FRACTAL SOBOLEV SYSTEMS OF FUNCTIONS
ASSOCIATED WITH ORTHONORMAL SYSTEMS OF
FUNCTIONS

ABSTRACT. The paper introduces the uniform boundedness of the Sobolev
orthonormal systems of functions associated with uniformly bounded or-
thonormal complete systems of continuous functions and also defines the
a-fractal Sobolev system corresponding to Sobolev Orthonormal Sys-
tem. An approximation related result similar to Weierstrass theorem is
derived. It has been shown that the set of a-fractal versions of Sobolev
sums is dense and complete in the weighted Sobolev space W;’Q(I ). A
Schauder basis and a Riesz basis of fractal type for the space W;’2(I )
are found. The Fourier-Sobolev expansion of an a-fractal function f
corresponding to a certain set of interpolation points is presented. Also
the convergence of f*with respect to uniform norm and Sobolev norm
are established.

1. INTRODUCTION

Fractal approximation has been used to describe geometrical structure of
the objects which have irregular and complex characteristics in nature such
as surface of broken stone, lightning, clouds, mountain ranges, coastlines,
price graphs, smoke etc. The geometrical structures and the properties of
such irregular objects were first addressed by Benoit B. Mandelbrot and he
coined it as fractal theory [1].

Fractal interpolation functions whose graphs are fractals have been broadly
used in approximation theory, interpolation theory, financial series, com-
puter graphics, signal processing and many on. Barnsley [2], constructed
the fractal interpolation function (FIF) using Hutchinson’s operator [3] on
an iterated function system (IFS), whose attractor is the graph of a contin-
uous function interpolating a certain data set.

Navascués [7, 8], defined an a-fractal interpolation function f¢ as a fractal
version of a continuous function f € C(I) on a compact interval I of R. The
function f¢ is continuous but non differentiable in nature.

The theory and application of a-fractal interpolation function f¢ have
been extensively studied by Navascués [8, 10]. In [4], several properties of
the operator F* : C(I) — C(I) defined by f — f© have been analysed and
also been extended to more general spaces like £P-space LP(I)(1 < p < 00),
r-smooth function space C"(I) and the Sobolev space W"P(I).
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2 FRACTAL SOBOLEV SYSTEM

In [11], Sharapudinov defined the Sobolev orthonormal system {¢, 1 }72
associated with an orthonormal system {;}72, of functions defined on
I = [a,b] with weight function p(x). Some particular cases of the Sobolev
orthonormal systems of the form {¢,;}72, generated by the classical Ja-
cobi, Legendre, Chebyshev and Haar orthonormal systems were considered
n [11]-[15]. Results on the uniform convergence of Fourier-Sobolev series
can be found in [11].

In [19], the fractal Jacobi system is defined and the convergence of Fourier-
Jacobi expansion for an affine FIF as well as non-affine FIF is briefly dis-
cussed. In the same paper, a fractal version of a classical result namely
Weierstrass theorem is found and also it is proved that the fractal Jacobi
system forms a Schauder basis for a space of weighted square integrable
functions.

In the present paper, it is shown that the Sobolev orthonormal system of
functions is uniformly bounded. Mainly, the a-fractal Sobolev system is de-
fined here and an approximation based result similar to Weierstrass theorem
is derived. It is proved that the set of a-fractal versions of Sobolev sums
is dense in the weighted Sobolev space WZ’Z(I ) and the a-fractal Sobolev
system is complete in W;’2(I ). Also this paper shows that the a-fractal
Sobolev system forms a Schauder basis and also a Riesz basis for W};’z(l ).
Some results on convergence of Fourier-Sobolev expansion of an a-fractal
function corresponding to a certain data set, are established.

2. DEFINITIONS AND NOTATIONS

2.1. Weighted Sobolev Space.

Consider a closed compact interval I = [a,b]. Let p: R — (0,00) be any
continuous weight function. For 1 < p < oo, a weighted LP-space is defined
as LE(I) :={f : I — R; f is measurable and ||f||£g(1) < o0}, where

T [ / If(:v)lpp(:v)dm] F i<p<on

£B(1)

For sup-norm and £5-norm, we have, if f € £>(I)

11y, < 161 | [ ptrte] "

where sup-norm || f|| = esssup{|f(z)|: z € I}.
When p(z) = 1, then £5(I) = LP(I) and write £1(I) = L(I).

The weighted Sobolev space [11] is defined as Wy*(I) := {f : I = R; f is
(r — 1)-times continuously differentiable on I such that f"~1 is absolutely
continuous on I and f() € L%(I )}. The inner product in W;’2(I ) is defined
by

3 =

r—1

(19) = Y 1@ @ + [ 1@ @pla)dn, (1)

Jj=0
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for all f,g € W;’Z( ), if 7€ L(I). The norm is defined as

p(

N[

g = | 5 |F0@[ + @) sete]|
=0

for all f € Wy*(I).

