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Abstract

The use of reduced-order models (ROMs) for the numerical approximation of the solution
of partial differential equations is a topic of current interest, being motivated by the
high computational efficiency of ROMs when compared to full-order models (FOMs).
To construct a ROM to approximate the solution of transport equations, the use of
the proper orthogonal decomposition (POD) method is a common choice. POD-based
ROMs rely on the snapshot method, which consists in the off-line computation of a set
of values corresponding to the solution up to the training time by means of the FOM.
Then, the ROM is constructed and solved, up to the training time. When considering
parabolic equations, the method is able to compute the solution beyond the training time.
However, when considering hyperbolic problems, POD-based ROMs fail when computing
the solution beyond the training time, this being one of the strongest limitations of POD-
based ROMs. In this work, a novel strategy in the framework of POD-based ROMs to
extrapolate solutions in time is introduced. This method, called CT-ROM, is based on
a coordinate transformation and allows to compute the solution of advection-dominated
problems beyond the training time. The performance of this novel strategy is assessed
using a variety of test cases, showing promising results in all of them. The extension
of the CT-ROM to higher spatial dimensions by means of the Radon transform is also
presented. The results obtained are encouraging and motivate the application of this
idea to more complex problems.

Keywords: Reduced-order modelling; POD methods; snapshots method;
computational resources; time extrapolation
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1. Introduction

Many of the problems considered in Fluid Mechanics are modelled by systems of
partial differential equations that stand for the conservation of some fundamental mag-
nitudes (e.g. mass, momentum, energy, etc.), often including source terms that increase
their complexity. The solutions of such equations cannot be obtained analytically and
are generally approached by means of numerical methods, such as the finite volume
method, the finite difference method or finite element method (such as the discontinu-
ous Galerkin method) among others, which allow to compute the evolution in time of
the flow variables inside the computational domain.

The transient nature of real flows and the increasing need for higher fidelity solutions
entail a high cost of computational resources, including computing power, storage ca-
pacity and interconnection. When computing realistic events of long duration, i.e., the
length of the event is much longer than the time scales of the relevant features of the flow,
the need to speed up computational time is essential to preserve the predictive nature
of the tool. The large number and diversity of problems requiring computational cost
improvement has led in recent years to the development of a wide range of mathematical
strategys and tools, including the (discrete) empirical interpolation method [6l 9], the
dynamic mode decomposition [2], 43], the Krylov subspaces method [I3] and artificial
neural networks [2], among many others.

In addition to the above methods, the reduced-order model (ROM) strategy is one of
the most popular in the field. It was originally developed as the Reduced basis strategy
for predicting the nonlinear static response of structures [5, 29, 32]. The ROM strategy
states that the variable of interest resides on a low-dimensional manifold within the
infinite-dimensional solution space associated with the partial differential equation [35].

Proper orthogonal decomposition (POD), which is one of the most significant method-
ologies related to ROM in Fluid Mechanics [3], was introduced originally by Lumley in
1967 [27] to approach the turbulence problem by random field of velocities of turbu-
lent flows into a set of deterministic functions [47]. The POD method is also known
as Karhunen-Loeve expansions [24] 26], principal component analysis [34, 23]. There
are different modified POD methods proposed in the literature, such as the weighted
POD [10], proper interval decomposition [1, [7, 22} [48], spectral POD [46] and manifold
approximations via transported subspaces [40].

The procedure of solving a problem with the POD-based ROM strategy starts with
the snapshot method [44], which consists of the off-line computation of a set of values
corresponding to the solution up to the training time by means a numerical scheme that
is called the full-order model (FOM). These snapshots are used to train the ROM in
the so-called on-line part. Then, the ROM can be solved up to the training time, thus
setting up an interpolation problem or beyond that time horizon, if possible. In this case,
one of the advantages of the ROM is that a speed-up of several orders of magnitude is
possible [I].

The computation of the solution beyond the training time is not always possible
and represents one of the major limitations of the POD method when dealing with
advection-dominated equations [I], this being a challenging problem of recent interest.
Computing extrapolated solutions with a ROM for times longer than the training time
would suppose a major step in the field of computational hydraulics. For this reason, a
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new ROM strategy based on a coordinate transformation [19], which is called CT-ROM,
is proposed in this work with the aim of predicting solutions beyond the training time.

ROMs have been developed in the literature for elliptic [35], parabolic [20} 21],41] and
hyperbolic equations including the linear scalar equation [37], as well as for the Burgers
equation [I], 311 40l [42], the Navier-Stokes equations [7, [21], the shallow water equations
(SWE) [2, 48] and other nonlinear problems involving discontinuous solutions [45]. There
are different formulations of POD-based ROMs according to their relation with the FOM,
as they can be intrusive [0, BI, 48] and non-intrusive [I]. In this work, the CT-ROM
is applied intrusively to the 1D linear advection-diffusion-reaction equation and to 1D
linear hyperbolic systems of partial differential equations, namely the linearized SWE
and a solute transport coupled model. The application of the CT-ROM to nonlinear
problems such as the Burgers equation is also explored. The FOMs of these equations
are constructed by means of the standard Godunov first-order upwind method [4} 16, [17].

The CT-ROM herein introduced is a genuinely 1D method. An extension of this
strategy to 2D problems by means of the Radon transform is also presented [38]. This
extension is based on the intertwining property of the Radon transform, which allows to
express the 2D problem as a collection of 1D problems, all of them written in terms of a
univariate derivative [12], 39, 40]. Then, the CT-ROM strategy can be applied to each of
those 1D problems, and the solution in the 2D physical domain is computed by means
of a back-projection, i.e., the inverse Radon transform. This approach proves useful for
the application of the CT-ROM method to hyperbolic partial differential equations in
2D. Results for the computation of a 2D advection problem are presented.

The remainder of the paper is organized as follows. Section 2 describes the standard
POD-based ROM strategy, showing with an example the flaw of this method when
predicting beyond the training time. Section 3 introduces the novel CT-ROM strategy
and presents some examples of application to linear and non-linear problems. The
extension to 2D problems is also included in this section. Finally, concluding remarks
are drawn in Section 4.

2. ROM strategy
Consider the following partial differential equation

ou(z,t)  Of(u(xz,t)  O*u(w,t)
ot * oz T a2

—cu(x,t), (z,t) € (0,L) x (0,77, (1)

where f(u(z,t)) is the physical flux; v > 0 is the diffusion coefficient; and ¢ is the
reaction coefficient. The initial (IC) and boundary (BC) conditions considered will be
indicated for each specific problem.

In the present work, the FOM to approximate the solution of problem is based
on the Finite volume (FV) method. The computational domain is discretized by means
of volume cells of uniform length Az and the positions of the center and left and right
interfaces of j-th cell are z;, z;_1/; and x; /9, respectively, with j = 1,..., N;. Re-
garding the time discretization, the time step At = t"t!1 — " with n = 0, ..., Nirain, is
selected dynamically using the Courant-Friedrichs-Lewy (CFL) condition [I1] as follows

Az?

