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Quasi-bi-Hamiltonian structures and Superintegrability. Study of

a Kepler-related family of systems endowed with generalized
Runge-Lenz integrals of motion
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Abstract
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The existence of quasi-bi-Hamiltonian structures for a two-dimen-sional superintegrable (k1, k2, k3)-
dependent Kepler-related problem is studied. We make use of an approach that is related with the
existence of some complex functions which satisfy interesting Poisson bracket relations and that was
previously applied to the standard Kepler problem as well as to some particular superintegrable systems
as the Smorodinsky-Winternitz (SW) system, the Tremblay-Turbiner-Winternitz (TTW) and Post-
Winternitz (PW) systems. We prove that these complex functions are important for two reasons: first,
they determine the integrals of motion, and second they determine the existence of some geometric
structures (in this particular case, quasi-bi-Hamiltonian structures). All the results depend on three
parameters (k1, k2, k3) in such a way that in the particular case k1 # 0, k2 = k3 = 0, the properties
characterizing the Kepler problem are obtained.

This paper can be considered as divided in two parts and every part presents a different approach
(different complex functions and different quasi-bi-Hamil-tonian structures).
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1 Introduction

It is known that superintegrable systems are very peculiar systems endowed with remarkable properties.
In fact these particular systems, and their interesting properties, are very studied in these last years.

The main purpose of this paper is to present a study of some geometric properties of a family of
superintegrable Kepler-related systems depending on three parameters k;, i = 1,2,3. We will prove that
it admits quasi-bi-Hamiltonian structures and, in order to arrive to this result, we will make use of an
approach that is related with the existence of some complex functions which satisfy interesting Poisson
bracket relations. This formalism was previously applied to the study of, not only the standard Kepler
problem [11], but also to other superintegrable two-dimensional systems as the nonlinear isotonic oscillator
(SW system) [38] or the Tremblay-Turbiner-Winternitz (TTW) and the Post-Winternitz (PW) systems
[39].

So we first recall some basic facts characterizing quasi-bi-Hamiltonian structures and superintegrability.

First, suppose that the phase space of a Hamiltonian system, that is, the 2n—dimensional cotangent
bundle T*@ of the configuration space @ endowed with the canonical symplectic structure wy, is equipped
with a second symplectic structure wy; # wg. Then a vector field I' is said to be bi-Hamiltonian if it is
Hamiltonian with respect to both structures, that is,

Z(F) wo = dHO y and Z(F) w1 = dH1 . (1)

Hence, we have two distinct Hamiltonian formulations for the same dynamical system (we note that in some
cases w; can be a closed but nonsymplectic 2-form). A consequence is that the pair (wp,w;) determines a
(1,1) tensor field R defined as

wi(X,Y) =wo(RX,Y), VX,Y € X(T*Q) (2)

in such a way that R is I-invariant and the eigenfunctions of R are constants of motion. If R has n
distinct eigenfunctions and in addition the Nijenhuis tensor Np of the tensor field R vanishes, then the
system is Liouville integrable [13, 16, 18]. Bi-Hamiltonian systems satisfying just (1) are usually called
weakly bi-Hamiltonian systems (in opposition to strong structures satisfying the Nijenhuis condition); for
example, it is known that systems admitting non-symplectic symmetries [9] or canonoid transformations
[10] are bi-Hamiltonian systems and that they can be, in some cases, just weak bi-Hamiltonian.

The point is that bi-Hamiltonian structures are very interesting but, in most of cases, difficult to be
obtained. A consequence had been the convenience of introducing the related but weaker concept of
quasi-bi-Hamiltonian system [3, 4, 5, 6, 7, 8, 15, 29, 30, 41, 44].

A Hamiltonian vector field T" on (T*Q,wp) is called quasi-bi-Hamiltonian if, in addition, it is quasi-
Hamiltonian with respect to another symplectic structure € # wg. That is, there exists a (nowhere-
vanishing) function p such that it satisfies the equation (') Q = dh for some function h (this function h
is a first integral of T"). So we have

i(T)wo =dHy, and i(ul')Q =dh. (3)

Second, it is well known that the two more important superintegrable systems are the harmonic oscillator
and the Kepler problem and that, associated to them, there are four families of potentials with separability
in two different coordinate systems in the Euclidean plane and that they are, therefore, superintegrable
with quadratic in the momenta constants of motion (first studied in [20] and then by other authors as e.g.
[17, 19, 22, 23, 28, 34, 35, 40, 42]). Two of them are related with the harmonic oscillator and they are not
considered in this paper. The other two, that are Kepler-related, are
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(K1) The following (k1, k2, k3)-dependent Kepler-related potential
k k ksx
4 % 4B
/x2 + y2 Y y2 1.2 + y2

is separable in (i) polar coordinates (7, ¢) and (ii) parabolic coordinates (7, o).

