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1. Introduction

In recent decades, the problem of dynamic consensus has
received a lot of attention. The goal of this problem is to make
a team of agents agree in a time-varying quantity through a dis-
tributed algorithm, by sharing information with their neighbors
in a communication network. Some examples of applications of
dynamic consensus include distributed estimation in sensor net-
works (Yang et al.,, 2010), distributed convex optimization (Kia,
Cortés, & Martinez, 2015), distributed coordination in electri-
cal grids (Cherukuri & Cortés, 2016) and distributed formation
control (Porfiri, Roberson, & Stilwell, 2007).

In distributed average tracking (DAT) applications, dynamic
consensus algorithms are used as virtual observers for the aver-
age of some time-varying reference signals, which can be tracked
by a controller for a local physical system at each agent (Sen,
Sahoo, & Kothari, 2020; Zhao, Liu, Wen, & Huang, 2019). De-
pending on the order of the system it may be desirable for the
dynamic consensus observer to obtain derivatives of the average
signal (Sen et al,, 2020). In this context, the works Freeman,
Yang, and Lynch (2006), Kia et al. (2019), Olfati-Saber, Fax, and
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Murray (2007) propose linear dynamic consensus algorithms for
scalar systems. However, these algorithms have the disadvantage
of having a non-zero terminal error bound for some classes of
reference signals. This issue has been tackled for scalar systems
in George and Freeman (2019) and Nosrati, Shafiee, and Menhaj
(2012) and second order systems in Chen, Cao, and Ren (2012),
Ghapani, Rahili, and Ren (2019) and Zhao et al. (2019) by means
of First Order Sliding Modes (FOSM), allowing exact convergence
for more general classes of reference signals. However, these
approaches suffer from the so-called chattering effect due to
the discontinuous character of the FOSM (Perruquetti & Barbot,
2002, Chapter 3). This makes the system sensitive to delays
and noise. For the high-order case, some algorithms are able to
obtain the average signal and its derivatives with exact conver-
gence for vanishing reference differences in Sen et al. (2020)
and reference differences with a bounded high-order derivative
in Zhao, Liu, Li, and Duan (2017). Nonetheless, these approaches
impose a higher communication burden since agents share all
high-order errors instead of a single scalar. On the other hand,
The Exact Dynamic Consensus of High Order (EDCHO) algorithm
from Aldana-Lopez, Aragiiés, and Sagiiés (2021) manages to ob-
tain the average signal and its high-order derivatives when the
agents share a single scalar and the reference signals have dif-
ferences with some bounded high-order derivative. Moreover, it
employs High Order Sliding Modes (HOSM) which mitigates the
chattering effect of FOSM algorithms.

The main limitation of EDCHO is that the initial values of
the agent states must be constrained within a specific surface.
A similar condition is also required in Chen, Ren, Lan, and Chen
(2015), Sen et al. (2020), Zhao et al. (2017, 2019). This issue
dramatically limits its applicability since this initial requirement
can be violated when agents connect or disconnect from the
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network, preventing the protocol from converging in an uncertain
or time-varying environments as in the real network scenarios
described in Zhang, Gao, and Kaynak (2013). The mismatch in
the initial conditions has been tackled for linear algorithms in Kia
et al. (2019, Page 57) and for the robust FOSM algorithm in George
and Freeman (2019). However, the extension of these techniques
to EDCHO is non-trivial due to its high-order non-linear system
character.

Motivated by the previous discussion, we propose Robust ED-
CHO (REDCHO), which manages to achieve dynamic consensus
with exact convergence towards the average signal and its high-
order derivatives, regardless of isolated events of spontaneous
changes in the network. This feature improves the applicability
of REDCHO in uncertain or time-varying networks with respect
to Aldana-Lopez et al. (2021). In addition, the use of HOSM
in REDCHO mitigates the effect of chattering when compared
with George and Freeman (2019). Moreover, REDCHO allows the
agents to share only a scalar, reducing the communication burden
compared to Sen et al. (2020) and Zhao et al. (2017).

1.1. Notation

Let 1, = [1,...,1]" € R" and I, € R™" the identity matrix.
Let diag(v), v € R" represent a diagonal matrix whose diagonal is
composed by v. Let ® denote the Kronecker product Let sign(x) =
1if x > 0,sign(x) = —1 if x < 0 and sign(0) = 0. Moreover, if

x € R, let [x]* := |x|%sign(x) for @ > 0 and [x]® = sign(x).
When x = [xq, ..., %:]" € R", then [x]% = [[x]%, ..., [x.)*]"
fora > 0.IfV : ]R” — R is continuously differentiable, denote
%—‘X’ = % e ax l Furthermore, let V : R" — R be continuous
and F : R" — R", then LfV : R" — R denotes the Lie derivative.

