THE ANOMALY FLOW ON NILMANIFOLDS

MATTIA PUJIA* AND LUIS UGARTE

ABSTRACT. We study the Anomaly flow on 2-step nilmanifolds with respect to any Hermitian
connection in the Gauduchon line. In the case of flat holomorphic bundle, the general solution to
the Anomaly flow is given for any initial invariant Hermitian metric. The solutions depend on two
constants K7 and K3, and we study the qualitative behaviour of the Anomaly flow in terms of
their signs, as well as the convergence in Gromov-Hausdorff topology. The sign of K; is related to
the conformal invariant introduced by Fu, Wang and Wu. In the non-flat case, we find the general
evolution equations of the Anomaly flow under certain initial assumptions. This allows us to detect
non-flat solutions to the Hull-Strominger-Ivanov system on a concrete nilmanifold, which appear
as stationary points of the Anomaly flow with respect to the Strominger-Bismut connection.
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1. INTRODUCTION

The Anomaly flow is a coupled flow of Hermitian metrics introduced by Phong, Picard and Zhang
in [30]. The flow, which was originally proposed as a new tool to detect explicit solutions to the
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Hull-Strominger system, leads to some interesting problems in complex non-Kéhler geometry and
its study is just began [7, [, 10} 311 [32], 33, [34].

Let X be a 3-dimensional complex manifold equipped with a nowhere vanishing (3, 0)-form ¥ and
a holomorphic vector bundle 7 : £ — X. In this paper we consider the coupled flow of Hermitian
metrics (wy, Hy), with wy; on X and H; along the fibers of E, given by

/

Wa¥a) « T T K K
Ou(|[9 |, wi) = 108wy — - (T(Bmi A Rmi) — Te(A7 A A7),

1)
_ w2 A AP (
Ht 1at Hy = tig,t?

Wy

where Rm™ and A" are, respectively, the curvature tensors of Gauduchon connections V7 on (X, wy)
and V* on (E, Hy), and o/ € R is the so-called slope parameter.

Phong, Picard and Zhang proved that, if the connections V7 and V* in are both Chern,
then the flow preserves the conformally balanced condition d(||¥|,w?) = 0 and, under an extra
assumption on the initial metric wy, it is well-posed [30]. If furthermore wy is conformally balanced
and the flow is defined for every ¢ € [0,00), then its limit points (we, Hso) are automatically
solutions to the Hull-Strominger system [30].

More generally, any stationary solution to the Anomaly flow , satisfying the conformally
balanced condition and for which the curvature form A" is of type (1,1), is a solution to the
Hull-Strominger system |22], 42]:

wz/\A”:O, (AH)270:(AK/)0,2:0’

/

i 00w = az (Tr(Rm™ A RmT™) — Tr(A" A A7) (2)
(| ¥, w?) =0.

Here, the first two equations represent the Hermitian- Yang-Mills equation for the connection V*;
the third equation follows by the Green-Schwarz cancellation mechanism in string theory and it is
known as anomaly cancellation; while, the last equation was originally formulated as

d*w=1i(0—9)In ¥,

where d* is the co-differential, and the above equivalent expression is due to Li and Yau [27].

We mention that the Hull-Strominger system arises from the supersymmetric compactification of
the 10-dimensional heterotic string theory and it has been extensively studied both from physicists
and mathematicians (see e.g. [Il 2] [6 8 12 14} [I8] 191 20} 28, 38, [44]).

The Anomaly flow turned out to be a powerful tool in the study of the Hull-Strominger system.
In particular, it was used to give an alternative proof of the outstanding results obtained by Fu and
Yau in [I8] [19] about the existence of solutions to (2). More precisely, in [32] Phong, Picard and
Zhang studied the flow on a torus fibration over a K3 surface, showing that if wg is conformally
balanced and satisfies some extra assumptions, then the flow has a long-time solution which always
converges to a solution of the Hull-Strominger system, once the connections V™ and V* are both
Chern.

In a attempt to better understand the ‘general’ behaviour of the Anomaly flow, a simplified

version of the flow with ‘flat’ bundle was proposed in [3I], namely
/

Ou(| W]y }) = 00wy — = Tr(Rm] A Rm]). (3)



THE ANOMALY FLOW ON NILMANIFOLDS 3

Then, following the approach proposed by Fei and Yau in [11] to solve the Hull-Strominger system
on complex unimodular Lie groups, Phong, Picard and Zhang investigated this new flow on such
Lie groups [34].

In the present paper we study the behaviour of the Anomaly flows and on a class of
nilmanifolds. We will assume the trace Tr(A} A Af) to be of a special type (see Assumption
and all the involved structures are to be intended invariant.

Our first result characterizes the solutions to the Anomaly flows under our hypotheses.

Theorem A. Let M =T\ G be a 2-step nilmanifold of dimension 6 with first Betti number by > 4.
Let J be a non-parallelizable complex structure on M. Then, there always ezists a preferable (1,0)-
coframe {C*} on X = (M, J) such that the family of Hermitian metrics w; solving or is
given by

W = %T(t)Q (Cli +GC2§+bClQ +5C21> + %CC?B’
for some a,c € R and b € C depending on wy. Furthermore, if w; is a solution to the Anomaly
flow , then r(t)? solves the ODE

4
dt

0= K+ (@

with K1, Ky € R constants depending on K1 = Kq(wo) and Ko = Ko(wg,a/, 7).

As a direct consequence, we have that the qualitative behaviour of the Anomaly flow only
depends on signs of the constants K7 and K5. Remarkably, this implies that the Anomaly flow
admits both immortal and ancient invariant solutions on the same nilmanifolds, and, as far as we
know, this provides the second example of a metric flow with such a property (the first one is the
pluriclosed flow [3]). We also show that the constant K7 is closely related to a conformal invariant
of the metric wy introduced and studied in [17].

Our second result is about the convergence of the Anomaly flow in Gromov-Hausdorff topol-
ogy. In particular, under the same assumption of Theorem [A] we have

Theorem B. Let w; be an immortal solution to the Anomaly flow (). Then, (X, (1 + t) tw;)
converges either to a point or to a real torus T* in the Gromov-Hausdorff topology as t — 400,
depending on the initial metric wy and the signs of K1 and Ko in .

It is worth noting that, Theorem [A] holds for any initial invariant Hermitian metric wp on X.
Nonetheless, in view of the Hull-Strominger system, it would be desirable for the Anomaly flows
to preserve the locally conformally balanced condition. Under the assumptions of Theorem [A] our
third result states as follows

Theorem C. The Anomaly flows and preserve the balanced condition.

The last part of this paper is devoted to the study of the Anomaly flow in some interesting
non-flat cases. In particular, we consider a class of Lie groups G arising from Theorem [A] and we
equip them with holomorphic tangent bundles, that is £ = T1°G.

Theorem D. If the initial metrics (wo, Hy) are both diagonal, then wy and Hy hold diagonal along
the Anomaly flow .
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As a relevant application of this theorem, we obtain solutions to the field equations of the heterotic
string on the nilmanifold corresponding to the nilpotent Lie group Nj3. In [23] Ivanov proved that,
in order to solve such field equations, the solution to the Hull-Strominger system must satisfy
the extra condition that Rm is the curvature of an SU(3)-instanton with respect to w (see also [13]).
In our setting, this means that the curvature of the Gauduchon connection V7 has to satisfy

w ARm™ =0, (Rm™)*% = (Rm™)*? = 0. (5)

Following [33], we will refer to the whole system given by and as the Hull-Strominger-Ivanov
system. Explicit solutions to this system were found in [I3| on nilmanifolds, and more recently
in [28] on solvmanifolds and on the quotient of SL(2,C).

As an application of Theorem [D] given the nilpotent Lie group N3, we prove that if V§ is the
Strominger-Bismut connection of H; and the initial metric wg is balanced, then the flow reduces to
an ODE of the form of . This allows us to prove that the Anomaly flow always converges to
a solution of the Hull-Strominger-Ivanov system when V7 is the Strominger-Bismut connection of
the metric w; (see Theorem [5.8).

It is worth noting that a generalization of the Anomaly flow to Hermitian manifolds of any
dimension has been proposed in [35]; while, in [9] Fei and Phong proved that this generalized
Anomaly flow is related to a flow in the Hermitian curvature flows family, that is, a family of
parabolic flows introduced by Streets and Tian in [4I]. We mention that the Hermitian curvature
flow related to the Anomaly flow has been studied on 2-step nilpotent complex Lie groups by the
first named author in [37], who proved long-time existence and convergence results. We also refer to
[3, 15, 25], 291 136, [39, [46] for some recent results on Hermitian curvature flows in different homogeneous
settings.

The paper is organized as follows. Section [2| is devoted to basic computations on our class of
nilpotent Lie groups. In particular, we show that under our assumptions we can always find a
preferable real coframe on such Lie groups, namely an adapted basis. Then, by using this basis, we
explicitly compute Tr(Rm”™ A Rm™). In Section |3| we begin the study of the Anomaly flows and we
prove Theorem |Al and Theorem [C] In Section 4 we focus on the Anomaly flow , showing that we
can always reduce the flow to the ODE . We also study the qualitative behaviour of the Anomaly
flow depending on the signs of K1, Ko. These results will in turn imply Theorem . In Section
we study the Anomaly flow (1) on a special class of nilpotent Lie groups and we prove Theorem @
We also investigate the behaviour of the flow on an explicit example. Finally, Appendix A and
Appendix B contain some technical computations which we used in the paper.

Acknowledgement. The authors would like to thank the anonymous referees for several useful
suggestions, which improved the presentation of the paper.

2. PRELIMINARIES

In this section, we consider a nilpotent Lie group G of (real) dimension 6 endowed with a left-
invariant Hermitian structure (J,w). In particular, we will find a coframe which adapts to the
Hermitian structure, allowing us to explicitly compute the trace of the curvature for any Hermitian
connection in the Gauduchon family.