Vi1 =

(K2) The following (k1, ka2, ks)-dependent Kepler-related potential

Vies = P T R Yt Tt

is separable in (i) parabolic coordinates (7,0) and (ii) a second system of parabolic coordinares
(7',0") obtained from (7, 0) by a rotation.

+ k3

(5)

At this point we recall that the superintegrability of the rational harmonic oscillator (non-central har-
monic oscillator with rational ratio of frequencies)

1
Hmn = (p?c +p§) + ia% (m2m2 + n2y2) )

DN | =

can be proved making use of the complex functions A, and A, [25, 32, 9], defined as
Ay =ps +imaor, Ayzpy—l—inaoy,

that satisfy

4 A, ={A; , H =1 A a4
dt x—{ x mn}—zmaO T 5 dt
Then, the function A, defined as A, = (A;)"(A;)™, is a constant of motion (the two real functions
|A,|* and |A,|* are just the two one-dimensional energies F, and E,) and since it is a complex function,
it determines not one but two real first integrals, Re(A,,) and Im(A,,) (we have obtained four integrals
but, since the system is two dimensional, only three of them can be independent).

Ay ={A, ,Hnn} =inag4,.

The important point is that this property (superintegrability related with the existence of some complex
functions satisfying certain Poisson brackets properties) is not just an exclusive characteristic of the har-
monic oscillator H,,,. In fact, it has been recently proved that other superintegrable systems also admit
a complex factorization for the additional constants of motion (as the above mentioned SW nonlinear iso-
tonic oscillator [38], Tremblay-Turbiner-Winternitz (TTW) and Post-Winternitz (PW) systems [39] and
also some particular systems defined in spaces with constant curvature [36, 37]).

The aim of this paper is to study the existence of geometric structures associated to the Hamiltonian
Hpo of the Kepler-related superintegrable potential Vo (the potential Vi1, that admits a generalization
known as the Post-Winternitz system first studied in [33] and then by other authors, is not studied in this
paper). Next we summarize the contents of this paper.

First. We will prove the existence of some particular complex functions with interesting Poisson bracket
properties and then we will prove that the superintegrability of the Hgo system is very related with the
properties of these complex functions (we will present two different approaches).

Second. We will prove that these complex functions determine the existence of quadratic integrals of
motion that can be considered as generalizations of the Laplace-Runge-Lenz vector.

Third. We will prove that these complex functions determine the existence of several (complex and real)
quasi-bi-Hamiltonian structures.



We must clearly advance that we will obtain structures (wedge product of the differentials of complex
functions) that do not satisfy the above mentioned Nijenhuis torsion condition (this was also true in the
ko = k3 = 0 Kepler case [11]); so they are in fact weak quasi-bi-Hamiltonian structures (in opposition
to strong structures satisfying the Nijenhuis condition). Nevertheless, the purpose in this paper is not to
prove the integrability of a system as consequence of a bi-Hamiltonian structure; in fact, we recall that
the multiple separability of Vo was known since [20]. The main idea is that the superintegrable systems
are systems endowed with interesting properties deserving to be studied. Now, in this paper, we obtain
several new properties all of them related with the above mentioned complex functions.

2 Hamiltonian Hys. Complex functions, Superintegrability, and
quasi-bi-Hamiltonian structures

In what follows we will study the second Kepler-related system making use of parabolic coordinates denoted
by (7,0) and related with the Cartesian coordinates (z,y) by

r=1>-0%, y=2r0.

Then the two linear momenta P; and P, (corresponding to the Cartesian components p, and p, of the
linear momentum) and the angular momentum J take the form

TPr — OPo TDs + O0Pr
PP=—F—— Ph=——"
1 2 +g2 2 2 + o2

A natural Euclidean Hamiltonian H = T + V that takes the form

aJ:TPa_UPT~

F(r)+ G(o)

T2 4+ 02

i

2 2
Py + Py
H:%(72+02>+V(T70)a V(T7U):

is Hamilton—Jacobi separable and, therefore, Liouville integrable with the following quadratic function

TPo + OPr 72G(0) — 02 F(7) 72G(0) — 0% F (1)
12:(7—]95_0‘@7)( 72+ 02 )+2< 72 + o2 ):JP2+2( 72 4 02 )

as the second constant of motion (the first one is the Hamiltonian itself).