At =CFL
Az max () + 2v’
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where A = gf and CFL < 1. The FOM is formulated by means of the FV method
u

[25, 33]
u

j j
At Ax Ax?
T, %

where u? ~ u(x;,t") is the cell average value over the cell (z;_1/9,%;41/2) and 5fji1/2
are the numerical flux differences, defined as

n+1 n 6fnv * 5](‘”7 ¥ n n n
ST = U ; +0f. ull 1 —2ul 4+ u”
+1/2 1/2 +1 —1
TR R i2 L — cuf, (2)

ek () n
5f;'zi1/2 = (/\ﬂsu)jﬂ/w (3)
with ou?, ;o = uf; —uj and
_ 1 -
+\n . n
()‘ )j+1/2_§()\i‘)\‘)j+1/2’ (4)
where ;\;? 12 is the approximate wave celerity at time ¢" and cell interface ;2.

Numerical approximations to the solution u(x,t) are computed with up to a
training time t4qin = tNVirain with typqin < T. It is considered a prediction or extrapola-
tion in time when the ROM computes the approximate solution of u(z,t) at t > tyqin,
being particularly interesting the case when t;qn < T

A set of Nypqin time numerical solutions, also called snapshots u;?, is used to construct

the snapshot matrix U € RN#*Ntrain

u% u% .. uj]thTluiTL
Ny
U% u% . U2 train
U =
1 2 . Ntrain
Uy, Un, Un,

A basis of functions is calculated by applying the singular value decomposition (SVD,
[18]) to the snapshot matrix
U=o3w’,

where 3 € RN+ *Nirain ig 3 diagonal matrix whose entries of the main diagonal are the
singular values of U and & € RN=XNe and ¥ € RNrainXNirain are orthogonal matrices.
The matrix ® = (¢1,...,¢n,) With ¢ = (¢14,...,0nN, k). consists of the orthogonal
eigenvectors of UUT.

Let Npop be a positive integer such that Npop < Ngein and it will be chosen as
small as possible without significantly affecting the accuracy of the computed solution
with our reduced order method. The POD basis {¢1, ..., ®npop b of dimension Npop is
used to construct, in the offline stage, a set of matrices that are fed into the ROM. In
the online stage, the reduce-order approximations ¥" = (97,. .., ﬁ]’{,POD)T for t" > tyrain
are computed with the POD-based reduced-order finite volume method. Then, the
numerical solution v(x;,t") is reconstructed using the Galerkin projection [14]

Npob

o= Y 00 j =1, Na ()
p=1



108 Bounds on the difference between u™ and its orthogonal projection onto span{¢i, ..., ®npop }
100 when t" < t4in are available in the literature (see, for example, [36, Theorem 6.1]), but
1o not when " > ty-q;n. In the following section a simple 1D linear problem is considered
1 and it is shown that a standard POD-based ROM does not provide accurate approxi-
112 mations to the solution when t > tqin-

us  Performance of standard POD-based ROM: 1D linear advection-diffusion problem

114 Consider the 1D linear equation (1) where the physical flux is f(u(x,t)) = au(z,t)
s and the approximate wave celerity in 1' is ;\;.L e = O Vi, n.

116 The intrusive ROM of is obtained by: i) introducing the Galerkin method
7 into the FOM; ii) multiplying it by ¢;, (the p-th component of the vector ¢; of the POD
us basis); and iii) summing up over the cells (i.e., from j = 1 to N;). For a full development

ue of the procedure to obtain the ROM, see [48].

1

-

o
[

120 The vector formulation of the ROM of the 1D linear advection-diffusion problem is
At At At
x

2 Ax v 2 Ax

where the elements of matrices A = (Ayy), B = (Byp) and C = (Cy,) € RNPop*Nrop

are
N;—1

Ay =M+ D [0j51k — Sjm1kl djp + AL,
=2
Nt
By = B, + Z (G516 — 205k + Pj—1k] Pjp + Béffa
=2
No1
Crp = Chp + Z $jkBip + G
j=2

121 and the terms A,lcp, Agf, ﬁ;p, ,Bli\;”, C,ip and C;i\;]f depend on the type of the boundary

122 conditions. For example, in the case of Dirichlet boundary conditions, they are given by

N

123

Al = (Dok — P11) D1, Aff; = (ONyk — PN, —1k) PNo >
Bhy = D2k — 18) b1 By = (ON, & — BN, —1.k) BN, (7)

— Gy =0,

122 and, if periodic boundary conditions are considered, then

Apy = (P26 — ONLk) P1p» ARy = (P1h — ON,—1.k) DNy
By = (d2k — 201k + 0N, k) S1pr By = (P16 — 20N, 0 + ONy— 1) ON, 0 (8)

Chp =0, Gy = 0.

125 The ROM @ is used to approximate the advection-diffusion problem with v =
26 0.001, a = 0.5 and ¢ = 0. In the domain [0, 2] x [0, 0.5], with IC

w(@,0) =1+ 20007 o<y <2 (9)
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and BC
uw(0,t) =u(2,t) =1, 0<t¢<0.5. (10)

The spatial domain is divided into N, = 200 volume cells of cell size Ax = 0.01. The
time step, with CFL = 0.9, is

2
At = CFL— 2" 00129,
a

Ax +2v
Numerical approximations to u(z,t) have been computed with the FOM up to
tirain = 0.1 which corresponds with Ny-qin = 9. From these data, new numerical approx-
imations are computed using the ROM @ up to the final time 7" = 0.5. Figure (1| plots
numerical results for this example with Npop = 14: Figures [Ta] and [ID] show the time
evolution of the Gaussian IC computed by the FOM and the ROM, respectively; Figure
shows the same ROM results superimposed on top of each other. It can be seen in
Figures and [Id that the ROM, for times greater than the training time, generates
fluctuations in the solution that blur the Gaussian profile, so it ends up not resembling
the reference solution at the final time 7' = 0.5 (red line). This can be seen in Figure
where the ROM solution is compared with the FOM solution at 7" = 0.5. It also
includes the IC and the FOM solution at the training time (t4qi, = 0.1).

It should be noted that for diffusion-dominated problems, extrapolation in time can
be done with the standard ROM. However, this example justifies the development of a
new ROM strategy to predict solutions beyond the training time for advection-dominated
problems.
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Figure 1: Solutions computed with the FOM/ROM.

3. CT-ROM strategy

In this section, a new ROM (which is called in this paper CT-ROM) is presented
based on an appropriate coordinate transformation and the POD to generate accurate
approximations to beyond the training time. For that purpose, an interior point
d® € (0, L) must be identified in the initial condition, such as, for example, the peak
of a Gaussian function or a discontinuity. Our CT-ROM approximates the solution in
a new coordinate system which is aligned with the characteristic curve emanating from
point d°. This strategy is applied to some cases. First, the case of a linear problem with
flu(z,t)) = a(t)u(z,t) is considered and later the extension to the Burgers’ equation is

outlined.

