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Numerical simulation of unsteady viscous flow over variable topography under the influence of temperature
changes is a challenge. In order to apply the model to large domains with complex topography, it becomes
mandatory to reduce the model complexity from 3D to 2D by depth averaging the equations and to
apply massive parallelization techniques for an efficient simulation. The depth averaged mass continuity,
momentum and internal energy equations, combined with suitable friction laws, can be used for this type

Variable density fluids L. . . . . .
Temperature transport of flows. Variations in temperature can be accounted for from internal energy changes with density changing
Lava flow accordingly. The resulting system is solved using a finite volume technique on unstructured triangular grids

well suited for problems over variable topography. A generic model applicable to a wide range of viscous
fluids and validated with synthetic cases is presented to evaluate the performance of the numerical solution
in presence of both external thermal forcing functions and discontinuous initial conditions. Finally, the model
is applied to a realistic application and calibration to a particular case of lava flow taking into consideration
variable density, viscosity and yield stress with temperature . A heat transfer with the air is included to
consider the lava cooling. The numerical results of the lava front advance are compared to the Copernicus
satellite observations at different dates. The efficiency of the GPU implementation allows to simulate a 11 day
event in less than 1.7 h of simulation.

1. Introduction in [12,13] for overland oil spills. The technique of decoupling the
resolution of the temperature transport equation from those of the flow
dynamics provides good results in cases where the fluid does not reach
high temperatures, such as environmental engineering problems related
to water [2]. However, there are cases where the coupling between
spatial and temporal temperature changes and fluid dynamics cannot

be ignored so that a model that introduces this behaviour into the

Free surface geophysical flows include rivers and coastal or oceanic
phenomena, as well as oil spills, landslides, mud or lava flows where
a wide range of fluids and processes can be encountered. The most
widely used approach is based on vertically averaged shallow models,
assuming a hydrostatic pressure distribution in the fluid column and an
incompressible flow hypothesis, thus discarding density variations that

could affect the flow dynamics. Incompressibility is related with the
assumption that pressure variations do not change the density, which,
however, can still vary with temperature.

In rivers and coastal flows, temperature is often considered as a
passively transported scalar with no influence on the flow [1,2]. Some-
times, if the interest is focused on buoyancy effects, the temperature is
included to reproduce vertical motion [3], but not to reproduce hori-
zontal waves generated by density discontinuities. Moreover, the effects
of temperature variation on water quality reactions and substances [4,
5] has also been studied. In other types of viscous incompressible flows
the temperature analysis has been considered more relevant than the
flow dynamics or the velocity field, which are often coarsely modelled
or estimated as in [6-8] for river currents, [9-11] for lava flow or

equations is required.

In the present work, a vertically averaged shallow flow model is
presented that solves the fluid dynamics coupled with the internal
energy equation by including density as one of the unknowns. Despite
the simplifications assumed in the coupling process in the equations,
an interesting aspect of the presented approach is that it maintains
an unconditional hyperbolic character, that allows efficient numerical
models capable of dealing with realistic large-scale and long-term
geophysical events to be developed. By establishing a closure rela-
tionship that defines density as a function of temperature, the model
will constitute a system for temperature-driven flows. Furthermore, the
model will include not only density in the fundamental equations of
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conservation of mass, momentum and energy, but also the influence
of temperature on the rheological properties of the fluid. Temperature,
as an additional variable, is solved by the internal energy conserva-
tion equation with a heat transfer source term causing temperature
variations.

Numerical schemes in finite volumes have been developed in the
last decades to solve systems of shallow water equations [2,14-17].
Well designed methods for the simulation of unsteady shallow flows
including variable bed and friction have been a matter of research
in recent times, and have provided different friction and bed slope
discretization methods in the search of the most robust and efficient
approach [15,18]. Among them, well balanced finite volume schemes
have proved to be stable and robust in a wide range of test cases [15,
18,191, solving a traditional problem in the discretization of hyperbolic
systems, such as the preservation of steady-states [20,21]. In this work,
an explicit numerical scheme based on an upwind Riemann solver has
been implemented as in [22], which has been extended to coupling
with density following a procedure analogous to that of [23].

As in all explicit numerical schemes, the restriction of the time step
through the CFL condition to ensure numerical stability poses a chal-
lenge to computational times when the models are applied to realistic
cases. Recent efforts have been made to overcome this limitation as,
for instance, Local Time Stepping (LTS) techniques [24]. In this work,
efficiency is ensured by GPU acceleration [23].

The outline of the text is as follows: First, the governing equations
are presented; then the main properties of the finite volume scheme
used are outlined. The model is validated with theoretical test cases
with reference solutions. The first two test cases consider separately
the heat transfer and the effects of including density in the solver
compared to a classical shallow water model, respectively. A third test
case combines both effects with a modification of the rheological prop-
erties of the fluid. Then, this model is applied to a realistic lava flow,
modelling heat transfer mechanisms and calibrating the fluid properties
to validate a realistic phenomenon in an affordable computational time.

2. Governing equations

The depth averaged continuity equation is written as

d(ph)
ot

+ L (phuy + L (phv) = 0 M
ax ady

being p the depth-averaged bulk density [kg/m’], & the vertical flow
depth [m] and (u, v) the components of the depth-averaged flow ve-
locity vector u [m/s]. Commonly the depth-averaged density p can
be linearly related to the flow averaged temperature along the flow
column T [°K] as

p(T) = py + K(T = Ty) @

where p, [kg/m?] is the fluid reference density at the reference tem-
perature T, [°K], and K [kg/(m3.°K)] is a tuning constant.

