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Abstract

This paper deals with the approximation of continuous functions by the classical Szdsz—
Mirakyan operator. We give new bounds for the constant in front of the second order
Ditzian—Totik modulus of smoothness in direct inequalities. Asymptotic and non asymp-
totic results are stated. We use both analytical and probabilistic methods, the latter involving
the representation of the operators in terms of the standard Poisson process. A smoothing
technique based on a modification of the Steklov means is also applied.
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1 Introduction

The classical Szasz—Mirakyan operator S;, introduced independently in the 1940s by G. M.
Mirakyan, J. Favard and O. Szdsz, associates with each number ¢ > 1, and each function
f e RI0.%)_ provided the series below is absolutely convergent, the function S; f := S;(f)
defined by

o k —1x k
SFw =3¢ (;) =0
k=0 ’
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This paper deals with the approximation process of S; f (x) towards f(x), as t — oo. In this
regard, let us introduce some notations. The second order central difference of f € R[0.00)
is defined as

A fF)=fx—h) —2f@X) + f(x+h), x>h>0.

The Ditzian-Totik modulus of smoothness of f with step-weight function ¢(x) = /x is
given by

a)g(f;é):sup”Aiﬁf(x)‘ x> 2 O§h§6}, 5> 0.

Note that the operator S; interpolates at 0, and holds fixed every affine function. We denote
by § the set of continuous non affine functions f € RI%:° such that wg(f; 1) < oco. We
assume that # > 1 and denote by || f||4, = sup{|f(x)| : x € A}, A C [0, 00).

In 1994, Totik [10] obtained the following characterization concerning the rates of uniform
convergence for the Szasz—Mirakyan operator Sj,:

~ 1 1

for some absolute positive constants K and K. The lower and the upper inequalities in
(1) are called the converse and the direct inequalities, respectively. Once (1) is established,
the subsequent natural question is to estimate the constants K and K. To the best of our
knowledge, the only result in this direction was proved in [2], where it is shown that the
direct inequality holds for K = 4. It seems that no specific value for K has been provided
yet.

In this paper, we give the following estimates.

Theorem 1 We have

1 < sup sup .
21 fe§ o (f; f)
Theorem 2 Let 7 : [1, 00) —> (0, 00) be a function such that

(1)

T(t) — oo and T—)O, ast — oo. 2)

ISt f — fllo,00) < 2-43.

Then,

. 1 3
lim supﬁll&f = flliz@y/t,00) = 5
t—00 , (f, ?)

Theorems 1 and 2 give us, respectively, non-asymptotic and asymptotic estimates of the
constant K. As we will see in Sect. 5, the maximum value of |S; f(x) — f(x)| occurs when
the product zx takes intermediate values, specifically, when tx € [1, 30]. This is the reason
why the asymptotic estimate in Theorem 2 is better than that in Theorem 1.

It may be of interest to compare Theorems 1 and 2 with other known results in the literature
referring to the classical Bernstein polynomials. Direct and converse inequalities for such
polynomials, analogous to those in (1), were obtained by Ditzian and Ivanov [4], and Totik
[9]. Different authors have obtained specific values for the corresponding constant K in the
direct inequality. In this regard, Adell and Sangiiesa [2] gave K = 4, Gavrea et al. [5] and
Bustamante [3] provided K = 3, and finally, Piltdnea [7] obtained K = 2.5, this being the
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best result up to the date and up to our knowledge. Note that Theorem 1 provides K = 2.43
for the Szdsz—Mirakyan operator. Finally, a similar result to Theorem 2 for the Bernstein
polynomials was obtained in [1].

Two main different tools are used to prove Theorems 1 and 2. In the first place, the
following probabilistic representation of S;. Let (N, ),>0 be the standard Poisson process.

Since
k

A
PN =k)=e¢*>—, k=0,1,..., 1»>0, 3)

k!
) ; “

where E stands for mathematical expectation. Note that

2
E(Mx—x>:O, E(N”—x>::f. 5)
t 1 t

In the second place, we use a certain smooth approximant Qf f of f € §, built up by
antisymmetrizing near the origin the classical Steklov means of f (see Sect. 4 for more
details).

