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Thin-shell concentration for random vectors in Orlicz balls via
moderate deviations and Gibbs measures

David Alonso-Gutiérrez and Joscha Prochno

Abstract

In this paper, we study the asymptotic thin-shell width concentration for random vectors uni-
formly distributed in Orlicz balls. We provide both asymptotic upper and lower bounds on the
probability of such a random vector X, being in a thin shell of radius /7 times the asymptotic

value of n™1/2 (E [IIanlg])”2 (as n — oo), showing that in certain ranges our estimates are opti-
mal. In particular, our estimates significantly improve upon the currently best known general
Lee-Vempala bound when the deviation parameter ¢ = ¢,, goes down to zero as the dimension n
of the ambient space increases. We shall also determine in this work the precise asymptotic value
of the isotropic constant for Orlicz balls. Our approach is based on moderate deviation principles
and a connection between the uniform distribution on Orlicz balls and Gibbs measures at certain
critical inverse temperatures with potentials given by Orlicz functions, an idea recently presented
by Kabluchko and Prochno in [The maximum entropy principle and volumetric properties of Or-
licz balls, J. Math. Anal. Appl. 495(1) 2021, 1-19].

Keywords. Central limit theorem, Gibbs measure, isotropic constant, moderate deviation princi-
ple, Orlicz space, sharp large deviation estimate, thin-shell concentration.
MSC. Primary 46B06, 52A23, 60F10; Secondary 46B09, 46B45, 60F05

1 Introduction and main results

Already the early years in the local theory of Banach spaces and geometric functional analysis have
demonstrated a deep connection between the geometry of finite-dimensional normed spaces and
probability theory. Powerful methods have been developed on both sides and new fields at the cross-
roads of functional analysis, discrete and convex geometry, and probability theory have emerged.
Two such fields are asymptotic geometric analysis and high-dimensional probability theory, which
overlap in many different ways while still leaning towards the directions the names already indicate.
Driving forces behind many research activities in both fields have their origin in applied sciences, for
instance, in form of the Kannan-Lovész-Simonovits (KLS) conjecture in theoretical computer science
[2, 44], and applications in other areas of mathematics are manifold (see, e.g., [21, 27, 28, 29, 46, 60]
and the references cited therein.).

The past decades have shown the fundamental importance of central limit phenomena for both
fields, the most prominent example being arguably the central limit theorem for convex bodies due
to Klartag [39], which says that most marginals of an isotropic convex body in high dimensions are
close to a Gaussian distribution. Beyond that, various geometric quantities have been shown to fol-
low a central limit theorem as the dimension of the ambient space tends to infinity, e.g., [4, 7, 10, 25,
30, 31, 34, 35, 48, 52, 55, 57, 59], and aside from the universality they describe, which no doubt is a
beautiful and fascinating property in its own right, those weak limit theorems find applications in
different situations, e.g., [5, 34, 55]. What many of those results have in common and what makes
their proofs more delicate is that the source of the Gaussian approximation is not attributed to inde-
pendence, or a weak form of independence, but rather to geometry and more specifically convexity.
For instance, pivotal to Klartag’s proof of the central limit theorem is the following principle going
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back to Sudakov [58], Diaconis and Freedman [19], and von Weizsdcker [61], which had been put
forward again by Anttila, Ball, and Perissinaki [9]: an isotropic random vector X € R", i.e., a centered
random vector X € R" with identity covariance matrix, has most marginals approximately Gaussian if
| X2/ /% concentrates around 1, i.e., | X||» concentrates in a thin shell of radius /7 and ‘small’ width
(see [39, Theorem 1.4] and [15, Chapter 12]). This principle has led to the thin-shell width conjecture,
which proposes the existence of an absolute constant C € (0,00) such that for every n € N and every
isotropic random vector X € R” one has E[[| X|» — v/n]? < C. This conjecture is known to be equiv-
alent (see, for instance, [1]) to the so-called variance conjecture, which was formally conjectured in
[13] and proposes the existence of an absolute constant C € (0,c0) such that for every n € N and ev-
ery isotropic random vector X € R" one has Var[|| X |I§] < Cn. It has been verified for random vectors
uniformly distributed on unconditional bodies [40] (see also [9], [42], [56], and [62] for previous re-
sults on random vectors uniformly distributed on the ¢}, balls) as well as for generalized Orlicz balls
(see [41] and [12]) and random vectors uniformly distributed on the regular simplex [11]. The best
general estimate known up to now is due to Lee-Vempala [43], who proved that any n-dimensional
isotropic random vector verifies that E[|| X ||, — y/71]> < C/n, where C € (0,00) is an absolute constant,
improving the previous estimate E[|| X |, — v/7]?> < Cn?/® given by Guédon-Milman [26]. In the same
paper, Lee and Vempala showed that for any isotropic random vector in R” and any ¢ € (0, 00),

< e—cmin{t,tz}\/ﬁ’ 1)

’ 11Xl

- 1‘ >t
ELIX])

where ¢ € (0,00) is an absolute constant, thereby improving for small values of ¢ the value of the
exponent in ¢ in such a concentration inequality from #3, proven by Guédon and Milman, to 2. More
precisely, Guédon and Milman proved that for any isotropic random vector in R” and any ¢ € (0,00),

P -1

I X2
n

NG

where ¢ € (0,00) is an absolute constant. In the case of the £}; balls sharper concentration results have
been obtained for the £,-norm of a random vector uniformly distributed on the ¢ Z sphere [47] and,
as explained in [54], the estimates translate immediately to random vectors uniformly distributed on
B;,’, the unit ball of ¢ Z. For more details we refer to, e.g., [3, Section 2]. In particular, if p =2 and X is
arandom vector uniformly distributed on By}, then

> t] < e—CIIliI’l{[,l’:‘}}\/ﬁy (2)

1115
EMIX113]

< 1ze—cmin{t,t2}n, (3)
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where c € (0,00) is an absolute constant and if 1 < p <2, then
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where ¢, C € (0,00) are absolute constants and v (n, ) is a function that takes different forms in dif-
ferent ranges of ¢ with respect to n. These estimates immediately give (see the argument in Remark

3.4) the same probability estimates for P H [EP\|)§(“||22] — 1| > t].

Other types of limit theorems, namely moderate and large deviation principles, describing the fluctu-
ations beyond the Gaussian scale, have only recently been obtained for quantities studied in asymp-
totic geometric analysis and high-dimensional probability theory after their introduction by Gantert,
Kim, and Ramanan [23] and Kabluchko, Prochno, and Théle [35]. Contrary to the universality in a
central limit theorem, which comes at the price of information regarding the underlying distribution

