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Abstract

In a recently published paper in Physica A it is claimed the statistical evidence of having a power law distribution in the upper
tail of the world billionaires’ data in the period 2010-20. We address (almost) the same data sets, with the same truncation points
in the data, and obtain two main conclusions. Firstly, both the truncated lognormal and the power law or Pareto distributions
might be improved in principle to describe the upper tails’ data to the level of quality of recent studies for other types of data, as the
Anderson—Darling test yields rejection of both models almost always. Secondly, the truncated lognormal is statistically comparable
or even better to the Pareto by different criteria, formal and graphical.
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1. Introduction

In the recently published paper [1] it is claimed that there is statistical evidence about that the upper tails of the
data sets of world billionaires is a power law. The topic of discerning whether there is a power law for some kind of
data (firm sizes, city sizes, size of earthquakes and many other types of data) is a recurring theme in the literature,
let us cite a few: [28, 4, 19, 5, 15, 3, 6]. As an example, in the recent paper [12] it is found that the upper tail of
the distribution of strike sizes can be described almost equally by a truncated lognormal or by a power law or Pareto
distribution. The authors in [1] seem to not have noticed that when fitting the truncated upper tail to something related
with the lognormal distribution, one should use a truncated lognormal [14] and therefore should not use the usual
maximum likelihood estimators of the lognormal distribution with support (0, o), which as it is well-known are the
mean and the standard deviation of the natural logarithm of the data.

Thus our purpose in this Comment is just to compare the power law or Pareto distribution to the truncated log-
normal distribution for (most of) the truncated data sets used in [1], and we obtain mainly two conclusions that are as
follows:

e Both models, power law or Pareto distribution and truncated lognormal distribution, might be outperformed by
another statistical law so as to achieve that the standard Anderson—Darling test yields non-rejections. Let us
recall that when assessing the adequacy at the tails, one should rely on such test [13].
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e The truncated lognormal distribution is statistically comparable or even better to the power law or Pareto distri-
bution for the cited datasets.

The rest of the Comment is organized as follows. The next Section describes briefly the distributions used. Sec-
tion 3 presents the data. Section 4 is a brief account of our results. The last Section concludes.

2. The distributions

Let us denote the size of the wealth of the top billionaires in the world by the variable x, measured in US billions
of US dollars. When dealing with wealth variable, it is not necessarily positive, as many people are heavily indebted
and therefore their wealth is negative. In any case we are considering here the very top of the wealth distribution
data in the world, so it would be necessary to consider the conditional distribution for the right tail as the full wealth
distribution is not known, but only the very extreme part of the right tail is available.

The first alternative we take for the distribution of top billionaires, advocated in [1], is the power law or Pareto
distribution (in [1] there is a slight missprint: their @ — 1 in the numerator should be only , so it should be in their

- —(a+1
paper for example fp(x; @, Xmin) = 7+ (XL o ), but it is important: such a change affects the form of the maximum
likelihood (ML) estimator of the Pareto distribution by a unit of difference), with probability density function (PDF)

given by (see, e.g., [14, 26, 27,7, 11, 12]):

ol @, o) = “‘1( X ) (1)

Xmin \ Xmin

where @ > 1 is the power law exponent and x,;, is the lower bound on power law behavior, that is, 0 < X < x. The
corresponding cumulative distribution function (CDF) is simply

X

l-a
cdfp(x; @, xmin) = 1 —( ) , O0<Xxpm<x

Xmin

However, one issue that has been highlighted in the research literature is that it can be difficult to distinguish a
power law with the upper tail of other heavy tailed distributions [14, 23, 4,7, 3, 5, 6, 11, 25, 33]. This means that there
could be other distributions that are a plausible fit to the upper tail of the data. An implication of this observation is
that an empirical analysis should also consider the fit of at least one alternative distribution to the upper tail [14, 7].
The authors of [1] use the lognormal and the exponential distribution.

