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Discrete Holder spaces and their characterization via semigroups
associated with the discrete Laplacian and kernel estimates

LUCIANO ABADIAS AND MARTA DE LEON- CONTRERAS

Abstract. 1In this paper, we characterize the discrete Holder spaces by means of the heat and Poisson semi-
groups associated with the discrete Laplacian. These characterizations allow us to get regularity properties
of fractional powers of the discrete Laplacian and the Bessel potentials along these spaces and also in
the discrete Zygmund spaces in a more direct way than using the pointwise definition of the spaces. To
obtain our results, it has been crucial to get boundedness properties of the heat and Poisson kernels and
their derivatives in both space and time variables. We believe that these estimates are also of independent
interest.

1. Introduction

Classical Holder spaces C*(R"), « > 0, o ¢ N (also denoted by CX#(R") or
CHBRM), beingk+ 8 = «, k € Ng, and 0 < B < 1) are classes of smooth functions
that are very important in partial differential equations, harmonic analysis and function
theory. When 0 < « < 1, they are defined as the set of (bounded) functions f such
that

[f(x4+2) = f)| < Clz|* x,z e R". (1.1)

These spaces are in between of the space of bounded continuous functions, C*(R"),
and the one of bounded differentiable functions with bounded continuous derivative,
C!(R™). These spaces are usually called either Lipschitz or Holder classes. Foro = 1,
the natural space was introduced by Zygmund [39, Chapter II] and it is the set of
continuous and bounded functions f such that

|fx+2)+ f(x—2)—2f(x)| <Clz], x,z€R"
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This space is commonly known as the Zygmund’s space, and we shall denote it by Z.
It can be shown that if we denote by Lip the space of functions satisfying (1.1) for
o = 1, then C'(R")C LipC Z, see [17]. Given « > 1, C*(R") is the set of functions
such that all the derivatives of order less or equal than [«] are continuous and bounded
and the derivatives of order [«] belong to C*~[*I(R").

In the 1960s, Stein and Taibleson, see [28,33-35], characterized bounded Holder
functions via some integral estimates of the Poisson semigroup, {e™~ M}WO, and
of the Gauss semigroup, {¢*®};~¢. The advantage of this kind of results is that the
semigroup descriptions allow to obtain regularity results in these spaces in a more
direct way, avoiding the long, tedious and sometimes cumbersome computations that
are needed when the pointwise expressions are handled. The works of Taibleson and
Stein raise the question of analysing Holder spaces adapted to different “Laplacians”
and to find their pointwise and semigroup characterizations.

In [12], Lipschitz spaces adapted to the Ornstein—Uhlenbeck operator, O = — % A+

x -V, were defined by means of its Poisson semigroup, {e‘y‘/ﬁ}wo, and in [20] a
pointwise characterization was obtained for 0 < o < 1.

In the case of Schrodinger operators, —A + V on R"*, n > 3, where V satisfies a
reverse Holder inequality for some ¢ > n/2, adapted Lipschitz classes were pointwise
defined in [6] for 0 < o < 1.In [22], the authors characterized these spaces by means
of the Poisson semigroup {e¢ ¥ ~2+V} y>0 and they got boundedness of fractional
powers of —A + V in these spaces for 0 < o < 1. Recently, in [10] it was extended
the pointwise and semigroup (heat and Poisson) characterizations to therange 0 < « <
2 — n/q. In addition, the authors used those semigroups definitions to get regularity
results regarding fractional operators related to —A + V. Moreover, in the particular
case of the Hermite operator, —A + |x|2, in [9] the authors got, for every & > 0, a
characterization by means of the heat and Poisson semigroups of the adapted Holder
spaces defined in [31] and also of the adapted parabolic Holder spaces introduced in
[9].

Regarding the heat operator, 9; — A, in [32] the parabolic Holder spaces intro-
duced by Krylov, see [18], were characterized by means of the Poisson semigroup
{e‘y\/‘(’th }y>0 and the authors used this semigroup characterization to show regular-
ity properties for fractional powers (3, — A,)*°.

In [4], it is proved that, in a general metric measure space (M, d, ;) where p is
doubling, if L is an operator such that the heat semigroup {¢'L},-¢ is conservative,
i.e.e’L'1 = 1, and the associated heat kernel satisfies Gaussian bounds and a Lipschitz
condition in the spatial variable, then the Holder spaces adapted to L (defined by
increments) can be characterized by means of the heat semigroup, for 0 < o < 1.

In this paper, we shall deal with the discrete Holder spaces, C*(Z), « > 0, « ¢ N,
whose definition we are going to recall in the following lines, and also we will intro-
duce new discrete Zygmund classes, Zy, o € N. Our first aim is to prove semigroup
characterizations of these spaces by using the heat and Poisson semigroups associ-
ated with the discrete Laplacian, —A,. The heat kernel associated with the discrete



J. Evol. Equ. Discrete Holder spaces, their characterization via semigroups Page 3 0f 42 91

Laplacian neither has Gaussian control at zero, see [14,23], nor satisfies a Lipschitz
condition, see Remark 2.5. Therefore, our results are not covered by the ones in [4]
and the kernels have not the same kind of good estimates and homogeneity properties
than in the works in the literature we cited above. These are the first main difficulties
we have faced in this problem, and we have been able to sort them out by obtaining
new estimates for the kernels and their derivatives, see Sect. 2.

For f : Z — R, consider the discrete derivatives “from the right” and “from the
left”,

Sright f(n) := f(n) — f(n+1), Beref(n) := f(n) — f(n—1).

Observe that 8righteft f = Sleftdrighe f and this implies that every combination of these
operators is not affected by the order when they are applied. For more properties of
these operators see [1,2].

Now, we recall the definition of discrete Holder spaces introduced in [8]. For 0 <
a <1,

Ca(Z)l={f:Z—>R: SUPM<OO

n#m ln —m|*

In general, fora =k + B > 0, where k € Ngp :=NU {0} and 0 < 8 < 1,

ls Is
C*(7Z) = {f :Z — R: sup |8right/13ﬁf(n) - 8right/leftf(m)| - .

n#m |n_m|ﬁ
Vi,s e Ngst. [+ s =k},

l
right

the end we apply / times dyignt and s times Jjefe), and S?ight f= ngt f=f.
Observe that £°°(Z) functions are trivially in C%(Z). Furthermore, we will prove,
see Lemma 3.1, that for every f € C*(Z), « > 0, there exists C > 0 such that

where Sﬁi’ght Jleft *= 8iohtOege (Or any other combination of these operators such that in

lfm)] < CA +[n|*), nelZ.

Moreover, when o € N, we define the discrete Zygmund classes, Z, as

N P T o0
Z]._{f.Z—>R. ]+|.|EE (Z) and
IfC+nm+ f(—n) =2l }
sup <00
n#£0 |n]
and forax € N\ {1},
f

; et¥@) and sl f €71 I+s=a—1]

V4 :={ Z—->R: ———
* ! 1+]-]
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Both definitions of C*(Z) and Z,, involve pointwise estimates of the functions. Our
first aim will be to get their characterizations by means of semigroups.
Let A4 denote the discrete Laplacian on Z, that is, for each f : Z — R,

Agf)n):=fm+1)=2fn)+ f(n—1), nel

The solution of the discrete heat problem

{8,u(t,n) —Aqu(t,n)=0,neZ,t>0, (12)

u(0,n) = f(n), newx,

is given by the convolution u(t,n) = e'®d f(n) = Zjez Gt.n— j)f@(y) =
> jez G(t, j) f(n — j), where the discrete heat kernel is

Git,n)=e 2 1,2t), neZ, t>0,

being [, the modified Bessel function of the first kind and order n € Z, see Sect. 2 for
more details.

It seems that H. Bateman in [5] was the first author dealing with the solution of (1.2).
Moreover, he studied a broad set of differential-difference equations (heat and wave
equations), whose solutions are given in terms of special functions: the Bessel function
Ju, the Bessel function of imaginary argument /,,, the Hermite polynomial H,, and the
exponential function. In the past years, many mathematicians have been working in this
discrete heat setting. For example, in [15, 16], the author studies large time behaviour
for ¢! f in £P(Z) spaces by using the semidiscrete Fourier transform. In [7], the
authors do a deep harmonic analysis study of this problem. In [21], the authors study the
spectrum of Ay on £7(Z), the associated wave problem, and holomorphic properties
of %24 f.In [27] the author proves that the solution of (1.2) behaves asymptotically
as the mean of the initial value, and in [3] the authors study large time behaviour in
£P(Z) for the solutions of (1.2) with a non-homogeneous linear forcing term.

On the other hand, the solution of the discrete Poisson problem

dv(y.n) = Aqu(y.n) =0, n € Z, y =0,
v(0,n) = f(n), n €7z,

is denoted by v(y, n) = e ¥Y~=24 f(n), y > 0, n € Z. Moreover, Bochner’s subordi-
nation formula (see [38, Chapter IX, Section 11]) allows us to write

eIV f(n) = 7B f(myd

2\/—/ t3/2
-y 2f/ 7 T G| Fo—

JEZL

=Y PG )f(i—j) ¥>0, nel

JEL
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To the best of our knowledge, an explicit expression of the Poisson kernel P(y, j) is
not known. However, by using the subordination formula and our new estimates for
the heat kernel, we will be able to obtain useful bounds for P(y, j), see Sect. 2.

