a diffuse flux. The origin of the neutrinos
is once more the decay of charged pions, neutrons, or unstable nuclei.

These decays are processes whose kinematics, including the effects of LIV [58] or
DSR [49], can be systematically studied. In the SR case, the standard way to proceed
is to consider the decay in the rest frame of the decaying particle, and then go to the
laboratory frame by applying a boost with a very large Lorentz factor corresponding to the
very high energy of the decaying particle. However, this strategy relies on the relativistic
invariance, so it cannot be followed in the case of LIV, and in the case of DSR, its use is
also problematic due to the complex form of the deformed Lorentz transformation of a
multi-particle system [31,59].

A modification of the energy-momentum relation will affect the decays producing
the neutrinos in different ways depending on the particle dependence of the LIV effects.
The simplest scenario considers a modification of the energy—-momentum relation (1) only
for neutrinos, neglecting the modification of the energy—momentum relation for other
particles because the corresponding dimensionless parameters a are much smaller than
those of neutrinos.

One can consider two cases depending on the sign of the dimensionless parameter a.
When a > 0 (superluminal case), the energy of a neutrino with a given momentum will
be higher than in the case of SR. This will affect the production of neutrinos in the decays
of charged pions, in the subsequent decay of muons produced in the decay of charged
pions or in the decay of neutrons or unstable nuclei. LIV will suppress the production
of neutrinos as the energy increases and pions will become stable particles for energies
larger than a critical value. If & < 0 (subluminal case), one has the opposite situation, with
neutrinos having a lower energy than in the case of SR for a given momentum, and one
will have an enhancement in the production of neutrinos as the energy increases.

While in the case n = 2, neutrinos and antineutrinos can both be superluminal or sub-
luminal simultaneously, the n = 1 case comes from a CPT-odd term in the SME Lagrangian,
and one will have a coefficients with opposite sign for neutrinos and antineutrinos. In
this case, one has a more complex situation with a superposition of enhancements and
suppressions in the production of neutrinos and antineutrinos.

A systematic procedure that can be followed in order to identify the effects of a
departure from SR in the decays producing neutrinos is to directly consider the decays in
the laboratory system using the collinear approximation, where one makes an expansion in
powers of the ratios of masses and the energy of the decaying particle and in the relative
angles of the momenta of the particles. This strategy can be applied in both cases, LIV
and DSR [60]. In the latter case, one will have to include a modification of the total
energy—-momentum of the charged lepton—neutrino pair produced in the different decays
responsible for the production of very-high-energy cosmic neutrinos. DSR modifies the
neutrino spectrum in general, but in contrast to the superluminal case of LIV, pions cannot
become stable at any energy because of the relativistic principle [54].

4. Propagation of Cosmic Neutrinos

The absence of interactions in the propagation of cosmic neutrinos is what makes them
very special astrophysical messengers. In the case of SR kinematics, all the modifications in
their spectrum from their production until their detection on Earth are due to the expansion
of the Universe.
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In the LIV scenario, a modification of the energy-momentum relation (1) of neutrinos
can affect the propagation of cosmic neutrinos. When « > 0, neutrinos become unstable
and they can decay, producing a pair of charged leptons [28,61] or a neutrino—antineutrino
pair [62,63], together with a neutrino of the original flavor and lower energy.

In the case of the production of an electron—positron pair (Vacuum Pair Emission or
VPE), v; = v; + et + e, the decay is allowed for energies above a given value (threshold),
which is fixed by the electron mass and the scale A of LIV. The decay width is proportional
to E>73" [28], and then the decay length is very small for energies above the threshold.
The production of the electron—positron pair is accompanied by a loss of energy of the
neutrino, leading to a drastic suppression of the flux of neutrinos on Earth at energies
above the threshold.

In the scenario corresponding to n = 2, one can have two cases depending on the
sign of a, so that in the case of @ > 0 one can put a lower bound on the energy scale A of
LIV [61,63] from the observation of cosmic neutrinos beyond the PeV [64-68]. In the case
of « < 0, the spectrum of the detected neutrinos is not modified by effects due to LIV in
their propagation.

In the case of a linear (n = 1) modification of the energy-momentum relation, one has
opposite signs of a for neutrinos and antineutrinos, and then one would have a drastic
suppression in the flux of either neutrinos or antineutrinos. The possibility to detect the
two fluxes separately could allow us to identify this signal of LIV. At present, IceCube
cannot distinguish between neutrino and antineutrino events; a signal from the n = 1 case
could still be present in the detected spectrum depending on the neutrino—antineutrino
composition of the initial flux emitted by the source [63].

Together with the production of an electron—positron pair, one can also have, in the
case & > 0, the production of a neutrino—antineutrino pair (Neutrino Splitting or NSpl),
v; = v; +v; + 7;, where i and j are flavor indices that can be equal or not. This decay
produces a loss of energy and a multiplication of neutrinos. In contrast to the production
of an electron—positron pair, there is no threshold when one neglects the neutrino masses.
However, looking at the decay width of the process, one can identify a combination of
constants (Fermi coupling Gg, Hubble constant Hy, and the energy scale of LIV A) that
behaves as an effective threshold energy, below which one can neglect the energy loss and
above which the decay length is very small, similarly to the VPE process [61]. The decay
width is also proportional to E>*3"; then, the observation of cosmic neutrinos constrains
the simplest scenario with n = 2 and & > 0. In order to arrive at the same conclusion in the
linear case, it is necessary to identify a flux of both cosmic neutrinos and antineutrinos [63].