The depth averaged equations for the bulk linear momentum along
the x— and y—coordinates can be expressed as

ophu) 0 PR N 0z,
==+ L (phi® + Zgph®) + —(phuv) = —gph—2 — 3
or + ax(p u”+ 58P )+ ay(p uv) = —gp o e (3a)
d(phv) = 0 0 1 5 0z,
= (ph Z(pht?* + =gph?) = —gph—2 — 3b
5 T ax(/) uv) + dy(p vt Sep )=—gp o by (3b)

being z, the bed layer elevation [m] and (z,, 7,,) the components of
the depth-averaged basal resistance stress vector z,[Pa], expressed as

Ty = (Tpy, Tpy) = Tp My (€))

with 7, the modulus of the vector, and n, = (1, n,,) the direction given
by the velocity unit vector. The formulation for the basal shear stress
depends on the rheological law used. When turbulent flow states are
considered, a quadratic relation on the depth-averaged velocity governs
the basal resistance, that is modelled as

7y = pghCylul?, )
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where |u| = V/u? + 2 is the depth-averaged velocity modulus, and C; is
a friction coefficient. If the classical Manning’s formula is chosen, this
coefficient takes the form of a function of flow depth, 4, and Manning
roughness parameter, n, [s-m!/3], as
m

On the other hand, for linear viscoplastic non-Newtonian flows, the

Bingham law is used to model the behaviour of the flow as
u

27} -3 (ry(T) + 2;4(T)%> 7 +7,(T)P =0 @
where 7, [Pa] and u [Pa-s] stands for the bulk yield stress and plastic
viscosity of the flow, respectively. Besides the flow density p, the
depth-averaged temperature T affects directly viscosity and yield stress,
provoking changes in the basal shear stress between the flow and the
terrain. The formulation of these parameters as temperature functions
considered here is based on [25] for the yield stress

t,(T) = A, + B, exp[C,T], 8)

where A, B, and C,, are flow parameters coming from fluid charac-
terization.

The assumed flow viscosity dependence with temperature is the
Andrade formulation [26]

u(T) = A, exp(B,/T), (€)

where A, and B, are parameters to be determined in every case.

The depth-averaged temperature equation is derived from the inter-
nal energy equation that, neglecting horizontal diffusion and viscous
dissipation, is written as

d(phT)
ot

+ i(phuT) + i(phUT) = 9 (10)
ox ay C,

where O [W/m?] is the heat flux at the free surface and bed surface and
C, [J/(kg-K)] is the specific heat. They govern the temperature transfer
between the flow and the surrounding media. The temperature Eq. (10)
can be divided into a homogeneous and a non-homogeneous heat
transport for convenience of numerical discretization (to be detailed
later). The homogeneous part is expressed as

dphT) 0 0
——— + —(phuT) + —(phvT) =0 11
o +ax(p u )+ay(p uT) an
which can be rewritten as
ohT) 9 0 1 Dp
— (huT) + — (hvT) = —hT - — 12
ot +0x(u)+0y(v) p Dt a2

where the term on the right hand side denotes the temperature change
associated to the material derivative of density, i.e. the flow expansion.
Considering (2), the normalized bulk density r = p/p, can be expressed
as

r=1+Xa_1) 13)
Po
allowing to define the dimensionless normalized temperature TV as
™v=Kr_1) a4
Po

so the normalized density is rewritten as »r = 1+ TV and the flow
depth can be expressed as h = rh— hTV. Using (13) and performing an
estimation of the order of magnitude, the term on the right hand side
of (12) can be neglected, and replacing (14) into (12), the transport
equation for the dimensionless temperature can expressed as

a(hTY)
ot

On the other hand, considering the non-homogeneous part of the
energy Eq. (10) is written as

oehT) _ O

ot (08

+ i(huTV) + i(huTV) =0 (15)
ox dy

16
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and, assuming d(ph)/dt = 0 to ensure mass conservation during the heat

exchange process, the non-homogeneous time variations of temperature

reduces to
om0 _
ot phC,

Sy an

The thermal source term Sy = Q /(phC,) can include different heat
exchange mechanisms working along the vertical direction throughout
the flow free surface, such as convection transfer produced by wind,
heat increase due to the solar radiation, etc. In this work, these heat
fluxes are directly set as external forcing functions, in order to as-
sess the sensitivity of the model to them. However, this term might
be divided into different heat sources representing different transfer
mechanisms when simulating realistic cases, as in the last test case.
The relative importance of the different heat transfer mechanisms is
different depending on the fluid considered. When simulating lava
flows, the emitted radiation is extremely relevant, as the fluid can be at
a very high temperature. However, when simulation thin oil slicks, the
emitted radiation might not be important, but the received radiation
from sun would maintain its relatively high temperature for a longer
time.

3. Numerical method

Therefore, the final system of equations to be solved is formed by:
the mass (1) and momentum Egs. (3a)- (3b) in terms of the normalized
density r, the homogeneous part of the energy equation to transport
the normalized temperature TV (15), and the non-homogeneous part
of temperature equations which contains the vertical thermal exchange
(17). The system is completed with the closures for the normalized
density r (13) and normalized temperature TV (14).

The complete normalized system is solved in two steps. First, the
system composed of the mass, momentum and homogeneous tempera-
ture transport equations is considered

orh) = a 0
—(rh —(rhv) =0 18
or + 6x(r u) + 0y(r v) (18)
o(rhu) 9 S DN 0z Ty,
—(rh —grh —(rhuv) = —grh— — — 19
” + Bx(r u” + 2gr )+ ay(r uv) gr X 2 (19a)
arhv) 0 d, .2, 1 9z,  Thy
—(rh —(rh —grh”) = —-grh— — — 19b
5 + 6x(r uv) + ay(r v+ 2gr ) gr x 7o (19b)
hTV
AATT) | i(huTV) + i(huTV) =0 (20)
Jat ox dy

Egs. (18), (19) and (20) can be written in a compact form, useful
for the development of the finite volume method, as

%+V~E(U)=SD+S, @1

where U is the conservative variables vector,

U=(rh rhu rho KTV )" 22)

E = (F(U), G(U)) denote the conservative fluxes,

rhu rhv
rhu® + Lgrh? rhuv

F= 2 = 23
rhuv ’ G rhv? + %grh2 ’ @3
huTV hoTV

S, represents the bed slope source term and S, stands for basal resis-
tance term.

0 0
_grh(azb/ax) S = _(Tb/pO) nyx . (24)

bZ| —grhaz, /0y | T~/ Po) My
0 0
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System (21) is solved using an explicit first-order Finite Volume (FV)
scheme supported by a novel Riemann solver developed for the upwind
computation of the numerical fluxes at the cell edges for thermally-
driven compressible shallow flows. Once the homogeneous component
of the system is solved, the heat exchange is incorporated into the
solution in a second step by explicitly solving the non-conservative
component of the temperature equation, (17) and reconstructing the
characteristic flow features at the next time step.

3.1. Finite volume scheme for the conservative component

Following [23], a finite volume numerical scheme is derived by
integrating the hyperbolic system (21) into a control volume, or com-
putational cell ;.