3.1. CT-ROM applied to 1D linear problems
Consider the characteristic curve d(t) defined by

d(t)=a(t), 0<t<T, d0)=d" (11)

It is given by

d(t) = / a(s)ds + d(0),

=0
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and it is assumed that d(T") < L. This characteristic curve is used to define the following
mapping [19]:

@x if 0 <z <d(t)
0= j(t) L= d(O )(L —x), ifd(t)<z<L -
L —d(t) ’ T

Note that the sub-domains {(z,¢), 0 < x < d(t),0 < ¢t < T} and {(x,t), d(t) < x <
L,0 <t < T} are transformed into the rectangular sub-domains [0,d(0)] x [0,7] and
[d(0), L] x [0, T], respectively. In addition, note that £ = x at t = 0. Using the chain rule

d(0) ou .
ou d((t))aaé’ if 0 <z <dt),
9z ) L—d(0)0u
and i ~
o 8? dxt if 0 <z <d(t),
ot i—x ou

Gt a(t) T —d{) o7’ if d(t) <z < L.

Thus, the following problem is obtained when the mapping is applied to with
fu(z, 1)) = a(t)u(z,1)

o d(0) g lou _ (dO)\**u . N
ot & i) (O‘;( Tl o~ (gl(t)) . e
E [ (t )L a0 a(t) — a0 )] =Y (L—d(t)) 552 cu, ifd0)<z<L,

(13)
where 4(Z,t) = u(x,t). In the following it is assumed that the solution @ of is a
smooth function in [0, L] x [0,T.

In the transformed variables (Z,t), the computational mesh is rectangular, but in
the physical variables (z,t), it is a time dependent mesh which is aligned with the
characteristic curve d(t). The spatial mesh in the transformed domain is uniform in
the subintervals [0,d(0)] and [d(0), L] with & ;,1/o = d(0). The coordinate transformed
FOM (CT-FOM) is defined on this mesh and it is given by

At [d°
~n+1 ~n M, — % P,k n,— k% P, kok
gt =y - A |:dn <5f 112 T OS5 1/2) <5f 12 O )}

At [ d° e -
—I-V@ (d”) ( wrq —2uj + uj ) — Ateuj, ifz; < dv,

At [L—d° a”
~n+l1 _ ~n n,—,* PN,k M, — %% P, ko
U Y T AL {L dn <5f 12 T 5f 1/2) I —dn <5f +1/2 ‘HSf -1/2 )]

ONAVAT

At (L—d°
( )(N 20 + )—Atcag, if 75 > d°,

\

where a” = a(t"), d" = d(t") and the numerical fluxes are

n, % =t ~ n mydkk YRRk o~ n
0f;] j+1/2 = <)‘j+1/25“j+1/2> , Of; J+1/2 = (Aj+1/25“j+1/2) )
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with ou” Ty = uy g —uy, and

_ 1 /< < 1
TL,:E,* _ U mn,*
At =3 (AJH/Z + A ) 2 (a™ £]a™),
A\ e (A” ok )\n ok J+1/2 ’ if ‘fj < do’
j+1/2 ]+1/2 J+1/2 — g;j+1/2, if 2; > do7
_ 1 /< T
T, — k% T, %ok U —
Az =5 (Aj+1/2 ~ iy > =0

The explicit updating equation of the reduced order model with the coordinate trans-
formation (CT-ROM) is obtained following the same three steps indicated in the pre-
vious section for the POD method. The reduced-order solution approximations of the
CT-ROM are w" = (0}, ..., LZ;?VPOD)T and the CT-ROM itself

1. At [d° L—d° 1 At [d° L—d°
s+l an n 7AL AR . 7BL BR ~ N
W TWI T3 AR [d" AT } A7 [d" Tt |V
1, At[1 1 At | /%> L—d"\?
- —pLla_ = pElw" 2 ) Bk BR| wn
175z [d” T }W VAR (dn> +<L—d"> v
NS (15)

where the elements of these matrices are

A - Ak;p + Z ¢j+1 k — ij 1 k) ¢],p7 Bk;p ﬁkp + E ¢]+1 k — 2¢j k+ ¢j 1 k) ij,pa

Jj=2
Nz—1

Ckp+ Z ¢3k¢3p+ckpa ka_(skp+4zwj 1/2 ¢]k ¢] 1k)¢jpv ka—éli\;a
Jj=2 j=2

where J is the position of the adjacent cell to % ;1 = d(0), and the terms A,lcp, ﬁ,}jp, C,%p
and ( kp Are given in and for Dirichlet and periodic BC, respectively. The matrices
AR and B® are defined similarly to AY and B” and the limits of the summations are
from j = J+ 1 to N; — 1. The terms 51 and 51\;;” in the matrices DL and D are
obtained following the same procedure. Once w™ is computed with (| at all the
times levels t"*, n = 0,1,..., Ny, the numerical approximation w] at the mesh points
{(zj,tn), 7=1,2,...,Nz, n=0,1,..., Ny} of the physical domain is generated

Npop

wi =Y Wdjp j=1,.., Na.

p=1

The CT-ROM outlined above is applied to four numerical cases.

Case 1. 1D transport of Gaussian IC

The example described in Section [2|is revisited and the ability of the ROM and the
CT-ROM to predict solutions beyond the training time is compared for some values of
the advection coefficient a. In addition, some numerical results for different choices of
tirain and Npop are shown and some conclusions are drawn. Finally, the CPU times
required by the CT-FOM and CT-ROM are compared, showing that the latter generates
a similar approximation with a lower computational cost.



The Péclet number is used to consider a range of advection-diffusion problems. It is

defined to be the ratio of the advection to the diffusion transport

Pe
and, depending on the value of this number, the problem is advection or diffusion dom-

186

inated. In the numerical experiments, the value of the diffusion coefficient is fixed with
v = 0.001, the cell size is Ax = 0.01 and the advection coefficient a takes the values

180 shown in Table [I} The corresponding Péclet numbers are also given in this table.

187

188

0.15 02 025 03 035 04 045 0.5

0.005 0.025 0.05 0.1

a

4.5

3.5

2.5

1.5

0.5

0.25

0.05

Pe

Table 1: Case 1: Values of the advection coefficient and the Péclet number.

The application of the CT-ROM to this problem is now described. The starting

11 point of the characteristic curve d(¢) is placed at the location of the maximum of the
192 initial Gaussian function, i.e., d(0) = 1. In Figure [2| the mesh and the characteristic

103 curve (11)) for a = 0.5 in the physical domain are shown.
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Figure 2: Case 1: Time evolution of the physical mesh.

200 volume cells, so that the cell size

The spatial domain [0, 2] is divided into N
in the transformed domain is Az = 0.01.

following stability condition

194

The time step is computed to satisfy the

195

196

(16)

At =CFL

Az?
AT max {dl, gLQ} + 2max{1?1, 172} ’

where the modified velocities and modified viscosities are

\I/.Wl/
2
<SS
]|
DA PN
=
= =
SlrT="
SR=EgE
= _J_add
T ]
~ g
o S
K]
~= A
S OR
—~ dd ~WA
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SiIRIN -
S] S «
N
= SN
b X<,0..(L\
= a;:w(
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To assess the predictive capability of ROM and CT-ROM, numerical solutions are

computed with the FOM and CT-FOM up to tigin

197

0.1 and approximations up to
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214

the final time 7' = 0.5 are obtained using the ROM and CT-ROM (see Figure [2| for the
latter method). Unless otherwise stated, the number of modes in all the experiments
performed in this case is Npop = 14.

