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We give explicit upper and lower bounds for a large subset of Comtet numbers sα(n,m)
of the first kind, including the r-Stirling numbers of the first kind, among others. In
many occasions, such estimates are asymptotically sharp. The form of the bounds varies
according to m lying in the central or non-central regions of {1, . . . , n}. Depending on
this fact, we use different probabilistic representations of sα(n,m) in terms of well known
random variables.
© 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC

BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Given a sequence α = (αj)j≥0 of real numbers, the Comtet numbers of the first kind associated to α, denoted by sα(n,m),
re defined by

n−1∏
j=0

(z − αj) =

n∑
m=0

sα(n,m)zm. (1)

These numbers were introduced by Comtet [1] and subsequently generalized by El-Desouky and Cakić [2] and El-Desouky
et al. [3], among others. Indeed, the authors in [3] consider a new family of Whitney numbers which includes, as particular
cases, the r-Whitney numbers considered by Mező [4] and the r-Stirling numbers introduced by Broder [5] (different
properties and applications of such numbers can be found in Komatsu and Mező [6], Bényi et al. [7], and the references
therein). More specifically, the r-Stirling numbers of the first kind are given by[

n
m

]
r
= (−1)n−msα(n,m), (2)

when we choose in (1) αj = 0, 0 ≤ j ≤ r − 1, and αj = j, j ≥ r for some r = 1, 2, . . ..
Since the pioneering work of Moser and Wyman [8], there are many papers in the literature devoted to obtain

asymptotic expansions for the classical Stirling numbers of the first kind (see, for instance, Temme [9], Hwang [10],
Tsylova [11], Chelluri et al. [12], Louchard [13], and the references therein), as well as explicit estimates (cf. Moser and
Wyman [8] and Arratia and De Salvo [14]). Asymptotic formulas for r-Stirling numbers of the first kind can be found in
Corcino et al. [15], and Corcino, C.B. and Corcino, R.B. [16].
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The aim of this paper is to give explicit estimates for the Comtet numbers of the first kind under the assumption that

αj = 0, j = 0, 1, . . . , r − 1, αj > 0, j = r, r + 1, . . . , (3)

or some r = 1, 2, . . .. In such a case, we have from (1)
n−1∏
j=0

(z − αr+j) =

n∑
m=0

sα(n + r,m + r)zm. (4)

Three features should be emphasized. In first place, our results always provide explicit upper and lower bounds for the
numbers sα(n,m) under assumption (3). In many occasions, such estimates are asymptotically sharp. In second place, the
form of such estimates varies according to m lying in the central or non-central regions of {1, . . . , n}. We find this feature
too in the aforementioned papers devoted to obtain estimates for the classical Stirling numbers of the first kind. And
thirdly, we use a probabilistic approach based on different representations of sα(n,m) in terms of expectations involving
ell known random variables. In fact, we give various probabilistic representations of sα(n,m) whose usefulness depends
n the value of m in {1, . . . , n}.
This paper is organized as follows. In Section 2, we give probabilistic representations of sα(n,m) involving sums of

ndependent random variables having the Bernoulli, the uniform, and the exponential distributions. Such representations,
hich may have an independent interest, suggest the way of estimating the Comtet numbers of the first kind. The
ain results are stated in Section 3 and illustrated in Section 4, by considering a variety of examples including the r-
tirling and some special cases of the Jacobi–Stirling numbers of the first kind, among others. Some brief comments
re also made if assumption (3) is dropped. Sections 5–7 are devoted to prove our main results. The proofs use
ifferent techniques, namely, binomial approximation, normal approximation, and moment estimates depending on the
robabilistic representations given in Section 2.

. Probabilistic representations

Let N be the set of positive integers and N0 = N ∪ {0}. Throughout this paper, we assume that n ∈ N and z ∈ C.
enote by Pn the set of finite sequences pn = (pj)0≤j≤n−1 such that 0 ≤ pj ≤ 1, 0 ≤ j ≤ n − 1. Each probability pj may
epend on n, but this dependence is not explicitly written in order to avoid a cumbersome notation.
Associated to each pn ∈ Pn, we consider a finite sequence (Xj)0≤j≤n−1 of independent random variables such that Xj

as the Bernoulli distribution with success probability pj, i.e.,

P(Xj = 1) = pj = 1 − P(Xj = 0). (5)

he probability distribution of the random variable

Wn = X0 + · · · + Xn−1 (6)

s rather involved and known in the literature as the Poisson-binomial distribution (see, for instance, Ehm [17] and
oos [18]). The mean and the variance of Wn are respectively given by

µn = EWn =

n−1∑
j=0

pj, σ 2
n = Var(Wn) = E(Wn − µn)2 =

n−1∑
j=0

pj(1 − pj), (7)

where E stands for mathematical expectation. If pj = p, 0 ≤ j ≤ n−1, the probability distribution of Sn(p) := X0+· · ·+Xn−1
is the binomial distribution with parameters n and p, that is,