Now we consider the Hamiltonian H g9 of the Kepler-related superintegrable potential Vio. It takes the
following form when written in parabolic coordinates

2 4 .2
1 (D7 + P kq ko ks o
HK2:§<72+02) [72+U2+T2+U2 72—&—02}' (6)

Let us now denote by A and B the complex functions A = A; +i Ay, B = By + ¢ By, with A; and B,
j=1,2 given by

2 -2 210
aM=5"0 M=,
7—2+0-2 7—2_|_0—2
. ( ? : ( )
TPy — OPr J J (Tpr + ops
Bi=—"F—— k= ———+k, By = ——"——7% 4+ kst — koo .
1 72 1 o2 1= o Th 2 72 1 o2 37 — F20

(in what follows we always suppose that J # 0 so that B; and Bs are quadratic functions of the momenta).
Then we have the following property : the Poisson bracket with Hgo of the function A is proportional to
itself and this property is also true for the function B

d d

T A={A Hp}=2i0A, = B={B Hi:} =2i)\B,



where the common factor A takes the value

)= TPo — OPr J

- (72 4 02)2 - (7_2 + 02)2 )

(we recall that that J # 0 and therefore A # 0). Consequently the Poisson bracket of the complex function
AB* with the Hamiltonian H g9 vanishes

{AB* ,Hgs} = {A,Hgo}B*"+ A{B" , Hgo}
(i2MA)B*+ A(—i2AB*) =0.

The following proposition summarizes this result.

Proposition 1 Let us consider the following (k1, ke, k3)-dependent Kepler-related Hamiltonian

oo = 1 P2 +p2 k1 ko T ks o
=312 1,2 T2+02+72+02 2+ g2

Then, the complex function Js4 defined as
J3y = AB*

is a (complex) constant of the motion.
The complex function J34 determines two real first-integrals
Jau=Js+ids, {Js,Hrg2} =0, {Js,Hga} =0,

whose coordinate expressions are just the two components (R, and R,) of the generalized Laplace-Runge-
Lenz vector

2 2 2 2
1 T2 —0o TO 0
Ts = Re(J34)_JP2+2{k12T2+02_k27-2+202 +2]€37'2 2},2 2
TO 1, o(t?=0%) 1, 7(0%—=77)
Jy = Im(J34):JP1_2[k17-2+02 27y 52 22 52 }

As it is well known the existence of this conserved vector is one of the main characteristics of the Kepler
problem (the standard Laplace-Runge—Lenz vector corresponds to k1 # 0, ko = k3 = 0) and the importance
of this fact has led many authors to the study of Kepler-related systems admitting generalizations of the
Laplace-Runge-Lenz vector [1, 2, 12, 24, 26, 27, 31, 43]. Now we have arrived to a new property: it can
also be obtained as a consequence of this complex formalism.

Summarizing, (i) The superintegrability of the Kepler-related Hamiltonian Ho is directly related with
the existence of two complex functions, A and B, whose Poisson brackets with the Hamiltonian are
proportional, with a common complex factor 2¢ A, to themselves, and (ii), The two components of the
(K1, ko, k3)-dependent Laplace-Runge-Lenz vector, J3 and Jy, appear as the real and imaginary parts of
the complex first-integral of motion. Remark that A is a complex function of constant modulus one, while
the modulus of B is a polynomial of degree four in the momenta given by

BB* = J2 4 J} = 2J%Hyeo + 2J (kspr — kapo) + k2 + (kao — k37)?2.

Let us now denote by Y34 the (complex) Hamiltonian vector field of Js4

i(Y34) wo = dJ3g,



that obviously satisfies Y34(Hg2) = {Hk2,J34} = 0, and by Y4 and Y the Hamiltonian vector fields of
A and B:
i(YA)(UO :dx47 i(YB)UJO :dB,

9AN O | (0AN D (AN O  (0A\ O
YA=(@)§+(@)%_<E)@_(%)%
W Gl Gy (o

that is

YB:( Jo

or do

Their local coordinate expressions are, respectively, given by

_ 2 _ 2 2 9 9
Y4= (T2+02)2( 2ro+i(r° —o )) (oapT T@pg)
and
Yp =YBr — YBy
1 0 0 . 0 0 0 0
1 0 0 . 0 0
YBU = (7_2 T 0'27)2W(0.87p7_ — Taipo.) +1 <k3apg - k2 8p7>

where W denotes the following complex function
W = 2((7’2 — 0)prpo — To(p2 — pi)) +i ((72 — o) (p? —p2) + 47'0pr0) =i (T +1i0)*(pr — ips)*
Then, the vector field Y34 appears as a linear combination of Y4 and Y}; more specifically we have
Yau =B YA+ AYE =Y +Y', Y=B"Y,, Y =AY}.

The vector field Y34 is certainly a symmetry of the Hamiltonian system (7T7*Q, wo, Hx2), but the two vector
fields, Y and Y’, are neither symmetries of the symplectic form wq (that is, £y wg # 0 and Ly 1wy # 0)
nor symmetries of the Hamiltonian (that is, Ly Hxo # 0 and Ly Hgo # 0). Moreover, remark that they
are not symmetries of the dynamics, because

[Y, FKQ] 75 O7 [Y’,FKQ} 7é O7 i(FKQ)aJO = dHK2 .