Now, we consider the following spaces associated with the discrete Laplacian. Let
a > 0. We define

_ S
T4
19" Flloe < Cat 2 k = [a/2] + 1, 1 > 0},

A‘jﬁ,::{f:Z—)R: € £°°(Z) and 3 C, > 0 such that

A = {f Z— C Z |f(J)| < 00 and 3Cy > 0 such that

3™V "2 fllog = [a] 4 1, y>o}

The condition on the functions ﬁ € L>*(Z), a > 0, will be enough to have the
heat semigroup and its derivatives well defined. However, for the case of the Poisson
semigroup, we need a more restrictive condition, Y jez llfr(l% < 00, see Sect. 2 for
the details.

Now, we present our main results. The first main theorem we prove is the charac-
terization, for every a > 0, of the pointwise spaces C*(Z) and Z,, by means of the
heat and Poisson semigroups.

Theorem 1.1. (A) Leta > 0.
(A1) Ifa ¢ N, then A, = C¥(Z).
(A2) Ifa €N, then A, = Z,.
(B) Let f : 7 — Rsuch that ZjeZ >|'
(B.1) Foreverya >0, o ¢ N,

feC¥Z) < feAf, < feA}.
(B.2) Foreverya € N,
feZy<= feA} = feAb.

To prove previous theorem, some estimates about the discrete heat and Poisson
kernels and their derivatives are crucial (see Lemmas 2.3, 2.4, 2.6, 2.8, 2.9). These
results complement, extend and improve some of the ones obtained in [3,15,16]. We
believe that ours results are also of independent interest because we give general
pointwise and £!-estimates for the difference and derivatives of any order of the heat
and Poisson discrete kernels.

Once the semigroup characterization is obtained, we have been able to get regularity
results for fractional operators related to Ay, such as Bessel potentials, (I — Ad)’ﬁ,
B > 0, and the fractional powers (—Ad)iﬁ. For the definitions of these operators, see
Sect. 4.
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Theorem 1.2. Leta, 8 > 0.
G) If f € A%, then (I — Ag) P2 f € A%
(i) If f € £°(Z), then (I — Ag) P2 f € AD).

To define the fractional powers of Ay, it is necessary to define auxiliary spaces of
sequences £,y > —1/2, y #0,

lu(m)]
y:_{u 7Z— R: Z(1+|m|)1+2}’ <oo}.

These spaces are the discrete analogue of the spaces needed in the case of the Laplacian
in R", see [26], and they were introduced in [8] for y € (—1/2,1), y # 0 and, for
sequences f € £, the authors got a pointwise convolution expression for (—Ag)” f.
We consider these spaces £, for any y > —1/2, y # 0, and we are able to complete
the results in [8] and extend the pointwise expression of (—Ay)Y f, for y > 1, see
Lemma 4.1 and Remark 4.2.

The following theorems were proved in [8, Theorems 1.5 and 1.6] for nonzero
powers between —1/2 and 1 in the discrete Holder classes depending on o« > 0
(observe that, when o € N, the spaces considered in [8] are not the discrete Zygmund
classes). In [8], the authors obtained their results by using the pointwise definition of
the fractional powers of the Laplacian. Our results cover all nonzero powers bigger
than —1/2, and our proofs will be more direct and systematic.

Theorem 1.3. (Schauder estimates) Leta > 0and 0 < 8 < 1/2.
() If f € A% N €_p, then (—~Ag) P f e AGF.
(i) If f € €X(Z) N l_p, then (~Ay) P f € A?f.

Since the operator — A4 consists of second order differences, (—Ag) o - - - o (—Ay) f,

m times

m € N, is well defined for any f : Z — R. Thus, the fractional powers of —A of
order 8 > 1 can be defined as

(=Ag) o0 (=Ag) (—ADPTPIF) for f e tg_),

[B] times

where (—Ad)of = f. However, we will use the definition of (—Ad)ﬁf, B >
given by formula (4.1) because it is valid for f € £g, which is a larger class of
functions than £g_g). In fact, for 8 € N and f € £g, we have that (—ADPf =
(—Ag)o---0(—Ay) f, see Remark 4.2.

B times

—_

Theorem 1.4. (Holder estimates) Let «, 8 > 0 such that 0 < 28 < a.
G) If f € A% N g, then (—A P f € ASF.
() If f e A and B e N, then (=Ag)o---0(=Ay) f € Ay

B times

aZﬂ
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Discrete Holder classes can be defined in the mesh of step 4 > 0, Zj, := {nh : n €
Z3}, see [8]. All our results also hold in this setting, and the proofs can be obtained
following step-by-step procedures that we are presenting in this paper. However, for
simplicity we have written the results when 7 = 1. Moreover, doing a tedious work
component to component, one can repeat the results in the multidimensional case Z}]y .

The paper is organized as follows. In Sect. 2, we prove all the results concerning
pointwise and norm estimates of the discrete heat and Poisson kernels and semigroups.
In Sect. 3, we prove Theorem 1.1 and all the properties related to these spaces. Finally,
in Sect. 4 we prove the results regarding the applications and Theorems 1.2, 1.3 and 1.4.

Throughout this article, C and ¢ always denote positive constants that can change
in each occurrence.

2. Discrete Gaussian and Poisson semigroups
2.1. Bessel functions
2.1.1. Some known results

Along the paper, next estimates for the Euler’s gamma function will be applied in
some results. Recall that for every «, z € C,

TF'z+a) — 20+ a(o + 1)

-2
To 2 +0(lzI77), lzl = oo,

wheneverz # 0, —1, -2, ...andz # —o, —a—1, ..., see[36, Eq. (1)]. In particular,

['(z+a) 1
To (1+0<|z|>>’ @€ G Nea =0

We denote by I,, the modified Bessel function of the first kind and order n € Z,
given by

00 t 2m+n
=S — , No, t € C,
n(®) gm'l"(m—i-n—}-l)() e he

and /_, = I, forn € N.

Now, we give some known properties about Bessel functions 7, which can be found
in[19, Chapter 5] and [37], and we will use along the paper. They satisfy that 7o (0) = 1,
I,(0) =0forn #0, and I,(t) > O forn € Z and t > 0. Also, the function 7, has the
semigroup property (also called Neumann’s identity) for the convolution on Z, that
is,

LG+9) =Y In@h-n(s) = Y In(Oln-n(s), t,5>0,

mez meZz
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see [11, Chapter II], and it satisfies the following differential-difference equation:

K] 1
—hLit) =\ Li-1(®) + L1 (t) ), teC. 2.1
ot 2

Furthermore, for eachn € Z and N € Ny

e

C (D (] . .
\/2m(Z (21)k + <W>> largt| < 7/2, (2.2)

k=0

() =

with a0 = L and for k = 1 @, = @E=DEE3 @’ @1Y) e (19, (5.11.10)].

C . ..
< ¥t being Cy n a positive

[Tl

The previous big “o” function satisfies ‘0 zl\’%

constant depending on n, N. In particular, see [19], we have that

et
1, (1) =Ct17+Rn(t), (2.3)

where |R, (t)| < Cpe't =32, for t — oco.
The generating function of the Bessel function I, is given by

tta ]
P Zx”[,,(t), x#0,teC. 24

nez

From the generating function (2.4), it was proved in [3, Theorem 3.3] that, for every
k € No,

Yo =ep), Y L@ =0, >0, 2.5)

nez nez

where each py(t) is a polynomial of degree k with positive coefficients, po(f) = 1,
and pr(0) =0 forall k € N.

The following identities will be useful to define fractional powers of the discrete
Laplacian:

oo ,—ct —
/ e “y(ct) ~ (20)VT(1/2+4y)(n y), c>0,—12 <y <n.
0

v+l U Fn+1+y)
(2.6)
see [25, Section 2.15.3, formula 3, p.305], and
o b ) s
In(t) = o~ / eSO qp, 2.7)
—TT

see [7, Proof of Proposition 1].
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2.1.2. A new important property of Bessel functions

The Bessel function I, has the following useful integral representation:

t" L B
mf_le B —s?)""12ds, neNg, 10, (28)

that we generalize in the following lemma.

I, (1) =

Lemma 2.1. Let n € Ny. Then, for all j € N such that n — j € Ny one can write

_ (_l)jtn_j s Q] 1(s, 1) n—1/2—j
I (@) = ﬁ2”‘fF(n +1/2—j) / ti— T (- ) ds, (29)

. j—1
with Q—1(s,1) = Y h_g ¢jm1—k,j—1 (D).

Proof. By (2.8), it follows easily integrating by parts that (2.9) holds for j = 1 and
Qo(s, t) = 1, where we have differentiated (1 — s2)n=1/2 gnd integrated e ~’. Doing
the same procedure, differentiating (1 — s2)"~1/27/  integrating e ~*"s Q j—1(s, 1) and

denoting
Qj(s, 1) := —12e! (/ e w1 (w, 1) dw)

one gets Q1 (s, 1) = st+1, Qa(s, 1) = s2t>+3st+3, which satisfy (2.9) for j = 2, 3.
Thus, by iterating the previous arguments we get, for j > 3,n— (j + 1) € Ny, that

(1)) = G+D) 1 o
W0 = i i Ly ([ e an)

(2.10)

s

(1 — s2yn=1/2=G+D g

s

B (_1)j+1[n—(j+1) 1 —tsg 2 1 ot
= tra—ta—pla o ) /e wQj—1(w, 1) dw

s

(1 — s2yn=1/2=G+D) g

j+1,n—(+1
= DI~ v 20 (s, )1 — s 120D g
Jr20=UFDr (i — 172 — ) !