This makes W5?(I) a Banach space. Wj?(I) is also a Hilbert space
with the inner product (2.1). When p(z) = 1, then Wy?(I) = W"2(I). It is
needed to mention that for any compact interval I, C”(I) is dense in Wh*(I)
(in view of Theorem 2, Page-251 in [21]).

2.2. Sobolev Orthonormal System.
Let {¢r}32, be an orthonormal system of functions on a compact interval
I = [a, b] with the weight function p(x). That is,

(proom) = [or@lom@@ports={ 5 15 22)

From (2.2), [, ¢x(2)]? p(z)dz = 1. Therefore ¢y, € L£2(I), k=0,1,2,....
By including the condition that ¢ € L(I),k =0,1,2,... , one can define the
following functions generated by the system {¢}32, (see [11]). Let r € N,

brrasle) = oy [ om0 i k=012 @3

and
o k
%w@%:@}Jo;k:OJJVAT—U. (2.4)

It follows from (2.3) and (2.4) that for a.e. z € I,

%jkﬂ@(?OSjST—Lrgh
- "y 2.5
#7) Or—jk—j(x) if j<k<r (2.5)
0 if k<j<r.

In [11], it is shown that {¢, 1 }72, is an orthonormal system in W;’Q(I )
and also complete in W;’Z(I) with respect to (2.1) if {¢g}32, is complete in
L3(I) and if ()EE( ).

The system {1}, is known as Sobolev orthonormal system generated
by the orthonormal system {py}32,. If the initial system {p;}32 is of
continuous functions, then from (2.5), each ¢, € C"(I).

The Fourier series of f € W;’Q(I ) with respect to the system {¢, 1 }72 is
of a mixed form, which is given by (see [1 1])

r—1

f(z) ~ Zf(k( +Zfrk: )er k(T (2.6)

k=0
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where
fre = Fri(f /f’") 7") t)dt = /f pr_r(t)p(t)dt. (2.7)

The series (2.6) converges to f uniformly also if ( € L(I) (see Theorem
22, [11]).
The n-th partial sum of (2.6) is defined by
r—1

Yr,n(f,x):Zf(k( +Zfrk; gork ; forx € 1.

k=0

2.3. Fractal Interpolation Function.

Let N > 2 be an integer. Consider a set of interpolation points D =
{(zi,yi) € IXR:i=0,1,..., N}, where A : zp < 1 < ... < zy is a partition
of the closed interval I = [xg,zn]. Set I; = [x;_1,2;] fori=1,2,...,N. Let
Li: I —1I;,i=1,2,..,N, be contraction homeomorphisms such that

LZ(CC[)) = Ti—1, Lz(.%'N) = Ty, (28)
| Li(z) = Li(y)] < aslz — yl, (2.9)
for all z,y in I and 0 < a; < 1.

Again, let F; : I xR - R, ¢ = 1,2,..., N be given continuous functions

such that

Fi(wo,y0) = yi—1, Fi(rN,yn) = ¥, (2.10)

|Fi(z,y) — Fi(z,y)] < |ailly — /], (2.11)
for all z in I and for all y, v’ in R and for some 0 < |oy| < 1,i=1,2,..., N.

Let
cr(I) ={fecl): f(xo) = yo,f(va) =yn}
(1) = {f €CI) : f(i) =yt i = 0,1,2,..., N}.

The Read-Bajraktarvic (RB) operator T : C*(I) — C**(1 ) is defined by (see
[6])
is a contraction with contractivity factor |a| = max{|a;|: i =1,2,...,N}.
Due to Banach fixed point theorem, 7' has a unique fixed point g (say).
Furthermore, g interpolates the data set D and satisfies the fixed point
functional equation

g(z) = Fi(L;y Y(2),9(L;*(x))); = € I;;i = 1,2, ..., N. (2.12)
Define mappings W; : I xR — I; x R; i = 1,2,..., N by W;(z,y) =
(Li(x), Fi(x,y)), for all (x,y) € I x R. Then
W =(IxR;Wi(z,y):i=1,2,....,N),
constitutes an IFS. Barnsley [2], proved that this IFS W has a unique attrac-
tor G, where G is the graph of a continuous function g : I — R interpolating

the points of D. This function g is called a fractal interpolation function
(FIF) and it is the unique function satisfying (2.12).
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The most studied FIFs are defined by the iterated mappings

Li(x) =ax+e;, i=1,2,...,N, (2.13)
where a; = ”z;fgol, e = “*"N?;i;zoxi
Fi(z,y) = ay + ¢i(x), i =1,2,..., N, (2.14)

where g;(z)s are suitable continuous functions on I for which F; satisfies
(2.10) and (2.11). For each ¢ = 1,2,...,N, «; is a free parameter with
lai] < 1 and is called a vertical scaling factor of the transformation Wj.
Then the vector o = (aq, g, ..., ay) is called the scale vector of this IFS. If
gi(z)s are affine maps, then the corresponding FIF is known as affine FIF
(AFIF).