Let us recall that, given a smooth manifold M equipped with a Hermitian structure (J,w), a
connection V on the tangent bundle TM is said to be a Hermitian connection if VJ = 0 and
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Vw = 0. Gauduchon introduced in [2I] a 1-parameter family {V7},;cr of canonical Hermitian
connections, which can be defined via

1-— 1
TT(X,Y, 2) +

w(J(VEY), Z) = w(J(VEY), Z2) + C(X,Y,Z2), (6)

where V€ is the Levi-Civita connection of the Riemannian manifold (M,w), and T and C' are
given by

T(--) = —dw(J, J-, J") and C(yy ) i=dw(J- ).
These connections are distinguished by the properties of their torsion tensors and, in view of @,

the Chern connection V¢ and the Strominger-Bismut connection V' can be recovered by taking
7=1and 7 = —1, respectively.

2.1. Adapted bases.

Let G be a 6-dimensional Lie group equipped with a left-invariant complex structure J and a
left-invariant Hermitian metric w. Let {Z1, Z2, Z3} be a left-invariant (1,0)-frame of (G, J), and
{¢1,¢2,¢3} its dual frame. Then, we can always write

9w :2'(7"2411+52C2§+k2g3‘§)+u§12 _71421 +UC23—’DC3Q+ZC13 _2<3I’ (7)
where 7,5,k € R* and u, v, z € C satisfy
r2s? > uf?,  $S2EE > |, PR > |22, (8)
and
8i detw = r25%k? + 2Re (itvz) — k*|ul|® — r?|v]? — s%|2)* > 0 9)
by the positive definiteness of the metric. Here
ir?  u z

detw:§det —u is® v

-z —T ik?

In the following, we focus on Lie groups G which are 2-step nilpotent and such that (G, J) is not
a complex Lie group, that is, the left-invariant complex structure J is not complex parallelizable.
Notice that, the latter condition excludes just two cases (the complex torus and the Iwasawa mani-
fold), both of which have already been studied in [34] (see also [37]). Additionally, we will suppose
that the dimension of the first Chevalley-Eilenberg cohomology group H!(g) of the Lie algebra g
of G is at least 4. We denote such dimension by b;(g), since by the Nomizu theorem it coincides
with the first Betti number of the nilmanifold T'\G obtained as the quotient of G' by a co-compact
lattice T
Under these assumptions we are able to study a large family of Hermitian metrics in a unified
setting. Indeed, by means of |43 Proposition 2| (see also [4, Proposition 2.4|), if J is not complex
parallelizable and b1 (g) = dim H'(g) > 4, then there exists a left-invariant (1,0)-coframe {¢*, (2, ¢3}
on (G, J) satisfying
1_ g2 _
{dc =d¢>=0, ] ] (10)
4¢® = p¢ + (T A2 + (@ + i) (2
where z,y, A € R with A > 0, and p € {0,1}. (See Table|l|in Section for a description of all the
real Lie groups supporting such Hermitian structures.)
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Our first result shows that we can always find a preferable (real) left-invariant coframe {e!, ... €%}
on G associated to any left-invariant Hermitian structure (J,w). In the following, we refer to such
a coframe as adapted basis.

Proposition 2.1. Let G be a 2-step nilpotent Lie group of dimension 6 with bi(g) > 4, g being
the Lie algebra of G. Let J be a left-invariant non-parallelizable complex structure on G and w a
left-invariant J-Hermitian metric. Suppose that J and w are defined by and , respectively.
Then, there exists a (real) left-invariant coframe {e',... €%} on G, such that:

(a) The complex structure J and the metric w satisfy

Jet = —¢?, Jed = —et, Je® = —¢b, w=e? 434 e (11)
(b) The coframe satisfies the following structure equations
de! = de? = de® = de* =0,
de = ke (p+ A) e —d= (p— ) ' + By (rZy — Auar) ™,
de6:—%e12+3’g—gjel3+ 5 (r2(p - )\)—|—2ue2) et (12)

2 2A
T rzA

;

+ % (r2(p +A) — 2ue2) 28 b g 4,

2ke 4
TZAZ (r x—)\r ueg—i—uel—i—ueQ)

Here, x,y,\ € R with A > 0, and p € {0,1} are the coefficients in which define the
complex structure J, whereas the coefficients re, Se, ke, Ue1, Ue2 € R, which depends on the
coefficients of w, are given by

2 2 ’ZP 2 2 |U|2 2 2 :
= :s—ﬁ, kZ =K%, Uel U2 = Ue =U— —5 . (13)

The term A in the equations stands for A, := /1252 — |u|? = \/8“,3%.

(c) The 4-form 134 is a positive multiple of the (2,2)-form Cmﬁ, concretely

34

p1234 _ 21 detw Cmié' (14)

Proof. Starting from a left-invariant (1,0)—Coframe {¢h, (2, (3} satisfying and a generic J-
Hermitian metric w in the form of (7)), we first consider the left-invariant (1,0)-coframe

Ll o2.=¢2, U31:C3—%CQ—%C1- (15)
This map defines an automorphism of the complex structure J which preserves the complex structure
equations , i.e. the (1,0)-coframe {o!, 02, 03} still satisfies
do' = do? =0, do® = pa'? + o' 4 N0 + (z +iy) 022 (16)
With respect to this coframe, the Hermitian metric w can be written as
2w =1i(r? ol + 52 o2 + k2 033) tuy o2 — 1, o2, (17)
where the metric coefficients are given by
|z

2 2 2 _ 2 2 _ 1.2
Te =T _ﬁ’ S =S8 _ﬁ7 ko.—k,

Notice that from (8) we have 72,52, k2 > 0 and r2s2 > |u,|*.

g)=o) o

U =U— —5 . (18)
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Let us now consider the left-invariant (1,0)-coframe

rti= rgal—f—@aQ, 2= ﬁaa 7=k, 03, (19)
To To
where A, := /1252 — |uy|?. Then, a direct calculation yields that w can be written as
w = %Tli+372é+%7'33
and, by using , the complex structure equations become
dr! = dr? =0,
dr3 = p Z—"a 12 4 f—g 14 r?fza (z’ug + )\7’3) 12— ZT%’%Z 2l (20)
—i—é“gg (Jue* — ir2u A + oz + iriy) 722,
Finally, let us consider the real left-invariant coframe {e!,... €%} on G given by
et+iet: =71, E4iet =12 S 4iel =13 (21)

Then, with respect to this real coframe, holds and hence (a) is proved.

Now, let us set uy1+1i Uy := u,. By means of , a direct computation yields that the structure
equations in terms of the real coframe {e!,...,ef} are given by

( de! = de? = ded = de* =0,
%—:de5 = (p+NeB—(p=N e+ 2 (rZy— Aug) e*,

% deb = —2A, e'? + 2uyq e!? + (rg(p —A)+ 2u02) et + (rg(p +A) — 2u02) e23

24 _ 2 (4 2 2 2 ) .34
+2uq1 €7 — x> (r3z — Ariuso +u2y +ul,y) €3t

Therefore, setting re := r4, Se := So, ke 1= ko, Ue 1= Uy (thus, ue1 := uy1 and ues := uy2) and
A, = A,, we get and (b) follows. Notice that is precisely in the new notation.
Moreover, from we get

1 8t det w
2 _ 2.2 2 2,272 - 20,12 _ 22112 20,2
AL =r2ss — |uel :ﬁ(rsk + 2Re (iuvz) — k*|ul” — r|v| _S|Z|):T’
due to (9). B -
Finally, in order to prove (c), it is enough to note that 4 e!23* = 71212 = A2 (1212, O

Remark 2.2. In the balanced case, adapted bases were found in [45, Theorem 2.11] by considering
a partition of the space of metrics into the subsets “u = 0” and “u # 0” for a given left-invariant
metric @ However, the study of the Anomaly flow requires to consider a global setting involving
the whole space of left-invariant Hermitian metrics w on (G, J), as it has been obtained in our
Proposition [2.1

2.2. Trace of the curvature.

In the following, we explicitly compute the trace of the curvature of a Hermitian connection in the
Gauduchon family {V7},cgr for our class of nilpotent Lie groups. We will adopt the convention
used in [I3] (see also [28]).
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Let us consider a 6-dimensional Lie group G equipped with a left-invariant Hermitian structure

(J,w). Let also {e!,..., €%} be an adapted basis to the Hermitian structure on G, i.e. J and w are
expressed by . The connection 1-forms cr} associated to any linear connection V are

J_?(ek) = w(‘](vekej)7 ei)a
that is, Vxe; = 0']1- (X)er+---+ O'?(X) ee; while, the curvature 2-forms Rmé of V are given by

Rmé» = dcr;» + Z ot A af. (22)
1<k<6

Then, the trace of the 4-form Rm A Rm can be defined via

Tr(Rm A Rm) = Z ng A Rm; (23)
1<i<j<6

Remarkably, the connection 1-forms (O’T)§ associated to a canonical connection V7 in the Gaudu-
chon family can be explicitly obtained as follows. Let us denote by cfj the structure constants of G
with respect to {e!,...,e%}, ie.

def = Z cfjeij, k=1,...,6.

1<i<j<6

Since de*(e;, e;) = —e*([es, €5]), the connection 1-forms (ULC);- of the Levi-Civita connection satisfy

(7€Yiler) = — (e e, ) — e lesseg) + e, fen, i) = 5 — e + ),

and hence, by means of @, the connection 1-forms (07)2- of V™ are given by

1—71 1+7

(O-T);(ek) :(O-Lc)é’(ek) + T T(ek’) €j, ei) + T C(ek‘> €j, ei)
1, . j 1—-7 1+7
:5(C§'k — it + 4 T(ex,ej,e;) + Clek, ej,€;)
1, j 1-—7 1+7
:§(c;-k - cfj + ;) — 1 dw(Jey, Jej, Je;) + 4 dw(Jex, ej,€;).

We are now in a position to compute the trace of Rm™ A Rm™ for our class of nilpotent Lie
groups. In our next proposition, we show that the trace is of a special type. This will allow us to
substantially simplify the Anomaly flow equations.