being lost in the limit, moderate and large deviations are sensitive and typically parametric in view
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of the underlying random objects, meaning that in a our context they still encode subtle geomet-
ric information. While the full strength of this fact regarding applications in asymptotic geometric
analysis and high-dimensional probability is yet to figure out, Alonso-Gutiérrez, Prochno, and Théle
have recently discovered in [8], using a theorem of Gromov and Milman [24], a connection between
the study of moderate and large deviations for isotropic log-concave random vectors and the famous
KLS conjecture (which is stronger than both the thin-shell width and variance conjecture). While
most of the initial works on moderate and large deviations in the geometric framework had been
restricted to é; balls (see, e.g., [6, 22, 23, 33, 34, 35, 38, 45]), because of a useful probabilistic repre-
sentation of Schechtman and Zinn [53] which allowed for certain explicit computations to be carried
out, this had been overcome by Kabluchko, Prochno, and Thile in their work on Sanov-type large
deviations for the Schatten classes [36], and was recently pushed further by Kim, Liao, and Ramanan
[37]. In the updated version of their paper on arXiv they obtained large deviation principles in the
general setting of Orlicz balls by using a method similar to the one that has recently been put forward
by Kabluchko and Prochno in [32] who studied the asymptotic volumetric properties of Orlicz balls.
The approach, as is explained in [32, Section 1.2], is based on a connection between random vectors
in unit balls of Orlicz spaces and certain Gibbs measures whose potentials are given by the respective
Orlicz functions and rests on the maximum entropy principle from large deviations theory and sta-
tistical mechanics. In particular, the connection also explains why the probabilistic representation
of Schechtman and Zinn is so intimately related to the geometry of ¢ Z balls. In this paper, we use this
connection between the uniform distribution on Orlicz balls and Gibbs measures with Orlicz poten-
tials from [32] to study the concentration of random vectors in Orlicz balls in a thin-shell with radius
V1 times the asymptotic value of n~'/2 (E[]| X, II§])1/2 and obtain in several cases strong and even
sharp asymptotic estimates, extending the concentration results in (3) from ¢}, balls to Orlicz balls
when ¢ = t,, goes down to zero. In this situation we exploit the normalization of a random variable on
the scale of moderate deviations to obtain our estimates. The approach also enables us to compute
the precise asymptotic value of the isotropic constant for Orlicz balls. Other than the explained con-
nection to Gibbs measures, our proofs are based on moderate and sharp large deviation techniques
for sums of independent random variables due to Petrov [49, 50] and Eichelsbacher and Léwe [20].

1.1 The main results

In order to state the main results of this paper, we first need to introduce some notions and notation.
A function M : R — R is called an Orlicz function if M(0) =0, M(¢) > 0 for ¢t # 0, and M is even and
convex. For R € (0,00), let us denote by Bl’\l/l(nR) the Orlicz ball

n
B},(nR) := {x = (X)), eR": ) M(xy) < nR}.
i=1

Note that if M(x) = [x|” for 1 < p < oo, then we obtain an ¢}, ball of radius (nR)!'P. The isotropic
constant of the Orlicz ball By, (nR) is the number Lp (nR) € (0,00) such that

ni2, = ! IR
L (nR) Voln(B]I\i/I(nR))HZ/n BIL(nR) 2

It is well known that the isotropic constant of every convex body is bounded from below by an abso-
lute constant (see [15, Proposition 2.3.12]) and that the isotropic constant of unconditional convex
bodies, and therefore, of Orlicz balls, is bounded above by an absolute constant (see [15, Theorem
4.1.2]). For more background on the isotropic constant, we refer the reader to Subsection 2.1 below
and the references provided there.
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In what follows, given an Orlicz function M : R — R and a radius R € (0,00), we shall denote by ¢, the
log-partition function with potential M, i.e.,

@upm:(—00,0) =R, Qum(a) zlogf MW gy
R

and by pjs : R — [0,00) the log-concave Gibbs density with potential M, i.e.,
%+ M(x)

@ Mx)-pu(a.) _
Jre® M@ dx’

pux)=e xER,
where «a . € (—00,0) is the unique element, in statistical mechanics parlance the (critical) inverse tem-
perature, at which
Jr M(x)e®MX gy
JpeM@dyx

Phylas) =

holds.
Our main results are the following. The first determines the precise asymptotic value of the isotropic
constant for Orlicz balls By, (nR).

Theorem A. Let M : R — [0,00) be an Orlicz function and R € (0,00). Then

o+ R o+ R Jp 2@ M0 g\ 12
lim Lgn = —LZ =

e ZBy (nR) f[R e M) ] 5 f[R e®«M(X) 4y fR e+ M(x) g

This result will be obtained as a consequence of a concentration result for a random vector uniformly
distributed on By, (nR) on a thin-shell of radius \/nLz. The following result provides a much sharper
concentration estimate than the general situation under an extra assumption on the growth of the
function M.

Theorem B. Let M : R — [0,00) be an Orlicz function such that M € Q(x?) as x — oo, n € N, R €
(0,00). Assume that Z is a random variable with Gibbs density pyr and X, a random vector uniformly
distributed on B]’Q(nR). Then, for every sequence (t;)nen € (0,00)N such that \/Lﬁ < t, < 1, we have
that, as n — oo,

X ”2 2nr4 (1+0(1)
"2 " T
12 1=t <l|al 2nng),(a)e vz’ (1_,_0(1))’
VA
where
2. et M dx
Z

Jpe®M®dx -

Remark 1.1. As we will see in Theorem 3.5, under stronger conditions on the growth of the function
M (namely, M € Q(x*)), the limitations on the sequence (#,) zen can be dropped. Furthermore, under
such conditions we can prove a concentration result of | X, around its expectation rather than
around nLZZ.

In the proof of these results, we use ideas recently put forward by Kabluchko and Prochno in [32]. As
explained in Section 1.2 of their paper, a probabilistic approach to the geometry of Orlicz balls (and
in particular to their asymptotic volumetric properties) is naturally associated to Gibbs distributions
at certain critical inverse temperatures with potentials given by Orlicz functions. Underlying this
connection is the maximum entropy principle from statistical mechanics (see [51]). In the very same
spirit, we use those Gibbs distributions to determine the asymptotic value of the isotropic constant
for Orlicz balls, which, to the reader familiar with those distributions, is apparent by merely looking at
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the quantities appearing in Theorem A. Let us point out that, while we focus on the volumetric prop-
erties of Orlicz balls Bj,(nR), for a fixed R studied in [32] in order to obtain our concentration results,
volumetric properties of Orlicz balls B&(an) with R, = m + a,n"'/2 with m > 0 fixed and (a,,) yen @
bounded sequence have been obtained in [12], which led to the confirmation of the KLS conjecture
on a large family of Orlicz balls. Another ingredient in the proofs is the use of moderate deviation
principles, with which we can get the optimal constants in some inequalities. An alternative use of
Bernstein’s inequality would provide a similar estimate with slightly worse constants.

Having presented Theorem B, a natural question that arises now is how good the bound presented
there really is. As it turns out, whenever the sequence ¢, is not getting too small, i.e., 1 1 L Iy K
1, on the exponential scale we can prove a matching lower bound on the upper tail concentratlon
probability. This is part of the following result, which establishes something slightly more general.
We shall briefly discuss the conditions relating the sequences (r,;) ,en and (£,) nen appearing in the
statement in Remark 4.2 below.

Theorem C. Let M : R — [0,00) be an Orlicz function such that M € Q) asx— oo, neN, Re
(0,00). Assume that Z is a random variable with Gibbs density py; and X, a random vector uniformly
distributed on B]’\ﬁ[(nR). Then, for every two sequences () neN, (tn) neN € (0,00)N such that \/Lﬁ < r—,;l <

t, < 1, we obtain, as n — oo,
> Ia*I\/2nn(p”((x*)e_r"(_“*+°(1)) (1+0(1),

1 X513
Jpx?e® M qx

nlL?
fR e@ M) :

Z
In particular, whenever ﬁ « tp <« 1 (and choosing ry, = t,zl n), then we obtain

> |ayy /Znn(p”((x*)e”ﬁnLﬂ_aﬁom) (1+0(1)).

Last but not least, we study the thin-shell concentration in the case of £} balls. Obviously, ¢, balls
are Orlicz balls for the function M(t) = [¢|”, 1 < p < co and this means that Theorem B carries over
to the case p = 2, providing in our setting concentration results similar to (3) on a thin shell of a
slightly different radius. However, they do not give anything when p < 2. Still, using a result on mod-
erate deviations for independent and identically distributed random variables due to Eichelsbacher
and Lowe [20], we can get an asymptotic upper bound on the thin-shell width concentration for a
restricted f,-range, which still allows us to get as close to f as we wish. In fact, we provide an
asymptotically matching lower bound for p and ¢, in a certain range. Our result reads as follows.

where

2 .
%=

1Xn113 .

