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ABSTRACT. The present paper is concerned with the study of vector-valued
interpolation functions on the Sierpiriski gasket by certain classes of fractal
functions. This extends the known results on the real-valued and vector-valued
fractal interpolation functions on a compact interval in R and the real-valued
fractal interpolation on the Sierpinski gasket. We study the smoothness prop-
erty of the vector-valued fractal interpolants on the Sierpinski gasket. A few
elementary properties of the fractal approximants and the fractal operator
that emerge in connection with the vector-valued fractal interpolation on the
Sierpinski gasket are indicated. Some constrained approximation aspects of
the vector-valued fractal interpolation function on the Sierpiriski gasket are
pointed out.

1. INTRODUCTION

For approximating naturally occurring functions which display some kind of
self-similarity under magnification, Barnsley [1] introduced univariate real-valued
interpolation functions defined on a compact interval in R. These functions are
known as Fractal Interpolation Functions (FIFs for short), and their construction
is rooted in the theory of Iterated Function System (IFS) [12]. The pioneering work
on fractal interpolation [1] has received a good deal of attention in the literature,
and it continues to flourish. Various extensions and generalizations of the notion of
FIF, for instance, the hidden variable FIF [4], coalescence hidden variable FIF [g],
vector-valued FIF [20], bilinear FIF [3], spline FIF [7], Hermite FIF [21], rational
FIF [30], local FIF [19], FIF with partial self-similarity [16] have been considered.
Researches reporting many important properties of FIFs, including the box dimen-
sion and Hausdorff dimension of their graphs, smoothness, stability, sensitivity, and
constrained approximation properties are scattered in the literature. For expository
reading materials on fractal approximation theory, we cite the well-known treatises
[17, 18]. Navascués [22, 23] scrutinized a subclass of FIFs which transpired the
existence of a parameterized family of fractal functions, called a-fractal functions,
associated with a prescribed continuous function defined on a compact interval.
Considerable interest is now being evinced in the study of fractal operator inher-
ent with the notion of a-fractal function; see, for instance, [30, 31]. In all these
approaches, FIFs are constructed using the concepts of IFS via the Banach fixed
point theory. Recently, in reference [24], the author constructed a new nonlinear
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FIF using the Rakotch and the Matkowski fixed point theorems thereby initiating
the application of various fixed point theorems in the construction of FIF.

The existing literature on FIF deals primarily on segments in the univariate
case, and triangles and rectangles in the multivariate case. That is, the domains of
the aforementioned extensively studied FIFs are some classical geometric objects,
but not fractal sets. Smooth functions and fractal functions defined on the fractal
domains have received recent attention. For instance, an explicit construction of a
topological basis in the space of Whitney functions on the Cantor-type set is given
in [10]. In [6], Celik et al. extended the concept of fractal interpolation function
to include interpolation of a data set on a well-known self-similar fractal domain,
namely, the Sierpiniski Gasket (SG). Following this paper, Ruan [26] defined FIFs on
post critically finite self-similar sets, which are introduced and analyzed by Kigami
[15], and proved that FIFs have finite energy under certain conditions. In [25],
Ri and Ruan established some basic properties of a class of FIF, which they call
uniform FIFs, on SG. The present paper is also meant to be a modest contribution
to the theory of fractal functions on a fractal domain, but does so in the context of
vector-valued functions on SG.

Motivated by the real-valued FIF on SG studied in [6] and the vector-valued FIF
on a real compact interval introduced in [20], in the present paper we seek vector-
valued FIFs on SG. In fact, we will work in a more general setting in the sense that
an arbitrary “base function” is considered in the place of a harmonic function in
[6]. Thus, part of our investigations herein may be viewed as a systematic extension
of the observation made in [6] to a broad class of functions, but in the setting of
vector-valued functions. The transition from real-valued FIF on SG [6] or vector-
valued FIF on a compact interval [20] to the vector-valued FIF on SG studied in
this paper calls for the pursuance of a different, although analogous, tack.

In the subsequent parts of this paper we shall restrict to a subclass of the con-
structed vector-valued FIFs, which enables us to define a parameterized family of
fractal functions associated with a prescribed continuous vector-valued function de-
fined on SG. The reason to deal with this restricted class of the vector-valued FIFs
on SG is that the approximation theoretic aspects of these fractal functions are
more tractable than those in the general class. However, our methods are suffi-
ciently general in scope to allow the readers to carefully carry out similar analysis
to the general setting of the vector-valued FIFs on SG constructed herein. The
vector-valued FIFs on SG to which the emphasis is given in this paper will be
referred to as the vector-valued a-fractal functions on SG. Not unexpectedly, this
class constitutes a counterpart to the so-called a-fractal functions in the context of
the real-valued fractal interpolation on a compact interval in R.

We discuss a few basic properties of these vector-valued a-fractal functions on
SG such as the continuous dependence on the parameters, box counting and Haus-
dorff dimension of their graphs, and energy. Let us denote the fractal set SG under
consideration by A. The vector-valued a-fractal function corresponding to a pre-
scribed germ function on SG leads us, quite naturally, to the study of a fractal
operator defined on C(A,RY), the space of all continuous vector-valued functions
defined on SG. Some constrained approximation aspects of the vector-valued a-
fractal functions on SG are considered. It is our belief that the basic principles
of our arguments for vector-valued FIFs on SG carry over to the case of FIFs on
post critically finite self-similar sets. Thus, our paper could serve as a preliminary
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step towards the eventual treatment of approximation aspects of fractal functions
on post critically finite self-similar sets and could find potential applications, for
instance, in the theory of analysis on fractals, in particular, differential equations
on fractals.

2. VECTOR-VALUED FRACTAL INTERPOLATION FUNCTIONS ON SG

We commence with a brief discussion of the pertinent definitions and prelimi-
naries on the Sierpiriski Gasket (SG). For details, the reader may refer [6, 15, 29].