P(Sn(p) = k) =

(
n
k

)
pk(1 − p)n−k, k = 0, 1, . . . , n. (8)

In this case, we obviously have

ESn(p) = np, Var(Sn(p)) = E(Sn(p) − np)2 = np(1 − p). (9)

Given pn ∈ Pn and t > 0, we consider the success probabilities

pj(t) =
pjt

pjt + 1
, j = 0, 1, . . . , n − 1, (10)

ogether with their associated random variable Wn(t) as in (6). The mean and the variance of Wn(t) are respectively
enoted by

µn(t) =

n−1∑
pj(t), σ 2

n (t) =

n−1∑
pj(t)(1 − pj(t)). (11)
j=0 j=0

2
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n the following result, we give two different probabilistic representations of the Comtet numbers sα(n+r,m+r) in terms
f Wn and Wn(t). To this end, denote

β = min
0≤j≤n−1

αr+j, Q =

n−1∏
j=0

αr+j, Q (t) =

n−1∏
j=0

(αr+j + βt). (12)

To simplify the notation, the dependence on n of the three parameters in (12) is dropped. However, this dependence must
be taken into account when considering their asymptotic behavior as n → ∞ (see the examples in Section 4).

Proposition 2.1. Let t > 0 and let pn ∈ Pn be given by

pj =
β

αr+j
, j = 0, 1, . . . , n − 1. (13)

For any m = 0, 1, . . . , n, we have

(−1)n−msα(n + r,m + r) =
Q
βmE

(
Wn

m

)
=

Q (t)
(βt)m

1
2π

∫ π

−π

Eeiθ (Wn(t)−m) dθ.

(14)

Proof. From (5) and (6), we have

E(1 − z)Wn =

n−1∏
j=0

E(1 − z)Xj =

n−1∏
j=0

(1 − pjz). (15)

This, together with (4), (12), and (13), implies that
n∑

m=0

sα(n + r,m + r)(βz)m =

n−1∏
j=0

(βz − αr+j) = (−1)nQ
n−1∏
j=0

(1 − pjz)

= (−1)nQE(1 − z)Wn = (−1)nQ
n∑

m=0

E
(
Wn

m

)
(−z)m,

hich shows the first equality in (14). On the other hand, we claim that

E(1 + tz)Wn = E(1 + t)WnEzWn(t), t > 0. (16)

n fact, it follows from (10) and (15) that

E(1 + tz)Wn =

n−1∏
j=0

(1 + pjtz) =

n−1∏
j=0

(1 + pjt)
n−1∏
j=0

(
1 −

pjt
pjt + 1

(1 − z)
)

= E(1 + t)WnE(1 − (1 − z))Wn(t),

hus showing claim (16). It turns out that

1
2π

∫ π

−π

E(1 + teiθ )Wne−imθ dθ =

n∑
j=0

t jE
(
Wn

j

)
1
2π

∫ π

−π

eiθ (j−m) dθ

= tmE
(
Wn

m

)
.

(17)

By (15) and (16), the first integral in (17) can be written as

E(1 + t)Wn
1
2π

∫ π

−π

Eeiθ (Wn(t)−m) dθ =

n−1∏
j=0

(1 + pjt)
1
2π

∫ π

−π

Eeiθ (Wn(t)−m) dθ.

Thus, the second equality in (14) follows from the first one and (12) and (13). □

The generating functions of the r-Stirling numbers of the first kind are given by (cf. Broder [5, Th. 15])
∞∑[

n + r
m + r

]
zn

n!
=

1
m!

(
1

1 − z

)r

(− log(1 − z))m , m ∈ N0, (18)

n=m r

3
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or |z| < 1. In order to give probabilistic representations for such numbers, let (Uj)j≥1, (Yj)j≥1, and (̃Yj)j≥1 be three sequences
f independent identically distributed random variables such that U1 has the uniform distribution on [0, 1], and Y1 and
1 have the exponential density ρ(θ ) = e−θ , θ ≥ 0. We assume that the three sequences are mutually independent and
enote

Tn = U1Y1 + · · · + UnYn, T̃n = Ỹ1 + · · · + Ỹn, (T0 = T̃0 = 0). (19)

roposition 2.2. For any m = 0, 1, . . . , n, we have[
n + r
m + r

]
r
=

(
n
m

)
E
(̃
Tr + Tm

)n−m
.

roof. Let |z| < 1. Observe that

EezU1T1 = E
(

1
1 − zU1

)
= −

log(1 − z)
z

.