>t

nLZ

Theorem D. Let1 < p <2, n €N, and X, be a random vector uniformly distributed on B,’}(n) =

_P
nZ%-p _ 1

N =L

n2G-p

|,{,(n) Assume that (t,) nen € (0,00)N is a sequence such that —= f KLty << . Then, as

2,14
|X ” 27T1’l _r nL%, (1+0(1)
"7z _ 2Vdr(Zz) 1 + 0(1)),
1P

where Z is a p-generalized Gaussian random variable with density p(x) = md t and then
p ty

pt'P (9r(1+%)r(1+%)—5r(1+%)2)
and Var[Z?) =

3T(1 + %) 45r(1 + %)2

n— oo,

L= P (1 ’ i)
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3p-4
. 44-p)
Furthermore, if 5 < p <2 and —z < ty < "=z we have that

2rn _fAnky e
< /—e 2@ (1+o(1),
p

2 .14
2”—"e‘%(“”“))(l +o(l)) <P
p

2

‘”Xn”z
2
nLZ

As already mentioned in the introduction we look at concentration around a sphere of a slightly dif-
ferent radius from n~'/?E[|| X,,I3] "2 Thus, in order to be able to compare the bounds we obtain in

the case 1 < p <2 with (4), one should understand the speed at which n~Y Z[E[IIX,, |I§] 12 converges to
its limit L.

2 Preliminaries

We shall present now the notation and fundamental notions used in this paper. Concerning notation,
for a Borel set A c R", we shall denote by vol, (A) the n-dimensional Lebesgue measure of A. We
denote by $"7! := {# € R" : ||8]l» = 1} the Euclidean unit sphere in n-dimensional space. In this
paper, for two sequences (x,) ,eny and (y,) neny We use the Landau notation x, € o(yy) or x, < yj, if
lim;_. % = 0. We simply write o(1) to refer to some sequence tending to zero as n — co. Moreover,
for two functions f, g: R — R, we write f € Q(g) whenever there exists C € (0,00) and xg € (0,00) such
that for all x > x( one has that C|g(x)| < |f(x)I.

2.1 Isotropic convex bodies

Let us start with some basics concerning the isotropic position of convex bodies, i.e., of compact and
convex sets with non-empty interior. We say that a convex body K < R”" is isotropic (or in isotropic
position) whenever the following three conditions are satisfied

e vol,(K)=1
e Forall6 € S"!, we have [;(, x) dx = 0 (centroid at the origin)
e There exists a constant Lx € (0,00) such that for all 8 € $”!, we have fK(B, x)2dx= Lﬁ(.

Lk is called the isotropic constant of K. Every convex body can be brought, by means of an affine
transformation, into isotropic position. This affine transformation is unique up to orthogonal trans-
formations and, since if a convex body K is isotropic then so is, with the same isotropic constant,
each orthogonal image of K, we can define the isotropic constant of any convex body as the isotropic
constant of its isotropic image.

The affine map that takes a convex body K < R” to an isotropic image appears as the solution of a
minimization problem and then the isotropic constant of any convex body can be defined as

. 2 n
min{ ————— x|5dx:aeR", TeGL(n)y,
n {voln(TKﬂ”’"fMK" I2 ( )}

Here GL(n) denotes the general linear group on R”. Obviously, from the definition, Lk is an affine
invariant. Notice that if K is a 1-symmetric convex body (i.e., invariant under permutations and

change of sign in the coordinates with respect to an orthonormal basis) we have that K := is
isotropic and then

__K
vol,, (K)1/n

1
an = —f X de.
K vol, (K)1+2/n K” I2

We refer the reader to [15, Chapter 2] for more information.
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2.2 Orlicz spaces and Gibbs measures

Let M : R — [0,00) be an Orlicz function, i.e., an even and convex function such that M(0) = 0 and
M(t) > 0 for every t > 0. For R € (0,00) and n € N, let us denote by B]'\’4(nR) the Orlicz ball

B! (nR) := {x ER": Y M(x)) < nR}.
i=1

We refer to [32, Lemma 2.1] to see that Bj’\l/l(l) coincides with the one defined as the unit ball of the
Luxemburg norm ||(x1,...,X,) Iy = inf{p >0: Z?le(lx,-I/p) < 1} on R”. Observe that since M is
even, from the definition of Bj'\’/l(nR) we have that any Orlicz ball is a 1-symmetric convex body and
then B, (nR) is an isotropic convex body.

The precise asymptotic volume of Orlicz balls has recently been obtained in [32]. For our purpose
knowing the asymptotic logarithmic volume will be enough and as [32, Theorem A] states, this is
given as follows: let n €N, R € (0,00), and M be an Orlicz function. Then, as n — oo,

Voln(B]’\l/I(nR))I/n — efm(@)-a.R 5

where, given an Orlicz function M : R — [0,00) and R € (0,00), ¢y : (—00,0) — R is the function
om(a) = logf MWD gy q<0
R

and a. € (0,00) is the unique number such that (pQVI(a*) =R.

In statistical mechanics and large deviation parlance, ¢, is the logarithm of the partition function
with potential M at inverse temperature —«, a € (—oo,0). Notice that ¢ is strictly increasing and
convex (as a consequence of Holder’s inequality). Besides,

JreM(x) M) g x
Jr €M@ dx

* pyla)=

’
. li
e lim a)=0
a——oo (pM( ) y
. /
e lim (a) =00
a—0~ Pum ’
* ¢!, is continuous and increasing (since ¢ is convex).

For proofs of the second and third property, we refer the reader to the arXiv version of [32] or [17, The-
orem 6.2]. The previous properties imply that there exists a unique a . € (—oo,0) such that (p;\/l(a*) =
R. Let pp: R — [0,00) be the log-concave Gibbs density with potential M given by

ea*M(x)
Jre® M@ dx’

and let Z be a random variable with density p with respect to Lebesgue measure. Then we have the
following

a. M) —pp(as) —

pmx)=e xeR,

* EIM(2)] = ¢, (as) =R
o Var[M(Z)] = ¢}, (a.).

Moreover, it was shown in the proof of [32, Proposition 3.2] (see Equation (6) below) that for the
random variable Y := M(Z) — R and a sequence (Y;);en Of independent copies of Y, one has the
asymptotic formula

n _ n : 1+0(1)
E | Koo | D Yi|e @ ZimYi| = : (6)
i=1 lasl\/2mney (o)
7
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2.3 Bernstein’s inequality, LDPs, and MDPs

Bernstein’s inequality gives an estimate for the probability of the sum of n independent copies of a
centered random variable being, in absolute value, larger than nt. There are different versions of this
inequality, depending on the assumptions on the random variable, which vary in the range of ¢ in
which the estimate is valid. We state two of them in the following theorem, which we take from [14,
Proposition 1, (ii) and (iii)].

Theorem 2.1 (Bernstein’s inequality). Let n € N and (Y;)!_, be a sequence of independent copies of a
centered random variable Y. Then

i) If there exist A € (0,00) such that E[e!YV'}] < 0o and A € (0,00) such thatinf{A>0: E[eT ] <2} <

A, then
1 n Zn
P ’—ZYi >r|<2e 162 Vi€ (0,44).
niz
Y2
ii) If there exist A € (0,00) such that [E[e|Y|2MZ] < 0o and A € (0,00) such thatinf{l >0 :E[e | <
2} < A, then

2

“n
P >t| <2e 82 VYi>0.

1 n
Ry

i=1

Remark 2.2. Notice that while the estimate in ii), which assumes a stronger condition on the random
variables Y; than the first, is valid for every ¢ > 0, the estimate in i) is valid only for small values of ¢.