4 / vde + / V. EU)dQ = / S,(U)dQ2 + / S.(U)de (25)
dr 2 2 2 2

By applying the Gauss theorem, the volume integral of convective
fluxes can be transformed into a surface integral along the boundaries
of the cell, leading to

NE

d
p /Q ,» udQ + Z(E(U)m) = /Q ,» S,(U)de + /Q S, (U)dR (26)

k=1 i
where the sum is performed over the edges k, of a length [, that
separate the cell ; and its NE neighbouring cells (NE=3 in triangular
meshes, NE=4 in square meshes), being n the outward unit normal
vector at each cell edge.

In order to obtain a numerical solution from time t” to time t"*!,
the cell averaged value of conservative variables U(x, y, ) at a cell i of
area A; at time " is expressed as

Ul = Ai Ux, y,t)d Q2 27)
i Ja

and an approximation of the source terms time integration at " can be
defined as

1
S,(UNHdR ~ —/
/Q, b At Jpn
tn+]

/ S, (U ~ +- / / S, (U)dQds (29)
o at Ju Jg

Therefore, the finite volume method leads to the explicit updating
scheme

m+l

/ S,(U)dQds (28)
2

AINE
n+l _ypn _ AL
Ut =up - 2
b k=1

i

(E(U) -n), I, + A (/ sb(U;’)dQ+/ S,(UI’.’)dQ)
A \Ja 2
(30)

and requires specific formulations for the discrete fluxes and source
terms. In the present work they will be based on a well balanced
approximate Riemann solver defined at the cell edges. For that purpose,
it is beneficial to move to a rotated reference system [23,27]. The
conservative flux matrix, E(U), satisfies the rotation invariant prop-
erty [22,28]. That is, considering the local framework created by the
normal n = (ny,ny) and tangential t = (=ny,ny) directions to kth cell
edge, the associated rotation matrix R, is defined as

1 0 0 0
0 n n, 0

R, = X y (31)
k 0 -n, n, O
0 0 0 1

k
and the convective flux matrix E(U) satisfies

(EU) - n), = (F(U)n, + G(U)n, ) P = R;‘F(RkU) (32)
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Fig. 1. Representation of the local framework built at the cell edge between cell i and its neighbour cell j.

where R;' is the inverse matrix of R,. This approach allows to work
within the local framework depicted in Fig. 1 for each kth cell edge, by
defining the local conservative variables vector U as

U= R, U= (rh, rhu,, rho,, hTV): (33)

being u, = u-n = un, +vn, and v, = u-t = —un, + vn, the normal
and tangential projections of the velocity in the local edge framework
respectively, and the local conservative flux vector F(U) as

rhu,

. 2,1 .5
FOO) = FRyy) =| Mt 287 34

rhu,v,

v

hu, T i

Additionally, to get an augmented scheme that includes the momen-

tum source contributions into the numerical fluxes, both the bed slope
and the basal resistance terms are split into local contribution as

NE

/ Sp(UHAR = Y R'H(U),/, (35)
2 k=1
NE
/ S, (UNAR = Y R T(0) (36)
Q.

i k=1

where H(ﬁ)k and T(ﬁ)k are the bed slope and basal friction flux vectors,
respectively, expressed in the local edge framework and defined as

0 0
7h A % (i Ax + 7, Ay)
I —gr zZ ~ —-——(n X n
H(O), = Og b T(0), = % ux uydy 37)
0 k 0

k

where 7, 7y, 7;, and (G-
corresponding variable. that is (-), = ((-)! + N/, and (4z,), and
(4x, Ay),. denotes the edge-increments of the corresponding variables,
that is (A(-)), = <~);’ — (1. It is worth n(A)ting that, fo ensure good
properties, the momentum flux vectors H(U), and T(U), must satisfy
the rotation invariant property [27].

Replacing (32), (35) and (36) into (30), the piecewise reconstruction
of the conservative variables can be updated as

), are the edge-averaged quantities of the

NE
Ut = - % Y R [F(ﬁ)k ~H), - T(ﬁ)k] I (38)
i k=1

allowing to define an augmented flux vector T‘i through the kth cell
edge which includes the convective fluxes and the momentum source
contributions as

Fi = [F0) - HO) - T(O)], (39)

In this work, the augmented flux vector is upwind computed us-
ing a novel 4-wave Riemann solver developed for thermally-driven
compressible shallow flows (see Appendix) as

Fi =FO)+ Y [, — B =5} (40)

where (Im)z are the wave celerities at the edge, i.e. the eigenvalues of
the Jacobian matrix of the local Riemann problem (RP), (Em)z are the
eigenvectors of the RP, (@,); denotes the wave strengths accounting
for the discontinuity on the local conservative variables, (ﬁm)Z are the
source strengths which include the integrated bed slope contribution
and (c,,)" are the source strengths which include the integrated basal
resistance contribution through the cell edge. The subscript m— under
the sums indicates that only the waves travelling inward the i cell are
considered, leading to the explicit upwind computation of the flux at
the edge. Hence, the updating formula for the conservative variables
can be reduced to

NE
1_ At 1pl-
Ut = - A—iZRk Fl (41)
k=1

As an explicit numerical scheme is being used, an stability condition
is needed to ensure a proper time step size, At. This value must be small
enough to avoid the interaction between propagating waves and cell
boundaries and is computed at each kth cell edge as

min (4;, A j)
Aty =

=—-J (42)
I, max,, (Mml)k

and thus, the global time step size is limited by the Courant-Friedrichs—
Lewy (CFL) condition as

4t = CFL min A1, 43

bounding the CFL coefficient between 0 and 1 for 2D triangular meshes.

The global time step is dynamically controlled by the wave celerities
given by the eigenvalues of the Jacobian matrix of the conservative
fluxes preserving the scheme stability even for large density gradients
and rapid flows. The upwind discretization of the source terms avoids
additional time step reductions to ensure the stability of the solution
regardless of the basal resistance formulation [29]. The numerical
algorithm is implemented using GPU-acceleration techniques applied
to compressible non-Newtonian shallow models, in order to generate
an efficient simulation tool suitable for realistic large-scale long-term
lava flow events without requiring the use of coarse meshes.

