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In the literature, there are several papers establishing a correspondence between a deformed
kinematics and a nontrivial (momentum dependent) metric. In this work, we study in detail the
relationship between the trajectories given by a deformed Hamiltonian and the geodesic motion
obtained from a geometry in the cotangent bundle, finding that both trajectories coincide when the
Hamiltonian is identified with the squared distance in momentum space. Moreover, following the
natural structure of the cotangent bundle geometry, one can obtain generalized Einstein equations.
Since the metric is not invariant under momentum diffeomorphisms (changes of momentum coor-
dinates) we note that, in order to have a conserved Einstein tensor (in the same sense of general
relativity), a privileged momentum basis appears, a completely new result, that cannot be found in
absence of space-time curvature which settles a long standing ambiguity of this geometric approach.
After that, we consider in an expanding universe the geodesic motion and the Raychaudhuri’s equa-
tions, and we show how to construct vacuum solutions to the Einstein equations. Finally, we make
a comment about the possible phenomenological implications of our framework.

I. INTRODUCTION

It is well known even to the general public that the main challenge facing theoretical physics in the last decades has
been the formulation of a quantum gravity theory (QGT). Indeed, when one attempts to quantize gravity one finds
that there are infinities that cannot be canceled as for the rest of interactions [1]. At the root of this problem lies the
fact that in quantum field theory (QFT) and general relativity (GR) a very different role is played by spacetime: it
is a static frame in QFT and a dynamical variable in GR.

One of the possibilities considered in many quantum gravity approaches is that the structure of spacetime changes
completely as we know it for high energies (or small distances). For example, in loop quantum gravity [2, 3], such
structure takes the form of a spin foam [4–7], that can be interpreted as a “quantum” spacetime, and in causal set
theory [8–10] and string theory [11–13], non-locality effects appear. However, none of these approaches can so far claim
to provide a full fledged QGT. Not only we face formidable technical challenges but we are also in the unprecedented
condition to attempt to develop a new theory without direct guidance from experiments and observations.

It is partially with the task of ameliorating this situation that in the last two decades a new field of research,
broadly labeled quantum gravity phenomenology (QGP), has been developed. In this bottom-up approach, instead
of considering a possible fundamental QGT as the ones mentioned above, one attempts to consider systematically
all the possible sub-Planck scale manifestations which can be associated to the aforementioned scenarios (where the
Planck energy is EPl = 1.2 · 1028 eV). This has the advantage that these approaches may lead to some falsifiable
phenomenology, which might serve us as a guidance in building a QGT.

The basic idea behind this approach is that the transition between a full QGT regime and the classical, smooth,
spacetime we do experience daily is not an abrupt transition at the Planck scale but rather a gradual one, which
allows for a mesoscopic regime where both the classical and continuous limits (which do not need to coincide) for the
space-time structure and dynamics are not exact. Of course testing these mesoscopic phenomena does not necessary
pin points a specific QGT but can strongly constrain (or in case of future detections support) some scenarios and give
us some much needed guidance towards theoretical developments.

QGP has in the last two decades focused on several possible phenomenological implications of QG scenarios. More
noticeably, the consequences of possible deviations from the local Poincaré invariance of spacetime [14–16], departures
from standard QFT locality (see e.g. [17, 18]), extra dimensions, or QG modified dynamics in cosmology [19, 20] and
in black hole physics [21–24].
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With regards to the possible deviations from the local Poincaré structure of spacetime, two main scenarios have
been intensively studied depending on the fate of the Lorentz symmetry: one can consider that for high energies a
Lorentz invariance violation (LIV) [25–27] can arise, or that this symmetry is deformed, leading to the framework
known as deformed special relativity (DSR) [16].

In DSR, the usual kinematics of SR is deformed, appearing a new energy scale in the deformed dispersion relation,
the conservation law of momenta, and, since there is a relativity principle, there are modified Lorentz transformations
making the two previous ingredients compatible. One of the most studied kinematics in DSR is the one of κ-Poincaré,
which have been usually understood from the algebraic scheme of Hopf algebras [28]. Moreover, in the literature there
are several works connecting these kinematics and a curved momentum space [29–34]. In particular, in [35] it was
rigorously shown that a de Sitter momentum space leads to κ-Poincaré kinematics identifying the isometries and the
squared distance of the metric with the main ingredients of the kinematics: translations, Lorentz isometries and the
square of the distance can be interpreted as the deformed composition law, deformed Lorentz transformations and
deformed dispersion relation respectively (the last two facts where previously contemplated in Refs. [30, 33]). In that
proposal, all the kinematical ingredients that characterize DSR are accounted for.

It is well known that from the space-time manifold one can construct the tangent or cotangent bundle structure [36].
This is a crucial point to be taken into account when considering to go beyond GR with a metric which depends on
the velocities or momenta of the particles. This complex structure of tangent or cotangent bundle is not used in GR
because a curved spacetime is a particular case of these kind of geometries (where the metric only depends on the
space-time coordinates) for which this extra structure would be an unnecessary complication: every result of GR can
be obtained considering only the space-time properties. Then, the structure of the tangent and cotangent spaces are
in this case trivial due to the absence of velocities and momenta on the metric.

There are several papers in the literature trying to describe a spacetime accounting for these possible generalizations
to GR. The possibility of having different velocities for photons depending on their energy was considered through a
metric which depends on the vectors of the tangent manifold, i.e. on the velocities. This approach, known as Finsler
spaces [37], was studied in several works [38–40], including some studies of the symmetries in the DSR context [41–43],
making explicit the relativity principle that characterizes these theories.

Another approach is the one associated to the Hamilton spaces [36], which is the Hamiltonian version of the
Lagrangian formalism followed in the Finsler geometries. In this case, the metric depends, besides the space-time
coordinates, on the cotangent vectors, i.e. on the momentum of the particle probing the spacetime. This kind of
geometry was considered in the DSR context in [44, 45].

In both Finsler and Hamilton geometries, the main ingredient from which a nontrivial metric results, depending
on the velocity or momentum respectively, is a deformed dispersion relation. Then, if one considers in both cases the
so-called “classical basis” of κ-Poincaré [46], in which the dispersion relation is the usual one of SR, no velocity or
momentum dependence of the metric appears to arise. Moreover, as discussed in the introduction, the main ingredient
of DSR is a deformation of the momentum conservation laws, and in the aforementioned approaches it is not clear
how to account for such a feature.

The work developed in [35] was generalized in [47] in order to include a curvature in spacetime. There, the present
authors realized that the metric formalism considered in [35] can be seen as a particular case of a cotangent bundle
geometry [36], which is a generalization of a Hamilton space. Moreover we found that, with a particular prescription
of this metric in the cotangent bundle, one finds that the same trajectories of particles are obtained from the line
element and from the Casimir defined to be the squared distance in momentum space. In this work we study in more
detail this relationship.

While from both geometrical and algebraical point of view different choices of the kinematics of κ-Poincaré (different
choices of coordinates in a de Sitter momentum space or different bases in Hopf algebras [48]) represent the same
deformed kinematics (with the same properties, such as the associativity of the composition law and the relativity
principle), there is an ambiguity about what are the momentum variables associated to physical measurements. The
fact that different bases could represent different physics was deeply considered in the literature [49]. In this work,
we propose a way to select this “physical” basis from geometrical considerations.

The structure of the paper is as follows. In Sec. II we summarize the main ingredients of a cotangent bundle
geometry that we will use along the paper. In Sec. III we show the relationship between the Hamilton equations with
a deformed Casimir and the geodesic motion obtained in this geometrical framework. From this identification, we are
able to going further on the understanding of the geometrical setup of generalized Hamilton spaces explained in [36].
In Sec. IV, we define the covariant derivative along a curve and we compute the Lie derivative in this formalism. At
the end of the section we review how to construct a metric in the cotangent bundle we used in [47], and how this is
related with the results of the previous section. In Sec. V, we follow the construction of Einstein equations used in [36].
Since in our proposal there is an invariance under space-time diffeomorphisms but not under change of momentum
coordinates, the fact that the Einstein tensor is conserved (in order to be also conserved the energy momentum tensor)
selects one and only one momentum coordinates describing a de Sitter momentum space. We use this basis in order
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FIG. 1. Visualization of the cotangent structure.

to compute the modified Raychaudhuri’s equations in Sec. VI and study the geodesics in an universe expanding in
Sec. VII. In Sec. VIII show how to consider any vacuum solution of Einstein equations, including a cosmological
constant term. Finally, we end with the conclusions, discussing the possible phenomenology of our proposal.