As in [14, Table I], for the lognormal one should use a truncated lognormal for the upper tail. The other alternative,
the exponential distribution, is not appropriate if one expects that the data follows a power law. It is the natural
logarithm of the data which follows an exponential (see, e.g., [12]), and comparing the power law and the exponential
distribution for the same data is a very hard endeavour (see, e.g. [17] for some effects of taking logarithms of the data
on the underlying distribution).

So let us introduce the well-known lognormal PDF

L (_an(x)—m2
\/ﬂ(rx P 202

where u = E[In(x)] is the mean of In(x) and o > 0 is its standard deviation according to this distribution. Lognormal
distributions have been found to fit many economic and physical phenomena with heavy tails [24].

As mentioned, when dealing only with the upper tail using the lognormal distribution, one should censor it in the
usual way. Let us recall the general procedure [20]. Suppose we have a random variable X that is distributed according
to some PDF f(x), with CDF cdf(x), both of which have support equal to (—co, o). Suppose we wish to know the
PDF of the random variable after restricting the support to [a, b) with 0 < a < b < oo (because, as said, only the very
extreme part of the right tail is available). Then

Jin(p, 0) = ) » x€(0,00) @)

_ 8(x)
f(xla <X<b)= m 3)
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where g(x) = f(x)[({a < x < b}) and I is the indicator function.
Now, returning to the case of the lognormal distribution, @ = Xy, b = o0, cdf(b) = cdfin(c0) = 1 and the lower
truncated lognormal distribution with minimum value x, (see, e.g., [7, 11]) has PDF
Sin(xp, o)

SHs 0y Xmin) = !
June(x; (4, 0, Xmin) 1 = cdfiN(Xmins 4, 07) v

where x € [Xyin, 00) and

) 1 In(x) — u
cdfin(x; u, o) 3 + 2erf( Voo )
is the CDF of the lognormal distribution with PDF given by (2) (erf is the error function associated to the standard
normal distribution). The truncated lognormal distribution has been considered as an alternative to a power law in the
upper tail of wealth [7, 11] and the size of strikes [12].
If one wants to apply the construction of (3) for the Pareto case with a = Xy, b = 00, one would have

a-1 (L)—a 1 -a
- - o — X
f(xlxmin <X <o0)= T i~ = (_)
1-1+ (m) @ Xmin Xmin
Xmin

which is again the expression of the right hand side (RHS) of (1). This is to be expected, as this distribution has
support [Xmin, ©0) by construction.
Let us remark that for the lower truncated lognormal (4) the parameter u is no longer the expected value of In(x),

E[In(x)]. In fact, we have
. exp (-5 ) ([25
Eln(x)] = f 1K) fit (s O i) dx = 1+

Xmmin 1+ erf (H"\T}(E?ﬁn))

exp (_ /~‘2+(1§£—);min))2 ) \/go-xirln/i:z
H=In(Xmin)
1 +erf (—\@r )
In this expression, if x,, — 0, then u — E[In(x)] as expected. Since in all of our samples In(x,i,) > 0, we have that u

in (5) is the difference of two positive quantities and may be negative. This is observed indeed later for the estimated
truncated lognormal distribution for the samples in this paper.

and therefore

u = E[In(x)] -

&)

3. The data

The data used in this Comment is obtained from the web page https://stats.areppim.com/stats/links_billionairexlists.htm
and they are also used in [1]. This web page does not contain the full data of world billionaires for the years 2019 and
2020, and the data for these two years cannot be obtained in a simple or free way, making them to be not available.

So we will use the above data for the period 2010-2018 on a yearly basis. This does not invalidate our analysis.

Moreover, for the sake of brevity we will impose the same cut-offs to the obtained data sets as in [1] according to
their Table 2. Thus, our data is as described in our Table 1.