3.2. Non-conservative heat flux component

Once the value of the conservative variables (U) at the i cell is up-
dated with the homogeneous transport component, intermediate values
for the primitive variables flow depth, depth-averaged temperature and
flow density can be reconstructed as

R = (r)™ = (hTV ) (44a)
. p (RTV)!
e ST (44b)
pf = py+ KT} = Tp) (440)

The superscript * represents the fact that (44a), (44b) and (44c) do
not provide the final updated variables. It is worth noting that the heat
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exchange term has not been considered and, thus, neither flow depth,
temperature nor density are the final updated variables at time #"*! yet.
The updated temperature is computed explicitly as

T =T} + A1 (Sy)] (45)

where (S7)! is the cell-centred heat exchange at the i cell for the time
", computed as

o
S = —— (46)
7T porh)i C,
Therefore, the value of the flow density can be also updated with
the new temperature field as
p?+l =py+ K(T,."H - Ty, 47)

and, assuming that the heat flux does not modify the conservative flow
mass at the cells, the final flow depth is updated as

po (!
Pt = 2 (48)
p(t+1
1

Finally, the two-dimensional velocity field is calculated as
+1
il _ (rhu)!
! (rhy!
+1
 _ (rho);

’ Ry

(49)

4. Test cases and sensitivity analysis

The model has been first applied to synthetic test cases where the
behaviour of the model can be analysed in detail and its correct oper-
ation can be validated. None of these test cases involve experimental
data, field data or a practical application involving real values with a
calibration process. The last case shows the application of the model to
lava flow in a real volcano eruption.

4.1. Case 1: Radially-symmetrical paraboloid: heat transfer at rest

Having made the effort to formulate the governing equations as
a system of conservation laws and having developed a well balanced
finite volume method, we are interested in evaluating the ability of
the proposed model to preserve equilibrium. In particular, the divided
procedure to compute the fourth conserved variable, hTV, and later
to update the temperature, T with the thermal source term must be
validated. Therefore, the following test case is carried out to prove
the thermal behaviour of the system in a case with exact solution. A
paraboloid well filled with fluid at rest is cooled down until it reaches
the air temperature. An analytical solution of the problem is calculated
and compared with the numerical results of the model.

4.1.1. Reference solution

In this test case, a radially-symmetrical paraboloid is used to create
a topography that leads to a non-homogeneous distribution of fluid
depths following the radial function:

2
28 = {“‘f £=k (50)

z,  otherwise

where a = z, /R2, and ¢, as radial coordinate, is
(x = x0)* + (v = yp)*
During a given period of time, a thermal power, QO [W/m?], is
removed from the system provoking a decrease of temperature. For this
case, a cooling function for heat transfer is chosen as follows:

O=—y(T~-Ty) (51

where y is a chosen parameter and T, is air temperature. The cooling
law used here is a theoretical law that does not respond to any natural
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phenomenon, but to an intention to validate the model. Therefore, this
function will provoke changes on temperature that, following Eq. (17),
lead to:

of _ y(T' =Ty =_}’(T—TA)

o phC, m(€)C, 52)

where m(¢) = ph is a value that, although being a function of the
paraboloid radius, &, remains constant in time due to mass conserva-
tion. Therefore, by integrating Eq. (52) between the initial condition
and an arbitrary state,

T '
/ ;dT=/ T 53)
7, T'—=Ty) n MEC,
provides a time function for temperature, assuming #,=0:
4

)
)C,

TEN=T, +Ty—Te "¢ (54)

and, by introducing (54) into the density definition (Eq. (2)), an anal-
ogous expression for density can be written:

— Y G
PN = pp+ KTy =Tpe "G

)
(55)

These two expressions, (54) and (55), will be used as reference
solutions to compare with the numerical results. For that purpose, the
analytical functions are projected into a square grid, [i, j], that provides
spatial distributions: T};(r) and p;;(#), where both depend on m;;, as:
Y

m; C,

)
T (1) =Ty + Ty — Tye (56)

- J/C @
pij(0) = pg+ K(Ty = Tp)e "i=r

On the other hand, mass and volume evolution must be also con-
sidered to ensure the proper behaviour of the model. Considering the
topography function as in (50), the initial condition is defined as:

t=t,=0
T=T,
po=pat KTy —T,)

hy = zg — 2,(8) = zg — a

57

and, thus, m(¢) will remain constant in time:
m(&) = my(€) = pohg = [pa + KTy = Tp)] (29 — at?) (58)
Analytically, the total mass can be computed as:
R
M) =/ ph2rxédé (59)
0

and, due to mass conservation, it can be evaluated from the initial
condition

R R
M(t)= My = / poho2nEdé = / po(zg — a&¥)2nEdE (60)
0 0
That finally reads:
2
M(t) = My = 2pR® <z0 - %) 61)

Unlike mass, the volume will decrease during a cooling event and
the reference curve can be also calculated for this case:

M, My
V)= ——"->V({t) = —0—— (62)
S pe nde X pij(0)

Summarizing, a paraboloid topography can be used to describe a
non-homogeneous topography leading to an spatial distribution of fluid
depths, which will provoke an spatial distribution of temperatures if
a cooling test in carried out over it. Reference expressions can be
computed for the temporal and spatial evolution of temperature and
volume and compared with the numerical results.
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Table 1
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Characteristics of the computational meshes used for Case 1 and RMSE on temperature and volume for the

three analysed meshes.

Mesh Mean cell area N. cells RMSE; s, RMSE; ,_5005 RMSE ,_s005 RMSE,,
M1 0.02 m? 39923 0.9055 0.0717 0.0021 0.1392
M2 0.08 m? 9928 1.7072 0.1586 0.0036 0.5608
M3 0.32 m? 2432 4.1641 0.2511 0.0064 2.2669

Surface elevation —=—  Terrain elevation, z;, ——

\ \

20

15
=)
-

Z 10
N

5

0

-10 -5 0 5 10
x Axis [m]

Fig. 2. Case 1: Initial condition of fluid surface elevation.

4.1.2. Test case description

For this case, a paraboloid of R = 11 m, a reference elevation of z,
= 20 m and a coordinate origin x, = 0 and y, = 0 are chosen. These
parameters are used to create a raster of 1 x 1 m, which is used to
map the topography into three different unstructured computational
meshes as summarized in Table 1. The reason is the interest in building
a model able to work with unstructured triangular meshes well suited
for irregular terrain.

The density expression (55) has been used with p, = 1000 kg/m?,
K = -1 and T, = 0 °C. Additionally, the initial temperature has been
set to T, = 200 °C, y=200 and C,=1 J/(kgK).

All the boundaries are set as closed boundaries and the initial
condition is a horizontal fluid surface elevation at rest, as seen in Fig. 2.
A null viscosity is set to the fluid, together with an extremely high yield
stress (in Eq. (7): A,=0; B,=200; C,=1), which avoids movement and
focuses the case on heat transfer.