Moreover, if for some j € N we can write Q;_1(s, 1) := Z,j(;(l) cj,l,k‘j,l(st)k for
certain coefficients ¢j_1_, j—1 > 0, then by [24, Section 1.3.2, formula 6, p.137] it
follows that

J
Qj(s, 1) =—e" ch—k,j—ltk+l(/ e Wik dw),

k=1
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J i s
— . . | . . !
_ch_k’l_lk'+z ol ch—k,]—1k~
m=1 k=m
J J
k!
—_— JR— . . m
=2 | X ki) 6D

j
= Z Ciom. ()™, (2.11)
m=0

and the proof is over. g

Remqu 2.2. Note that, by (2.11), if Qj(s,t) = 21{:0 cj_k,j(st)k, being c;j_i, ; =
J
m! . i i—1)!
Z ch—m,j—h it follows that co,j = %Co,j_l = %Co,]‘_z = ... =
m=max{l,k}
co,0=1,andalsoc; j =c;_1,j, forall j € N.

Also, note that since (2.10) holds, then

. —-4d9.
tQj(s, 1) tzdsQ](s’t) =s5Qj1(s,1),

and therefore a few calculations give
Ck,j = Ck,j—1 + Ck—1,;(j — k+1), k=1,...,j—1. (2.12)
Note that by the recurrence formula (2.12), one gets

cr,j=crj-1+jej=crj1+j=crj2+(G-D+j="---
. i(j+1
=CO,1+2+...+]=J(J2—),

and

G-DiG+h _
! -
234 (G=DiGHD

1
— . My = (=D + DG +2),
2t ——++ > 72V~ DiG+DG+2)

cj=cj-1+(—Deyj=cj1+

where we have applied c22 =12 = % In general, it follows by induction that

1
=—— (j—k+1)---(j+k), k=1,...,j—1. 2.13
lf,l(zv)(J ) (J ) J ( )

2.2. Discrete heat kernel

Ck,j

As we have said, G(r,n) = e 21,(2t) is the fundamental solution of the heat
problem on Z, (1.2) (it is a straightforward consequence of (2.1)). In the following,
we present some key properties for this heat kernel.
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From the theory of confluent hypergeometric functions, see [19, Section 9.11], we
have

1
/ e—4txsy—ot—1(1 _ S)a—l ds
0

N (ADF T(a + k
:[‘(y_a)e—éttz%ﬁ, Rey > Rea >0 (2.14)

and therefore by (2.8) and a change of variable, one gets, forn € Ny, and ¢ > 0,

1
G(t, n) — e—4tssn—1/2(1 _ s)l’l—l/z ds

n4n
JAT(n+1/2) /0

1 M un1/2< u\"=1/2
= e "u"" 1—— du
Jar F(n-+1/2)]£ 4t)

zun E:mnhxn+u2+m

kKl TQn+1+k) " 215

In the following, two lemmata we prove new pointwise estimates for the difference of
any order of G(¢, n).

Lemma 2.3. Let! € Ny, and n € 7Z, then

Cy
G(t.m)l = PSSV A 0.

Proof. Note that for [ = 0 the result follows by (2.2) taking N = 0. If / € N, take
N = [+ 1)/2], then

| 8r1ght

N

(=D¥apjx 1
<>( DJ(,; @k +O<rN+1>>

1
Z( )( 1/ an+,k+0< N+3/z)

j=0

rlghtG(n n =

i

Note that fork =0, ..., N, ay;  is a polynomial in j of order 2k, so we can write

Qnyjk = Z?,]‘:O Yok J(J—1---(j — p+ 1), being y) » x real coefficients (for
p = 0 we have the constant term yg , x). Then,

! 1 min{2k, j}
XX)(U%mk=XX>(DJ§:VMwU D--(j=—p+D
=0 j=0
min{2k,l} .
= Z ypnkz( ) (~D/jG =D G —p+1D
mm{2kl

Z ﬂpnkzz( )( 1/,
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with B . k1 real coefficients. Since k = 0, ..., N, with N = [(I + 1)/2], it is not
difficult to see that previous expression is null whenever k =0, ..., N — 1, and it is
not null when k = N. Therefore,

1
i
Srigni G (n, 1) = ,1/2+[(z+1)/2] + O<t3/2+[(z+1)/2])’
and the result follows. U

Lemma 2.4. Let! € N, and n € Ny. Then,

rlght ]/2

”/2]<< n+1/2?
u=0

1/2—u
; ) G(t,n+1-—2u)

-1

1
+CiGt,n) Y

u=I[1/2]+1 !
being C; a positive constant which is independent on t and n.
Proof. Letn € Ny, t > 0. Note that by Lemma 2.1 we have
1

l .
0= 3 ()0 s

J=0

_ " /1 o151 — sHyn=1/2 1+Xl: sQj_1(s,1) ds
VAT (n+1/2) ) —~\j) i1

j=1
Now, by Remark 2.2, we write
$OQi_1(s,1) Loy 2
() () B
! j=1 J k=0
L1 it s/
=1+ () Cu,j—1
j=1 17 =0 o "
1 / -1 1 I /
=X () mm 2 (e
j=1 u=1 Jj=u+1
-1 [—u—1 i
= ! -
(S+ ) +’; u k_o (u+k+l>cuk+u5

— (D k+2)
1= 2

Observe that ¢ x+ and therefore

-2 -2

: —2
§<k+2>c1k+1s —l(l—l)Z( >Sk:l(l—l)(l+s)l_2_
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Now consider the case u = 2, ...,[l — 1. Taking into account (2.13), we have
— u +k+1 u,k+u
1 [—u—1 _1
=——I(l—=1---(—un) < )(k+u+2)"'(k+2u)sk.
[To=12v) Z

Since (k + u + 2) - - (k + 2u) is a polynomial in k of order u — 1, we can write
k+u+2)---(k+2u = Z;;B bpuk(k —1)...(k — p + 1), being b, real
coefficients (for p = 0, we have the constant term by ;). Then,

[—u—1

l—u—1 x
Z ( L )(k~|—u+2)"'(k+2u)s
k=0
I—u—1 I —u—1 min{u—1,k}
=Y ( L ) D bpukk—=1)...(k—p+ s
k=0 p=0
min{u—l,l—u—l}b l—u—1 (l Cu— 1>k(k 1) (k 1) .
= —1...ck—p+1)s
min{u—1,/—u—1} l—u—1 Cu—1-—
= > bpul—u-1- (l—u—p)z ( )sk
p=0
min{u,l—u}
= Y dpuus” N+ DI,
p=1

with d), ,,; € R. Therefore, we have that

1
r1g]'1t] ([) e*l‘S(l _ s2)n*l/2 <(S + 1)1

tl‘l
JT2'T(n + 1/2) /_1

-1 1 minf{u,l—u}
+Y = > dpuusts+ 1)’—“—1’> ds.
u= p=1

tu

Taking into account that |s| < I for s € [—1, 1], by a change of variable we have

8L G (2, n)|

right

[—1 | minfu,l—u)

14" 1 -
<C— —4ts .n—1/2 1 — n—1/2 [+
e NATESTO Y 42

[1/2]

u=1 p=1
fh—ugn

=G Z « ST +1/2)

1
e—4tssn—1/2+l—2u(1 _ S)n—l/2 ds

hugn 1
Z \/»1_‘( n 1/2) ef4tssn7]/2(1 _ S)n—1/2 ds
n

u=[l/2]+1
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/21
SCZZtn YT (n 41— 2u + 1/2) _4,i @AHkr(n + 1/2 + k)

Jrl(n+1/2) pard kKT@Rn+1+1-2u+k)
-1

1
+CG@En) Y -

u
u=[1/2]+1

where in the last inequality we have used (2.14). Now take u = 0, ..., [[/2], and note
that m := [ — 2u is positive. An easy computation shows that
F'n+1/2+k) <CF(n+m+1/2+k)
Tntl+1—2u+k — 'TQnt2m+1+k)’

for all n, k € Ny. Also, %21%1/2) < Cy(n+ 1/2)™. Then, by (2.15) we have

U/21 n—uyn 1—2u o k
I (4 1/2)1 2 GOFT(n +1 = 2u+1/2 + k)
Bl Gl < Y / “y /
=~ JT < KT +1—2uw) + 14K
-1
G(t,n)
+C Y _
u=[1/2]+1
/21 N -1
(n+1/2) 1
_tl/22< / ) Gt.n+1-2u)+CG(t.n) Y .
u=0 u=[l/2]+1

O

Remark 2.5. Letl,n € N,and ¢ > 1. From the previous lemma, if | <n < JE— 1/2,
then

G(t,n)
|8rlghtG(t’ n)' S C t1/2 3
and if n > /t — 1/2, then
G(t,n)(n+1/2)!
|8nghtG(t, n))<cC 1 .

In particular, the previous bounds are also valid when r € (0, 1]. Since G (¢, j)
is decreasing for j € Ny, then |8nghtG(t,n)| < CG(t,n), G(t,n) < % and

G(t,n) < cw forall7 € (0, 1] and n € N.
Moreover, by using Lemma 2.1 with n 4+ 1 and j = 1, we have that

e " b 2\n—1/2
SightG(t,n) = ———— TP+ sA =)
right (t,n) ﬁI‘(n 1/2) '/;1 e ( $)( 5%) X
1 €_2tln

1
- 1,2
< 2 2s 1 _ 2y 120, = Gt .
—2ﬁr(n+1/2)/_le (1 =57 * 5 cnth

Therefore, since the kernel G (¢, n) does not satisfy a Gaussian control, it will not
fulfil a Lipschitz condition as in [4].
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The following result shows decay rates for the £'-norm of the differences of any
order. The first difference was proved in [3, Theorem 4.3]. One should keep in mind

that ZjezG(t, =1
Lemma 2.6. Let! €e Nandt > 0, then
. 1
18t G, )l 1= Y 8 G ¢, )l < C min{l, ).
JEZ

Proof. Lett > 0.1Ift € (0, 1], then it is clear that ZjeZ |8£ightG(t, J)| < C. Now let
t > 1. Then,

> 1l G )] = (Z + Z)|5£igm6(t, D=1+11.
JEZ st 1jl>1
On the one hand, by Lemma 2.3 we have that

C C C

I'= @ = jan =

On the other hand, since |8£ightG(t, Dl = |5£ightG(t, |jl = D] for j < —I, we have
that

11=Z|6£igmc(t,j>|522|63gm6<r,1>|52( >+ ) )laﬁigmca,m

[j1>1 j=1 1<j<Ji—-1/2  j>i—1/2
j=1

=I1.1+112.

