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1. Introduction

This article presents sufficient conditions for the convergence of general iterative schemes of

type
Tpr1 = Ty, (1.1)

where z;, € X, X is a metric space and 7}, : X — X for all £ > 1. This problem can be
approached in the framework of non-autonomous discrete dynamical systems. There is an exten-
sive literature concerning the theory of autonomous dynamical systems, that is to say, iterations
of type

Tyl = T.’L’k,

where 7' is a self-map, 7' : X — X. This model is very general, and it fits a great number of
numerical algorithms to solve major problems of the applied mathematics (e.g. Newton-Raphson
and fixed point methods for solving nonlinear equations). However, in a rapidly (almost volatile)
world, it is unlikely that the parameters of any model remain constant over time. For instance,
concerning the ubiquitous growth models (linear and nonlinear) it is very improbable that the
growth rates be fixed for long periods of time. For a better understanding of the real-world, it is
essential to introduce the temporal variable in the scheme.
In previous papers, the author and team have proposed new fractal functions that arise as fixed
points of operators of type

T :C*(I) = C*(I),

where C*(I) represents a space of functions on a real interval /, and 7* is a contraction (see for

instance [1], [14], [15]). The function defined is a limit point of the scheme

gk+1 = T (gk)a

and g € C*(I). The natural extension of this model is to consider a step (or time) dependent
map 7%, and this has been the main motivation for this paper.
Regarding the system (1.1), there are in the literature classical results of convergence when the

cardinal of the collection (7}%) is finite either the underlying space X is compact. In general these



outcomes involve only backward orbits (see for instance [6], [10], [19] among others) that is to
say, sequences of type:
{ThoTyo...0T(x)},

but these trajectories are not natural in the context of numerical (and non-numerical) algorithms.

In the present paper, some hypotheses for the convergence of forward orbits
{Tk @) Tk—l 0...0 T1<$)}

are provided. We consider an infinite sequence of contractions and less restrictive assumptions
on the metric space X.

Another major innovation of this paper is the definition of a new equilibrium point that general-
izes the classical fixed points, called in this article quasi-fixed points.

In Section 1 we give the first definitions and characterizations of the quasi-fixed points, along
with sufficient conditions for their existence. Section 2 reminds the forward invariant sets of a
discrete dynamical system. Since the orbits of a non-autonomous model may not be invariant,
some generalizations of the orbits are given, referred to as extended orbits and invariant super-
sets, in order to insure the permanence of the flow. Section 4 proposes some results concerning
the stability of quasi-fixed points when (7}) is a sequence of contractions with different fixed
points.

Section 5 presents a code space composed of words of infinite length, whose characters are nat-
ural numbers. This is inspired by the ideas of the book of G. Edgar [4] on string spaces, and the
reference [8]. Section 6 is focused on the convergence of the forward orbits of (1.1), and Section
7 provides similar results for backward orbits on non-compact metric spaces, proving finally that

the set of quasi-fixed points is a fractal.

2. First definitions and results

Let us consider a metric space X with respect to a metric d and a sequence of self-maps

T, : X = X, n € N. A non-autonomous dynamical system is an iterative scheme of type

Try1 = ThTg, (2.2)



forallk €« Nand z; € X.
Let us denote
Tk - — Tk ¢) Tk,1 o... T1~ (23)

The following concepts are classical in autonomous and non-autonomous dynamical systems.
Definition 2.1. The orbit of x € X is the sequence y(x) := {T(x) }r>0, where 1y := Id.

Definition 2.2. An element v € X is a fixed point of the sequence (Ty)>1 if v(x) = {x}. That
is to say Ty(x) = x forall k > 1.

We propose a new equilibrium point for non-autonomous dynamical systems:

Definition 2.3. An element © € X is a quasi-fixed point of the sequence (T})x>1 (or a quasi-fixed

point of the system (1.1)) if limy,_,, 7(%) = 7.
Remark 2.1. The fixed points are quasi-fixed, but the converse is not true in general.

Example 1: Let us consider X = S!, where S is the unit circle, and the discrete system
Try1 = Trpxyp, where T}, is a rotation of angle 6, such that 220:1 0, = 2. There are no fixed

points but all the elements of the circle are quasi-fixed.

Definition 2.4. If y = limy_, . 7(z) the element y is the end-point of x.
Some elementary results regarding quasi-fixed points are the following.

Proposition 2.1. A quasi-fixed point is the end-point of itself.

Proposition 2.2. If x is a quasi-fixed point its orbit y(x) is a compact. The set {(d(x, 7.(x)) }x>1

is bounded and tends to zero as k tends to infinity.