Lets first consider Case 1 with a = 0.15 and a = 0.5. The corresponding Péclet
numbers are Pe = 1.5 and Pe = 5, and they are representative examples of diffusion
dominated and advection dominated problems, respectively. In Figure [3] the IC and
the computed solutions with both methods at t¢qin = 0.1 and T = 0.5 are shown. A
separately computed FOM/CT-FOM solution at 7' = 0.5 is also included for comparison
with the ROM/CT-ROM solutions.

Figure {| illustrates how the CT-ROM works: i) the reduced order model is solved in
the transformed mesh, so that the Gaussian profile of the IC remains fixed at the initial
position and hardly changes (the decrease in amplitude is due to the given diffusion
v = 0.001), this can be seen in Figure and ii) the inverse coordinate transformation
is performed to recover the solution in the physical mesh at each time step. This implies
that the initial Gaussian profile is transported in space due to the evolution of the mesh
itself, as can be seen in Figure [4D]
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0.6 0.8 1.4 0.6 0.8 1 1.2 1.4
xr xr
(a) FOM/ROM: Pe = 1.5. (b) FOM/ROM: Pe = 5.
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(¢) CT-FOM/CT-ROM: Pe = 1.5. (d) CT-FOM/CT-ROM: Pe = 5.

Figure 3: Case 1: Solutions computed with the FOM/ROM (top) and with the CT-FOM/CT-ROM
(bottom).
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Figure 4: Case 1: Solutions computed with the CT-ROM on the computational and physical domains.

On the one hand, it can be seen from Figure [3a] that, in the case of Pe = 1.5, ROM is
able to predict the solution at times greater than the training time t4.q;, = 0.1, whereas
it is not possible for Pe = 5 as shown in Figure On the other hand, the CT-ROM
is able to predict in time both examples; see Figures [3¢] and The ROM and the
CT-ROM are compared in detail by calculating at all time levels ¢™

_ e = v

D§ =

n _ 0" —wlle

’ cT —

™[z 1" [[e2

where ||| is the standard discrete L?(]0, L]) norm for mesh functions. These differences
are shown in Figure [5] and it is observed that the CT-ROM does indeed allow to predict
in time with high accuracy for the set of problems considered including both advection-
dominated and diffusion-dominated problems.

R

5
4.5

IS

4

[=2]

3.5

2 5 -2
4 45 ]
6 4 <
3.5
8~ -8 ?
3 3 3 O
) 0B 10 R
N
A, 25 L= A, 25 -
2 & 2 &
15 14 15 e
1 -16 1 -16
0.5 -18 0.5 -18
0.25 0.25
0.05 0.05
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
t t
(a) ROM: log; of the difference Dg. (b) CT-ROM: log; of the difference Dcr.

Figure 5: Case 1: Differences Dg and Dcr.

In Figure @ the differences D¢ and Dg are shown for four different values of
Pe = 0.05,1.5, 3,5, whose advective velocities are a = 0.005,0.15,0.3, 0.5, respectively.
On the one hand, it can be seen that, for the most advection-dominated problem, the
improvement is more significant and D¢ is reduced by five orders of magnitude with
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respect to D¢. On the other hand, D¢, and D¢ have similar orders of magnitude at
all time levels when the problem is diffusion-dominated.

2 : : : : 102
Pe
4t
—_—0.05
6| 1.50 1 ]
— 3.00 10

8 [ e 5.00

108 ¢

: : ‘ 10710 : : : ‘
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5

t t
(a) ROM: log;, of the difference Ds. (b) CT-ROM: log; of the difference Der.

Figure 6: Case 1: Sections of differences Dgs and Dcr.
The Péclet numbers shown in Figures [5D] and [6D] are only used as a tool to compare

the results with those in Figures [5a and [6a] respectively. In the new coordinate system,
leads to the definition of a modified Péclet number

Thus, this modified Péclet number depends on the variable Z, i.e., Pe = P~e(§:), and it
is a piecewise linear function with Pe(0) = Pe(L) = 1 and Pe(d(0)) = 0. Therefore,
Pe(#) < Pe for all # € [0, L] and these numbers are only the same at the endpoints of
the domain £ = 0, L.

To analyze the influence of the training time 4,4, on the accuracy of the computed
solution with the CT-ROM, a series of results have been computed by varying the ratio
between the number of cells and the training time. Table [2| shows the difference Dg% of
the results of the CT-ROM at the final time T" = 0.5 with respect to the reference solution
computed with the CT-FOM. These results have been obtained for three different mesh
refinements, N, = 100, 200 and 400, and for three different training times, t¢-qin = 0.05,
0.1 and 0.2. This table shows that the differences Dg% are small in all the cases, but
they grow by an order of magnitude from t;.q;, = 0.2 to t4rqin = 0.05. In addition, for
different mesh refinements, the value of Dg% remains in the same order of magnitude.
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255

tirain/ Ny 100 200 400

0.2 1.62-10~* 1.70-10~* 2.01-10*
0.1 1.28-1072% 1.19-1072% 9.74-10~*
0.05 2.94-1073 3.30-1073 4.00-1073

Table 2: Case 1: Differences Dg% vs. the training time for three different mesh refinements.

By setting N, = 200 and t;.q;, = 0.1, the influence of the number of modes Npop
used by the CT-ROM is next analysed. In this case, N¢yqin = 15 and Npop = 3,5,7,10
and 15. The numerical results are given in Table [3] where it can be observed that the
larger Npop is, the smaller the differences Dg% are, although the order of magnitude
remains constant. It is important to note that the CT-FOM and the CT-ROM give
similar approximations to the solution even for a small number of modes.

Nrop 3 5 7 10 15
DYE 5.09-107% 2.34-107° 1.64-1073 1.31-1073 1.19-1073

Table 3: Case 1: Differences Dg% with N, = 200 volume cells, t¢rqin = 0.1 and some values of Npop.

To check the efficiency gain of the CT-ROM vs. the CT-FOM, the CPU times of
Case 1 with a = 0.5 are plotted in Figure [7|, where N, = 100, 200, 500, 1000, 2000
and 3000, tyqin = 0.1 and T" = 0.5. The CPU times of the CT-ROM at T = 0.5 are
lower than those of CT-FOM for the same final time. The CPU times required by the
CT-FOM to generate the training solutions have been added to the figure so that it can
be seen that, with .4, = 0.1, they are similar to those of the CT-ROM up to 7' = 0.5.

25

=0= CT-FOM(tyum)
—@— CT-FOM(T)
2 [ | @ CT-ROM(T)

0
100200500 1000 2000 300¢
N,

Figure 7: Case 1: CPU times measurement of the CT-FOM and the CT-ROM.