Let now k be the least natural number such that 2k > [. Then, by Lemma 2.4 and
Remark 2.5 we have

C ) C
II.lSW Z G(LJ)SW,
1<j<Vi-1/2

and

C
112<— 37 Ga.pijl+1/2

j>N1—1)2
j=1
C 2k Cpr(2t) C
= a2k > G pj*ts e =
j>i—1/2
J>«j/?zl/

O

Remark 2.7. Note that the £'-norm of the even differences 2/ of G(z, n) can be seen
as the ¢1-norm of the derivative or order [ in time. In this case, our result coincides
with the ones proved in [15,16].
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2.3. Discrete Poisson kernel

The discrete Poisson kernel is defined as

2
Po = [ Ga ydr, jez 0
s = — — t, t, € 4, > 0.
» =g /0 a7 J J y
Since we do not have an explicit expression in terms of known functions for P(y, j),

we will take advantage of the subordination formula and the properties we have proved
for the heat kernel, G (¢, j), to get some estimates of the Poisson kernel.

Lemma 2.8. Let y,c > 0andl € Ny. The following estimates hold:
W [P0 )| = 0S5 T

i) [P, )| = -2 j£0.

(iff) |01 8righ P(, ])‘ <k jek

(i) [0435gn PO, )| = 5550 40

Proof. First, we prove epigraphs (i) and (ii). Observe that, from [3, Lemma 4.1 (i)]
we have that, for 0 < ¢ < |j|2, |G(t, j)| < C#, andforr > 0,G(t, j) < G(t,0) <

ﬂ%’ for j € Z. Since foreveryl € N, y,c,t > 0

o’ o’ I—1 o? ey

(Yo e"r _ C ylemT Cye
8y< £3/2 )‘ SCt1/2+1 = Y1 Elsp 57 Py R (2.16)

_o?

oo
and/0 y;—/; dt = C < oo, it follows that, for j # 0,

CVz ('Vz
9 PG )| C(/mzye_} ek [y )
y O D=1, B2 P e B2 7
o2

- c
<C / y dr < —,
yijl o 7 132 Y+ 15D

Cy (" 1 1 2 | y
8’P(y,j)‘§—</ —.—dt+/ —dt ) < C——.
‘ Y ye\Jo 13215 i 12 Y2

The case j = 0 in part (i) follows from (2.16) and the fact that G (¢, 0) < C fort > 0.
Now, we prove epigraphs (iii) and (iv). Since G (¢, j) = G(t — j) for j € N, and
G(t,j+ 1) <G(t, j) for j € Ny, from Lemma 2.4 we get that

|8rignt G (£, j)| < Cj 12 G, j+ 1= CJ 1z G, j), forjeNo

and
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and
. . . [jl+1/2 . .
[8right G (2, DI =G, |j) — G, [jl — D] = CfG(t, ljD, for j < —1.

Therefore, we have that
i+ 1/2
[Bright G (£, )| < C(mt—/)G(t, |jl), forevery j € Zand t > 0.

Also, we have fort > O and j # 0,

|8rlghtG(t ])| <C {

see [3, Lemma 4.1 (ii)]. Thus, by using (2.16) and the estimates above we get that, for
j ez,

o2
| _C e el
3§3rightp(ysj)‘ =< —,/0 Y7 %G(n])dr
2 2
C(jl+1/2) A C(|J|+1/2)

< = t3/2 —G(t jde < G(t j)dt
_C
- yl+2’

where in the last inequality we have proceeded as in epigraph (i), and for j # 0

cy 2

2
C( I e © T 1]
lg. . - _

2

_c /00 e—%dt c
ViR Jo 7 32 yHjI?

IA

O

_o?

oo
The previous lemma also holds when we substitute P(y, j) by / yet3—/;dt,
0

being ¢ > 0 an arbitrary constant.
From Lemma 2.6, we can get the £'-norm estimates for the Poisson semigroup.

Lemma 2.9. Lety > 0.
(1) 197 Py, )l = D195 P(y, j)I < Cy™, for every m € Ny.
JEZ

@) 18k P, Ml =Y 18 P (v, ) < Cy ™!, for every I € No.
JjEZ
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Proof. Lety > 0and m € Ny. By (2.16) we have that

CV2
C [*® e T C
m . 1
> 1o Py, )l < y—m/ Y 2 G Dt =
jez 0 jez
On the other hand, Lemma 2.6 implies that
).2 ).2
. y [Te I . e w c
sL . P(y, <—/ N st G, dr<C/ - dr< —.
12€%| right (y .])l = 2\/7? 0 t3/2 ngl right ( ])l =CYy 0 t3/2+l/2 = yl

O

Remark 2.10. Taking into account that P(y, j) satisfies the Poisson equation, the
results in Lemma 2.9 imply that

187 P (v, )l = 195 P(y, )1 < Cy™2, y > 0.

2.4. Heat and Poisson semigroups

The following lemma contains crucial observations to get our results.

Lemma 2.11. e Let f : 7 — R be a function such that the semigroup ¢'®d f is
well defined for every t > 0. Then, Siignie'® f and 3'e'®d f, | € N, are well
defined. Moreover,

Sighe' X f(n) = Y GrignG(t.n — P F() = G(t. )brign f(n — ).
JEZ JjEZ
(analogously for §jef)

and, fort =t + to, where t, t;,t > 0,
e M f ()i, = Y 0, G (11, )™ f(n — )
JEZ
=Y G, )I,e™ ™ f(n — j).
JEZ

o Let f : 7 — R be a function such that e ¥ =24 f is well defined for every
y > 0. Then, 8iignee™ v _Adf is well defined. In addition, if

CVZ
o a2
Zy(/ 63_;G(t,j)>|f(n—j)|<oo, y>0,neZandc >0,
o 1/

JEZ
then B;e_)’V —Ad f iswell defined for everyl € N and the properties above-stated
for the discrete heat semigroup are also fulfilled for the Poisson semigroup.

Proof. Suppose that f : Z — R is a function such that e’ f is well defined for
every t > 0. Then, it is clear that 8gne’? f and d!e’®¢ f are also well defined for
every [ € N. Moreover,
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Srighte' ™ f (n) = €' f(n) — &' f(n + 1)
=Y Gt,n—NFG =Y Glt,n+1=jf(Q)

jeZ JeL
= GrignG(t.n — ) ()
JEZ

and, by performing a change of variables, we get that

Srighie' ™ f(0) =Y G(t, N f(n—j) =Y G, Nf(n+1-j)

JEL JEL
=Y G, Noign f(n = ).
JEL

On the other hand, for t = #; + #o, where ¢, 1, £, > 0, the semigroup property gives

B f(n) = 1R (M ) (n) =Y Gt e f(n — j).

JjeZ
Furthermore, since
atetAd f(”)|t:tl = 3tle(t1 +t2)Adf(n) — 3,26(” +10)Ag fn),

we obtain that

e ™ f (Wi = Y 0, G(tr, NN fn = j) =) G(tr, dpe™™ f(n— j).

JEZ JEZ

Now assume that f : Z — R is a function such that =¥V ~24 f is well defined for
every y > 0. Then, it is clear that 8;gnre™ >V —Aa f is well defined. Also, if

o?

Zy(/o ;—/;Ga,j))mn — )l < o0

JEZ

foreachy > 0, n € Z, and ¢ > 0, then, by (2.16), Bie_yV _Adf is well defined for
every [ € N. The remaining properties can be obtained analogously to the heat kernel
case. U

Next, we study functions for which the semigroups are well defined.

Lemma 2.12. Let f : Z — R.

A. Suppose that for certain « > 0, 1+| I"‘ € £°°(Z). Then,
(i) Foreveryt > 0, ¢'d f is well defined and

le' f(n)] < C(1+ |n|* + %), neZ.
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(ii) Foreveryl e N, andt > 0,

. ! -
|8tgne’ > f(m)] = € ((1 + |n|) min {1, W} +1o72 1/2) . nel

(iii) lim '™ f(n) = f(n), for everyn € Z.
t—0 )
B. Suppose that f satisfies Yy, l‘i(lﬂ‘z < 00. Then, e YV =24 f is well defined for
everyy > 0 and lim0 e VTR f(n) = f(n), foreveryn € Z.
y—

Proof. We start proving A.(i). Lett > 0, n € Z and m be the smallest natural number
such that 2m > «. By using (2.5), we have that

M fm] < CY G, H(L+1n—jI*) < CY G, HL+Inl* +1jI%)
JEL JEL

. 2m—o

sclt+m+ Y. G pliI*+ Y, G(r,j>|j|“min{ﬂ,|j|}

: : NG
lilsvit Ll>7

. 1

In the last inequality, we have used that |p,,(2¢)| < C,if0 <t < 1, and |p,,(2t)| <
Ct™ whenever ¢t > 1.

