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Abstract: We establish the correspondence between two apparently unrelated but in fact comple-
mentary approaches of a relativistic deformed kinematics: the geometric properties of momentum
space and the loss of absolute locality in canonical space-time, which can be restored with the intro-
duction of a generalized space-time. This correspondence is made explicit for the case of κ-Poincaré
kinematics and compared with its properties in the Hopf algebra framework.
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1. Introduction

Before renormalization was discovered, there were other proposals to avoid the
ultraviolet divergences in quantum field theory (QFT). In the 1930s, Born [1] considered
that, since there is a “reciprocity” (name chosen from the lattice theory of crystals) between
space-time and momentum variables (for example, in a plane wave), there might also
be a curved momentum space in analogy to the curved space-time proposed in general
relativity (GR). Moreover, he found that, as a consequence of a curvature in momentum
space, a “quantized” (noncommutative) space-time appears in a natural way. This idea was
discussed also by Snyder some years after [2]. In 1947, Snyder showed the first example
of a noncommutative space-time, thinking that perhaps a lattice structure for space-time
could be a key ingredient missing in QFT.

However, when renormalization was established, these ideas were forgotten. In the
last decades, a quantum gravity theory (QGT) has been searched for due to the incon-
sistencies between GR and quantum theory (QT). Some attempts to formulate a QGT
at a fundamental level include string theory [3–5], loop quantum gravity [6,7], super-
gravity [8,9], or causal set theory [10–12]. In most of them, a minimum length and a
noncommutative space-time appear in a natural way. However, the main problem of these
theories is the lack of observable phenomenology.

A completely different approach has been carried out in the so-called doubly special
relativity (DSR) theories that intend to be a low-energy limit of a QGT that could have
some experimental observations (see Reference [13] for a review). In this context, the usual
kinematics of special relativity (SR) is deformed while maintaining a relativity principle, so
that a new relativistic deformed kinematics (RDK) appears: there is a deformed dispersion
relation (DDR) and a deformed conservation law (DCL) for momenta, and in order to
have a relativity principle, there are deformed Lorentz transformations of the momenta
(DLT) making the previous ingredients compatible. Usually, these theories are constructed
through a mathematical tool called Hopf algebras [14], and the most common example
used in the literature is κ-Poincaré [15,16].

The possible connection between a curved momentum space and an RDK has been
suggested in many papers, from the point of view of groups [17] and from the fundamental
ingredients of the geometry [18,19]. In Reference [18], there are two independent geometric
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entities that define the kinematics: the dispersion relation is obtained as the square of
the distance in momentum space from the origin to a point, while the composition law
is related to a non-affine connection. In Reference [19], the only geometric ingredient is
the metric in momentum space, and the authors checked that, for the particular case of
κ-Poincaré in the bicrossproduct basis [20], the composition law defines isometries of a de
Sitter momentum metric; however, they did not find a way to deduce this fact. Moreover,
in both papers, there is a lack of understanding of how to implement a relativity principle,
i.e., some deformed Lorentz transformations that make the dispersion relation and the
composition law compatible.

In Reference [21], it was proposed another way to understand the deformed kinematics
from the nontrivial curvature of a momentum space. While the dispersion relation is also
given by the square of the distance in momentum space, the composition law and the
Lorentz transformations in the one-particle system are given by the ten isometries of a
maximally symmetric four-dimensional momentum space. The isometries leaving the
origin invariant are just the Lorentz transformations of the one-particle system in the
RDK, while the remaining four isometries (translations in momentum space) are related to
the deformed conservation laws of momenta in the RDK. Whereas the Lorentz isometry
generators close a particular algebra (Lorentz), this is not the case for the generators of
translations, which form a 10-dimensional Lie algebra with the Lorentz generators but
not in an unambiguous way. Moreover, the two-particle Lorentz transformations can
also be deduced in this scheme [21], allowing one to keep a relativity principle in the
deformed kinematics.

An alternative to the geometric perspective of an RDK is based on the (non)locality of
interactions. In Reference [18], it was shown that, since translations are defined by the total
momentum, which is deformed due to the nonlinear conservation law, interactions are only
local for observers placed at the interaction point but not for any other translated observer.
This effect was baptized as relative locality, which differs from the absolute locality that
characterizes the space-time of SR.

Moreover, in the Hopf algebra scheme, the coproduct of momenta (which defines the
composition law) leads to a noncommutative space-time through the pairing operation [20].
This association is carried out by mathematical procedures, without any mention to physical
arguments. However, in [22,23], it was shown that it is possible to implement a locality of
interactions in a generalized space-time, for which the coordinates do not commute. In fact,
it was found in [23] that there is a restriction on the possible kinematics that allows one to
have local interactions. It was also proven that the generalized space-time that implements
locality coincides with the noncommutative space-time obtained in Hopf algebras.

While the geometry of momentum space and a generalized space-time based on the
implementation of locality seem to be different unrelated perspectives, they have an RDK
as a common ingredient, and then there should be a relation between them. In this paper,
we establish this connection, showing the analogies of both frameworks and how they
complement to each other.

In Section 2, we introduce the ingredients of a relativistic deformation of the special
relativistic (SR) kinematics. In Section 3, we explain our understanding of an RDK from the
geometrical point of view, showing how to obtain all their ingredients through a maximally
symmetric momentum space. In Section 4, we see that a nonlocality of interactions appears
in the canonical space-time variables and how locality can be recovered for a particular
choice of coordinates, which in fact do not commute. In Section 5, we compare both
frameworks and establish analogies between them.

2. Deformed Relativistic Invariance

Let us start by specifying what we mean by a relativistic deformed kinematics (RDK).
It is defined by a composition law of momenta, ⊕, which is a mapping

⊕ : M⊗M→M, (1)



Universe 2021, 7, 99 3 of 17

whereM is the momentum space. Given two points with coordinates p and q in momen-
tum space, the composition law defines a new point ⊕(p, q) .

= p⊕ q. The coordinates p
and q are identified with the momenta of two particles.