Case 2. 1D transport of Gaussian I1C with a = a(t)
Case 2 considers the 1D linear equation

ou(z,t) ou(z,t)
ot T Ox

with time-dependent advective velocity a(t) = 1 — t. The Gaussian IC @ and periodic
BC are considered. The starting point of the characteristic curve is placed at the
point d(0) = 1 where the Gaussian IC reaches its maximum value.

The spatial domain [0, 2] is divided into N, = 200 volume cells, so that the cell size is
Az = 0.01. The CFL number considered in this case is 0.9 and the time step is computed

=0, (z,%)€(0,2) x (0,2],
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256 to satisfy stability condition (16)). Solutions are computed with the CT-FOM up
257 10 tirqin = 0.1 and approximate solutions are computed using the CT-ROM up to
28 1" = 2. In this case, Nyqin = 10 and the number of modes is Npop = 10. The physical
20 mesh evolves as shown in Figure |8 where the characteristic curve is d(t) = 1 +t — t2/2.

2
d(t) =
tirain [T
i —————————
1.5 Frt s
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T L L Ve
I
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L L )
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T T Il
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]
0.5 B H Y
EESSESEESEVENE
o EHE
0 0.5 1 1.5 2

xr

Figure 8: Case 2: Time evolution of the physical mesh.

260 This case has been designed in such a way that the Gaussian IC moves to the right
261 until £ = 1, when ¢ = 0, and, from that moment on, it moves to the left. Finally,
22 at T = 2, the solution arrives at the initial position. As shown in Figure [, the CT-
263 ROM is able to reproduce the change of direction in the movement of the solution with
264 & training time much shorter than the time in which the velocity changes sign, i.e.,
265 trrain = 0.1 < 1. The CT-ROM solution at the final time T' = 2 reproduces accurately
266 the reference solution computed with the CT-FOM.

‘J‘J‘J“‘;“ffffa
i
i e
i
,’,f/,lm,,"“

05
t 2 9 -

(a) CT-FOM.

(b) CT-ROM.

Figure 9: Case 2: Solutions computed with the CT-FOM and the CT-ROM.

67 Case 8. 1D reactive transport of two coupled functions

268 Consider the following system of equations that models the reactive transport of two
260 coupled solutes u(x,t) and v(x,t)

ou(z,t) N ou(x,t)

a = —cu(z,t),
0 0
81}&,7&)4_ av&c?t) p-_— (17)
ot oy T HY
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with (x,t) € (0,L) x (0,T], L = T = 10, the value of the advective velocity is a = 0.2
and the reactive coefficient is ¢ = 0.1. The following IC is considered

(0, if 0 <2 <0.3,
u(z,0) = ¢ sin (2; (x — 0.3)) , if03<x<5h.3,

Lo, if 5.3 <z < 10,

1, if0<z<0.3,
v(z,0) =<¢ 1—sin (2; (x — 0.3)) , 03 <x<5h.3,

1, if 5.3 < z < 10,

and the BC
u(0,t) =u(L,t) =0, v(0,t)=v(L,t)=1.

Using again the mapping , problem is transformed in the following system of
partial differential equations

9 dy(0) — i 0u o i

b — = f < dy(0),
8t+a RN cu, if0<z<4d,(0)
9t & — dy(0) i o i

gu T e, if L
8t+aL—du(t)8§: cu, ifd,(0) <z <L,
‘ 7 o (18)
0 (WO =200 G0 < 5 < d,(0)
ot T d,t) oz " v
o6 F—dy(0)06 i
E—i_aL—dv(t)%_cu’ if dy(0) <z < L,

where d,(t) and d,(t) are the characteristic curves for each equation
dy(t) = dy(0) + at, dy(t) = d,(0) + at,

passing through the points (d,(0),0) and (d,(0),0) with d,(0) = d,(0) = 0.3 in this
case. The CT-FOM and the CT-ROM for the system of PDEs are very similar to
the ones deduced for Case 1 and they are not included here.

Regarding the data of the numerical problem, the spatial domain [0, L = 10] is di-
vided into N, = 100 volume cells and then the spatial step size is AZ = 0.1. Additionally,
CFL = 0.9, tyrain = 4 with Nipgin = 49 and Npop = 14.

Figure [I0] shows the IC, the results of the CT-ROM at the final time 7" = 10 and
the result of the CT-FOM at tyrq:n = 4. A separately calculated CT-FOM solution
at T = 10 is also included for comparison with the CT-ROM solution. The CT-ROM
accurately predicts the location and the shape of the solution at the final time T = 10,
although some small oscillations appear around the sinusoidal profile.
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Figure 10: Case 3: Solutions computed with the CT-FOM and the CT-ROM.

Case 4. 1D transport of Gaussian IC with linearized SWE

Several hydraulic phenomena such as river systems can be simulated using the SWE,
also known as depth-averaged St. Venant equations, to model the motion of water with
a free surface [I5]. These equations are obtained by integration of the three-dimensional
Navier-Stokes equations over the depth, with the assumption of hydrostatic vertical
pressure distribution, i.e., negligible vertical accelerations. The 1D linearized SWE are

8h(a;,t) n hoauéi, t) —0,
oule. 1) RRCON (19)

ot g Oz ’

where h(z,t) is the water depth and u(x,t) is the depth-averaged water velocity in
the z-direction, hg is the undisturbed water depth at ¢ = 0 and ¢ is the gravitational
acceleration.

In order to approximate problem in a new coordinate system using the map-
ping , it is necessary to decouple the system of equations [8]. The procedure is
explained below. First, problem is written in vector form

) )
- —~— U= 2
SU+I5-U=0, (20)

where U = (h,u)T is the conserved variables vector and

is a diagonalizable Jacobian matrix with J = PAP~! and

c 0 1 1
A_<0 c>’ P_<c/h0 c/h0>’ ¢ = Vgho
Second, the conserved variables are decoupled by multiplying by P~!. Then,

W . OW
AW _ 21
o Ay TV (21)
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where W = P~1U = (wy,wz)” are the characteristic variables
w1 = (ch + hou) /2¢, w2 = (ch — hou) /2c. (22)

Finally, the mapping is applied to problem and the characteristic variables
w; in the new coordinate system are separately approximated with a CT-FOM and a
CT-ROM as in Case 1.

In this case, hg = 1, the spatial domain is [0, L = 4] and the final time is 7' = 0.4.
The IC are defined as

h(z,0) =1+ 6_200(1:_2)2, u(xz,0)=0, 0<x<L,
and periodic BC are considered
h(0,t) = h(L,t), w(0,t) =wu(L,t), 0<t<T.
From , observe that the IC and BC of the characteristic variables are
wi(z,0)=h/2,0<z <L, wi(0,t)=w;(L,t),0<t<T, i=1,2.
The characteristic curves for each decoupled equation are given by
di(t) =di(0) +ct, da(t) =do(0) —ct, 0<t<T,

with d;(0) = d2(0) = 2. Note that the functions w;(z,0) reach the maximum value at
d(0) = 2.