Definition 2.5. An element T is asymptotically quasi-fixed if there exists a quasi-fixed point
T € X such that d(1,(Z), 7,(T)) tends to zero as n tends to infinity.

Definition 2.6. An element x € X is a quasi-periodic point if there exists m > 0 such that

Ti(x) = limy o0 Thmi(), fori = 1,2, ... m.



Definition 2.7. x € X is eventually quasi-periodic/quasi-fixed point if there exists p > 0 such
that 7,(x) is quasi-periodic/quasi-fixed.

In the following we give a characterization theorem for quasi-fixed points. We need the

following well known result about Lipschitz maps.

Proposition 2.3. The composition of Lipschitz maps is Lipschitz whose constant is the product

of the Lipschitz constants of the components.

Theorem 2.1. If X is complete and T,, are contractivities, then ¥ is a quasi-fixed point if and
only if X is the limit of the fixed points of the maps 1,, = T,, 0 T,,_1 ... 0 T}. As a consequence, if

a quasi-fixed point exists it is unique.

Proof. Let us consider the factors k,, of T},. The Lipschitz constants of 7,, are K,, := H?Zl k; <
Ky = ky < 1 forany n € N. Let (x,) be the sequence of fixed points of 7,,. Then if 7 is a

quasi-fixed point of the sequence (7},), as z,, = 7,(z,),
d(n, T) < d(n, 70(T)) + d(74(T), T),

(2, ) < Kpd(z, ) + d(1,(), 7). 2.4)

Since 7,,(Z) tends to 7, the limit of x,, is .

For the converse implication, if lim,, .., =, = T,

d(1a(7),7) < d(7,(T), Tn(0)) + d(20, T),

and
d(7.(2), Z) < (K + 1)d(2y, T), (2.5)

Henceforth 7 is a quasi-fixed point.

In general, from (2.4) and (2.5) one has
(1 - Kn>d<xna 5) < d(Tn(§>> ) (K + 1)d(xn7 )7
and the rate of convergence of the sequences (x,,) and (7, (7)) is similar. O
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Example 2: Let us consider X = R, and T}, (z) = (1 — %H) (1 —x), then 7,(z) = m@n +
1+ (4z —1)(—1)"). The fixed point of 7,, is z,, = i(%) Consequently, the only quasi-
fixed point is 1/2.

Let us prove the expression given for 7, (). Define

Yn(x) = (2n+ 1+ (dx — 1)(—=1)").

4(n+1)

By induction: for n = 1,

n(@) = Ti(w) = 51— ) = (o).

If it is true that 7;(z) = y,(x) then
kE+1 1

1 —
20T
1_)€k+3+ux—npﬂﬁ“
k+2 4 ’
and the last expression agrees with y; ., (z).

(2k + 1+ (4z — 1)(-1)"))

o1 () = Thpr (y(2)) = (

Try1(T) = (

Remark 2.2. Notice that the result of Theorem 2.1 is true if T,, are contractivities for n > p for
some p € N, taking the sequence of fixed points for n > p.

Corollary 2.1. If the sequence (T,,) owns a fixed point, this is the only quasi-fixed point.

Remark 2.3. If X is a complete normed linear space and T,, are linear and contractive, we have
the conditions of the previous corollary, the maps of the sequence share the fixed point zero

and consequently the quasi-fixed point is the null element.

The next theorem is due to Bonsall [2] and provides a sufficient condition for the existence

of quasi-fixed points. Other related results can be read in [7] and [13], for instance.

Theorem 2.2. Let X be a complete metric space and let ( f,,) be a sequence of contraction map-
pings with the same Lipschitz constant k < 1 such that the sequence (f,,) converges pointwisely

to f. Then for all n € N, f,, has a unique fixed point x,, and the sequence (x,) converges to the
fixed point 1 of f.



Theorem 2.3. Let X be a complete metric space and (T,,) be self-contractivities. If the sequence

(Tn) converges pointwisely then there is a unique quasi-fixed point.

Proof. Let us denote the Lipschitz constants of 7, as K, := [[°_, k,. This is a decreasing
sequence bounded by K; = k. According to Bonsall’s Theorem and Theorem 2.1 there exists a

unique quasi-fixed point, being the fixed point of the limit of (7,,). O

Example 3: Let us consider X = R?, and the discrete system x;,; = Tz, where T, = A\, Ay,
[T;-; \i = X < lasn tends to infinity, and Ay, is a rotation of angle 6 such that 6 := Y. | ), <
27. The sequence T,, converges uniformly to 7(x) = AA(z), where A is a rotation of angle 6.

The maps 7,, share the fixed point zero, and this is the only quasi-fixed point of the system.