Let us recall that SG, denoted by A, is the attractor of the IFS in the plane
consisting of three functions {uy,us,us} such that

1
u; : R? = R?) w,(t) = §(t+pi)’ 1=1,2,3,

where p1, ps and ps are non-collinear points in R2. That is, SG is the unique non-
empty compact set satisfying

A= ul(A) U UQ(A) U U3(A)

The sets u;(A) are referred to as the cells of order 1. Since t € R?, we felt that t
would have been better notation, but for notational simplicity, we may just write
t. Consider the alphabet I = {1,2,3}. Let us denote n-th times Cartesian product
of I with itself by I". Fix a number n € N. The chain w = (w1, wa,...,w,) =
Wiws .. .wy, where w; € I, is called a word of length n, denoted by |w| = n.
Consider the iterations ., = Uy, © Uy, O -+ 0 Uy, corresponding to a word w of
length n. Define Vi = {p1,p2, p3}, the set of vertices of SG. The union of images of
Vo under these iterations w,, with |w| = n constitutes the set of n-th stage vertices
V., of A. Further, define V, = US2,V,,. The set uy,(A) = g, 0y, 00wy, (A)
is called an n-cell.

Let 'y be the complete graph on the vertex set V. We construct the graph
I',, recursively as follows. Let the graph I'),_1 with the vertex set V;,,_; for some
m > 1, be constructed. Now to define the graph I';;, on V;,, assume that for any
t,z € Vp,, the edge relation t ~,, z holds if and only if ¢ = w;(t'), z = w;(2") with
t' ~m_1 2" and i € I. Equivalently, ¢t ~,,, z if and only if there exists w € I"™ such
that ¢,z € u, (Vo).

Definition 2.1. For m =0,1,2,..., the graph energy E,, on I'}, is defined by

5\m
En(f)=(3) D (F® - F)*
t~mz
The graph energy sequence (Ey,)p_o satisfies Ep,—1(f) = min E,.(f), where the
minimum is taken over all f satisfying f|y, _, = f for any f : Vi, — R and for any
m > 1. Note that for each function f on Vi, the sequence (En(f)) -_, is increasing.
The limit

B(f) = lim_Ey(f)

is termed the energy of f on V.. Furthermore, we say f has finite energy if E(f) <
+00.

It is well known that a function f with E(f) < +o0 is uniformly continuous on
V.. Since V, is dense in SG, it follows at once that f can be uniquely extended to
a continuous function on SG.
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Definition 2.2. If f is continuous and E,,_1(f) = E,,(f) for all m > 1, then f is
called a harmonic function on SG.

Definition 2.3. The space S(Hy, V,,,,R) of piecewise harmonic functions of level

m is defined to be the space of continuous functions such that f o w,, is harmonic
for all w € I'. Further, define dom(E) := {f € C(A,R) : E(f) < co}.

Remark 2.4. Note that S(Hg, V,,, R) is contained in dom(E) and it is a finite di-
mensional linear space of dimension equal to the cardinality of V,,.

Let n € Nand B : V,, — R be a given vector-valued function. Following the
fractal interplation theorem of Barnsley [1], we construct an IFS whose attractor
is the graph of a continuous function f : A — R¥ such that f|y, = B. Further,
we note that this function f can be obtained as the unique fixed point of the
RB-operator. To this end, define maps W, : A x RV — A x RY by

Wo(t,z) = (uw(t)7Fw(t,x)), wel”,

where F,(t,z) : A x RN — RY are so chosen that the following conditions are
satisfied.

HFL,_,(.,CL') - Fw("xl)H < Cle‘ - CL'/||7 Fw(pj>B(pj)) = B(“'w(pj))v
for every w € I",j € I, where 0 < ¢,, < 1. For our part, we consider
Fo(t, o) = aw(t)r + qu(t),

where ay, : A — R and ¢, : A — RY are continuous functions with ||| =
{JJw|loo : w € I} < 1. Let us consider the IFS {K;W,, : w € I"}. The following
theorem is a counterpart to [1, Theorem 1]. Proof follows on similar lines and hence
omitted.

Theorem 2.5. Let n € N and B : V,, — RY be the given function.

(1) The IFS {K;Wy,w € I"} defined above has a unique attractor G4. The
set Gy is the graph of a continuous function g : A — RN which satisfies
glv,, = B, referred to as the vector-valued FIF on SG.

(2) Let C(A,RYN) denote the Banach space of all vector-valued continuous func-
tions h : A — RN with norm ||h||c = max {||h(t)[|2 : t € A}. Let

(A RY) = {h e C(ARY) : h(pr) = B(p1). h(p2) = B(pa). hips) = Blps) }-
Define a map T : C*(A,RYN) — C*(A,RYN) by
(Th)(t) = Fu(ug' (1), h(ug' (1)), ¥Vt € uw(A), we I™

Then T is a contraction and its unique fized point is the function g in the
previous item. In particular,

g(t) = Fw(uzl(t)ag(u;l(t)))’ Vte uw(A)> wel

Remark 2.6. In the above theorem crucial fact is that 7" is well-defined, which can
be seen as follows. From the very construction of SG, for any x € uy,(A) Nur(A),
we have the following relation: w = wjws...wp_11, T = WiWs...wy_1j and T =
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Uw(pj) = ur(p;) for some i,j € I. Now, using the so-called join-up conditions
F, (pj,B(pj)) = B(uw(pj)), we have

and

Again, using the join-up conditions,

(Th)(pi) = Fu (ug (i), h(ug' (9:)) = Fuo (pis b)) = Fu (pi, B(pi)) = B(pi),
for each i € I and w = 4i...i (n-times). Further, since F,, is continuous for each
w € I", Th is continuous, and Th € C*(A,RY). Hence, T is well-defined.

Remark 2.7. Note that in the construction of the real-valued FIF on SG given in
[6], the emphasis is given only in the RB-operator approach and it is not evident
if the graph of the FIF on SG is the attractor of a suitable IFS. Interpreting the
polynomials of degree 1 as the classical harmonic functions on an interval, in [6] the
author replaces polynomials of degree 1 by harmonic functions of fractal analysis.
Thus, [6] provides SG counterpart to the affine FIF on an interval, but not to
a general (non-affine) FIF. Our approach here is a realization that the classical
Barnsley theory of the real-valued FIF on an interval, in its most general form as
appeared in [1], can be extended almost verbatim to the SG setting.