2.4. «-Fractal Interpolation Function.
Let f € C(I). Consider the IFS defined by the iterated mappings in (2.13)
and (2.14), where ¢;(xz) = f(Li(x)) — a;b(z), i.e.,

Fi(z,y) = auy + f(Li(z)) — ayb(x), i =1,2,.... N (2.15)

and b € C(I), known as base function that follow b(zg) = f(xo) and b(xy) =
f(zn). Let f* be the continuous function whose graph is the attractor of
the IFS defined by (2.13) and (2.15). Then, the function f* is called the
a-fractal function of f with respect to the base function b and the partition
A. From (2.12), f“ satisfies the fixed point equation

Fo@) = f@) + ai(f* = b)(L; (), (2.16)
forall x € I;, i = 1,2,...,N. From (2.16), it is easy to deduce that

For o = 0, the fractal function is same as the classical one. More discussion
about a-fractal function for different choices of b can be found in [7]-[9].
Take

If* - fl!oo_1 ||f bl o (2.17)

b=Lf,

where L : C(I) — C(I) is a linear and bounded operator with respect to
the uniform norm on C(I) such that Lf(xg) = f(x¢) and Lf(zn) = f(an)-
Then from (2.17), for any f € C(I) and its fractal function f¢ satisfies

ol
Hfa f”oo =1_ | | HId LHoo Hf||oo7 (218)
where Iy is identity operator and |I; — L||, represents the corresponding
operator norm as well.

In the following, the fractal function of any function from the space C"(I)
is discussed.
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Theorem 2.1. [2](Barnsley et al.) For a given data set xg < 1 < ... < T,
let Li(x) = a;x + e; be such that it satisfies (2.8), (2.9) and F;(z,y) =
oy + qi(x) satisfy (2.10), (2.11) for i = 1,2,....,N. Suppose for some
r >0, |a;| < sal, 0 < s <1andgqg € C'lxg,zn], i = 1,2,...,N. Let

(k) (k) (k)
a;yt+gq;  (z) 47 (zo) ay’ (zn)
Fi,k(‘rvy) = ok y Yo = ;]f*al y YNk = allj\{]iaN ) k = 1727 ce T If

Fi—l,k(xNny,k) = i,k(ajo’yo,k) fOT‘i = 1)2)"')N and k = 1527"'57" then
{Li(z), Fi(z,y)}Y, determines a FIF f € C"[zg,zn] and f®) s the FIF
determined by {L;(z), F; k(z,y)}¥, for k=1,2,...,7.

In view of the Theorem 2.1, P. Viswanathan established a-fractal ver-
sion of r-smooth functions with scaling functions «;(x) in place of constant
scaling factors «;.

Theorem 2.2. [4, 5](Viswanathan et al.) Let f € C"(I), r € N. Suppose
that A = {xg,x1,...,xN} is a partition of I = [xg,xN]| satisfying xo < 1 <
e <y, I = [wi—1,2;] fori=1,2,..,N and L; : I — I; are affine maps
Li(x) = a;x + e; satisfying Li(xo) = xi—1, Li(xn) = x; fori =1,2,...,N.
Suppose that r-times continuously differentiable scaling functions and base
function are selected so that
Qi yr
2 ) Y
b9 (@) = fD(wo), 0 (@n) = fP(an); §=0,1,2,...m

Then the RB operator defined by

(Tg)(x) = f(x) + ai(L; ' (2))(g = b)(L7 H(2)); @ € I, i =1,2,..., N,
is a contraction on the complete metric space
CH(I) = {g € C(I) : gV (w0) = fV(w0), g (an) = D (@n);§ = 0,1, .., 7}.
and the corresponding fractal function f% is r-smooth. Furthermore, the

derivative (fa)(j) of its unique fixed point f¢ satisfies the self-referential
equation

losllerqry < (

(D (@) = fD (@) +a;7 | Y (j>afm(Li1(w))(fa =)L () |

m
m=0

xeli=1,2,...N,7=0,1,2,...,7 and consequently, f¢ agrees with f at
the knot points up to the r-th derivative.

If we consider again constant scale factors, for a = (aq, @, ...,an) with
lof o < (%) i =1,2,...,N, the a-fractal function f* of f € C"(I) satisfies
the self-referential equation

fox) = f@) + (£ = b)(L; () (2.19)
and for j =0,1,2,...,r

(F99 (z;) = f9(x); i =10,1,2,...,N. (2.20)
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It follows from (2.19) that

1f* = fllerry S 0" = blleriry s (2.21)
ies % = Fllery = 7—5 I = bllerry » (2:22)
where § = ﬁ and Hchr([ = max{Hf(J H :j=0,1,2,...,7}.