This paper is organized as follows. In the following section, we include some auxiliary
results involving estimates of tail probabilities for the standard Poisson process, as well as
other estimates in terms of the Ditzian—Totik modulus. Sections 3 and 4 contain estimates
of |S; f(x) — f(x)] for small and large values of x, respectively. The last section is devoted
to prove Theorems 1 and 2.

then S; f can be written as

Nix
Sif(x)=Ef ( ;

2 Auxiliary results
In this section, we gather some technical results. Specifically, Lemma 3 was already used in
[2] and comes from Petrov [8, p. 52], so that we state it without proof. Lemma 4 is similar
to Lemma 2.1 in [2], a proof of which is included here for the sake of completeness. Finally,
Lemma 5 is a reformulation of Lemma 2.5.7 in [7], adapted to our setting.
Lemma 3 Assume that 0 < a < 1. For any A > 0, we have
P (N)\ < aA) < e—k(l—a-&-a loga)'
From now on, [-] stands for the ceiling function.

Lemmad Letz > € > 0and S > 0. Then,

2¢/82

14++/14+4(z —€)/82

Proof For any k € N, it can be checked that

2
|A2f(2)| < [ W o5 (f;9).

2k—1

ALf@) =) aAlif), ar =

r=1

, =1,....k—1;
{r r )

2k —r, r=k,...,2k—1,
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where u, = 7 — € + re/k. Note that
2k—1
@)

Z a, = K.
r=1

Since ¢ is increasing, we have, forr =1, ...2k — 1,

‘f(”r (P(Mr)k o ))_zf(ur)+f<ur+§0(”r)k (r))’

A2 f )| =

i)

2\ k) )

Thus, we have from (6) and (7),
2 2 9o o €

a0 1 )

Therefore, the result follows after choosing k to be the smallest integer such that

€ €
> = s
T ko))  kJz—€+ €k
namely,
‘ 2¢/82
1+ 144z —e)/8% |
[m}

Lemma5 Let0 <a < b, and let f € C[0, 00) be such that f(a) = f(b) = 0. Then,

o, b—a
I fllfa.p) < @5 (f! 20(4D) )

Proof Suppose that y € (a, (a + b)/2]. Since f(a) = 0, we see that

1
lfO) = Elf(y—(y—a)) =2fM+fO+y—a)— fy+y—a)l
1 1
=3 ‘f (y —so(y)m> 2f(y) + f <y+</>(y)ﬁ>‘ + E”f”[a,b]

1 y—a
<=y f; )+*I|f|| bl-

2 2( ey ) 20Tl

This and the fact that the function y — (y — a)/¢(y) increases in (a, (a + b)/2], allow us
1 b—a 1
<Y | fi ——— |+ =1 llap ®)

[fO)I 72 (f 2ga(““2“b)> 5 Sllia,p1
Analogously, for y € [(a + b)/2, b), since f(b) = 0, we have

1
lfO)I = El—f(y— G=N+fO—=—bG=y)=2fW+fO+b—y)l
b—a
>, ©)

e + 2o (1 272) < Ly + 2ot (£
= s —— ) =3 N ;

to write

IA
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because the function y — (b — y)/@(y) decreases in [(a + b)/2, D).
The result follows from (8) and (9). O

3 Direct estimates near the origin

We denote by ALf and A2f the usual first and second forward differences of f with
increment 1/¢, i.e.,

Aif(2)=f(z+;>—f(z), z>0,
Aif(z)=f(z)—2f(z+;>+f<z+§>, z>0.

It turns out that the first and second derivatives of S; f can be written as

t

Nix
(S f) (x) = 1S (ALf) (x)zﬂEAif( ’ ) (10)

(S ) (x) =128, (A2f) (x) = PEALZf <Nt> , (11)

and the easy to check inequality

227 (5)] = o (f; %) x>0,
yields

1
(S0 ) ()] < P (f; j) . x>0. (12)

Theorem 6 For 0 < x < 1/t, we have, with A = tx,

1S, f(x) — fF)| < (1 + A2) wy <f' i)
t = ) ) aﬁ .