II. MAIN PROPERTIES OF THE GEOMETRY IN THE COTANGENT BUNDLE

In reviewing the main properties of the cotangent bundle structure, we can start from the case of GR so to make
the reader familiar with the approach we will follow along the paper.

We start by considering a base manifold M with n dimensions. In the GR case, the base manifold is the curved
spacetime in which particles move and n = 4. From this manifold, one can construct the cotangent bundle manifold
T ∗M , which has dimension 2n. This manifold is formed by the base manifold (the spacetime) and the fibers (the mo-
mentum space). Then, this structure gives a geometry for all the phase-space variables, very necessary for considering
a momentum dependent metric.

On the cotangent bundle manifold, associating to each point u ∈ T ∗M (i.e. a point in phase space (x, k)) the fiber
Vu (all the points with fixed x but different k), one can obtain the so called vertical distribution, V : u ∈ T ∗M →
Vu ⊂ TuT ∗M with dimension n, which is generated by ∂/∂k. Here, TuT ∗M is the tangent space of the manifold T ∗M .
As it is shown in Fig 1, given a point on the cotangent bundle one can construct the vertical distribution (the fiber).
Note that in the figure the fiber is unidimensional for the sake of simplicity, but in fact it has the same dimensions as
the base manifold.

As it is shown in [36] one can define a nonlinear connection N (also called horizontal distribution), supplementary
to the vertical distribution V , i.e. TuT ∗M = Nu ⊕ Vu, which also has dimension n. One can construct an adapted
basis for the horizontal distribution

δ

δxµ
.
=

∂

∂xµ
+Nνµ(x, k)

∂

∂kν
, (1)

where Nνµ are the coefficients of the nonlinear connection. The choice of these coefficients is not unique but, as it is
shown in [36], there is one and only one choice of nonlinear connection coefficients that leads to a space-time affine
connection which is metric compatible and torsion free. In GR, the coefficients of the nonlinear connection are given
by

Nµν(x, k) = kρΓ
ρ
µν(x) , (2)

where Γρµν(x) is the affine connection. Then, when the metric does not depend on the space-time coordinates these
coefficients vanish.

We can visualize the difference between the horizontal distribution generated by δ/δx and the curves generated
by ∂/∂x in Fig 1. The horizontal distribution is chosen to be supplementary to the vertical distribution, making
that moving along the vector δ/δx suppose a movement not only in the base manifold (the spacetime) but in along
the fiber (momentum space). We can regard the case of GR as an example: along a geodesic the momentum of the
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particle changes, provoking a movement along the fiber. While this movement is trivial in GR since the metric does
not depend on the momentum of the particle, this is not the case for a metric which depends on all phase-space
coordinates, as we will see in the following.

In [36] a line element in the cotangent bundle is defined as

G = gµν(x, k)dxµdxν + gµν(x, k)δkµδkν , (3)

where

δkµ = dkµ −Nνµ(x, k) dxν . (4)

The d-curvature tensor is defined as [36]

Rµνρ(x, k) =
δNνµ(x, k)

δxρ
− δNρµ(x, k)

δxν
. (5)

It represents the curvature of the phase space. It can be seen that this tensor in GR is proportional to the Riemann
tensor

Rµνρ(x, k) = kσR
σ
µνρ(x) . (6)

It measures the integrability of spacetime, i.e. position space, as a subspace of the cotangent bundle and is defined as
the commutator between the horizontal vector fields[

δ

δxµ
,
δ

δxν

]
=

δ

δxµ
δ

δxν
− δ

δxν
δ

δxµ
= Rρµν(x, k)

∂

∂kρ
. (7)

In [36] it is shown that a vertical path is characterized as a curve in the cotangent bundle with constant space-time
coordinates and with the momentum satisfying the geodesic equation with the connection of the momentum space,
i.e.

xµ (τ) = xµ0 ,
d2kµ
dτ2

− Cνσµ(x0, k)
dkν
dτ

dkσ
dτ

= 0 , (8)

where

Cµνρ(x, k) = −1

2
gρσ

(
∂gσν(x, k)

∂kµ
+
∂gσµ(x, k)

∂kν
− ∂gµν(x, k)

∂kσ

)
, (9)

is the affine connection in momentum space, while a horizontal curve will be determined by the geodesic motion in
spacetime given by

d2xµ

dτ2
+Hµ

νσ(x, k)
dxν

dτ

dxσ

dτ
= 0 , (10)

and the change of momentum obtained from

δkλ
dτ

=
dkλ
dτ
−Nσλ(x, k)

dxσ

dτ
= 0 , (11)

where

Hρ
µν(x, k) =

1

2
gρσ(x, k)

(
δgσν(x, k)

δxµ
+
δgσµ(x, k)

δxν
− δgµν(x, k)

δxσ

)
, (12)

is the affine connection of spacetime. Here, τ plays the role of the proper time or the affine parametrization depending
if one is considering a massive or a massless particle respectively.

In [36] it was defined the covariant derivatives in space-time

Tα1...αr

β1...βs;µ
(x, k) =

δTα1...αr

β1...βs
(x, k)

δxµ
+ Tλα2...αr

β1...βs
(x, k)Hα1

λµ(x, k) + · · ·+ Tα1...λ
β1...βs

(x, k)Hαr
λµ(x, k)

− Tα1...αr

λβ2...βs
(x, k)Hλ

β1µ(x, k)− · · · − Tα1...αr

β1...λ
(x, k)Hλ

βsµ(x, k) ,

(13)
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and in momentum space

Tα1...αr;µ
β1...βs

(x, k) =
∂Tα1...αr

β1...βs
(x, k)

∂kµ
+ Tλα2...αr

β1...βs
(x, k)Cα1µ

λ(x, k) + · · ·+ Tα1...λ
β1...βs

(x, k)Cαrµ
λ(x, k)

− Tα1...αr

λβ2...βs
(x, k)Cλµβ1(x, k)− · · · − Tα1...αr

β1...λ
(x, k)Cλµβs(x, k) ,

(14)

Also, it is shown that given a metric, there is always a symmetric non-linear connection leading to the affine connections
in space-time and in momentum spaces making that both covariant derivatives of the metric vanishes:

gµν;ρ = g ;ρ
µν = 0 . (15)

III. NEW DEVELOPMENTS ON GENERALIZED HAMILTON SPACES

While in Hamilton spaces there is a clear formula relating the nonlinear coefficients with the metric and the Hamil-
tonian [36], this is not the case for a generalized Hamilton space GHn. In [36] it was pointed out that for this case one
cannot determine the nonlinear connection from the metric: “In general, we cannot determine a nonlinear connection
from the fundamental tensor gij of the space GHn. Therefore, we study the N-linear connections compatible with
gij , N being a priori given” (see the beginning of page 121). Also, there is no mention at all about the Hamiltonian,
which, given the nonlinear coefficients, it cannot be completely determined.

In this section, we see how to relate the Hamiltonian, the nonlinear coefficients, and the metric, in a clear and
unequivocal way. In particular, we will observe that, given a metric, one can define the first two objects.