Proposition 2.3. Let G be a 2-step nilpotent Lie group of dimension 6 with bi(g) > 4, g being
the Lie algebra of G. Let J be a left-invariant non-parallelizable complex structure on G and w a
left-invariant J-Hermitian metric. Suppose that J and w are defined, respectively, by and
in terms of a left-invariant (1,0)-coframe {¢'}3_,. Then, for any Gauduchon connection V™, the
trace of its curvature satisfies

Tr(Rm™ A Rm™) = C (1212,



THE ANOMALY FLOW ON NILMANIFOLDS 9

where C = C(p, \,z,y;7, 8, k,u,v,2;7) is a constant depending both on the Hermitian structure and
the connection. More precisely, we have

T T (T — 1) ké
Tr(Rm'ARm™) = T502  [u ) {

[(p — A2 £ 52) (52 =252 Uep + 2x|ue|?) — 3NZx(u2) —uZy) — 6 M1y (52 — Miea) + 62 |ue|?
+7(p+ N — 2:6)(3;} — 2)\53%2 + 2z |ue|?)
+ 72 (( 20 4 ) (52 —2X5%Ue 4 2 |ue|?) — N2z (u?) —u2y) — 2 uery(s2—Muea) + 2y2|ue|2)}
+ 12\ [(p — A%+ 22) (A2 — 2ueat — 2uery) — Buea(z? + 3?)
+7(p 4+ A% = 22)(\s? — 2ueat — 2ue1y)
+ 72 (7 2p()\sz — 2Ue2x — 2Ue1Y) — 2u62(:v2 + yz))}
+ri(x? + 9P [(p AN 45z)+T(p+ AN —2x) + 72 (—2p + x)} } 1212
where Te, Se, ke and Ue = Ue1 + 1 Ue2 are given in Proposition |2.1].
Proof. By means of Proposition there always exists an adapted basis {e!,...,e%} on the Lie

group G for the left-invariant Hermitian structure (J,w). Therefore, let (07)3- be the connection
1-forms of the Gauduchon connection V7 in this basis. Since V7 is Hermitian, then the forms

(0’7)3 satisfy the condition (07)3- = —(07)5 . Moreover, a direct computation yields the following
connection 1-forms:
(") == Bl
0' )3 = —=—=——=(1— 1)6 = (r-1)e",
T il’) Ak + ke Uel 6

24/71252—|uc|?
ke(Arz—2
(O_T)l o e( 7" ueQ (

4= 2r24 /1252 —|ue|?

r24/1252—|uc|?

™1 _ ke ke 2 2 3 ke Uel 4
o) =— el + ——Fe (2Dt (uea—Nr2)(r41)) €3 — r+1)e
(c7)s 2 (7+1) 27"3\/W(p 2(r—1)+ (uea—Ar2) (r+1) ) PN L

™1 _ ke 2 ke Ue1 ke 2 2 4
(o = +1 —F (741 6 ——F———\pr —1)—(uea—Ar +1)) e
( )6 2r2 z(t+1)e 27‘3\/7W(T ) +2r m(ﬂ e (T—1)—(uez (T ))

T3 _ ke Aue—r2y) 5 ke (lue2=Ariuca+riz) 6
(07)i = = g V€~ TG e 0

3 ke (pr2 (1—1)—ue2 (7+1)) 1 ke te1(7+1) 2 ke (Jue|2=Ar2uea+riz)

(o} = - e — +1)e
( )5 QTg\/Tgsg—\ueP +2r§\/rgsg—|ue|2 2rZ (rgsz—luel?) (r+1)
ke (Aue1—r2y) 4
TRz T e
7\3 ke uel(T+1) 1 ke (pTg (7_1)“1‘“82 (T+1)) 2 ke ()\uel_TQy)
07)5 = S et € — + a1 e
( )6 2r24/1252—|uc|? 2r§\/r§szf|ue|2 2(rgs3—luel?) ( )

ke (lu 7)\ru2+rx 4
+ e(‘2:2‘(,~2 p) ‘; ) )(T‘H)e )

(UT)Z =0,
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together with the following relations:
(@)3=—("i, (@Ni=(0N3, (@)3=-("), (07)5= (7).
(075 ==, (07)g=(7)3.

Finally, by using the curvature 2-forms (RmT)é- explicitly given in Appendix A and equation ,
O

the result follows from a long but direct calculation.

Let G be a nilpotent Lie group endowed with a left-invariant complex structure J defined by
(10). Moreover, let us consider the following left-invariant closed (3,0)-form

U= A A (24)

Given the Chern connection V¢ of the metric w, i.e. 7 = 1 in the Gauduchon family, one always

has VU = 0; whereas, by the proof of the previous proposition, one gets

Corollary 2.4. Under the hypotheses of Proposition[2.3. If T # 1, then V™V = 0 if and only if the
Hermitian metric w is balanced.

Proof. In terms of an adapted basis {e!}%_; as in Proposition we have that

V(e +ie2) A2 +ie*) A (e’ +ie®) =0
if and only if the connection 1-forms satisfy (07)3 + (67)3 + (67)3 = 0. Since the left-invariant
(3,0)-forms are related by ¥ = c(e! +ie?) A (€2 +iet) A (€5 + i e%) for some non-zero constant c,
we get that V7W = 0 if and only if

ke (T —1)

2
e

(675 + (07)i+ (07)g = — ((/\ Uer — 12y) €2 + (82 — Nuea + 121) eG> =0,

r2s2 — |uel?

where we have made use of the connection 1-forms given in the proof of Proposition [2.3] Therefore,
given T # 1, the above equality holds if and only if
Auer — 12y = 0 = 82 — Mg + 122, (25)
On the other hand, by means of the structure equations in the adapted basis, one directly gets
that the metric w satisfies the balanced condition dw? = 0 if and only if
0=wAdw=(e? + 3 + %) A de,
which is equivalent to ([25)). O

3. THE FIRST ANOMALY FLOW EQUATION ON NILPOTENT LIE GROUPS

We now study the behaviour of a general solution to the first equation in the Anomaly flow for our
class of nilpotent Lie groups, under certain assumptions. In particular, since we focus on invariant
solutions, the first statement in Theorem [A] and Theorem [C] will follow, respectively, by Theorem
and Theorem [3.4] below.

Let G be a 6-dimensional 2-step nilpotent Lie group with b; > 4, endowed with a left-invariant
non-parallelizable complex structure J. Let {¢!,¢?, (3} be a left-invariant (1,0)-coframe on (G, .J)

satisfying and let
U= AN
be the left-invariant closed (3,0)-form defined in (24)).
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Assumption 3.1. Let (w;, Hy) be the couple of left-invariant Hermitian metrics solving the Anomaly
flow and let Tr(Ay A Ay) be a multiple of the (2,2)-form (1212

Remark 3.2. Since we are considering left-invariant metrics, the evolution equation of w; reduces
to an ODE on the Lie algebra level. We stress that, all the stated results will also hold for the
Anomaly flow with flat bundle.

Let wy be a solution to the Anomaly flow on (G, J) given by

i : ; 2 1 s 1——
we = 5 (MO + 5126 + k(D2 + Sult) ¢ = Ju() ¢
1 1 1 1 (26)
1 23 l—x 55 1 13 l—x a1
+ 20t P = o ¢ 4 20 ¢ - ¢
where r(t), s(t), k(t) are positive real functions and wu(t), v(t), z(t) are complex functions. Then, we
have

Proposition 3.3. Let Assumption hold. Then, for every Gauduchon connection V] on (G,w),
the evolution equation of wy in the Anomaly flow reduces to the ODE

d _
77 ¥ e wp) = K(t,o/, 7)1, (27)

with K(t,o/,7) depending on the structure equations of (G,J) and on the curvature Ay of the
connection on (E, Hy).

Proof. By means of and , a direct computation yields that
200w, = —k(£)2(8¢® A O — ¢ N AC3) = k(1) (p + A2 — 22)¢ 1212 (28)

On the other hand, by means of Proposition [2.3] the trace of the curvature of a Gauduchon con-
nection V7 on (G, w;) satisfies

Tr(Rm] A Rm]) = C(t) ('*12.
Therefore, by the assumption on the curvature A;, we have
o o - i __
(|| V]|, w?) = i00w; — 1 (Tr(Rm] A Rm]) — Tr(A; A Ay)) = K(t,a/, 1) (12
where K (t, o/, 7) also depends on (G, J) and A;. O
Let us now analyze equation in more detail. A direct computation yields that
2w Awr = (r(6)%s(t)* = |u(t)?) ("2 + (r(6)°k()* = [2()*) ¥ + (s(t)*k(1)* = [v(t)]?) P
=i (r(t)?u(t) — i 2(0)u(®)) 2+ (r(6)%0(0) + i u(t)2(8)) ¢
+i (s(t)?2(t) + iu(t)v(t)) 123 (s(t)Qz(t) - iu(t)v(t)) (B2
— i (k(Pu(t) = i 2(0(0)) ¢ + i (k(H)u(t) + i v(t)2()) ¢
Therefore, by substituting in , one gets that the following relations hold along the flow:

(1 (050~ (1)) = 2K (1, 7), (29)

and
c1

= )
[

%(H‘PHwt(T(t)Qk(t)Q—IZ(t)\Q))=0 = r(t)*h(t)* = |2(t)?
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G (P GOPROP o) =0 = sOPROP=0f = 15— (31)

& (W00 = i200@) =0 = @) —i=(ui = i—. (2

G U (P20 +u@)ole) =0 = s(() + i) = i, (33)
(1 (R(0u(t) — i 2(0)) =0 = k(0Pu(t) i 2(1)0(0) = o (9

for some constants c1,ca € R with ¢1,¢o > 0, and c3, ¢4, c5 € C, which are determined by the initial

metric wg.

3.1. Special Hermitian metrics along the flow.

In [30] Phong, Picard and Zhang proved that the Anomaly flow preserves the conformally balanced
condition, once the connections V7 and V* are both Chern. In the following, we extend such a
result to any connection in the Gauduchon family for our class of nilpotent Lie groups. Moreover,
we also show that the locally conformally Kéhler condition is preserved along the flow.

A Hermitian metric w is said to be locally conformally Kdhler if it is conformal to some local
Ké&hler metric in a neighborhood of each point. Recall that, this condition is also characterized by
the existence of a closed 1-form 0, the Lee form, satisfying dw = 0 A w.

Theorem 3.4. Under Assumption we have:
(i) If wo is balanced, then wy remains balanced along the Anomaly flow.

(ii) If wo s locally conformally Kdhler, then wy remains locally conformally Kdhler along the
Anomaly flow.

Remark 3.5. By [I5, Theorem 1.2|, the pluriclosed condition 90w = 0 for a left-invariant metric
w on (G, J) only depends on the complex structure J (see also [43]). Therefore, if the initial metric
wp is pluriclosed, the solution w; to the Anomaly flow holds pluriclosed.