Hence, using the independence of the random variables involved, we have from (19)

Eez(̃Tr+Tm) =

(
EezỸ1

)r (
EezU1T1

)m
=

1
(1 − z)r

(
− log(1 − z)

z

)m

. (20)

e can therefore rewrite the generating function in (18) as
∞∑

n=m

[
n + r
m + r

]
r

zn

n!
=

zm

m!
Eez(̃Tr+Tm)

=
zm

m!

∞∑
k=0

E
(̃
Tr + Tm

)k zk

k!
=

∞∑
n=m

(
n
m

)
E
(̃
Tr + Tm

)n−m zn

n!
.

his completes the proof. □

An analogous probabilistic representation for the classical Stirling numbers of the first kind was obtained by Sun and
ang [19] (see also [20]).

. Main results

The probabilistic representations given in Section 2 suggest the way of estimating the Comtet numbers sα(n+r,m+r).
ssume from now on that pn ∈ Pn is given by (13). It is well known (see, for instance, Ehm [17] and Roos [18]) that Wn can
e approximated by Sn(p), whenever both random variables have similar means and variances. Under such circumstances,
e can approximate the binomial moments of Wn in formula (14) by the corresponding binomial moments of Sn(p), which
re easy to compute, since

E
(
Sn(p)
m

)
=

(
n
m

)
pm, m = 0, 1, . . . , n, (21)

s follows from (8). More specifically, choose p in such a way that

np = µn, (22)

o that the random variables Wn and Sn(p) have the same mean, as follows from (7) and (9). Denote

γ 2
n =

n−1∑
j=0

(pj − p)2. (23)

t can be checked that

Var(Sn(p)) − Var(Wn) = np(1 − p) −

n−1∑
j=0

pj(1 − pj) = γ 2
n . (24)

ith the preceding notations, we give our first main estimate.

heorem 3.1. Let pn be as in (13) and assume (22). For any m = 0, . . . , n, with

m ≤ C
µn

, (25)

γn

4
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or some positive constant C, we have⏐⏐⏐⏐ (−1)n−mβm

Q
sα(n + r,m + r) −

(
n
m

)
pm
(
1 −

n
2(n − 1)

m(m − 1)γ 2
n

µ2
n

)⏐⏐⏐⏐
≤ KC

(
n
m

)
pm
(
mγn

µn

)3

,

here

KC =
1
C3

∞∑
k=3

(
Ce1/2
√
k

)k

< ∞. (26)

The expectation function µn(t) defined in (11) is strictly increasing and satisfies µn(0) = 0 and µn(∞) = n. Denote by
= τ (m, n) > 0 the unique solution of the equation

µn(τ ) = m, m = 1, . . . , n − 1. (27)

heorem 3.2. Let τ = τ (m, n) > 0 be as in (27), m = 1, . . . , n − 1. Then,⏐⏐⏐⏐2π (−1)n−m(βτ )m

Q (τ )
sα(n + r,m + r) −

1
√
2πσn(τ )

⏐⏐⏐⏐
≤

2

σ 3
n (τ )

√
2π

+
3e−2σ2

n (τ ) sin
2(1/4)

π
+

2e−σ2
n (τ )/8

πσ 2
n (τ )

.

Theorems 3.1 and 3.2 always give us upper and lower bounds for sα(n+r,m+r) for appropriate values of m. However,
heir accuracy depends on the range of m. Indeed, Theorem 3.1 holds for m ≤ Cµn/γn, but it is asymptotically sharp if

= o(µn/γn). On the other hand, Theorem 3.2 is asymptotically sharp if σn(τ ) → ∞, as n → ∞. These ideas are
llustrated in the following section by considering various different examples.

From a technical point of view, we mention that Eq. (27) extends to the Comtet numbers of the first kind the approach
sed by Moser andWyman [8], Temme [9], Chelluri et al. [12], and Louchard [13] to deal with the classical Stirling numbers
f the first kind. A similar approach to the r-Stirling numbers of the first kind can be found in Corcino et al. [15] and
orcino, C.B. and Corcino R.B. [16].
Let T̃r and Tm be the random variables defined in (19). Note that

νm := E
(̃
Tr + Tm

)
= rEỸ1 + mEU1Y1 = r +

m
2

, (28)

nd

τ 2
m := Var

(̃
Tr + Tm

)
= rVar

(̃
Y1
)
+ mVar(U1Y1) = r +

5
12

m. (29)

With these notations, we state the following estimate for the r-Stirling numbers of the first kind.

Theorem 3.3. Let m ∈ N with n − m ≥ 2. If
(n − m)

√
m

≤
1

2
√
2
, (30)

hen ⏐⏐⏐⏐⏐
(
n
m

)−1[n + r
m + r

]
r
− νn−m

m

(
1 +

(
n − m

2

)(
τm

νm

)2
)⏐⏐⏐⏐⏐

≤ 2r+11/2e2/5−r/2νn−m
m

(
n − m
√
m

)3

.