4.1.3. Numerical and reference results

The cooling test is simulated up to =500 s with the three compu-
tational meshes. However, for the sake of clarity, only the comparison
between the reference solution and the computational results is plotted
in Fig. 3. The RMSE for the rest of the meshes is computed and shown in
Table 1 for temperature and volume. The errors are computed following
Z(Ti,(tiv— T;(1))* RMSE, = Z(V(rj\)/ —yny

i n

RMSE; = (63)
for temperature and volume, respectively. In the temperature ex-
pression, N; stands for the number of points in the x-profile where
temperature is measured and 7;; and T, for temperatures at profile
points of the analytical and numerical solution, respectively, for a given
time, . For the volume error, computed along the simulation, N, is the
number of time steps where the volume of the numerical simulation,
V", and the analytical solution, V ("), have been compared for a given
time, 1". The reason why the RMSEs at different times differ so much is
because the solution itself is time variable, with more marked gradient
at the beginning and tendency to become smooth as time progresses.

More specifically, in Fig. 3(a), the comparison of the temporal
evolution between the reference solution, computed following (62), and
the numerical results obtained with the model can be seen. The volume
exhibits an asymptotic behaviour, as it shows a steeper slope at the
beginning, provoked by a heat transfer that depends on the temperature
difference with the atmosphere, and a tendency to a constant volume at
the end, where the heat transfer is almost non-existent. This behaviour
is properly reproduced by the model and presents a good agreement
with the reference solution.

On the other hand, in Fig. 3(b), the temperature profile along the x
axis is contrasted between the reference and the computational mesh
M1 for different times. The initial condition can be seen with uniform
T = 200 °C. After 10 s, the boundaries of the well are colder due to
their small fluid depths, which provokes a higher influence of the heat
transfer, while the centre is still hot with the highest depths. This effect
continues along time slowing down, so that the temperature gradient at
the well centre between 20 and 50 s is almost the same as the gradient
between 100 and 200 s. This gradient temperature, that is smaller at
the end, is the cause of the previously seen asymptotic behaviour of the
volume. At the end, the temperature is 0 °C in the whole domain, heat
transfer stops and the volume remains constant. In the same Fig. 3(b),
a better agreement between the reference solution, plotted with solid
lines, and the numerical results, presented with pointed lines, can be
noticed as the mesh gets refined.

For the sake of clarity, only M1 has been plotted in Fig. 3. Coarser
meshes could produce less accurate results in terms of temperature
profile, leading even to a loss of symmetry if the mesh geometry marks
the directions improperly.

Finally, in order to get a quantitative comparison, the RMSE is
computed for the temperature profile and for temporal evolution of the
volume for the three meshes. Table 1 summarizes these values, showing
an acceptable agreement even with mesh M3 and better with M1 and
M2. In all the meshes, the final solution presents better agreement than
the early states. This effect is due to the trivial nature of the final
solution, that provokes the higher accuracy even for the coarsest mesh.
However, early states are more challenging for the model, presenting
much better results with finer meshes.

4.2. Case 2: Dam-break over quiescent fluid at different temperature

A dam break over a quiescent fluid in a reservoir at a different
temperature is carried out in order to analyse the effect of including the
density within the system of equations in unsteady flow and allowing
its variability to modify the wave propagation. The results of the model
with the density included in the solver (as in system (21)), defined as
density formulation 1 (DF1), are compared with a classical shallow water
model with a passive transport of temperature and density, named
density formulation 2 (DF2). Both models are used to simulate exactly
the same test cases with the same computational mesh.

Two configurations are simulated using the same mesh, depth initial
condition, and initial temperature values with the fluid in the column
at T= 1000 °C, and the reservoir fluid initially at 7= 0 °C. In sub-
Case C2.1 the descending fluid column has initially a density of p =
2000 kg/m> and K=1 whereas in sub-case C2.2 the descending fluid
column has initially a density of p = 3000 kg/m’ and K=2. The density
at the reservoir is 1000 kg/m? in both cases.
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Fig. 3. Case 1: Comparison between the numerical results with mesh M1 and the reference solution in terms of temporal evolution of fluid volume (a) and temperature profile
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Fig. 4. Case 2: longitudinal profile of surface elevation (a) and top view of the temperature initial condition (b) for the dam break over quiescent reservoir test case.

4.2.1. Test case description

The topography and fluid surface initial conditions of the test case
can be seen in Fig. 4(a), multiplied by a 20x scale factor for the sake
of clarity. A top view of the temperature initial condition can be seen
in Fig. 4(b).

Friction is modelled using the Manning formula (6) with a value
n,=0.025 sm!/3. No heat losses are considered. An unstructured mesh is
built with 37,863 triangular elements, boundaries are considered closed
and the simulation runs up to =480 s.

4.2.2. Numerical results

Fig. 5 shows the x profile of the fluid surface for both models
at different times. It can be seen that the two models DF1 and DF2
provide exactly the same results until /=240 s. This is provoked by the
fact that the moving wave presents at the beginning a homogeneous
temperature distribution and, thus, in DF1 there are no waves gener-
ated by any density discontinuity and its results are the same as in a
classical hydrodynamical model. However, when the dam-break wave
reaches the quiescent reservoir, which is at a different temperature and

density, discontinuities generate different waves and provoke different
behaviour, as seen in Fig. 5 for 7 = 480 s. Since density changes affect
the model when this variable is included into the solver (DF1), sub-
cases C2.1 and C2.2 provide different results because the generated
waves are different. However, the figure also shows how this variation
of the initial condition does not generate any change in a classical
shallow water model (DF2), as the density is only transported as a
passive scalar.

This behaviour can be also seen when densities and velocities are
analysed. Once the wave has reached the quiescent reservoir, the
resultant velocity field is different depending on the model and the
base density, as seen in Fig. 6. In the (a) image of the figure, the
different density discontinuities between sub-case C2.1 and sub-case
C2.2 can be seen. As each of the cases is resolved with the two different
formulations, four different curves of density are shaped. However,
velocities have a different behaviour as seen in Fig. 6(b). As DF2 is
independent of density, it provides the same results for both cases,
while DF1, besides being faster in both cases, the velocity wave depends
on the fluid density.
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Fig. 5. Case 2: Flow free surface along x axis before and after the dam-break wave reaches the quiescent reservoir.
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Table 2

Case 3: Chosen parameters to create raster for the mound topography.
R 5000.0 m A 50.0 X 0.0 m
2z 0.0 B -0.0028 Yo 0.0 m

4.3. Case 3: Dam-break over a terrain mound with heat transfer

4.3.1. Test case description

In order to assess the model sensitivity to heat losses and fluid
behaviour simultaneously, an initial water column with a cylindrical
shape at the top of a mound is released, provoking a radial expansion
of the fluid slick. The differences between an adiabatic case (without
heat transfer) and a cooling case are considered in order to see the
effects on the flow progress.