Finally, let xX*)(t) denote the w-th derivative of a signal x(t).
2. Problem statement

Consider a multi-agent system distributed in a network G. In
the following G is an undirected connected graph of n nodes
characterized by its incidence matrix D or its adjacency ma-
trix A (Godsil & Royle, 2001, Chapter 8). We consider that each
agent i has access to a local time varying signal u;(t) € R.
Additionally, each agent is capable of communicating with their
neighbors according to a communication topology defined by G.
Moreover, each agent i runs a local observer with output y;(t) =
Vio(t), ..., ¥im(t)]" € R™! where m is a desired system order.
In order to reduce communication burden, we require all agents
to share only y; ¢ instead of the whole y;(t). The goal of the system
is to achieve the following property.

Deﬁnltlon 1 (Robust Exact Dynamic Consensus). Let the average
signal u(t) = 1 Z, 1 ui(t). Then, the multi-agent system is said
to achleve robust EDC, if the individual output signals for each
agent comply

Jim lyiu(t) — a99(t)| = (1)

forall © € {0,...,m},i € {1,...,n}regardless of isolated events
of spontaneous connection or disconnection of agents.

Remark 2. Assume that all agents are provisioned with an
observer complying the properties described before. Moreover,
assume all agents have a local physical system with dynamics
of relative degree m. Then, the local observer’s output y;(t) can
be used locally at each agent to solve a DAT problem. In this
case, a local feedback control can be designed using the ideas
from Ghapani et al. (2019), Sen et al. (2020) and Zhao et al. (2019).
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3. REDCHO

We propose a new algorithm, REDCHO, which manages to
achieve robust EDC under mild assumptions on the reference
signals. To present the algorithm, first let the auxiliary matrices

—y 1 0 0
- : C
0 —"1 1 . . cr
F: : '.. ~.. ¢.‘ 0 ’G= :
: —VYm-1 1 crm
Lo . . 0 —~Vim |

for design parameters yp,...,¥Yn > 0and C = [1,0,...,0] €
R+ The structure of the REDCHO algorithm is proposed as

: m—p
Xiu(t) =k, 0% Y alyio(t) — yjo(t)] m

+ Xipp1(t) — yuXip(t), 0<pu<m
Kim(t) = kn™ Y0 0y [vi0(6) = yio()|° 2)
- ymxi,m(t)

yi,/L(t) = u$m(t) - ZC”:Q G/l.+l,v+lxi,v(t)'

where G, 41,41 With u,v € {0,..., m} are the components of
the matrix G and 6 > 1 is a design parameter. Furthermore, we
consider the following assumption:

Assumption 3. Let w;i(t) = ( ume(t) — UEmH)(f)) + 2ol
(ﬂ(“)(t)— ug“)(t)> where Iy, ..., I, are the coefficients of the

polynomial (s + yo)---(s + ym) = "™ + 377 (1,s". Thus,
lwi(t)] < L, Vt >ty for fixed yyp, ..., ym and known L > 0

It is easy to show that the EDCHO algorithm from Aldana-
Lopez et al. (2021) is a particular limiting case of REDCHO and
can be recovered by choosing yp = -+ = y = 0and 6 = 1.
However, EDCHO assumes that Y ¢ x; (o) = O is satisfied.
This condition breaks easily, specially when agents connect or
disconnect from the network. The main result of this work, which
is formally stated and shown in Section 7, is that using the gains
ko, ..., km designed as in Aldana-Lopez et al. (2021, Theorem 7)
and under Assumption 3, then REDCHO algorithm works even
when >, x; ,(to) # 0 and thus achieves robust EDC. In order
to formally show these facts, we provide some auxiliary results.

4. Towards convergence of REDCHO

The REDCHO algorithm (2) can be written in partially vector-
ized form as:

m—p

X,u(t) = Xy1(t) + k07D [D"Yo(1) | i — Y,X,.(t)
for0 < u <m,
Xon(t) = k™D (DT (©)]° = yuXin(0) 3)

Y, () U(lt)(t

Z G101 X (t

where we define X, (t) :=

), Yu e {0,...,m}

[X1 [t(t) o Xn,u(t)]Tv Y//.(t) =

Y1u(6), s YO, U) = [w(t), .. - un(6)]" and D is the
incidence matrix of G. Moreover, let X(t) := [Xo(t)T, ..., Xm(t)T17,
Y(t) = [Yo().....Yu(®)T, U@) = [(UO®),

(U(m)(t))T]T and

koD [DTYo(t) | 747
F(Yo(t); 0) = :
kn®™D [DTYo(t)°
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Using this notation we obtain the fully vectorized form of the
algorithm:

X(t) = (I ® In)X(t) + F(Yo(t); 0)
Y(t) = U(t) — (G ® 1,)X(t)
Both partial and fully vectorized versions of the algorithm will
be used throughout this work. Moreover, note that G is the
observability matrix of the pair (I", C) which is invertible. Then,
the dynamics of Y(t) result in
Y=0U-(GRL)I ®L)X—(C®1,)FYo: 0)

= U + (G ® [n)(r ® In)(G71 ® In)(Y - U)

+ (G ® [n)F(Yo; 0)

=U+(GI'G ' ®1,) Y —U) — (G L,)F(Yp; 6)

(4)

(5)

since X(t) = —(G™' @ I,)(Y(t) = U(t)), and (CR I, )T @ I,)(G ' ®
I,)=(Gré'l,).