A. Geodesics from Hamilton equations

We shall firstly now show that the previously presented given equation (10) can be recovered, consistently, from the
Hamilton equations, imposing a relationship between the nonlinear coefficients and the space-time affine connection.
We start by computing the equations of motion from a Hamiltonian C (which would be the dispersion relation
C(x, k) = f(x, k,Λ) = m2):

dxµ

dτ
= N{C(x, k), xµ} = N ∂C(x, k)

∂kµ
,

dkµ
dτ

= N{C(x, k), kµ} = −N ∂C(x, k)

∂xµ
, (16)

where N is a Lagrange multiplier, being 1/2m or 1 for massive and massless particles respectively, and we used the
Poisson bracket

{f, g} =
∂f

∂kρ

∂g

∂xρ
− ∂g

∂kρ

∂f

∂xρ
. (17)

We know that for a horizontal curve Eq. (11) holds, so substituting Eq. (16) in Eq. (11) we obtain

δkλ
dτ

=
dkλ
dτ
−Nσλ(x, k)

dxσ

dτ
= −N

(
∂C(x, k)

∂xλ
+Nσλ

∂C(x, k)

∂kσ

)
= 0 , (18)

which implies

δC(x, k)

δxµ
= C;µ(x, k) = 0 . (19)

This result was obtained from different considerations in [44]. This is consistent with the fact that the Casimir is
a constant along geodesics and then, its covariant derivative should vanish. Note that this is not the case when
considering the usual covariant derivative of GR (i.e. the partial with respect to the coordinates). In fact, it is easy
to check that Eq. (19) is satisfied in GR for the Casimir C(x, k) = kµg

µν(x)kν :

kλ
∂gλσ(x)

∂xµ
kσ + 2kλΓλµρ(x)gρσ(x)kσ = kλkσ

(
∂gλσ(x)

∂xµ
+ gλτ (x)gρσ(x)

(
∂gµτ (x)

∂xρ
+
∂gρτ (x)

∂xµ
− ∂gµρ(x)

∂xτ

))
=

kλkσ

(
∂gλσ(x)

∂xµ
− gµτ (x)gρσ(x)

∂gλτ (x)

∂xρ
− gρτ (x)gρσ(x)

∂gλτ (x)

∂xµ
+ gλτ (x)gµρ(x)

∂gρσ(x)

∂xτ

)
= 0 ,

(20)
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where we have used Eq. (2), the explicit form of the affine connection in GR as a function of the metric and the
symmetry under the exchange of λ↔ σ.

Now we can compute the second derivative of the position finding

d2xµ

dτ2
= N d

dτ

∂C(x, k)

∂kµ
= N

(
∂2C(x, k)

∂kµ∂xρ
dxρ

dτ
+
∂2C(x, k)

∂kµ∂kσ

dkσ
dτ

)
. (21)

The first term in the right-hand side of the previous equation can be rewritten using Eq. (18) as

∂2C(x, k)

∂kµ∂xρ
=

∂

∂kµ

∂C(x, k)

∂xρ
= − ∂

∂kµ
Nρσ(x, k)

∂C(x, k)

∂kσ
= −∂Nρσ(x, k)

∂kµ

∂C(x, k)

∂kσ
−Nρσ(x, k)

∂2C(x, k)

∂kµ∂kσ
. (22)

Then, using the relation (11), Eq. (21) becomes

d2xµ

dτ2
= N

(
−∂Nρσ(x, k)

∂kµ

∂C(x, k)

∂kσ
−Nρσ(x, k)

∂2C(x, k)

∂kµ∂kσ
+
∂2C(x, k)

∂kµ∂kσ
Nρσ(x, k)

)
dxρ

dτ
= −N ∂Nρσ(x, k)

∂kµ

∂C(x, k)

∂kσ

dxρ

dτ
.

(23)
Finally, using the first expression of Eq.(16) one can easily find that

d2xµ

dτ2
+Hµ

νσ(x, k)
dxν

dτ

dxσ

dτ
= 0 , (24)

where

Hµ
νσ(x, k) =

∂Nνσ(x, k)

∂kµ
. (25)

When the Casimir is a quadratic expression of the momentum, one obtains that Hµ
νσ(x, k) is the usual affine

connection of GR. In that case, one finds Eq. (2). Then, when one imposes that the same equations of motions are
obtained from the Hamilton equations and from the geodesic equation of the metric, one obtains the relationship (25)
between the nonlinear coefficients and the space-time affine connection.

B. Conservation of the Casimir along an horizontal path

Until now, we have not established a connection between the metric and the Casimir. Since our starting point in
our previous works [47, 50] was a momentum dependent metric, we need to relate the Casimir with the metric in
order to determine the space-time affine connection and the nonlinear connection directly from the geometry.

Here we show that the distance in momentum space is conserved along a horizontal path. Then, one can consider
a function of such distance as the Casimir.

For a horizontal curve, we know that an infinitesimal displacement along a horizontal curve leads to

x′µ = xµ + ∆xµ , k′ν = kν +Nµν(x, k) ∆xµ . (26)

If the momentum line elements of a phase-space point (x, k) and another infinitesimal near to this one along a
horizontal curve (x′, k′) are the same (i.e. the distances in momentum space from (x, 0) to (x, k) and (x′, 0) to (x′, k′)
are the same), the following equation must hold

dk′µg
µν(x′, k′)dk′ν = dkρg

ρσ(x, k)dkσ . (27)

We can rewrite the previous expression as a function of the metric with subindexes finding

gµν(x′, k′) =
∂k′µ
∂kρ

gρσ(x, k)
∂k′ν
∂kσ

, (28)

and using Eq. (26) we finally obtain

δgµν(x, k)

δxρ
−∂Nµρ(x, k)

∂kλ
gλν(x, k)−∂Nνρ(x, k)

∂kλ
gλµ(x, k) =

δgµν(x, k)

δxρ
−Hλ

µρ(x, k)gλν(x, k)−Hλ
νρ(x, k)gλµ(x, k) = 0 ,

(29)
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where in the second equation we have used the relation (25) between the space-time affine connection and the nonlinear
connection and in the last step that the space-time covariant derivative of the metric vanishes (15).

Although here we have shown that the Casimir can be identified with any function of the distance, in Sec.IVC we
shall see that, with the proposal of how to construct the metric in the cotangent bundle used in [47], the Casimir
has to be the squared of the distance in momentum space, since we want to recover the SR and GR results when the
metric does not depend on the momentum

Then, thanks to the results obtained in this section, we are able to going beyond the understanding of [36] by
defining unequivocally all the geometrical ingredients that characterizes the trajectories of particles starting from a
generic metric in the cotangent bundle: the space-time affine connection, the nonlinear connection, and the Casimir,
can be determined using Eqs. (12),(19),(25) and the fact that the Casimir is the squared of the distance in momentum
space.

IV. DIFFERENT CONSIDERATIONS ON THE METRIC FORMALISM

In this section, we derive the covariant derivative along a curve as well as the Lie derivative of a vector in this
context. We also review the particular construction of the metric in the cotangent bundle that we considered in [47]
and that we shall use in the following, explaining its main properties and characteristics.

A. Covariant derivative along a curve

We first start by considering that, as in GR [51], a tensor Aµ(τ) transforms under a diffeomorphisms as

A′µ(τ) =
∂x′µ

∂xν
Aν(τ) , (30)

so

dA′µ(τ)

dτ
=

∂x′µ

∂xν
dAν(τ)

dτ
+

∂2x′µ

∂xν∂xρ
dxρ

dτ
Aν(τ) . (31)

Since the modified affine connection (12) transforms as the usual connection of GR [36], it is then natural to define
a covariant derivative along a curve xµ(τ) as

DAµ(τ)

Dτ
:=

dAµ(τ)

dτ
+Hµ

νρ(x, k)
dxρ

dτ
Aν(τ) . (32)

In [37] it was also used an analogous expression for a Finsler space. Note that this allows us to write the geodesic
equation as in GR

Duµ

Dτ
=

∂uµ

∂xν
dxν

dτ
+
∂uµ

∂kρ

dkρ
dτ

+Hµ
νσ(x, k)uνuσ =

δuµ

δxν
uν +Hµ

νσ(x, k)uνuσ = uµ;νu
ν = 0 , (33)

being uµ = dxµ/dτ and where we have used that for a horizontal curve (11) holds.