The topography is created following a cone function as

2
sy {Acos (B27&) E<R 1)

Zp otherwise

where & = /(x —x)? + (¥ — yp)?. The function (64) is used with
parameters of Table 2 to create a raster with Ax=1.0 m. An unstructured
mesh is used with 316,479 triangular elements with a terrain elevation
mapped from the raster that can be seen in Fig. 7(a). It is important
to note that the 3D representation of the terrain is z scaled by 50x
for the sake of clarity in visualization. The initial condition along the
longitudinal x profile can be seen in Fig. 7(b). All the boundaries are
closed.

For this case, friction is modelled with the Bingham law (see
Eq. (7)). For yield stress, parameters are: A,=1, B,=2000 and C,=-0.3.
Viscosity is computed with: A,=0.08 and B,=1200, following Egs. (8)
for yield stress and (9) for viscosity. The fluid is assumed to have the
following parameters relating temperature and density according to (2):
K =1,T, =0 °C, and p, = 800 kg/m?>. The parameters used for this
test case are theoretical to allow a clear analysis in an extreme case.

Two different heat exchange situations are considered that give
rise to two different test sub-cases: case 3.1, adiabatic case without

heat losses (0=0 W/m?) and case 3.2, with negative heat transfer
(0=-100.0 W/m?) cooling the fluid to air temperature (0 °C). The
simulation runs up to =10 h and the extension of the longitudinal
profile of fluid surface is analysed and compared. Finally, in order to
assess the method convergence a sensitivity analysis is performed over
different computational meshes with a varying refinement.

4.3.2. Numerical results

Fig. 8 shows the longitudinal profile of surface level (a) and fluid
depth (b) along the x axis for different times in both cases, the adiabatic
and the cooling test case. All of them together with the initial fluid con-
dition. Gravity governs the first hour of simulation provoking almost
the same behaviour in both cases. However, the maximum extension
of the cooling case (3.2) is reached at =1 h and does not change for
the rest of simulation. The adiabatic front (3.1) extends slightly further
than the previous one, but it also reaches its maximum before the
simulation ends, as profiles at =5 h and =10 h are almost the same.

For the last states, the non-homogeneous spatial distribution of
depth provokes different intensity of heat transfer and, thus, develops
a non-homogeneous spatial distribution of temperature, specially on
the wave front. Additionally, due to the high effect of the source
term depending on the depth, following (17), thin zones in the front
cool down up to lower temperatures faster than the slick core, which
presents higher fluid depths and preserves the initial temperature more
time.

The method convergence is assessed through a sensitivity analysis
that has been carried out simulating the sub-case 3.1 with different grid
refinements. The used meshes, whose characteristics are summarized in
Table 3, are selected varying the mean area of the triangular elements
as they are unstructured (A). In the absence of an analytical solution,
the numerical results obtained with a very fine mesh are considered as
a reference (A=500m?). The comparison is performed for ¢ = 72 s.

The comparison of fluid depth is done by mapping the reference
solution obtained by the reference mesh over the different meshes
(from 1 to 6) generating a reference solution (4, ,,,) for each mesh at
a given time, n. Then, fluid depth numerical results (h;) are compared
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Fig. 8. Case 3: Longitudinal evolution of fluid depth along x axis for the adiabatic (-x-) and cooling (-o-) cases at different times.

Table 3
Case 3: Mean area of elements (A) and number of cells (NC) of computational meshes
used for sensitivity analysis performed for sub-case 3.1.

Mesh Reference M1 M2 M3 M4 M5 M6
A 500 1000 2000 4000 8000 16000 32000
NC 316479 163816 81761 40991 20575 10144 5124

cell by cell for each mesh through the Root Mean Square Error (RMSE)
weighted with cell area (4;):

Zihi = A
Zi A;

where subindex M stands for the analysed mesh. The analysis is carried
out for r = 72 s and the obtained RMSE depending on the number of
cells can be seen in Fig. 9. Together with the RMSE of the compu-
tational results, the slope of a 1st order scheme error convergence is
plotted in order to compare the behaviour of the solution. Results are
consistent with the fact that the numerical method is of first order.

RMSE}, = (65)

4.4. Case 4: Cumbre Vieja lava flow

La Palma island is the most north-westerly island of the Canary
Islands (Spain). It is a volcanic ocean island with an area of 708 Km?
and a total population of 85,840 inhabitants (at the end of 2020).

All its geography is a result of the volcanic formation of the island,
leading to a maximum peak height of 2400 m above the sea level. The
southern part of La Palma is formed by the Cumbre Vieja, a volcanic
ridge formed by numerous volcanic cones built of lava. After 50 years
of inactivity, a fissure eruption took place in Cumbre Vieja, started on
19 September 2021, preceded by and earthquake swarm 8 days before.
In the following week, more than 22,000 earthquakes were recorded.
The eruption caused the evacuation of over 7000 people and destroyed
more than 2000 buildings. Fig. 10 represents the data captured by the
Copernicus Sentinel-2 mission on 30 September and processed in true
colour, using the shortwave infrared channel to highlight the lava flow
from the volcano erupting and its pathway to the spill into the Atlantic
Ocean.

Fig. 11(a) shows the discrete domain considered together with some
representative locations. The spatial discretization is done by means
of a computational mesh consisting of 108,167 triangular elements,
locally refined along the lava trajectory (Fig. 11(b)). The main goal
of this test case is to calibrate the properties of the fluid considered
(density, viscosity and yield stress) by comparing the extension of the
simulated lava with the observations of the Copernicus satellite [30]
at different times during the first 11 days after the beginning of the
eruption, until the lava reached the Atlantic Ocean. During this period,
two main lava sources (Fig. 11) were the main contributors to the
lava effusive flow. The observed areas of consecutive lava patches have
been compared, obtaining an average volume for every time interval
that has made it possible to estimate the effusive lava flow (Fig. 12).
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Fig. 10. Infrared image of the lava flow from the volcano erupting (Copernicus Sentinel data 2021, processed by European Space Agency (ESA)).