Proof of Theorem[3.4 In view of [43, Proposition 25|, the left-invariant Hermitian metric w; is
balanced if and only if

S(OPK? — (o) + (2 4 i) (k0 — 20 =i A (k0?0 + i) . (35)
On the other hand, by means of and , the left-hand side of reduces to

s(t)2k(H)2 — (t)2 + (@ +iy) (r(£)2k(t)? — |2(8)[?) = c(z+1iy)+co

[N/
while, by means of (34]), the right-hand side of (35) is equal to
— — i1\ Cs
X (K2 ) + i 0(t)2() = 25
( ) [ |,

Thus, w; is a balanced metric if and only if ¢1(x +14y) +co = i A¢5. Since the constants c1, c2 and ¢
only depend on the initial metric wyg, it follows that w; satisfies the balanced condition if and only
if wg does.
Let us now prove (ii). By means of [43, Proposition 32|, if wy is locally conformally Kéhler, we
must have
p=A=y=0 and r=1
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in the complex structure equations . Moreover, w; is locally conformally Kéhler if and only if
F(8)2k(E)2— ()2 = s(t)2k(t2—o()2  and  k()?u(t) = i ()0 (D).

Therefore, in view of , and , it follows that w; is a locally conformally K&hler metric if
and only if ¢y — co = ¢5 = 0. Finally, since the constants c1, ¢2, ¢c5 only depend on the initial metric
wp, we get that wy is locally conformally Kéahler if and only if wqg is locally conformally Kéahler as
well, and the claim follows. O

3.2. Reduction to almost diagonal initial metrics and the general solution.

In the following, we prove that any initial Hermitian metric wg can be taken to be almost diagonal.
Then, we use this result to obtain the general solution w; to the first evolution equation in the
Anomaly flow .

A Hermitian metric w is said to be almost diagonal if its metric coefficients satisfy v = z = 0
in (7). Our next result shows that we can always choose a preferable (1,0)-coframe on (G, J) such
that the metric w is almost diagonal.

Lemma 3.6. Let w be a left-invariant Hermitian metric on (G, J). Then, there exists an automor-
phism which preserves both the complex structure equations and the (3,0)-form ¥, and such
that w reduces to an almost diagonal form.

Proof. To prove this lemma we essentially use the same argument as in Proposition Let us
consider the automorphisms induced by . By construction this automorphism preserves the
complex structure equations (see ) Moreover, a direct computation yields that

U=CACANE=0tA0?NG?

and hence the holomorphic (3,0)-form W is also preserved. Finally, in terms of the coframe {o'}}_,
the Hermitian metric w expresses as in ([17)) and hence the claim follows. O

We are now in a position to describe the general solution to the Anomaly flow starting from an
almost diagonal metric.

Theorem 3.7. Under Assumption[3.1], the Anomaly flow preserves the almost diagonal condition.
More concretely, if wg is almost diagonal, then w; evolves as
v 211 | ©2 203, C102—|c5|% a3 Cs 2,12 _ 6 2 21
wy = — |7t —r(t _— —r(t ——r(t 36
=g (et 2o+ A2l0hes) L B e Boapen, o)
where c1,co > 0 and c5 € C, with cica > ]65]2, are constants determined by the initial metric wy.

Furthermore,
8 C1

(crea—les?) r(t)?

Proof. Since equations and hold, the functions v(t) and z(t) satisfy

o) = c35(t)2 + i ca u(t) o) = —iczu(t) +car(t)?

1|, (r(£)%s(£)* — [u(t)[?) ° 1|, (r(£)%s(£)* — [u(t)[?) °
for any ¢ in the defining interval. On the other hand, since we assumed wy to be almost diagonal,
ie. v(0) = 2(0) = 0, we get cg3 = ¢4 = 0. Therefore, v(t) = 0 and z(t) = 0 and hence the solution
wy holds almost diagonal.

1¥]lw, =
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Let us now prove the second part of the statement. As a direct consequence of , and

, it follows that
2
(r(1)2s(1)? — u(t)Pyk(yt = 225l
197,
which implies
C1C2 — |05|2
(F(O25(0 — Ju() PYR(E)

with cjco — |C5|2 > 0 by the positive definiteness of the metric wy. Moreover, by the definition of

w2, =

|@||2,, we have
1 8

T detwr  (r(0)2s(8)2 — [u(t)[2)k(1)2

_ 2
bty = L2k

In particular, k(t) is constant. Finally, by means of , and , we have
0 = cor(t)?k(t)? — c1 5(t)%k(t)? = (car(t)? — ¢1 s(t)})k(t)?

w12,

and hence

and
0=cs 7’(t)2k(t)2 - u(t)k(t)2 = (cs r(t)2 - u(t))k(t)2 ,
which respectively imply
s(t)2 == r(t)2 and u(t) = S r(t)z,
c1 C1
and the claim follows. O

When the initial metric wy is diagonal (that is, u(0) =v(0) =2(0) =0), the above result simplifies to

Corollary 3.8. Under Assumption[3.1], the Anomaly flow preserves the diagonal condition. Specif-
ically, if wo is diagonal, then wy is given by
) 7 (&) 5 C1C9 .93
w = 5 (02T 2 (e 4+ BB
2 C1 8

V87(0)k(0) V8 5(0)k(0)

where ¢ = 0 >0 and co = o) > 0. Moreover, ||V|,, = )

car(t)?”
Our next result describes the evolution of the trace Tr(Rm] A Rm]) along the Anomaly flow,
under the assumption for the initial metric wy to be almost diagonal.

Proposition 3.9. Under the hypotheses of Theorem[3.7, the trace of the curvature of the Gauduchon
connection V7 of (G,w:) satisfies

T T C 12
Tr(Rmt A Rmt) = W 41212,

where C = C(wg, T) is a constant depending only on the initial metric wy and the connection V7.

Proof. The result is a consequence of Proposition Indeed, the coefficients r., s¢, ke and
Ue = Uel + 1 Uez appearing in Proposition are related to the coefficients of the metric w; via .
On the other hand, by means of Theorem the metric w; holds almost diagonal and by and
(36) we get )
2?2, 2= Zeer, 2= lel S e (37)
C1 8 (&1
Therefore, the claim follows by and the formula of the trace given in Proposition O
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4. THE ANOMALY FLOW WITH FLAT HOLOMORPHIC BUNDLE

We now focus on the Anomaly flow . In particular, we show that this flow always reduces to a
single ODE, which we call model problem. As a consequence, the second part of Theorem [A] will
directly follow by Theorem [£.I] below. Moreover, the qualitative behaviour of the model problem
will be investigated.

Let G be a 6-dimensional 2-step nilpotent Lie group with b; > 4, equipped with a left-invariant
non-parallelizable complex structure J. Let {¢!, (2, (3} be a left-invariant (1, 0)-coframe on (G, J)
satisfying and let U be the left-invariant closed (3,0)-form defined in , e W= (CIACAC.

In view of Proposition |3.3| and Theorem the coefficient 7(t)? of the metric w; in evolves

as

By r(t)? = % K(t, o/, 7),

where the right-hand side is given by
K(t,d,7) 2 = 190w, — (Z/Tr(RmT ANRm").
On the other hand, by means of and Theorem we get
100w, = B (112

for the constant B = B(wp) = M(p + A2 — 22) € R; while, by means of Proposition we

16
have
T T C 12
Tr(Rmt A Rmt) = W C1212 )

for a constant C' = C(wp, 7) € R. Therefore, we get

C1 / KQ

— K(t =K +—

4 (,CK,T) 1+T(t)47

where K1 = 9 B and Ky = —aigl C, and the following theorem holds.

Theorem 4.1. The Anomaly flow 1s equivalent to the model problem

d 2 K2

—7r(t) =K — 38
GO =K (38)
where K1, Ko € R are constants depending on K1 = K;(wy) and Ko = Ko(wp, o', 7).

4.1. Qualitative behaviour of the model problem.

We now investigate the qualitative behaviour of the model problem , which can be rewritten as

h'(t) = Ky + hf(i; , h(t) > 0. (39)

A solution h(t) to is said to be immortal, eternal or ancient if its defining interval (T—,T7) is
equal to (—¢,+00), (—00,+00) or (—o0,¢) for some € > 0, respectively.

When either K1 = 0 or Ko = 0 the ODE can be explicitly solved, otherwise we work as
follows.
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e K1 >0 and K9 > 0.

Under these assumptions, does not admit any stationary point. Nonetheless, we have the
following

Proposition 4.2. Any solution h(t) to the model problem is immortal. In particular, h(t) ~
Kq-tast— +oo.

Proof. Let h(t) be a solution to the model problem (39). Since

K.
W(t) =K+ —2 >0,

h(t)?
it follows that h(t) > h(0), for every t € [0,7F). On the other hand,
Ky
W) < Ki+ —s
( ) < Kj + h(0)2
and the long-time existence follows, since h(t) < ct + h(0) with ¢ := K; + hfﬁ.
Let us now suppose by contradiction that h'(t) — 0 as ¢ — +o00. Then, this would imply

: Ky
i (19 555z =

which is not possible since K1, Ko > 0. Therefore, we have

lim ' (t) = K,

—00

and hence h(t) ~ K; -t as t — 4o00. Finally, a similar argument shows that if the solution exists
backward in time for any ¢ < 0, then

h(t)~ Kj-t, ast— —o0,

which is not possible since h(t) > 0. O
e K1 >0 and K9 < 0.
Let us denote by hg := \/T/Kl . Then, we have
Proposition 4.3. Let h(t) be a solution to the model problem . It follows that

(1) if h(0) = ho, then the solution is stationary;

(i) if h(0) > hg, then the solution is eternal and h(t) ~ Ky -t as t — 4o00;

(iii) if h(0) < hg, then the solution is ancient.
Furthermore, any solution detects the stationary point as t — —oo.

Proof. Let h(t) be the solution to . Then, a direct computation yields that hg is the unique
stationary point to the flow, and the first claim follows.
Now, let us suppose h(0) > hg. Then, there exists ¢ > 0 such that h(0) = 1/—% + ¢. Therefore,
we have K2
l eng
)= —Ks +eK;
and hence h(t)’ > 0 for every t € (T, T"). On the other hand,

W(t) <Ky, = h({)<Kit+h(0), foranyt>0,

>0,
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and the long-time existence follows. Moreover, since h(t) is always increasing and hg is the unique
stationary point to the flow, it follows h(t) — hg as t — —oo. Thus, the solution h(t) is eternal.
Finally, let us assume by contradiction that h'(t) — 0 as ¢ — +00. Then, this would be equivalent
to require

: Ky
Am Kt ae =0,

which is not possible since h(0) > hg, and hence

lim A (t) = K,

t—00

proves the second claim.
Now, let us assume h(0) = 4/ —% — & < hg for some € > 0. Then, a direct computation yields

that

—eK?