Proof Let ¢ be the affine function that interpolates f atthe pointsOand 1/z,andletg := f—¢.
Since S;£ = ¢, it goes without saying that

Sig—g=Sf—f Sg0)=g0)=g1/n=0, ()" =", (13

and, from (10),
(5:8)" (0) = 1(g(1/1) — g(0)) = 0. (14)

Let B be a random variable having the beta density p(0) = 2(1 —6),0 < 6 < 1. By
(11)—(14), and the Taylor’s formula, we have

x2

1Sig ()| = |S18(0) +x (S,8)" (0) + S E (S:8)" (Xﬁ)‘

x2 22 1
=7 |E (S )" «xp)| < 705 <f; %) (15)

Apply Lemma 5 to g witha = 0 and b = 1/¢ to obtain

1 1
lg(0)| < w¥ (g; ﬁ) <o (g; $> ., 0=<x< (16)

~ | =
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Finally, from (13)~(16), using the trivial equality »} (g; -) = @} (f; -), we have

A2 1
[S; f(x) — fO)] =185g(x) — gx)| < [S,g(0)| + |gx)| < (1 + 7) wl (.f; $> ,

and the proof is over. O

4 Direct estimates far from the origin

We will apply a smoothing technique by using the classical second order Steklov mean
associated with the function f, which, in probabilistic terms, can be written as

h
th(y):Ef<y+§(Vl+V2)>, y>h=>0,

where V; and V; are independent identically distributed random variables having the uniform
distribution on [—1, 1] (see, for instance, [1] and [6]). Following the lines of the proof of
Lemma 2 in [1], it can be seen that

1 h
1Pf(y) — fOD < s0f (f; —) y>h=>0, amn
2 ()
and
|(Pu )" (9] < Lot <f' L) y=h=0. (18)
—h272 7 () -
Starting from a, ¢, x € R, and assuming that
1
O<ac<l, — <x, (19)
at
we take
plax)  ax <Nm )2
h= = = E — , 20
NG NG Va Pt (20)

and define the approximant

2Py f(ax) — Ppf(Qax —y), 0=y <ax;
0, f(y) = 1)
Py f(y), y = ax.

Note that (19) and (20) imply that
h < ax, (22)

and that Qf f is well defined. Moreover, Qf f is twice differentiable except at the point ax,

where it only has sided second derivatives. This implies that its first derivative (QZ f )/ is
absolutely continuous, thus allowing us to write, by Taylor’s formula,

)2
OO g (e )+ (v —0)B)).

04f(y) = 08 f(x) + (04 f) )y —x) + >
(23)

with the obvious understanding that (Qf f)” is not properly the second derivative of Qf f.

Lemma?7 Let R, = [ax, 00).
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(@) Ify € Ry, then
1 1
|QZf(y) - f(}’)| = wa (fy j) ,

whereas if y & R, then

q 3 [ 2@ = T\ o(p L
|th(y)—f(y)|§<2+[l+m—‘>w2<f,ﬁ>.

(b) Foranyy > 0, we have

(01r)" o] = et (152

Proof (a) If y € R,, we have from (20)
h (p(ax) 1 1
o0 e i i
Thus, the first inequality follows from (17), (21) and (22).

If y ¢ R,, we write by virtue of (21)
0L f () — f(y) =2(Puf(ax) — f(ax)) — (Pnf(2ax — y) — f(2ax — y))
= (fQax —y)+ f(y) —2f(ax)). (25)

Applying Lemma 4 with z = ax, € = ax — y and § = 1/4/t, we have after some simple
computations

24)

2t(ax — y) 2 1
|fCax = y) + f() = 2f (@) = a2, fax)| = [ﬁw o ( : ﬁ) .

This, together with (17), (24) and (25), shows the second inequality in part (a).
(b) If y € R,, the result follows from (18) and (21). If y ¢ R,, we have from (18), (21)

and (24),
” h I 1
‘(th (y)‘—‘(th) (211X—)’)‘_h2w2 (f m)<7 2<f§ $)7
thus completing the proof. O

Denote by 14 the indicator function of the set A.

Theorem8 Forx > 1/(at), 0 < a < 1, we have, with . = tx,

S — fl < (14 = +E 1+[ 2ar — M) W w“’(f' i)
‘. = 24 1+ JT1an, | ) W= )2\ )

Proof Let h be as in (20). We split S; f (x) — f(x) into three terms:

Sif(x) = f0) = (Qhf ) = F)) + (S f () = S Q) F(0)) + (S Qf f (%) = O f(x))
=I+11+111. (26)

Since x > ax, Lemma 7(a) shows that

1) < 2ot <f i). @7
2 Jt
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Table 1 Values of A;,
i=1,2,..., 12

From (4), and again by Lemma 7(a), we have

Nix Nix
in=[e (s (%) - (7))
P (Niy > atx) § 2(atx — Nyy) 0 ) L
= (2 +E< + ’71 T m—‘ ) N,V<atx}) w, (f’ \/;)

(1 2ar—Ny) 7 of . 1
(o))