Then it can be proved (by direct computation) that the Lie bracket of the dynamical vector field I' o with
Y is given by
k2, Y] =1iJ34 X,

where X, is the Hamiltonian vector field of the function A. The vector field X, on the right hand side
represents an obstruction for Y to be a dynamical symmetry. Only when A is a numerical constant the
vector field Y (and also Y”) is a dynamical symmetry of T'k.

Let us denote by €2 the complex 2-form defined as the wedge product of the differentials of the two
complex functions
Q=dA N dB*,

and by wy and w{, the two complex 2-forms obtained by Lie derivative of wy, that is,

/
Lywy=wy, Ly wy=wy.



Then we have the following property
Ly wy = iy (dwo) + d(iywo) = d(iywo) = d(B* dA) = —Q
Ly wy =iy (dwo) + d(iyrwo) = d(iyrwo) = d(AdB*) = Q
Using the preceding results we can prove:

Proposition 2 The Hamiltonian vector field U ko of the (k1, ko, k3)-dependent Kepler-related problem H o
is a quasi-Hamiltonian system with respect to the complex 2-form €.

Proof.- The contraction of the vector field "o with the complex 2-form 2 gives:
1(Tgo)Q=Tko(A)dB* —T'ko(B*)dA,
and recalling that
Pgo(A)={A,Hgo} =iNA, TgoB*)={B",Hg2} =—1iAB",

we arrive to

iTg2) Q= (iAA)dB* + (iAB*)dA = i \d(AB*).

The complex 2-form 2 can be written as
Q=01 +iQ
where the two real 2-forms, Q7 = Re(2) and Qo = Im(Q2), take the form

N = dA; AN dBy+dAs A dBy

a12dt A do+ ayzdr A dpr + aadt A dpy + asgzdo A dpr + asgdo A dp,
—dA; AN dBs + dAs A dBy

= fiodr Ado+ Bi3dr A dpr + fradt A dps + Bazdo A dpr + Baado A dps

2

with a;; and B;; functions of the coordinates 7 and o. Then we have

i(Tkro) Q1 = —AdJy, i(Tk2)Q =AdJs,
which means that Tk is also quasi-bi-Hamiltonian with respect to the two real 2-forms (wp, ;) and
(w07 Q2)

Therefore, the two complex functions, A and B, that determine the existence of superintegrability (exis-
tence of additional constants of motion) are also directly related with the existence of quasi-bi-Hamiltonian
structures; first complex (wp, 2) and then real (wg, 21, Q2).

Remark that the complex 2-form 2 is closed but it is not symplectic. In fact, we have verified that
Q1 AQ =0, AQy=0,and Q2 A Qs =0, and therefore we obtain Q A 2 = 0. The linear combinations
(pencil of 2-forms) wy — 1 Q1 and wy — sy satisty

(wo — ,qu)/\z = 2(1 — K (0624 + 0113)) V,

(wo — )" =2(1— p(Bog + Bu3)) V,
where V' denotes the standard volume V = drAdp,AdoAdp,.



The distribution defined by the kernel of {21, that is two-dimensional, is given by
Ker Oy = {fiXu1+ faX12 | f1, /2 : R* xR*> > C},

where the vector fields X1; and X1, are

(QTapg —(r* + 02)p7) 9

X = (27‘0’])0 —(r* 4+ o*)p ) 0 opy

o 0
Xio = g
=T 0

In a similar way the kernel of 5 is given by

Ker Qo = { f1 Xo1 + fo X2 | fi, fo : R? XRQ%C}H

)(Tk‘g—O’kg) 8
+02) —270p; Ops

where the vector fields Xo; and X995 are
0 0 0 0  o(ths —oksy) 0O
Xo1 =72pp— +02pr—, Xop=T— t 0 — — "2 Z
2 TP ap’r top 3100 2 Tapr * Uab TPo apa
We have
[Ker Q1 ,Ker 4] C Ker 7, [Ker Qy,Ker Q5] C Ker Q5.

If Y3 and Y, are the Hamiltonian vector fields (with respect to the canonical symplectic form wg) of
the first integrals J3 and Jy, then the dynamical vector field I'ko is orthogonal to Y, with respect to the
structure 2, and it is also orthogonal to Y3 with respect to the structure (2o, that is,

i(FKQ) ’L(Y4) Ql = 0, Z(FKQ) Z(Y3) Qg =0.

The bi-Hamiltonian structure (wp, 2) determines a complex recursion operator R defined as
QUX,Y)=wo(RX,)Y), VXY eX(TrQ).
But as Q and R are complex, we can introduce two real recursion operator R; and Ro defined as
N (X)Y) =wi(R1X,Y), D (X,Y) = wo(RX,Y).