Regarding the data of the numerical problem, the spatial domain [0,4] is divided
into N, = 200 volume cells, so that the cell size is AZ = 0.02. In this case, CFL= 0.9,
tirain = 0.0625, Npop = 5 and Nypgin = 5 time levels are solved with the CT-FOM.

Figure[11]|shows the IC, the results of the CT-FOM at t4,.4;, = 0.0625 and the results
of the CT-ROM at T' = 0.4. A separately calculated CT-FOM solution at 1" = 0.4 is also
included for comparison with the CT-ROM solution. The CT-ROM is able to predict
the position and the amplitude of the solution at the final time 7" = 0.4.

1c 15[ i
= = CT — FOM (t1rain) I 0
CT — FOM(T) | 1 H
1.8 fannnnns CT — ROM(T) 1 1 1
|
|
05 1
~16f o I
% ) L)
§/ i | i E 3 0 lllllf-flll‘lllilllllllll sasees® sosmemsunnEw
< 4t h I H 1 s Y
I | It 05 i1
I ll It HH 1!
it [A) HH e
12} it ! (O At il oo or- oMt |
HEH I 1 1 R HH CT — FOM(T)
1 J | H | — CT — ROM(T)
) \VJ\g S = -15¢ I | ‘
0 1 2 3 4 0 1 2 3 4
T T

Figure 11: Case 4: Solutions computed with the CT-FOM and the CT-ROM.

The CPU times of Case 4 are plotted in Figure where N, = 100, 200, 500, 1000,
2000 and 3000. The CPU times of the CT-ROM at T' = 0.4 are lower than those of
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CT-FOM at the training time t;-q;, = 0.0625 and therefore even lower than those at the
final time.

=Q= CT-FOM(ttrain)
1.2 | | @ CT-FOM(T)
—@— CT-ROM(T)

0 . .
100200500 1000 2000 3000
N,

Figure 12: Case 4: CPU times measurement of CT-FOM and CT-ROM.

3.2. CT-ROM applied to 1D inviscid Burgers’ equation
Consider the 1D inviscid Burgers’ equation
ou(x,t) ou(x,t)
ot oz
The FOM to approximate the solution of this problem is based on the FV method

n,— % n,+,*
ut — 5f+1/2+6f i

At Az

where the numerical flux differences are defined as in and , with the following
approximate wave celerity

Ful, ) 280N 0 (2,1) € (0,L) x (0,T]. (23)

=0, j=1,..., N, (24)

2 2
oo A A1) = () —l(u’? +u)
TRy a2y a2 T

The explicit updating equation of the reduced order model is obtained following the
same three steps indicated in Section 2 for the standard POD method, leading to

At At
ant+l _ an 20 em\T pA(p)on . 2V (1onT plp)gn
o, o, Ax(V)A V+Ax]v|B v, (25)
where
No—1
(2) _ 1
AR =Ny, + > 1 Uit + i) (Dj1q = Dia) + (S + Gj-1k) (g = Pi-1.0)] jp
j=2
+ Aqk ip?
Nx—l
BY = gL, + Z (Dj+16 + Sjkl (Dit1,q — Dig) — [Bjk + Dj—1,6] (Djg — j—1,0)] Djp
+ qu,p

For a full development of the procedure to obtain the ROMs, see [48]. The terms Al
AN b ﬂqk - and Bg;p are obtained following the same procedure as in @ and .

qk;p°
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In Cases 5, 6 and 7 considered in this section, the standard ROM , although
it is trained until the final time (i.e., t4rqin = T'), is not able to accurately reproduce
the shock and rarefaction wave solutions, due to the appearance of oscillations, as can
be seen below. However, a ROM based on a coordinate transformation using only two
sub-domains in the computational domain may not be able to reproduce the generation
of shocks or rarefactions. This drawback is overcome by considering more sub-domains
separated by characteristic curves which are appropriately chosen. The transformation
when two characteristic curves are required is explained below, and it is similarly defined
in the general case. In particular, the ICs in Cases 5 and 6 described below are piecewise
linear functions in the intervals [0, d;(0)], [d1(0),d2(0)] and [d2(0), L]; it is a decreasing
linear function on [d;(0), d2(0)] generating a shock in Case 5 whereas it is increasing in
Case 6 and its solution becomes a rarefaction wave. This kind of ICs are considered
below, except in Case 7 where a polynomial (but not linear) piecewise IC is imposed.

Let the characteristic curves be

di(t) = u(di(t),t), di(0) given,i=1,2, 0<t<t,,

where t. < T is the critical value such that the solution is single-valued and d; (t) < da(t)
is assumed for 0 < ¢ < t.. If the two characteristic curves intersect, d; (t.) = da(t.), then
a shock wave is generated at t = t. and a similar transformation to is used for
t > t.. If a rarefaction wave is produced by the Burger’s equation, three sub-domains
are considered for 0 <t < T.

When the spatial domain is divided into three sub-domains, the coordinate transfor-
mation for the characteristic curves dj(t) and da(t), reads as follows

dl(o)x, if 0 <z < di(t),
() 0) —dy(0
z(t) = d1(0)+((§d1§t))(:c—d1(t)), if dq(t) <z < day(t),
L —d(0) :
< L.
L— - d2( )(L x), if do(t) <z <L
The 1D Burgers’ equation (23)) in the transformed domain is
ou o di(0) z ou . ~
5 + (u(w,t) (D) w(dy(0),1) dl(t)> ri 0, if 0 <z < dy(0),
) if dy (0) < 7 < da(0),
ou L d2 ) . L—2Z ou . ~

where 4(Z,t) = u(z,1). The CT-FOM of the 1D inviscid Burgers’ equation is obtained
by means of the FV method [28| 30, 33]

o 075) — L (o7 + o1 t/;*)] ,

an—&—l ~n At

/A A7
if 0 <2 <dl,
att = af, if i <3; <dy, (26)
At | L—df _ u’ _
~n+l __ ~n n,— % i, % 2+1/2 N, — %k P R
j o =uy Ai | L —ar 3 <5f +1/2+‘5f 1/2) o L—d} (5f j+1/2 +5f -1/2 )] )

if dy < i <L,
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where T 7, 1/2 = d) and & Jot1/2 = d9; the numerical fluxes are

5fni* )\ni*éu 5fni** )\ni**5~

j+1/2 = N+129%1720 5402 j+1/2 O%j41/20
with 0u%, ;o = uf, — uf; and
n,%,x n,* n,*
)‘g+1/2 - ()‘;+1/2 )‘g+1/2 1 J+1 taj+ ) Ujyy + U5 D
i 1 +1/2, if 7; < d,
N, kk N 7, kok n,*k . 0 ~ 0
Nite =5 (’\j+1/2 )\]+1/2 if di < & < dy,
1 _J"]+1/27 if d2 ija
T, —=y%* N T,k N 7Kk
)‘g+1/2 D) <)‘j+1/2 B )‘j+l/2‘ = 0.