B. Lie derivative

In this subsection we derive the modified Lie derivative for a contravariant vector in the cotangent space since we
will use this result in Sec. VI. We can express the variation of the coordinates xα along a vector field ξα(x) as

x′α(x) = xα + ξα(x)∆λ , (34)

where λ is he infinitesimal variation parameter. This variation of xα reflects on kα in the following way

k′α = kβ
∂xβ

∂x′α
= kα −

∂ξβ(x)

∂xα
kβ∆λ , (35)

since k transforms as a covector. The general variation of a vector field uα (x, k) will then be

∆uα(x, k) =
∂uα(x, k)

∂xβ
∆xβ +

∂uα(x, k)

∂kβ
∆kβ =

∂uα(x, k)

∂xβ
ξβ(x)∆λ− ∂uα(x, k)

∂kβ

∂ξγ(x)

∂xβ
kγ∆λ . (36)
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Then, the Lie derivative is defined as

Lξuµ(x, k) =
u′µ(x′, k′)− uµ(x′, k′)

∆λ
= ξν(x)

∂uµ(x, k)

∂xν
− uν(x, k)

∂ξµ(x)

∂xν
− ∂uµ(x, k)

∂kα

∂ξγ(x)

∂xα
kγ . (37)

Using the definition (13) for the covariant derivative and taking into account that the vector field ξ(x) does not depend
on the momentum, one can finally write

Lξuµ(x, k) = ξν(x)uµ;ν(x, k)− uν(x, k)ξµ;ν(x)− ∂uµ(x, k)

∂kα

∂ξγ(x)

∂xα
kγ −

∂uµ(x, k)

∂kα
Nαγ(x, k)ξγ(x) . (38)

It is easy to see that in the limit of a Λ independent vector field uµ(x) the usual expression for the Lie derivative
is recovered.

C. Construction of the metric in the cotangent bundle

In [47] we proposed that the metric tensor gµν(x, k) has to be constructed in a very particular way with the tetrads
of spacetime and momentum space. Explicitly,

gµν(x, k) = Φαµ(x, k)ηαβΦβν (x, k) , (39)

where

Φαµ(x, k) = eλµ(x)ϕαλ(k̄) , (40)

being eλµ(x) the tetrad of spacetime, ϕαλ(k) the tetrad in momentum space (which we choose to represent a maximally
symmetric momentum space for reasons we see in the point 2 of the following enumeration) and k̄µ = ēλµ(x)kλ, where
ēλµ(x) is the inverse of the space-time tetrad.

This particular choice of the metric has some interesting properties

1. It is easy to see that the line element of Eq. (3) is invariant when using the metric of Eq. (39). Indeed [47]

Φ′µρ (x′, k′) =
∂xν

∂x′ρ
Φµν (x, k) , (41)

because

∂xµ

∂x′ρ
eλµ(x)ϕαλ(k̄) = e′κρ (x′)ϕ′ακ (k̄′) , (42)

where we used a standard transformation law for the tetrad of spacetime

ē′νµ (x′) =
∂x′ν

∂xρ
ēρµ(x) . (43)

Then, the barred momentum variables are independent of the choice of spatial coordinates

k̄′µ = k′ν ē
′ν
µ (x′) =

∂xσ

∂x′ν
kσ
∂x′ν

∂xρ
ē′ρµ (x′) = kν ē

ν
µ(x) = k̄µ . (44)

Also, we have considered that the momentum space tetrad does not change under such transformation.

2. In [35] it was shown that the most known deformed kinematics (κ-Poincaré [28], Snyder [52] and hybrid mod-
els [53]) can be described within this framework by considering the geometrical properties of a maximally
symmetric momentum space. This can be achieved by defining a deformed composition and transformation
laws from the isometries of the momentum metric associated to translations and Lorentz respectively. Simi-
larly, a deformed dispersion relation can be seen as the (square of the) distance from the origin to a point in
momentum space. Explicitly, the composition law satisfies

gµν (p⊕ q) =
∂ (p⊕ q)µ

∂qρ
gρσ(q)

∂ (p⊕ q)ν
∂qσ

, (45)
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which, in order to be associative [35], requires the following relation between the (inverse of the) tetrad in
momentum space and the composition law to hold

ϕµν (p⊕ q) =
∂(p⊕ q)ν
∂qρ

ϕµρ (q) . (46)

The modified Lorentz transformations are instead given by the six isometries leaving invariant the origin

∂gkµν(k)

∂kρ
J αβρ (k) =

∂J αβµ (k)

∂kρ
gkρν(k) +

∂J αβν (k)

∂kρ
gkµρ(k) , (47)

where

J αβ(k) = xµJ αβµ (k) , (48)

is the Lorentz generator [35].
Our proposal for constructing a metric in the whole cotangent bundle, preserves that the momentum curvature
tensor also gives a constant scalar of curvature [47], so allowing to introduce 10 momentum isometries leading
to the same kinematics obtained in [35] in the flat space-time limit [47]. In particular, we saw for the particular
case in which the composition law is associative that, defining p → p̄µ = ēνµ(x0)pν , q → q̄µ = ēνµ(x0)qν for a
fixed space-time point x0, the modified composition (⊕̄)

(p̄⊕ q̄)µ = ēνµ(x0)(p⊕̄q)ν , (49)

is an isometry of the tetrad (40)

Φµν (x0, (p⊕̄q)) =
∂(p⊕̄q)ν
∂qρ

Φµ
ρ (x0, q) , (50)

and then, an isometry of the metric in the cotangent bundle (for a fixed space-time point).

3. Also, we obtained in [47] a simple relationship between the metric and the Casimir defined as the distance
squared when the metric does not depend on the space-time coordinates

∂C(k)

∂kµ
gµν(k)

∂C(k)

∂kν
= 4C(k) . (51)

With this fact we showed that considering the Hamilton equations with a deformed dispersion relation and a
momentum geometry where one identifies the squared distance with the Casimir, leads to the same results.
Moreover, with a metric constructed as in Eq. (39) we found that the same equation holds

∂C(k̄)

∂kµ
gµν(x, k)

∂C(k̄)

∂kν
= 4C(k̄) , (52)

where the new Casimir is now a function of the barred momenta, being this the squared of the distance in
momentum space for a fixed space-time point for a metric constructed as Eq. (39). We observed the same
relationship between the action and metric formalisms even when considering a nontrivial geometry for the
spacetime [47]. Then, compatibility of our proposal for constructing the metric in the cotangent bundle with
the result obtained in Sec. III B, requires the Casimir to be the squared of the distance in momentum space.
Note that when considering a momentum independent metric, one finds the usual results of SR and GR for flat
and curved spacetime respectively.

V. ABOUT THE EINSTEIN EQUATIONS

Using the definitions of curvature tensors in phase space of [36], we find a privileged basis thanks to a modification
of the Einstein’s equations. This momentum basis would be the one in which every study and phenomenological
computation should be carried out (even for a flat spacetime, in order to have a smooth limit). After that, we discuss
the possible choice of momentum basis and the invariance of the model under momentum diffeomorphisms.
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A. Definition of curvature tensors

In [36] the space-time curvature tensor was defined from the commutator of two space-time covariant derivatives of
a vector field Xµ(x, k) (when there is no torsion)

Xµ(x, k);ν;ρ −Xµ(x, k);ρ;ν = Xλ(x, k)R∗µλνρ(x, k)−Xµ(x, k);λRλνρ(x, k) , (53)

where Rλνρ(x, k) is the d-curvature tensor tensor defined in Eq. (5),

R∗µλνρ(x, k) = Rµλνρ(x, k) + Cµσλ(x, k)Rσνρ(x, k) . (54)

and

Rµνρσ(x, k) =
δHµ

νρ(x, k)

δxσ
− δHµ

νσ(x, k)

δxρ
+Hλ

νρ(x, k)Hµ
λσ(x, k)−Hλ

νσ(x, k)Hµ
λρ(x, k) . (55)

One can obtain also the curvature tensor in momentum space by computing the commutator of two momentum
covariant derivatives [36]

Xµ;ν;ρ(x, k)−Xµ;ρ;ν(x, k) = Xλ(x, k)Sµνρλ(x, k) , (56)

where

Sµνρσ(x, k) =
∂Cµνσ(x, k)

∂kρ
− ∂Cµρσ(x, k)

∂kν
+ Cλνσ(x, k)Cµρλ(x, k)− Cλρσ(x, k)Cµνλ(x, k) . (57)

Since we are working in the cotangent bundle, there is another curvature tensor which entangles momentum and
spacetime. It can be obtained as the following commutator between spacetime and momentum space [36]

Xµ ;ρ
;ν (x, k)−Xµ;ρ

;ν(x, k) = Xλ(x, k)Pµρλν(x, k)−Xµ
;λ(x, k)Cλρν(x, k)−Xµ ;λ(x, k)P ρλν(x, k) , (58)

where

Pµρλν(x, k) =
∂Hµ

λν(x, k)