In [4], it is seen that for fixed scale vector and various choice of base func-
tions, the operator F* : C"(I) — C"(I) defined by

FX(f)=f* forall feC"(I)
is linear and bounded. Let b = Lf, where L : C"(I) — C"(I) is a linear and
bounded operator with respect to the norm on C”(I) such that L) (zq) =
f9(z0) and Lf9) (zn) = f9(xn); 5 =0,1,2,...,r. Then (2.22) becomes

o 1)
1% = Flercsy < 72 Ha = Lllerry Iy (2.23)

) =1

3. UNIFORM BOUND FOR SOBOLEV ORTHONORMAL SYSTEM

We assume that {¢;}72, is any uniformly bounded orthonormal and com-
plete system of continuous functions on a compact interval I = [a,b] with
respect to the weight function p in £2(I). Then for any k € NU{0}, [[¢r| o <
B, where B is a positive real. For k = 0,1,2,...,(r — 1) and for all x € I,

lor k()] < (b;?)k. Again, for k =r,(r +1),... and for all z € I,

(@) < / & — 7 i ()] .

For z,t € I, |z —t|""* |<pk_T(t)| < B(b— a)"! and consequently, for
k=r(r+1),..and for all z € I,
B(b—a)"
< —.
‘Sor,kr(x” = (7" — 1)!
Thus for any k¥ € NU {0} and for all x € I, |p,x(x)| < D, where D =

max{1, (b — a), (b;?)2 e (b(ra)lr),l, B(Tb la), }. Then

lerkllo <D
From (2.5), for any k € NU {0} and for all z € I, for j =0,1,...,7,

#)(@)| < p = max{B, D}.

Therefore

@fﬂ% ‘Oo :7=0,1,..,r} < p.

H‘PT,kHcr([)
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4. o- FRACTAL SOBOLEV SYSTEM

Let us take any compact interval I = [a, b] with partition A : a = g <
21 < ..<xny =b. Let ¢, kK € NU{0} be any function from the Sobolev
orthonormal system {¢,x}72, generated by the orthonormal and complete
system of continuous functions {¢}32,. As each ¢, € C"([), then the
a-fractal function of ¢, exists in C"(I) (see Theorem 2.2). Denote ¢, as
the a-fractal function of ¢, j, then it satisfies the self-referential equatibn

(pg,k:(l‘) = ¢T7k($) + O‘@(Soqof,k - b’f’,k)(L;l(m))’ zel;, i1=12.,N,

where b, € C"(I) is a base function satisfying

We say that the system {(pjf‘ k1o is the a-Fractal Sobolev System generated
by the system {¢}72,. In view of (2.20), it follows that for j = 0,1,2,...,7,

(9209 (@) = oY) (2:); i =0,1,2, ..., N. (4.1)

Let us assume throughout the paper that the base function b, j, be linearly
related with ¢, that is b, = Ly, where L : C"(I) — C"(I) is a linear
and bounded operator with respect to the norm on C"(I) such that

chfﬂ{,i@o) = goglz(xo),Lgogg(xN) = goglz(x]v);j =0,1,..,7.

Lemma 4.1. Suppose that ¢y is the corresponding c-fractal function of
©rk. Then

1

o )
HSOr,k - Sor,kHW;ﬁ([) < 1-5 g — LHCT(I) HSOnk’Hcr(]) [/I p(:v)dx] )

oo

where 6 = min{af; i=1,...,N}"
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Proof. In view of (2.23) and using (4.1),

N|=

Zr—l’( o )(J)(a)‘Q
ot - ol e
Prk — Prk WiA(I) a (r) ?
+f1’(30r7k_()0r,k) (33)‘ p(x)dz
2
- ([l

= |t = |

p@ﬂ4

L3(I)
1
< H(‘ng - (’Dr’k)(r)Hoo [/1 p(m)d:c}
1
< H‘P?k — Prkller(r [/[ p(x)dx}
d ;
< 15 11 = Lller 1y llorkller 1y [/Ip(a:)da;]

]
The following definitions can be found in [18].

Definition 4.1. A sequence {uy,}nep in a normed linear space V is called
total in V' if the class of all finite linear combinations ) .\ anuy, is dense
in V.

Definition 4.2. A sequence {uy, }nen in a Hilbert space H is called complete
in H if the only element of H which is orthogonal to every uy, is the null
element, that is

(f,up) =0 for alln € A= f =0.
For any sequence in a Hilbert space, we have the following proposition.

Proposition 4.1. [18] If {uy}nen is any sequence in a Hilbert space H,
may be orthogonal or not. Then the followings are equivalent:

(@) {un}nen is complete.

(b) {un}tnen is total.

In the following theorem, it is shown that any function from Sobolev space
can be approximated by an a-fractal Sobolev sum.