Next, we prove (ii). Let t > 0, n € Z and m be the smallest natural number such
that 2m > [ 4+ «. Then, since ZjeZ |8£ightG(t, J)| < Cmin{l, ﬁ} (see Lemma 2.6),
we have that

|8kignie’ > F W] < C D (8 G (2, DI+ 0% + 1]%)
J€EZ

< CA+1n) Y 185Gt DI+ C D 18 Gt DI+ 2] + 171
ljl=t 11>l

. 1 N
=C(1+ |n|"‘)mm{1, ﬂ?} +C Z |3ﬁigmG(l, DI
lj1>1
Recall that if j < —I, one can write |5§ightc(t,j)| = |5§ightG(t, [jl — DI, with
|jl —1 > 1, so by Remark 2.5 and Lemma 2.6, it follows that

> 18l G DI

[jI>1
<Y 8L G DIAT+1* +171%) < C Y 18k Gt, DI

g g

j=1 j=1
1 o o

SC<t“/2 Y G DI+ Y G+ Y G(r,f>|f|“>

I<j=<Vi J=i=1 01>ft1

<t<

- : 1 -
< c<r“/2 2 4 p(2t) min {—tl+m—a/2—1/2’ 1}) < C(1 417712,
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In the last inequality, we have used that | p,,, (2¢)| < C,if0 < ¢t < 1,and | p,,, (2t)] <

Ct™ whenever t > 1.
Now, we prove (iii). Note that

le'2 f(n) — f(n)| = ZG(L D —j)—fm)| < CZG(I, DA+ [n]* +171%).
J#0 J#0
On the one hand,

Y G HU+n*) =1+ n*)1 = G(t,0) -0, t— 0,
j#0

since G(¢,0) — 1 ast — 07. On the other hand,

> G DI < pm@0) - 0, t— 0T,
J#0

being now 2m > «. Then, the result follows.
Finally, we prove B. Let [n| < A, A € N. We can write

f = fxuji<ea)y + fxgjis24) == fi + fo.

Note that when |j| > 2A one gets | j| < 2|n — j|. Then, by Lemma 2.8 (ii) we have

eV R pm < Y Pun—DIfFDI<C Y = I2|f(;>|
[j1>2A [/1>2A
<Cy Z |f$J2)| )
=T

asy — 0.

On the other hand, we have that f; € £7(Z) for each p > 1, and e'dd is Co-
semigroup on ¢”(Z), see [7]. In particular, it is strongly continuous at the origin in
£P(Z), and therefore pointwise, that is,

lim e VTR f () = fi(n) = F ).
y—)

We conclude that e ™YV =24 f is well defined forevery y > Oandlimy ,ge v —Ad f(n) =
f(n), forevery n € Z. O
Lemma 2.13. Letf : Z—> R.

1. If f satisfies 1+| IE’ € L°°(Z), for certain a > 0, then, for everyn € 7, m :=
mi + ma, withmy, mp € Ng and | € Ny, such that & 5 +1 > a/2, we have that

mip,m tA
alanglht/lzeft ¢f(n) -0, ast— oo.
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2. If f satisfies Z/eZ lli(lﬁﬁ < 00, then, for every n € Z, m := mj + ma, with

mi1,mo € Ng andl € Ny, such that m + 1 > 1, we have that

dLay e VTR f(n) - 0, asy — oo,

Proof. Suppose that f satisfies 1+\ “, € £>(Z), for certain « > 0, and let n € Z and
mi, ma,l € Ny such that Z 5 +1 > a/2. There exists n’ € Z (n' is comparable to n)
and g = 2l +m +my € N with ¢ > « such that

|8t8;?éh$12eft lAdf(n” = |8nght tAdf(n/”-

Then, it follows from Lemma 2.12 A (ii) that (Snght e'Ad f(')—0, r— oo.

Now, we prove 2. Suppose that f satisfies > jez 1|i(\§)\‘2 < oo and let n € Z and
mi,ma,l € Ngsuchthatm +1 > 1.

Suppose first that m = 0, and [ € N. By (2.16) we have that, for every y > 0 and
new,

jaye VTR F(n)] < ( o+ > )|3;P<y,j)||f<n—j>|dt =: Al + BI.
ISy =YY

Note that by Lemma 2.8 (i) we have that
C+./y)

l > S1f(n— )l =0, y— oo,
y mff(+||>

Al <

and by Lemma 2.8 (ii),
c
Bz ¥ colfa=pi— 0, y— .
L=y

Secondly, since 83y, e 7>V f(n) = Age VTR f(n+ 1) = 92V f(n +
1), the case when m is even follows from the previous one.

Finally, it remains to prove that, for/ € Ng and n € Z, 8§8righte_y V=Ad f(n) — 0,
asy — o0o.Let/ € Ng, n € Z and y > 0. We write

00 8gne >V R Fl < | D0+ D | 188gn P (v, DI — j)lde
VARSVATR VI EVAY
= A2 + B2.

On the one hand, by Lemma 2.8 (iii)

1+ 1 .
,+2 S lf-pl< (Hz” Y el 0y
[J1=Vy 1=y
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and by Lemma 2.8 (iv)

c .
B2§; Z —|f(n J)|—>O, y — 00.

12
VEVA] Jl
The case including §jef; is analogous. O
Lemma 2.14. 1. Let f : Z — R satisfying 1#’;',"& € £L°(Z), for certain a > 0.
For every k,l € N such thatl > k > [a/2] + 1 and t > 0, the following are
equivalent:

(i) [[0Ke™™ flloo < Ce7HH2 (i) |0l f|loo < C17IH/2,

2. Let f : Z — R satisfying ZjeZ ll-fi-(li)llz < oo. For every p,q € N such that

p>q>lal+ 1,0 >0andy > 0, the following are equivalent:

(i) 9%V 78 flloo < Cy™0T%, (i) || e ™V 72 flloo < Cy P T

Proof. We only do the proof for the heat kernel and the case k = [«/2] 4+ 1 and
| = k + 1. The rest of the cases are analogous.

Suppose that f satisfies (i). Then, by the semigroup property and Lemma 2.6, we
have that

01" f(n)| = C > 0uG @, lu=i/205e"™ f(n = )=/
JEZ
< Clfe"™ flomipalloo D 10uGu(i)lu=1/2
JEL
< Cr k2=l o2,

Conversely, suppose that (ii) holds. Since foreachn € Z, atk e'® f(n) — Oast — oo,
see Lemma 2.13, we have that

19fe' 2 f(n)| =

[e9]
/ O e M f(mydu| < Crm+He/2,
t

Lemma 2.15. Let f : Z — R.

o Suppose that [ € AY,, for some a > 0. Then, for everyl € No and m € {1, 2}
such that 5 +1 > [a/2] + 1, we have that
10 8 flloo < ComF*E,
mi,my € No, mi +mpy=m, t > 0.



91 Page 24 of 42 L. ABADIAS AND M. DE LEON- CONTRERAS J. Evol. Equ.

e Suppose that f € A5, for some o > 0. Then, for everyl € Ny and m € {1, 2}
such thatm + [ > [a] + 1, we have that

[ emimy  —yJ=Ag _(4m)te
||ay8right/lefte flloo < Cy ,

mi,my € No, my +mpy=m, y > 0.

Proof. We only do the proof for the heat semigroup. For the Poisson is completely
analogous. Suppose that f € A%, for some o > 0. We consider first the case [ >
[a/2]+1,m € {1, 2}. From the semigroup property, Lemmas 2.6, 2.14 and Remark 2.7,
we have that

108 rge 4 F )| = C |3 Skt G, Plume 28" f(n = oz
JEZL

< CllaLe"™ flu=t/2lloo | Y Stign et G s Dlu=t/2
JEZL
< criHe/zmmi2, (2.17)

Now assume that [ < [«/2] + 1 and m € {1, 2} so that % 4+ 1 > [a/2] + 1. Then,
| = [e/2] and m = 2. Then, by using (2.17) with [«t/2] 4 1 derivatives in the variable
t and the fact that 8,[a/2]5:f£};:7feﬂemdf(n) — 0ast — oo for each n € Z (see
Lemma 2.13), we get that

Lgmi,my  tAg —
10; Srignetenc® ¢ S ()| =

o0
/ BLE“/ZHISKg'};Im/feﬁe'A“f(n)du < Cplre/2mm)2,
t

O

3. Proof of Theorem 1.1
In this section, we are going to prove Theorem 1.1. For that aim, we need to prove
some results that are important to understand the classes C%(Z), A%, and AS.

Lemma 3.1. Leta > 0, ¢ N, and f € C*(Z). Then, there exists a constant C > 0
such that

[f(m)] < CA +[nl*), nel.

Proof. Assume first that 0 < « < 1. Then, |f(n)| < |f(n) — fO)| + | f(0)] <
C( + |n]*).

Now, assume that I < a < 2. By definition, this means that Syghe f, Slert f €
C*~1(Z) and, from the previous case, we have that

|8right f ()| < C(1 + [n]*™1)

and the same inequality holds for S f .
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Therefore, forn € N,
[f] < |fm)— fn—=D]+---+ (1) = fFO)]+ [

= 8en S (DI + 1/ (O]
j=1
< Cn(1+n*H+ £ < CU+[n*).

Similarly, for n € Z_ = Z\Ny,

lfm = 1fm) = fr+ DI +---+1f(=1) = fOI+]fO)]

-1
= gt f (DI + 1 £ O)]
Jj=n
< Clal( 4 [2* ™Y + [ £O)] < C(1+ [n]*).