In Section 6 some sufficient conditions for the convergence of (7,,) and the existence of quasi-

fixed points are given.

3. Invariant sets

Let us consider as before a metric space X and a sequence of self-maps (7,,),>1 The next
definition is due to Birkhoff.

Definition 3.1. An element y € X is a limit point of v € X if there is a sequence of natural
numbers (1;)y>1 such that n; — oo as j — oo and 7,,(x) — y. The limit set Q(x) (or w-limit)

is the set of limit points of x.

Definition 3.2. The w-limit set of H C X is the union of the limit points of the elements of H.
The next proposition is a consequence of the previous definitions.

Proposition 3.1. T is a quasi-fixed point if and only if () = {z}.

Definition 3.3. A set E C X is forward or positively invariant if T,,(E) C E, for any n € N.



Remark 3.1. For the sake of simplicity, the words forward or positively will be omitted along

the text.

Remark 3.2. Notice that in a non-autonomous discrete dynamical system, the orbits may not be

invariant because, for instance, T;(1,(x)) may not belong to ~(x).

Since the invariant sets of non-autonomous systems are difficult to identify, this section is

devoted to their characterization. For it we need some more definitions.

Let us consider the set of words of finite length with alphabet N:
Yi={a=(mna...ny) :n; € N,p € N},
and let us denote, for a given sequence of self-maps (7},):

Ty :="1T,,0T, o...oT,,.

Np_1

Definition 3.4. A finite itinerary of y € X is an element of type T,,(y) = T, 0T, _,0...

p—1

or To(y) := y. In the first case « is the address of T, (y).
Definition 3.5. The extended orbit J(y) of y € X is the set of finite itineraries of y.

Let us consider now the set of words of infinite length with alphabet N:

Y :={o=(mny...):n; € N}

(3.6)

(3.8)

Definition 3.6. An infinite itinerary of y with address o = (niny...n, . ..) is defined as T, (y) :=

limy, oo Ty, © 15, © ... 0 Ty, (y), if the limit exists.

p—1

Let us denote the set of infinite itineraries of y as

J(y) ={r € X :30 € ¥ suchthat = ="T,(y)}.
It is clear that J>(y) C J(y).
Proposition 3.2. If T is a quasi-fixed point then T € J*(T).
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Proposition 3.3. The extended orbit J(y) of any y € X owns the following properties:
* 1(y) € J(y)
e J(y) is an invariant set.
e J(y) is the least invariant set containing y.

e Q(y) C J(y).

The third item means that if E is an invariant set and y € E then J(y) C E. That is to say,

J(y) = ﬂ Ey,

Eycey

where E, is invariant and y € E, (¢, is the family of invariant sets containing y.)
Proof. They are straightforward consequences of the definition of extended orbits. ]
Proposition 3.4. If E is an invariant set then E also is.

Proof. If x € E then exists a sequence x, whose limit is x, and z,, € E. Since T} is continuous
then lim 73(x,,) = T;(z). Since T;(x,) € E then T;(x) € E for all i € N and consequently E is
invariant. O
Definition 3.7. J(y) is the invariant closure of y.

These definitions and results can be extended to a set M C X.

Definition 3.8. The invariant superset of M C X is
M = UyenrJ (y).
The invariant closure of M is M™.

Proposition 3.5. The invariant superset of M C X owns the following properties:

o M C M*>.



e M?¥ is invariant.

M? is the least invariant set containing M.

Uyeny(y) C M*>.
e Q(M)C M=,
Remark 3.3. Foranyy € X, v(y)* = J(y) and J(y)* = J(y).
We give in the following two characterizations of the invariant sets.

Proposition 3.6. A set E C X is invariant if and only if there exists M C X such that E = M*,

that is to say, F is the invariant superset of some M C X.

Proof. 1If E is invariant then E* C E, but E* is the least invariant set containing F, consequently

they agree. The converse implication is obvious. O]

Remark 3.4. If'T,, = T for all n then for any y € X

o J(y) =(y)
o M*=Uyeny(y).
In particular, the orbits are invariant sets.

Proposition 3.7. A set E C X is invariant if and only if E = UycpJ(y). That is to say, E is

invariant if and only if is the union of extended orbits.
Proof. 1tis a straightforward consequence of the definitions given. ]

Example 4: Let us consider in X = R? the system ., = A,z where A, denotes a rotation
of angle 6 around the origin. All the circles C). centered at the origin are invariant sets. In this

case:
Cr - UxeCrrr}/(x}

and the invariant closure of C,, CT, agrees with C,.. For = 0, C* reduces to zero.
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4. Stability of quasi-fixed points

In the first place let us remind the definition of stable sets.