The system of two particles with momenta p and q can have two different values for
the total momentum P , P = p⊕ q or P = q⊕ p. Note that the composition law is such that
⊕(p, q) 6= ⊕(q, p); otherwise, one does not have a deformation of the relativistic kinematics
but just a different choice of momentum variables in the SR kinematics. On the other hand,
if the composition law is associative, then the composition of momenta in a multiparticle
system is determined by the composition law of two momenta. The discussion of the
case of a nonassociative composition law needs additional prescriptions for the definition
of the possible momenta of a system of more than two particles, but if they are defined
by successive compositions, then the relativistic invariance of multiparticle kinematics is
guaranteed by the relativistic invariance of the two-particle system.

The composition law ⊕ defines an RDK when one can identify the following:

• a representation of the Lorentz transformations (J) in momentum space

Jω : M→M k′µ = [Jω(k)]µ
.
= Jµ(ω, k), (2)

where ωµν is the six parameters of a general Lorentz transformation and Jµ(ω, k)
is nonlinear functions of the momentum coordinates kµ, which define a nonlinear
representation of the Lorentz group in momentum space.

• another representation of the Lorentz group of transformations (J(2)) in the system of
two particles such that, when the total momentum is P = p⊕ q,

J(2)ω : M⊗M→M⊗M J(2)ω (p, q) = (p′, q̄), (3)

with
p′µ = Jµ(ω, p) , q̄µ = J(2)µ (ω, p, q), (4)

where J(2)µ (ω, p, q) is determined by the condition

(p⊕ q)′ = p′ ⊕ q̄. (5)

The deformed relativistic kinematics is defined by the (deformed) energy–momentum
conservation law of the total momentum and a deformed dispersion relation C(k) = m2

for a particle with momentum k and mass m such that

C(k′) = C(k). (6)

When one considers infinitesimal Lorentz transformations

Jµ(ε, k) = kµ + εαβJ
αβ

µ (k) , J(2)µ (ε, p, q) = qµ + εαβJ
αβ

µ (p, q) , (7)

the condition (5) that guarantees the relativistic invariance of the conservation law of
momenta becomes

J αβ
µ (p⊕ q) =

∂(p⊕ q)µ

∂pν
J αβ

ν (p) +
∂(p⊕ q)µ

∂qν
J αβ

ν (p, q) , (8)

which in fact implies
J αβ

ν (q) = J αβ
ν (0, q). (9)

This result could have been derived directly by putting p = 0 (and then p′ = 0) in
Equation (5). One has then q̄ = q′, which is equivalent to Equation (9).
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Together with the condition (8), we have the condition

∂C(p)
∂pµ

J αβ
µ (p) = 0 ,

∂C(q)
∂qµ

J αβ
µ (p, q) = 0 , (10)

from the relativistic invariance of the dispersion relations.
When the total momentum of the two-particle system is q⊕ p instead of p⊕ q, all one

has to do is exchange the momenta p↔ q in all the previous relations.
One could have considered another representation ( Ĵ(2)), instead of (J(2)), of the

Lorentz group in the two particle system with a total momentum P = p⊕ q,

Ĵ(2)ω : M⊗M→M⊗M Ĵ(2)ω (p, q) = ( p̄, q′) (11)

with
p̄µ = Ĵ(2)µ (ω, p, q) , q′µ = Ĵµ(ω, q) . (12)

The condition of relativistic invariance of the conservation law,

(p⊕ q)′ = p̄⊕ q′, (13)

would be in this case

Ĵ αβ
µ (p⊕ q) =

∂(p⊕ q)µ

∂pν
Ĵ αβ

ν (p, q) +
∂(p⊕ q)µ

∂qν
Ĵ αβ

ν (q) , (14)

instead of (8),
Ĵµ(ω, p) = Ĵ(2)µ (ω, p, 0) (15)

instead of (9), and the condition for the relativistic invariance of the dispersion relations

∂C(p)
∂pµ

Ĵ αβ
µ (p, q) = 0 ,

∂C(q)
∂qµ

Ĵ αβ
µ (q) = 0 , (16)

instead of (10).
We see then that there are two different ways to identify a representation of the

Lorentz group of transformations in the two-particle system for a given kinematics (i.e.,
for a given composition law). In fact, one might consider a more general representation of
the Lorentz transformations in the two-particle system, where the Lorentz transformation
of the two momenta p and q depend on both momenta. The possibility to have different
representations of the Lorentz transformations in the two-particle system was already
shown in previous works [24,25], where one considers an expansion in powers of the
inverse of a new energy scale, which is a necessary ingredient in a deformation of the
kinematics as one can see by purely dimensional arguments.

3. Derivation of an RDK from the Momentum Space Geometry

A very simple way to derive an RDK is to consider a maximally symmetric momentum
space. In this geometric approach, the states of a particle defined by its energy and
momenta are identified with a subset of points of a manifold. The four coordinates of
each point in this subset are just the energy and the momentum of the particle. We have
an origin of coordinates, which is in correspondence with the state of a massless particle
when its momentum tends to zero. Physical states, then, are coordinate dependent, so
that different bases in momentum space could in principle represent different physics.
There is an ongoing debate in the literature on DSR theories about the meaning of this
fact and whether there should be a “physical basis” in which physical states should be
described [26]. This discussion goes beyond the scope of the present paper, but we note
that the construction we are going to show relies on the definition of isometries, which can
be formulated in a coordinate-independent way.
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The ten-dimensional group of isometries of the maximally symmetric momentum
space geometry can be put in correspondence with the transformations defining a deformed
relativistic kinematics. One has transformations (Jω) which leave one point (origin k = 0)
invariant and translations Ta as isometries

Ta : M→M k′µ = [Ta(k)]µ
.
= Tµ(a, k) ,

Jω : M→M k′µ = [Jω(k)]µ
.
= Jµ(ω, k) . (17)

The isometries Jω can be directly identified with the Lorentz transformations acting in
momentum space in an RDK. The other isometries (translations, Ta) can be used to define
the composition law of momenta (⊕) of the RDK. One has two simple ways to define a
composition law from a translation,

either p⊕ q = Tp(q) , or q⊕ p = Tp(q) . (18)

The two options in Equation (18) correspond to two different composition laws which
are related by the exchange of the two momenta. This ambiguity in the definition of a
composition law from a translation can be related with the fact (seen in Section 2) that
there are two representations of Lorentz transformations for a given composition law, as
we will see at the end of Section 3.1. We will remove this ambiguity by taking the first of
the two options.