Definition 2.8. Let ® = {¢y, ¢2,...,¢,} be an IFS on R* and A be the attractor.

(1) @ satisfies the Strong Separation Condition (SSC) if ¢;(A) N ¢;(A) = 0 for
distinct 4,5 € {1,2,...,n}.

(2) ® is said to satisfy the Open Set Condition (OSC) if there exists a non-
empty open set U C R* such that

Uiy10:(U) CU;  ¢i(U)No;(U) =0, for i # j.

(3) If the above open set U satisfies UN A # (), then we say that ® satisfies the

Strong Open Set Condition (SOSC).

Proposition 2.9. Let ¢1, ¢, ..., ¢, be maps on R* such that

rillz = yll2 < 6i(x) = i(y)ll2 < Rillz —yll2 ,¥ 2,y € R¥,
where 0 < r; <R; <1Vie{l,2,...,n}. Further assume that the maps ¢, satisfy
SOSC. Let A be the unique compact set satisfying
A= U, 4:(A).
Then s, < dimpg(A4) < dimp(A) < s*, where s, and s* satisfy >, 77" = 1 and
S RS =1 respectively.
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Proof. In view of Proposition 9.6 in [9] we obtain the required upper bound for
the upper box dimension of A. For the desired lower bound of the Hausdorff
dimension of A we proceed as follows. Let U be an open set produced in the SOSC,
J = {1,2,...,n}, Ay = ¢u(A) := Pu, © by, 0+ 0@y, (A) for w € J™ and
J* = UpenJ™.

Since U N A # (), we have an index 7 € J* with A, C U. It can be seen
that for any m and w € J™, the sets A, are disjoint. Furthermore, the IFS
{pwr : w € J™} satisfies the assumptions of Proposition 9.7 in [9]. Therefore,
with the notation 7o, = 7w, Tw, - - - Tw,,, We have s, < dimg(A*), where A* is an
attractor of the aforesaid IFS and s,, is such that ) = 1. Since A* C A,
we get s, < dimpy(A*) < dimpy(A).

Suppose, on the contrary, that dimpg(A) < s., where Y . ri* = 1. We have
Sm < S4. We obtain

T = Z rom

s
weJm Tor

weJm
Z E TgimH(A)
weJm
_ E TZ*TS’IH]H(A)—S*
QJGJ"L
Sy, m(dimyg(A)—s.
> E Tw rmegx (4) )
weJm
_ m(dimpy (A)—s.)
=r max .

Since rmax < 1 and the term on the left side in the above expression is bounded,
the above inequality provides a contradiction as m tends to infinity. Thus our
assumption is wrong, which implies that dimg(A) > s., and hence the required
result. O

Remark 2.10. The above proposition improves [9, Proposition 9.7] in the following
sense. Proposition 9.7 in [9] has been proved with the SSC. However, we could
replace this assumption with a relatively weaker assumption, namely, the SOSC.

Remark 2.11. Let us remark in passing that the IFS used in the construction
of the real-valued FIF on a compact interval appeared in [1] satisfies the SOSC.
Consequently, with the aid of the above theorem we can obtain bounds for the
Hausdorff dimension of the graph of the FIF in [1]. More interestingly, the lower
bound for the Hausdorff dimension of the graph of the FIF provided in [1, Theorem
4] can be obtained without the additional condition imposed thereat, namely,

N 2/1

t1iy < (min{al,aN})(thl) .

n=1
Theorem 2.12. Let n be a fized natural number. If the IFS {AxRN; W,,, w € I"}
defined earlier in the construction of the vector-valued FIF f on SG satisfies the
condition

rol|(t @) = (2, 9)ll2 < [Wo(t, 2) = Wo(2,9)|l2 < Roll(t, @) — (2,9)]|2,
for all (t,z),(z,y) € A xRN, where 0 <7, < R, <1V w eI Then
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*

where s, and s* are such that ) mrs =1 and ) RS, = 1.

Proof. Let Conv(A) be the convex hull of A and define H = (Conv(A))O xRN Tt
is plain to see that

ui((Conv(A))o) N, ((Conv(A))()) =0,
for every i,j € I with i # j. This immediately yields
Wo(H) NWr(H) = 0,

for every w, T € I" satisfying w # 7. Using H N Gy # ), one deduces that the IFS
satisfies the SOSC. Hence the result follows from Theorem 2.9. ([l

3. ON A PARAMETERIZED FAMILY OF VECTOR-VALUED FRACTAL
APPROXIMANTS ON SG

In this section, we consider a subclass of the vector-valued FIFs on SG con-
structed in the previous section. This enable us to obtain a parameterized fam-
ily of continuous vector-valued fractal approximants associated with a continuous
function f : A — RY, called the source function. The research works on a-fractal
functions by the first author [22, 23] motivated this part of the current paper.

3.1. Vector-valued o-fractal Functions on SG. Let f : A — R be a pre-
scribed continuous function. Consider B = f|y,,, where V,, is defined at the begin-
ning of Section 2. In the IFS

F,(t,x) = au(t)x + qu(t),
considered in the previous section, we let

qw(t) = f(uw(t)) - Qu (t)b(t)a

where w € I", b : A — R¥ is a fixed continuous map that fulfills the condition
b(pr) = F(p1), b(p2) = f(ps) and b(ps) = f(ps). To reduce some effort, we may
represent by bly, = flv, the conditions b(p1) = f(p1), b(ps) = f(p2) and b(ps) —
f(p3). Theorem 2.5 ensures the existence of a vector-valued fractal function, which
we call vector-valued a-fractal function associated to the source function f: A —
RY and denote it by np- Lhe reader is encouraged to see [23] for an analogous
construction of real-valued function on a compact interval. Furthermore,

(3.1)
Faealt) = £ + aw (ug ) [Fp (051 (0) = b(u5' ) ], Yt € ul(B), w e 1™,
For notational convenience, we shall denote the function f7, by f. In fact, we

obtain a class of fractal functions {f;,} for various choices of the set of n-th stage
vertices V,,, and the maps a and b.