Using Stein–Chen Poisson approximation, Arratia and DeSalvo [14] obtained sharp upper and lower bounds for the
classical Stirling numbers of the first kind in the same range for m as in Theorem 3.3. In view of (28) and (29), this result
ives us asymptotically sharp estimates for the r-Stirling numbers of the first kind in the range n − m = o(

√
m) or,

quivalently, m = n − o(
√
n).

. Illustrative examples

Given two sequences (xn)n≥0 and (yn)n≥0 of real numbers, we set xn ∼ yn if xn/yn → 1, as n → ∞. The generalized
harmonic numbers and the Riemann zeta function are respectively defined by

Hn(a) =

n−1∑ 1
(j + 1)a

, a ∈ R, ζ (r) =

∞∑ 1
(j + 1)r

, r > 1.

j=0 j=0

5
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Table 1
Asymptotic behavior of µn/γn , according to the values of a ̸= 0.

a > 1 a = 1 1
2 < a < 1 a =

1
2 0 < a < 1

2 a < 0

ζ (a)
√

ζ (2a)
Hn

√
ζ (2)

n1−a

(1 − a)
√

ζ (2a)
2
√
n

√
Hn

√
1 − 2a
a

√
n

√
1 − 2a
−a

√
n

We simply denote by Hn = Hn(1). Observe that

Hn(a) ∼
n1−a

1 − a
, a < 1. (31)

To illustrate Theorems 3.1 and 3.2, consider the case in which

αr+j = (j + 1)a, j = 0, 1, . . . , n − 1, a ∈ R. (32)

f r = 1 and a = 2, then sα(n + 1,m + 1) are a particular case of the Jacobi–Stirling numbers of the first kind introduced
by Everitt et al. [21].

The case a = 0 is trivial, since formula (4) directly gives us

sα(n + r,m + r) = (−1)n−m
(
n
m

)
, m = 0, 1, . . . , n.

The asymptotic accuracy of Theorems 3.1 and 3.2 depends on the asymptotic behavior of the quantities µn/γn and
n(τ ), respectively. To describe both quantities, we distinguish the following two cases.

ase 1: a > 0. From (12), (13), and (32), we have in this case

β = 1, Q = (n!)a, pj =
1

(j + 1)a
, j = 0, 1, . . . , n − 1. (33)

By (7), (22), (23), and (33), we also have

µn = Hn(a), γ 2
n = Hn(2a) −

H2
n (a)
n

. (34)

or large values of n, the quotient µn/γn has the order of magnitude given in Table 1, depending on the values of a.
ctually, the resulting expressions in this table follow from (31) and (34).

ase 2: a < 0. Set b = −a. As in Case 1, we have

β =
1
nb , Q =

1
(n!)b

, pj =

(
j + 1
n

)b

, j = 0, 1, . . . , n − 1. (35)

Using (31), we have from (7) and (23)

µn

γn
∼

√
1 + 2b
b

√
n,

hich is the last column of Table 1.
To describe the asymptotic behavior of σn(τ ), we distinguish the cases a > 0 and a < 0. In this respect, the following

two auxiliary results will be useful.

Lemma 4.1. Let t > 0 and 0 < q < 1/2. Assume that pj = 1/(j + 1)a, j = 0, 1, . . . , n − 1, for some a > 0. Then,

σ 2
n (t) ≥ q(1 − q)

⌊((
1 − q
q

)1/a

−

(
q

1 − q

)1/a
)
t1/a

⌋
,

where ⌊x⌋ stands for the integer part of x.

Proof. Fix 0 < q < 1/2. Denote by |A| the cardinality of A ⊆ N0. By (11), it is clear that

σ 2
n (t) ≥ q(1 − q)|Aq| (36)

here

Aq =
{
0 ≤ j ≤ n − 1 : q ≤ pj(t) ≤ 1 − q

}
=

{
0 ≤ j ≤ n − 1 :

q
≤ pj ≤

1 − q
}

.

(1 − q)t qt

6
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s follows from (10). Since pj = 1/(j + 1)a, we see that

Aq =

{
0 ≤ j ≤ n − 1 :

(
q

1 − q

)1/a

t1/a ≤ j + 1 ≤

(
1 − q
q

)1/a

t1/a
}

. (37)

n the other hand, it is easily checked that ⌊x⌋ + ⌊y⌋ ≤ ⌊x + y⌋, x, y ∈ R. This implies that

|[r, s] ∩N0| ≥ ⌊s⌋ − ⌊r⌋ ≥ ⌊s − r⌋, 0 ≤ r ≤ s.