We will show that Y(t) converges towards the average con-
sensus vector [ﬂ(t)ng,...,ﬂ(m)(t)ﬂg]T asymptotically achieving
EDC. This analysis is performed by decomposing Y(t) = (Iny1 ®
1,)y(t) + Y(t) € R™ in the consensus component y(t) =
(Imp1 ® 11/n)Y(t) € R™! and in the consensus error Y(t) =
(In+1®P)Y(t) € R™M DM with P = (1,—(1/n)1,1] ). Therefore, con-
vergence of Y(t) can be established by means of showing that j(t)
converges exponentially to [u(t), ..., u™(t)]" and Y(t) converges
in finite time to the origin as we do in the following sections.
First, we provide some results regarding structural properties of
the matrices I, G and their relation to the signals u;(t) and w;(t)
from Assumption 3. These notions will be useful in subsequent
proofs.

Lemma 4. Let the change of variables W(t) = W], ..., W]]T =
(G '®1,)U(t) with W, (t) € R",Vu € {0, ..., m}. Moreover, define

m

Wi () = U™D(0) + Y 1,U0(t) (6)
n=0

where ly, . .., I, are the coefficients of the polynomial (s+yy) - - - (S+
ym) = s 370 1,s™. Then, we conclude that

U=("®L)U+(B®L)Wni (7)
and
W= (I" ® [))W + (B ® )W 1 (8)
with B=10,...,0,1]" € RM+x1 gnd
0 1 o - 0
~ 0
r= : 0 ®)
0 0 0 1

R A

Proof. First, let U,(t) := U%)(t) and note that U,(t) = U, 41(t)
for 0 < pu < m and Up(t) = Wpy1(t) = Yo 1,U,(t) from the
definition in (6). Writing this in complete vector form leads to (7)
directly. Now, rewrite (6) as

qm+1 m

dr
Winpa(t) = qom + E lu—dtu u(t)
n=0 (10)

_(d d Ut
() (o)
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by the relation between the coefficients I, ..., I, and yo, . . ., Ym.
Thus, define Vo(t) = Uo(t) and recursively V,4(t) = (d/dt +
yu)V,u(t) for 0 < p < m from which Wpi4(t) = (d/dt +
¥m)Vm(t) is obtained using (10). Equivalently, we have \'/H(t) =
Vit () = 7uVilt), 0 < < m and Vin(t) = Win1(£) = ymVin(t).
Written in vector form, V(t) := [Vo(t)",..., Vu(t)']" satisfies
V(t) = (I" ®I,)V(t)+ (BRI, )Wp1(t). Now, we obtain the matrix
which maps V(t) to U(t) by noting that with Vy(t) = Uy(t) =
(C ® L)V(t),

Us(t) = Up(t) = (CT @ I)V(t) + (CB & Iy )Wins1(t)
= (CT" ® I)V(t)

since CB = 0 and continuing this procedure to obtain U,(t) =
U,_1(t) = (CT'* @ I;)V(t) since CI'*"'B = 0for0 < pu < m.
This can be written as U(t) = (G ® I,)V(t) or equivalently V(t) =
(G1 ® I,)U(t) = W(t). Therefore, W(t) satisfy (8) concluding the

proof.

Corollary 5. Let I, B be defined as in Lemma 4. Then, I’ = GI'G™!
and GB = B.

Proof. Let the change of variables from Lemma 4 as U(t) =
(G ® I,)W(t). Then,

U=(GCR®L)I ®1,)W+(C®1,)(B® ;)W
= (GI'G™' @ 1)U + (GB ® ly)Win41

Comparing with (7) completes the proof.

5. Convergence of the consensus components of REDCHO

In this section we show the behavior of y(t) = (Iy+1 ®
17/n)Y(t) as given in the following result.

Lemma 6. Let Y(t) € R"™D, Then, with any yo, ..., Ym > 0
and any initial conditions Y(to) for (5) it is satisfied that y(t) =
(Imy1 ® ILE/n)Y(t) converge asymptotically towards u(t) = (Iny1 ®
1I/mue) = [aconl, ..., @™ol ]’

Proof. First, recall that GI'G™! = I from Corollary 5 and obtain
the dynamics of y(t) by multiplying (5) by (In+1 ® Itz/n) from the
left:

y

= U+ (Iny1 ® 10 /n)(I" @ 1,)(Y — U)
+ (Ine1 ® 17 /n)(G ® 1,)F(Yo; 6)
U4 I'(F — 1) + Gllnyr @ 11 /n)E(Yo; 6)

since (In41 @11 /n)(IF'®ly) = (I @1} /n) = (I Q1 NI 1 @1} /n) =
(I ® 11/n). Moreover, G(Iyy1 ® 17 /n)E(Ye; ) = 0 since
ILgD = 0 (Godsil & Royle, 2001, Page 280). Hence, we obtain
f/(t) = u(t) + I'(F(t) — a(t)). Define the error e(t) := y(t) — u(t)
to obtain é(t) = I'e(t). Finally, note that I” is given in (9) and
has characteristic polynomial ]_[72:0(5 + yu.) = 0. Then, with
Y0,---2¥Ym > 0, I" has negative eigenvalues and y(t) — u(t)
asymptotically converge to the origin.