3.2. Holder Continuity. This subsection is targeted to discuss the smoothness
property of f¢, which is a fractal analogue of the given continuous function f :
A — RY obtained through the IFS:

Ualt) = 5t + D bt Falts 1) = 0ult)r + flua(t) — au(Bb(1), w € 1"
k=1

To simply the presentation, we introduce the notation a = % anday, =Y p_y %pwk
t. Then we have u,(t) = at + a,, for w € I". In this subsection, for computational
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convenience we consider the Sierpiriski gasket with vertices p; = (0,0), p2 = (1,0)
and p3 = (3, @) Then we get ||t — t'||o < 1 for all £,¢' € A.

We prove that for suitable choices of the parameters, the fractal function f¢
preserves the Holder continuity of the source function f. For ¢t € A and w; € I",

let
Uy, () = Uy OUpy O+ 0 U, (1), Uwiws...wny, (D) = Uy OUpy 0 -0 Uy  (A).
Define a shift operator o by

o(wiwsy ... wy) = (Waws ... wp).

Let o* denote the k—fold autocomposition of ¢ such that for 1 < k < m — 1,
uak(wlwz...um)(t) = Uwpi1wpyo...wm (t) otherwise uo—"‘(w1w2...um)(t) =t USing the
successive iteration and induction, we can prove the following lemma; see also [32].

Lemma 3.1. Let f be an a-fractal function corresponding to f. For anyt € A
and wj; € I"™,

m
m k—1
uwlwz.--wm(t) =a"t+ E a A,
k=1

and
. m r—1
fa (Uulwz---wm (t)) :( H Ay, (Uok(wlw«_,.“wm)(t))) fa(t) + Z ( H Q) (ng(w1w2...wm)(t)))
P =1 k=1
.f(uo'"'*l(UJlQJZ...Q)m,)(t)) - Z ( awk (uak(“”w?”'w"”)(t)))
r=1 k=1
.b(ugr(w1w2,,,w”)(t))’
where

m—k
_ _m—k -1
uak(wlwg...wm)(t) =a t+ Z @ Oy
=1

The following lemma can be consulted in [32].

Lemma 3.2. Let r;,q;, i =1,2,...,m, be given real numbers. Then
m m m om-1
HH—H%ZZ< C;(f))(ri—%%
i=1 i=1 i=1 k=1
where, for allk =1,2,...,m—1, each c,(f),i =1,2,...m, is a real number from the
set
{11, 72  o  Tim 1, Tty oy Ty Q1542 -+ o s Gim1y Qid 1y« -+ » Grm )

Theorem 3.3. Let the source function f, the parameter maps b, oy, (w € I™)
be Holder continuous functions with constants Ky, Ky, K, , and Hélder exponents
Sf, Sp, S, Tespectively. Define ||a|lcc = max{||awl|lec : w € I"}, 6 = % and
Sq =min{s,, :w € I"}. Then the following hold:
(1) If |alloe < 5, then f® is a Hélder continuous function with ezponent s,
where s = min{sy, sy, Sa }-
(2) If |alloo = 5=, then f is a Holder continuous function with exponent s — 11
for some 0 < p < 1.
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(3) If ||alloe > 5, then f is a Hélder continuous function with exponent A,
where 0 < A< s — 1+ olalle -9

Ina

Proof. For any t,t' € A, it is possible to find m > 0 such that t € uu,w,.. w,, (A)
and

a™ Tt < [t =ty < a™.

If m = 0, we set Uwp,wy..wn, (D) = A, Let £t/ € Upyws..w,, (A). Since t €
Uiy ws...wn (A), there exists a ¢ € A such that the following conditions hold due
to Lemma 3.1,

m

(3.2) t = Uws..w,, (£) = a™t + Z a"ag,,
h=1

and

e (t) =f (uw1w2miwm (t))

:( ﬁ O, (uak<u1w2...wm)(t)))f“(f) + Em: ( 1:[1 O, (uak(wm.,_wm)@)) Ftor—1(wrwn..on) (D)
k=1 r=1 k=1
B ( H Ot (it o) () ) Dt ()

r=1 k=1

From (3.2), ¢ can be written as

m
t=a"" [t - Z ah_lawh} .

h=1

Using Lemma 3.1 and the above equation, we get

Ugk (wywy..wp) () = a™™ [t — Z ah_lawh] + al_lawkﬂ.
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Similarly, since t’ € Uw,w,...w,, (A), there exists ¢ € A such that ¢’ and f(¢') have
expressions similar to the above. Consequently,

£t = f )],

m r—1
S Z ( H Ay, (uok(wle...um)(g))> f(uUT_l(wlwz...wm)(f))
r=1 k=1
r—1 o .
- ( Q) (uo—""(wlwz.“wm)(x/))>f(LUT'*l(wlwg...wm)('r/))
k=1 2
+ ( H [e7%7% (U’Gk(wlwz.-wm)(%))) fa(z) - ( H Ay, (uok(wlwz wm)(t/))) fa(t/)
k=1 k=1 2
+ Z < H (0798 (ua’f(ulwgu.wm)(f))) b(uar(wlwg.“wm)(f))
r=1 k=1
- ( Q) (ua""(wlwz.“wm)(y))> b(uor(wlwz‘..wm)(?))
k=1 2
m r—1 .
< Z ‘ (07 (uak’(wlwg...wm)(%))’ Hf(ua’”—l(wlwg.“wm)(%)) - f(uar—l(wlwg.“wm)(t )) HQ
r=1 k=1
m r—1 r—1 B .
+ Z H (075 (Uak(wlwz“.wm)(%)) - H [ 7%7% (ua’“(wlwg...wm)(t/)) ’ Hf(uarfl(wlwg..‘wm)(t,)) Hg
r=1 k=1 k=1
m r
+ Z H Q) (uak(wlwz...wm)(f))‘ Hb(uaT(wlwz..‘wm)(i)) - b(uUT(Wlwzu.wm)(?)) HQ
r=1 k=1
+ Z H [0757% (uok(ulwg...wm)(%)) - H [0 7% (uak(wlwg,..wm)(P» ‘ Hb(uorfl(wlwg...wm)(P)) H2