In the large deviations theory, Cramer’s [16] theorem gives us the asymptotic sharp value of the con-
stant in the exponent for every fixed .

Definition 2.3. Let (X)) .en be a sequence of random vectors taking values in R%. Further, let s : N —
[0,00] and I : R — [0,00] be a lower semi-continuous function with compact level sets {x € RY: I(x) <
a}, a € R. We say that (X,,) nen Satisfies a large deviation principle (LDP) with speed s(n) and (good)
rate function I if

. .. 1 . 1 .
— inf I(x) <liminf ——logP[X,, € A] <limsup ——logP[X,, € A] < — inf I(x)
—oo s(m) s(n) A

XEA° n n—oo XeA
for every Lebesgue measurable set A € RY.

We notice that on the class of all I-continuity sets, that is, on the class of Lebesgue measurable sets
A for which I(A°) = I(A) with I(A) :=inf{I(x) : x € A}, one has the exact limit relation

1
lim —logP[X'" € A] = —I(A).

n—oo §(n)
The following version of Cramér’s theorem was taken from [18, Corollary 2.2.19].

Theorem 2.4 (Cramér). Let (Yy)5., be a sequence of independent copies of a centered random variable
Y. Assume that
Aw) = log[E[e“Y] <00

in a neighborhood of 0. Then, for every t € (0,00),

logP[|1¥Y" V|=>1¢
lim 0og [|n i=1 ’| ]:—ian*(S),

n—oo n |s|=t

where \* is the Legendre transform of A.
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If instead of considering a fixed value of ¢ we consider a sequence (#,), converging to 0 we turn
our look to moderate deviation principles (MDP’s), which are nothing but large deviation principles
under a different normalization. In this case, the rate function, which gives the asymptotic value of
the constant in the exponentially decreasing probability is Gaussian under some assumptions on the
random variable. The following theorem can be found in [20, Theorem 2.2].

Theorem 2.5 (Eichelsbacher-Lowe). Let (Yy)en be a sequence of independent copies of a centered
random variable Y with positive variance and let (s,) nen be a sequence of positive real numbers such
that 1 < s, < \/n. Assume that

1
r}glgoglog(np[lYl>\/ﬁsn]) = —c0. @)

Then (Sni/ﬁ Z?Zl Yi)nen satisfies an LDP (i.e., an MDP as the sum is scaled by s,/n < n) on R with

speed s and good rate function I : R — [0,00) given by I(x) = #ﬁm In particular, for every t € (0,00),

1
. logIP[ Sn\/ﬁzlflzlY,-‘ > t] B 12
n—oo 2 ~ 2VarlY]

The following theorem gives an MDP for sums of independent and identically distributed random
vectors under similar conditions to the ones in Cramér’s theorem and is due to Petrov [50] (see also
(18, Theorem 3.7.1]).

Theorem 2.6 (MDP for sums of i.i.d. random vectors). Let (Y;,)en be a sequence of independent
copies of a centered random vector Y in R% and let (s,) nen be sequence of positive real numbers such
that 1 < s, < v/n. We assume that Y is centered, its covariance matrix C = Cov(Y) is invertible, and
that

Auw) = log[E[e<”'Y>] <00

or every u in a neighborhood of0. Then the sequence of random vectors ——= > Y;, n €N, satisfies an
y 8 q sav/n —i=1

LDP (i.e., an MDP as the sum is scaled by s,,/n < n) with speed s% and rate function I(x) = %(x, C Ly,
xeRY,

Next, assume that a sequence (X},),en of random variables satisfies an LDP with speed s, and rate
function I. Suppose now that (Yy),en is @ sequence of random variables that are ‘close’ to the ones
from the first sequence. The next result provides conditions under which in such a situation an LDP
from the first can be transferred to the second sequence, see [18, Theorem 4.2.13].

Lemma 2.7 (Exponential equivalence). Let (X;),en and (Yy,)nen be two sequences of random vectors
in R and assume that (Xp) nen satisfies an LDP on R% with speed s;, and rate function I. Further,
suppose that the two sequences (Xy,) nen and (Yy) nen are exponentially equivalent, i.e.,

limsups),' logP[| X, — Yyll2 >8] = —c0

n—oo

foranyd € (0,00). Then (Yy) nen Satisfies an LDP on R4 with the same speed and the same rate function.

3 The asymptotic thin-shell width concentration for Orlicz balls

We start with a few technical preparations. The first result relates a thin-shell estimate for points
chosen uniformly at random from an Orlicz ball with tail bounds for a modified Gibbs distribution.
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Lemma3.1. Let M : R — [0,00) be an Orlicz function, R € (0,00), n € N. Let @y : (—00,0) — R be the log-
partition function with potential M, and let (Z;)ien be a sequence of independent random variables

with Gibbs density py, i.e.,

ea*M(x)

_ M(x) _
(pM(a)_log[Rea Ydx and pM(x)—W-

where &, € (—00,0) is chosen such that ¢y, (a.) = R. Let Yl.(z) i=Z?— 17, i €N, where

Jr x2e®MX) gy

L=
2T e MWy

Then, if X, is a random vector uniformly distributed on B}, (nR), we have, for every t € (0,00) that, as

n— oo,
2
I Xnll5

~1%|>t

<la.ly\/2nne},(a.)P

where the sequence o(1) does not depend on t.

’ Z Y(Z

(1+0(D),

Proof. Let (Z;)}_, be independent identically distributed copies of a (symmetric) random variable
Z with Gibbs density py;. For any 1 < i < n consider the centered random variables Yl.(l) and Yl.(?‘)

defined by
yV=MZz)-R and Y®P=2-13,

1

where R € (0,00) and
Jr x2e®MX) gy

2 _ 2y _ 2 =
L5, =EZ ]_fo pm(x)dx = Jpe®M@dy

If X}, is a random vector uniformly distributed on B ]’\Z(nR), then, for any ¢ > 0, we have

1 X113
P ‘ﬁ_LzZ .

12
Je B R D Xm - z0n (5 1613) dox
Jrn XBI (R (X) dx
fR" XB](‘/[(nR) (X)XR\(VL(LZZ—t),n(LZZ+t)) (I|x||§) e Y M) +ne(a.) n?:] pM(xi)dx

Jan X By, (npy (X) @@ Tia MO Q@I T (x)dx

IE[XBn ) (21, Zn)) XR\(n(12 - 1), n(LZ+t))(||(Zly , Zn)I2) e Y, M(Z)
E [XB;;(nR) (Z1,...,Z,) e~ @ Zia M(Z) ]
E [X(—O0,0] (Z?_l Y.(l)) IR ntn) (Z?:l Yi(Z)) oIl y;U]

E [ oo (£, ¥ e ER ]

Since a € (—o0,0), we have that

n
Zy()

i=1

E [ X(-00,01

M=

IA
il

(—00,0] AR\(-nt,nt)

2
AR\(— ntnt)( Y,()

1

2
XR\(-nt,n1) (Z l( ))
i=1

IA
=

10
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The proof of [32, Proposition 3.2] (see Equation (6) above) yields that, as n — oo,

1+o0(1)

lax|\/2mngy, (a.)

1)
E e_a*Z?:l Yl

n
1
X (=00,01 (Z Yi( :

i=1

and thus, as n — oo,

1 X515
IP[ n72 sla*l\/ZHn(p%(a*)IP
n

This completes the proof. O

15>t

=t

(1+0(1)).

‘l i v®
nig !

The following lemma establishes a thin-shell concentration estimate around a sphere of radius y/nL.
As we shall see later, it can be improved under some growth assumptions on the Orlicz function M.