Notation: N (H) will represent the set of neighborhoods of a set or an element H.

Definition 4.1. A point x € X is Lyapunov stable if Ve > 0 there exists 0 > 0 such that if
y € B(x,0) then 1,(y) € B(1,(x),€) forany n € N.

Definition 4.2. A point x is an attractor if there exists U € N(x) such that if y € U then
To(y) = x as n — oo. x is said to be asymptotically stable if it is both, stable and attractor. If
To(y) = xasn — oo for all y € X then x is said to be globally attracting or a global attractor.
If x is a global attractor and stable then it is globally asymptotically stable.

Unstable means not stable. If x is neither stable nor an attractor it will be strongly unstable.

Definition 4.3. If = is an attractor, then the basin of attraction of x is the set B(x) of points

y € X such that lim,,_,, 7,(y) = x.
The next definition is due to Lasalle [9].
Definition 4.4. An orbit v(x) is said to be stable in the sense of Lagrange if it is bounded.

Example 5: Let us consider X = R? and the system z;,,, = A,z for k > 1, where A, is a
rotation around the origin of angle 6, such that > .~ 6, = 2. Then for any z € R? x is a

Lyapunov stable quasi-fixed point. The orbits are stable in the sense of Lagrange.

Example 6: Let us resume Example 2, considering the system

1
=(1-—)(1—- .
pht = (1= (1= )

1/2 is a quasi-fixed point globally asymptotically stable.

11



Example 7: For X = R? and the system z;,,; = A\ Apy for k > 1, where |\;| < 1 such that
[T5—, |A&] = Oas k tends to infinity, and Ay is a rotation around the origin of angle 6, then (0, 0)

is a quasi-fixed point and a global attractor. The orbits are stable in the sense of Lagrange.

Example 8: For X = R x R", where R™ is the set of real numbers greater or equal than zero,

and the system
Th1 = Yy
Yk+1 = 'Tgka

where 0 < ay, B < ¢ < 1, the origin is a strongly unstable quasi-fixed point.

Theorem 4.1. If = € X is a quasi-fixed point of a sequence (T,,) of Lipschitz maps with constants
ki such that [];_, ki — 0 as n — oo then T is globally asymptotically stable.

Proof. For z € X, and T quasi-fixed point, defining x,, := 7,(z),

n

d(73(2), 7(@)) < knd(@n1,Tno1) < ([ Fo)d(z, 7). (4.9)

=1

Since 7,,(Z) tends to 7 then 7, () tends also to Z, and 7 is attracting. The inequality (4.9) implies

that 7 is also stable. ]

Corollary 4.1. With the hypothesis given on the Lipschitz constants k,, the quasi-fixed point ©

is unique.

Corollary 4.2. As a particular case, with the hypotheses of Theorem 4.1, if ¥ is a fixed point then
is globally asymptotically stable.

Corollary 4.3. If X is a normed space, and (T,,) are self-maps linear and bounded such that
[T, ||7i]| = 0 as n — oo then the origin is globally asymptotically stable and it is the only
quasi-fixed point.

12



Remark 4.1. Let us notice that, due to Theorem 2.1, T is the limit of the fixed points of the maps
Tn, but at the moment its existence is only guaranteed in the case of convergence of either T,, or

their fixed points. This question will be addressed again in the last sections of the paper.

Remark 4.2. The arguments of Theorem 4.1 are also valid for trajectories of type Ty 0Ty 0. .. 0

T, (z), defining a quasi-fixed point through the equality

%Z lim TloTQO...OTn(i).

n—o0

The previous theorem can be generalized to the following result.

Proposition 4.1. Ifk, < k < 1 foranyn € N, then if a sequence (T, ) has a quasi-fixed point,

it is a global attractor for the system xj, = 1), xy.

Remark 4.3. The previous result is very general because the sequence (T, ) need not be a
subsequence of (T,,). It must be composed of elements of it, but it may have infinite repeated

elements, for instance.

All over the article (7;,,) means any sequence taken from (77,), and it may have repeated

elements.

A local result of stability for fixed points of specific discrete systems can be found in [3],

with an application in [16].

5. An ultrametric space associated with a sequence of contractivities

Let (7,,) be a sequence of contractions with contractivity factors (k,,), and let k := sup,, k, <
1,and k,, > 0 for any n € N.
Let 2> be the set of words of infinite length and alphabet N. That is to say, o € > if it has the
form

J:<n1n2n3...)€NXNXN...

32> can be endowed with the product topology, but we will consider here a structure of metric

space associated with the sequence (7},).

13



Definition 5.1. A word of finite length o € 3, a = (ninans...n,) is a prefix of o € X if

o = (ninang...ny...). The number p € N is the length of o, denoted as p = card(a) = |a|.