The isometries can be obtained from the inverse of the momentum space metric, gµν,
using the set of equations

gµν(Ta(k)) =
∂Tµ(a, k)

∂kρ

∂Tν(a, k)
∂kσ

gρσ(k), gµν(Jω(k)) =
∂Jµ(ω, k)

∂kρ

∂Jν(ω, k)
∂kσ

gρσ(k),

(19)
that have to be satisfied for any choice of the parameters a, ω.

Taking the limit k→ 0 in the set of Equation (19), we get

gµν(a) =

[
lim
k→0

∂Tµ(a, k)
∂kρ

] [
lim
k→0

∂Tν(a, k)
∂kσ

]
ηρσ, ηµν =

[
lim
k→0

∂Jµ(ω, k)
∂kρ

] [
lim
k→0

∂Jν(ω, k)
∂kσ

]
ηρσ, (20)

where we considered a system of coordinates such that gµν(0) = ηµν. Now, we can make
the identifications

lim
k→0

∂Tµ(a, k)
∂kρ

= eρ
µ(a), lim

k→0

∂Jµ(ω, k)
∂kρ

= Lρ
µ(ω), (21)

where eρ
µ(k) is the (inverse of the) tetrad in momentum space, and Lρ

µ(ω) is the standard
(4× 4) matrix representing the Lorentz transformations with parameters ω.

With the option
p⊕ q ≡ Tp(q), (22)

we obtain from Equation (21):

eρ
µ(a) = lim

k→0

∂(a⊕ k)µ

∂kρ
, (23)

which is a fundamental relationship between (a limit of the derivative of) the composition
law and the tetrad in momentum space.

Considering infinitesimal transformations

Tµ(ε, k) = kµ + εαT α
µ (k), Jµ(ε, k) = kµ + εβγJ

βγ
µ (k), (24)
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where

T α
µ (k) = lim

ε→0

∂Tµ(ε, k)
∂εα

= lim
l→0

∂(l ⊕ k)µ

∂lα
, (25)

we can use Equation (19) to get

∂gµν(k)
∂kρ

T α
ρ (k) =

∂T α
µ (k)
∂kρ

gρν(k) +
∂T α

ν (k)
∂kρ

gµρ(k), (26)

∂gµν(k)
∂kρ

J βγ
ρ (k) =

∂J βγ
µ (k)
∂kρ

gρν(k) +
∂J βγ

ν (k)
∂kρ

gµρ(k), (27)

which is a system of equations for the Killing vectors T α, J βγ.
Note that if T α, J βγ are a solution of the Killing Equations (26)–(27), then T ′α =

T α + cα
βγJ βγ is also a solution of Equation (26) for any choice of constants cα

βγ, and one has
T′µ(ε, 0) = Tµ(ε, 0) = εµ. Then, there is an ambiguity in the identification of translations,
and also in the deformed composition law.

It is convenient to introduce coordinates xµ, canonically conjugated to the momenta,
{kµ, xν} = δν

µ, which are, as in SR, the generators of transformations with parameter aµ in
momentum space, pµ → pµ + aµ. Writing the generators of isometries as

Tα = xµT α
µ (k), Jαβ = xµJ αβ

µ (k), (28)

we have

{Tα, Tβ} = xρ

(
∂T α

ρ (k)
∂kσ

T β
σ (k)−

∂T β
ρ (k)
∂kσ

T α
σ (k)

)
,

{Tα, Jβγ} = xρ

(
∂T α

ρ (k)
∂kσ

J βγ
σ (k)−

∂J βγ
ρ (k)
∂kσ

T α
σ (k)

)
. (29)

Note that the introduction of the coordinates xµ are, at this point, merely a mathemati-
cal tool that helps one to write the commutators of the generators of isometries in terms of
Poisson brackets, as in Equation (29). We could equally have written

Tα = T α
µ (k)

∂

∂kµ
, Jαβ = J αβ

µ (k)
∂

∂kµ
. (30)

One can check that both definitions, Equations (28) and (30), are invariant under a mo-
mentum change of coordinates when the xµ are, as they were introduced above, canonical
variables of the momenta. However, the previous notation will turn out to be useful to
compare the geometric and the locality approaches to a relativistic deformed kinematics,
since the discussion on the locality of interactions in Section 4 will take as a starting point
an action written in terms of momenta and their canonically conjugated variables.

The generators Tα, Jβγ must close a Lie algebra due to the fact that the isometries
are a Lie group of transformations. As we can see from the algebraic perspective, the
above mentioned ambiguity in the identification of translations is just the ambiguity in
the choice of basis of Tα in the Lie algebra. Different choices of generators of translations
Tα will lead to different deformed composition laws, and then to different relativistic
deformed kinematics.