Lemma 3.2. Let M : R — [0,00) be an Orlicz function, n € N, R € (0,00), and ¢y : (—00,0) — R be
the log-partition function with potential M, and let (Z;);en be a sequence of independent random
variables with Gibbs density py, i.e.,

ea*M(x)

=1 f“M(x)d d =
om(a) =log Re x and pp(x) fRe“*M(x)dx

where a, € (—00,0) is chosen such that (p;\/[(a*) =R. Let Yl.(z) = Zl.2 - LZZ, i €N, where

f[R{ xzea*M(x)dx

2. JRT° %2
27 et MWy

Then, if X, is a random vector uniformly distributed on By, (nR), we have, for every t € (0,00) that, as

n— oo,

|| Var[V{?], 27} (a2

| < (1+o0(D),

P
2y/n

X 2
I3 |
n

where the sequence o(1) does not depend on t.

Proof. Since M is an Orlicz function, (0,00) 3 t — M(t)/t is monotone increasing. Therefore, it is easy
to see that Var[Yl(z)] <E[Z}]+ L‘IZ < +o00. This means that we can apply Chebyshev’s inequality, which,
combined with the independence of the random variables Yl.(z), yields for any ¢ € (0,00) that

|

Therefore, for any ¢ € (0,00) we have that, as n — oo,

n

> v

i=1

nVar[Yl(z)] 3 Var[Z2]

n2r2 nr?

>nt| =P

n 2
(Z Yl.(z)) >n’r?| < )

i=1

1Xal3 o Var (Y] /2 ()
P —-L5 |zt = 1+o0(1)),
n z 2 ( m)
where the sequence o(1) does not depend on t. This completes the proof. O

We are now going to prove Theorem B. Compared to the previous lemma, we add a growth condition
on the Orlicz function M so that we can use a result on moderate deviation principles for sums of
independent random variables due to Petrov [50]. This allows us to improve significantly upon the
bound presented in Lemma 3.2. The mentioned growth condition is in particular satisfied by all
2-convex Orlicz functions, i.e., those for which M(y/) is a convex function.

11
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Proof of Theorem B. Since M € Q(x?) as x — oo, we have that if Yl.(z) = Zl.2 - LZZ for every i € N, then

— L2 uxzea*M(x)
w¥@y _ —urrerouz?y_ € Y2 Jpe dx
E[e"" | =e " 2E[e"1] = T <oo

for all # in a neighborhood of 0. By Petrov’s moderate deviations result from [50] (which we apply
now in the form of Theorem 2.6 in dimension d = 1), we have that if (s;)en € (0,00)N is a sequence
such that 1 < s, < /n, then the sequence of random variables

1 n
(sn\/ﬁ 1:21 Yim)n(—:N

satisfies an MDP with speed 52 and rate function I : R — [0,00], I(x) :=

x2
N7 2Var[Z2] Using this

with s, = t,v/n (which indeed means that 1 < s,, < v/n) and the fact that (-1,1)° =R\ (-1,1) is an
I-continuity set, we get

lim —lo P ‘ YOz t,| = = lim —lo P Y z1|=-1(1).
n—oco §2 8 lzl oo §2 & sn\/_ Z
As n — oo, this translates to
271 +0
(|38 @] | < e rmsiaronn _ -z
n‘
i=1
Putting everything together, we obtain, as n — oo,
1 X ||2 _ 2n(+o())
"2 2|2ty | <lasly/2nnel (@)e 2 (1+0(1))
or, equivalently,
11X, ”§ 2nL%, (1+o1)
P 5= =1 =ty | <lauly/2nne)(a)e 2z (1+0(1),
nL?
which completes the proof. O

Remark 3.3. We see from the proof of Theorem B that for each sequence —= \F < t,; <« 1, the constant

1+o(1) ©
» Var 22)’ Y ‘ = tn]. However,

the sequence o(1) in the exponent depends on the sequence (s;) nen and so on (#,)5 ;. Alternatively,
since M € Q(x?) as x — oo, we have that there exists A > 0 such that

in the exponential

LZ
[E[eylmm] = e‘%[E[eZZ/A] ~ e @MW g o
B fRea «M)  x .

and then calling A := inf {/1 >0: [E[eylm/ ’1] < 2} we have by Bernstein’s inequality (see Theorem 2.1
(i) that for any ¢ € (0,4 A),

_ t°n
>f| <2e 1642,

L i y®
niz !

Therefore, by Lemma 3.1, for any ¢ € (0,44),

<2la.l\/2nne} (a.)e” T (1 +o(1)

12

IXal2
_LZ

=t
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or, equivalently, for any ¢ € (0, 4AL}2)

t2nL42
= 1| <2la.l\/2nnel (a@.)e” w2 (1+0(1)),

where the sequence o(1) does not depend on ¢.

Alernatively, instead of Bernstein’s inequality we can make use of Cramér’s large deviation result (see
Theorem 2.4) to obtain an upper bound for every t € (0,00) at the cost of having a sequence o(1)
depending on ¢ in the exponential.

1 X112

nLZ

-1

Remark 3.4. While thin-shell concentration inequalities are usually stated for the random variable

”?2 conveniently normalized, in the above result we obtained a thin-shell concentration inequality
X,
for the random variable LZHZ An inequality for the random variable %L”Z is immediately obtained

1Xnll

ll2 >
since for any ¢ > 0, as === iy 2 0, we have that

X 2
-p I Xnll5

I Xl I1Xn15 1‘ I Xl
VnLz L VnLyz

nty
Notice that while Theorem B shows that in high dimensions if X, is a random vector uniformly dis-
tributed on B" (nR), then ”X" l2 concentrates around Lz, which is (as we will see) the asymptotic

I Xl
£ 120

1/2
. We do not know if, in general, ([E [%]) converges fast enough to Lz so

] -r

o

1]2t,
nLZ

value of ([E [%]) , the thin-shell width conjecture is a conjecture on the concentration o

around ([E [%])1/2

that estimates on the concentration around Lz imply the same asymptotic estimates on the concen-

21\1/2
tration around ([E [@]) . However, the next result shows that under some extra condition on
the growth of the function M, we can transfer the concentration around Lz to concentration around

1/2
([E [%]) , like in (2). Furthermore, in such case the estimate (1) is also improved for large values
of t.

Theorem 3.5. Let M : R — [0,00) be an Orlicz function such that M € QxYH, R>0,neN, O
(—00,0) — R the log-partition function with potential M and let (Z;) e be a sequence of independent
random variables with Gibbs density py, i.e.,

ea*M(x)

@) =log | e*MPdx and X)= ———,
Pm(@) ng Py (x) e M gx
where a . € (—00,0) is chosen such that(pM(a*) =R. Let Y(Z) = le LZZ, i €N, where

Jpx?e® M qx

="
27 et MWy

Let Xy, be a random vector uniformly distributed on By, (nR). Then, for any sequence (1), € (0, o)V,
we have that, as n — oo,

P

2 nL%,(1+0(1)
<4la.\/2rn@"(@)e” «Z  (1+o(1),

(2)
where the sequences o(1) do not depend on (t,,)5, and A := 1nf{/1 >0: [E[ exp( ? )] < 2}.

X
’ ” n||221/2 _ ’2 t
(ENX,12)

13
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Proof. First we observe that by Lemma 3.1, if X,, and X, are two independent random vectors uni-
formly distributed on By, (nR) then, for every € (0,00), we obtain, as n — oo,

1Xal3  1X,03 1Xn115 t 1 nll3 t
Pll—2-"22|5¢ <P '#—LZZ>— +P ‘#—L2Z>—
n n n n 2
< 2 g @oP |13 v?|s L 1400 8
< 2la.l\/2nng},(a.) Z-Zl e (1+o0(D), ®)
i=
where the sequence o(1) does not depend on ¢. Using (8), we obtain that for any sequence (1),
as n— oo,
Xald X1 |
An| 52— 2 lyn v@)2
Ele ]SZIa*I 2nn(p§(/[(a*)[E[e4’1n|nZi:116 | ](1+0(1)). 9)

Since M € Q(x*) as x — oo, there exists A > 0 (large enough) such that

27242792
f[R e(x —L)* /A ea*M(x)dx

(Y(z))Z/AZ
SC Jed MG g

< 00.