6. Convergence of the consensus error

In this section we show the behavior of ?(t) = (Im+1 ® P)Y(t)
whNere P=(I, — (1/n)ILnIL§). First, we obtain how the dynamics
of Y(t) relate to EDCHO.
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Lemma 7. Let Y(t) = (In1 ® P)Y(t) where P = (I, — (1/n)1,17)
and Y(t) satisfy (5). Moreover, let W(t) = [W]I,..., WITT =
(G1 ®I)U( ) Wlth W,(t) € R, Vu € {0,...,m} and ©® =
dlag(l 0=, ...,0™™). Then Z(t) = [Zo(t),...,Zu(O) T =
(OGCT®I, ) (t) with Z,,(t) € R", satisfy

Z.(6) =9 (zw(t
— (u/0)2,(0) ) for0=p<m—1,
Zn(6) =0 (PWimia (616" = kD [D"Zo(0)]°

— (rn/0)Za(0) )
with Wy,,1(t) defined in (6).

) — kuD [D'Zo(t)] it

Proof. First, obtain the dynamics of {{(t) using (5) and I" =
GI'G™! from Corollary 5:
Y= (n1 @ P+ (T @)Y

— (I'® P)U - (G® P)F(Yo; )

However, note that (I;;1 ®P)I'J(t) =
from (7) in Lemma 4. Then,

d -~
EY (G® P)F(Yo; 0) + (B® P)Winyq

Moreover, (G ® P)F(Yy(t); 0) = (G ® I,)F(Yy(t); 6) since PD =
(In — (l/n)ﬂnﬂg)D = D. Furthermore, the dynamics of Z(t) are

(I ®P)U(t)+(BRP)Wpy1(t)

=(FL)Y-

Z

d -
G '®1,)—Y
( ® ”)dt

OGCIIco ' ®@1,)Z
ORI, ) (Yo; 8) + (0GB Q P)Wyni
ero~'e,)z

O Q@ 1)F(Yo; 0) + 07 "(B ® 1,)PWpiq

where Corollary 5 was used and (PB®P) = 6~
6~™(B ® I,)P. In addition, note that

(O ® 1n)F(Yo; 6)

(
—(
(
—(

"(BRL) L ®P) =

In 0 _m_
koD [DTYo | ™
o e )
: . .. 0 | 0
0 .. 0 pe-m k6™ D [DTY, |
= 0F(Yo; 1)

To simplify the ® "®~! term, denote the nilpotent matrix Ag =
I’ + diag(y) which does not depend on any of the parameters

¥y = [¥0, ..., yml" and for which it can be verified @Ay = 6A 6.
Hence,
Oreo~—!'=(eA, — ediag(y))e !

= (0Ax© — diag(y)©@)O~1 = 0(A, — diag(y/0)) = 01

where I'j := Ay — diag(y /6). Moreover, the first row of GO~ is
C which leads to Zy(t) = Yy(t). Hence, combining all these facts,

Z= 0T ®I1)Z — OF(Zp; 1)+ 60~"(B ® 1n)PWiny1
=0 ((Iy ®1,)Z—F(Zo; 1)+ 6™ (B R 1,)PWp 1)

Writing this equation in partially vectorized form we recover
(11), which completes the proof.

Now, if we show that Z(t) converge to the origin in finite
time, the same conclusion will apply to Y(t). Note that for given
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Yos -+ s Yimr PWip1(£)/0™F1 € [—L, L]*/6™1 < [—L,L]" under
Assumption 3 and # > 1. Therefore, comparing (11) with the
EDCHO error system (A.1) in Appendix A, it would be the case
that Z(t) reaches the origin if yp = - - - = y;;, = 0. In the following
we will use homogeneity to show that even with those terms,
stability of REDCHO will still be valid locally. To do so, we will
decompose the right hand side of (11) in two parts, one similar
to the right hand side of the EDCHO error system in (A.1) and the
other with the remaining linear terms. Let H : R"m+1) — gr(m+1)
and Q : RMM+1) 5 RUM+1) he defined as

V4

! ~(v0/6)20
H(Z) = ; —F(Z; 1), QZ)= : (12)
Then, (11) is equivalent to the differential inclusion Zt) €

AO(H(Z(t)) + Q(Z(t))). Moreover, let r = [ro1”, ..., r,17] with
r, =m+1—p,Yu € {0, ..., m}. Then, it can be verified that H(e)
and Q(e) are r-homogeneous of degrees —1 and 0 respectively in
the sense of Definition 15 in Appendix B.

Lemma 8. Let G be a connected graph and the pair H(e), Q(e)
defined in (12). Moreover, let some fixed yy, ..., ym > 0 so that
there exists L for which Assumption 3 is complied and kg, . .., kn
chosen as in Theorem 12 in Appendix A for such L. Then, there exists
a neighborhood Ro C R™™ 1) of the origin such that if Z(to) € Ry,
then the solution of Z(t) € O(H(Z(t)) + Q(Z(t))) converges to the
origin in finite-time. Moreover, Ry can be made arbitrarily big by
increasing 0.