WO0)= ———1
() —K2+€K1

<0,

which in turn implies A/(t) < 0 for every t € (T, T"). On the other hand, it follows

52
h(t) < ek

—t+h(0 f t>0
S Ttk + h(0), or any t >0,

and hence TF < +o00. Moreover, since h(t) is decreasing, we have

Ko
lim A/(t)= lim ( K+ -—= ) = —00.
Jim, 7(t) J“< 1+h<t>z) >

Finally, since h(t) is always decreasing and there exists a unique stationary solution hg to the flow,
we have that h(t) — hg as t — —oo and the last claim follows. O

o K1 <0 and K9 < 0.
Under these assumptions, we have
Proposition 4.4. Any solution h(t) to is ancient. In particular, h(t) ~ —Kj -t as t — —o0.

The proof of this result can be easily recovered using the same arguments as in Proposition [4.2

e {1 <0 and K9 > 0.
Arguing in the same way of Proposition 4.3 we get

Proposition 4.5. Let h(t) be a solution to ([39). It follows that
(1) if h(0) = ho, then the solution is stationary;
(i) if h(0) > hg, then the solution is eternal and h(t) ~ —K; -t as t — —o0o;
(iii) if h(0) < hg, then the solution is immortal.

Furthermore, any solution detects the stationary point as t — +oc0.
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4.2. The sign of K; and its relation to the Fu-Wang-Wu conformal invariant.

We now investigate the relation between the constant K appearing in the model problem (38 and
the conformal invariant of wp introduced and studied by Fu, Wang and Wu in [I7]. We also study
the sign of K in our class of nilpotent Lie groups.

Let X be a compact n-dimensional complex manifold and w a Hermitian metric on X. In [17],
the notion of Gauduchon metric has been generalized by the so-called k-th Gauduchon equation

ngk/\w”_k_le, 1<k<n-1.

Then, since the k-th Gauduchon equation may not admit a solution, Fu, Wang and Wu considered
the equation (in the conformal class of w) given by

%35(6“&)’“) AW R = (W) etw™, 1<k<n-1, (40)

proving that there always exist a unique constant v;(w) and a function v € C*°(X) (unique up to
a constant) satisfying . Moreover, the constant v (w) is invariant under biholomorphisms and
it smoothly depends on the metric w, and its sign is invariant in the conformal class of w [17].

Now, let (X,w) be a compact non-Kéhler Hermitian manifold. In view of |24, Lemma 3.7| and
[24, Proposition 3.8|, for any 1 < k < n — 2 it follows that
(i) if w is balanced, then the constant ~y(w) > 0;

(ii) if w is locally conformally Kéahler, then the constant v (w) < 0.

Therefore, we can apply these results to compute the sign of K1 = Kj(wp) in the model problem ({38]).
Indeed, by [26, Proposition 2.7|, any left-invariant Hermitian metric wy on (G, J) given by (7))

satisfies ‘ .
Z —
— D0wo Nwy = ——2— N —2 3
g VOO AW = det wy (p+ z) Wi
and hence
L A2 -2
M(0) = g gera, (P —22)
On the other hand, since K;(wp) = %(p + A% — 27) in the model problem (38)), we get
c11 detw
Ki(wo) = %%(wo)-
0

In particular, the sign of K (wp) is equal to the one of 7, (wp), which is an invariant of the conformal
class of wy. Actually, in our context we have that

sign K| = sign (p + A\? — 2z),

and hence it only depends on the complex structure J. This fact for 71 was first noticed in [16].
Moreover, since an invariant Hermitian metric on a complex nilmanifold of complex dimension 3 is
1-st Gauduchon if and only if it is pluriclosed [16], Proposition 3.3|, we have the following proposition.

Proposition 4.6. The sign of K1 in the model problem only depends on the complex structure J
on G. Moreover:

(1) If wo is balanced, then K1 > 0.
(ii) If wo is locally conformally Kdhler, then K; < 0.
(iii) The metric wy is pluriclosed if and only if K1 = 0.
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In Table [T} we provide the classification of the Lie groups admitting a complex structure satisfy-
ing , together with the sign of the invariant K.

The first column of Table [I| describes the nilpotent Lie algebra associated to the Lie group. Here
we use the notation for which the algebras are named as nj and then described (see e.g. [43]).
Moreover, we denote by Nj the Lie group corresponding to ny (second column of the table). About
the other columns, we use the following convention. The symbol “v” means that the sign of K is the
one given in the table for any complex structure on the corresponding Lie group Ny, whereas “v( )"
means that there exist complex structures J on N such that the sign of K is the one described by
the column. Therefore, different complex structures may lead to different sings on the same group

Ni. Finally, we use “—” to denote that there are no complex structures of the given sign.
Lie algebra Lie group | K1 <0 Ki=0 Ki>0
ne = (0,0,0,0,12,34) No V() (1) V()
ng = (0,0,0,0,0,12+434) N3 V() — V()
ny = (0,0,0,0,12,14+23) Ny V() () V()
ns; = (0,0,0,0,13+42,14+23) N5 V() () V()
ng = (0,0,0,0,12,13) Ng — — v
ng = (0,0,0,0,0,12) Ng — v —

TABLE 1. The sign of K;

Let us recall that the groups No, N3, Ny, N5 and Ng admit left-invariant balanced metrics, while
N3 is the unique group admitting locally conformally Kéhler metrics [43]. We refer to [26] for a
classification of the complex structures satisfying K1 < 0, =0 or > 0.

Remark 4.7. The nilpotent Lie group N3 is given by the product of R with the 5-dimensional
generalized Heisenberg group, while N5 is the real Lie group underlying the Iwasawa manifold.

We stress that, by an appropriate choice either of the Gauduchon connection V7 or of the slope
parameter o, the sign of the constant Ky = K3(wp, @/, 7) in the model problem can take any
value. Therefore, the results presented in Section apply to every nilpotent Lie group in Table
In particular, we get

Proposition 4.8. Any Lie group in Table |1] with K1 # 0 admits both immortal and ancient left-
invariant solutions to the Anomaly flow (3).

This result also extends to nilmanifolds arising from the quotient of a Lie group Ng by a co-
compact lattice.

4.3. Convergence of the nilmanifolds.

We are now in a position to prove our convergence result. Note that, a main ingredient in the
proof of Theorem [B| will be given by the qualitative behaviour of the model problem studied in
Section together with Theorem

Let us recall that a family of compact metric spaces (X¢, d;) converges to a metric space (X, d)
in Gromov-Hausdorff topology as t — T , if for any increasing sequence t,, — T there exists a
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sequence of €, -approximations ¢, : Xy, — X satisfying g;, — 0. By definition, ¢ : X — X is an
e-approximation if

|di(,2") — d(p(@), ()] <e,  forany z,a' € X,
and for all y € X there exists # € X such that d(y, p(z)) < ¢ (see e.g. [40]).

Proof of Theorem[B. Let M =T \ G be a nilmanifold arising from our class of nilpotent Lie groups
and let {¢*, (2, ¢} be an invariant (1,0)-frame of X = (M, J). By means of (10, M gives rise to a
fibration over a real 4-dimensional tours 7 : M — T* with fibers spanned by the real and imaginary
part of ¢3. On the other hand, by means of Theorem and the results presented in Section
one gets that either {¢1, (2, ¢3} or {¢3} shrink to zero along (1 + t)~'w; as t — oo, depending on
the signs of K1 and Ks, and hence the claim follows. O

5. EVOLUTION OF THE HOLOMORPHIC VECTOR BUNDLE

In this section we study the Anomaly flow on a class of Lie groups belonging to . Explicit
computations will be performed on the nilpotent Lie group N3. In particular, we will prove that
under certain choices of the initial metric and the connection, the Anomaly flow converges to a
(non-flat) solution of the Hull-Strominger-Ivanov system.

Let G be a 6-dimensional Lie group and let J be a left-invariant non-parallelizable complex
structure on G. Let us suppose that there exists a left-invariant (1,0)-coframe {¢!,¢?,¢(3} on G
satisfying the structure equations

d¢t = d¢* =0,
e et Ly (3 4 iy (i)
d¢® = pC=+ ¢+ (x+iy) ¢,

where 2,y € R and p € {0,1} (i.e. we are considering A = 0 in (10)). Let also the holomorphic
vector bundle be E := T1°G, and

U= ACAS.
Moreover, let the left-invariant Hermitian metrics (wg, Hp) be both diagonal, i.e.

i

wo 9

(R3¢ + s8¢+ K3 ¢P)

and

Pl e s o
H0:§<r(2)<11+5(2)c22+k(2)<33)‘

Then, our main result is the following

Theorem 5.1. The left-invariant metrics wy and Hy solving the Anomaly flow remain diagonal
along the flow, and the coefficients of Hy evolve via
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a0 = 30163 [2((:2(& +1)% = cip(s — 1)%)r(t) k(1)
7. 2
—ciea(k — 1)(c1x + 62)7*(75)2] T(f)g?(t)Q ;
% 5(1)? = = [2(c1(f<: +1)%(2® + y?) — cap(s — 1)) r(t)°k(t)® )
7. 2
_ c%(,‘g — 1)(61(2}2 + y2) + ng)g(t)ﬂ T(Sgé)(t)Q y
%/%(t)Q _ 3563 [l — 12(350)* + (1)) ~
o 2 2 2\ < 4 4 k(t)G
cea(i+ V(@ +9)7 0" +300Y) | s

To prove our statement, we need the following lemma.
Lemma 5.2. Under the hypotheses of Theorem [5.1],
Te(Af A Af) = Co (12,

where Cy = Co(A, z,y; wo, Ho; k) is a constant depending both on the Hermitian structures and the
connection V7.