Note that Equation (28) leads to a transformation of the coordinates xµ which turns
out to depend on the momentum k. However, as we will show later, the loss of locality of
the interaction in these coordinates will leads us to indentify a different set of (physical)
space-time coordinates.
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3.1. Construction of a Relativistic Kinematics at the Two-Particle Level

The construction of an RDK from the momentum space geometry given at the one-
particle level has to be completed at the two-particle level. We are going to show now that
the previous proposal is compatible with the relativity principle if one defines properly the
Lorentz transformation in the two-particle system. The sketch of the proof is represented
in the following diagram:

q q̄

Tp(q) [Tp(q)]′ = Tp′(q̄)

Tp Tp′

Jω

where Jω, Tp, Tp′ are different isometries, and p′ = Jω(p). The point q̄ is defined from
the condition

Jω(Tp(q)) = Tp′(q̄). (31)

When q = 0, one has q̄ = 0, and when p = 0, q̄ = q′. The case q 6= 0, p 6= 0 leads to a
point q̄ which is obtained from q by a composition of three isometries (the translation Tp, a
Lorentz transformation Jω, and the inverse of the translation Tp′ ); therefore, it is obtained
from the original point q by applying an isometry. This means that q and q̄ are at the same
distance from the origin and, if one defines C(k) as the square of the distance from the
origin to the point k, then

C(q) = C(q̄). (32)

Since the isometry q → q̄ has the property of leaving the origin invariant, we can
identify the momenta (p′, q̄) as the Lorentz transformed momenta of (p, q), and then
Equations (31) and (32) tell us that the deformed kinematics defined by C and ⊕ is a rela-
tivistic deformed kinematics. Indeed, Equation (31) implies the invariance of a conservation
law for the total momentum of the two-particle system, that is identified as

P = Tp(q), (33)

and Equation (32), together with C(p) = C(p′), shows that the dispersion relation of the
particles is also Lorentz invariant.

The definition of q̄ in Equation (31) also implies that the Lorentz transformation of
two momenta depends on both momenta in a nontrivial way, which is determined by a
composition of isometries (translations and the Lorentz transformation of one momentum).
In fact the solution of Equation (31) for q̄ as a function of ω, p and q, when we consider
infinitesimal parameters ω = ε,

q̄µ = qµ + εαβJ
αβ

µ (p, q) +O(ε2) , (34)

allows one to determine the functions J αβ
µ (p, q) which give the representation of the

Lorentz transformations in the two-particle system for an RDK.
Note that from the identification of the composition law as in Equation (22) and the

relation between translations and total momentum Equation (33), we see that the Lorentz
transformation in the two-particle system defined above corresponds to the representa-
tion (4) and not to the representation (12). However, one could have considered an alternate
metric ĝ, with translations T̂ such that T̂q(p) = Tp(q). Since T̂ and T are related by an ex-
change of the two momenta p and q, the ambiguity of taking p⊕ q = Tp(q) or p⊕ q = T̂p(q)
as a way of associating a translation with a given composition law is equivalent to the
ambiguity we had in Equation (18) in associating a composition law to a translation. We
can again remove this ambiguity by taking the first option, p⊕ q = Tp(q) = T̂q(p). How-
ever, then, one can use the isometries Ĵ of ĝ that leave the origin invariant to define the
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one-particle Lorentz transformations, and the two-particle Lorentz transformations would
be given by the analogous diagram considered above but with T̂q(p) and Ĵω while the
total momentum would still be p⊕ q. The Lorentz transformation of the two momenta,
(p, q) → ( p̄, q′), would then be given by the second representation of the Lorentz group
considered in Section 2, Equation (12).

3.2. Isotropic Relativistic Deformed Kinematics: The κ-Poincaré Example

In this subsection, we explain how different representations in the algebra of trans-
lations (different choices of bases) lead to different kinematics (different composition
laws). The general form of the algebra of translations in the case of an isotropic relativistic
deformed kinematics contains two parameters:

{T0, Ti} =
c1

Λ
Ti +

c2

Λ2 J0i, {Ti, T j} =
c2

Λ2 Jij, (35)

where we assume that the generators of isometries leaving the origin invariant Jαβ have
been chosen to satisfy the standard Lorentz algebra (the Poisson brackets of Tα and Jβγ are
then fixed by Jacobi identities). For each choice of this algebra (i.e., for each choice of (c1/Λ)
and (c2/Λ2)) and for each choice of an isotropic metric, one has to find the isometries of
the metric in which the generators satisfy the chosen algebra. These isometries define an
isotropic relativistic deformed kinematics.

As it was explained in [21], the choice c1 = 0 leads to the Snyder kinematics [27]
while, when none of the c1, c2 parameters are null, one obtains the kinematics of the hybrid
models [28]. As we now show, the derivation of an RDK from the momentum space
geometry is particularly simple if the corresponding composition law is associative; in this
case, translations form a subgroup within the group of isometries, so that c2 = 0 and then

{T0, Ti} =
1
Λ

Ti, (36)

where we reabsorbed the coefficient c1 into a redefinition of the scale Λ. The choice of
a positive coefficient is due to the fact that we want to make the correspondence with
κ-Poincaré kinematics explicit, as we will see.

Together with the translations k→ Ta(k) = (a⊕ k), one can consider the transforma-
tions with generators T̄α defined from the tetrad in momentum space by

T̄α = xµeα
µ(k). (37)

For the infinitesimal transformation with parameter ε, one has

k′µ = kµ + εα{kµ, T̄α} = kµ + εαeα
µ(k) = kµ + εα lim

q→0

∂(k⊕ q)µ

∂qα
= (k⊕ ε)µ (38)

The finite transformation T̄a with generators T̄α is then

T̄a(k) = k⊕ a . (39)

A result of differential geometry [29] is that, when the generators of translations Tα

satisfy the Lie algebra (36), then the T̄α are also the generators of a Lie algebra,

{T̄0, T̄i} = − 1
Λ

T̄i, (40)

which is the Lie algebra of the generators of translations up to a sign. Both algebras (36) and
(40) are simply the algebra for the coordinates of κ-Minkowski space-time. Then, in order to
determine a tetrad eα

µ(k) compatible with the algebra (40), we have to find a representation
of κ-Minkowski space-time coordinates in terms of canonical phase space coordinates.
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A particularly simple choice (that, as we will see, corresponds to the so-called bicrossprod-
uct basis of κ-Poincaré algebra) is

e0
0(k) = 1, e0

i (k) = ei
0(k) = 0, ei

j(k) = δi
je
−k0/Λ. (41)

In order to obtain the finite translations Tµ(a, k) (with generators satisfying Equation (36)),
one can try to generalize the first equation in Equation (21) to define a transformation that
does not change the form of the tetrad:

eα
µ(T(a, k)) =

∂Tµ(a, k)
∂kν

eα
ν(k). (42)