1 k=1 k=1
|

oo)™ 1 F* | oo-

Let s = min {sy, $p, 8o }. The equality [[tor(wyws..wm) (@) = Uor(wiws...wm) ()2 =
a”"||t — ¢'||2 together with the fact that f is Holder continuous function with expo-
nent sy yields

1 (s o) D) = F (110020 @) |

SKf’

2
Sf

uanl(wlwz...wm) (t) - ua"*l(wlwg...wm) (t/)

1—r ! 5 :
— Ky [a' "It = ¢l
T

On similar lines, we have

Sb

Uor(wwzu-wm)(t) - UUT(WIWQ-HWNL)(P)

Hb(ugr(wlwzmwm)(f)) — b(uUT(wlwzmwm)(?))HQ S Kb’ )

Sp
= Ky[a™"jt = 12]

< Kpa™"jt =15
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By hypotheses, each «, is Holder continuous with exponent s, and Holder con-
stant K, . Let K, = max{K,_ : w € I"}. By Lemma 3.2,

r—1 re1
H Yoo <uak(w1w2”'w”)(%)) - H Quy, (uak(wl(-IJQu.wm)(F)))

k=1 k=1

SZ (Il se)™
k=1
r—1

= 2 lall) K [t —#15)

< Ka(llalloo) 2t = #]I5 Za_’“

1 —r
Ka(llafleo) 2t = ¢ ||21

K o 2
= ——— it —¢'ll3.

a(l —a)

Combining these estimates, we obtain
IIfO“(t) =@,

m
Z ladloe) ™ K rat "It = #[l3 4+ (o) Koa™" It — ¢/l

r=1

Sa

Ugk(wiws.. wm)() ’“(w1w2...wm)(F) 9

A

I /\

Kol [l Kalblocd™™ .
+§ o tll2+2 el = 15+ 2(all) "1 o

-1 _ _
(lalloo)™ ™ Eya it = t']|3 + Z (letlloo)" Koa™ ||t — t'||3
r=1

m
K, ||bll071
=g+ S0 KelPlocd™ s o gy smam.
r=1

NE

Il
N

o~ Ko flloe0" 2
+;7a(

1—a) a(l —a)

Since a™*! < ||t — #||2, for a suitable constant H we have

Hf“ =),
<Zé’ "Kyplle =15+ Zy-Kth —t'|l3
r=1 r=1
o~ Kol fllscd™2 , ~ Ko b6 / 2/ f*floc0™ ,
—all oo —¢|I3 ol e =5+ T e —¢
D e L e L
m m m
KHfllooér > Kaolbllood™™" | 21 f*]|0cd™
K 5" Ky t—¢|5
<| Doy e Yoo 3 el Bl B
m—+1

< 4Kt —t'll5 Y 5

r=1
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Case 1:

Case 2:

Case 3:
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If § < 1, then we have
m—+1

1
r—1 <
Y <
r=1
and hence we obtain
(e} « 4K S
£ f2)] < Tl 25

That is, f* is Holder continuous with exponent s. Let ¢ and ¢’ do not belong
to the same cell, but the conditions hold. In this case, ¢t and ¢ must belong
to two adjacent cells. Let £ be the common boundary point of the adjacent
cells. Then one gets

I1F(E) = )2 < NF @) = fFOll2 + 1 E) = F ()]l
Therefore, we have

H
156 = )l < Tl = 13

If 6 =1, then

1£(t) = fF(E)|l2 < 4K (m + 1)t — t']|5.
Since ||t — ||z < a™ < 1, we have m < In(||t — ¢||2)/ In(a). Using a known
inequality

1
0<—z!lnz< —, for0<z<1 and 0 < pu <1,
e

choose some 0 < ¢ < 1 so that

oy )y
o+ 1)t~y < (1 T g

—llt = t'll5 In(llt = #'l2)

=t —*|3 t—t|57*
It =I5 + al It —#I1
1
<=5+ ——|t=t]5"
<=2l + ol =t
1
< (1 7)75—1?’ som,
< (14 a0

Therefore, we obtain
1
) — ft)z < 4K(1 7) t—t|57".
1) = 1)1 < 4K (14— Y= 1)
If § > 1, then

5m+1
1F @) = F(E)l2 < 4K 5— NIt =I5

We take a positive number A with 0 < A < 1 such that

ST =I5 < It =113

Further we get
A< (mADnd
In([|t — #']|2)
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1 1
Since a™ 1 < ||t —t'||2, we obtain < . This gives
S ([t —#]2) = (m+ 1)In(a) &

Ind n
)\SS—FL 1—|—1 {‘ olloc < 1. Hence, we have

Ina na

4K
[f(#) = f)2 < 51 ||t*tH2
This completes the proof. ([l

3.3. Continuous Dependence on Parameters. Let f € C(A,RY) be a fixed
source function. Let b : A — R¥ be fixed and consider the vector-valued fractal
function f, corresponding to f (see the self-referential equation in (3.1)). Define

S={ac (C(AR))®" : |laljo <7 < 1 and ris a fixed number }
and consider the map ¥ : S — C(A,R") defined by
U(a) = 7?,6-
Theorem 3.4. The map ¥ : S — C(A,RY) is continuous.

Proof. For o, 8 € S, from the functional equation for the vector-valued a-fractal
function, we have

U(a)(t) = fu(t) = F(t) + awlug' () (fap —b) oug'(t), VI € uw(A), we I

and

T(B)(t) = f2,(t) = F(t) + Bu(ug () (f2, = b) oug ' (t), VT € uu(A), w e I,
Consequently,

0 t) =[F(t) + 0w (ug (1)) (f$), = b) o ug (1)) — [F(t) + Bu(ug (£)(f2, — b) o ug  (1)]

[
[ (ug (D) £y (ug (1) = Buo (ug () £, (ug (8)] + (B (ug ' (£)) — s (ug (1)) b(ug! (1))
(04 ﬁw nb"‘ﬁwfnb Be nb)( (t ) ((ﬂw _aw)b) (u;l(t))
=((% - /Bw)fn,b + B (2 — £2)) (ug' (1) + (B — 0w)b) (ug (1))