The temperature for the first source is set at 1100°C, whereas a hotter
lava temperature from 1150°C to 1350°C is considered for the second
source, as it is released from a lower region within the volcano cone
due to the partial collapse of the northern wall.

4.4.1. Numerical results
For the application of the viscous model with variable temperature
to a lava flow, the heat transfer is expressed as [31]

Q _ de + Qconv

T = onC, = T phC,

(66)

The radiative heat transfer between the fluid and the air is computed
by the Stefan-Boltzmann equation

Orog =€ (T*=T2)

air

(67)
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where ¢ is the fluid surface emissivity (assumed as 0.55 [32] for a lava
flow), 6=5.67 -108 W/(m2K~*) is the Stefan—-Boltzmann constant and
T, is the air temperature.

On the other hand, the process of air convection is computed as a
function of the difference between the fluid temperature, 7, and the air

temperature, 7,;. [K], and a convection coefficient, &,

annu = hc (T - Tair) (68)

in terms of the convective heat transfer coefficient A, [Wm™2K] that
introduces the effect of air movement. It can be related to the Nusselt
number, in order to establish how relevant is the convection heat
transfer compared to the heat conduction:

h.L
Nu= -

(T_Tir)

a

(69)
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Fig. 11. (a) 3D representation of the bed level of the considered domain; (b) detail of the triangular unstructured computational mesh.
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Table 4

Density, yield stress and viscosity parameters.
K[kg/m® K] A,[Pa] B_[Pa] C,[K1] A, [Pas] B,[K']
-0.1 0 2.5.10° 4.29 1073 2.0-107 5.02 -10~3

Table 5

Obtained areas and F values for several times of the simulation.
t[h] 40 76 165 184 208 236
Ay [KM2] 1.400  2.139 2.288 2.512 2.910 3.231
A, [Km?] 1.586 1.776 2.409 3.114 3.131 3.860
Apm 0 Ay [Km?] 1.158 1.486 1.704 1.970 1.925 2.319
Ay U Ay, [Km2] 1.825  2.426 2.993 3.207  3.639 4.299
F 0.634 0.613 0.569 0.614 0.529 0.539

Table 6

Computational times and GPU speed-up factor.

CPU (1 core) CPU (16 cores) GPU-1 GPU-2

Comp. time (h) 477.19 33.37 6.88 1.65
Speed-up - 14.3 69.4 289.2

being L [m] a characteristic length and k [W m/K] the thermal conduc-
tivity. A value of h, =25 W/(m2K) is assumed in this work [32].

In addition to the correct estimation of the effusive flow, one
of the main challenges when modelling the lava flow is the correct
characterization of its physical properties. The lava density, viscosity,
and yield stress present a strong dependency on the temperature which
varies in a wide range throughout the descent of the lava. This variation
in lava properties also affects the velocity of the lava propagation front.
Hence, it is essential to carry out a correct characterization of the fluid
properties. In this section, the calibration obtained for the parameters
of the Egs. (2), (8) and (9) is shown. This calibration is based on the fit
of the distribution of the numerical lava layer to the extension of the
observed field data, with the aim of reproducing the transitory lava
flow as accurately as possible. Table 4 shows the density, yield stress
and viscosity calibrated parameters for the present case. Figs. 13 and
14 show the results for the numerical lava flow overlapped with the
satellite observations at r =40 h and ¢ = 76 h, respectively.

In order to find out the overall goodness of the fit, the feature
agreement statistics performance measure proposed by [33] is used
for all the available satellite data. This is a commonly used technique
for validating extents produced by numerical flow models. It defines a
dimensionless variable F (0 < F < 1) that accounts for the intersection

and union areas between the observed data (4,,,) and the numerical

data (4,,,) as follows:
F = Anum n Aobs (70)
Anum U Aubs

Note that F = 1 stands for a perfect numerical and observed data
match and F = 0 represents null coincidence. Table 5 shows the
obtained F values for several times of the simulation.

Not only accurate but also fast numerical models are essential for
hazard assessment and flow forecasting [34]. Therefore, the speed-up
factor, defined as the ratio between the simulation time in CPU with a
single core and the simulation time of a multi-core or GPU simulation,
is shown in Table 6. The CPU simulations have been performed using
an 16-core Intel Core i7-10700F at 2.90 GHz processor with 64 Gb of
RAM, whereas NVIDIA GeForce GTX Titan Black (GPU-1) and NVIDIA
A100 Tensor Core (GPU-2) devices have been used to run the GPU
simulations.

5. Conclusions
In this work, a new formulation of a shallow water model for

viscous flow influenced by temperature has been presented coupled
to an energy equation in terms of temperature variations. This model
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allows not only to transport temperature as a passive value, but also to
reproduce its influence on the momentum equations. A generic model
of temperature-dependent flows has been developed that can be applied
to a wide variety of fluids.

The resulting hyperbolic system represents a decisive advantage for
developing robust and efficient numerical models capable of dealing
with realistic large-scale and long-term geophysical events, despite the
simplifications assumed in the coupling process in the equations. The
augmented Riemann solver formulated has been designed to ensure
mass conservative, well balanced numerical solutions even in presence
of irregular beds and wet-dry fronts.

A test case for the cooling of a quiescent fluid, with reference
solution, has been carried out to analyse the conservation of energy
as a function of the action of this source term. It has been useful to see
the ability of the numerical approximation to reproduce a basic thermal
evolution in presence of variable depth.

Moreover, in order to analyse the influence of the inclusion of
density within the solver, a test case of a dam break on a slope
terminating in a reservoir with fluid at rest has been performed. It has
been demonstrated that, if temperature is only transported as a passive
scalar, waves generated by density discontinuities are not generated
and the results can be different. Even using the simplest Manning
friction law, very different results are observed at the moment when
the dam break wave reaches the reservoir and there is a difference in
densities. Thus, when trying to reproduce properly flows with strong
density variations, this density must be introduced within the conserved
variables vector, fluxes and numerical solver.

A detachment of a fluid column over a mound has been simulated
under different heat transfer scenarios: adiabatic (no heat exchange)
and cooling. The numerical solutions reproduce correctly the influence
of the heat transfer on the front advance. This behaviour is observed in
real flows such as oil spills or advancing lava flows, where the initial
inertia forces, combined with high initial temperatures, allow the fluid
to advance rapidly in the first instants and then, as the fluid cools, to
advance more slowly as the viscosity and density increase.