Proof. Consider yy = -+ = ym = 0,0 = 1. Then, Z € H(Z)
is globally finite-time stable towards the origin by Theorem 12
from Appendix A. Moreover, recall that H(e) is r-homogeneous of
degree —1. Hence, by Proposition 18 in Appendix B there exist
scalar functions V(Z), W(Z) which are r-homogeneous of degrees
k > 1and k — 1 resPectlvely and comply V(Z) = LyV(Z) <
—W(Z) < —BnV(Z) ¥ with 0 < B, = inf(W(Z) : V(Z) = 1}
using Proposition 16. Now consider yy, ..., Yn > 0 with arbitrary
6 > 1 and the same Lyapunov function V(Z) as before. In this
case

V=01V +1oV) = 0 (—fuV'F +1LoV)

Note that from Proposition 17 LoV(Z) = %Q(Z) is
r-homogeneous of degree k since Q(e) is r-homogeneous of
degree 0. Hence, LoV(Z) < BuV(Z) by Proposition 16 and By =
sup{LoV(Z) : V(Z) = 1}. Note that LoV (Z) may be positive for
some Z. Therefore, 8y may be positive too. Moreover,

V< 0[-puV'T + puV] < =0 [pn— puVE]V'E
Denote with Rg € R™™+1) any region in which
~[Bn = uv@it] = — (13)

is complied for some ¢ > 0 so that V(Z) < —GCV(Z)$ for any
Z € Ry. If By < 0, then (13) is complied for ¢ = B, regardless of
Z so that we can set Ry = R™™+1D), On the other hand, if By > 0
then (13) is complied when V(Z)'/* < (B, — c)/Bu which is
possible only for ¢ € (0, ). Then, choose Ry with ¢ = B,,/2
so that (13) is complied whenever V(Z)'/* < B../(28u). We can
write explicitly Ro = {Z € R™™+V . v(Z)Vk < B,,/(2Bu)} so that
V( )< —(0Bm/2)V(Z) T for any Z € R, regardless of 8. Note
that due to Proposition 18, V(Z) is continuously differentiable

and we can write Sy = sup {— Y __o(v./0) - 7,1 V(Z) = 1} =
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Bu/6 where By = sup{—zﬂ o Vu azLZ V(@) = 1} is a con-

stant for fixed yo, ..., ¥m. Thus, Bm/(28u) = 0(Bm/(2Bu)) can
be made arbitrarily big by increasing 6, so that Ry can be made
arbitrarily big as well. Finally, note that since (k — 1)/k € (0, 1),
then V(Z) will reach the origin in finite time (Bernuau, Efimov,
Perruquetti, & Polyakov, 2014, Corollary 4.25) and so will Z(t)
whenever Z(ty) € Ry, completing the proof.

The previous result shows that trajectories of i(t) €
O(H(Z(t))+Q(Z(t))) reach the origin if Z(ty) € R which motivates
to study if diverging trajectories can be obtained for some Z(ty) ¢
Ro. In the following, we show that this is not possible and only
a terminal bounded error is allowed.

Lemma 9. Let the conditions of Lemma 8 be satisfied. Thus, for
any initial conditions Z(ty) € R"™*Y), there exist T > 0 and a
bounded neighborhood of the origin R, such that solution of Z(t) €
O(H(Z(t)) + Q(Z(t))) complies Z(t) € R for t > T + to. Moreover,
such neighborhood can be made arbitrarily big by increasing 6.

Proof. We proceed very similarly to the proof of Lemma 8.
Consider only Z(t) = 0(12(Z(t)) using (12) and a Lyapunov function
m+

V(Z) =Y o(Z]2,) %% withr, :=m+1—pu,Vue({0,...,m}

obtaining

. m+1 1_4

V= Z r (ZTZIL) zm ZZ (_y/LZ/L) = _Vminv

p=0 "

since Ymin = min{yo,...,Ym} < y, and 1 < '"r—:l Vu €
mi1

{0, ..., m}. Moreover, note that V(A((A)Z) = Y_)1_(A*"*Z}Z,) >

= A™1y(Z) and thus V(Z) is r-homogeneous of degree m + 1
under the dilation A(A)Z = [A0Z],...,A™Z]]". Let the same
Lyapunov function for Z(t) € (H(Z(t)) + Q(Z(t))):

V=06 (LoV +LuV) < —YminV + 6LuV.

Note that from Proposition 17 LyV(Z) is r-homogeneous of
degree m since Hgno) is r-homogeneous of degree —1. Hence,
LyV(Z) < By, V(Z)m+1 by Proposition 16 and 8y, = sup{LgV(Z) :
V(Z) = 1}. Thus,

V<-— [ymm - eﬁ,@,v—#l] V.