This, together with (36) and (37), shows the result. □

Lemma 4.2. Let (fn(y))n≥1 be a sequence of nonnegative, nonincreasing, and uniformly bounded functions defined on [0, ∞).
Let sn = fn(1) + · · · + fn(n). If sn → ∞, as n → ∞, then

sn ∼

∫ n

0
fn(y) dy.

Proof. Since fn(y) is nonnegative and nonincreasing, we have∫ n

0
fn(y) dy ≥ sn ≥

∫ n+1

1
fn(y) dy

≥

∫ n

0
fn(y) dy − fn(0) ≥

∫ n

0
fn(y) dy − sup

n≥1
fn(0).

This shows the result, since the sequence (fn(0))n≥1 is bounded. □

Lemma 4.3. Let t > 0. Assume that pj = (j + 1)b/nb, j = 0, 1, . . . , n − 1, for some b > 0. Then,

Proof. Applying Lemma 4.2 with fn(y) = nb/(tyb + nb), y ≥ 0, and recalling (10) and (11), we have

µn(t) =

n−1∑
j=0

(j + 1)bt
(j + 1)bt + nb = n −

n−1∑
j=0

nb

(j + 1)bt + nb

∼ n − nb
∫ n

0

dy
tyb + nb = n

(
1 −

∫ 1

0

dx
txb + 1

)
.

(38)

pplying again Lemma 4.2 with fn(y) = n2b/(tyb + nb)2, y ≥ 0, we have from (11) and (38)

σ 2
n (t) =

n−1∑
j=0

pjt
(pjt + 1)2

= nb
n−1∑
j=0

(j + 1)bt
((j + 1)bt + nb)2

=

n−1∑
j=0

nb

(j + 1)bt + nb −

n−1∑
j=0

n2b

((j + 1)bt + nb)2

∼ n − µn(t) − n2b
∫ n

0

dy
(tyb + nb)2

= n − µn(t) − n
∫ 1

0

dx
(txb + 1)2

.

(39)

n the other hand, using integration by parts, we get∫ 1

0

dx
txb + 1

=
1

t + 1
+ tb

∫ 1

0

xb

(txb + 1)2
dx

=
1

t + 1
+ b

∫ 1

0

dx
txb + 1

− b
∫ 1

0

dx
(txb + 1)2

.

(40)

he result follows from (38)–(40) and some simple computations. □

Having in mind Table 1 and Lemmas 4.1 and 4.3, we discuss how to apply Theorems 3.1 and 3.2 when n → ∞. In
this regard, recall that if m → ∞, then τ → ∞, as follows from (27). Also, we denote by C an absolute positive constant
whose value may change from line to line.

In first place, suppose that a = 1. If

m = o
(

µn
)

= o(Hn) = o(log n), (41)

γn

7
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hen we use Theorem 3.1 to obtain sharp estimates for

(−1)n−mβm

Q
sα(n + r,m + r) =

(−1)n−m

n!
sα(n + r,m + r),

here the equality follows from (33). If, on the contrary, m → ∞, but m does not satisfy (41), then we use Theorem 3.2
o estimate

2π (−1)n−m(βτ )m

Q (τ )
sα(n + r,m + r) =

2π (−1)n−mτm

n−1∏
j=0

(j + 1 + τ )

sα(n + r,m + r),

here the equality follows from (12), (32), and (33). This estimate is again sharp since, by virtue of Lemma 4.1, σ 2
n (τ ) ≥ Cτ .

If 0 < a < 1, the discussion is similar and we omit it. If a < 0, we use Theorem 3.1 to obtain sharp estimates, whenever

m = o(
√
n). (42)

f m → ∞, but m does not satisfy (42), we have from (27) and Lemma 4.3

σ 2
n (τ ) ∼ −

1
a

(
τ

τ + 1
n − m

)
.

ence, Theorem 3.2 gives us sharp estimates provided that m ≤ rn, for some 0 < r < 1. If, on the contrary, m ∼ n, then
Theorem 3.2 only gives us upper and lower bounds.

Finally, for a > 1, we use Theorem 3.1 to obtain upper and lower bounds when 0 ≤ m ≤ C , whereas if m → ∞, we
apply Theorem 3.2 to get sharp estimates, since σ 2

n (τ ) ≥ Cτ 1/a, as follows from Lemma 4.1.
To conclude this section, let us say some words if assumption (3) is dropped. If the sequence (αj)j≥0 satisfies αj = 0,

0 ≤ j ≤ r − 1, and αj < 0, j ≥ r , for some r ∈ N, we can apply the results in Section 3 to the sequence −α = (−αj)j≥0,
y taking into account that

sα(n + r,m + r) = (−1)n−ms−α(n + r,m + r),

s follows from (4). However, for an arbitrary sequence (αj)j≥0, we do not know how to obtain estimates for sα(n,m)
eing sharp for any m = 0, 1, . . . , n, particularly when the numbers αj are almost symmetric around the origin. In fact,
f αj = (−1)j−1α, j ∈ N, for some α ∈ R, then Eq. (4) becomes

2n∑
m=0

sα(2n + 1,m + 1)zm = (z − α)n(z + α)n =

n∑
k=0

(
n
k

)
(−1)n−mα2(n−k)z2k,

hus implying that the even coefficients have large oscillations, whereas the odd coefficients are zero.