Finally, the model has been applied to the first stage (11 days) of
a real world event consisting of the recent eruption of Cumbre Vieja
volcano, located in La Palma Island (Canary Islands, Spain).

Using data from Copernicus satellite the effluent discharge has been
estimated and the propagation front has been tracked. As the lava
density, viscosity, and yield stress affect the lava velocity propagation
front, the parameters related to these fluid properties have been cal-
ibrated by fitting the numerical and observed lava patches all over
the considered domain, taking into account their dependency with
the temperature. This has required several runs of the model under
different hypothesis. The numerical results have demonstrated that the
model is robust and fast, making possible the simulation of all scenarios
in an affordable time. In general, a good correspondence has been
observed between the numerical results and the satellite observations,
both in lava extension and in the propagation velocity of the lava front.

The results and conclusions obtained in this work support the
need to develop accurate and efficient simulation models capable of
predicting the path of viscous flows. The fluid properties are highly
dependent on temperature, so its continuous monitoring is highly rec-
ommended. The efficiency of this type of distributed numerical models
with hundreds of thousands or even millions of cells is based on the use
of GPU devices for massive parallelization, obtaining speed-up factors
>289x for the test cases presented in this work.
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Fig. 13. Lava depth (upper), velocity (centre) and temperature (lower) over domain topography in grey scale at ¢ = 40 h after the eruption. Comparison with satellite observations

of the lava extension is also shown (dashed line).
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Appendix. Riemann solver for thermally-driven flows

In this section, a novel fully-coupled Riemann solver (RS) for
thermally-driven compressible shallow flows is presented, based on
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the augmented RS previously developed for compressible mud/debris
flows [23,35]. For the system of Egs. (21), the approximate Jacobian
matrix of the conservative fluxes expressed in the local framework of
the kth cell edge can be defined as

0 1 0 0
1 7 ~ ~ 1 ~
5, - 2gh (1~+~7) u, 23,, (1 2grh 1)
—U,U, 0, —u, 0
—u, TV [F TV/F 0 ),
and must satisfies
sF(0), =7, 60, (72)

where §F(ﬁ)k = F(ﬁ;’)—F(ﬁ;’) and 5ka = ﬁ;’ —ﬁ:.’ denotes the increment
on the local conservative fluxes and variables between cells ©; and 2;,
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Fig. 14. Lava depth (upper), velocity (centre) and temperature (lower) over domain topography in grey scale at t = 76 h after the eruption. Comparison with satellite observations

of the lava extension is also shown (dashed line).

allowing to define the wall-average values of the local variables as

- r,-h,-+rjhj
"T T h
G hth

2

o TR T
r,«him+rjhj rih; ’
Uy ; rihi+un’jm
rih; + \/W
~ _ ”t,i\/%"'”&j\/%

(73)

n

Analogous to the procedure detailed in [23] and due to the hyper-

bolic nature of the system, 4 real eigenvalues A" with m = 1, ...,4 can
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be obtained for the Jacobian matrix 7, © as

Aag =@y

(74)

being ¢ the linearized flow celerity, defined as ¢, = (\/ %gﬁﬁ) s
k

where 7, = (1 +7—TV),.
The 4 associated eigenvectors €,, compound the orthogonal basis of
J, and are gathered into matrix P, = (€,¢,, €5, €,), that reads

M= = Ty =G A =@, + 0

1 0 1 7
R B 75)
U, c PA ro,
V0 TY/F 14T ),
which satisfies
o 7 0
Ji = PAPTY), A = (76)
0 Iy ),
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Fig. 15. Approximate solution for the local plane RP at the kth cell edge.

being f’;l the inverse matrix of P,.
The conservative variable increment §U, is projected on the eigen-
vector basis in order to obtain the wave strengths @,, , as

@, ....@pl =P'60, — 50, = i(amsm)k 77)
m=1

where @,, are

@ = = [6(rh) ((1 +F)E + it ) — m&(rhu,,) — 7es(AT")] (78a)

@ = % [6(rhT;) — 0,5(rh) (78b)

@ = ﬁ [6(rm) ((1 +F)E = ittt ) + m&(rhu) — Fe6(hTV) (78¢)

= % S(RTY) — @(wh) (78d)

The bed slope and basal resistance momentum source terms are
integrated into the numerical flux at the cell edges. The momentum
edge-contributions H(ﬁ)k and T(Ij)k in (35) and (36) can be projected
on the eigenvector basis in order to obtain the corresponding source
strengths as

4
Bro - B =P HO), — HO), = ) (5,8, (79a)
m=1
_ . R 4
@ oo B =P TO), — TO) = Y 3,8, (79b)
m=1

and the source strengths reads

7o & Az, = _ Ty (e Ax + 11, Ay)
Y ! 2ppc

pr=0 6,=0

ﬂN _ g;ﬂ Azb G = _;b(ﬁuxAx + ﬁuyAy)
G 3 2p0C
py=0 6,=0

One result of Roe’s linearization is that the approximate Riemann
solution consists of only discontinuities and hence is governed by the
wave celerities in Im,k. Therefore, the approximate solution LI[EX))
consists of four regions connected by 5 waves, one of them a contact
wave with null celerity accounting for the integrated source term at the
edge position * = 0 (see Fig. 15).

According to the Godunov-type method, it is sufficient to provide
the approximate solution at the intercell position £ = 0 in order
to obtain the augmented numerical fluxes F,l( throughout the edge.
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Therefore, the definition of the numerical fluxes at the left and right
sides, Fi_ and Ft+ respectively, of the kth cell edge is written as

Fi~ =FO) + Y [y = B = 5) &)
- (80)

Fit = F(O") - G = B = 5 €5
m+

where the subscript m— and m+ under the sums indicates waves trav-

elling inward and outward the i cell.

Note that, when momentum source terms are incorporated into the
Riemann solver, it is no longer possible to define a unique value of the
numerical flux at both sides of the cell edge. The relation between the
approximate fluxes 7"’}(_ and T‘f’ can be analysed using the Rankine-
Hugoniot (RH) relation at & = 0, which includes the steady contact
wave accounting for the momentum sources. The corresponding flux
jump is given by

4
Fir=F = Y [(B,+5,)8,], = HO), + T(0),

m=1

(81)
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