Proof. The proof directly follows by Lemma in Appendix B. O

Proof of Theorem[5.1] Let us focus on the evolution of H; via

_ w2 A AF
H7'0, Hy = fWS L, (43)
t

We first show that there exists T > 0 such that H; holds diagonal for any ¢ € [0, f) To this end,

it is enough to prove that w? A (Af);— = 0 for any ¢ # j and ¢t = 0. Thus, let H and w be two
left-invariant diagonal Hermitian metrics on G given by

H:%(f2gli+§2g2§+];2<33) ’ 2220,
and

w:%(r2§ﬁ+52c2§+k2§33) ’ 22 k2> 0.
If we consider {el,... €5} a left-invariant coframe on G such that

¢t =e'vie? =e'—ide', 6 =tiet = —iJe’, 530 = +iel = —iJe?,

with 61 = r, §o = s and 3 = k, then we get

(aryi = L

= s (5 a0, — 0%+ (95)
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where (A“)Z; are the curvature 2-forms of V* explicitly computed in Appendix B (see the proof of
Lemma . Thus, the only non-zero entries in the right-hand side of are given by

WCAAY 1k [731%2 ((k+1)%% — p(k — 1)%r?) — dk*72 (ks — 1) (ar® + 32)] :

w3 12 rds2k274
u.)2 A (An)g 1 ];2 B
— 2 _ T5 25 [32]92 ((n + 1)2(31:2 + y2)r2 —p(k — 1)232)

(44)
—4k*8 (k= 1) (2> + )’ + 52) } ,
w? A (AF)3 1 kA
wd o 1274s2k27454

[p(m — 1) (r*8* + ) — (k + 1)%r2s? (2% + y?)i + §) ] ,

and hence our claim follows, since wg and Hy are both diagonal.

On the other hand, by means of Lemma and Corollary there also exists T > 0 such that
w; holds diagonal for any ¢ € [0, T ). Therefore, by the existence of T>0and T > 0, it follows that
we and Hy hold diagonal for any ¢t along the flow. Finally, the evolution equations in are a direct
consequence of (4], taking into account that s(t)* = %r(t)2 and k(t)? = <& by Corollary O

Remark 5.3. Under the assumptions of Theorem [5.1] we have
Te(Af A AF) = Cy (212,

where C; = Cy(p, z,y;w, Hi; k) is a one-parameter function depending both on the Hermitian
structures and the connection V*.

Remark 5.4. Theorem [5.]applies to the following Lie groups Ny, in Table[TJand complex structures
in : (1) p=0,y=1and x € R, the Lie group is Na; (2) p =y = 0 and x = £1, the Lie group
is N3; (8) p=1,y >0 and 1+ 4x > 4y2, the Lie group is N5; (4) p = x =y = 0, the Lie group is
Ng. By [4], this is a classification of all the complex structures in . Regarding the existence of
balanced Hermitian metrics, the list reduces to:

e p=y =0, x =—1, the Lie group is N3;
ep=1,y=0and z € (—1/4,0), the Lie group is Ns.

Our next result shows that if the initial metric wq is balanced, then there always exists a connec-
tion V* such that (42]) only admits constant solutions.

Proposition 5.5. Under the hypotheses of Theorem [5.1] if the initial metric wg is balanced, then
there exists a Gauduchon connection V* for which the right-hand side of the system identically
vanishes, and the only admissible solutions to the Anomaly flow are those with constant Hy, i.e
Ht = HO.

Proof. As we already showed in the proof of Theorem a diagonal metric wy is balanced if and
only if ¢j(x + iy) + ca = 0, which is equivalent to require
C2

r=-—-= and y=20, (45)
C1
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with ¢; = 85+0k0 > 0 and ¢cg = %ﬂko > 0 by Corollary Therefore, by means of , the
system can be written as

d

g F(t)? = ?)C?C%(CQ(K +1)? — cip(r — 1)2> OO

< 50y = 32§ (exth 1) —erpls —1)?) <t>2)t>2

d - 2 25(1)* + GF(t)*) k(t)°
S h(1)? = 33 (e1pi = 1) = eais + 1)?) - (r2t>2f<§>4(§2t>)4 .

Then, the right-hand side of the system identically vanishes if and only if

ca(k + 1)2 —cp(k— 1)2 = (cg — pcl)kaz +2(ca+pcr)k+ca—per =0. (46)
Finally, since the discriminant of this quadratic polynomial is given by
A =32pcica > 0,
the claim follows. 0

Remarkably, by the proof of Proposition [5.5] we can distinguish the following two remarkable
cases:

e If co = pcy, then the only solution to the polynomial is Kk = 0. Therefore, V" is given
by the Lichnerowicz connection V.

o If co # pcy, then the solutions to are either the Strominger-Bismut connection (k =

—1) when p = 0, or the Gauduchon connections V*~ corresponding to the values x* =
c1+cat2 /cico o
W When p = 1.

Remark 5.6. Given a solution H; to , it may happen that its Gauduchon connection V§ does
not satisfy the condition (Af)?9 = (AF)%2 = 0. For instance, let us consider the Lie group arising
from when p =1, xz = —% and y = 0, which corresponds to N5 (see Remark . Then, the

diagonal metric wy = % <Cﬁ + % CQQ + C?’S) on Njs is balanced and, by means of Proposition one
gets that for k* = % the system is solved by the constant metric H; = % (Cﬁ +¢2 4 C?’g).
Nonetheless, the Gauduchon connections V** do not satisfy the condition (A?jE)Q’0 = (Afi)0’2 =0.

Indeed, by Appendix B (see the proof of Lemma one gets that (A"‘i)% has non-zero component
in et 4 2 = 4;\/%(412 — ¢1%), and hence its (2,0) and (0,2) components do not identically vanish.

In the following section we prove that, on the Lie group N3, solutions to the Hull-Strominger-
Ivanov system can obtained as stationary points to the Anomaly flow.

5.1. Anomaly flow on N3 and solutions to the Hull-Strominger-Ivanov system.

Let us consider the simply-connected nilpotent Lie group N3, which admits a left-invariant (1,0)-
coframe {¢!, (2, (3} satisfying the structure equations

a¢h = d¢2 =0,
d€3 — Cﬁ _ Cﬁ-
Next we study the Anomaly flow on N3 for V* being the Chern connection (i.e. kK = 1) and
the Strominger-Bismut connection (i.e. Kk = —1).

(47)
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e The Chern connection on TV Ns.

We start investigating the setting of Theorem [5.1] in the special case when £ = 1, i.e. V} is the
Chern connection on (T1°N3, Hy).

Theorem 5.7. If k = 1, then the coefficients of wy and Hy; evolve via the ODEs system

(d s e 2 ci(cf +d3)
- i 1— -9 i T m2)
g r(t) o5 +o(1—=7)(7 T+5) 2T (1)t
d 8 k()*
7T(t)2 = 2~) 2
dt 3ereg T(t)27 (1)
- 48
dt ~ 3ciea r(1)23(1)2
d - 8 /. N k(t)8
—k(t)? =— )4 ) —— .
g *0 3c1ca (’"( ) +50) )r(t)2f(t)4§(t)4
Moreover, if wyg and Hy are both balanced, then H; evolves as
i i 5 0 Tak? a3
H o= Yap2ell o Yrp2e22 o Lo w38
where the function 7(t)? satisfies
d 8 #(0)%k(0)*
8 7(0°K0) )

GO = s
dt 3¢t r(t)%r(t)'0
In particular, if T # 1 (i.e. V7 is different from the Chern connection), then there ezists a convenient
choice of o/ such that the solution to the system is given by wy = wo and 7(t) = VAt + B, with

16 78 k2 -
A= 5070 gnd B = 7“82.
€170

Proof. By means of Proposition the first equation of the Anomaly flow reduces to
= r(t)? = %1 K(t, o, 1), (50)
where K (t,a/, ) is given by
_ B /
K(t, o/, 7) (1?12 = i0dw; — az (Tr(Rm] A Rmj) — Tr(Af A Ap))
By Corollary [3.8 and Proposition 2.3] a direct computation yields that

- €102 1213
100w, = L2 (12

23
43 5
Tr(Rmj A Rm]) = (1 — 1)(1* — 27 +5) -2 o 2 r(t1)4 1212

while, by means of Lemma for k = 1 we have Tr(A} A A}) = 0. Therefore, by using and
for k =1, p=0=y and x = —1, one gets the ODEs system (48)).
Now, let wy and Hy be both balanced. By means of and 7, the balanced condition

implies that

co=c and §2 =72,
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The latter equality, together with the fact that the functions #(¢)? and 3(¢)? satisfy similar equations
in (48), leads to §(t)* = 7(¢)?. Thus, the ODEs system reduces to

d ) ' 2 C?

@r(t) —?—i-oz(l—T)(T _2T+5)210r(7§)4’

d _. o 8 k()

— ) = =

i 362 r(t)27 ()2 (51)
4 ~(t)2 __16 ];(t)(a

dt 3c2 r(t)2r(t)*

Therefore, by considering the quotient of %f(t)2 with %l%(t)% we get

L oio? — 1 [ 1 g2
/Wdr(t) = 2/%)2 dk(t)?.

This in turn implies

and hence follows.
Finally, for any value of 1"8 and 7 # 1, there exists a convenient value of o’ making the right-hand
side of the first equation in equal to zero. In this case we can explicitly solve the system with

F(t) = VAt + B,

and B = FéQ. O

~8 7.4
16;"0 50
€1To

where A =

We stress that the explicit solutions found in Theorem are not stationary solutions to the flow,
and hence they do not solve the Hull-Strominger system. In the next subsection, we will construct
stationary solutions assuming V§ to be the Strominger-Bismut connection.

e The Strominger-Bismut connection on T1ON3.

Here we consider the setting of Theorem @ in the special case when x = —1, i.e. 7 is the
Strominger-Bismut connection on (T*°N3, Hy).

Theorem 5.8. If k = —1, then the coefficients of w; and Hy evolve via the ODEs system

e S+ c3 c1 k(@O)AF@)* + 5(¢)*
GO = T -2 ATER) - o o MO TR,
d _, .o 2 k()2
&= 5 ) g 52
d .o 2 k(t)?
p 5(t)* = 30 (c1 —c2) (01
d -
%7 k(t)>=0.