. Binomial approximation

Having in mind the first probabilistic representation in (14), we will approximate the binomial moments of Wn by
hose of the random variable Sn(p) having the same mean. To this end, recall that the usual kth forward difference of a
unction f : R → R is defined as

∆kf (x) =

k∑
j=0

(
k
j

)
(−1)k−jf (x + j), k ∈ N0, x ∈ R.

e start with the following identity for any function φ : {0, 1, . . . , n} → R

Eφ(Wn) =

n∑
k=0

ak(n)E∆kφ(Sn−k(p)), (43)

here p is defined in (22), a0(n) = 1 and

ak(n) =

∑
0≤i1<···<ik≤n−1

(pi1 − p) · · · (pik − p), k = 1, . . . , n.

ormula (43) was shown by Roos [18] for φ = 1{m},m = 0, . . . , n, where 1A stands for the indicator function of the set A,
nd can be easily extended for any function φ, since

φ =

n∑
φ(m)1{m}.
m=0

8
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n alternative proof of (43) can be derived from [22, Corollary 4.1]. It is easily checked that

a1(n) = 0, a2(n) = −γ 2
n /2, (44)

here γ 2
n is defined in (23). On the other hand,

|ak(n)| ≤

(
γn
√
k

)k ( n
n − k

)(n−k)/2

≤

(
e1/2γn
√
k

)k

, k = 3, . . . , n. (45)

he first inequality in (45) was shown by Roos [18, formula (30)], whereas the second one readily follows from the
nequality 1 + x ≤ ex, x ≥ 0.

We will need the following special case of identity (43).

emma 5.1. For any m = 0, 1, . . . , n, we have

E
(
Wn

m

)
=

m∑
k=0

ak(n)
(
n − k
m − k

)
pm−k.

roof. Consider the function φ(l) = (l)m/m!, l = 0, 1, . . . , n. It can be shown by induction on k that

∆kφ(l) =

(
l

m − k

)
, l = 0, 1, . . . , n, k = 0, 1, . . . ,m. (46)

n (46), we replace l by the random variable Sn−k(p) and then take expectations to obtain

E∆kφ(Sn−k(p)) = E
(
Sn−k(p)
m − k

)
=

(
n − k
m − k

)
pm−k, k = 0, 1, . . . ,m.

where in the last equality we have used (21). Therefore, the result follows from (43). □

Proof of Theorem 3.1. In view of (22), (44), and Lemma 5.1, we can write

E
(
Wn

m

)
=

(
n
m

)
pm
(
1 −

n
2(n − 1)

m(m − 1)γ 2
n

µ2
n

+

m∑
k=3

ak(n)
(m)k
(n)k

nk

µk
n

)
. (47)

bserve that (m − j)/(n − j) ≤ m/n, j = 0, . . . ,m. By (25) and (45), the modulus of the sum in (47) is bounded above by
m∑

k=3

(
Ce1/2
√
k

)k (mγn

Cµn

)k

≤

(
mγn

Cµn

)3 m∑
k=3

(
Ce1/2
√
k

)k

≤ KC

(
mγn

µn

)3

,

where KC is defined in (26). This, (47), and the first equality in (14) show the result. □

6. Normal approximation

The proof of Theorem 3.2 will be based on the second representation of sα(n+r,m+r) given in (14) and some auxiliary
results. In the following lemma, we will use the inequality

| log(1 + z) − z| ≤ |z|2, |z| < 1/2. (48)

Lemma 6.1. Let X be a random variable having the Bernoulli distribution with success probability p. If −π ≤ θ ≤ π , then

(a)
⏐⏐Eeiθ (X−p)

⏐⏐ ≤ e−2p(1−p) sin2(θ/2).
(b) If |θ | < 2, then

Eeiθ (X−p)
= exp

(
−

p(1 − p)
2

θ2
(
1 +

(1 − 2p)i
3

θ +
θ2

4
tp(θ )

))
,

where

|tp(θ )| < 1. (49)

roof. (a) By (5), we have
iθ (X−p) −ipθ iθ
Ee = e (pe + 1 − p),

9
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hus implying that⏐⏐Eeiθ (X−p)
⏐⏐2 = 1 − 4p(1 − p) sin2(θ/2).

his, together with the inequality 1 − x ≤ e−x, 0 ≤ x ≤ 1, shows part (a).
(b) Observe that