Using the triangle inequality and the definition of the uniform norm, we have
[Fr®) = £20 O] <| (= Bl Fizy + B = FL)) (43 )| + (B = @)b) (w5 (1)

<lla = Bllooll £ plls0 + 1Bll0 I f55 = £2 blloo + 18 = atlloo 1Bl

=llo = Blloo (1S plls0 + [bllse) + 1Blle I £55 = £2 bl oo-
This implies that

1£25 = £ ylloo <lle = Blloo (125 llo0 + 1Blloc) + 1Bllsoll £y — £
Using 1 — ||B]lcc > 1 — r, finally we have,
<lo =Bl /BHoo

1%() = ¥(B)lloo = I frp = frplloo < T, Ulfn

The previous inequality reveals that ¥ is continuous at a. Since « is arbitrary, ¥
is continuous on S, establishing the assertion. (|

Theorem 3.5. Let f € C(ARY) and Xy = {b € C(A,R") : by, = flv, }. Let
€ (c(A, R))3 with ||al|ec < 1. Then the map ® : X; — C(A,RY) defined by

®(b) = fr is Lipschitz continuous.

+ [[blloc)-
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Proof. Let b,c € Xy. From the functional equation for the vector-valued a-fractal
function on SG, we have

C(b)(t) = frp(t) = f(1) + cw(ug (1) (£ —b) oug'(t), ¥Vt € uw(A), w e I"
and
P(0)(t) = fre(t) = f(1) + aw(ug () (fre — ) oug' (1), Vit € uw(d), we I,
From these two equations, for ¢t € u,,(A) we get
mo(t) = £ () =[F(8) + o (ug (D) (£ = 0) (us ()] = [F(8) + 0w (ug (D) (£ = ) (ug,' (1))
= aw(ug (1)) (frp — S,C)(uw (1) + aw(ug' (1) (c = b)(ug' (#))-

The above equation yields

Faralt) = o] = oz O)(fp = f2) (51 1) + awluz H) (e = ) (ug 1))
< Jowug @) ::,b ~ F2 ) (gt 0)] + |aw (s (1) (e = b) (us" ®)]

alloollfiis = frelloo + llalloolle = bllco-

The above inequality holds for all ¢ € u,(A), and therefore we have

1 — < lelloollfp = frelloo + llallsolle = bllo-
This can be recasted as,
[l
”.fr?,b* n('”OO < 1— || OT‘ ||biCHOO
That is, [[®(b) =P (c)|loc < 7 llo Hal\ lb—c||o0, showing that & is a Lipschitz continuous
map with a Lipschitz constant % O

3.4. Energy. Here we derive conditions on the parameters so that f, has finite

energy, whenever so has the source function f : A — RV,

Recall the notion of energy of a function f: A — R given in Definition 2.1. For
a function f € C(A,RYN), f = (f1, f2,-.., fn), where f; : A — R, we define the
energy of f as follows.

E(f,]R ) = max E(f;).

1<G<N
Similarly, we define the energy F(a) for a € (C(A,R))*

E(a,RF) = 1r£1ja<xk E(aj).

Remark 3.6. Alternatively, we may define energy for a vector-valued function f :
A — R¥ as follows. First we define the graph energy EX (f,RY) on I, by

B (LY = (3)" PIUORNCLE
The energy E*(f,RY) of f: A — RY can now be defined as
E*(f,RY) = lim E; (f,.RY).
m—0o0

Using ||2]|ee < ||z]l2 € VN [|2 00, We infer that
E*(f,RY) < oo if and only if E(f,RY) < oo
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We define dom(E,RY) = {f € C(A,RY) : E(f,RY) < oo}.

Theorem 3.7. Let n € N. Consider the source function f € dom(E,R™) and the
parameter map b € dom(E,RN) with bly, = flv,. If a € (dom(E,R))*" satisfies
]l oo < m, then the corresponding vector-valued a-fractal function £, denoted
by £ belongs to dom(E,RYN). Furthermore, we have

BE(f,RY) + 5”83 E(b, RY) + 5"4(]| £*||3 + 2I[b]12) B, R®")

E(fe. RV <
(F%RT) < = 5d]alZ,

Proof. Using the functional equation for f¢, the following estimate for the co-
ordinate functions of f* can be easily obtained.

70 = 12O = |10 = ) + wlug O)F7 (15" 9) = (g (D) £ (51 (2))
+ e (g (2))b(ug (2) —aw<u-1<t>>b<u;1<t>>\2
< Alf5(8) — ()2 + dow(ug () £2 (g (1) — £2(ug ()]
+4|£5( uJ(z K |aw 1<t>>—aw<u;1<z>>|2
b;( t)—b»(u;%z))f
+8|b‘”‘ lt) ) — aus(ug(2))[*
< Alf;(t) ~ £5(2) 4||a|\ |8 wg (1) = £ (ug ()]
+4||fa||m!aw<u;1<t>>—aw< )
+8llall | (ug (1) — by (ug! ()]
+ 8]1B1% v (ug (1) — v (ug (2))”
<Al — £+ dllalZ | £ (gt (1) — £2ug (2)]
+ A2 + 20)%) Jow (ug (8) — aw (w5 (2))]
+ 82 by (ug (1) — by (ug ()]

On calculating the energy at the m-th level we obtain

En(f§) < ABn(f;) + (2)"3" 4% (£

5\ non B\ (/1 o
+(§) 3 8||Oé||ioEm_n(bj)+(§) 3 4(1F 1% + 20b)12%) Em—n(cw)-

Taking limit as m — oo, the above inequality yields
E(ff) = 5" dlall5 E(f}) < 4B(f;) +5"8[|al|5 E(b))
+5"4([1F 1% + 2016l ) E(aw)-
and the definition of F(b), E(f) and E(«a) we

(t)
(1)

Using the hypotesis ||a|ls <

1
Von 4
have

(1= 5"dllall% ) B(f) < AB(f,RY) + 5"8]la| 2 E (0, RY)

+5"4(1 £ 1% + 2[1blI%) B(a, R®").
This proves the assertion. (I
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Remark 3.8. If o is a constant function, then we could get a weaker condition,
namely, ||oflc < \/E)lnj for the above theorem to hold. This improves the bound

obtained in the setting of the real-valued a-fractal function on SG in [28].