Definition 5.2. The words 0,0’ € ¥°° have a maximal common prefix o = (ningns...n,) if
o= (mngng ... npnyiy...), 0 = (mnanz...npngyy .. ) and np # 0.
We define a metric dr in > associated with the sequence (7},) in the following way:

o Ifo,0' € ¥° 0 =(niny...)and o’ = (n)n)...) are such that n; # n/ then dr(c,0’) =
1.

e If 0 = ¢’ then dy(0,0’) = 0.

e If 0, 0’ have a maximal common prefix a = (ninans ... ny) thendr(o,0') = ky kny . . - ki,

where k,; is the contractivity factor of T, .

We will prove that (X, dr) is an ultrametric space, that is to say, the following inequality holds

forany 0,0, 0" :
dr(o,0") < max{dr(c,0"),dr(c",0")} < dr(o,0") + dr(c”,0").

An ultrametric space is a particular case of metric space and the distance must satisfy the classi-
cal conditions of positivity and simmetry. For the third property of the ultrametric conditions, let
us consider o = (n1ng ... npNpy1...) and o’ = (niny...nyny,, ...) such thatny, #ny .

According to the distance definition dr(o,0’) = ky kn, ... ky,. Let 0" be any other word, and
let us assume that dy (0, 0") > dr(o’,0") for instance. If 0" = (niny...ngny 0y, ...), and

Ny 7 Ngr1 then dr(o,0") = kp kn, - Ky,

Case I: p > q. In this case

dr(o,0") = ky kg - - kng = knikny - kn, = dp(o,0'),

P

and thus
max{dr(c,c"),dr(c’,c")} > dr(o,0").

14



Case II: p < q. These hypotheses contradict the definition of dr (o, ¢’) since as
o= (ning...npyNp41...)

o' = (mny...nyny,, .. .)

o' =(nng...np...ng...)

then

dr(o’,0") < dp(o,0") < ky, ... k.

The words o, ¢ must have in common the letter in the (p+ 1)-th position, n,11, and ¢’, " would
agree at the (p + 1)-th character, (n,,, = n,,1). Consequently o, 0" should have the (p + 1)-th
letter in common.

Notation: If 0 = (nyns...) and p € N we will use the following expression:

olp == (nmny...n,) € X. (5.10)
Proposition 5.1. Let us consider 0,0" € ¥*°,0 = (nmny...n,...). Then o|p = o'|p if and only

ifdr(o,0") < kpikny ..k,

Proof. The direct implication is evident given that the contractivity factors are lower than 1. For
the converse one, let us assume that dy (o, 0”) < ky, kp, - .. kn, and n; # n; for some ¢ < p. Then
dp(o,0") = Ky, kn, - .. ky, for r < i < p and thus we would have &, Ky, ... Ky, < ki ko, - . ko,
for r < p, and this is impossible. Consequently n; = n; for all i < p. L

Definition 5.3. A cylinder of prefix a € X is the set of words of infinite length with prefix o. It

can be expressed as
Cla)={oc=ac’ :d' € X¥} =a x X%

or
Cla)={o € X® :0lp = a},

where p = |a.

Proposition 5.2. C(«) is a clopen set, that is to say, is open and closed.

15



Proof. Letp = |a| and 0 € C(«). Let «; be the letters of « and 0 = (aq0g . .. QpNp1Npsa - . ).
Let us choose R < [[}_, ka, and let o’ be such that dr (o, 0’) < R. The previous result implies
that o|p = o’|p and consequently o’ € C(«). Then B(co, R) C C(«).

Bearing in mind that (C'(a))® = Uy2,C(a’), we have that the cylinder is closed.

In fact the cylinders compose a base for the open sets in the metric topology defined.

Let us define the shift map s : 3°° — 3°° defined for 0 = (ninqns...) as s(o) = (nansg. . .).
Proposition 5.3. If k := sup,, k, < 1, s is continuous with respect to the metric dr.

Proof. Lete > 0and 0 = (nyngng...) € 3°°. Let us see that s is continuous at 0. Let p € N be
such that k& < ¢, and let us choose § = ky, ky, ... ky k

Np+1°

If dr(o,0") < 0 then, by Proposition 5.1, o|(p+1) = o'|(p+1) and thus s(o)|p = s(¢’)|p. Then

dr(s(0),8(0") < knykng - kn kn, ., < kP <e.

p " Mp+1

Definition 5.4. Let (T,,) be a sequence of contractivities on a metric space X, with contractivity

factors k,,. If there exists a solution s € R for the equation

n=1

then s is the similarity dimension of the sequence (1},).