Finally, from (4), (23), (5), and by Lemma 7(b), we get

1 N, 2
[11] = |E(Q5f)" G+ (Nix/t = x) B) ( . —x)
<ot (i) = et (5 — (29)
= 2n2 2\""Vt) 2a 2\ i)’
where the last equality follows from (20). The result follows from (26)—(29). ]

5 Proofs of the main results

Proof of Theorem 1 In the first place, we prove the upper inequality in Theorem 1. Let us
consider the following partition of the interval [0, co):

11

[0, 00) = [0, 1/1) U (U [3/1. A,-H/r)) U[30/1,00),

i=1
where the A;’s are given in Table 1.
We will prove the result for x € [0, 00), separately for each one of the aforesaid

subintervals.
For x € [0, 1/t), Theorem 6 yields

1
S, f(x)— f(x)| < 1.50¢ T — . 30
[Si f(x) — f0)] < z(fﬁ> (30)
As regards the middle subintervals, we leti = 1,2, ..., 11, and apply Theorem 8 with

a =i/} and A = tx, to obtain
S, F0 - ol < 1+ 2+ 14 26— No) T | w<f.i>
t X X)) = 2 1+m N}L<l} 0)2 7\/; .
= 26i-n 7 S w(.i)
<1+ +Z<1+( +m—‘)e r!>w2 fi
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Table 2 Explicit expressions for et (kij(A) =1 —Xx/2i)),i = 1,2,..., 11, calculated with the aid of the
computer software Mathematica

i

e (ki (W) —1—2/(20))

1 2
2 5421
3 104 51 4 22
13
4 17450+ 22 + 3
5 26 4+ 10A + ﬁ + E ﬁ
2 3 12
6 37+ 1710 + ﬁ + ﬁ ﬁ ﬁ
N
, 53 st
7 SOH1TA 452"+ ==+ -+ 5+ 35
8 65+26A+5)\2+£+5E+E+£+i
3 24 24 360 2520
9 R L L L N
2 3 24 24 360 2520 20160
10 101+37A+E+E o Eer—ﬁJquL & + >
2 6 12 24 144 ~ 2520 20160 181440
11 122+50A+13A2+E+$+£+£+L+ a + » + 20
6 12 12 144 1008 20160 181440 = 1814400
o 3 e o i ki ) ki Ghi 1)
rounded to six significant figures, | 223576 2.42773
calculated with the aid of the
computer software Mathematica 2 2.42997 2.35107
3 2.23761 2.37158
4 2.09784 2.38563
5 2.13511 2.30834
6 2.10838 2.33641
7 2.15217 2.35830
8 2.19103 2.37544
9 2.22343 2.38904
10 2.25046 2.35012
11 2.22762 2.36368
=ki(Mw, ; «ﬁ s
where explicit expressions for k;(A), i = 1,2,...,11, can be easily derived from the
information in Table 2.
Fori = 1,2,..., 11, the function k; (A) takes values less than 2.43 at the end points of

the interval [X;, Aj+1), as Table 3shows. In addition to that, k; (1) is convex for A = tx €
[Ai, Ai+1), since in that interval, one has that k(1) > 0. Indeed, it suffices to inspect Table
4 and check that the quantities between curly brackets are positive. For instance, if i = 6,
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Table 4 Explicit expressions for e)‘klf/(k), i=1,2,...,11, calculated with the aid of the computer software
Mathematica
i k] (1)
1 2
2 1422
3 241422
A'S

4 9+31+ 122+ 3
5 11+2)~+3A2+ }L3+}L4

2 3 12

7 264+24+ 41 -4 D S

512 B3t a5 a8
2 2 78 60 ' 360

0 34 160+ 522 N 533 a8 N a8 N A7

2 "6 8 40 360 ' 2520
9 47+2A+AZ+SA3 A4+AS > + »”

6 8 ' 40 2520 ' 20160
10 444201 + L + a + S + AN + »

2 "3 " 24 40 240 20160 ' 181440
11 48+ 155+ 242 + 7 + Mp_x + a » + 20

6 24 24 240 ' 1680 181440 ' 1814400

for A € [Ag, A7) = [13, 16), one has

3-162 133 160 130
K/ > e [8+ 120 — 4+ = 0.
st ze (+ > T2 Tt e)”