Then, if Tµ(a, k) is a solution to this equation, it will be an isometry (since it leaves
the tetrad invariant and then the metric) and translations will form a group because the
composition of two transformations leaving the tetrad invariant has the same property. It is
easy to see that Equation (42) can be solved, allowing us to determine the finite translations:

T0(a, k) = a0 + k0, Ti(a, k) = ai + kie−a0/Λ, (43)

leading to the composition law of momenta

(p⊕ q)0 = T0(p, q) = p0 + q0, (p⊕ q)i = Ti(p, q) = pi + qie−p0/Λ, (44)

which is just the DCL of κ-Poincaré kinematics in the bicrossproduct basis.
The dispersion relation can be obtained by asking the function C(k) to be invariant

under Lorentz transformations:

∂C(k)
∂kµ

J αβ
µ (k) = 0, (45)

where J αβ
µ are the Killing vectors satisfying Equation (27) with the metric gµν(k) =

eα
µ(k)ηαβeβ

ν (k) defined by the tetrad (41):

0 =
J αβ

0 (k)
∂k0

, 0 = −
J αβ

0 (k)
∂ki

e−2k0/Λ +
J αβ

i (k)
∂k0

, +
2
Λ
J αβ

0 (k)δij = −
∂J αβ

i (k)
∂k j

−
∂J αβ

j (k)

∂ki
. (46)

The solution for J αβ
µ (k) is

J 0i
0 (k) = −ki, J 0i

j (k) = δi
j

Λ
2

[
e−2k0/Λ − 1−

~k2

Λ2

]
+

kik j

Λ
, (47)

and then
C(k) = Λ2

(
ek0/Λ + e−k0/Λ − 2

)
− ek0/Λ~k2 , (48)

which is the same dispersion relation appearing in κ-Poincaré kinematics in the bicrossprod-
uct basis.

The last ingredient we need in order to define the kinematics is the Lorentz transfor-
mation for two momenta. Since the first momentum transformation does not depend on
the other, from Equation (5), it is easy to determine q̄ by equating the terms linear in εαβ on
both sides of this equation. One finds

εαβJ
αβ

µ (p⊕ q) = εαβ
∂(p⊕ q)µ

∂pν
J αβ

ν (p) +
∂(p⊕ q)µ

∂qν
(q̄ν − qν). (49)

From the composition law (44) with the minus sign in the exponent, we have
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∂(p⊕ q)0

∂p0
= 1,

∂(p⊕ q)0

∂pi
= 0,

∂(p⊕ q)i
∂p0

= − qi
Λ

e−p0/Λ,
∂(p⊕ q)i

∂pj
= δ

j
i , (50)

∂(p⊕ q)0

∂q0
= 1,

∂(p⊕ q)0

∂qi
= 0,

∂(p⊕ q)i
∂q0

= 0,
∂(p⊕ q)i

∂qj
= δ

j
i e
−p0/Λ. (51)

Then we find

q̄0 = q0 + εαβ

[
J αβ

0 (p⊕ q)−J αβ
0 (p)

]
,

q̄i = qi + εαβ ep0/Λ
[
J αβ

i (p⊕ q)−J αβ
i (p) +

qi
Λ

e−p0/ΛJ αβ
0 (p)

]
, (52)

and one can check that this is the same Lorentz transformation of two momenta (p, q)→
(p′, q̄) obtained from the coproduct of the Lorentz generators of κ-Poincaré Hopf algebra in
the bicrossproduct basis.

We have seen then that κ-Poincaré kinematics in the bicrossproduct basis is precisely
the deformed kinematics obtained from a de Sitter momentum space when one uses
coordinates such that the tetrad takes the form in (41) and one defines the translations as
the isometries that leave the tetrad invariant. Different choices of tetrad, corresponding
to different representations of κ-Minkowski space-time coordinates in terms of canonical
phase-space variables, will lead to κ-Poincaré kinematics in different bases, that is, they
will correspond to different choices of coordinates in momentum space of the deformed
kinematics defined by the algebra (36).

We can also check that the momentum metric derived from tetrad (41) is

g00(k) = 1, g0i(k) = gi0(k) = 0, gij(k) = −δije−2k0/Λ, (53)

which is the metric in the comoving coordinates system of a de Sitter space [30] with
curvature (12/Λ2).

With all this, we can see that, for the case of an associative composition law, the
geometric interpretation of the deformed kinematics allows us to obtain the same results
as those corresponding to the κ-Poincaré Hopf algebra in the bicrossproduct basis [26].

4. Generalized Space-Time and Locality of Interactions with an RDK

We now review the relationship between a deformed kinematics and the property
of locality of interactions. We start by considering the relative locality action proposed
in [18]. The classical action we show here depicts the free propagation of two particles,
described by the deformed dispersion relation; its interaction, controlled by the deformed
composition law; and the free propagation after the collision, again characterized by the
dispersion relation:

S(2) =
∫ 0

−∞
dτ ∑

i=1,2

[
xµ

−(i)(τ) ṗ−(i)µ (τ) + N−(i)(τ)
[
C(p−(i)(τ))−m2

−(i)

]]
+
∫ ∞

0
dτ ∑

j=1,2

[
xµ

+(j)(τ) ṗ+(j)
µ (τ) + N+(j)(τ)

[
C(p+(j)(τ))−m2

+(j)

]]
+ ξµ

[
P+

µ (0)−P−µ (0)
]
, (54)

where ȧ .
= (da/dτ) is a derivative of the variable a with respect to the parameter τ along the

trajectory of the particle, x−(i) (x+(j)) is the space-time coordinates of the in-state (out-state)
particles, p−(i) (p+(j)) is their four-momenta, m−(i) (m+(j)) is their masses, P− (P+) is the
total four-momentum of the in-state (out-state) defining the DCL, C(k) is the function of a
four-momentum k defining the DDR, ξµ is Lagrange multipliers that implement the energy-
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momentum conservation in the interaction, and N−(i) (N+(j)) is Lagrange multipliers
implementing the dispersion relation of in-state (out-state) particles.