Theorem 4.1. Suppose that f is any function in W;’Z(I), r € N. Consider
the data set D = {(x;, f(z;)) € I xR; i = 0,1,...,N}, where N > 2 is an
integer and A : zy < 1 < ... < TN 8 a partition of the closed interval
I = [xo,zn]. For every e > 0 and for any partition A of I and for linear
bounded operator L : C"(I) — C"(I), there exists an a-fractal Sobolev sum

d2(z) =M frkom Py, (2) with o # 0 such that

Hf - q)gHngQ([) <Eé.
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Proof. Let € > 0 be given and f be any function in W;’2(I ). Then there
exists g € C"(I) such that

g
Hf - gHWl’)”vQ([) < g (4'2)

By completeness of {¢;1}72, in W;’Q(I ), the Proposition 4.1 implies that
{prk}i, is total. Therefore, for any e > 0, there exists M € N and Sobolev

sum @, (z) = Z%zl fr e ©r e () such that

9
lg = @rllyya < 3 (4.3)

Since @, (z) = M fr ks 0rk,, () € CT(I), the linearity of F gives
or = FU,)

M
= ]:a (Z f""vkm Sorykm)
m=1

M
= Z fr,kmsog,km'

m=

[y

By the same way of Lemma (4.1),

1

«a 5 2
195 = @ullgay < g Ma— Lleri Il | [ o)t
)
= ——
1—-6""
« 1
where § = W and A = [[1g — Lller () [®rllerpy [[; p(z)dz]? .
Therefore
o €
97— @l < o (1.4)
whenever
§< —
g+ 3\

By (4.2), (4.3) and (4.4)
If = (I)?nga2(]) < \f- g”w;’Q([) + g — (I)T||ng2(]) + [|@r — (p?HV\J;’2([)
< T4t
33 3
This completes the proof. O

Remark 4.1. From the Theorem 4.1, it is clear that the set of a-fractal
versions of Sobolev sums is dense and complete in W£’2(I).

The following definitions of Schauder basis and basis constant can be read
in [16].
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Definition 4.3. Let X be a real normed space and let {x,}5°, be a non
zero sequence in X. We say that {x,}°° is a Schauder basis for X, if for
each x € X, there is a unique sequence of scalars {an}>> o such that x =
Yoo Gnn, where the series converges in norm to x. We define a sequence
of linear maps {Pp}02y on X by Pyx = Y 1" jajx;, where x = Y .00 a;x;.
The map P, is a projection onto span{z; : 0 < i < n}. In addition, since
{zn}72 is a Schauder basis, it follows that P,z — x in norm as n — oo
for each x € X and P, is continuous. Moreover, K = sup ||P,|| < co. The
n

number K is called the basis constant of the basis {xy}o.

Theorem 4.2. [17]Every basis ({zy},{an}) for a Banach space X is a
Schauder basis for X. In fact, the coefficients functionals a, are contin-
uwous linear functionals on X which satisfy

1< Jlanll 2] < 2K,
where K is the basis constant.

4.1. Expansion in Terms of Fractal Sobolev System.
Let {a*}2°, be any sequence of scale vectors such that

k
S G ¥
wo= % < 00,
= Jaly — [o¥].

and |al, > }ak‘oo,k‘ = 0,1,2,..., where |a|, = min{a}; i = 1,..., N} and
assume that L is linear bounded with respect to the C"(I)-norm.

Theorem 4.3. Let {@7‘3‘7,{}?’:0 be a-fractal Sobolev system of the Sobolev
orthonormal system {¢, 1}32, generated by any uniformly bounded complete
orthonormal system of continuous functions {pr}32,. Then the operator

T : span({ng}iy) = span({e2) i) defined by

M M
km
T (Z f’!’,kmng,kJm ($)> = Z f""yknch’?‘ikm (x)
m=1 m=1

1s linear and bounded.

Proof. The linearity is straight forward. To show, the boundedness of T :

M k M k
Z fr,km(pzk:z < Z fr,km (90?7}9:1 - QOT,km)
m=1 W;’Q([) m=1 W;Q([)
M
+ Z fr,km@r,km (45)
m=1 WD)

Since {¢r 1k}, is an orthonormal basis for W;’z(l )s frk is a bounded
linear functional on Wj?(I). Therefore

[ Frk (O] < ALFrello 12y » (4.6)
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where ||.||, represents the norm as functional operator. Treating f, ., as the

km-th Fourier-Sobolev coefficient of Z%Zl Jr ko ©r.kem () and using (4.6), the
first term of inequality (4.5) becomes

M
§ : akm
fr»k'm (pT‘,km - gOrykm
m=1

wWyA(I)

<y

akm
Stk \ Ok, — Prim 2

M M .
< D Wl || X S| ||en = o]
_ _ 2 Wy “(I)
m=1 m=1 W, 2 (1)
M M .
= || Frknori S Wkl |55 = ortn], o (A7)
- 2 - Wyt (1)
m=1 Wy (1) m=1
Using Lemma (4.1), we have for m =1, ..., M,
Ozkrn < 5km I L d %
[ = e gy < T M= Eleriy Nonsmllery | | o))
km
where §Fm = [ "’O.
lalg