We recall that @y is the map wp : X(T*Q) — AY(T*Q) given by contraction, that is wo(X) = i(X)wp, and
then the nondegenerate character of wy means that the map wq is a bijection. Using this notation we can
write the two operators Ry and Ry as follows

Ri=@ 'oQi, Ry=@ o0
Then we have the following properties

(i) The coordinates expressions of Ry and Ry are

0
+Qog— + 12— ] ® do

i} R dr + [a23 g e

Opos or do
0 0 0 0
+ [0413 . + a3 — . } ® dpr + {0414 . + oy s } ® dp,

0 0
R, = [CVlSa +0é14a — Q12

and
Ry = [ﬁ §+514% —5128a } @dr + {523 +ﬁ24 +512 aj ® do
+ [513 + Ba3 8]890} ® dpr + {514 0 -I- Ba4 8?0} ® dps



(ii) Ry and Ry have two different eigenvalues doubly degenerate and one of them is null (that is, \; =
A2 =0, A3 = Ay # 0). Therefore we have

det[Ry] = det[R2] =0,

which is a consequence of the singular character of ; and €.

3 Hamiltonian Hgs. New complex functions and new quasi-bi-
Hamiltonian structures

The expressions of the two complex functions A and B (studied in the previous section 2) have a rather
different form (lack of symmetry between these functions). Now, in this new section we present a new
approach that makes use of two new complex functions (to be denoted by M, and M,) that are quite
similar one to the other ; that is, it is a more symmetric approach.

Let us now consider a second set of complex functions M, = My1 49 Maa, My = My + ¢ Mo, with M,
and My;, j = 1,2, defined by:

1 1
Mal = \/ﬁ (JpT — (kQU — kgT)T) 5 Mag = \/ﬁ (—Jpa- — 2]€1T + (]fQO' — k37’)0’> 5
and
My = _ (Jpa — (koo — k‘37’)0’) , My = L(JpT — 2ky0 — (koo — kgT)T) )
1/7-2_’_0-2 1/7-2_’_0-2

Then we have the following property

{MaaHKQ}:iAMaa {Mb7HK2}:i)\Mb~

Proposition 3 The complex function K34 defined as
K3y = M, My

is a (complex) constant of the motion for the dynamics of the (ki, ka, ks)-dependent Kepler-related system
described by the Hamiltonian Hgo.

The proof is quite similar to the proof of the previous Proposition 1.

Note that the modulus of the complex functions M, and Mj, that are constants of motion, are given by

M, M; = 2 (J2HK2 + k1R, + J(kspr — kopo)) + (koo — ksT) + 2]{:% ,
My My = 2(J*Hgs —kiRy + J(kspr — kopo)) + (koo — k3T) + 2k7 .

The complex function K34 determines two real functions that are first integrals for the Hgs:
Ksy=Ks+iKy, {Ks Hga} =0, {Ky Hga}=0,

with K3 and Ky given by

2kito (koo — kaT)(72 — 02))

K3 = Re(Kz4) = Ma1Mp1 + Ma2 My = J P — (7_2 s 72+ 07



Ky = Im(Kzy) = MuaMyy — Moy Mys = 2J*Hyeo + 2J (kapr — kapo) + (koo — ka7)?.

The function K3 is the component R, of the generalized Laplace-Runge-Lenz constant, K is a fourth order
in the momenta polynomial and M, M; — M, M} is just the other component R, of the above mentioned

vector
2 2 2 2

. . T —0 TO Te0
Mo M = My M; =k [JP +2(kay Tyos — ko g ka5 ) |

Let us now denote by Zs4 the Hamiltonian vector field of the function Kay, i.e. i(Z34) wg = dK34, such
that Z34(Hg2) =0, and by Z, and Z;, the Hamiltonian vector fields of the complex functions M, and My,
that is,

(Za)wo =dM,, (Zp)wo = dM,.

Their coordinate expressions are given by

OM,\ O OM,\ O OM,N\ O OMyN\ 0
2= (5 )5+ (oot ) e ~ (5 )y~ (a0 ) s = Zon+ I Zan 4 baZa + b Zag
with Z,9 and Z,;, ¢+ = 1,2, 3, given by
_ ! _ . (ope— 9 _(prtove) (. o _.9
Za0m<((7pg 20—p7+10—p0)87+(7p‘r+2(0—p7 QTpa))aa. 7.2+0.2 ((pT Zpa)(aapT T@pg)))a
20 0 0
= o gy, oy,
R o R R RS )
Zaz = (12 + 02)3/2 {(g 8p7+T 8pg)+la<708p7 (2% +0%) 3pg)}’
S S s S T P S
s = Eyompr [T( 20 gy, T apa)ﬂ(g op. T apa))}’
and

7 (aMb)g (aMb)g_ (aMb) 9 (3Mb>88

—(E22) D Zig 4 k1 Zog + ko Z + K Z
ap, ) or  \op, Jac \or Jop,  \ao bo k12 + kaZea + ks Zs

Do
with Zyg and Zy,, ¢ = 1,2, 3, given by

_ 1 : 9 : 9  (tp- +0ops) . 9 B
B = s ((-ome i ope=200) ot Crmm-opmtiene) -T2 (v o 750) )

20T 0 1o}

N G

B 1 B 0 9 o 0 3 3 0

Zo = fapap|o(tTeg, H O g Hil g )]
1 0 0 0 0

Z — S 3_ Y 3_~ - 2 2 2 _

" (T2 +02)%/2 [(U oo, T ap,) T 205, mapa)}

Now recalling that
Ay = d (M,M;) = My d(M,) + M, d(M;),

we obtain
Kayy=M;Z,+M,Z; =7+ 27", where Z=DM;Z,, 7' =M,Z;.