By iterating the previous arguments, we get the result for o > 2. U

The following theorem was proved in [9, Theorem 4.1] for the Hermite operator
and [10, Theorem 5.6] for general Schrodinger operators satisfying a reverse Holder
inequality. The proof for the discrete Lipschitz spaces is the same, so we omit the
details.

Theorem 3.2. Leta > Oand f : 7 — Rsuchthatzjezl )||2 <oo. If f € AY,
then f € AS.

Theorem 3.3. For0 < a < 1, C*(Z) = A, = AS.

Proof. Let f € C¥(Z),0 < o < 1. From Lemma 3.1, we have that ]‘Il’j;l'lrl € L*(Z).
Since the total mass ZjeZ G(t, j) = 1, we can write

0" fm)| = D 0Gt,n— HFG) = fm)| < C Y 1:G, NI

JEL JEL

Since 0,G (¢, j) = AqgG(t, j) = BUghtG(t,j 1), and &
G(t,|jl — 1) for j < —1, we can write for every t > 0,

. 2
rlghtG(t’ J—=D= 8right

D IaGE DI =2 185Gt j — DI

J€Z j=1

< Z Z )|8rlghtG(t»j - 1)||j|a

I<j=vi  j>V1

< ( el Z |5nghtG(t,j - 1)||j|“>,
NG
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where in the last inequality we have applied Lemma 2.6. Assume first that + < 1.
Then, j > /1 if and only if j > 1, so we have, by (2.5), that

D 183Gt j = DIJI* <CY Gt )+ 1> < C(1L+ pi(21) < Ct~'H/2,
j>1 j=0

Now assume that ¢ > 1. If j > 4/f, then j > 2 and therefore, j < 2(j — 1). Thus, by
using Lemma 2.4, the fact that G (¢, j) is decreasing in j € Ny and (2.5), we get that

o) i —1/2)?
D 18 G = DIJIT < — 37 Gt j - 1)(% + 1>|j|“

=G =g
C . .4 p2(21)
< 5p 2 G =D -1 = Crs
j=2
< Ccr 1t/
Sincefor0 < o < 1afunction suchthat IJIF-);.lla € {*°(Z) also satisfies ZjeZ llfr(li)llz <

00, from Theorem 3.2 we know that A%, € A%.
Now, we prove that A";, C CYZ). Let f € A",‘J and n # m integer numbers. We
assume without loss of generality that m > n. We fix y = |[n — m| > 0. Then,

1 (n) = F(m)| < | f(n) — e V=R )| + |e V=24 f(n)
— eV f(m)| + eV A f(m) — f(m)]
=) +UD+UID.

From Lemma 2.12 B and the hypothesis, we have that

1) = ‘ / e £ (n) du
0

y
§C/ u_1+°‘du=Cy°‘=C|n—m°‘.
0

The same computation works for (/717).
On the other hand, by using Lemma 2.15, we get that

le VTR f(n) — e VTR f(m)| < |n—m|  sup

n'€ln,m—1]

<Cln—m|y "% = Cln — m|*.

Srighte YV TR f(n')

We conclude that f € C*(Z). O

Theorem 3.4. Let0 < o < 2and f : Z — C be afunction such that ﬁ € L>*(7)

and jez llf_(lj)llz < 00. The following are equivalent:

(1) fe Ay,
Q) f €A%
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(3) f satisfies

IfC+m)+fC—n)=2fO)leo
sup < 00

3.1
n#£0 [n|* G-D

Proof. From Theorem 3.2, we know that (1) = (2). Let f € AS. If0 < < 1,
then from Theorem 3.3 we have that

[f(nt+m)+ fn—m)=2fm)| <|f(n+m)— f)|+|f(n—m)— f(n)]

<C|m|%, n,m € Z.

Now assume that | < o < 2 and, without loss of generality, that m € N. Then, for
y =m and n € Z we have

|f(n+m)+ f(n—m)—2f(n)]
<|fn+m)—eV 2 fm+m)+ f(n—m)—e >V 2 f(n—m)—2f(n)
+ 267V A f ()|

+ eV f (4 m) 4+ eV TR f(n—m) —2e VTR f ()| =1 + 11

If ] <o <2, Lemmas 2.12B and 2.15 gives that
y
I = '/ (Bue YA f(n + m) 4 due YA f(n — m) — 20,¢ 7Y A4 £ (n))du
0

y
sCo [ (s (ddne S g
0

n'€ln,n+m—1]

+osup [N (") )du

n’eln—m,n—1]

y
<C m/ u e dy = Cm?.
0

If @ = 1, by using that d,e “Y~24 f(n) = — N 32e VA f(nydw + dye IV A
f(n), we have that

y y y
I < C/ / w—ldwdu + ‘/ (8ye_»"\/ —Adf(n +m) + 8),6_}’\/—Adf(n —m)
0 Ju 0

—29ye V7R f(n))du

)7
=C (ylog(y) —[0 10g(u)du> +yllmlC sup [Srgmdye VT f ()]

n'eln,n+m—1] i

+osup [Srignedye TV TR F ("))

n"€n—m,n—1]

<C(y+ymy H=Cmnm.
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On the other hand, we have that
1= (Y72 f(ndm) — eV f(n b m — 1) 4+ (V72 f(n + 1)
— e VTR f(n))
— @V ) = e VTR (= 1)) = = (@Y (= m + 1)
— e VT f(n —m))|

=D Grignie Y2 f(n = j) = Srigne VTR (n+ j — 1))
j=1

m
<y 12j—1
j=1

Finally, we prove (3) = (1). Suppose that f satisfies (3.1). Since G(¢, j) =
G(t,—j), j € N, and 3;¢'®1 = 0, we have for ¢ > 0 that

sup Sright (Brighee >Y 24 f(n))| < Cm®.
n'e[n—j,n+j—2]

1
3 )] = |5 3G D= )+ fn+ ) =2 )

JEZL

<CY 196G, HIJI*
JEZ
The rest of the argument follows as in the proof of Theorem 3.3. 0
Remark 3.5. Notice that in the previous theorem, the assumption » jez llf- (Iﬁlz < o0is

only needed in the implications in which A9, appears. It can be proved that (1) <= (3)
only assuming that the function satisfies ﬁ € L (2).

Theorem 3.6. Leta« > 1 and f : Z — R. Then, f € AY, if, and only if Syign f €
-1

A

Proof. Suppose that f € A%, and let k = [a/2] + 1.

We prove first that % € £*°(Z). Take n # 0. From Lemma 2.12 A (iii), we
have that

|8right f(m)| < sup &' 8pign f ()]

0<t<|n|?

A ZA
< sup [ 8rign f(n) — el A S f (n)]
0<t<|n|?

2
+ 1" M rign f (n)| = A + B.
Regarding B, by using Lemma 2.12 A (ii) we get that

2 _
|B| = |8rgnee™ 2 f(n)| < C(1 + |n|*7 ).
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To deal with A, we have to distinguish cases. If | < o < 2, then

In|?
A= sup | [ B fnd
O<t<|n|? |/t
<C sup (|n|7"F* 47V < 014 e h.
0<t<|n|?

Now consider the case 2 < o < 4, o # 3. Then, [¢/2]+ 1 = 2 and from Lemma 2.15
we have that

> [ pinl®
Al = sup f / 02 Bgnie” £ (m)dw + Dbugne’™ f)| ) du
O<t<|nf? |/t u v=ln|
Il plnf?
<C sup / / w SR dwdu + (0l = 03, Signe™ fo0|
0<t<|n|? t u v=|n|

0<t<|n|?

Inf?
<C sup (/ <|n|3*"—u3/2+“/2>du+(|n|2—z)avsﬁgme”dﬂn)]Unlz)
, -

<C sup (In| (R — 1)+ (n) e — 722y

0<t<|n|?
v=\ﬂ|2)

< Cl*™" + ClnPaubagne™ fon) (3.2)

+(|n)> = 1)8yrignee® 2 f (n)

Now, we use Lemma 2.12 A (ii) to get

1+ |n|*

= 83N f(n — D] < C—5 .
n

A
av8rightev df(”)’ right
v

=|n|?

Therefore, |A| < C(1 + |n|*~1).

In general, if « is not an odd number we can proceed as in (3.2), but writing [«r/2] + 1
integrals, such that inside the inner integral will be 8,[,? / 2]+18righte“)Ad f(n).

If « is odd, we have to proceed similarly, but now it will appear some logarithms in
the integrals. We do the case « = 3 to illustrate the computation, but the rest of the
cases are analogous.

) du
v=|n|?

v_|n|2>
v=n|2)

Al = sup

O<t<|n|?

In|? |n|?
/ (/ 35)8rightewAdf(n)dw + 3v5rightevAdf(n)
t u

> plnl?
< sup / / w dwdu + (1 — 13 Seghe”™ f(n)
t u

0<t<|n|?

n|?
<C sup (f (log(In) — log w)du + 1?3 Srgne?™ £ (n)
t

0<t<|n|?

=C sup [log|nl*(In|* — 1) — (In|*log |n|*) + |n|?

O<t<|n|?
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Frlogt =14 InP oS M ) ]

< Clnl + ClnPaudagne™ f)| < CA+ ).
V=

In|? —
Now, we prove the condition on the semigroup. Lemma 2.15 implies that
198 8rignie"™ flloo < Cr=kF1/DT/2 — y=ht gt

Since E)tkSrightetAdf = atke’Ad (8right f), see Lemma 2.11, from Lemma 2.14 we get
that 8igh f € A%

Assume now that 8gn f € AY —1 . By definition, we have that a Jflglll‘;f ‘1) € L%°(2).