Applying the variational principle to the action (54), one finds that all the momenta are
independent of τ and obtains the end (starting) space-time coordinates of the trajectories
of the in-state (out-state) particles

xµ

−(i)(0) = ξν ∂P−ν
∂p−(i)µ

, xµ

+(j)(0) = ξν ∂P+
ν

∂p+(j)
µ

. (55)

In the case where the composition law is not deformed, i.e., the SR limit, one has
xµ

−(i)(0) = xµ

+(j)(0) = ξµ, so that the worldlines of the four particles cross at the same
space-time point with coordinates ξµ, leading to local interactions. Considering a deformed
composition law leads then to the loss the locality of interactions.

4.1. Generalized Space-Time Coordinates

We now wonder whether there are new space-time coordinates in which interactions
are local [23]. Considering the coordinates of the two particles, either in the in-state or
out-state, and then omitting the index −,+, let us define new space-time coordinates

x̃α
(1) = xµ

(1)ϕα
µ(p(1)) + xµ

(2)ϕ
(2)α
(1)µ(p(2)), x̃α

(2) = xµ

(2)ϕα
µ(p(2)) + xµ

(1)ϕ
(1)α
(2)µ(p(1)), (56)

and ask that they satisfy x̃α
(1)(0) = x̃α

(2)(0), having then local interactions in the generalized

space-time with coordinates x̃α. We assume that ϕ
(2)α
(1)µ(0) = ϕ

(1)α
(2)µ(0) = 0 so that the system

of two particles reduces, when one of the two momenta is zero, to one particle with new
space-time coordinates x̃α = xµ ϕα

µ(k). One also assumes that ϕα
µ(0) = δα

µ so that the new
space-time coordinates coincide with the coordinates x in the limit k→ 0.

When the total momentum of the two-particle system is

Pµ = (p(1) ⊕ p(2))µ, (57)

the conditions of having local interactions (crossing of in- and out-state worldlines in a
point) require that the functions ϕα

µ(k), ϕ
(2)α
(1)µ(k) and ϕ

(1)α
(2)µ(k) satisfy the set of equations

∂(p(1) ⊕ p(2))µ

∂p(1)ν

ϕα
ν(p(1)) +

∂(p(1) ⊕ p(2))µ

∂p(2)ν

ϕ
(2)α
(1)ν(p(2)) =

∂(p(1) ⊕ p(2))µ

∂p(2)ν

ϕα
ν(p(2)) +

∂(p(1) ⊕ p(2))µ

∂p(1)ν

ϕ
(1)α
(2)ν(p(1)).

(58)

Additionally, due to the new conservation law

(p−(1) ⊕ p−(2))µ = (p+(1) ⊕ p+(2))µ, (59)

the crossing of the worldlines of the four particles at a point requires the left-hand side and
the right-hand side of Equation (58) to depend on the two four-momenta only through the
combination (p(1) ⊕ p(2)). Using the conditions ϕ

(2)α
(1)µ(0) = ϕ

(1)α
(2)µ(0) = 0, one concludes

that, in fact, both sides of Equation (58) should be equal to ϕα
µ(p(1) ⊕ p(2)) [23].

Taking the limit p(1) → 0 or p(2) → 0 in the locality Equation (58), one has

ϕ
(2)α
(1)µ(p(2)) = ϕα

µ(p(2))− lim
k→0

∂(k⊕ p(2))µ

∂kα
, ϕ

(1)α
(2)µ(p(1)) = ϕα

µ(p(1))− lim
k→0

∂(p(1) ⊕ k)µ

∂kα
. (60)
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Plugging these functions ϕ
(2)
(1), ϕ

(1)
(2) into Equation (58), one finds

∂(p(1) ⊕ p(2))µ

∂p(2)ν

lim
k→0

∂(k⊕ p(2))ν

∂kα
=

∂(p(1) ⊕ p(2))µ

∂p(1)ν

lim
k→0

∂(p(1) ⊕ k)ν

∂kα
=

∂(p(1) ⊕ p(2))µ

∂p(1)ν

ϕα
ν(p(1)) +

∂(p(1) ⊕ p(2))µ

∂p(2)ν

ϕα
ν(p(2))− ϕα

µ(p(1) ⊕ p(2)) . (61)

The first equality is a set of equations that a composition law must satisfy in order
to be able to implement locality, while the second one establishes a relation between the
composition law and the functions ϕα

µ that define the new space-time coordinates in the
one-particle system.

Considering the identities

∂(p(1) ⊕ p(2))µ

∂p(2)ν

lim
k→0

∂(k⊕ p(2))ν

∂kα
= lim

k→0

∂(p(1) ⊕ (k⊕ p(2)))µ

∂(k⊕ p(2))ν

∂(k⊕ p(2))ν

∂kα
= lim

k→0

∂(p(1) ⊕ (k⊕ p(2)))µ

∂kα
, (62)

∂(p(1) ⊕ p(2))µ

∂p(1)ν

lim
k→0

∂(p(1) ⊕ k)ν

∂kα
= lim

k→0

∂((p(1) ⊕ k)⊕ p(2))µ

∂(p(1) ⊕ k)ν

∂(p(1) ⊕ k)ν

∂kα
= lim

k→0

∂((p(1) ⊕ k)⊕ p(2))µ

∂kα
,

the first equality in (61) leads to

lim
k→0

∂(p(1) ⊕ (k⊕ p(2)))µ

∂kα
= lim

k→0

∂((p(1) ⊕ k)⊕ p(2))µ

∂kα
, (63)

which implies
(p(1) ⊕ ε)⊕ p(2) = p(1) ⊕ (ε⊕ p(2)), (64)

where ε is an infinitesimal momentum.
Equation (61) does not allow us to completely determine the function ϕα