4. Results

We have estimated the parameters of the power law or Pareto distribution and truncated lognormal distribution by
ML estimation. For the index parameter of the Pareto distribution taking into account our specification (1), we can
use the ML estimator closed formula [14]

Xmin

" -1
cx=1+n(Zln( Al )] 6)
=1
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Sample Obs Mean SD Skewness Kurtosis Mean (Log scale) SD (Log scale) Skewness (Log scale) Kurtosis (Log scale) Min Max
2010 362 6.99585 6.50749 3.58729 20.87101 1.71189 0.61028 1.18659 3.91334 28 535
2011 563 6.28792 6.74985 4.31885 31.25266 1.55118 0.67441 1.11308 3.80102 22 74
2012 600 6.08716 6.50868 4.25306 30.24849 1.52177 0.66753 1.17596 3.88796 22 69
2013 611 6.82626 7.16804 4.34934 30.61189 1.64701 0.65795 1.12895 3.85878 25 73
2014 686 7.16574 7.82852 4.20985 27.53067 1.68338 0.66403 1.22682 4.13489 2.6 76
2015 511 9.10293 9.25298 3.90594 23.29646 1.95171 0.63150 1.24873 422177 35 79.2
2016 391 9.63375 9.09206 3.48100 18.42967 2.03326 0.60104 1.30657 430857 4 75
2017 716 7.63449 8.78315 4.50319 29.43380 1.74731 0.64720 1.43549 4.90181 29 86
2018 605 9.83570 11.30441 4.37670 27.58895 2.00116 0.64470 1.47332 4.98941 3.8 112

Table 1: Descriptive statistics of the truncated upper tail samples of world billionaires according to [1].

where x;, i = 1,...,n, are the data of wealth and r is the sample size of each data set. Note that the authors of [1] use

instead B
n x;
ap) = n[z ln( )] (7
i=1

Xmin

which would be the correct expression had they used as well for example another correct specification like fp(x; @, Xmin) =
ﬁ (ﬁm)_mﬂ). Thus, the ML estimator results for aq;; of [1] should be statistically equivalent to those obtained using
(6) minus one unit.

For the truncated lognormal distribution, we have used the command mle of the software MATLAB®.

Our results are presented in Tables 2 and 3. We observe that the difference of the corresponding (comparable)
results for the parameter @ obtained by using (6) and those of using (7) as in [1] differ in quantities statistically non
significant, using the standard errors (SE) reported by [1] for these estimations.

Sample a by (6) amn by (7) ap + 1 by (7) |A| SE of [ given by [1]
2010 2.46567 1.545 2.545 0.07932 0.082
2011  2.31108 1.311 2.311 8.75726E-05 0.055
2012 2.36366 1.364 2.364  0.00033982 0.056
2013  2.36851 1.369 2.369 0.000489018 0.052
2014 2.37385 1.374 2.374 0.000144011 0.052
2015 2.43072 1.431 2431 0.000278756 0.063
2016  2.54565 1.546 2.546 0.000343464 0.078
2017 2.46496 1.465 2.465 3.28206E-05 0.055
2018 2.50113 1.501 2.501 0.000135689 0.061

Table 2: ML estimators of the power law or Pareto distribution by (6), by (7) and their comparison. The xp;, are those described in Table 1.

Sample u o
2010 -1.85977 1.67579
2011 -1.91105 1.75919
2012 -3.43608 2.02004
2013 -2.57208 1.87488
2014 -3.41233 2.03699
2015 -2.27454 1.83083
2016 -4.02569 2.06889
2017 -8.02712 2.66278
2018 -14.8595 3.41277

Table 3: ML estimators of the truncated lognormal distribution for our samples. The xp;, are those described in Table 1.

In Table 3 they are shown the ML estimations of the parameters y, o of the truncated lognormal distribution (4)
for the employed data sets. It is observed that the u’s are always negative, something that it is allowed by virtue of
(5). In Table 4 this relation is independently verified computing separately the two terms on the RHS of (5) either by
sample or density expectations, subtracting and comparing with the corresponding u.
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Sample u RHS of (5), sample RHS of (5), density
2010 -1.85977 -1.85977 -1.85977
2011  -1.91105 -1.91105 -1.91105
2012 -3.43608 -3.43608 -3.43608
2013 -2.57208 -2.57208 -2.57208
2014 -3.41233 -3.41233 -3.41233
2015 -2.27454 -2.27454 -2.27454
2016 -4.02569 -4.02569 -4.02569
2017 -8.02712 -8.02712 -8.02712
2018 -14.8595 -14.8595 -14.8595

Table 4: Computation of the right hand side (RHS) of (5) using the sample mean of log(x;) and using the mean of log(x) of the density (4) and its
comparison with the estimated ML u for each sample. The xp, are those described in Table 1. It is verified (5) in all cases.