Therefore, we can apply Bernstein’s inequality (see Theorem 2.1 (ii)) and, letting A := inf{A > 0 :
E[e)/4*] < 2}, we have that, for any £ >0,

n

1 _n
P —ZYi(Z)zt <2e 842,
niz1
Thus, choosing A, := g%, we obtain from the previous estimate that
Lyn v@)2 ©© 1Z
E e4/1n|;Zi:1Y,- | ] = [ 8/1nte4/1”t2|]:I> ‘—Z Yl.(z) >t|dt
0 n;3
* ar,2 - * —4A, 1
= 2 8Ante™ " e s2dt=2 8Ante ™" dt=2. (10)
0 0

Combining this bound with (9) we obtain that for A, = 64—'1’42, as n — oo,

< 2
IXnl3  1Xnl3

n n

An

Ele

<4la.ly/2mne} (@.)(1+o0(D).

Since for any A, > 0, and any xj € R the function enl%=I" js convex we have, by Jensen’s inequality,
thatif A, = 5%

2 2

1Xnl3  EIXnl3
n - n

IXnl3  1Xnl3
n - n

An
e

E <Ele "

<4la.ly/2nng} (@.)(1+o0(D).

As n — oo, we obtain from Markov’s inequality combined with the previous estimate that, for any

sequence (£,)%, € (0,00)", taking A, = &l
2 2 212
X012 ENX, 12 IXnl3  EIXnl} A, |Xnte _E1Xnly
p [ [1Xals _EUXalS]) F o | 5275 L Se_;tntgl[E[e e ]
n n
t%n
< 4dla.\/2nng](a.)e 52 (1+0(1)).
14
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Hence, if 1, := F@P we obtain that, for any sequence (£,)5>, € 0,00)N,
1 X515 nt 1Xpll5  ENIX,l5] _n
‘ T ’2 =P ’ "2 T2 > | sdlasly/2nnel (@)e 5 (1+ (1),
El Xnll5] ElI Xn15] n n
as n — oo. Since, like in Remark 3.4, for any ¢, € (0,00)
X 1 X,,112
p ‘ I n||21/2_1’ n22_1‘> e
([E”Xn”%) Ell Xnll5
we obtain that, for any sequence (tn)‘,’f:1 € (0,00)N,
2, [E1XnIZ\?
1 Xl 7 it LA &
P ﬁ—l =ty | <4la.ly/2nngl, (a.)e 614 (1+0(1)).
([Elanllz)
L1 X, 113]

All that is left to prove is that, as n — oo, = LZZ(I + 0(1)), which will be proved in Section 5. O

n

4 Lower bounds on the probability of thin-shell width concentration

In this section we establish lower bounds on the upper tail concentration probability. In particular,
we are able to prove that our probabilistic estimates from Theorem B are essentially sharp whenever
# « t;, <« 1. We start with a first lower bound which reduces the problem to finding a good lower

bound on the probability that simultaneously the normalized partial sums of the Yl.(l) and Yi(z) lie in
certain intervals.

Lemma 4.1. Let M : R — [0,00) be an Orlicz function, R € (0,00), n € N, and ¢y : (—00,0) — R be
the log-partition function with potential M, and let (Z;);en be a sequence of independent random
variables with Gibbs density pyy, i.e.,

ea*M(x)

_ M(x) _
(pM(a)_IOgLea Ydx and pM(x)—W-

where &, € (—00,0) is chosen such that ¢'(a.) = R. Let for any i € N Yl.(l) = M(Z;)—R and Yl.(z) =
Zl.2 — LZZ, where

Jpx2e® M qx
- Jpe®M®dx -
If Xy is a random vector uniformly distributed on By, (nR), then, for any t > 0 and any sequence
(r)nen € (0,00)N, as n — oo

> |ay|\/2nng" (@) e ™ P

where the sequence o(1) does not depend on t or (rp) nen-

2,
%:

P =t =t

1Xal3
n 7

—1<an:Y“)<0 1
< V=0,

n
'nizq =

y @
1 4

(1+0(1),

1

Proof. Asin the proof of Lemma 3.1, if X, is a vector uniformly distributed on By, (nR), then, for any
t € (0,00),

2
P .y

M @) —a. X, ¥
1,113 ] [E[X(—oo,m( i Y )X{R\(—nt,nr) (Z?:ly,- )e @ Zin ]
> .
n

_ n )
[E[X(—oo,m( " Yl.(”)e a. XY ]

i=1

15
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Now, for any r, € (0,00), we have that

n n
1 2| —a. 3, YV
E | X(=o00,0] ZYi() XR\(—nt,nt) Z y® @ Lia Y,
i=1 i=1
= () L@ —aayn y®
2 E(Xro |2 Y | Xmcninn | DY, |e” @Bt
i=1 =
n n (2)
> e""E| X(-r,0 Z "Namvenenn | XY,
i=1 i=1
— ea*rnlp _ Z (1)<0 _ZYl() >r].
- nis

Again, the proof of [32, Proposition 3.2] (see Equation (6) above) shows that

e_a* Z?:l Yi(l) _ 1+ 0(1)

la.ly/2nne" (@,)

and so we have that for any sequence (7,,) nen

> |, |\ /2nng" (a)e® P | -1

which completes the proof. O

1% 113

15>t >t

(1+0(1),

- rl ZY(1)<O‘ ZYi(Z)

nij=1 niz

Let us now present the proof of Theorem C. By establishing an exponential equivalence, we show
that under certain conditions the condition in the event in the previous lemma which comes from
the Yl.(l) random variables is the dominating one. Combining this with an application of Petrov’s
moderate deviations result [50] (see Theorem 2.6 above) to this ﬁrst component, we obtain a lower
bound. As explained before, the result shows that in the range — -1 <« t, < 1 the asymptotic upper
bound on the probability of concentration from Theorem B is actually sharp.

Proof of Theorem C. First of all notice that for every two sequences () neN, (£n) nen € (0, oo)V asin the
statement we have that, calling s, := t,v/n and v, := forany €€ (0,1),

\/7)
P|- ZY(”<0 li @ > plo1s— iy.“’s—g ! iy.(” >1
rnl 1 n;3 Vn\/_' ! Sn\/_' !
1 1
= P ) — Y(Z) €A,
(Un\/_l 1 ' Sn\/_t 1
where

Ae={(x,y) eR?: xe[-1,—¢], |yl = 1}.