Therefore, (4.7) becomes

M
akm
Z fT,km SOT,km - (prykm
m=1

‘Wﬁm

IN

M
Z fr,km Pr.km
m=1

M
D el
I) m=1

WpA(
1

§km 2

g Wa = Ll lontlery | [ o] a5)

As a complete orthonormal basis, {¢; 1 }72 is a Schauder basis for W;’2 (1),
then the following inequality hold (see Theorem 4.2),

1< ol ol < 2K, (4.9)

where K is the basis constant. But ||, ||W;,2( n=1 and since {¢, 1},

is orthonormal in the Hilbert space W;’2(I ), then the basis constant K =1
(see [22]), then from (4.9)

1< Hfr,kaQ <2 (4‘10)
Again, for any k£ € NU {0}, (see Section 3)
H‘Pr,k”cr([) < He
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Therefore
||f7‘aka2 H@T,kaCT(I) S 2,LL
Then (4.8) becomes

M k
> frkm (@?‘,k:z - %km)
m=1 Wi (I)
M
S Z f?",kmsor,k?m
m=1 Wy (D)
% M 6k7n

=1
By given conditions on scale vectors, we have
M §km M ‘akm ‘Oo .
D ol Toser = Yomet Tl < w*. Therefore, it follows from (4.11)

that

M k
Z Jr ko (Sofk:nn - %,km)

m=1

WA (I)

< 2upto

9

W1

M
Z fr,km Pr.km

m=1

1
where o = ||Iq — L|¢r(py [f; p(2)dz] ? . Therefore, from (4.5)

M
Z Jr ko Orem

m=1

< (1+2pp*o)
WA

(pr km

W1

Hence T is a linear and bounded operator. O

Lemma 4.2. [19](Linear and Bounded Operator Theorem) Let X be a
normed linear space, Y be a Banach space and U : X — Y be a linear
and bounded operator. If X is dense in X', then U can be extended to X'
preserving the norm of U.

Theorem 4.4. The map T : Wy*(I) — Wy*(I) given by

Zf'rk Sp'rk

where

Zfrk )er (T

is well defined, linear and contmuous.
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Proof. Since {p,}72, is complete in WZ’2(I), by the Proposition 4.1, it is
total in Wy*(I) and therefore, span({p,x}32,) is dense in Wy?(I). Then
by Lemma 4.2, the operator defined in the Theorm 4.3 can be extended to
T A2 2
T:Wya(I) = Wpa(I),

with [Tlhyrey = 170wz - B |
The linearity and boundedness of T imply that T'(f) = Zzo:o fre(f )9032 (z)
whenever f(z) =Y 72 fri(f)eri(x). -

4.2. Schauder Basis for Wj*(I).

In the present section, it is proved that the fractal Sobolev system forms
a Schauder basis for W;’Q(I ) under some conditions on scale vectors and the
hypothesis given in the Theorem 4.3.

Theorem 4.5. Suppose that the sequence {ak}zozo of scale vectors are such

that
‘CL|0 > ‘ao}oo Z |a1|oo Z ’042’00 2 T
and
& Il
2 Jal — |o¥].,

1
If 2pp* | La — Lller(p [[; p(x)dz]? < 1, then {(pf,f::}zozo is a Schauder basis
for Wy*(I).

Proof. To prove, let us consider the operator V : W;’2(I ) — WZ’2 (I) defined
by

= i frae(f) <90r,k - goii';) : (4.12)
k=0

Now

T(f(x)) =T (Z fr,k(f)cpr,k(x)>

k=0

= Zf?“k Sprkj

@)=Y hral) (s - ) @)
k=0
= f(z) = V(f)(z).
This implies that T = I; — V.
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Using the equations similar to the proof of Theorem 4.3 we have,

o0
k
VO lwrzy < kzo\fr,k(f)l\wk—soik W2
O:) k
< . _ e ‘
< 3 Wkl Wby ens = 92
> k
— _
= Wy Wl s = i,

< 2pupto Hf”)/\;;v?([) )
1
where o = [|Ig — L||¢r(p [/; p(x)dz]? and consequently
HId _THW;’Q([) = ||VHW;a2(1) <2upto < 1.

Hence T is a continuous isomorphism, it maps Schauder basis onto Schauder
basis. Therefore {gafl;}zozo forms a Schauder basis for W5 (I). O

4.3. Riesz Basis for Wy*(I).
In this section, it is shown that the a-fractal Sobolev system is a Riesz
basis for W;’Q(I ) under some suitable conditions on scale vectors.

Definition 4.4. [20]A sequence {x}}2, in a Hilbert space H is called a
frame for H if the inequalities

Allz]* < K, 2i)|* < B |
k

hold for some positive constants A and B, and for all x € H. The constants
A and B are called a lower and an upper frame bound, respectively. A frame
is said to be exact if it ceases to be a frame when an element is deleted.