Consequently, for x € [Ai/t, Xiy1/t),i=1,2,..., 11,

1
IS0 £ (%) = f(0)] < 2.430% (f; $> . 31)

Finally, as for the unbounded subinterval, Theorem 8 with @ = 0.4 and A = tx, together
with Lemma 3, yields

S, £ (x) <1 1 E1+’72(0'4)‘_N)“)—‘21 ¢<.L>
) — f)] < +0.8+ T VTN, (Ny<0.42) | @5 f’ﬁ .
< (225 + (14 [0.421%) P (N, < 0.41)) ¥ ( f; \%)
< (2.25 + (1 + (041 + 1)?) e*“°~6+°-41°g<0-4>>) oy ( fi %)

Ji
1
= k12(}\)w§ (f, ﬁ) .
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By elementary calculus, one sees that k12 (A) decreases for A = zx € [30, 00), and also that
k12(30) = 2.40432 (rounded to six significant figures).
Hence, for x € [30/t, 00),

1
IS f(¥) = f()] < 24105 (f; \7> : (32

Thus, the upper inequality in Theorem 1 follows from (30), (31) and (32).
To prove the lower inequality, we proceed as in the proof of Theorem 2 in [1]. Let x €
(0, 1/t) and consider the function

£0) = (1=2) 1o o.

Observe that @} (fy; 1/4/1) = 1, as well as

Nix
t

Sife(x) = fx(x) =Efx < ) = P(Nixy =0) =™,

This implies that

1
sup sup ——————[1S; f — flljo,00) = €.
=1 fe5 @5 (f: 1/v/1) >
Hence, the lower inequality follows by letting x — 0. The proof is complete. O

Proof of Theorem2. Let 0 < a < 1, and let x > 7(¢t)/t > 1/(at). From Theorem 8 and
Lemma 5, we have, with A = rx,

1 1
ISi f(x) — f(x)] < (1 + % + (14 [ar]?) P (N, < ak)) w} (f; $>
i 2\ ,—Ai(l—a+a loga)> 4 ( . i)
5(1+2a+(1+raﬂ)e ) f,\/; SN CR)
Observe that

1S: f — fllix@y/r.o0) = sup 1S f(x) — f(x)I.
A>1(1)

We therefore have from (33) and assumption (2)

1
I1S: f — fllr@y/roo) < 1+ —.

lim sup
R/
The proof is over, since 0 < a < 1 is arbitrary. O

Funding Funding for open access publishing: Universidad de Jaén/CBUA

Open Access This article is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included in the
article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If material is
not included in the article’s Creative Commons licence and your intended use is not permitted by statutory
regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder.
To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

@ Springer


http://creativecommons.org/licenses/by/4.0/

43 Page120f12 J. A. Adell, D. Cérdenas-Morales

References

1. Adell, J.A., Cardenas-Morales, D.: Asymptotic and non-asymptotic results in the approximation by
Bernstein polynomials. Results Math. 77, 166 (2022)

2. Adell, J.A., Sangiiesa, C.: Upper estimates in direct inequalities for Bernstein-type operators. J. Approx.
Theory 109, 229-241 (2001)

3. Bustamante, J.: Estimates of positive linear operators in terms of second-order moduli. J. Math. Anal.
Appl. 345, 203-212 (2008)

4. Ditzian, Z., Ivanov, K.G.: Strong converse inequalities. J. Anal. Math. 61, 61-111 (1993)

5. Gavrea, 1., Gonska, H.H., Piltinea, R., Tachev, G.: General estimates for the Ditzian—Totik modulus. East
J. Approx. 9, 175-194 (2003)

6. Gonska, H.H., Kovacheva, R.K.: The second-order modulus revisited: remarks, applications, problems.
Conferenze del Seminario di Matematica dell’ Universita di Bari, vol. 257 (1994)

7. Piltanea, R.: Approximation Theory Using Positive Linear Operators. Birkhiduser Boston Inc, Boston
(2004)

8. Petrov, V.V.: Sums of Independent Random Variables. Springer, Berlin (1975)

9. Totik, V.: Approximation by Bernstein polynomials. Am. J. Math. 116, 995-1018 (1994)

10. Totik, V.: Strong converse inequalities. J. Approx. Theory 76, 369-375 (1994)

Publisher’'s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Estimates in direct inequalities for the Szász–Mirakyan operator
	Abstract
	1 Introduction
	2 Auxiliary results
	3 Direct estimates near the origin
	4 Direct estimates far from the origin
	5 Proofs of the main results
	References