Denote with RS, C R™™*+D any region in which

—0 [yf;‘“ — ﬁ;wv*m%] < —oc (14)
for some ¢’ > 0 so that V(Z) < —6c'V(Z) for any Z € RS,. If
By, < 0, then we can set RS, = RV with ¢’ = yyin/0. On
the other hand if B, > 0, (14) is equivalent to V(Z)/(™+1) >
Biy/Vmin/60 — ). Then, choose ¢’ = ynin/(260) so that we can
write RS, = {Z € R"™D : V(Z)V"D > 208 /ymin} so that
V(Z) < —(Ymin/2)V(Z) for any Z € RS,. Therefore, for any initial
condition Z(ty) € R"™*1) the trajectory of V(Z(t)) will converge
t0 Roo = RU™D \ RS after a finite time T + to and comply
Z(t) € Roo for all t > T + t,. Finally, note that R, can be made
arbitrarily large by increasing 6.

7. Convergence of REDCHO

In this section we formally state the main result of this work.
Theorem 10. Let G be a connected graph and the pair H(e),
Q(e) defined in (12). Moreover, let some fixed y,...,¥Ym > 0

so that there exists L for which Assumption 3 is complied and
ko, ..., km chosen as in Theorem 12 in Appendix A for such L. Then,

y(t) = [Yo(t), ...
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there exists neighborhoods R, R’ C R"™*1 around consensus such
that if the initial conditions comply [y1.0(to), ..., Ynm(to)]T € R,
the REDCHO algorithm in (2) achieves robust EDC. On the other
hand, if [y1.0(to), - .., Ynm(to)]T ¢ R, (2) will achieve at most a
uniformly bounded terminal error [y1o(t), ..., Yam(t)]" € R/, Vt >
T around dynamic consensus after some finite time T > 0. Moreover,
the neighborhoods R, R’ can be made arbitrarily big by increasing
6> 1

Proof. First, decompose Y(t) = (I®1,)(Imt1 ®1£/n)Y(t)+(lm+1®
P)Y(t) = (Imy1 ® 1)y(t) + f{(t). Now, note that Lemma 8 implies
the existence of a neighborhood R such that if Z(ty) € Ry with
Z(t) = (OG™! ® I,)Y(t) then convergence of Z(t) is achieved
towards the origin. Hence, consider the biggest ball of radius R(8),
Bo(6) = {Z € RY™D . ZTZ < R(9)?} such that By(#) € Ro and
R(0) is an increasing function of 6 due to the last part of Lemma 8.
Now,

ROV >Z'Z=Y'(OG G 'O®L)Y
>0~ (GG ®IL,)Y

This implies that convergence of Y( ) towards the origin hap-
pens for any Y(to) € {Y € R . YI(G )G ®I,)Y <
(A™R(0))*} where the previous region can be made arbitrarily big
by increasing #. This implies the existence of R € R™™1 35
required by the theorem. An identical argument can be made for
R e RU™+D but using Lemma 9 instead to conclude uniformly
bounded trajectories for Y(t) implying uniformly bounded steady
state error around dynamic consensus. Furthermore, Lemma 6
implies that y(t) converge asymptotlcally towards u(t) = (Iy41 ®
1L/mu(t) = [a(o)al, ..., a™(e)1l] . Hence, when Y(tp) € R,
then Y(t) converge asymptotlcally towards (Imr1 @1p)u(t). Equiv-
alently, Y,(t) — u")(t)1,. Since no initialization condition is
required, then (2) achieves robust EDC.

Remark 11. Note that since the yy, ..., i, are fixed, the class
of signals for which Assumption 3 is complied can be checked
before-hand, so that the method remains fully distributed. On
the other hand, showing the same stability properties in the
case when all agents have different parameters yé, . y,;1 >
0,i € {1,...,n} require more complicated computations, but is
straightforward using similar arguments as in this work. Thus,
only the case with a single set of parameters for all agents is
provided here for simplicity.

8. Simulation examples

In the following we show some simulation scenarios designed
to show the properties of the REDCHO protocol. The simulations
were implemented using explicit Euler method with time step
h = 1075 over (2).

Example 1. In order to show the convergence properties as de-
scribed in the analysis from the previous sections, we simulated
(2) for the network topology G shown in Fig. 1. Moreover, the
number of agents is n = 8 and the signals u;(t) = a; cos(w;t) with
amplitudes a; = 0.95, 0.34, 0.58, 0.22, 0.75, 0.25, 0.50, 0.69 and
frequencies w; = 0.70,0.75,0.27,0.67, 0.65,0.16, 0.11, 0.49.
Thus, we choose m =2, o =y1 =2 =3, ko =6,k = 11, k; =
6,0 = 1.5. Furthermore, initial conditions for (2) were generated
from a normal distribution with mean 1 and variance r = 1.
Fig. 2 shows the convergence of Yy(t), Yi(t), Y>(t) towards the
signals u(t)1, u(t)1, u(t)1 in the first column. Moreover, by letting
,ym(t)]T, we show the average consensus error
e, (t) = y,(t)—u"(t), u = 0, 1, 2 in the second column of Fig. 2,
which converges asymptotically to the origin as expected from
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Fig. 1. The network topology G considered in Example 1.
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Fig. 2. Convergence of the REDCHO algorithm for the scenario in Example 1.
The first column shows convergence of Yo(t), Y1(t), Y2(t) towards the signals
u(t)1, u(t)1, u(t)l. The second column shows the average consensus error
e,(t) = yu(t) — u(t), p = 0,1,2. The third column shows the consensus
errors Yo(t), Yy(t), Yo(t).