∂kρ
− Cµρλ ;ν(x, k) + Cµλν(x, k)P ρλν(x, k) , (59)

being

P ρλν(x, k) = Hρ
λν(x, k)− ∂Nνλ(x, k)

∂kρ
. (60)

B. Privileged basis from Einstein’s equations

In [36], it was proposed to construct the Einstein equations from the Riemann tensor of Eq. (54)

R∗µν(x, k)− 1

2
gµν(x, k)R∗(x, k) = Tµν(x, k) , (61)

where we can for now formally define as

Tµν(x, k) =
δSm

δgµν(x, k)
, (62)

the variation of the matter term in the Einstein-Hilbert action, and

R∗µν(x, k) = R∗λµνλ(x, k) , R∗(x, k) = R∗µν(x, k)gµν(x, k) . (63)

Analogously, in [36] the stress energy tensor in momentum space was defined as

Sµν(x, k)− 1

2
gµν(x, k)S = Tµν(k)(x, k) , (64)
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and the stress energy tensors that intertwines spacetime and momentum space

gρσ(x, k)P ρσµν(x, k) = P (1)
µν (x, k) = κT (1)

µν (x, k) gνρ(x, k)P ρσµσ(x, k) = P (2)
µν (x, k) = −κT (2)

µν (x, k) . (65)

As pointed out in [36], the conservation of the space-time energy momentum tensor in spacetime is verified only if
Pµρλν = 0, so that there is no need to include an energy-momentum tensor for this intertwined space, something very
difficult to justify from a physical point of view, given the far from clear nature of the sources that would generate
such tensors.

Moreover, since we want that the momentum space to be maximally symmetric in order represent the κ-Poincaré
kinematics, we need that the scalar of curvature in momentum space is constant S = 12/Λ2 and that indeed

Sρσµν ∝ gρµgσν − gρνgσµ . (66)

Then, the Einstein equations for momentum space are given by [36]

Sµν(x, k)− 1

2
gµν(x, k)S +

6

Λ2
gµν(x, k) = 0 , (67)

where Sµν = Sλµρνgλρ and S = Sµνgµν . These are the Einstein equations for an empty universe with a cosmological
constant (in momentum space).

When imposing Pµρλν = 0 and (64) with our particular construction of the metric (39), one finds only and only one
momentum basis (coordinates of a de Sitter momentum space) satisfying both requirements. Indeed, this particular
momentum metric (i.e. in absence of space-time curvature) is conformally flat

gµν(k) = ηµν

(
1− k20 − ~k2

4Λ2

)2

. (68)

This metric was used for first time in [54] and in the context of DSR in [55]. Moreover we know that tensors, and
in particular Pµρλν , are not invariant under momentum diffeomorphisms and then, if the aforementioned conditions
hold for one momentum representation, it would not be the case for any other momentum basis. Then, for any other
curvature of spacetime this would be also the preferred basis since it is the only maximally symmetric one in which
Pµρλν = 0.

Now, from this metric one can define a relativistic deformed kinematics following the same prescription formulated
in [35]. This particular form of the metric implies that the Casimir is a function of k2. The explicit expression can
be obtained from Eq. (51)

C(k) = 4Λ2 arccoth2

 2Λ√
k20 − ~k2

 . (69)

The associative composition law (corresponding to the coproduct of the momenta of κ-Poincaré in this basis) can
be obtained from Eq. (45) order by order. In particular, up to second order, the composition law reads

(p⊕ q)0 = p0 + q0 +
~p · ~q
Λ
− p0q0 (p0 + q0)

4Λ2
+
~p · ~q (q0 − p0)

2Λ2
+

3~p2q0
4Λ2

− ~q2p0
4Λ2

,

(p⊕ q)i = pi + qi +
piq0
Λ

+ pi

(
q20

4Λ2
− p0q0

2Λ2
+
~p · ~q
2Λ2

− ~q2

4Λ2

)
+ qi

(
~p2

4Λ2
− p20

4Λ2
− p0q0

2Λ2
+
~p · ~q
2Λ2

)
.

(70)

The modification of the metric (68) resides on the mass of the particle probing the spacetime. This is consistent
with the relativity principle holding in DSR: the only invariant (for the one-particle system) under change of reference
systems is the mass of the particle.

Moreover, in this particular case, it is easy to see that the nonlinear coefficients are the same ones of GR by Eq. (2).
We can see from Eq. (19)

0 =
δC(x, k)

δxµ
= N

(
∂C(x, k)

∂xµ
+Nµν(x, k)

∂C(x, k)

∂kν

)
= N ∂C(x, k)

∂k̄ρ

(
∂k̄ρ
∂xµ

+Nµν(x, k)
∂k̄ρ
∂kν

)
, (71)

where we have used the fact that the Casimir depends on the phase-space coordinates through k̄. For the particular
case we are considering, the Casimir (69) is a function of k2. Then, the generalization of this Casimir for any curved
spacetime is the same function of k̄2 (as we have explained in Sec. IVC). We can then rewrite Eq. (71) as

∂C(x, k)

∂k̄2
ηρσk̄σ

(
∂k̄ρ
∂xµ

+Nµν(x, k)
∂k̄ρ
∂kν

)
=

∂C(x, k)

∂k̄2

(
1

2
kλ
∂gλσ(x)

∂xµ
kσ +Nµρ(x, k)gρσ(x)kσ

)
= 0 , (72)
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since the term in parenthesis vanishes when the nonlinear connection is defined by Eq. (2), as we saw in Eq. (20). Then,
when the Casimir is a function of k̄2, the condition (19) is automatically satisfied for the GR nonlinear connection (2).
With this we have shown that the nonlinear connection (2) is compatible with Eqs. (19), and then with the metric
in the cotangent space (76). Even more, using Eq. (25), one can see that the space-time affine connection is also the
same one.

Now we can go back to the definition of the Einstein equations (61). When constructing our metric in the cotangent
bundle, we used that the space-time dependency of the metric (39) is the usual one of GR. This means that we are
assuming that the energy-momentum tensor is the same one of GR. However, when looking at (61), one can see that
the left hand side of the equation does depend on the momentum due to the last term of Eq. (54). Nevertheless,
instead of using the Riemann tensor of Eq. (54) to construct the Einstein equations, we can use Eq. (55). In this case,
we have

Rµν(x)− 1

2
gµν(x, k)R(x, k) = 8πTµν(x) , (73)

where

Rµν(x) = Rλµνλ(x) , R(x, k) = Rµν(x)gµν(x, k) . (74)

Indeed, on one hand, the Riemann and then the Ricci tensors, do not depend on k, since the space-time affine
connection is only a function of the space-time coordinates. On the other hand, due to the particular form of the
metric, the term proportional to the product of the metric and the Ricci scalar also turns out to be momentum
independent given that,

gµν(x, k)R(x, k) = gµν(x, k)gρσ(x, k)Rρσ(x) =

(
1− k̄20 − ~̄k2

4Λ2

)2

gxµν(x)

(
1− k̄20 − ~̄k2

4Λ2

)−2
gρσx (x)Rρσ(x) = gxµν(x)Rx(x) ,

(75)
due to the particular form of the metric (68)

gµν(x, k) =

(
1− k̄20 − ~̄k2

4Λ2

)2

gxµν(x) , (76)

and where gxµν(x) and Rx(x) are the metric and scalar curvature in GR. Then, the Einstein’s equations in this scheme
take the usual expression of GR.

Summarizing, when considering this privileged momentum basis, the same energy-momentum tensor used in GR
(momentum independent) can be used in this scheme, having then a simple way to generalize curved spacetimes with
this momentum deformation of the metric: given an energy-momentum tensor, one obtains the metric in through
Einstein equations as in GR and construct the metric as

gµν(x, k) =

(
1− k̄20 − ~̄k2

4Λ2

)2

eαµ(x)ηαβe
β
ν (x) , (77)

which automatically satisfies the Einstein equations for spacetime.

C. About the choice of momentum basis

In DSR (in flat spacetime) there is a controversy about the different choice of momentum bases and its implications
about the phenomenology. In fact, there is an open debate in the literature regarding the possibility that different
bases could represent different physics [49].