In the following we will denote by €y, the complex 2-form defined as Qy; = dM, A dM}. Then the two
2-forms wyz and w’, obtained by Lie derivation of wy with respect to Z and Z’ are given by

,CZoJOZOJZ:—QM, ,Cz/w():w/Z:QM.

10



1

2

Proposition 4 The Hamiltonian vector field U ko of the (k1, ko, k3)-dependent Kepler-related problem H o
s a quasi-Hamiltonian system with respect to the complex 2-form Q.

Proof.- This can be proved by a direct computation:

i(Tka) Uy

T i (M) dM; — T o (M) dM,
(i A M) dM; + (i A M) dM, = i Xd(M,M).

The complex 2-form 2,; can be decomposed as
Qar = Qann + i Qar2,
where the two real 2-forms, Qpr1 = Re(Qp) and Qa0 = Im(Qy), take the form
Qprrp =dMgy N dMyy + dMaa N dMys , Qrro = —dMar N dMpa + dMaa N dMy;
and then considering the real and imaginary parts of the equation
i(Tr2) Qar = i Ad(K3 + i Ky).

we obtain:
i(Tka) Qur = —AdKy, i(Tge) Qe = AdKs,

The following proposition summarizes this result

Proposition 5 The Hamiltonian vector fieldT ko of the (k1, k2, k3)-dependent Kepler-related problem H o
is also quasi-bi-Hamiltonian with respect to the two pairs of real 2-forms (wo, Qar1) and (wo, Qara).

We close this section with the following three items that generalize to the (ki, k2, k3)-dependent system
some previous properties of the k1-dependent Kepler problem [11]

(i) The two real 2-forms are closed but not symplectic. In fact we have verified that Qp1 A Qa1 =0,
Qara A Qe = 0, and also Qa1 A Qe = 0.

(ii) These two 2-forms, Q1 and Qpre, determine two recursion operators ((1,1) tensor fields) R} and
R, defined as
QMl(X,Y):wO(R/lX,Y), QMQ(X,Y):OJ()(RIQX,Y),

or in an equivalent way

—

R =w ‘otn Ry=@5 'oQ
1=wo o8, o =wo ol
As in section 2, a consequence of the singular character of Q71 and Q5 is that

det[R]] = det[R5] = 0.

(iii) If we denote by Z3 and Z4 the Hamiltonian vector fields (with respect to the canonical symplectic
form wg) of the integrals K5 and Ky, then the dynamical vector field T'k2 is orthogonal to Z4 with
respect to the structure 2,71 and it is also orthogonal to Z3 with respect to the structure 2, that
is,

i(FKQ) Z(Z4) QMl :0, i(FKQ) Z(ZS) Q]\/IQ =0.
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4 Final comments

As observed in the introduction superintegrable systems are systems endowed with very interesting prop-
erties directly related with the existence of associated geometric structures. Now, in this paper we have
analyzed the second Kepler-related family of superintegrable systems and we have obtained several dif-
ferent quasi-bi-Hamiltonian structures. A remarkable property is that they arise as a consequence of the
properties of certain particular complex functions.

We close this paper pointing out some open questions.

First, we have two different ways of obtaining quasi-bi-Hamiltonian structures for the same system,
generated by different couples of complex functions. The second way looks more fundamental since M,
and M, are quite similar one to the other and the formalism is more symmetric than the first one. In any
case it is natural to ask what are the relations between the two structures. Second, the complex functions
method presented in this paper (as well in some other previous papers mentioned in the Introduction) is
restricted to the two dimensional case; it is convenient to study the generalization to the three-dimensional
case (the multiple separability of three-dimensional systems was first studied in [17]) and also to constant
curvature spaces (the superintegrability of some particular systems was studied in [14, 21, 36, 37] making
use of curvature-dependent coordinates); the generalization of the system studied in this paper must be
done making use of curvature-dependent parabolic coordinates. Third, the complex functions (A, B) or
(Mg, My) are important for two reasons since they determine the integrals of motion (AB* or M, M) and
also the geometric structures; probably there are some additional properties hidden behind these functions
deserving to be studied making use of tools of complex differential geometry.