In scheme , the characteristic curves are approximated with the explicit Euler

method
it —dp

TZ = (ﬂi)3i+l/2, 7/: 1,2
The intrusive CT-ROM is obtained from the CT-FOM as has been done in

previous cases

At d, At 1
ant+l _ am A0 [en\T ( 4L\ (P) sn _ en|T L\ () ~n Lgn
T T AT A [(" )PAT) T = [ (BT) "} IO
At L—dy .., RYP) gn _on T (pRY(®) on At 1 Ren
AT —d(t) )T (a7 P e = o (BT v]+A3?L—d(t)CV’ (27)

with the following matrices

(AF)) = Mje + 5 Z (D1 + B0) (D410 — B10) + (D3 + B=16) (10 — i-1.0)] D

(BL);Z) = By + 4 Z (Dj41,6 + Dkl (D414 — Pja) — |0, (9).g — Dj-1,0)] Djps

J1
1 o
Cipy =Gl + 1 (@nk+ b > (& + Fi1) (Bik — Di—1k) Pips
j=2
1 Nz—1
Ch, = 1 Pk + Puvip) > QL —& —F1) (bik — Di-1k) Dip + Gt
j=J2+1

and the terms Aqk - Bl kp? Ckp and Ck = can be computed following the same procedure
as in and ( . ) for Dirichlet and periodic BC, respectively. The matrices (AR)(p) and
(BR)(p are defined similarly to (A%)®) and (B%)®) and their limits of the summations
are from j = Jo + 1 to N, — 1.

Case 5. 1D shock generation
In this Case 5, the generation of a shock wave is considered. The IC of this problem
is

3, if 0 <z < dy(0),
w(w,0) =4 3-2- =8O e 0) < 2 < dy(0) (28)
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where L = 2 and the starting points of the characteristic curves are d;(0) = 0.25 and
d2(0) = 0.55. A fixed boundary condition at = = 0 is considered

w(0,t) =3, 0<t<T,

where the final time is T' = 0.65 and the training time is t¢-q;, = 0.35.

The linear slope of the ramp in the IC in the central sub-domain of the trans-
formed coordinates will steepen until a shock is generated. At this time t., the two
characteristic curves dj (t) and da(t) converge into a single characteristic curve ds(t). All
the points of the physical mesh in the central sub-domain are eventually mapped in the
shock front and are no longer useful. Thus, the central sub-domain is suppressed to
return to a two sub-domain problem. Numerically, at the critical time ¢., the problem
is redefined by re-meshing, maintaining the original number of cells. The characteristic
curves in the spatial domain are shown in Figure where the time evolution of the
physical mesh is represented for both the CT-FOM and the CT-ROM.
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Figure 13: Case 5: Time evolution of the physical mesh for a shock wave generation.

The training time t4.;, is also shown in Figure [13| and it is observed that tqin > te
in this case. It should be noted that t:-4;» could be shorter than ¢., but, in that case,
it would be necessary to train the reduced order model with the CT-FOM before and
after the shock wave is generated.

Before commenting on the results obtained with the CT-ROM for this case, it is
necessary to take into account a couple of numerical considerations for solving a problem
with three sub-domains. On the one hand, the confluence must be carefully solved, fitting
the time step At to the critical time ¢, satisfying that d(t.) = da(t.), as depicted in
Figure On the other hand, the starting point of the new characteristic curve ds(t.)
has to be moved to the nearest wall so that Z 1/ = d3 (tc), in order to keep the stability,
as depicted in Figure The coordinate transform method is very sensitive to this
point.
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Figure 14: Case 5: Numerical considerations for solving a problem with three sub-domains.

Regarding the data of the numerical problem, the spatial domain [0, L = 2] is divided
into N, = 100 volume cells, so that AZ = 0.02. The CFL number considered is 0.9 and
the time step is computed to satisfy the following stability condition

AT

At=CFL——F,
max {ay, as}

where the modified velocities are

i di(0) 7
= t —u(d1(0),t) ——
= o M gy O )
- . L—dy(0) _ L—z
= t)————= —u(ds(0),t) ————| .
Gp = dmax @O T qy W0 D=0

The number of time steps used to train the CT-ROM is Nypqin = 33 and Npop = 10.
Figure [15| shows the solutions computed with the FOM and the ROM ; and

the CT-FOM and the CT-ROM . From this figure, the following conclusions

can be drawn: i) a proper prediction in time is computed with the CT-ROM; and ii) the

solution computed with the CT-ROM does not exhibit spurious oscillations, as is the
case with the ROM.
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Figure 15: Case 5: Solutions computed with the FOM/ROM (left) and with the CT-FOM/CT-ROM
(right).
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Cases 6 and 7. 1D rarefaction generation
Case 6 considers the Burger’s equation with the following IC

1, if0<x§d1(0),
x —di(0) .
=< 1+2—— fd d
u(.’L‘,O) + dg(O)—dﬂO)’ 1 1(0)<.73< 2(0),
3, if d2(0) <x <L,

where the spatial domain [0, L = 2] is divided into N, = 100 volume cells, the starting
points of the characteristic curves are d;(0) = 0.2 and dz(0) = 0.22 and a fixed BC at
x = 0 is considered

u(0,t) =1, 0<t<T,

and the final time is T' = 0.5. In this case, the characteristic curves d; and ds do not
intersect. However, the starting points of the characteristic curves are so close to each
other that a uniform mesh would contain very few points between them, and it could
even contain only one point if it is coarse enough. Then, a finer mesh is set in the middle
section, between d;(0) and dz2(0), to properly reproduce the non-linear character of the
Burgers’ equation. Taking the latter into account, the spatial domain [0, L] is divided
into
[0, L] = [0, d1(0)] U [d1(0), d2(0)] U [d2(0), L],

and a piecewise uniform mesh is constructed with mesh widths Az = 0.02, AZ = 0.001
and Az = 0.02, respectively.

The CFL number considered is 0.9, the training time is tyqin = 0.2, which corre-
sponds to Nypqin = 41, and Npop = 11. The time evolution of the physical mesh for
both CT-FOM and CT-ROM is shown in Figure

0.5

i
T
7777777 i
7 T
ey 7 / iy

i
iy
]
L

| HTHHI i
] T R
ST
| (Y ST
IR ST
Y

|
7 i
74, ]

It I
11 87777777/,
0 (111177 I7772227277771 T

0 0.5 1 1.5 2

Figure 16: Case 6: Time evolution of the physical mesh for a rarefaction wave generation.

Figure (17| shows solutions computed using the FOM/ROM (left) and CT-FOM/CT-
ROM (right). Although the ROM is trained until the final time 7', the CT-ROM gives
a better approximation to the solution of Case 6. In this rarefaction case, the same
conclusions can be drawn as in Case 5 above and the prediction in time is only possible

with the CT-ROM.
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Figure 17: Case 6: Solutions computed with the FOM/ROM (left) and with the CT-FOM/CT-ROM
(right).