Lemma 6. The third column of Fig. 2 shows how the consensus
errors Yo(t), Y1(t), Y(t) converge to the origin in finite time as
expected from Lemma 8. This same experiment was repeated
for different values of r for which the norm of the average
consensus errors Y, (t)—u*)(t)1]|, » = 0, 1, 2 is shown in Fig. 3.
This experiment shows that even for big initial conditions, the
algorithm manages to converge to EDC. This is consistent with
Lemma 9 which implies that no diverging error trajectories are
possible.

Example 2. In order to show the robustness properties of
the REDCHO protocol when the topology suffers from sudden
changes, we simulated (2) for the network topology shown in
Fig. 4 which changes from G;s to G;>5 at t = 5. Consider the
same configuration and signals as in the previous example. Fig. 5
shows how the outputs of the REDCHO algorithm converge to EDC
approximately at t = 0.5. At t = 5 the topology changes, but
the REDCHO protocol manages to make all agents, the first four
and the new ones, converge to EDC again even when the states
did not comply neither Z?:l x;,,(0) = 0 nor 2?21 Xi,(5) =0 as
required in Aldana-Lopez et al. (2021). For comparison, consider
the protocol in Aldana-Lopez et al. (2021) obtained by setting
Y0 = Y1 = ¥» = 0 in REDCHO. Moreover, initial conditions are
changed so that Z?:l X;,(0) = 0. Fig. 6 shows the trajectories
for the protocol in this case, where EDC is achieved before t = 5.
However, when the new agents merge to the network, the agents
output converge to consensus towards a signal that diverges.

In the previous examples we showed the effectiveness of
REDCHO against its non-robust version in Aldana-Lopez et al.
(2021). In the following we compare against other state of the art
dynamic consensus methods, with particular focus on terminal
precision for the EDC goal.
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Fig. 3. Convergence of the REDCHO algorithm for different magnitudes of initial
conditions as described in Example 1.

Fig. 4. The network ¢ considered in Example 2.

Fig. 5. Trajectories for the REDCHO protocol in the scenario of Fig. 4, as
presented in Example 2.

Example 3. In this example, we compare REDCHO with the
Boundary-layer (B-layer) approach from Zhao et al. (2017) and
the High-Order Linear protocol (HOL) from Sen et al. (2020).
Both previous methods are able to achieve consensus towards the
average signal and its derivatives, but are not robust and require
to share a whole vector between agents. In addition, we compare
with the First-Order Linear (FOL) protocol in Kia et al. (2019)
and the First-Order Sliding Mode (FOSM) protocol in George and
Freeman (2019). Both protocols are robust, but cannot obtain the
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Fig. 6. Trajectories for the protocol from Aldana-Lopez et al. (2021) scenario of
Fig. 4, as presented in Example 2.

derivatives of the average signal by construction. Thus, a robust
exact differentiator (Levant, 2003) is applied locally at each agent
to obtain derivatives of the average signal.

In this setting, consider G constructed as a ring topology of
n = 20 agents. Similarly as before, consider signals u;(t) =
a; cos(w;t) where the a;, w; are not shown for brevity. Note that
all approaches can handle these type of signals, with at least a
bounded terminal consensus error regardless of the order of the
algorithm. An order of m = 2 was used for REDCHO, B-layer and
HOL, and an exact differentiator of order m is applied for FOL and
FOSM. Hence, all algorithms are able to obtain up to the second
derivative of the average signal. All algorithms were implemented
with parameters of similar magnitude, chosen such to roughly
match same settling time for the sake of fairness. Moreover, we
show the resulting consensus errors for all algorithms with h =
107% as shown in Fig. 7 and h = 1073 in Fig. 8 to show how
they degrade as the discretization becomes coarser. In addition,
we simulated that agent 1 fails at t = 25 and resets its state,
allowing us to evaluate robustness of the algorithms.

As it can be observed, HOL and FOL methods have similar low
precision in all cases before t = 25. The reason is that neither
of these methods are able to achieve exact convergence for si-
nusoidal signals. However, their performance does not degrade
significantly when the time step is increased. On the other hand,
it can be noted that the FOSM approach have better performance
than the linear approaches when h = 10~° due to its theoretically
exact convergence. However, it degrades significantly when h is
increased as shown in Fig. 8. The reason is that this method
suffers from the chattering effect which is amplified for the higher
order derivatives due to the exact differentiator. Note that the B-
layer and REDCHO approaches have similar performance before
t = 25 with both sampling step sizes and outperform the
other methods with at least one order of magnitude of precision
improvement when h = 103 as shown in Fig. 8. However, after
t = 25 both B-layer and HOL converge to consensus only up
to a constant error due to their lack of robustness as shown by
the ||Yo(t) — u(t)1|| curves in both Figs. 7 and 8. Although other
methods manage to recover from the failure of agent 1, REDCHO
is the one with the best performance in all cases.