Two more questions. Quasi-bi-Hamiltonian structures are not very well studied yet (in contrast to the bi-
Hamiltonian systems) so that their relation with superintegrability can be a good motivation to undertake
a better study of these structures. Finally, classical superintegrabilty is interesting not only by itself but
also as a first step for the study of the corresponding quantum versions (quantum superintegrability is
related with the degeneracy of the energy levels). Thus, quantum version of the properties presented in
this paper can also be considered as a matter to be studied.

Acknowledgments

This work has been supported by the research projects PGC2018-098265-B-C31 (MINECO, Madrid) and
DGA-E48/20R (DGA, Zaragoza).

References

[1] A. Ballesteros, A. Enciso, F.J. Herranz, and O. Ragnisco, “Hamiltonian systems admitting a Runge-Lenz
vector and an optimal extension of Bertrand’s theorem to curved manifolds”, Comm. Math. Phys. 290, no.
3, 1033-1049 (2009).

[2] U. Ben-Yaacov, “Laplace-Runge-Lenz symmetry in general rotationally symmetric systems”, J. Math. Phys.
51, 122902 (2010).

[3] M. Blaszak, “Bi-Hamiltonian representation of Stackel systems”, Phys. Rev. E 79, no. 5, 056607 (2009).

[4] H. Boualem, R. Brouzet, and J. Rakotondralambo, “Quasi-bi-Hamiltonian systems: Why the Pfaffian case?”,
Phys. Lett. A 359, 559-563 (2006).

[5] H. Boualem, R. Brouzet, and J. Rakotondralambo, “About the separability of completely integrable quasi-bi-
Hamiltonian systems with compact levels”, Differential Geom. Appl. 26, no. 6, 583-591 (2008).

12



20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

(6]

(7]

[15]
[16]

[17]
[18]

[19]
120]
21]
[22)
23]
[24]
[25]
26]
[27]
28]

[29]

R. Brouzet, R. Caboz, J. Rabenivo, and V. Ravoson, “Two degrees of freedom quasi bi-Hamiltonian systems”,
J. Phys. A 29, no. 9, 20692076 (1996).

J.F. Carifiena, P. Guha, and M.F. Ranada, “Quasi-Hamiltonian structure and Hojman construction”, J. Math.
Anal. Appl. 332, no. 2, 975-988 (2007).

J.F. Carifiena, P. Guha, and M.F. Ranada, “Hamiltonian and quasi-Hamiltonian systems, Nambu-Poisson
structures and symmetries”, J. Phys. A 41, no. 33, 335209 (2008).

J.F. Carinena, G. Marmo, and M.F. Ranada, “Non-symplectic symmetries and bi-Hamiltonian structures of
the rational harmonic oscillator”, J. Phys. A 35, no. 47, L679-L686 (2002).

J.F. Carinena and M.F. Rafiada, “Canonoid transformations from a geometric perspective”, J. Math. Phys.
29, no. 10, 2181-2186 (1988).

J.F. Carinena and M.F. Ranada, “Quasi-bi-Hamiltonian structures of the 2-dimensional Kepler problem”,
SIGMA (Symmetry Integrability Geom. Methods Appl.) 12, no. 010 (2016).

J.F. Carinena, M.F. Rafada, and M. Santander, “The Kepler problem and the Laplace-Runge-Lenz vector on
spaces of constant curvature and arbitrary signature”, Qual. Theory Dyn. Syst. 7, no. 1, 87-99 (2008).

P. Casati, F. Magri, and M. Pedroni, “The bi-Hamiltonian approach to integrable systems”, Modern group
analysis, 101-110, Kluwer Acad. Publ., Dordrecht (1993).

C.M. Chanu and G. Rastelli, “On the extended-Hamiltonian structure of certain superintegrable systems on
constant-curvature Riemannian and pseudo-Riemannian surfaces”, SIGMA (Symmetry Integrability Geom.
Methods Appl.) 16, no. 052 (2020).

M. Crampin and W. Sarlet, “Bi-quasi-Hamiltonian systems”, J. Math. Phys. 43, no. 5, 2505-2517 (2002).

M. Crampin, W. Sarlet, and G. Thompson, “Bi-differential calculi and bi-Hamiltonian systems”, J. Phys. A
33, no. 20, L177-1.180 (2000).

N.W. Evans, “Superintegrability in classical mechanics”, Phys. Rev. A 41, no. 10, 5666-5676 (1990).

R.L. Fernandes, “Completely integrable bi-Hamiltonian systems”, J. Dynam. Differential Equations 6, 53-69
(1994).

A.P. Fordy and Q. Huang, “Superintegrable systems on 3 dimensional conformally flat spaces”, J. Geom. Phys.
153, 103687 (2020).

T.I. Fris, V. Mandrosov, Y.A. Smorodinsky, M. Uhlir, and P. Winternitz, “On higher symmetries in quantum
mechanics”, Phys. Lett. 16, 354-356 (1965).