The previous definition is a generalization of the homonymous dimension in the finite
case (see for instance [4]). There are numerous results concerning the relation between sim-
ilarity, box and Hausdorff dimensions in the finite case (see for instance [S] and references
therein). One classical result is due to Moran (1946) [12]:

16



Theorem 5.1. Let F be an Euclidean Iterated Function System F = (f1, fo, ..., fn) composed
of similarities whose attractor is K. Let k; be the similarity ratio associated with f;, and assume

that F satisfies the open set condition. If s is the solution of the equation

Skt

i=1
then s = dimp(K) = dimy(K), where dimg(K) and dimy(K) are the box and Hausdorff
dimensions of K respectively.

If there exists a similarity dimension for (7;,) then 3°° can be endowed with a measure

defined for the basic sets as
M(C(a)) = (kmknz e knp)s
if @ = (ning...n,). Since ¥*° = U ,C(«a,) where o, = (n) for all n, then p(X*°) =

o0
Zn:l k’fl = 1.
In the following we give sufficient conditions on the contractivity factors to ensure the exis-

tence of similarity dimension for the sequence (73,).
Proposition 5.4. If the contractiviy factors k,, satisfy the inequality
1 c
3 <kn, < e

for some ¢ < 1 and € > 0, then there is s € [1,+00) such that
d k=1
n=1
Proof. Let us consider the function @ : [1, +00) — (0, 400) defined as
O(x)=> k.
n=1

Let us find a bound for ®(x):

D) <Y

n=1 n=1

T

<Y et = (),

n

215
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where ¢ is the Riemann zeta function and x > 1. Let us prove now that ® is continuous. With

the hypotheses given

00 00 1
= Z kn S ch1+e
n=1 n=1

for 1 < x < +oo. Using the Weierstrass criterion, the series ®(x) converges uniformly, and

consequently is continuous. Now ®(1) > > | & = %f > 1, and

lim ®(z) <clim {(z) =c< 1.

T—r00 T—r00

Applying Darboux’s theorem there exists s > 1 such that ®(s) = 1. O]

Proposition 5.5. If the contractiviy factors k,, satisfy the inequality

1 n
(5) S k’n S rny

for some r < 1 then there is a real s € [1,+00) such that

ik;’; = 1.
n=1

Proof. Let us define ® as before. This function is continuous applying the Weierstrass criterion

of uniform convergence. With the hypotheses given, for z > 1,

(E

o
TTLZD
Z 1— e’

n=1
and ®(1) > 1. If z — oo then ;*— — 0. Then there exists s > 1 such that ®(s) = 1. O

Remark 5.1. If k, = r™ where O < r < 1 the similarity dimension can be explicitly computed

as s = k;i% )2) , since the equation for s reduces to

TS

1—1rs

and the expression for s is easily calculated from it.
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6. Convergence of non-autonomous iterative schemes

In this section we consider as before a metric space X, and a sequence of self-contractivities

(T,,), and we give sufficient conditions for the convergence of iterative schemes of type
Tp1 = T, Tk,

for z, € X, n, € N.

Givenaword 0 € ¥, 0 = (ninsy...) and p € N we will use the following notations:

olp = (nmng...ny) (6.11)
Ty =Th,0T,, ,0...0T, : X = X, (6.12)

and foraset M C X,
My, = T,,(M). (6.13)

In the first place, we define a new type of (forward) invariance.

Definition 6.1. Let 0 € ¥*°, 0 = (niny...) and M C X. The set M is o-invariant if T;, (M) C
M forall j € N.

If M is o-invariant T,,(M) C M and the flow remains in M.

For a o-invariant set M we will assume in this section that N2, M), # 0.

We consider the set sequence (75,,(M))pen and let us notice that even if M is o-invariant,
it is not a nested decreasing sequence, that is to say, 7, ,,(1/) may not contain 7¢,+1)(M ). For

instance T,,, (M) may not contain T,,, o T,,, (M). As usual, k, is the contractivity factor of T,,.

Theorem 6.1. If X is complete, M C X is o-invariant and bounded, and K,, := ;’:1 kn; =0
as p tends to infinity, then there exists T, € M such that

pan Towlr) = To.

for any x € M. Further if M is closed, then there exists a unique quasi-fixed point of (T,,),
T, € M, globally attracting in M, and the sequence of self-maps (15|,)perr converges uniformly

in M to the constant map T, defined as T,(r) = Z,, for all x € M.
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Proof. Let us consider M, = T, ,(M), and N, := ﬁ?zlﬁj. As M is o-invariant, the sequence

(NV,) is a nested sequence of closed sets in M (complete):
MDOM 2D (MNM)D...2(N_M;)D...

and

diam(N,) < diam(M,) = diam(M,) < (] [ kn,)diam(M) = 0,
j=1

as p — oo. Consequently, applying the Cantor’s intersection theorem:
ﬂ;ile = {%a}

where 7, € M. If z € M, let us denote

T, € M, since

Then we have

d(zp, T,) < diam(M,) = diam(M,) < K,diam(M),

and consequently lim,_,. =, = Z,.