If the initial metric wg is balanced, then H, = Hy is constant, the Strominger-Bismut connection
V1 of Hy is a (non-flat) instanton with respect to wy, and the Anomaly flow reduces to the ODE

Gy =i+ 7,%'4 , (53)



THE ANOMALY FLOW ON NILMANIFOLDS 26
where K1 = Kq(wo, o, Hy) and Ky = Ka(wg, o/, T) are given by

3 TA(=4 | z4 5
_a o kg(rg + 5) o 2 a
Therefore, starting from any balanced initial metric wy on N3, we have the following:
(i) Given o # 0 and T € R, the metric Hy can be conveniently chosen in order to obtain
K1 <0,=00r>01in , and so there always exists a stationary point to the Anomaly

flow which solves the Hull-Strominger system.

(ii) Furthermore, if o/ # 0 and 7 = —1 (i.e. V] is the Strominger-Bismut connection of wy),
then V Lis an instanton with respect to wy, and hence there exists a stationary point to
the Anomaly flow which solves the Hull-Strominger-Ivanov system.

Proof. The first part of the statement follows the same argument of Theorem We just mention
that, by means of Lemma [7.I] for k = —1, p =0 =y and z = —1, we have

7 4 3 4 __
g()t);(t()? ]{:(t)4 C1212 ) (55)

Hence, the ODEs system is obtained starting from .
Now, let us assume wy balanced. By means of and 7, we have

Tr(A; P A A7) = -8

C1 = C2,
and hence the ODEs system reduces to 7(t), 3(t), k(t) constant (i.e. H; = Hy), and

d 2 K2
—r(t) =K1+ —,

ATk
with K7 and Kj as given in (54)). Therefore, we get that wf A A™' = 0 for any ¢t € (T, T}) and,
by means of the curvature forms given in the proof of Lemma a direct computation yields that
the curvature of the Strominger-Bismut connection satisfies

(A—I)Q,O — (A—I)O,Q =0. (56)

Hence, V™! is an instanton with respect to w; for any ¢t € (T_,Ty). It is non-flat because
Tr(A™' A A1) # 0 by (55).

Finally, the last two claims are consequences of , and similar arguments to those in
Section 4l In greater detail, given o/ # 0 and 7 € R, we can choose a metric Hy such that K; has
opposite sign to that of Ky (notice that if Ko = 0 then we can take Hy so that Kj also vanishes).
Now, (i) follows from a qualitative analysis similar to that given in Section . For the proof of
(ii), it only remains to prove that the Strominger-Bismut connection V, L of the metric wy is an
instanton with respect to w;. This follows from Appendix A for 7= -1, p=A=y =0,z = -1
and u = 0 (because the metric w; remains diagonal). Indeed, in this case it is direct to check that
(Rm; 120 = (Rm;1)%2 = 0, so there exists a stationary point to the Anomaly flow which solves
the system given by and , i.e. the Hull-Strominger-Ivanov system. O

By Theorem (ii), when both V] and V§ are Strominger-Bismut connections and the initial
metric wy is balanced, the Anomaly flow always converges to a solution of the Hull-Strominger-
Ivanov system. We note that explicit solutions of this kind were previously found in [13, Theorem
5.1] and in [28, Theorem 3.3| by means of other methods.
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6. APPENDIX A

In this Appendix we provide the curvature forms for a connection V7 in the Gauduchon family

given any left-invariant metric w.
For the computation of the curvature forms we use with respect to the adapted basis {el}?:1
found in Proposition together with the connection 1-forms (O'T)é obtained in Proposition .
We first notice that the 2-forms (Rm")’ satisfy the following relations:

(RmT)3 = —(Rm")y, (Bm")i=(Rm")3, (Rm)=—(Bm"), (Rm")j=(RmT);,
4
5

4 A2 .
Next, we give the explicit expression of the 2-forms QTI‘;QA (Rm7)j, where A¢ = /r2s2 — |uc|?,

for (i,5) = {(1,2), (1,3), (1,4), (1,5), (1,6),(3,4), (3,5), (3,6), (5,6)}:

402
Ao (Rm™)} = —(r22r+5)A% e!? + (1227 5)ui A, (2 4 €2*)
(1227 45)Uuea— (p(Tfl)(T+3)+)\(7'2+3))r§) Ae el

(122745 uca+ (1) (r+3) ~A(r2+3) ) r2 ) A, €7
) 34

(T227+5)|ue|? —2A(724+3)uear? — (p(7—1)2 = A2 (1+1)2+4z(m—1))r
56

|
yﬁﬁﬁ

(m—1)2 ()\rz 72u62) re e

2 E(RmT)é = (1227 +5)uc1 A €12
— [(r22r45)u2 +1 (p(7-1)2 =222 (1)~ pA(7-1) (T43) +a(r+1)2 ) r ]
— [(T2—27+5)u51u52—(p(T—l)(T+3)+>\(72+3))uelrg—l— (T4+1)%r ] el
+ [ ] 23
[ )

— (T2—27+5)u§1+ (p(7’—1)2 2/\2(7—1)+p)\(7'—1)(7'+3)+x 7+1) 2 7"]

(T2-27+5)ue1ttez+ (p(T—l) (7+3) —>\(7'2+3)) uerr2+4(r+1)%rd| €

2 [(r22r45) e [Pues —2A (2 + et wear?

+ ()\2 (T2 43)te1 +2(T22745)ue1 +y(7—+1)2u52) r‘c}f)\y(72+3)rg] 634

+ t (t-1)2 (/\r272u52) ()\uelfyrz)rz 0 ,

2o (Rm")} = ((r2r+5)uca+2a(r-1)r2) A, e'?
— [( 2 2745 et Uea+ 2N (71 )ue1 2 — (T+1)2 4] (613 + 624>

— [(r22r 12, (o) (r+8) 4 A (227 45) ) ear?
+1 (p(r1)2 =222 (r-1) 4 pA(7-1) (r43) +a(7+1)? ) rd] et
+ (22 8yt (p(r1) (7 +3) - A(72-27+5) ) ucar?

—|—% (p(T—1)2 —2X2(7-1) —pA(T—l)(T+3)+z(T+1)2) r;}] 623

+ i |:(T272T+5)|’LL€|2ue2+2)\((Tfl)uzlf(72#+4)u§2)7‘2
+()\2(72+3)u52+x(72—27—+5)u82—y(7+1)2u51)rg—)\m(72+3)r2] 634
- ﬁ (—1)? (2>\u§2— (Asg+/\2u82—2yu81)Tg—l-)\xr‘é)rz %0 ,
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7= (Rm")j

(RmT>é = _%(T—l)((T+1)uez—p(r—1)r§)r§ el®

€ (RmT)é = —%(T—l)(’r—&-l)uelrg e
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7%(771)(T+1)u61r§ 625

— %(Tfl) (2(T+1)sg+2p(771)u62f)\(7'+1)ueg7p)\(7'71)rg) r2 26

35
oA (P (1) (Jue P duearZ+ard )12 €

ﬁ (7—1)(T+1) (2ue1 82— (AN2ue1 —22Ue1 +2yu62)rg+/\yr§) r2 36

45
— ﬁ (7—1)(T+1) ()\uel fyrg) rie

+ ﬁ(T—l) [2p(7’—1)|ue|2+(T+1)(253u62—)\|ue|2)

— (2p(7’—1)sg+(7’+1)(2)\sg—>\2u€2—2wu62—2yu61)) rg—)\:c(T—f—l)rg] rZe

15

+ %(7’—1) ((T—i—l)ueg—i—p(T—l)rg)rg e + (1) (p(‘r—l)—i—%(‘r—i—l))uelrg 26

35

— 2)\5 (m1)(7+1) ()\uelfyrg)ré e

g (1) [20(m ) ue 2 — (1) (252uc2— Auc|?)

- (2p(7’—1)sz—(7’+1)(2)\82—)\2u62—2$u62—2yue1)) rg—l—)\a:(’r-i-l)’r‘é] rZe

— ﬁ(’r—l)(’r-‘rl) (\ue|2—>\ue2r2+x7‘g)7‘g 645

46
— i(T—l)(T—‘rl) (2uelsg—()\2u61—2xu51+2yu62)r§+)\yr2)r§ e,

= — ((r%2745) |uc?+4A (1) uear? — (1) (p(r—1) +4z)rd ) €'

+ 2 (7227 +5) e [Puuer +4N (1 uer uear?

—(2>\2(7—1)u61+p>\(7—1)(7+3)u61—( 227 45)ue1 +y(T+1)?ue2 ) rd+y(7—1) (p(T43)+2\)r ]

+ 2 (227 45) e Puea— (p(r1) (T43)fuc PHA (24 3)u2y + A (1247 + T2, ) 2

)
— (222 (71w —pA (1) (T4+3)ucz — (122745 uez —y(T+1)2ucr ) rd—a(r-1)(
— 2 [(22745) e Puca+ (p(r-1) (r+3) [ue [2 = A(r2+3)u2) ~A(T247+T)u2, ) 12

—(2/\2(7—1)u€2+p/\(7—1)(T+3)uez—z(7 27 4+5)uea—y(T+1)2uer | rd+a(m—1)(

+ 2 (227 45) e [Puer +AN (e uear?