Regarding our approach, whilst we have shown in Sec. IVC that the line element (3) is invariant under space-
time diffeomorphisms but not under momentum change of variables, it is important to note that in the limit case
in which the metric in phase space does not depend on the space-time coordinates, an invariance under different
choices of momentum basis arises. This can be easily shown considering a canonical transformation in phase space
(x, k)→ (x′, k′)

k′µ = fµ(k) , x′µ = xνhµν (k) , (78)
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for any non linear change of momentum variables, i.e, for any set of functions fµ of the momentum variables, with

hµρ (k) =
∂kρ
∂k′µ

. (79)

Under this kind of transformation, the line element in phase space is invariant

g′µν(k′)dx′µdx′ν + g′µν(k′)dk′µdk
′
ν =

∂x′µ

∂xρ
g′µν(k′)

∂x′ν

∂xσ
dxρdxσ +

∂k′µ
∂kρ

g′µν(k′)
∂k′ν
∂kσ

dkρdkσ =

gµν(k)dxµdxν + gµν(k)dkµdkν .

(80)

Nevertheless, this cannot be done for the line element (3). Then, our model presents a degeneracy when the metric
depends only on momentum, making that any momentum coordinates can be used. But when including a curvature
on spacetime, one and only one momentum basis is compatible with the aforementioned requirements. Note that
this degeneracy appears also when the momentum metric is flat, making that the usual variables of SR (in which the
conservation law for momenta is the sum) are the only ones in which the Einstein’s equations are conserved.

VI. CONGRUENCE OF GEODESICS AND RAYCHAUDHURI’S EQUATION

Let us now consider the Raychaudhuri’s equation for a metric in the cotangent space. For the sake of simplicity
we shall not write explicitly the space-time and momentum dependence of the tensors. We start by computing the
expansion of both timelike and null geodesics by its definition from the metric [56] (as we did in [47]). The expansion
of timelike geodesics is

θ =
1

δV

d

dτ
δV , (81)

where δV is the infinitesimal change of volume, while for null geodesics one has

θ =
1

δS

d

dτ
δS , (82)

where δS is the infinitesimal change of surface.
Now we follow Ref. [56] in order to find the Raychaudhuri’s equation. We consider a set of timelike geodesics

labeled by ya (a = 1, 2, 3) for each point in the set. This construction therefore defines a coordinate system (τ, ya)
in a neighborhood of the geodesic γ, and there exists a transformation between this system and the one originally in
use: xα = xα(τ, ya). We define the vectors

eαa =

(
∂xα

∂ya

)
τ

. (83)

Given the above definitions it is legitimate to ask (as usual) that the modified Lie derivative, Eq. (38), for the
velocity vector uµ = dxµ/dτ and eαa vanishes,

Leuµ = eνau
µ
;ν − uνeµa ;ν −

∂uµ

∂kα

∂eγa
∂xα

kγ −
∂uµ

∂kα
Nαγe

γ
a = 0 , (84)

we then find the following relation

uµeνa ;µ = eµau
ν
;ν −

∂uµ

∂kα

∂eγa
∂xα

kγ −
∂uµ

∂kα
Nαγe

γ
a . (85)

Now, it is easy to check that

d

dτ
(eνauν) = (eνauν);µ u

µ = eνa;µuνu
µ + eνauν;µu

µ =

(
eµau

ν
;µ −

∂uν

∂kα

∂eγa
∂xα

kγ −
∂uν

∂kα
Nαγe

γ
a

)
uν

=
1

2

(
eµa (uνuν) ;µ −

∂ (uνuν)

∂kα

∂eγa
∂xα

kγ −
∂ (uνuν)

∂kα
Nαγe

γ
a

)
= 0 ,

(86)
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where we have used Eqs. (32)- (33) and the fact that uνuν is constant. Then, one can always chose the parametrization
of the geodesics so eνauν = 0, being eνa orthogonal to the curves.

We now introduce a three-tensor1 hab defined by

hab = gαβe
α
ae
β
b . (87)

This acts as a metric tensor on the infinitesimal volume we are considering: for displacements confined to the cross
section (so that dτ = 0), xα = xα(ya) and

ds2 = gαβdx
αdxβ = gαβ

∂xα

∂ya
∂xβ

∂yb
dyadyb = habdy

adyb . (88)

Thus, hab is the three-dimensional metric on the congruence’s cross sections. Because γ is orthogonal to its cross
sections (uαe

α
a = 0), we have that hab = hαβe

α
ae
β
b on γ, where hαβ = gαβ −uαuβ is the transverse metric. If we define

hab to be the inverse of hab, then it is easy to check that

hαβ = habeαae
β
b (89)

on γ.
The three-dimensional volume element on the cross sections is δV =

√
h d3y, where h = det(hab). Because the

coordinates ya are comoving (since each geodesic moves with a constant value of its coordinates), d3y does not change
as the cross section evolves. A change in δV therefore comes entirely from a change in

√
h:

θ =
1

δV

d

dτ
δV =

1√
h

d

dτ

√
h =

1

2
hab

dhab
dτ

. (90)

We can now start computing the derivative of the three-metric:

θ =
1

2
hab

dhab
dτ

=
1

2
eaγe

b
δg
γδgαβ

(
eαa ;µu

µeβb + eβb ;µu
µeαa

)
= eaα

(
uα;µe

µ
a −

∂uα

∂kρ
Nγρe

γ
a −

∂uα

∂kρ

∂eγa
∂xρ

kγ

)
= uµ;µ , (91)

where we have use that eaµ does not depend on k and eaαuα = 0.
So as in the GR case, we can define the tensor [56]

Bαβ = uα;β . (92)

Here, uµ is the tangent vector to the geodesics and we use the new covariant derivative of Eq. (13). Then, one can
decompose the tensor Bαβ into trace, symmetric-tracefree and antisymmetric parts

Bαβ =
1

3
θhαβ + σαβ + ωαβ , (93)

where

θ = Bαα , σαβ =
1

2
(Bαβ +Bβα)− 1

3
θhαβ , ωαβ =

1

2
(Bαβ −Bβα) . (94)

In order to compute the Raychaudhuri’s equation, we have to compute the derivative of θ with respect to τ . As we
showed in Eq. (33), the following identity holds

dθ

dτ
= θ;νu

ν = uµ;µ;νu
ν . (95)

Now, using Eq. (53) in order to compute the commutator of two covariant derivative acting on a covariant vector,
one can obtain

dθ

dτ
= −BαβBαβ −Rαβuαuβ −Rνβµ(x, k)

∂uβ

∂kν
uµ . (96)

1 A three-tensor is a tensor with respect to coordinate transformations ya → ya
′
, but a scalar with respect to transformations xα → xα

′

if ya does not change.
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From the transverse metric it is easy to check that

uαhαβ = uβhαβ = 0 . (97)

Using Eq. (94) the modified Raychaudhuri’s equation for timelike geodesics can be written as

dθ

dτ
= −1

3
θ2 − σµνσµν + ωµνωµν −Rµνuµuν − gαβRνβµ

∂uα
∂kν

uµ . (98)

This last expression is the Hamiltonian version of the corresponding formula appearing in the Finslerian approach
Ref. [39].

For the null case one can note that for the momentum basis we are choosing (68) a null vector for a generic curvature
in spacetime is given by

uαg
αβ(x, k)uβ = 0 =⇒ uαg

αβ
x (x)uβ = 0 , (99)

where, as in the previous section, gαβx (x) is the usual metric in general relativity. We see that in this case one can
always define a null vector which does not depend on the momentum (note that this can not be done for the timelike
case) due to the fact that the original momentum metric (68) is conformally flat. For any other coordinates of the
momentum metric this choice for the null vector could not be generally done.