C. Gonera and J. Gonera, “New superintegrable models on spaces of constant curvature”, Ann. Physics 413,
168052 (2020).

Y.A. Grigoriev and A.V. Tsiganov, “On superintegrable systems separable in Cartesian coordinates”, Phys.
Lett. A 382, no. 32, 2092-2096 (2018).

C. Grosche, G.S. Pogosyan, and A.N. Sissakian, “Path integral discussion for Smorodinsky—Winternitz poten-
tials. I two— and three— dimensional Euclidean spaces”, Fortschr. Phys. 43, no. 6, 453-521 (1995).

A. Holas and N.H. March, “A generalisation of the Runge-Lenz constant of classical motion in a central
potential”, J. Phys. A 23, no. 5, 735-749 (1990).

J.M. Jauch and E.L. Hill, “On the problem of degeneracy in quantum mechanics”, Phys. Rev. 57, no. 7,
641-645 (1940).

P.G.L. Leach and G.P. Flessas, “Generalisations of the Laplace-Runge-Lenz vector”, J. Nonlinear Math. Phys.
10, no. 3, 340-423. (2003).

I. Marquette, “Generalized MICZ-Kepler system, duality, polynomial, and deformed oscillator algebras”, J.
Math. Phys. 51, 102105 (2010).

W. Miller, S. Post, and P. Winternitz, “Classical and quantum superintegrability with applications”, J. Phys.
A: Math. Theor. 46, 423001 (2013).

C. Morosi and M. Tondo, “Quasi-bi-Hamiltonian systems and separability”, J. Phys. A 30, no. 8, 2799-2806
(1997).

13



20
21

22

23

24

25

26

27

28

29

30

31

32

[30]
31]

32]
[33]

[34]
[35]

[36]

[37]

[38]

[39]

[40]
[41)
[42)
[43)

[44]

C. Morosi and M. Tondo, “On a class of dynamical systems both quasi-bi-Hamiltonian and bi-Hamiltonian”,
Phys. Lett. A 247, 59-64 (1998).

N.G. Nikitin, “Laplace-Runge-Lenz vector with spin in any dimension”, J. Phys. A: Math. Theor. 47, no. 37,
375201 (2014).

A M. Perelomov, Integrable Systems of Classical Mechanics and Lie Algebras (Basel; Birkhauser, 1990).

S. Post and P. Winternitz, “An infinite family of superintegrable deformations of the Coulomb potential”, J.
Phys. A: Math. Theor. 43, no. 22, 222001 (2010).

M.F. Ranada, “Superintegrable n = 2 systems, quadratic constants of motion, and potentials of Drach”, J.
Math. Phys. 38, no. 8, 4165-4178 (1997).

M.F. Ranada, “Dynamical symmetries, bi-Hamiltonian structures, and superintegrable n = 2 systems”, J.
Math. Phys. 41, 2121-2134 (2000).

M.F. Ranada, “The Tremblay-Turbiner-Winternitz system on spherical and hyperbolic spaces : Superinte-
grability, curvature-dependent formalism and complex factorization”, J. Phys. A: Math. Theor. 47, 165203
(2014).

M.F. Ranada, “The Post—Winternitz system on spherical and hyperbolic spaces: A proof of the superintegra-
bility making use of complex functions and a curvature-dependent formalism”, Phys. Lett. A 379, 22672271
(2015).

M.F. Ranada, “Bi-Hamiltonian structure of the bi-dimensional superintegrable nonlinear isotonic oscillator”,
J. Math. Phys. 57, no. 5, 052703 (2016).

M.F. Ranada, “Quasi-bi-Hamiltonian structures, complex functions and superintegrability: the Tremblay-
Turbiner-Winternitz (TTW) and the Post-Winternitz (PW) systems”, J. Phys. A: Math. Theor. 50, no. 31,
315206 (2017).

M.F. Ranada, M.A. Rodriguez, and M. Santander, “A new proof of the higher-order superintegrability of a
noncentral oscillator with inversely quadratic nonlinearities”, J. Math. Phys. 51, no. 4, 042901 (2010).

V. Ravoson, “Structure bihamiltonienne, séparabilité, paires de Lax et integrabilité”, Thése de Doctorat de
Math. Appliquées, Univ. de Pau (1992).

M.A. Rodriguez, P. Tempesta, and P. Winternitz, “Symmetry reduction and superintegrable Hamiltonian
systems”, J. Phys. Conference Series 175, 012013 (2009).

H. White, “On a class of dynamical systems admitting both Poincaré and Laplace-Runge-Lenz vectors”, Nuovo
Cimento B 125, no. 1, 7-25 (2010).

Y.B. Zeng and W-X Ma, “Families of quasi-bi-Hamiltonian systems and separability”, J. Math. Phys. 40,
no. 9, 4452-4473 (1999).

14