— (222 (7 1)uer —pA (1) (T4+3)uer —2(r2-274+5)uer +y(T+1)2ucs ) rd—y (1) (p(r+3)—20)r¢ | €

+ (1) (p(T—l)—%(T-‘,—l))uelrg e

16

p(T+3)—2)\)r8

p(T+3)+2))r8

2
_ % [|u5|4—2>\\ue\2u627’§+(2x+)\2)|u5|27’3—2)\(xu62+yu.31)7’2+(z2+y2)r§] 634
€

A2 (A2 —2ue) r2 €79

46

)

— %(7——1) (2(7’-&—1)53—2p(’r—1)u62—A(T-i—l)uez-‘,-p)\(T—l)rg)7’2 e

16

28

13

] e14

] 623

24
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2rin2
T De (RmT)g = _ﬁ(T—l)(T—FI) (Mue\2+(/\sz—2yu61)r§)r§ el? + ﬁ(T—l)(T-‘rl) (AuEQ—sz—mrg)ueﬂg el

25

+ A (1) (Auer—yr?) ((T+1)u62+p(7—_1)7.g)7.g e
+ 3

)_' o

L (1) [20(1) [ue P4 A (T4 1) (w2 —u2y) +2(74+1)s2uca

(2p>\(7—1)u52+)\(7+1)s —2$(7—+1)u62)r +2px(T1)r, ] 26

- ﬁ(ﬂ)[ A1) fute [Puea-+ (PACTL) fue |24 X2 (74 1) (u2; —u2y) -A(7H1) s2ucs ) r2

_(pxsg(7—1H(7+1)(As§—4yu61)) re+2y? (rH)r }r 2%

— ﬁ(Tfl) [(Zp(‘rfl)+)\(7'+1))\ue\zuelf (2p(‘rfl)sguelf(TJrl)()\szuel72)\2u61u6272y\u5\2))rg
e

+2X(7+1) (2Uer +yueg)r§—2xy(‘r+l)rg] r2 30

— ﬁ (r—1)(7+1) [/\\ue [Pue1 +(As2ue1 —222ue1ten —2y e |2)r2 42X (e +yu52)r372xy7“g] r2 645
— (1) [(2p(7'71)u627(7'+1)(Au5272sg)) [ue|?+ (p)\(Tfl)sg+)\(T+1)(Asgf4xueg)) rd4+222(7+1)r8

2A2
2 2 2 2 46
—(p('r—l)()\|ue| +252ue2)+(T+1) (3As2uea+ A2 (u2| —u2,) —4z|ue| )) ] e,

15

,,,4 2 -
2 pe (Rm )% = A (rD)Ouer— yrg)((TJrl)uez p(r—1)r2 )r

— A= (1) [20(r1) e P~ (r+1) (A(u2; —u2y)+252uc2)

— (2p)\(T71)’LL627A(T+1)SE+QI(T+1)U62) r2+2px(rfl)r§] r2 el6

25 26

+ 5 1 (Tfl)(Tﬁ*l) [/\( 2 —u2y)+(As2—2yuer )r2 ]r e Ale (r—1)(7+1) [)\uegfszfxrg] Ue1 T2 €

— () [(2(T+1)sg—(zp(7—1)+x(7+1))u52) e 2= (pA(T-1)s2=A(r+1) (A2 —4zuca) ) ri+222 (r-+1)r
+(p(r1) (252uea+Aue ) «(T4+1) (BAs2uca+A2 (w2 —uly dafuc [2) ) 2] r2 €3

+ 5h (D) A+ DuealueP~(pA(r) el 2 AT+ (A2 02, -5 uc2) ) r2
+(pA(r—l)s§+/\(r+1)(/\s§—4yu61)) rd4+2y% (7+1)r ]r 24

— iz (1) [@0(rD) =M+ ) e -2 (rH1) (auer +yuen)ri+ 2wy (ri)r

— (2p(7—1)s§u€1 FAT4+1) 82,1 —2(T+1)()\2uelu€2+y|ue|2)) rg] r2 646 ,

2L (RT3 = 2T4A “[(Rm7)g + (Rm7)1] — 4(r-D)(uca—s2—ar?)r2 '

A2 (7’—1) (2u61 M2 —582)—(PA+AZ+22)ue1m2+(p+\)yrd )7‘2 613

4
+ KE(T—l)(QueTI—(p A)r )(Aueg s2 xrg)rg el
)(

— (’7’—1 (2u62— +)\)T Abeo — s xrg)rg 623

—|— (’7’—1 (2u61 Miea—82)+(pPA=A2—2x)ue1m2—(p—\)yrd )rg 624
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T—l)[ Miea—52) | ue| —i—()\u 282 =22 |ue|? —x|ue|? ) g—l—(2)\(xu52+yuel)—ccsg)r‘el—(ac2+y2)rg]Tg6

mto

7. APPENDIX B

This Appendix is devoted to the computation of Tr(A” A A¥) for a Gauduchon connection V* on
the holomorphic tangent bundle T7'YG. In particular, the proof of Lemma will follow.
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Let (G, J) be a Lie group equipped with a left-invariant complex structure. Let {¢',¢2, (3} be
a left-invariant (1,0)-coframe satisfying (1)). Let also w and H be two left-invariant J-Hermitian
metrics on G given by
w = 5(7,2 Cll + 52 <22 + k2 C33) and H = §(T2 Cll + 82 C22 + k?Q C33)7 (57)
for some 7, s, k, 7,5,k € R*. If V¥ is a Gauduchon connection of H and A" its curvature form, to
compute the trace Tr(A" A A”) by using and we need to write the connection 1-forms o"
in terms of an adapted basis {e'}%_; for w (see Proposition [2.1] n In the following, we will denote by
(U“)é and (A“)’ the connection 1-forms and the curvature 2-forms, respectively, written in terms of
{el}?:r
~l 6 . . ~ 6 . . .
Let {€'}}_, be an adapted basis for the metric H and {&}; ; its dual. In view of Section the

connection 1-forms (0")% associated to V* are given by

Va#j = (0")1(@r) &1 + -+ (0%)8(er) &

On the other hand, if {¢;}}_, denotes the dual basis of {¢'}$_,, and M := (M]p) is the change-of-basis

LENTE

matrix from {e;} to {&}, i.e.
éj =Me,, foreveryl<;j<6,
then one gets
Ve€j = Vre, (M} eq) = My M} Ve,eq = My M (o ) (ep)er = MY Mqu (o ) (ep)éi,

with N := M~! (that is, ¢, = N} &;), and hence

(o)) = §(Ve,&j, &) = My M Ni (6%)g(ep) (58)

Since the (1,0)-coframe {¢',¢2,¢3} only depends on the complex structure .J, by means of ,

and we have

el +iel=r(t, Fet=et+ié?,
S +iet =52, s¢2=e&4ié,
e +ieb =k¢3, k2= +ié",
which directly implies
ol — fel éQ:er, é3:§e3’ 5425647 55:E€57 éGZEeG,
r r s s k k

Mg (1,0.2.2.5.)
Tr 8 8k k
Thus, by means of , one gets
(0")}(ex) = M NI N} (aﬂ);;(ék), (59)

or, equivalently,
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)

Finally, since the connection 1-forms (J”)j are given in the proof of Proposition a direct com-
putation by means of yields that

k2 6

K1
(0%)2 == ym-1e’,
kNl _ k2 1 r 2 3
(0%)5 = — gr=(vtl) € + 5oz p(s—1) €”,
1 K2 2 P2 4
(") = 2 (k1) e” + ;;Wp(n—l)e ,
3 _ k2 5_ k2 6
(O-K)ll = %32 y(k—1)e” — WCE(H—I)@ , (60)
K)3 k2 1_ k2 3_ k2 4
(0")5 =— oz ps—1) € — sz alstl) e’ — g y(st1) e,
3 _ ? 2 k2 3, P2 4
(0%)s = — srpm pls—1) €° — 5z y(st1) €° + 5pm z(vt1) €,
kN1 __/ _r\1 __ K\2 K\2 PN
(0")3 =(0")s = (0")3 = (6")5 = (0")g = 0,

together with the following relations

and (Uﬁ)é = —(o").

Lemma 7.1. Let G be a 2-step nilpotent Lie group equipped with a left-invariant complex structure
J which admits a left-invariant (1,0)-coframe {C'}3_, satisfying [@1). Let w and H be two left-
invariant J-Hermitian metrics defined by . Then, for any Gauduchon connection V" associated
to H, the trace of its curvature satisfies

Te(A" A A%) = €112,

where C' = C(p,z,y;w, H;k) is a constant depending both on the Hermitian structures and the
connection. More precisely, we have

(k—1)k*

T(ATNAY) = g

{plr = 1) | (267282 + K323 + (2 + y?) (26 %2 + 125)7°)
+ (s — 1) (22 + )7 + 5 K525

—z(k+ 1) ((332 + %)% + r2§6> ];;2} 1212,
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Proof. Let (J”)§» be the connection 1-forms of the Gauduchon connection V* given in (60). By
means of and (22), a direct computations yields that the curvature 2-forms (A”‘); of V¥ are

ARy} = ABDRPE (e P2 o e (PR 1y oy

2r2 k274 2rsk2id
(nfl)(p(nfl)r2l~cz+4xk2fz)l~cz 34
+ 5521274 €,

A7) — (p(r=1)2+a(r+1)?)k* 13 | 94y y(e+D2EY, 14 23
(A%)3 = — 1k77252 (e +e7) — Tpmm (e —e7),

1 yle+1)2F*, 13 | 24 p(r—1)24a(s+1)2)k* 14 o3
(A%} = Bl (019 4 2t) - (P DB oue 29y
(Aﬁ)l _ _ (s=D(s+DE* 26 _ p(r—1)%rk? 46

5 2k274 2sk274 ’

il (h=D(s+Dk* 16 , p(k—1)2rk* 36

(A% = — gz — e + Sz €7,

3 (k=1)(p(k—1)s2k2+42k?52 k2 19 = py(r—1)((xk+1)s2k>+2k252)k? , 13 24
(A%)1 = ( 2r2R25 Ly + ( Irsk25t ) (e —e™)

pa(k—1)((k+1)s2k24+2k252)k2 , 14 23 (22 4y?) (4(k—1)Kk25% — (k+1)25%k2) k2 34
_ ( 5rak2al ) (6 +e )+ ( 252k2354 ) € )

3 k=1)2sk* /25 26 k=1 (s+D)k* ¢ 2 35 36 , 45 2 46
(14")5:—7"(2%2}54 (ye* —xe )—7( 2)k(2§4) (y° e” —zy(e® + ™) + 27 ™) |

3 p(r—1)2sk? 15 16 k—1)(k+1)k* 25 36 2 26 2 35
(14'*)6—7(2%2)&,4 (ye” —xe )_,_7( 2)15254) (zy(e® — ) —a”e® + y°e®) |

w5 (p(r=1)22F—(s+1)2r25 kY 19 py(s—1)(k+1)sk*, 13 24

(A%)g = — 2 ZREFAET e’ — g (e7 — )

T p(H—l)(H+1)(T2§4+J} 52f4)];‘4 (614 + 623) . (p(ﬁ—1)2r2,§4_(:1;2+y2)(//,;+1)2521:4)i;;4 634
2rsk27tst 2s2k27151 ’

together with the following relations

(A")3 = —(A%)1, (AMF=(A");, (A")5=—(4")5, (A")5=(4");,
(A%)5 = —(A")g,  (A%)5 = (A")3.

Therefore, the claim follows by using and . O
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