E(X − p)k = p(1 − p)((1 − p)k−1
+ (−1)kpk−1), k ∈ N. (50)

y Taylor’s formula, we have

zp(θ ) := Eeiθ (X−p)
− 1

=

2r−1∑
k=2

(iθ )k

k!
E(X − p)k +

(iθ )2r

(2r)!
E(X − p)2reiζ (θ )(X−p),

(51)

here ζ (θ ) is a point between 0 and θ and r ∈ N.
From (50) and (51) with r = 2, we see that

log(1 + zp(θ )) = zp(θ ) + log(1 + zp(θ )) − zp(θ )

= −
p(1 − p)

2
θ2
(
1 +

(1 − 2p)i
3

θ +
θ2

4
tp(θ )

)
,

(52)

here

tp(θ ) = −
E(X − p)4eiζ (θ )(X−p)

3p(1 − p)
−

8
p(1 − p)θ4 (log(1 + zp(θ )) − zp(θ )). (53)

y (51) and (52), part (b) will follow as soon as we show (49). To this end, the modulus of the first term on the right-hand
ide in (53) is bounded above by

(1 − p)3 + p3

3
≤

1
3
, (54)

s follows from (50). On the other hand, formula (51) with r = 1 gives us

|zp(θ )| ≤
p(1 − p)θ2

2
≤

θ2

8
<

1
2
. (55)

herefore, by inequality (48), the modulus of the second term on the right-hand side in (53) is bounded by

8
p(1 − p)θ4 |zp(θ )|2 ≤ 2p(1 − p) ≤

1
2
. (56)

his, together with (54), shows (49) and completes the proof. □

Let Z be a random variable having the standard normal density

ρ(u) =
1

√
2π

e−u2/2, u ∈ R. (57)

t is well known that

EZ2m
=

(2 m)!
m!2m , m ∈ N0. (58)

In the following crucial lemma, we will use the inequality

|ez − 1 − z| ≤
|z|2

2
e|z|. (59)

emma 6.2. Let Wn be as in (6), whose mean µn and variance σ 2
n are given in (7). Then,⏐⏐⏐⏐⏐

∫ π

−π

Eeiθ (Wn−µn) dθ −

√
2π
σn

⏐⏐⏐⏐⏐ ≤
2
√
2π

σ 3
n

+ 6e−2σ2
n sin2(1/4)

+
4e−σ2

n /8

σ 2
n

.

Proof. As in (15), we have

Eeiθ (Wn−µn) =

n∏
Eeiθ (Xj−pj). (60)
j=1

10
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his implies, by virtue of Lemma 6.1(a), that⏐⏐⏐⏐∫
1/2≤|θ |≤π

Eeiθ (Wn−µn) dθ
⏐⏐⏐⏐ ≤ 2

∫ π

1/2
e−2σ2

n sin2(θ/2) dθ ≤ 6e−2σ2
n sin2(1/4). (61)

In the rest of the proof, we assume that |θ | < 1/2. From (7), (60), and Lemma 6.1(b), we can write

Eeiθ (Wn−µn) = e−σ2
n θ2/2−vn(θ ), (62)

here

vn(θ ) =
i
6
anθ3

+
1
8
bn(θ )θ4 (63)

nd

an =

n−1∑
j=0

pj(1 − pj)(1 − 2pj), bn(θ ) =

n−1∑
j=0

pj(1 − pj)tpj (θ ). (64)

By (49), we have the upper bounds

|an| ≤ σ 2
n , |bn(θ )| ≤ σ 2

n , |vn(θ )| ≤

(
1
6

+
1
16

)
σ 2
n |θ |

3 < σ 2
n |θ |

3/4. (65)

By (57) and (62), we have the identity∫
|θ |<1/2

Eeiθ (Wn−µn) dθ −

√
2π
σn

=

∫
|θ |<1/2

e−σ2
n θ2/2−vn(θ ) dθ −

∫
∞

−∞

e−σ2
n θ2/2 dθ

= −

∫
|θ |≥1/2

e−σ2
n θ2/2 dθ −

∫
|θ |<1/2

vn(θ )e−σ2
n θ2/2 dθ

+

∫
|θ |<1/2

e−σ2
n θ2/2 (e−vn(θ ) − 1 + vn(θ )

)
dθ =: I + II + III.