In the case of DSR, the compatibility of the deformed kinematics with the (deformed)
relativistic invariance forbids the decay of neutrinos, and then, there cannot be a signal of
DSR in the propagation of neutrinos. Strictly speaking, one can have a decay of a neutrino
into two neutrinos and an antineutrino of smaller masses. This decay is also possible in
SR, although the lifetime is several orders of magnitude greater than the lifetime of the
Universe, so that in practice one can consider neutrinos as stable particles. The same result
applies to DSR, as one can see if one uses the collinear approximation [60] to the decay
of neutrinos.

5. Detection of Cosmic Neutrinos

Charged current interactions create charged leptons which produce signals through
Cherenkov radiation in neutrino detectors. The use of ice in the South Pole as a detector
(IceCube) has been the first experiment to detect high-energy cosmic neutrinos in the
(100 TeV-10 PeV) energy range. The observed flux can be used to put limits on (or identify
hints of) departures from SR. For example, Ref. [63] explored the possibility that the
apparent end of the cosmic neutrino spectrum [69] could be due to a violation of Lorentz
invariance. The detection [70] of an event compatible with the Glashow resonance (an
enhancement in the probability of interaction of electron antineutrinos with electrons of the
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ice due to the production of a real W [71]), however, diminishes the indications for a cutoff
in the neutrino spectrum.

In the near future, there are several proposals (see last section of Ref. [21]) to improve
the sensitivity to high-energy cosmic neutrinos and measure the flux of cosmic neutrinos in
the (10PeV-1EeV) energy range. Those experiments will enlarge the window that cosmic
neutrinos open to explore departures from SR.

The interactions used in the detection of extremely high-energy neutrinos can also be
affected by the departures from SR and should be taken into account if one wants to find a
signal of those possible deviations in the detected flux of cosmic neutrinos. In both cases,
LIV and DSR, the kinematics of the interactions used in the detection of cosmic neutrinos
will be affected. In the case of LIV, the effect is due to the modified energy-momentum
relation of the neutrinos; in DSR, it is due to the modification of the composition of the
momentum of the detected neutrino and the momentum of the produced charged lepton in
a local interaction.

6. Discussion and Future Prospects

We have presented a qualitative discussion of the different ingredients in the study
of high-energy cosmic neutrinos where a departure from SR (either LIV or DSR) could
lead to observable effects. In the case of LIV where one neglects all effects except for
the modification of the energy—-momentum relation for the neutrino, one could easily go
beyond the qualitative discussion, trying to extract the value of (or put limits on) the unique
parameter «/ A", which controls all the effects of LIV. Beyond this especially simple case,
tests of LIV would require us to consider different scenarios depending on how the LIV
affects the kinematics of all the particles involved in the production, propagation, and
detection of cosmic neutrinos. In the case of DSR, one has different models depending on
the choice of the modified composition law of energy and momentum. They involve the
energy scale A of the deformation as a unique parameter, but a quantitative analysis should
be carried out for each model. Such analysis goes beyond the aim of the present review.

The main challenge of using the observations of cosmic neutrinos as a window to
departures from SR is to be able to reduce the uncertainties on the understanding of the pro-
duction of cosmic neutrinos, either in VHE astrophysical accelerators or in the propagation
of UHECR. Any progress in astrophysics regarding the mechanisms of acceleration of parti-
cles to the highest possible energies in astrophysical accelerators would be very important
to improve the sensitivity of the observations of cosmic neutrinos to possible departures
from SR. The same argument applies to progress about the identification of the composition
of UHECR (protons and heavier nuclei), and on the electromagnetic background through
which UHECR propagate.

A very special role in the attempts to make progress can be played by the use of the
Multi Messenger (MM) strategy, comparing the VHE-UHE neutrino fluxes with the VHE,
7-ray flux, and the end of the UHECR detected flux. New experiments and proposals in
the detection of the three mentioned messengers will surely improve the present situation
regarding the study of signals of a departure from SR in high-energy astrophysics. A
complementary window in this MM strategy is the very active program dedicated to the
detection of gravitational waves.

Almost all the studies of possible signals of a departure from SR in the high-energy
cosmic neutrino flux have been concentrated until now on the case of LIV. It is interesting
to go one step further in exploring the possible signals of a modification due to DSR with
a sub-Planckian energy scale of deformation, to the different processes involved in the
production and detection of high-energy cosmic neutrinos. Systematic study of those
modifications requires a formulation of the collinear approximation [60] in the processes
involving very-high-energy elementary particles at very small distances.

Besides the window to physics beyond SR provided by the observation of very-high-
energy cosmic neutrinos, one should keep an eye open to possible surprises from future
results on the very precise attempts to measure the mass of neutrinos [72]. Any clue of a



Symmetry 2022, 14, 1326 8 of 10

violation of SR coming from these attempts could alter our understanding of the role that
neutrinos play in cosmology as the more abundant component of the Universe.

To summarize, we are in a situation where one can expect new results from recently
open windows to observations of the different cosmic messengers which can be sensitive
for the first time to physics beyond SR. The present review has focused on one of these new
windows, very-high-energy cosmic neutrinos, presenting the different ingredients involved
in their study. We have discussed the present situation and some suggestions about how to
proceed in the near future.
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