Remark 3.9. The above theorem can be compared with Theorem 4.1 of [25] wherein
the authors calculated the energy of the uniform (real-valued) fractal interpolation
function. Theorem 4.1 of [25] deals with n = 1, N = 1 and the IFS F(t,z) =
dx + q;(t), where d € (—=1,1), ¢;(t) = h;(t) for all t € A with h;(p;) = B(qi;) —
d;B(p;), i,j € I, where B : V; — R is a given function.

4. A FrRACTAL OPERATOR ON C(A,RY)

Let f € C(A,RY) be arbitrary, but fixed. In the construction of vector-valued
a-fractal function corresponding to f given in the previous section we take
b=Lf,

where L : C(A,RY) — C(A,RY) is an operator such that (Lf)|v, = f|v,- The
corresponding fractal function f; ; satisfies the functional equation:

wp(t) = () +aw(uy () (frp — L) (ug' (1), V€ uw(A), we I

Definition 4.1. The rule that assigns the vector-valued a-fractal function f7 |
to a given continuous function f is called the a-fractal operator denoted by F7' ;.

That is, F¥ 1 C(A,RN) — C(A,RY) is defined by
wn(f) = faL
For our convenience, we write f; as f“ and the operator as 7 instead of F .

Remark 4.2. Recall that by the definition of [, the operator F satisfies the
following interpolatory property

Frp(N@) = f(x), VeV,

In the upcoming theorem we gather some elementary properties of the fractal
operator F¢ defined on C(A,RY), which is endowed with the uniform norm. For
J C R, similar results for the fractal operator F* defined on the space C(J,R) are
well-known; see, for instance, [22, 23]. Hence the proof of the following theorem is
withheld. For basic definitions from functional analysis and perturbation theory of
operators needed in the sequel, the reader may refer the books [14, 27].

Theorem 4.3. Let F* : C(A,RY) — C(A,RY) be the fractal defined above and Id
be the identity operator on C(A,RYN). The following hold.

(a) For any f € C(A,RYN), the perturbation error satisfies

() = Flloo < ledlool|F* () = L [loo-

Consequently,

[lvlloo
llelloo

This implies that the fractal operator F< is relatively bounded with respect
to L. Further, if ||a|lcc =0 or L = Id, then F* = Id.

174 = flloe < o= I = L llo-
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(b) If L is a bounded linear operator, then so is the fractal operator F*. Fur-
ther, the operator norm satisfies
”]:aH <1+ ”OéHooHId_ L” )
1 —loloo
(¢) If L is a bounded linear operator and ||a|loe < ||L||7%, then F* is bounded
below and, in particular, injective. Consequently, in this case, F< is not
compact.
(d) If fr € C(A,RYN) is a fized point of L, then fr, is a fized point of F* also.
(e) If a be such that aj : A — R is non-null for some j € I", then the fized
points of L and the fized points of the fractal operator F* are same.

As mentioned earlier, the aforementioned properties of the fractal operator are
well-known in the setting of C(J,R), where J is a compact interval in R. In what
follows, we provide a pair of results which forms an addendum to the aforementioned
properties of the fractal operator.

Theorem 4.4. There exists a non-trivial closed invariant subspace for the bounded
linear fractal operator F : C(A,RY) — C(A,RY).
Proof. Choose a non-zero function f € C(A,R™) such that f(z) =0 for all x € V,.

Let (]—"’)T denote the composition of F with itself r-times and (F*)°(f) = f.
Consider the non-zero subspace

Wy = span{f, FEF), (F2(f), ... }
Note that F*(Wy) C Wy, that is, Wy is an invariant subspace of F*. Next we see
that if g € Wy, then g(z) =0 for all € V,,.
By the definition of Wy, there exist constants 3; € R such that

9 =Bu(F) () + B2(F)2(f) + - 4 B FH)™ ()
where r; € NU{0}. By the interpolatory property of the fractal operator, we have

(F() (@) = f(x), Y& € Vp.
Consequently, for all z € V,,, we have g(x) = 0.

Take W = Wf Then F*(W) C W, and what remains is to show that W #
C(A,RYM). For h € W, there exists a sequence (A, )men C Wy such that h,, — h
uniformly. Since h,,(xz) = 0 for all m and x € V,,, it follows that h(x) = 0 for all
x € V,,. Therefore a function g € C(A,RY) such that g(z) # 0 for some = € V,.
cannot be an element in W, that is, W # C(A,RY), completing the proof. (]

The next result is a generalization of [11, Theorem 1], which was proved in the
setting of an operator on a Hilbert space.

Lemma 4.5. [5, Lemma 1]. Let (X,||.||) be a Banach space, A : X — X be a
linear operator. Suppose there exist constants A1, Ay € [0,1) such that
Az — z|| < AM|z]| + A2||Az|], VzeX.
Then A is a topological isomorphism, and
1— X 14+ X
14+ XM 1-—X\

Theorem 4.6. Let L be a bounded linear operator and ||a|| < |L||~. Then the
fractal operator F : C(A,RY) — C(A,RYN) is a topological isomorphism.

ol < |IA™ aol| <

lz]|, VzelX.
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Proof. In view of Theorem 4.3 we have
1F = F* (Dl < ledloo]| F () = L,

< ol [l 72 (D)l + 1211

= llalloe [|7°(F) e + 111 o]

Recall that the standing assumption on « is that ||a]le < 1. In addition, by the
hypothesis, we have |||l < ||L||™!. From the previous lemma, it follows that the
fractal operator F¢ is a topological isomorphism. 0

Remark 4.7. Let J C R be a compact interval. It is known that [22] for ||a]|e <
(14 |1d - L||)71, the fractal operator F* : C(J,R) — C(J,R) is a topological
isomorphism. Note that

ILI =L = Td+ Id|| < [[Id — L] +1,

Therefore, thanks to [5, Lemma 1], our approach in the previous theorem illustrates
that the fractal operator F< is a topological isomorphism with a weaker condition
on «.