Definition 4.5. [20]4 sequence {x1}}2, in a Hilbert space H is called a
Riesz basis for H if it is complete and the inequalities

2
A al? < | arze]| < B faxl
k k k

hold for some positive constants A and B, and for every sequence {a}32 in
?%(I). The constants A and B are called a lower and an upper Riesz bound,
respectively.

Since the Sobolev system {¢,. 1 }72, is complete and orthonormal in W;’Q(I ),
then it is a Riesz basis with A = B = 1, as for any orthonormal basis
{xr}72, we have

2
= larl*.
k

g ApT
k
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It is well known that a sequence in a Hilbert space is a Riesz basis if
and only if it is an exact frame [20]. For instance, the Sobolev orthonormal
system {¢, 1 }7, is an exact frame.

Theorem 4.6. Suppose that the sequence {ak}zozo of scale vectors are such

that
lalo > 0|, > |at] > [o?] > ...,
and
& Il
2 Tal, — [,

1

If 2pp* |[1a — Lller (g [[; p(x)dz]2 < 1, then {SOSZ}ZOZQ is a Riesz basis for
r,2 7

Wy (I).

Proof. In the proof of Theorem 4.5, it is shown that the operator T defined
in Theorem 4.4, is a continuous isomorphism. A continuous isomorphism
maps Riesz basis onto Riesz basis and consequently {cpf’,i}zo:o is a Riesz

basis for Wy (I). O

Remark 4.2. From the Theorem 4.6, it concludes that {gof}iZ}iiO s an exact
frame.

5. CONVERGENCE OF FOURIER-SOBOLEV EXPANSION

In this section, the convergence of Fourier-Sobolev series of an a-fractal
function corresponding to certain data set, is introduced. To establish the
main results the following theorem on convergence of the Fourier-Sobolev
series is needed.

Theorem 5.1. [11] Suppose that ﬁ € L(I) and the system {@p}7, is
complete in L2(I) and orthonormal with weight p(x) on I. Let {pri}72,

be the Sobolev orthonormal system in WZ’Q(I) with respect to inner product
(2.1), generated by the system {¢y}72, according to (2.3) and (2.4). Suppose

that f € W;’Q(I) . Then the Fourier-Sobolev series (2.6) converges to f
uniformly with respect to x € 1.

Lemma 5.1. Suppose that ﬁ € L(I) and the system of functions {pr}3,
is complete in L3(I) and orthonormal with weight p(x) on I. Let {@r1}7,

be the Sobolev orthonormal system in W;72(I) with respect to inner product
(2.1), generated by the system {@y}72, according to (2.3) and (2.4). Suppose
that f € W;’2(I) . Then r-th derivative of the Fourier-Sobolev series (2.6)
converges to f() with ﬁz(I)—norm on I.
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Proof. The nth partial sum of Fourier series of f(") e E%(I ) in the system
{or}2, is given by

Su(fT) = Su(f7),2) =D frpsrion(z)
k=0

where the coefficients f, p4,; £ =0,1,2, ..., are defined in (2.7). Then

£ = $u(r)

— 0 as n — oo. (5.1)
L3(I)

The (r 4+ n)th partial sum of the series (2.6) is

r—1 . k r+n
Y;",T—O—n(fax) = Zf(k)(a) (x a +Zf7°k(p7"k (5'2)
k=0 k=r

and Taylor’s formula with integral remainder gives us

r—1 r—a k T
0= M@ s a0 e 63
k=0 a

Using (2.3), we have from (5.2) and (5.3),

r+n

1 * rTr— '
f@) = Yorinlfi0) = =5 JCEL EAICTED ST

r4+n

_(7"—11)'/ 1:_tr lz‘frk@kr )d
T r+n
= (,'A_11)|/ ($ T ! [f(r) Zfrk%pk r ]

1

- o e [f(r)(f)—Sn(f(”),t)] t(5.4)

Applying Leibniz’s rule for differentiation under the integral sign on (5.4),
for j=0,1,2,....(r — 1),

fO(x) = Y9, (f,2)
__ == [0y — o ()
= o e 0 [0 - s 0] e 65)

and

FO (@) =YD (fr) = FO (@) = Su(f1), ). (5.6)
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Using (5.5) and Holder’s inequality, for all z € I and for j = 0,1,2, ..., (r—1),

9 (4 1 bz — t’2{(r—j)—1}
f ( ) rr—l—n(f? )’ < {(T—l)—j}! (/a p(t) dt
b
(
s bz — t’2{(7’—j)—1}
= e-D-¥ </ PO

ol

70 - 5,(10,0) o)t )

NI

(r) _ (r)
x [ £ = su(£0) s (5.7)
Therefore, by using (5.1), from (5.7), for j =0,1,2,...,(r — 1),
Hf Yr(?urn )H — 0 asn — oo.
Therefore, for j =0,1,2,...,(r — 1),
%
Hf T‘T+7’L(f)’£2 Hf(] rr+n(f)H |:/,0(£E)d:l):|
oo /1
— Oasn— o0 (5.8)
and from (5.6),
r) (r)
Hf rr—l—n(f)‘LQ Hf f )‘ﬁ,%(l)
— 0 asn— oo. (5.9)
Using (5.8) and (5.9), the result follows. O

Theorem 5.2. Suppose that ﬁ € L(I). Let g € C"(I) be the original

function providing the data {(x;,v;)}X, with constant step h = x; — z;_1.
Let f be the a-fractal function of g with scale vector oy, such that oy, <
(%) h; i =1,2,...,N, defined in the Theorem 2.2. Then the Fourier-Sobolev
expansion of f converges to g in weighted Sobolev norm as h — 0 and n — oo
on I.