Thus, the proof of Lemma 3.1 gives that (lJlrf‘ ‘I‘” € L°°(Z).

Letk = [(¢ — 1)/2] + 1. From Lemma 2.15 we have that
10 Srefee’ ! (Srignt f)lloo < Cr™®FIDHET! = =Gt D45
Since 3% iefce’ 24 (Sright f) = 9f Siefidrighie’ 2 f, we have that
19f Age"™ flloo < Cr=*FTDTE,

Therefore, (1.2) gives that [|3f ¢! f|og < C1~*+D+/2 5o from Lemma 2.14 we
conclude that f € AY,. g

Theorem 3.7. Let o > land f : Z — R.If f € A, then Ssign f € Aojfl

Proof. Letk = [a]. Suppose that f € A%. Then, ZjeZ {iﬁ% < ooand Lemma 2.15
implies that

||8k8r1 hteiy“/TAdf”OO < Cy*(k+l)+ol — Cy7k+a,1.
y ng

. Stioht f . Ny v
It is clear that ZjeZ % < 00. Moreover, since Bly‘Bﬂghte Y Adf = 8’;

e‘yv—Ad(Srightf), see Lemma 2.11, from Lemma 2.14 we get that Jgn
fe A‘;‘)_l. O

Remark 3.8. Since Sjefy f (n) = —drighe f (n—1),n € Z,itis clear that Theorems 3.6, 3.7
hold for jef;.

Finally, we can prove Theorem 1.1.

Theorem 1.1. (A) Leta > 0.
(A1) Ifa ¢ N, then AS, = C¥(Z).
(A2) Ifa € N, then Y, = Z,.
(B) Let f : Z — R such that Z,ez I ])ll < o0.
(B.1) Foreverya >0, o ¢ N,

feC'(Z) = fe ANy < feAp.
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(B.2) Foreverya €N,
feZy = feA} = feA%.

Proof. We prove first (A.1). In Theorem 3.3, we have proved the result for0 < o < 1.
Letk < a < k+1, for certain k € N. Assume first that f € A%,. Then, by applying k
times Theorem 3.6 we get that 8£i’ght Jleft f e A"Ifl_k, | + s = k, and from Theorem 3.3
and the definition of C*~*(Z) we get that

I L
|8ri;ht/]eftf (n) — ari;ht/]eftf (m)]
n#m In — m|a—k

< 00, wheneverl+s =k,

so f € C*(Z).

Conversely, suppose that f € C*(Z). From Lemma 3.1 we know that H‘—j|0~||“ €
£>°(Z). Moreover, the definition of the space gives that 8£i’ght Jleft fecCc k@), lI+s =
k. Therefore, Theorem 3.3 implies that (Sﬁi’ght Jleft f e A‘};—k, [ +s = k. Applying k
times Theorem 3.6, we conclude that f € A?I.

Regarding the proof of (A.2), we proceed as in the proof of (A.1), but now we use
Theorem 3.4 (see Remark 3.5) instead of Theorem 3.3.

In virtue of Theorem 3.2 and (A.1), to establish (B) we only need to prove that
feAN, = feC*Z).Let f € AS. Then, by applying k times Theorem 3.7 we
get that 8£i’ght Jefe S € A‘;‘fk , 1 +s =k, and from Theorem 3.3 and the definition of

C* %) we get that

1. Ls
|8ri{;ht/leftf (n) — Sright/leftf (m)]

< 00, wheneverl +s =k,

n#m In —m|a—k
so f € C*(Z).
Regarding the proof of (B.2), we proceed as in the proof of (B.1), but now we use
Theorem 3.4 instead of Theorem 3.3. g

4. Applications

In this section, we shall prove regularity results for fractional powers of the discrete
Laplacian in the Lipschitz spaces defined through the heat semigroup. To this aim, we
recall the definition of the fractional powers of the discrete Laplacian, by using the
semigroup method, see [8,29,30]. For other works considering fractional powers of
the discrete Laplacian, see for instance [13,21].

Let I denote the identity operator. For good enough functions, we define the fol-
lowing operators:

e The Bessel potential of order 8 > 0,
1
I'(8/2)

o d
(I —ANPPfm) = /0 e_T(I_Ad)f(n)rﬂ/z?r, neZz.
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e The positive fractional power of the Laplacian,

L[> [Bl+1
pﬁwﬁﬂmzzgﬁ (e —1) f()lw,neZ,ﬂ>O,(4D

where cg = [;7 (e77 — 1)[/3]4_1 T‘f‘—iﬁ.

e The negative fractional power of the Laplacian,

(=A)Prmn) = L/ooemdf(”)d—r neZ, 0<p<1/2
re Jo rl=p’ ’ ‘

The previous formulae come from the following Gamma formulae, see [8],

B — 1 /OO e MB g’ and AP = i Oo(e—?»t — A i’ 4.2)
') Jo t cg Jo t1+h
where 8 > 0 and A is a complex number with SRe A > 0.
As shown in Theorem 1.2, Bessel potentials of order B > 0 are well defined for
f € AY,, o > 0. However, the fractional powers of the Laplacian, (—Ad)iﬂ, are not
well defined in general for A"[‘{ functions and an additional condition is needed. In [8],
the authors assumed that the functions belongs to the space

|u(m)|
eiﬂ—{u Z — R: ZW<OO},

in order to define (—Ay)*? f, where 0 < B < 1 in the case of the positive powers
and 0 < B < 1/2 for the negative ones. Note that such spaces are the analogues in the
discrete setting of the ones considered in [26] for the Laplacian in R”. The choice of
these spaces is justified since the discrete kernel in the pointwise formula

(=A™ f(n) =) Kigtn—m)f(m), neZ, (4.3)
mez
satisfies Kg(m) ~ i I”zﬂ’ whenever 0 < 8 < 1 and K_g(m) ~ |1 25, for 0 <

B < 1/2, see [8]. Observe that the negative powers of the Lap1a01an are only well
defined for 0 < B < 1/2, since the integral that defines it is not absolutely convergent
for B > 1/2, see (2.3).

In this section, we also want to prove regularity results for positive powers which
can be larger than 1. For that purpose, we extend the definition above of £g for any
B > 0.Let 8 > —1/2 and n € Z, we define the discrete kernel

0, In] —p —1€No,

Kp(n) := 4.4)

(=DH"TEB +1)
F(A+B+nDIA+B—Inl)’

Note that when 8 € Ny, then Kg(n) =0 forall [n| > 8 + 1.

otherwise.
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Lemma4.1. Let f € £g, p > 0. Then, (= AP f is well defined and

AP F) = Kp()(f(n = j) = f(m), neL.

JEZ
Moreover, in that case,

(Cafrml<c Y — UL g
J

_ i1+28°
= L+ 1n—jl

Proof. First note that since f € £g, f has polynomial growth and then ¢’ Ad f is well
defined. Let k € Nsuchthatk — 1 < 8 <k (sok = [B] + 1). Then,

k
@ = Dffmy =) (=D <];>e’m"f(n)
=0

k
k
=) :(—1>k—’<l><§ GUt, H(fn+ j)+ f(n—j))
=1

JjeN
+ G(lt, 0)f(n)> + (=DF F(n).

Since —1 = Y}_ (= D/(}) and G(1£,0) — 1 = —2 Y jen Gt j), one obtains
that

k k
k [
(=D*f(n) (E (=1 ( >G(lt 0) — E (=1 (l))

=1 =1
k k
k I .
= (=D fm ) (=D <l><—2ZG(1r,m
=1 jeN
and therefore

2 — Dk fon) = Z(f(n—i—])—i—f(n—J)—zf(n))Z( D'~ l( )G(lf )

jeN

=Y (fn—j)—. (n))Z( D= ’( )G(lt,j)

JEZ
=y (f(n—J)—f(n))Z( D= l( )G(lr P
JEZ\{0}
Now, we denote

T, j) —Z( Dt ’( )G(lr 0= Z( Dt ’( )G(lr DI EVAR(U)

=1
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where in the last identity we have used that G(0, j) = 0 for j # 0.
From (2.7) and the fact that Zf:() . (]l‘)e_ij 0 =41 sin6/2
Fubini’s theorem to get that

df < oo, we can apply

1 r*~ .. .
T(t,j)= E/ ei0 (p=H5n?0/2 _ )k qg.

-7

By (4.2), observe that for all j # 0

o0 ., de S —arsin o2k A1
| repigg e[ [Ta-e ey a6

T
<C [ (sin?6/2)fdo < oo,

-7

and therefore

o]

1 e 4B T 4B 0
—/T(t,jhf = —/ e %sin?0/2)P 46 = — | cos(jO)(sin®6/2)P do
cg t+B 2 T

0

-7

0
2
_ 24 / cos(2j0)(sin 0) do
s

—/2
2 . /2
= 248 (=1)/ / cos(2,j0) cos*? 0 do
T 0
= Kp()),
see [24, Section 2.5.12, formula (22)].
Finally, for |j| > k we have by (2.6) that

X k

o dr o dr C
/|T(I,J)|t1Tﬂ scl;/o G, ) 3p = 7728
; =

Therefore, we have proved that (=Ap)P f is well defined that

. 1 £ ()

B

(AP f)] < CZ Fn =) = f Ol g < CZ T
JEZ JEZ

and that (AP f (1) = X5 (f (n = j) = F (D Kp()). O

Remark 4.2. Some observations are now in order:

e Note that if 8 € Ny, the definition of Kg [see (4.4)] implies that Kg is a
sequence of compact support, so Kg belongs to 2Y(Z). Also, if B > 0 is not
a natural number, then the proof above gives that |[Kg(j)| < W for all
Jj €7Z.S0Kg € £1(Z) for all B > 0. Moreover, in the previous proof one also
have that Kg(0) = % ff n(sinz 6/2)# do, so K () are the Fourier coefficients
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of the function (2 — z — 1/2)# = (4sin%0/2)#, z = ¢ € T. Taking z = 1, we

get
D Kp(j) =0,
J€EZ

soif f € £g, then

(—ADP f(n) =) Kp(i)f(n— j).
JEZL
e Lemma 4.1 extends and complements [8, Theorem 1.1 (i) and Theorem 1.3 (i)].
e When S is a natural number, the expression (=Ap)P fn) = % fooo

(efAd — )[ﬁ I+ )T, = 7 given at the beginning of this section coincides with

(=Ag)o---0(—=Ay) f whenever f € £g (recall that any iteration of Ay f is

B times
defined for every sequence f).