µ(p) from the

composition law of momenta. To do so, we can add the condition that ϕ
(2)α
(1)µ(p(2)) = 0 in

Equation (56) so that the generalized space-time coordinates of particle (1) are simply

x̃α
(1) = xµ

(1)ϕ
µ
α(p(1)) . (65)

Then, Equation (60) gives

ϕα
µ(p(2)) = lim

k→0

∂(k⊕ p(2))µ

∂kα
, (66)

and then

∂(p(1) ⊕ p(2))µ

∂p(1)ν

ϕα
ν(p(1)) =

∂(p(1) ⊕ p(2))µ

∂p(1)ν

lim
k→0

∂(k⊕ p(1))ν

∂kα
= lim

k→0

[
∂((k⊕ p(1))⊕ p(2))µ

∂(k⊕ p(1))ν

∂(k⊕ p(1))ν

∂kα

]

= lim
k→0

∂((k⊕ p(1))⊕ p(2))µ

∂kα
,

∂(p(1) ⊕ p(2))µ

∂p(2)ν

ϕα
ν(p(2)) =

∂(p(1) ⊕ p(2))µ

∂p(2)ν

lim
k→0

∂(k⊕ p(2))ν

∂kα
= lim

k→0

[
∂(p(1) ⊕ (k⊕ p(2))µ

∂(k⊕ p(2))ν

∂(k⊕ p(2))ν

∂kα

]

= lim
k→0

∂(p(1) ⊕ (k⊕ p(2))µ

∂kα
,

(67)

ϕα
µ(p(1) ⊕ p(2)) = lim

k→0

k⊕ ∂((p(1) ⊕ p(2)))µ

∂kα
. (68)
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In this way, the relations of compatibility with locality, Equation (61), can be written as

lim
k→0

∂(p(1) ⊕ (k⊕ p(2)))µ

∂kα
= lim

k→0

∂((p(1) ⊕ k)⊕ p(2))µ

∂kα
=

lim
k→0

∂((k⊕ p(1))⊕ p(2))µ

∂kα
+ lim

k→0

∂(p(1) ⊕ (k⊕ p(2)))µ

∂kα
− lim

k→0

∂(k⊕ (p(1) ⊕ p(2)))µ

∂kα
.

(69)

This shows that any associative composition law is compatible with locality.
If we make the alternative choice ϕ

(1)α
(2)µ(p(1)) = 0 in Equation (60), we get

ϕα
µ(p(1)) = lim

k→0

∂(p(1) ⊕ k)µ

∂kα
. (70)

The arguments leading to the conclusion that, using Equation (66), any associative
composition law is compatible with locality can be repeated if one uses Equation (70).

To summarize, the implementation of locality has led us to identify two possible
choices for the generalized space-time coordinates of one particle:

x̃α = xµ lim
l→0

∂(l ⊕ k)µ

∂lα
, or x̃α = xµ lim

l→0

∂(k⊕ l)µ

∂lα
. (71)

This generalized space-time coordinates can be used as generators of infinitesimal
transformations in momentum space:

δkµ = εα{kµ, x̃α} = (ε⊕ k)µ − kµ, or δkµ = εα{kµ, x̃α} = (k⊕ ε)µ − kµ. (72)

If the composition law is associative, the generalized space-time coordinates are the
generators of a group of finite transformations (with parameters a) in momentum space:

k′µ = (a⊕ k), or k′µ = (k⊕ a). (73)

Then, we see that the two choices of generalized space-time coordinates implementing
locality are in one to one correspondence with the two choices to define a composition law
of momenta from a translation in momentum space in the geometric framework.

4.2. Propagation of a Massless Particle in Space-Time

One can try to complement the identification of the generalized space-time by con-
sidering, together with the locality of interactions, the propagation of a massless particle.
In the case of SR, an energy-independent velocity of propagation of a massless particle
is a crucial property of the notion of space-time. This leads to the consideration of what
happens when one considers the propagation of a particle in the generalized space-time
defined by the locality of interactions.

The model for the propagation of a massless particle can be obtained from Equation (54)
by considering one particle instead of two particles. Then, one has

S(1) =
∫ 0

−∞
dτ
[

xµ
−(τ) ṗ−µ (τ) + N(τ)C(p−(τ))

]
+
∫ ∞

0
dτ
[

xµ
+(τ) ṗ+µ (τ) + N(τ)C(p+(τ))

]
+ ξµ

[
p+µ (0)− p−µ (0)

]
. (74)

One has in this case
xµ
−(0) = ξµ = xµ

+(0) (75)
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Then, one can introduce

xµ(τ) = xµ
−(τ) for τ < 0 xµ(τ) = xµ

+(τ) for τ > 0,

pµ(τ) = pµ
−(τ) for τ < 0 pµ(τ) = pµ

+(τ) for τ > 0, (76)

and the action in (74) can be written in a simplified form:

S0 =
∫ ∞

−∞
dτ
[
xµ(τ) ṗµ(τ) + N(τ)C(p(τ)

]
. (77)

Applying the variational principle to the action (77), one has

ṗµ = 0, ẋµ = N
∂C(p)

∂pµ
, C(p) = 0, (78)

and using the generalized space-time coordinates x̃α, one finds

˙̃xαηαβ ˙̃xβ = N2
[

∂C(p)
∂pµ

ϕα
µ(p)ηαβ ϕ

β
ν (p)

∂C(p)
∂pν

]
, (79)

a result derived from a geometrical point of view in Reference [31].
The generalized space-time coordinates x̃α = xµ ϕα

µ(p) (and then the expression in (79))
are invariant under a canonical change of phase space variables corresponding to a non-
linear change in momentum variables. Instead of using the dispersion relation (48) and
composition law (44) of κ-Poincaré in the bicrossproduct basis, it is easier to use a basis
where the deformation of the composition law is proportional to (1/Λ)

(p⊕ q)µ = pµ +
(

1− p0

Λ

)
qµ, C(p) =

p2
0 − ~p2

1− p0
Λ

. (80)