Proof. Suppose that g* = f is the a-fractal function of g. For convenience,

write Yvr,n(f, .T) = K",n(f)
From the Lemma 5.1,

[EREE EANEs]

— 0 asn — oo. (5.10)
L3(I)

From (5.5), for j =0,1,2,...,(r — 1),
(f = Yerin(£) 9 (a) = 0. (5.11)
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Now, using (5.10) and (5.11)
S| = Yerenl O @[+ ]*
Sl = Yeran () ()] pla)d

‘ 2

1 = YorenDllygay = [

= 0=t p<x>dx];

= ¢ =Yt .,

— 0asn— oo. (5.12)

Now, in view of (2.23), we have

J— — o - T
1f QHW;»Q(I) lg g”Wp’2(I)

[ 5ol ~ 9O +
I (g = 9) ()| p()da

- |l - 90 saric]

1
2

1
2

— a _ \(r)
=9,
)
< H(g“—g)"”) N Ulp(x)dx}
o 2
< e — gllerir [ / p<x>d4

1

) 2
< s a Lo ol | [ palas] . (519

where 0 = % Since |ap| < (%) h; i =1,2,..., N, it follows from (5.13)
that

Ilf— g||W;,2(I) —0ash—0. (5.14)
Therefore
W) = gl = [Yeal) = £+ £ = glhpe
< HYr,n<f) - fHW;ﬂ(]) + Hf - QHWZQ([) -(5-15)
Using (5.12) and (5.14), the result follows from (5.15). O

Theorem 5.3. Suppose that ﬁ € L(I). Let g € C"(I) be the original

function providing the data {(x;,vy;)}Y, with constant step h = x; — z;_1.
Let f be the a-fractal function of g with scale vector oy, such that oy, <
(%) h; i =1,2,..., N, defined in the Theorem 2.2. Then the Fourier-Sobolev
expansion of f converges to g uniformly as h — 0 and n — oo on I.
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Proof. Let g = f. Then from the Theorem 5.1,

1Yon(f) = fllo — 0asn — oo on I (5.16)
With the help of (2.18),
If=9glloc = llg" =9l
< - L gl (517)
Since |aply, < (%5)"h; i =1,2,...,N, it follows from (5.17) that
lf —gll.c = 0as h—0. (5.18)

Using (5.16) and (5.18), the result follows from the following inequality

Yen(f) = 9lloe S NYrn(f) = flloo +1F = 9l -
O

Theorem 5.4. Suppose that ﬁ € L(I). Let g € C"(I) be the original
function providing the data {(z;,v;) Y, with constant step h = x;—x;_1. Let
[ be the a-fractal function of g with scale vector oy, such that |ap|,, < (5)"h;
i=1,2,..., N, defined in the Theorem 2.2. Then the fractal analogue Y;7,(f)
corresponding to n-th partial sum Y, ,(f) converges to g in weighted Sobolev

norm as h — 0 and n — oo on I.
Proof. Now,
1Y) = gllwzgy < 50 = YenlD ey + 1¥n () = Fllpzzg

+ Hf - g”w;»Q([) : (5'19)
In view of (2.23), we have

HYrr?én(f) - Y;ﬂ,n(f)HW;»Q([) S HY;,In(f) - Y;*,n(f) cr(I) |:/I p(x)da;]
o

1-4 [1a — LHCT(I) ||Yr,n(f)||cr([)

x [ /1 p(x)dm} ° (5.20)

where ¢ = % Since |ap|o < (%) h; i =1,2,..., N, it follows from (5.20)
that

N

IN

Y50 (F) = Yen(H)lyrzy = 0 s h = 0. (5.21)
With the help of (5.12), (5.14) and (5.21), the inequality (5.19) completes
the proof. O

Theorem 5.5. Suppose that ﬁ € L(I). Let g € C"(I) be the original

function providing the data {(z;,v;) Y with constant step h = x;—x;_1. Let

[ be the a-fractal function of g with scale vector oy, such that |ag|,, < (5)"h;
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i=1,2,...,N, defined in the Theorem 2.2. Then the fractal analogue Y,%,(f)
corresponding to n-th partial sum Y, ,(f) converges to g uniformly as h — 0
and n — oo on I.

Proof. Similar to the proof of Theorem 5.3. U
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