Lemmad4.3. Let f : Z — R.
o If fel_p 0<pB <1/2, then foreverys > 0, B f e l_p.
o If f ety B>0,then foreverys > 0, el f e Lg.
Proof. Suppose that f € £_g, forsome 0 < 8 < 1/2 and lets > 0. Then,

Z leS2d f (m)] - Z 2jer Glsm = DD e | (DI ez Gs )
= 1+ [m|'=2F = 1+ |m|1—2F - 1+ 1j +ull =28

meZ
—(j+1) -1

53 DIEDID> T e i0)

jeN \u=—00 u=—j u=0

G(s,u) G(s,u)
+ ZZ T Tl — 15 /U )|+Zl+| = 551 FO).

JEZ_ uel

Observe that the last sum is clearly bounded. On the other hand,
G(s.u) If) <
ZZ D<) — 23" Gs.u) < € < oo,
14+ |j+ull-28 1-28
jeNu= 01+|j+ ul ]N1+|J| u=0

Now, we split the sum in j € N into two, obtaining

[Vsl+1 /
G(s, u) G(s,u)
Z LG Z Trw- - — 1%t Z 'f(ﬂ'ZH( — ) 2P

[Vs]+1 00

< D IFDIY Gl u) <Gy

j=1 u=1
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and, by using (2.5),

SIS SR SO
— 2B — 35
j=l/s1H1u=j+1 I+ @=p j=ls1+1 u=1 L+ ( —w

© L Gl fG)]
D DD T+ —wi2

J=lIH 1 u=1j/211

> S o /2
< Y i), 1+(sluzﬂ(1 W Y j_S(u)lfl(Jz)llg
/ Jl2)

J=lvsi u=j+l J=lys]41 u=1

00 . J 1-28 .\ 1-28
LR B (0707

1-2 1-28
=5+ (3) ﬁ+(§) u=[j/21+1

<c Z |fjjl)|2ﬁZG(s,u)(l+ulzﬂ)SC(l‘i‘Pk(zs))’
=[Vs]+1 =!

where k is the least natural number such that 1 — 28 < 2k. For the sum with j € Z_,
we can proceed similarly. We left the details to the interested reader.

Now assume that f € £g, for some 8 > 0. Then, we can proceed in a completely
analogous way as in the previous case, but now the power will be 1 4 28, instead of
1 —28. O

Now, we prove our main results of this section.

Theorem 1.2. Leta, 8 > 0.

G) If f € A%, then (I — Ag) P2 f € A%
(i) If f € £°(Z), then (I — Ag) P2 f € AT

Proof. Let f € A} and £ = [aH}] + 1. From Lemma 2.12, we have that

o0
d
(7 — &) P2 fm)| < C / (1 + nf® + o229
0 T

o0
d
<C(+ |n|°‘)f T+ P2 < (1 4 2 tF), nezZ
0 T

Now, we prove the condition on the semigroup. By using again Lemma 2.12, we obtain
that

9" f(n)| = |Age'™ f(n)| = €' f(n+ 1) + "2 f(n — 1) — 2¢"24 f (n)|
<CA+n*+1t*%*, neZ, t>0.
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Thus,

192e"2 f(n)| = [3;(Age"™ f(n))| = |3e" f(n+ 1) + de'™ f(n — 1) — 28,¢'2 f (n)]
<C+n*+1t**, neZ, t>0.

By iterating the arguments, we have that |3/e’®? f (n)| < C(1 + |n|* + %%, n e
Z, t > 0.

Therefore, by introducing the derivatives inside the integral and by using Lem-
mas 2.11 and 2.14 we have that

o : d
95”8 (( = 2)TP2 ()] = ‘F 7 / Tl N (oA f)(n)fm?"

dr
< Cp / g pa| I

T
[e )
d
S Cﬂ/ e*f(y+t)*e+0t/2_rﬁ/2?r
0

T

2 ezt [
< Cpy® [
0

< Cpy¥/2HhI2C,

ubPl2e=u dy
1+ u)efa/z u

When f € £°°(Z), we proceed analogously by using that, for £ = [8/2] + 1,
||f ”oo

1952 flloo < sup > 189G u, HIIf(n — > 0,
nez jez
see Lemma 2.6 and Remark 2.7. O

Theorem 1.3. (Schauder estimates) Leta > 0and 0 < 8 < 1/2.
G) If f € A% N €_p, then (—A2) P f e NG
(i) If f € £°(Z) N t_p, then (—Ag) P f € ATF.

Proof. We shall prove that if f € A%, N£_g, then

(=A) P £

oo
14| |«t28 €L @D.

Let f € A"[‘i N £_g. Since (4.3) holds, from we have that

s 1)
[(—A) f(n)|sj§zj—l+|n_jll_2ﬁ

_ £ FG)I
R 2 ey 1 A DR e vy 1

[n—j|>2n| [n—jl=<2|n|

Since |n — j| > | when |n — j| > 2|n|, by using that f € £_g, we get that the first

summand is bounded
On the other hand, by using that

we have that

s € ¢2(Z)and |j| < 3|n| when [n— j| < 2|n],
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' 1
> __ ML Cl+n*y T = C(1 + [n|*T?P).

1
[n—j|=2|n]| [n—j1=2|n|

Following the same steps, it can be proved that for f € £°°(Z) N {_g, we have that

—_A) B
C )

Let n € Z. From Lemma 4.3, we know that, for every y > 0, eyAdf € L_g.
Moreover, since dye” Adg(n) = Age?™dg(n) we can introduce the derivatives inside
the integral and apply Fubini’s theorem so that, for every £ € N,

1 (0.¢]

r®) Jo

0ye 2 ((=A) T )| = ’ Aée’Ad<eyAdf><n>rﬂd7’ < o0.

The rest of the proof of [|de” (—=A) ™ f)lloc < Cy " £ = [a + 28]+ 1,
follows the same steps as the corresponding proof on Theorem 1.2. U

Theorem 1.4. (Holder estimates) Let o, 8 > 0 such that 0 < 28 < «.

G) If f € A% N g, then (—AP f € ASF.
(i) If f € A% and B € N, then (—Ag)o---o0(=Ag) f € AG .

B times

Proof. We prove first (i). Let f € A% N{£g, a > 2B. Then, by proceeding in a
completely analogous way as in Theorem 1.3 and using Lemma 4.1, but now the
power will be 28, instead of —2, we get that

[(=A)P £

m S KOO(Z)

Now, we prove the condition on the semigroup.

Letn € Z and ¢ = [B] + 1. From Lemma 4.3, we know that, for every y > 0,
e’2d f € €g. Moreover, since dye?dg(n) = Agze?“dg(n) we can introduce the
derivatives inside the integral and apply Fubini’s theorem so that, for every m € N,

oer (=) )|

1y *© dr
_ yAg L vAy
= —Cﬂ e (/0 '/[O’l]eave |v=s1+~~~+xzf(n)d(sl,---756)_t1+ﬁ)‘

P ( gmtleria) F(n)d(s ) ))i‘
- 0 [OJ]( v V=y-+s|+-+S5¢ | PRI Y4 tl+ﬁ

+€_vA
= C./o (/[OJ]KAZ? €2y pos f (M)A (ST, sz)) A ‘ < 0.
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Letm =[$ —B]+1.Then,m+¢=[% —B]+1+[Bl+1>a/2—B+B=0a/2
Asm + £ € Nwe getm + £ > [a/2] + 1. Therefore, by using Lemma 2.14, we get
that

a7 er 2 (=80 )
0 de
_ m+L¢ _vA
— (C[O (/[Oyt]gav Moy psyts S 50)
<C / N ( / (y 481+ ...50) 7" FOFRa s sz))—dt
—Jo M B

=C ’ dr C ” e _ Cl( 11
= O(n-)tlTﬁ‘f' : (“')tlTﬂ_ [(D) + U D].
Now, we shall estimate (/) and (/7).

y dr
(I) = Cy "m+e/? A 451 4...50) T2, sp)——
[0,¢/y1¢ t1t+h

YNt de
SCy*’”*“/z/‘ (_) o —Cy —mta/2—f
o \y/ 1t

On the other hand,

¢
i dt > C; dt
1) < ]
(1) < / Z (y _l’_Jt)m «/2 ¢14p X::/y (v + joym= a/2 (1+8

< Z ij—m+a/2 /3.
j=0

The last inequality is obtained by observing that y < y 4+ jt < (1 + £)t inside the
integrals together with the discussion about the sign of m — «/2.
Finally, we prove (ii). Assume that $ € N and f € AS%. Understanding now
( Ag)P f asthe B-times iteration of (—Ay), and taking into account that — A, f (n) =
nght f(n — 1), the result follows from applying 28 times Theorem 3.6. 0
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