Finally, Case 7 is considered where the IC of the non-linear problem is not a piecewise
linear function. The problem is defined in the domain [0, 2] x [0, 0.4] and the IC is

0, if 0 <z < dy(0),
(z — di(0))2?
(d2(0) — d1(0))d3(0)’
1, if dy(0) < 2 < 2,

’LL(:C,O) = if dl(O) <z < dg(O),

where the starting points of the characteristic curves are d;(0) = 0.25 and d2(0) = 0.5
and the BC is
w(0,) =0, 0<t<0.4.

The solution of Case 7 has a raferaction wave and it is approximated with the CT-
FOM and the CT-ROM. The spatial domain is divided into N, = 128 volume cells,
CFL = 0.9, the training time is t¢rq;» = 0.1 and the number of modes is Nppop = 10.
The IC and the computed solutions with both models at the final time T° = 0.4 are
shown in Figure The difference of these solution in ¢? norm is D]C\f% = 1.799 - 1077
and it can be concluded that both solutions for this case are very similar even though
the number of modes of the CT-ROM is very small.
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Figure 18: Case 7: Solutions computed with the CT-FOM/CT-ROM.
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3.3. 2D eatension of the CT-ROM strategy using Radon transform

The CT-ROM strategy introduced in this work is a genuine 1D method. In this
section, the CT-ROM strategy is extended to a two-dimensional problem using the
Radon transform. The Radon transform is based on the parametrization of any straight
line L with respect to the arc length z as

x(z) = scosa — zsina
y(z) = ssina + z cos a,

where s is the distance from L to the origin and « is the angle between L and the y-axis
[12, Section 2.2]
The Radon transform of a function f is given by the integral of f along the line L

+o0o
Rif(as) = [ fale)uz)dz
—0o0
The intertwining property of the Radon transform will be of particular interest for the
objective of this section. The Radon transform allows to intertwine a partial derivative
with a univariate derivative as follows [12] Section 3.6]

0 OR 0 OR
R{a‘i}:cosaaf, ’R{g‘;}:sinaasf. (29)

Lets consider now the 2D linear homogeneous version of , which reads

ou ou ou
o + )\1% + Aga—y =0, (z,y,t)e(—L,L)x(—L,L)x(0,T]. (30)

By applying the intertwining property of the Radon transform to , the following
set of one-dimensional problems is obtained
ORu  0Ru

o tAg =0, (s.t) € (=L.L) % (0.T], (31)

where A = A cosa + g sina, for a € (0, ) [40].

The 1D CT-ROM strategy is used to predict the evolution in time of the 2D hy-
perbolic problem (30f). To do this, first, the IC is transformed from the physical space
into the Radon domain, i.e., the (s,a) domain. Then, the CT-ROM strategy described
in previous sections is applied to for a discrete collection of values of a € (0, ).
Finally, the solution in the (s, ) domain is transformed into the physical space using
a filtered back-projection inversion formula for the Radon transform [39, 40]. This is
illustrated in the test case described below.

Case 8. 2D transport of Gaussian IC.
Lets consider the problem with Ay = Ao = 1, L = 10 and the final time is T' = 2.
The intervals [—L, L] and [0, o] are uniformly divided into 200 subintervals. The IC is

B x2+y2

u(m7 y? O) =€ 2 ?

and the BC is
u(0,y,t) =u(L,y,t), wu(x,0,t) =u(z,L,t).
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The CFL number considered in this case is 0.9 and the time step is computed to satisfy
the stability condition . Solutions are computed with the CT-FOM up to
tirain = 0.5 and, with these data, new solutions are computed using the CT-ROM
up to T' = 2. In this case, a uniform mesh in time is used with step size At = 0.05 to
approximate the set of problems . Thus, N¢pein = 10 and Npop = 6.

The numerical solution provided by the CT-ROM at T" = 2 and the absolute value of
the difference between the CT-FOM and the CT-ROM solutions are shown in Figure[I9]
Note that the position of the center of the CT-FOM solution is marked by a red dot and
the IC is also shown. Figure [20] shows the sinogram of the numerical solution provided
by the CT-ROM, i.e., the solution in the (s, a) plane. The contourline corresponding
to the maximum value of the sinogram of the CT-FOM solution is also depicted using
a red line, showing a good agreement between both solutions. These results evidence
that although the CT-ROM strategy herein proposed is a genuine method for 1D time
dependent problems, it can be extended to higher spatial dimensions using the Radon
transform.
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(a) Solution of the CT-ROM. (b) CT-FOM vs. CT-ROM.

Figure 19: Case 8: Solution computed with the CT-ROM and its comparison with the CT-FOM.
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«

Figure 20: Case 8: Sinogram of the numerical solution at 7" = 2.

In the case of a 2D non-linear equation, it would be necessary to perform the Radon
transformation and then take into account the considerations set out in section 3.2 and
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Cases 5, 6 and 7.

4. Concluding remarks

The standard POD-based ROM strategy for the resolution of partial differential
equations allows extrapolation in time when the equation of interest is not advection-
dominated. In the case of hyperbolic problems, or other more general advection-dominated
problems, the standard POD-based ROM fails when computing the solution beyond the
training time.

In this work, a new ROM strategy that allows the prediction of solutions beyond
the training time, called CT-ROM, is proposed. The CT-ROM strategy is based on
a coordinate transformation using characteristic curves [19]. This novel approach has
been assessed using a variety of eight different test cases that comprise a variety of sce-
narios. The proposed cases have been designed to analyze the CT-ROM response to
different characteristics and configurations, showing promising results in all of the sce-
narios considered. These problems include 1D linear advective equations with diffusion
and reaction source terms, systems of coupled linear equations, including the linearized
shallow water equations, and the non-linear inviscid Burgers’ equation. The numerical
results evidence the prediction capability of the CT-ROM strategy. This achievement is
presented here for the first time, to the knowledge of the authors.

On the one hand, linear problems allow a direct application of the CT-ROM strategy,
obtaining accurate solutions for larger times than the training times (Cases 1, 2 and 3).
Linear systems such as the linearized shallow water equations have to be decoupled so
that each new variable evolves in its own domain following the proposed coordinate
transformation (Case 4). On the other hand, it has been observed that the non-linearity
of the equations challenges the prediction capabilities of the CT-ROM strategy. This is
the case of Burgers’ equation (Cases 5, 6 and 7). The generation of shock and rarefaction
waves requires the division of the domain into sub-domains. In this way, this limitation
can be addressed and high accuracy solutions can be obtained. For more complex ICs
than those of the cases described here, the suggested procedure would be to further
subdivide the domain.

The CT-ROM strategy is based on a coordinate transformation only valid for 1D
problems. An extension of the CT-ROM to 2D based on the Radon transform has been
proposed (Case 8). By means of the intertwining property of the Radon transform, the
problem can be reduced to a set of 1D problems, thus making possible the application of
the the CT-ROM to each of them. The results of Case 8 show the effective combination
of both transformations, allowing the extrapolation of solutions beyond the training time
with high accuracy.
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