(6.14)

If M is closed, 2, € M and limz, = Z,, for all z € M. Hence 7, is a globally attracting

quasi-fixed point in M. For the convergence of the maps 77, to T, defined as 7;,(x) = Z,, for all

x € M, let us think that
d(To1p(2), T (x)) = d(zp, 2,) < Kpdiam(M),
and 75, — I, uniformly when p tends to infinity.

As a consequence of the previous result, we have the following proposition.

Proposition 6.1. If X is a complete metric space, M C X is o-invariant and compact, and K,

tends to zero, there exists a quasi-fixed point ©, € M globally attracting in M. The sequence

(T,|p) converges uniformly to T, and lim,, . N, = {Z,} in the Hausdorff metric.

20



Proof. 1tis a particular case of the previous proposition. In this case (1V,,) is a nested and decreas-
ing sequence of compacts, whose intersection is a singleton. A decreasing sequence of compacts
is Cauchy. As the space K(X) of compacts of X is complete, the sequence is convergent to its

intersection. L]

Theorem 6.2. If X is complete and bounded and the contractivity factors k,, satisfy the inequality

k:=supk, < 1thenVo € ¥, 0 = (niny...), the sequence of self-maps (T,,;) owns a quasi-

fixed point x, € X globally asymptotically stable, that is to say, the iterative scheme
Trs1 = Ty (6.15)

for all k > 1 is convergent to =, € X, and this limit does not depend on the starting point

r1 € X. In particular,

forallz € X and o* = (123...).

For any o € X*°, the sequence of maps (T, ,)pen converges uniformly to T, defined as T,(x) =
T, Vr € X.

Proof. The existence, attraction and stability are straightforward consequences of Theorems 6.1

and 4.1. ]

Corollary 6.1. If X is compact, any iterative scheme of type (6.15) is convergent with the hy-

pothesis given on the contractivity factors.

On the hypotheses of Theorem 6.2, let us consider now the set () of quasi-fixed points of the

sequences (7},,) for any o = (nn, . ..), and the map
YT = Q)
defined as 7(0) = Z,.

Definition 6.2. o is called an address for z,,.

We have the following result.
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Theorem 6.3. If X is complete and bounded and the contractivity factors k,, satisfy the inequality

k :=supk, < 1, the map m defined above is continuous and surjective.

Proof. The surjectivity is obvious from the definition of (). Let us define now the map 7 : ¥ —
C(X), where C(X) is the space of continuous (and bounded since X is), defined as 7 (o) = Ty,
where T, is defined as in Theorem 6.2.

C(X) is complete with respect to the uniform metric since X is. Let us define 7, : ¥*° — C(X),
defined as 7,(0) = T,, = T,,, 0T}, , 0 T,.

First claim: 7, is continuous.

Givene > 0,0 € ¥, 0 = (nng...). Take 6 < K, H f dp(o,0") < 4§, according to
Proposition 5.1 o|p = ¢’|p and dy,(T,(0), Tp(0")) = dm,(TU‘p7 Tg/|p) < €. Hence 7, is continu-
ous.

Second claim: (7,) converges uniformly to 7.

d*(Tp, T) i= sup dp(Tp(0), T(0)) = sup sup d(Top(), To (7))

TEXN® gEX® e X

then, defining z,, := T,,(z),

d*(T,, T) = sup supd(z,,T,) < Kpdiam(X) < kPdiam(X),
geX>® e X
using the inequality (6.14) for M = X. Consequently d*(7,,7) — 0 as p tends to infinity, and
T is continuous.
The continuity of 7 is equivalent to that of 7 since:

d(w(0),7(0")) = d(Zs, To) = sup(T,(x), Tor (7)) = dsup(T (0), T(0")).

zeX

]

Definition 6.3. A sequence of self-maps (T,,) is a Picard sequence if there exists T € X such
thatlim T, 0T, 10...0Ti(x) =2 Vx € X.

Proposition 6.2. On the hypotheses of Theorem 6.3, any sequence (T),,) is a Picard sequence.