Afterwards, we have performed standard Kolmogorov—Smirnov (KS), Cramer—von Mises (CM) and Anderson—
Darling (AD) tests to assess the adequacy of the fits. Let us recall that the AD test is very convenient when assessing
the fit at the tails [13]. The results are shown in Table 5. From this table, we observe that the KS and CM test yield
non-rejection almost always (the only exception is the 2013 sample for the LNt and by a very small margin), and on
the opposite side the AD test yields almost always rejection (the only exceptions are the samples of 2010 and 2016
for the Pareto and the 2010 for the truncated lognormal distribution). This means that the fits at the tails, and we
are working at the very upper tail only, might be improved by another different distribution to those of Pareto and
truncated lognormal. Let us remark that there exist studies that offer a very good fit in terms of AD test even with
a much higher sample size than in the current samples, see, e.g., [29, 30]. So in much more demanding situations it
is possible to obtain a better fit at the tails. Let us recall that the Anderson—Darling test has increasing power with
sample size [31].

So the first conclusion is that both Pareto and truncated lognormal distribution might be outperformed by another
different distribution.

Pareto LNt
Sample KS CM AD KS CM AD

2010 0.404 (0.047) 0.489 (0.122) 0.085 (2.06) 0.392 (0.047) 0.531 (0.112) 0.104 (1.900)
2011 0.261 (0.042) 0.196 (0.244) 0.000665 (6.350) 0.127 (0.049) 0.311 (0.179) 0.000819 (6.160)
2012 0.345(0.038) 0.354 (0.162) 0.00211 (5.280) 0.089 (0.051) 0.236 (0.217)  0.00155 (5.570)
2013  0.201 (0.043) 0.193 (0.246) 0.00116 (5.830) 0.0486 (0.055) 0.127 (0.310) 0.000639 (6.390)
2014 0.375 (0.035) 0.315 (0.178) 0.0029 (4.990) 0.102 (0.046) 0.203 (0.239) 0.00236 (5.180)
2015 0.654 (0.032) 0.507 (0.117) 0.030 (2.920) 0.721 (0.030) 0.574 (0.102) 0.034 (2.810)
2016  0.763 (0.033) 0.597 (0.097) 0.051 (2.470) 0.302 (0.049) 0.403 (0.146) 0.043 (2.620)
2017  0.401 (0.033) 0.633 (0.090) 0.00589 (4.350) 0.401 (0.033) 0.47 (0.126) 0.00488 (4.520)
2018  0.540 (0.032) 0.447 (0.133) 0.018 (3.320) 0.344 (0.038) 0.291 (0.188) 0.014 (3.570)

Table 5: Results of the KS, CM and AD tests for the hypothesized distributions and the samples used. The format is p-value (test statistic). Non-
rejections at the 5% level are marked in bold.

In order to select amongst the two models we use three well-known information criteria. They are:

e The Akaike Information Criterion (AIC) [2, 8, 9], defined as

AIC =2k—-2InL"

where k is the number of parameters of the distribution and In L* is the corresponding (maximum) log-likelihood.
The minimum value of AIC corresponds (asymptotically) to the minimum value of the Kullback-Leibler diver-
gence, so a model with the lowest AIC is selected from among the competitors.
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e The Bayesian or Schwarz Information Criterion (BIC) [8, 9, 32], defined as
BIC = klIn(n) —2InL"

where k is the number of parameters of the distribution, n the sample size and In L* is as before. The BIC
penalizes more heavily the number of parameters used than does the AIC. The model with the lowest BIC is
selected according to this criterion.

e The Hannan—Quinn Information Criterion (HQC) [8, 9, 18], defined as
HQC = 2klIn(In(n)) = 2InL*

where k is the number of parameters of the distribution, n the sample size and In L* is as before. The HQC
implements an intermediate penalization of the number of parameters when compared to the AIC and BIC. The
model with the lowest HQC is selected according to this criterion.