Now we observe that
[E[equm] ~ fR eu(M(x)—R) a'*M(x)dx 3
B Jre*MHdx o
for every u in a neighborhood of 0. Therefore, by Theorem 2.6, the sequence of random variables

Zl’.’zl Yl.(l)) N satisfies an LDP on R with speed vfl and rate function J : R — [0,00), J(x) :=
ne

[

xz
Nar(M(2)D)
R? with speed v? and rate function I : R?> — [0,00] given by

In particular, the sequence of random vectors (; > Y.(l),O) satisfies an LDP on
vpv/n Si=1 i neN

x2
s on V=0
I(x, y) = { 2Var(M(2)?) y ‘
00 otherwise.
16
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On the one hand, since M (x) = Q(x?) as x — oo, we have that

[E[e”ylm] _ Jn (" ~L2) g0 M) g o
Jre®MHdx

for every u in a neighborhood of 0. Therefore, since 1 < s, = ,,3/n < /n, we obtain by means of
Theorem 2.6 that, for every 6 € (0,00),

® (520 _ (52 +oD)in
P Y >0 | <e \2vaz? =e \2varz?) .
sn\/_l 1
Thus, for every 6 € (0,00),
1 n ) 52 2

) log[P’[ sn\/ﬁZiZIYi |>6] ) _(W+O(l)) ,n

limsup 5 < limsup 5

n—oo Uy n—oo0 Uy

52 22
- (— + 0(1))limsup = oo,
2Var(Z?) n—co T2

. . 1 n 1) 2
since r,/n < t,. In view of Lemma 2.7, we see that the sequence (m XY T Y, )neN

is exponentially equivalent to the sequence of random vectors (#ﬁ P Yl.(U,O) N with speed v2,
n - ne

1 z":Yu) 1 iYZ)
Vn\/ﬁizl ! Sn\/_ neN

satisfies an LDP (which on this scale is an MDP) with the same speed and the same rate function and,
for every e € (0,1),

and so

n 6'2 'n
P L\/_ > v, 1/— YvPleA|ze (s oW e‘(ZVa,(M(Z)ZﬁO(”J?’ "
UnvV =1 Sn i=1
By Lemma 4.1, since 2 <« 1, we have that
1X,115 (¢ m
"2 —LZZ > 1, > |axly /znn(p”(a*)e“*r"e (2Var(M(Z)2)+O(]')] n rn(1+0(1))

la.\/2nng" (a.)e* ora(1+0(m) (1+0(1)

[aly/ 27m<p”(a*)e_r"(_“*”m) (1+0(1).

The second part of the statement follows by setting r,, := t2n, which means that t,, = ,/ %" and so the

result holds for any —7 < £, < 1. O
Remark 4.2. Let us say a few words about the conditions \/Lﬁ « & t; < 1in Theorem C. An
inspection of the proof shows that the conditions = « r—" « 1 are needed in order to ensure that

NG
is on the scale of a moderate deviations principle, which then allows

o f Z where Up = f’
us to apply Petrovs result (Theorem 2.6). The condition = 2L Iy is related to Lemma 4.1 in the fol-
lowing way: if we take t; <« %" and assume that M(x) = x?, which means that Yl.m is equal to Yl.(z),

then Lemma 6.1 gives 0 as a trivial lower bound. This can be seen by looking at the term

" () O o e A
ZYl XR\(-nt,nt) 2 Yo em & T
i=1 i=1

IE X(_rnno]

appearing in the proof of the lower bound, because then we integrate the exponential over the set
(=1, 0 NR\ (—nt,, nt,;) =@ as n — oo.
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Using the Lemma 4.1 in combination with the vector-version of the moderate deviation principle
due to Petrov [50] (see Theorem 2.6), we obtain the following estimate which complements the one
from Theorem C in the sense that there is no wiggle room between 2 2 and t,, but now 2 r" = Iy.

Theorem 4.3. Let M : R — [0,00) be an Orlicz function such that M € Q(xz) asx—oo,neN, R e (0,00),
and @y : (—00,0) — R be the log-partition function with potential M, and let Z be a random variable
with Gibbs density pyy, i.e.,

ea*M(x)

_ M(x) _
(pM(a)_IOgjl;aea Ydx and pM(x)—W-

where a* € (~00,0) is chosen such that ¢'(a.) = R. Assume that the covariance matrix of (M(Z) —
R, 7Z? - ) is invertible and that X,, is a mndom vector uniformly distributed on BI'\‘/I(nR). Then, for
every sequence (t;) nen € (0, oco)N such that = 7 < 1, <« 1, we obtain, as n — oo,

1X115

_LZZ >t1,| = e—tnn(—a*+o(1))’

where
Jr x2e®MX) gy

Jpe®MIdx -

Proof. Letuscall s, := t,v/nand ry, := s,/n=tyn. Then 1 < s, < y/n and

2 .
%=

1 1 1
Pl-1<— Y.(DSO,’— Y@= = P|l-1=s—=Y v\Vs Y?| =
PR Y i O
=P Z(Y” Y®)eAl,

Sn\/_

where
={(x,y) eR*: x€ [-1,0], |y| = 1}.

Since M(x) = Q(x?) as x — oo we have that
Ja et (M) =R)+uz(x*~L5) pas M(X) 5

Jre*MHdx

1) (@)
E[elw "1™ = <o

for all u = (uy, up) in a neighborhood of 0. Thus, as the covariance matrix C of (Ylm, YI(Z)) =M(Z)-
R, Z* - 12) is invertible, we have by Theorem 2.6 that

p Z(Y(l Y(z JeA|=e s 2 (infie pea lop)+o) — o= n(infiypea 16 )+o()

Sn\/_

where
I(x, ) = {(x,),C7 (x, y)).

Notice that necessarily
inf I(x,y) = m[(}rl} I(x,y).

(x,y)€A e
By Lemma 4.1
2 _p _
||Xn||2 _LZZ > 1, S eTng yn (mlnxyel(]rl] I(xy)+o(1)) e tpn ((mmxyg[gn I(x,y)+oW)t,—a *)
— e—tnn(—a*+o(1))
which completes the proof. O
18
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5 The asymptotic value of the isotropic constant of Orlicz balls

We shall now present the proof of Theorem A in which we determine the precise asymptotic value of
the isotropic constant of Orlicz balls, i.e., if M : R — [0,00) is an Orlicz function and R € (0,00), then

we show that 1o
ea*R (fozea*M(x)dx)
)

f[R e@ M) f[R e« M)

lim Ly, nr) =
where @, € (—oo,0) is the unique element such that the log-partition function
pm:(=00,0) =R, pma) = 1ng MW gy
R

verifies that ¢’ (a.) = R

The following lemma is essential for our proof. Once we have obtained the result the theorem will be
an easy consequence by combining the lemma with the recently obtained formula for the asymptotic
volume of Orlicz balls in [32].

Lemma5.1. Let M : R — [0,00) be an Orlicz function, n € N, and R € (0,00). If X}, is a random vector
uniformly distributed on By,(nR), then

n—oo

11X 13
lim [E[#] =12,
n

where
fR xzea*M(x)dx

2= _
20 [het MWy
Proof. We have that

E 1% 113
n

||
Z>tldre

Il X X
I "Hz_t]dt f 2tIP[” n||22t

Jy 2
J)

Since for every ¢ € [0, Lz) we have, by Lemma 3.2, that

1 Xallz _ t] .

dt.

e limP

n—oo

o P [% > t] < 1, which is integrable on [0, L],

we obtain by the dominated convergence theorem that

Ly
lim 2tP

n—oo 0

IIanlz

Ly )
dt_fo 20dr=1%.

T ___ BInR)
On the other hand, since By, (nR) = Vol (Bl (TR

bounded by an absolute constant (as it is a 1-symmetric convex body, see [15, Theorem 4.1.2]) and,
since by [32, Theorem A] (see Equation (5) above)

is in isotropic position and its isotropic constant is

Jpe®MXdx

; n Un _ ¢pla)—a.R _
r}l_r)glovoln(BM(nR)) =e = T

19
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we have that there exists a constant C(M, R) € (0,00) and ng € N such that if n = ng, then
2/
E[I1X,13] = nL%(nR)voln(Bj’Q(nR)) "<CWM,R)n.

As a consequence of Borell’s inequality (see, e.g., [15, Corollary 3.2.17]), there exists an absolute con-
stant C € (0,00) such that, for every ¢ = 0,

1/2 2
P [1Xall2 = CE[1X, 03] £| <2¢7
Therefore, there exists some constant c(M, R) € (0,00) and ng € N such that if n = ny and ¢ = 0, then
P [—”X"MZ > t] <2e ",
vn
Thus, if t > Lz, then
e lim, .o, 2tP [% > t] -0
o 2tP [% > t] < 4te‘”2, which is integrable on [Lz,o0)

and, by the dominated convergence theorem,

| Xnll2
n

(o]

lim 2tP

n—oo LZ

=t

dth 0dt=0,
Ly

which completes the proof. O

The proof of Theorem A is now an easy consequence of the previous lemma and the asymptotic
formula for the volume of Orlicz balls from [32, Theorem A].