(66)

Observe that

|I| =

∫
|θ |≥1/2

e−σ2
n θ2/2 dθ ≤ 2

∫
|θ |≥1/2

|θ |e−σ2
n θ2/2 dθ =

4e−σ2
n /8

σ 2
n

. (67)

n the other hand, using the second bound in (65) and the antisymmetry of the function θ3 exp(−σ 2
n θ2/2), we have from

(63)

|II| ≤
σ 2
n

8

∫
|θ |<1/2

θ4e−σ2
n θ2/2 dθ =

1
8σ 3

n

∫
|u|<σn/2

u4e−u2/2 du

≤

√
2π

8σ 3
n
EZ4

=
3
√
2π

8σ 3
n

,

(68)

s follows from (57) and (58).
Finally, by inequality (59) and the third upper bound in (65), we get after making the change σnθ

√
3 = 2u

|III| ≤
σ 4
n

32

∫
|θ |<1/2

θ6e−σ2
n θ2/2eσ2

n θ2/8 dθ ≤
4

27
√
3σ 3

n

∫
∞

−∞

u6e−u2/2 du

≤
4
√
2π

27
√
3σ 3

n

EZ6
=

20
√
2π

9
√
3σ 3

n

,

(69)

here the last equality follows from (58). The result follows from (61) and (67)–(69). □

roof of Theorem 3.2. Let τ be as in (27). From the second representation in (14), we have

(−1)n−m(βτ )m

Q (τ )
sα(n + r,m + r) =

1
2π

∫ π

−π

Eeiθ (Wn(τ )−µn(τ )) dθ.

Therefore, the result follows from Lemma 6.2. □

7. Moment approximation

As seen in (28) and (29), the mean and the variance of the random variable T̃r + Tm are, respectively,

νm = r +
m

, τ 2
= r +

5
m. (70)
2 m 12
11
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n the other hand, we write the expansion

− log(1 − z) =

∞∑
k=1

zk

k
, |z| ≤ 1/2,

s

− log(1 − z) = z +
z2

2
+

2
3
z3s(z), s(z) =

3
2

∞∑
k=3

zk−3

k
. |z| ≤ 1/2. (71)

ote that

|s(z)| ≤
1
2

∞∑
k=3

|z|k−3
=

1
2

1
1 − |z|

≤ 1, |z| ≤ 1/2. (72)

n view of Proposition 2.2, Theorem 3.3 will be shown once we prove the following result on moment approximation.

emma 7.1. Let m ∈ N with n − m ≥ 2. If

n − m
√
m

≤
1

2
√
2
, (73)

hen ⏐⏐⏐⏐⏐E (̃Tr + Tm
)n−m

− νn−m
m

(
1 +

(
n − m

2

)(
τm

νm

)2
)⏐⏐⏐⏐⏐

≤ 2r+11/2e2/5−r/2νn−m
m

(
n − m
√
m

)3

.

Proof. Consider the standardized random variable

Zm =
T̃r + Tm − νm

τm
,

which obviously satisfies EZm = 0 and Var(Zm) = EZ2
m = 1. We write

E
(̃
Tr + Tm

)n−m
= E (τmZm + νm)n−m

=

n−m∑
l=0

(
n − m

l

)
νn−m−l
m τ l

mEZ
l
m

= νn−m
m

(
1 +

(
n − m

2

)(
τm

νm

)2

+

n−m∑
l=3

(
n − m

l

)(
τm

νm

)l

EZ l
m

)
.

(74)

he modulus of the sum on the right-hand side in (74) is bounded above by

n−m∑
l=3

(
2(n − m)τm

νm

)l E(|Zm|/2)l

l!
. (75)

y (70), we see that τm/νm ≤
√
2/m, thus implying, by virtue of assumption (73), that

2(n − m)τm
νm

≤ 1.

herefore, the sum in (75) is bounded above by(
2(n − m)τm

νm

)3

Ee|Zm|/2
≤ 29/2

(
n − m
√
m

)3

Ee|Zm|/2.

This, together with (74) and (75), will imply the result, as soon as we show that

Ee|Zm|/2
≤ EeZm/2

+ Ee−Zm/2
≤ 2

(
2

√

)r

e2/5, (76)

e

12
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To prove (76), let u = 1/(2τm) or u = −1/(2τm) and observe that |u| ≤ 1/2, as follows from (70). Thus, we have from
20) and (70)–(72)

Eeu(̃Tr+Tm−νm) = Eeu(̃Tr−r)Eeu(Tm−m/2)

=

(
Eeu(Ỹ1−1)

)r (
Eeu(U1Y1−1/2))m

=

(
e−u

1 − u

)r (
−

e−u/2 log(1 − u)
u

)m

=

(
e−u

1 − u

)r

e−mu/2
(
1 +

u
2

+
2
3
u2s(u)

)m

.

(77)

sing the inequality 1 + x ≤ ex, x ≥ −1, we finally obtain from (70)–(72) and (77)

Eeu(̃Tr+Tm−νm) ≤

(
e−u

1 − u

)r

e2mu2|s(u)|/3

≤

(
2

√
e

)r

em/6τ2m ≤

(
2

√
e

)r

e2/5.

his shows claim (76) and completes the proof. □
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