Remark 6.1. Let us notice that by Theorem 2.1 we have also proved that the sequence of fixed

points of (T,,) converges to a quasi-fixed point for any o € > with the hypotheses given.
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7. The fractal set of quasi-fixed points

In this section we consider backward orbits of type:
{Th, 0T, 0...T,,(2)}
and quasi-fixed points defined for o = (niny...) as
To=lim T, oT,,o0...T, (Z,).

p—o0

For the sake of simplicity we will use the same notation for the backward orbits:
Top i =Th 0Ty0...0T,,,

for p € Nand o0 € ¥*°. Let us define a o-invariant set M as in the previous section, that is to
say, satisfying T, (M) C M if 0 = (niny...). If M is o-invariant then T, ,(M) C M for all
p € N. Also we have, if M is bounded,

p
diam(T,,(M)) < (] [ kn,)diam(M). (7.16)
j=1
Unlike the case of the previous section, if M is o-invariant the sequence (7,,(})) is a nested

decreasing sequence, that is to say,

MQTUH(M) 2T0|2(M) O... DTo‘|p(M) ...

since for instance
Tn, 0Ty (M) CT,, (M) C M.

Proposition 7.1. If X is complete, M is o-invariant and bounded, and for o = (ni,ns...),

K, = ?:1 kn; — 0 as p — oo, then there exists T, € M such that for all x € M

lim 75, o Ty, 0...0T, (x) = Zy.

p—o0

Further if M is o-invariant and closed, there exists a unique quasi-fixed point x, € M globally
attracting in M, and the sequence of maps (15,) converges uniformly in M to T, defined as
T,(x) =7, forall z € M.
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Proof. Let us define M, := T,,(M ). We have then a nested sequence of closed sets
M2OM DM;2...2M,2 ...
whose diameter tends to zero since
diam(M,) = diam(M,) < K,diam(M).
By the Cantor’s intersection theorem, there exists 7, € M such that
mpGNﬁp = {fo}

If z € M, let us define as usual z, = T,,(z) € M,. Since z,,7, € M, then d(z,,7,) <
diam(M,) = diam(M,) — 0, and thus lim, ,, 7, = Z,.
If M is closed, 7, is a globally attracting quasi-fixed pointin /. Let us see that (7,,) converges

uniformly in M to T, (x) = z,, for x € M. It comes from the inequality

Asup(To1p; Tiy) = sup d(zp, Z,) < Kpdiam(M).
zeM

]

Proposition 7.2. If X is a complete metric space, M C X is o-invariant and compact, and
K, — 0, there exists a quasi-fixed point T, € M globally attracting in M. The sequence
(Ty1p(M)) converges to {Z,} in the Hausdorff metric.

Proof. 1t is a particular case of the previous proposition. The sequence (7},(M)) is a nested

decreasing sequence of compact sets and consequently there exists 7, € M such that

{z.} = mpGNTUIP(M)-
The sequence of the sets M, converges to their intersection in the Hausdorff metric d. O]

Let us define, as in the previous section, the set () of quasi-fixed points associated to the

sequence (7;,), and let us see that it is a fractal set.
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Theorem 7.1. If X is a complete and bounded metric space, and the contractivity factors are

such that k := supk,, < 1 thenVo € ¥°, 0 = (nyny ... ), the sequence of self-maps (T,,.) owns

i
a global attractor T, € X, and the sequence (15,) converges uniformly to the constant map

defined as T,(x) = T, for all x € X. The transformation
T2 = (Q,
defined as (o) = I, is surjective and continuous. Further ) is a fractal set.

Proof. The first part is analogous to that of Theorem 6.3. Let us prove now that () is a fractal

set. () is defined in this case as

Q - UUEE"O (mpeNTalp(X))'
If s is the shift map, defined as s(o) = (nang. . .),

T, (Tye)) = lim T, 0Ty, 0... 0T, (1) = (o),

p—00

and consequently T}, (7(s(c))) = m(o). Consequently () is an invariant set of the countable

iterated function system { X, (7,,)}, that is to say,

Q = UnENTn(Q)'
As () is the union of ’copies” of itself, it is a fractal set. ]

Let us notice that the concept of invariance here is more restrictive than in Section 3, where

only forward invariant sets are considered.

Remark 7.1. This result proves that quasi-fixed points are the ”atoms” of a fractal set linked to

the countable iterated function system {X, (T,,)}.

Remark 7.2. The set () may not be a compact but if the cardinal of (T,,) is finite then () is
compact (see for instance [6], [10], [19]).
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If the space X is compact, the sequence (7, ,(5)) is composed of compact sets if B is
compact. According to the theory of countable iterated function systems, defining VB € K(X)
the transformation

T(B) = Uy, Tu(B) € K(X),

One has lim,, ,, 7™ (B) = A for some compact A C X (see for instance [11], [17], [18]).
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