Then, the procedure given in [56] can be followed step by step due to the independence on momenta of the null
vector. Introducing the usual auxiliary null vector Nα, the transverse metric is given by [56]

hαβ = gαβ −Nαuβ − uαNβ , (100)

where

uβhαβ = Nβhαβ = 0 , uαNα = 1 , NµN
µ = 0. (101)

In this case, one can define the purely traverse part of Bαβ as

B̃αβ = hµαh
ν
βBµν , (102)

whose decomposition is

B̃αβ =
1

2
θhαβ + σαβ + ωαβ , (103)

where

θ = B̃αα , σαβ =
1

2

(
B̃αβ + B̃βα

)
− 1

2
θhαβ , ωαβ =

1

2

(
B̃αβ − B̃βα

)
. (104)

From the commutator of two covariant derivatives one finally obtains the Raychaudhuri’s equation for null geodesics

dθ

dλ
= −1

2
θ2 − σµνσµν + ωµνωµν −Rµνuµuν . (105)

Note that the last factor appearing in Eq. (98) here vanishes since the null vector does not depend on the momentum.
So in this case the formal structure of the Raychaudhuri’s equation is unchanged.

VII. FRIEDMANN-LEMAÎTRE-ROBERTSON-WALKER UNIVERSE

In this section, we study a flat expanding universe with the momentum dependence proposed in Sec. V. We start
by defining our metric in the cotangent bundle with the prescription formulated in Eq. (39). We chose the space-time
tetrad to be

e00(x) = 1 , e0i (x) = ei0(x) = 0 , eij(x) = δija(x0) , (106)

where a(x0) is the scale factor, and we will take the momentum de Sitter metric of Eq. (68) assuring the conservation
of the Einstein tensor and validity of the second Bianchi identity. With both ingredients we are now able to construct
the metric of the cotangent space

g00(x, k) =

(
1− k20 − ~k2/a2(x0)

4Λ2

)2

, g0i(x, k) = 0 , gij(x, k) = ηija
2(x0)

(
1− k20 − ~k2/a2(x0)

4Λ2

)2

. (107)
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One can find the Casimir from the relation (52) obtaining

C(k̄) = 4Λ2 arccoth2

 2Λ√
k20 − ~k2/a2(x0)

 . (108)

It is easy to check that when Λ goes to infinity one recovers the usual expression of GR.
As we have mentioned in Sec. V, when using a metric whose distance is proportional to k2, the space-time affine

connection are the same one of GR [51]

H0
ii(x) = a(x0)a′(x0) , Hi

0i(x) =
a′(x0)

a(x0)
, Hi

ij(x) = 0 , Hi
jj(x) = 0 , (109)

and the nonlinear coefficients are given by

Nµν(x, k) = kλH
λ
µν(x) . (110)

A. Equations of motion from Hamilton equations

Using the Casimir (108) we can find the relation between the components of the momentum for the massive case
(in 1 + 1 dimensions for simplicity)

k0 =
1

a(x0)

√
k21 coth

( m
2Λ

)
+ 4Λ2a2(x0) tanh

( m
2Λ

)
, (111)

while for the massless case

k0 =
k1

a(x0)
, (112)

which is the same result one finds in GR. This can be understood from the fact the modification of the metric (and
then of the Casimir) is proportional to the mass of the particle probing the spacetime. Then, as we will see, there will
be no modification with respect to the GR computations in any calculation for massless particles. We will discuss
this fact and the possible phenomenology later on.

From the first equations of (16) we can obtain the velocity to be

ẋ0 = cosh2
( m

2Λ

)√ k21
4Λ2a2(x0)

coth2
( m

2Λ

)
+ 1 , ẋ1 = − k1

2Λa2(x0)
cosh2

( m
2Λ

)
coth

( m
2Λ

)
, (113)

for the massive case, where we have used Eq. (111), and

dx0

dτ
= k0 = − k1

a(x0)
,

dx1

dτ
= − k1

a2(x0)
, (114)

for the massless case, where Eq. (112) has been applied.
Now, using the second equation of (16) we can find for massive particles that

dk0
dτ

=
dk0
dx0

ẋ0 =
(
k20 coth2

( m
2Λ

)
− 4Λ2

) a′(x0)

4Λa(x0)
sinh

( m
2Λ

)
,

dk1
dτ

= 0 . (115)

Solving the first equation we obtain the same expression of the energy as a function of time that we have found in
Eq. (111) directly from the Casimir.

For the massless case one arrives to

dk0
dτ

= k20
a′(x0)

a(x0)
, k̇1 = 0 . (116)

This allows us to find the same relation between the energy and momentum we have found in Eq. (112).
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B. Equations of motion from the metric

In our particular case (in 1+1 for simplicity) we obtain from Eq. (24) that the geodesic equation components are

d2x0

dτ2
+ a(x0)R′(x0)

(
dx1

dτ

)2

= 0 ,
d2x1

dτ2
+ 2

dx1

dτ

R′(x0)

a(x0)

dx0

dτ
= 0 . (117)

For a massive particles, we know that the line element is

1 =
dxµ

dτ
gµν

dxν

dτ
=

(
1− k20 − ~k2/a2(x0)

4Λ2

)2((
dx0

dτ

)2

− a2(x0)

(
dx1

dτ

)2
)
. (118)

Then, using the relation (111) and the first equation of (117) one finds

d2x0

dτ2
=

dx0

dτ

d

dx0
dx0

dτ
=

R′(x0)

a(x0)
cosh4

( m
2Λ
− (u0)2

)
. (119)

Solving this differential equation one can find the same solution found in Eq. (113) when one chooses τ to be the
proper time. Another solution that we will use in the next subsection is to identify τ as the temporal coordinate.
While in GR this is possible, this is not the case in this framework since from Eq. (118) one would obtain an imaginary
solution for the velocity. However, one can choose one parametrization in which dx0/dτ does not depend explicitly
on the momentum, obtaining

dx0

dτ
= cosh2

( m
2Λ

)
. (120)

One can see that when the high-energy scale goes to infinity one has the GR result dx0/dτ = 1.
Moreover, from Eq. (11)

dk0
dτ

= k1
R′(x0)

a(x0)

dx1

dτ
,

dk1
dτ

= k1
R′(x0)

a(x0)

dx0

dτ
+ k0a(x0)R′(x0)

dx1

dτ
. (121)

It is easy to check that these equations lead to the same solution found in Eq. (115).
If we want to study photons, we have

0 =

(
1− k20 − k21/a2(x0)

4Λ2

)2
((

dx0

dτ

)2

− a2(x0)

(
dx1

dτ

)2
)
, (122)

and, following the same procedure of the one used for the massive case, one can find the same results of Eq. (114).
Also, the results obtained from Eq. (11) are the same of those obtained in Eq. (116) when Eq. (112) is taken into
account.

We can obtain the same results starting from the Hamilton equations with a deformed Casimir, being this the
squared distance in momentum space, and following the procedure proposed in Ref. [36] from our definition of the
nonlinear coefficients, space-time affine connection and metric in the cotangent bundle, which is consistent with what
we have seen in Sec. II.

C. Congruence of geodesics and Raychaudhuri’s equation

In this part we apply the results of Sec. VI in order to compute the congruence of geodesics and Raychaudhuri’s
equation for both timelike and null geodesics in a FLRW spacetime.

Timelike geodesics

Since the momentum contribution to the volume is proportional to the mass of the particle probing the spacetime,
it cancels out in Eq. (81). Then, we find the same result as in GR but with the modification term of Eq. (120)

θ =
1

δV

dx0

dτ

dδV

dx0
=

3a′(x0)

2a(x0)
cosh2

( m
2Λ

)
. (123)
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The choice of the τ parameter of Eq. (120) is made in order to have the same solution one finds in GR when the
high-energy scale goes to infinity [56].

From here we can obtain its derivative by

dθ

dτ
=

δθ

δxµ
uµ = 3

a′′(x0)a(x0)− a′2(x0)

a2(x0)
cosh4

( m
2Λ

)
. (124)

We can also compute the Raychaudhuri’s equation by considering the tangent vector field

uµ =

(
1− k20 − ~k2/a2(x0)

4Λ2
, 0, 0, 0

)
, (125)

so uµuµ = 1. From Eq. (92) and the first equation of (94) we obtain

θ =
12Λ2a(x0)a′(x0)

~k2 − (k20 − 4Λ2) a2(x0)
, (126)

and using Eq. (111) we find the same result of Eq. (123). Also, from Eq. (98) one obtains the same result of Eq. (124).
We see that in these computations the only difference with respect to GR is a multiplicative factor depending on

the mass of the particle.