The results in our case are displayed in Table 6. In it, it can be seen that the LNt is selected most of the time
by both AIC and HQC, and only the BIC yields selection of the Pareto more often. The overall picture is that the
truncated lognormal distribution performs not worse than the Pareto one.

Sample
2010
2011
2012
2013
2014
2015
2016
2017
2018

Pareto
log-likelihood
-849.54621
-1300.459
-1342.9057
-1441.5818
-1639.5527
-1335.6923
-1024.0653
-1710.3243
-1582.4162

AIC
1701.09242
2602.91805
2687.81136
2885.16352
3281.1053
2673.38459
2050.13066
3422.64852
3166.83241

BIC
1704.98407
2607.25133
2692.20829
2889.57862
3285.63618
2677.62096
2054.09937
3427.2222
3171.23764

HQC
1702.63949
2604.60968
2689.523
2886.88083
3282.85839
2675.04538
2051.70373
3424.41466
3168.54664

LNt
log-likelihood
-846.958
-1295.5675
-1339.9239
-1437.7734
-1636.3129
-1332.7093
-1022.8734
-1709.215
-1582.061

AIC

1697.91599
2595.13502
2683.84785
2879.54683
3276.62585
2669.41864
2049.74685
3422.43001
3168.12203

BIC
1705.69928
2603.80158
2692.64171
2888.37702
3285.6876
2677.89137
2057.68427
3431.57737
3176.93248

HQC

1701.01013
2598.51829
2687.27112
2882.98144
3280.13202
2672.74023
2052.89297
3425.96231
3171.55048

Min AIC

1697.91599
2595.13502
2683.84785
2879.54683
3276.62585
2669.41864
2049.74685
3422.43001
3166.83241

Sel AIC
LNt
LNt
LNt
LNt
LNt
LNt
LNt
LNt
Pareto

Min BIC
1704.98407
2603.80158
2692.20829
2888.37702
3285.63618
2677.62096
2054.09937
3427.2222
3171.23764

Sel BIC
Pareto
LNt
Pareto
LNt
Pareto
Pareto
Pareto
Pareto
Pareto

Min HQC

1701.01013
2598.51829
2687.27112
2882.98144
3280.13202
2672.74023
2051.70373
3424.41466
3168.54664

Sel HQC
LNt

LNt

LNt

LNt

LNt

LNt
Pareto
Pareto
Pareto

Table 6: Maximum log-likelihoods, AIC, BIC, HQC information criteria and the selected model according to each of them for each sample.

Sample BIC LNt BIC Pareto  Bayes factor Conclusion

2010 1705.69928 1704.98407  1.42990397 Evidence in favor of Pareto

2011 2603.80158 2607.25133  0.17819539 Moderate evidence in favor of LNt
2012 2692.64171 2692.20829  1.24198121 Evidence in favor of Pareto

2013 2888.37702 2889.57862  0.54837335 Weak evidence in favor of LNt
2014 3285.6876 3285.63618 1.02604519 Evidence in favor of Pareto

2015 2677.89137 2677.62096  1.14477589 Evidence in favor of Pareto

2016 2057.68427 2054.09937  6.00413017 Evidence in favor of Pareto

2017 3431.57737 3427.2222  8.82499205 Evidence in favor of Pareto

2018 3176.93248 3171.23764 17.2432469 Evidence in favor of Pareto

Table 7: Computation of the approximate Bayes’ factors BF' ~ exp (%(BIC;;Nl - BIC{,)) and conclusions according to Jeftrey’s scale [21, 16, 10].
Let us perform Bayes factors’ tests, for the distributions truncated lognormal and Pareto, as attempted in [1]. The

Bayes factors can be approximated [21] by the expression BF' ~ exp (%(BICiN[ - BIC;,)) and the interpretation is as

follows: if BF' < 0.1, we have strong support for model LNt, if 0.1 < BF' < 1/3, then the support is moderate, while a
Bayes factor greater than 1/3 suggests a weak support for that model. There is a evidence in favour of Pareto model if
BF' > 1. We observe in Table 7 that similar conclusions to the outcome of the BIC information criterion are achieved
by the Bayes factors’ tests.