9. Conclusions

In this work we proposed the REDCHO protocol. This new
protocol achieves exact consensus towards the average of time
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Fig. 7. Comparison of the magnitude of the average consensus errors for
REDCHO, FOL, FOSM, HOL and B-layer in the case of a sampling step h = 107°.
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Fig. 8. Comparison of the magnitude of the average consensus errors for
REDCHO, FOL, FOSM, HOL and B-layer in the case of a sampling step h = 1073,

varying signals and its derivatives distributed through a net-
work. Proofs of convergence of the algorithm are given even
when agents connect or disconnect from the network. Simula-
tion scenarios were designed to confirm the advantages of the
proposed protocol. Still, the proposed methodology works only
when the changes in the network are isolated events. An analysis
for general uncertain, time-varying networks with persistent fast
changes will be explored in future work.

Appendix A. Convergence of consensus error of EDCHO

In this section, we provide an adaptation of Aldana-Lopez et al.
(2021, Theorem 7) focusing only in the dynamics of the consensus
error Y, (t) = (Iy—(1/n) 1,10y, (8), . . ., Y. (£)]" for the EDCHO
protocol which are given by

nu)=iwﬂn—kﬂ)ﬂﬂ%awﬁﬁ

forO<spu<m-—1, (A1)
?mu)::Pumﬁ4kn-—kmD[DTﬁﬁnJo
where P = (I, — (1/n)1,10), U(t) = [u(t), ..., un(t)]", D is

the incidence matrix of the communication graph ¢ and some
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parameters ko, ..., k, > 0. Convergence to the origin for the
consensus error is given in the following:

Theorem 12 (Adapted from Aldana-Lopez et al., 2021, Theorem 7).
Let G be a connected graph and Y,(t) € R" under (A.1), subject
to ]lﬁf’#(to) = 0 for 0 < u < m. Moreover, let L > 0 such that
PUM™D(t) € [—L, L]". Then, there exist gains ko, ..., kyn and T > 0

such that Y, (t)=0,Yu € {0, ..., m},Vt > to + T.

Remark 13. Note that the gains ko, ..., k; from the previous
result can be obtained using the parameters for the robust exact
differentiator from Levant (2003) through a procedure described
in Aldana-Lopez et al. (2021, Section 6).

Appendix B. Homogeneous differential inclusions

In this section, we consider dynamical systems characterized
by set-valued maps F : R" = R" instead of typical vector fields.
Moreover, we assume some regularity conditions on such maps
called the basic conditions. We say that a set valued map F
G = R" satisfies the basic conditions if for all x € G the set F(x)
is non-empty, bounded, closed, convex and the map F is upper
semi-continuous in x (Arscott & Filippov, 1988, Chapter 2.7). The
Filippov regularization for vector fields (Cortes, 2008), commonly
used to study discontinuous dynamical systems, satisfy the ba-
sic conditions by construction. In the following, let A,(A) =
diag([A™1, ..., A"]) where r = [ry, ..., ] are called the weights
and A > 0.For any x € R", the vector A;(A)x = [A"1xq, ..., Anx,]T
is called its standard dilation (weighted by r). The following are
some definitions and results of interest regarding the so called
r-homogeneity with respect to the standard dilation.

Definition 14 (Homogeneous Scalar Functions Bernuau et al., 2014,
Definition 4.7). A scalar function V : R" — R is said to be
r-homogeneous of degree d if V(A((1)x) = A%V(x) for any x € R".

Definition 15 (Homogeneous Set-valued Fields Bernuau et al., 2014,
Definition 4.20). A set-valued vector field F : R" = R" is said to
be r-homogeneous of degree d if F(Ay(A)x) = A4 A(1)F(x) for any
x € R™

Proposition 16 (Bernstein & Bhat, 2005, Lemma 4.2). Let V1, V; :
R"™ — R be continuous functions, r-homogeneous of degrees d; >
0,d, > 0 (respectively). Moreover, let V1(x) to be positive definite.
Then, Vx € R",

BnVi(x)2/M < Vy(x) < BuVi(x)2/N

with B, = inf{Vy(x), Vx : Vi(x) = 1} and By = sup{Va(x), Vx :
V](X) = 1}

Proposition 17 (Bernstein & Bhat, 2005, Section 5). Let V : R — R
and F : R" = R" be a scalar field and set valued vector field,
r-homogeneous of degrees | and m respectively. Then, LgV(x) is
r-homogeneous of degree | + m.

Proposition 18 (Bernuau et al, 2014, Theorem 4.24). Let F
R"™ = R" be r-homogeneous of degree m satisfying the standard
assumptions. Moreover, assume that the differential inclusion x €
F(x) is strongly, globally asymptotically stable. Then, for any k >
max(—m, 0), there exists V,W : R" — R continuously differen-
tiable in all R" and R" \ {0} respectively. Moreover, V is positive
definite and r-homogeneous of degree k and W is strictly positive
outside the origin and r-homogeneous of degree k + m. Finally,
V < —W(x), Vx # 0.
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