. ~ B (nR L. . ..
Proof of Theorem A. Since Bl’\lJ(nR) = IYAULD) 7 s in isotropic position, we have that

vol, (B, (nR)

2
1Xnl3
n

2 1

Lo o =
BB = yol, (B2, (nR))%/"

i

where X, is a random vector uniformly distributed on B}},(nR). Since by [32, Theorem A] (see Equa-
tion (5) above), we have

Jpe® M@ dx

; n Un _ ¢gla)-aR _
,}EQOVOIH(BM(”R)) =e = T

we obtain the theorem. O

6 The asymptotic thin-shell width concentration for £ balls

In this section we are going to consider the particular case of the ¢ Z balls, in which M (%) = |t|?, with
p = 1. In that case, for any R € (0, 00),

n
By (nR) = {xe R™: ) |x;lP < nR} - (nR)l/pBZ
i=1
and ¢ : (—00,0) — Ris defined as

1) 1
@ (a):logf e““'”dt:log2+logr(1+—)——log(—a).
P R pl p

20
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This means that
1 1 1 do” 2
(pp(a) pa Ay =— pR, <p,,( @) = —, and @, (@«) = pR".
and the Gibbs density is given by

ild 1P

e "Rdr e PRAt
1P - :
e Rar 2pmir(i+])
Since for any R € (0,00) the Orlicz balls are merely dilations of the same convex body, from now on

we are going to assume that R = 1. In such case the random variable Z with density p(x) is called a
p-generalized Gaussian and

px) =

o) el s

) sr(1 1)

Then if X, is a random vector uniformly distributed on nt'p Br’j, we have, for any ¢ € (0,00),

1=V

In the case of the £}; balls, Theorem B gives that if X, is uniformly distributed on nt'p Bjand p=2,

1Xn 15
‘ "2 2= (22 12)|=

| (1+o0(D).

then if = < 1, < 1, as n — oo,

vn
1 X5 2mn Mty 0tow
n2 2 1‘ >ty <4/ —e  2vazd (1 + 0(1))
nly p

and, together with Theorem C, if p = 2 and ﬁ < t;, < 1, then
2rn -2 (o) 1 4 o)) <p

1% 113 2mn g arew)
nz 2 -1 > tn < —e 2Var(Z2) (1 —+ 0(1))
p nL? p

Theorem D, which refers to the situation when 1 < p < 2 will be a direct consequence of the following
lemma.

2,74
271'” _ tnnLZ

Lemma6.1. Letl < p <2 and (Z;)en be a sequence of independent copies of a p-generalized Gaussian

random variable with density
11

(x):!’—dx
g Zp?F(l+%).

and let ) ,
12 = [E[Zz] - w
z sT(1+1)

1
Let ($p) nen € 0,00)N bea sequence such that1 < s, < n2#r-b ., Then the sequence of random variables

1 n
(S”\/ﬁ l:Zi (le B LZZ))nEN

satisfies an LDP on R with speed s* and good rate function

2 x2

2Var(|Zi 2]~ 2Var[Z2]

I:R—[0,00), I(x) =

21
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Proof. Clearly, [E[Zl2 - LZZ] =0 and Var[le] > 0. Thus, all that remains to check is condition (7). We
first observe that (see, e.g., [23, Lemma 4.2])

ooe‘ympd <Le_“p/p a € (0,00)
a y= ap-1 ’ ’ )
Using this tail estimate, we obtain (for sufficiently large n € N)

—Zlog(n[ll’[IZ1 ~1%]> \/_Sn])
n

IA

log(nP( 2} > Vs, + 4]+ nP[ - 7} > Vns, - 1%])

nP(2} > Vs, +13])

IA

log 2n|]3’[21> \/_sn+L2)1/2D

IA

! -5 viser)™)

log|
(
5 e
Cmrariy
o
(e

IA

log e v (\/ﬁsn”zz)p/z)

/nm +1/p)

pl
1
< \/ +L +log - ——
p Sn g 1/ﬂr(1+1/p))

—
o
oQ

e

IA
(%)
:Nl'—‘:ml’—‘ :Nl'—' :Nl’—' :Nl’—‘:ml’—‘:ml’—‘

log e \fsn+L2 ),

where ¢), € (0,00) is a suitable constant depending only on p. Therefore, we get

p/2 p/2 /4
1 sy cp(vns,+L15) cp (Vnsy) n”
—zlog(nIP[IZl —LZ|>\/ﬁSn])S— > < - > =—cp2_—p/2—>—oo,
Sh Shn Sn Sn
1
as n — oo, where in the last step we used that s, = o(n2#»-7 ). This shows that
.1 2_ g2
lim —zlog(an’[IZ1 —-L|> \/ﬁsn]) =—00
n—oo gs
and so the result is a direct consequence of Theorem 2.5. O
We can now prove Theorem D.
Proof of Theorem D. Let1< p <2, and = < t, < —. Calling s, = t,,1/n we have that 1 < s, <

f 2(4 p)

n2<4/n U and so, by Lemma 6.1, calling Y(Z) 22 LZZ we have that, as n — oo,

1 i @ 1 Z ) o~ [ +o() o)
Pl{=) Y =t = P Y7 =1 N oW)s;, — o~ ZVartZZJ,

nis ' Sn\/_l

2

where I(x) = 2VaxW Consequently, if1 < p <2and —= \f L tp < 24(‘1;35) , then by Lemma 3.1, as n — oo,
| X113 2nn _ tandto)
P22z, <) F—e ma (1+0(1).
p
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Thus, as n — oo,
2
I X ll5

2
nLZ

‘ =tn

2N thnL%, (1+0(1)
<y(/—e 2@ (1+o(1).
p
1

The proof of the lower bound is the same as in Theorem C, where now we have the restriction &<

% Lt <K 4%2,, as n — oo and then, choosing r, = t,2, n, forces the restriction % < p<2and ﬁ <

n2@-p)
3p—4
n4d-p)

tn < “ 17— This completes the proof. O

Remark 6.2. If p = 2, by means of Cramér’s theorem (see Theorem 2.4) we can also obtain that for
every fixed ¢ € (0,00)
Lr@on(1+0)

P zt]:e‘r’ )

'1 S22
-2 (Zi-LY)
niz !

1

where f(#) = infjg>; A* (s) with A* being the Legendre transform of the function

2_y2y P
Sre* e v dx

A(u) = logE[e" 1] = Ho
2ppr(1+1)

’

which is finite on a neighborhood of 0 if p = 2. So it p = 2, then we obtain, for every fixed ¢ € (0,00),

X2 /
Il n2”2 i 1‘ N t} - 2nne—if(tLZZ)n(1+o(1))(1 +o(1)).
nLs P

If 1 < p <2, then we have that the sequence of random variables % 1 Zi2 satisfies an LDP with
speed nP’? and rate function

1 2,2 2

=(x—-L%)2 :x=L
I(x)=4{" z z

00 otherwise,

a fact that was proved in [6, Proof of Theorem 1.2]. Hence, for every fixed ¢ € (0,00),

P — e—%tgng(1+o(l))

=t

1 n
’; ;(ZE—LZZ)

Therefore, for every fixed £ € (0,00),

X ||2 2nn _1.5 Z.p
nzz—l‘zt <,/ —e P“"”Z(“"m)(l+o(l)).
nLy p
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