This is the basis found directly from the locality relations [21]. The derivatives (∂C/∂p)
when C = 0 are

∂C
∂p0

=
2p0

1− p0
Λ

,
∂C
∂pi

= − 2pi

1− p0
Λ

. (81)

For the first choice of space-time coordinates in Equation (71), one has

ϕα
µ(p) = lim

l→0

∂(l ⊕ p)µ

∂lα
, (82)

and using the composition law in (80), one has

ϕ0
0 = 1− p0

Λ
, ϕi

0 = 0, ϕ0
i = − pi

Λ
, ϕ

j
i = δ

j
i . (83)

Equation (79) gives in this case

˙̃xαηαβ ˙̃xβ = 0 (84)

and the velocity of propagation in the generalized space-time is energy independent.
For the second choice of space-time coordinates, one has

ϕα
µ(p) = lim

l→0

∂(p⊕ l)µ

∂lα
, (85)

and using again the composition law in (80), one has in this case

ϕ0
0 = 1− p0

Λ
, ϕi

0 = 0, ϕ0
i = 0, ϕ

j
i = δ

j
i

(
1− p0

Λ

)
. (86)
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The velocity of propagation in this second choice of space-time coordinates turns out
to be also energy independent.

We see then that this characteristic fact of SR is also a property of the two simple
choices of generalized space-time obtained from the locality of interactions.

5. Complementarity of the Algebraic, Geometric, and Locality Perspectives

In this section, we explore further the connection between the geometric approach
and the algebraic and locality perspectives.

In the locality perspective, we showed that, with the canonical phase-space coordinates
of a particle (x, k), one can identify generalized space-time coordinates x̃α = xµ ϕα

µ(k), for
which interactions defined by an associative DCL (⊕) of momenta become local. There
are two alternative choices ((66) and (70)) for the functions ϕ defining the generalized
space-time coordinates:

ϕα
µ(k) = lim

`→0

∂(`⊕ k)µ

∂`α
, ϕα

µ(k) = lim
`→0

∂(k⊕ `)µ

∂`α
. (87)

From a geometric perspective, the DCL (⊕) can be used to define two alternatives for
translations with parameters a in a curved momentum space with coordinates k:

Ta(k) = (a⊕ k), Ta(k) = (k⊕ a). (88)

The isometries (leaving one point in momentum space invariant) of the metric con-
structed from a tetrad invariant under the translation defined by the DCL can be identified
with the (nonlinear) Lorentz transformations of the momentum k. These transformations
together with the energy–momentum relation defined from the squared distance between
the origin and a point with coordinates k in momentum space and the nonlinear energy–
momentum conservation law associated with the DCL define an RDK.

The translations defined as the first and the second cases in Equation (88) have,
respectively, the infinitesimal generators

Tα = xµ lim
l→0

∂(l ⊕ k)µ

∂lα
, T̄α = xµ lim

l→0

∂(k⊕ l)µ

∂lα
. (89)

Compared with Equation (87), we see that the two alternatives to introducing general-
ized space-time coordinates correspond, from the geometric perspective, to taking them as
the generators of the two alternatives for translations that can be associated with a given
composition law.

One can alternatively start from a tetrad in a maximally symmetric curved momentum
space and identify the translation Ta(k) that leaves it invariant. With this translation, one
has two alternatives to define an associative DCL:

(a⊕ k) = Ta(k), (k⊕ a) = Ta(k), (90)

which together with the isometries (leaving the origin invariant) identified as nonlinear
Lorentz transformations and the energy–momentum relation defined from the squared
distance between the origin and a point with coordinates k in momentum space define an
RDK. Taking the first option by convention, as we explained after Equation (18), the Tα

and T̄α in Equation (89) are then seen, respectively, as the generators of translations and of
another set of transformations obtained from the (inverse of the) tetrad in momentum space:

Tα = xµT α
µ (k) , T̄α = xµeα

µ(k). (91)

From this point of view, the two alternatives for the generalized space-time coordi-
nates correspond either to the generators of translations in momentum space or to linear
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combinations of the canonical space-time coordinates with the (inverse of the) tetrad in
momentum space as coefficients.

The two perspectives, the one based on the locality of interactions and the one based
on the geometry of a curved momentum space, provide then two complementary interpre-
tations of the possibility to go beyond special relativity, introducing a new energy scale
while maintaining the relativity principle.

We worked out explicitly the relationship between an RDK, and the geometric and the
locality approaches in the case of an associative composition law, since, as we have seen,
for any associative composition law, it is possible to define space-time coordinates in which
the interaction between two particles is local. The relativistic deformed kinematics that
is derived in this case is κ-Poincaré kinematics, which stands then as the only kinematics
derived from the geometric approach that is compatible with locality.

There is a still a third perspective, based on the implementation of symmetries in a
noncommutative space-time (Hopf algebras). In the case of κ-Poincaré, the space-time
coordinates together with the Lorentz generators close the Lie algebra [20]:

{x0, xi} =
1
Λ

xi, {x0, J0i} = xi +
1
Λ

J0i, {xj, J0i} = δi
jx

0 +
1
Λ

J ji. (92)

In fact, this is the algebra of the generators of isometries in the geometric approach if
one identifies the generators of translations with the space-time coordinates in the algebraic
approach. The Lorentz transformations of the one- and two-particle systems in the algebraic
approach are defined by the (κ-)deformation of the Poincaré algebra and the coproduct
of the Lorentz generators. It has been shown [21,23] that they coincide with the Lorentz
transformations derived in the geometric approach. We see in this way that this third
algebraic perspective is compatible with perspectives based on the geometry of a curved
moment space or on the locality of interactions.

In summary, the main result of this work is the identification of a relation between
the geometry of a curved momentum space, the loss of absolute locality, and a relativistic
deformed kinematics, through the identification of a common ingredient: a deformed
composition law of momenta. While the physical consequences of this result are an
open question, the relationship between elements that are usually considered in different
approaches to quantum gravity is intriguing and this work may be seen as a first step for
future work in this direction.
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