5. SOME APPROXIMATION ASPECTS OF VECTOR-VALUED «-FRACTAL
FUNCTIONS ON SG

In view of the fact that a topological isomorphism preserves Schauder bases, the
following result is an immediate consequence of Theorem 4.6. However, for the sake
of exposition, we provide a slightly expanded details of the arguments.

Theorem 5.1. The space C(A,R) of all real-valued continuous functions on SG
endowed with the supnorm possesses a Schauder basis consisting of a-fractal func-
tions.

Proof. Following the notation in [13], let {¢¢ : £ € V} be a Schauder-basis for
C(A,R) established in [13, Proposition 4.2], which can be viewed as an analogue on
SG of the classical Faber-Schauder system. Choose an appropriate bounded linear
operator L and consider the parameter map « such that |a|/ < ||L||~!. The cor-
responding fractal operator F* : C(A,R) — C(A,R) is a topological isomorphism.
Let f € C(A,R) so that (F*)~1(f) € C(A,R). By [13, Proposition 4.2] we have

Z > eel( "(f)) e,

i=0 £eV;

where U2, V; =V (The reader should consult [13] for these notation). Since F¢ is
a bounded linear map we get

f= Zch L) v,

i=0 {eV;

where 1/)? = F*(¢¢). To prove the uniqueness of the representation, let f =
> ieo 2eey, de ¥g. By the continuity of the map (F*)~'(f) we have

(F*)~ Z > de v,

=0 £€V;
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from which we deduce that de = c¢((F*)~'(f)). Therefore, {1)¢ : £ € V} is a
Schauder basis consisting of a-fractal functions for the space C(A,R). (]

The following definition is a counterpart to Definition 2.3.

Definition 5.2. The space S(Hy, Vi, RY) of vector-valued piecewise harmonic
functions of level m is defined to be the space of continuous functions f such that
f ot is harmonic for all w € I"™, where u(t) = 5=t + >y 5k Puwy-

The following theorem about denseness of vector-valued piecewise harmonic func-
tions can be easily proved; see, for instance, [29, Theorem 1.4.4].

Theorem 5.3. Any function f in C(A,RYN) can be approximated uniformly by a
sequence (hy,) in S(Ho, Vi, RY) with hy,|v,, = flv,,-

Definition 5.4. Consider the space S(Hp, Vi, RY) of vector-valued piecewise har-
monic functions of level m and the bounded linear operator F* : C(A,RY) —
C(A,RY). The space F* (S(Ho,Vm,RN)) will be referred to as the space of all
(vector-valued) fractal piecewise harmonic functions. That is, a continuous func-
tion h® : A — R¥ is a fractal piecewise harmonic function if h* = F(h) for some
piecewise harmonic function h € S(Hy, Vy,, RV).

In the following theorem we show that a given f € C(A,R"™) can be uniformly
well-approximated by a fractal piecewise harmonic function.

Theorem 5.5. Let f € C(A,RY) and € > 0. Let n € N and consider a bounded
linear operator L : C(A,RYN) — C(A,RYN), L # Id satisfying (Lf)|v, = f|v,- Then
there exist a scale vector o = a(e, L) in (C(A,R))?", a # 0 and a fractal piecewise
harmonic function he ; € C(A,RN) such that

1f = hn il <e

Proof. Let ¢ > 0 be given. By Theorem 5.3, there exists a piecewise harmonic
function h € C(A,RY) such that

€

For a natural number n and for a bounded linear operator L : C(A,RY) —
C(A,RN), L # Id satistying (Lf)|v, = flv, select a € (C(A,R))?", a # 0 such
that

3
5+ 1 = Lil|hlloc”
Consider hyy ; = F (h) with the aforementioned choice of . Then, using item
(a) in Theorem 4.3, we have

1f = hoplloo <N = Rlloe + 12 = A 1

[t oo
1 — [laflo

alleo <

| [e )

< = hlloo + 11 = L[]l oo

AN
[NCN e

_|_

DN

I
\.('h

completing the proof. O
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Theorem 5.6. Let f € C(A,RY) and ¢ > 0. Let n € N and a € (C(A,R))*" be
arbitrary but fived. Then, there exist a bounded linear operator L : C(A,RN) —
C(ARN), L # Id satisfying (Lf)|v, = flv, and an a-fractal piecewise harmonic
function hy ;= F7 1 (h) such that

n

1f = hn il <e

Proof. Let € > 0 be given. By Theorem 5.3, there exists a piecewise harmonic
function h € C(A,RY) such that

€
—hlleo < =
I =l < 5

Choose a natural number n and a scale vector 0 # a € (C(A,R))?" satisfying

lalloo < 1, but otherwise arbitrary. Now let us consider a bounded linear operator
L:C(A,RN) — C(A,RYN), L # Id satistying (Lf)|v, = f|v,, such that

1—Jlofle €

IId - L| < — 1% £
[erllool[72]] oo 2

With the above choice of L in the construction of the fractal operator £ ; , consider
hy = F p(h). We have

n

If = hoplloo < If = Rlloe + 12 = A 1

| o0

lerllo
<f = hlloo + ——=—1d = L[|l
1—[lefle
S E
2 2
= 6,
and this completes the proof. O

Remark 5.7. Let f € C(A,RY). The above theorems, in particular, assert the
following.

(1) For m € N, let a™ € (C(A,R))*", @™o < 1 and o™ — 0 as m —
00. Then there exists a sequence of fractal piecewise harmonic functions
(hgz)meN which converges to f uniformly as m — oo.

(2) Let (L )men be a sequence of bounded linear operators on C(A, RY) sat-
isfying L,,(g) — g for each g € C(A,RY). Then there exists a sequence
of fractal piecewise harmonic functions (hg Lm)m ey Which converges to f
uniformly. In particular, the piecewise harmonic operators corresponding
to f serve our purpose.

The following theorem is a direct consequence of the above remark.

Theorem 5.8. Let F} p, (S(HO7 Vm,]RN)) be the class of all fractal piecewise har-
monic functions with a fized choice of the o and piecewise harmonic operator Pj.

The set Uyen T b, (S(Ho, Vi, RY)) is dense in C(A,RN).
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