We continue our brief analysis with a standard statistical test to assess whether two models are statistically equiv-
alent or not, known as Vuong’s test [34]. This test is used very often when assessing the statistical difference of
non-nested models. However, when the models are nested or non-nested the usual log-likelihood ratio test (LRT) may
be used [22], but then when the models are non-nested one should simulate the distribution of the log-likelihood ratio
statistic as it is no longer distributed necessarily as a chi-square distribution. The authors of [1] attempt to consider
log-likelihood ratio tests for the non-nested models Pareto, lognormal and exponential and say:

6
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e That the tests’ statistics are 2(In(Li; — Li,)) and 2(In(L}, — L{EXP)) instead of the correct log-likelihood ratios

(LRT) 2(In(L},; ) — In(Li ) and 2(In(L},; ) — ln(Lgxp)), respectively.

o That the (in the best case, the correctly written) LRT statistics in the first point of this list are both distributed as
the chi-square distribution with two degrees of freedom X(zz), which, according to [22], need not to be the case
since the compared models are non-nested.

For the sake of simplicity, we will use only Vuong’s test [34], where it is proved that its test’s statistic for non-
nested models, namely the normalized difference of the log-likelihoods is distributed always as a standard normal
variable. The authors of the paper [1] do not consider normalized difference of the log-likelihoods so actually they do
not perform Vuong’s tests.

Sample Pareto vs LNt
2010  0.132 (-1.504)
2011 0.046 (-1.990)
2012 0.107 (-1.610)
2013 0.079 (-1.755)
2014 0.098 (-1.653)
2015  0.113 (-1.581)
2016 0.299 (-1.036)
2017 0.326 (-0.980)
2018  0.569 (-0.568)

Table 8: Results of Vuong’s test for the null hypothesis that the Pareto and truncated lognormal are equivalent statistical models. The format is
p-value (test statistic). Non-rejections at the 5% level are marked in bold.

Our results are shown in Table 8. In it we can see that the Pareto and truncated lognormal distributions are almost
always non rejected to be statistically equivalent, with the exception of the year 2011 (rejection in favour of the LNt).
But always in Table 8, the test’s statistic of Vuong’s test is negative, meaning a slight preference for the truncated
lognormal distribution.

We complete the study by showing the Zipf’s plots for the Pareto and truncated lognormal distributions in Figure 1.
In these graphs, we observe visually that the fits of the truncated lognormal distribution (green) is as good or even
better than those of the Pareto distribution (red). We observe as well that the actual data (blue) depart from linearity,
with ups and downs, in a clear way, something that has been shown before in [26, 27].

So we have a second conclusion: the truncated lognormal distribution is statistically comparable or even better to
the Pareto distribution for the top billionaires wealth data at least in the period 2010-2018.

5. Conclusions

In this short Comment we have seen that the main conclusion of [1] is debatable: that there is statistical evidence
that the upper tails of the world billionaires data sets (data measured in US billions of US dollars of wealth of individ-
uals) follow a power law or Pareto distribution. This is not a new result, indeed in the previous references [26, 27] it
is shown that the upper tail distribution of billionaires in Canada and in the world may be regarded as non-Pareto.

On the contrary, we have shown that there is statistical evidence on two points that are opposite to the former
thesis. Namely:

e The power law or Pareto and truncated lognormal distributions might be improved in principle by a different
distribution to achieve a good description of the upper tail, in the sense of non-rejection by Anderson—Darling
tests, for the data used in [1]. This is in line with [7].

e The truncated lognormal distribution is a comparable or even better model to the power law or Pareto distri-
bution in terms of goodness-of-fit, statistical and graphical criteria, all for the upper tail data used in [1]. This
result is also in line with the results of [7, 11].

Thus the conclusions obtained in [1] should be modified.
7
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Figure 1: Log-rank plots for the truncated upper tails, using the power law or Pareto distribution (red), the truncated lognormal distribution LNt

(green) and the empirical data (blue).
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