Null geodesics

For the null geodesics we obtain from Eq. (82)

θ = 2
a′(x0)

a2(x0)
, (127)

and its derivative is

dθ

dλ
= 2

a′′(x0)a(x0)− a′2(x0)

R4(x0)
. (128)

We can now obtain the Raychaudhuri’s equation by choosing the null vector (which, as we have explained previously,
cannot depend on the momentum)

u0 =
1

a(x0)
u1 = 1 u2 = u3 = 0 . (129)

One can check that the geodesic equation holds

uµ;λ u
λ =

(
δuµ
δxλ
−Hν

µλuν

)
uλ = 0 . (130)

As auxiliary null vector we can take

N0 = −N1 =

(
~k2 −

(
k20 − 4Λ2

)
a2(x0)

)2
32Λ4a2(x0)

N2 = N3 = 0 , (131)

in such a way that Eq. (101) holds. As in the previous case, from Eq. (112) we find the same result of Eq. (127) and
also, from Eq. (105) one obtains the same result of Eq. (128). Summarizing, since the modification of the metrics
comes basically from the mass of the particle probing the spacetime, for null geodesics there are no modifications.

D. Friedmann’s equations

We can now deal with the Einstein equations. The energy-momentum tensor for this kind of geometry is a perfect
fluid

Tµν = uµuν
(
ρ(x0) + P (x0)

)
− P (x0)gµν(x) with uµ = (1, 0, 0, 0) , (132)



19

being uµ the fluid’s four velocity and ρ and P the energy density and pressure of the fluid. As we have mentioned in
Sec. V, for our choice of momentum metric (68) the Ricci tensor is the same one of GR and the space-time scalar of
curvature can be computed from Eq. (74)

R =
96Λ4a2(x0)

(
a′2(x0) + a(x0)a′′(x0)

)(
a2(x0) (k20 − 4Λ2)− ~k2

)2 . (133)

But as we have explained in Sec. V, using the momentum metric of Eq.(68) there is a cancellation of momentum
factors in the Einstein tensor making that this is the same one of GR. Then, there is no modification of the Einstein
equations, having the same Friedmann equations of GR (for both massive and massless particles)

a′2(x0) =
8π

3
a2(x0)ρ(x0) , 2a′′(x0)a(x0) + a′2(x0) = 8πP (x0) . (134)

We can now check if the Raychaudhuri’s equation for massive particles (98) is compatible with Einstein equations
as in GR. We can obtain multiplying the Einstein equations (73) by the inverse of the metric the same relationship
as in GR (apart from the momentum dependence) between the scalar of curvature of spacetime and the scalar of the
energy-momentum tensor

R− 2R = 8πT =⇒ R = −8πT . (135)

Then, the term appearing in the Raychaudhuri’s equation for massive particles (98) involving the Ricci tensor can be
rewritten using Eqs. (73)-(135) as

Rµνu
µuν =

(
8πTµν +

1

2
gµνR

)
uµuν = 8π

(
Tµνu

µuν − 1

2
T

)
. (136)

We can now establish a relation between the congruence of geodesics and and the energy-momentum tensor

8π

(
Tµνu

µuν − 1

2
T

)
=

dθ

dτ
+

1

3
θ2 + σµνσµν − ωµνωµν + gαβRνβµ

∂uα
∂kν

uµ = 3 cosh4
( m

2Λ

) a′′(x0)

a(x0)
. (137)

Using the explicit form of the energy-momentum tensor (132) one obtains

8π

(
Tµνu

µuν − 1

2
T

)
= 4 cosh4

( m
2Λ

) (
3P (x0) + ρ(x0)

)
, (138)

which substituted in Eq. (137) leads to the same expression one obtains substituting the first Friedmann equation
into the second one.

This is an important consistency check since, as in GR, the second Friedmann equation can be obtained from the
Einstein equations and from the Raychaudhuri’s equation.

VIII. VACUUM EINSTEIN SOLUTIONS

We have seen in the previous section that for an expanding universe one can generalize the Einstein equations of GR
just considering an energy-momentum tensor which depends on the momentum of the particle probing the spacetime.
From our discussion of Sec. V, since the Einstein tensor is not modified (it does not depend on the momenta), every
vacuum solution of GR can be easily generalized in this context. For example, the Schwarzschild solution can be
easily rederived in this this framework since the Ricci and the space-time scalar of curvature vanish.

If one wants to include a cosmological constant, one has to add to the Einstein equations (73) a corresponding term

Rµν(x)− 1

2
gµν(x, k)R(x, k) + Λc gµν(x) = κTµν(x) , (139)

where Λc is the cosmological constant one considers in GR.
For a vacuum solution of Einstein equations one has

Rµν(x)− 1

2
gµν(x, k)R(x, k) + Λcgµν(x) = 0 . (140)

As we have seen in the previous section, there would be a modification in the geodesics only for massive particles.
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IX. CONCLUSIONS

In this work we have understood several formal aspects about the generalization of the well-defined description of
a curved spacetime with the local group symmetry of DSR. In this scheme, we proved that one can have a consistent
description of the particles motion, obtaining the same trajectories from both a deformed Hamiltonian and the geodesic
motion given by a geometry in the cotangent bundle, when one identifies the Hamiltonian/Casimir as the squared
distance in momentum space. From the metric formalism, we have studied the modification of the Lie derivative and
shown how to include in this scheme an external force.

After that, we have defined a covariant derivative along a curve which is compatible with the geodesic motion
in the same way of GR, Duµ/Dτ = uµ;νu

ν = 0. Then, using a definition for the Einstein tensor and, imposing
that it is conserved (in order to be conserved the energy momentum tensor), fixed a preferred system of momentum
coordinates. In the literature there is an ongoing discussion about the possibility that in DSR theories, different
bases could represent different physics. This framework provides the breakdown of degeneracy of flat spacetime that
appears in DSR (different possible choices of momentum basis describing the same kinematics) leading to a “physical”
basis in which the laws of nature must be described. While this basis is obtained when a curvature on spacetime
is taken into account (i.e. there is a nontrivial dependence in the space-time coordinates in the metric), in order to
have a smooth limit towards GR, we argue one should consider this basis also to do phenomenology in DSR for flat
spacetime.

The obtained momentum metric is conformally flat, with a prefactor which depends on the squared four-momentum
divided by the scale of deformation. This implies that the dispersion relation (the squared distance in momentum
space) depends solely on the four-momentum squared, which in turn requires that the modification is carried out by
a function of the squared mass divided by the high-energy scale. Hence for massless particles there would not be any
modification of the trajectories while for the massive case, the deformation is suppressed by a function of the squared
mass divided by the high-energy scale.

Using these preferred coordinates, we have computed for a modified Friedmann-Lemaître-Robertson-Walker universe
the trajectories of massive and massless particles in both Hamiltonian and geometrical cases, obtaining the same
results, so corroborating our derivations presented in the first part of this work. Also, we have constructed the
modified Raychaudhuri’s equation in this scheme proving that, for this particular metric, one can follow the same
procedure carried out in GR. Moreover, we have explicitly shown how to take into account the modification of the
vacuum solutions of the Einstein equations with and without a cosmological constant.

Finally, we can try to discuss what are the possible effects that the momentum modification in the metric induces
on the trajectories of particles and what phenomenological implications could be. As we have seen, the massless case
does not suffer any modification in the geodesic motion. However, this is not the case for the massive case. One
would say that, since the modification is proportional to the mass of the particle divided by the high-energy scale,
the deviation from the standard result is completely negligible. However, it is not clear in the DSR context how to
consider a macroscopic system. In [57] a proposal of how to consider an object made of many particles was considered.
Basically, it was proposed that, if there are N particles, the effective high-energy should be NΛ. One could also think
that the density of the object should play a role, making that very dense objects suffer more deviation. Then, while
the modification is completely negligible for single elementary particles, there could be a significant modification for
really dense astrophysical objects or for a system with several components if for N particles the effective scale is MΛ
with N �M . Moreover, whereas we have understood how to consider a modified metric in the cotangent bundle for
the one-particle system, we have not developed yet a proper way to take into account a multi-particle system in the
geometrical scheme. This is an open issue we hope to investigate in a future work.
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