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Abstract. In many natural disasters such as overland oil spills or lava flows, physical fluid 

properties as density change when considering non-homogeneous spatial and time variable 

distributions of the temperature. This effect is even more remarkable when these flows show a 

non-Newtonian behaviour due to the sensitivity of their rheological properties as viscosity or 

yield stress to temperature. In these cases, temperature becomes a significant variable that drives 

the fluid behaviour, which must be solved using an energy equation coupled with the free surface 

flow system. Special attention is devoted to thermal source terms which must include all the heat 

fluid exchanges, and their modelling sometimes can govern the complete flow behaviour. Fluid 

density, viscosity and yield stress, also affected by temperature, must be recomputed every time 

step. Summarizing, this work presents a 2D free surface flow model considering density and 

temperature variations, which could even modify viscosity and yield stress, with heat transfer 

mechanisms. The model is applied to oil spill overland simulations and heating/cooling test cases 

are carried out to ensure the system energy balance. As conclusions, it can be said that the 

numerical results demonstrate the importance of the heat exchange effects and those of the 

density, viscosity and yield stress variations. 

1.  Introduction  

When dealing with surface geophysical flows, such as oil spills, landslides, muddy slurries, lava flows, 

etc, the choice of the system of equations to solve depends on the type of phenomena to be reproduced. 

Generally, these kind of free surface non-Newtonian viscoplastic flows are widely addressed with the 

depth-averaged shallow-type models. Traditionally, these models assume a hydrostatic pressure 

distribution in the flow column and incompressible flow, dismissing density variations that might affect 

the flow dynamics. However, when the flow is governed by a non-uniform distribution of a driven 

property, such as temperature, the bulk properties of the flow column vary in time and space, and hence 

the incompressible flow assumption is no longer valid.  

In these kinds of phenomena, the flow density, which depends on temperature, turns into an important 

variable which must be coupled with the rest of variables within the system of equations. On one hand, 

compressible shallow-flow models have been recently developed for mud/debris flows [1-4], and solid-

laden currents [5,6], where the bulk density of the flow column is mainly controlled by the volumetric 

concentration of solid particles. As important differences were found between the results provided by 

incompressible and compressible models [4] when density is governed by particle concentration, 

temperature might have the same effects on fluids at high temperatures, such the oil of an oil spill. On 

the other hand, the temperature is often considered as a passively transported scalar with no influence 
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on the fluid dynamics [7,8] or, when special attention is paid into the temperature, the system dynamics 

are coarsely modelled or estimated [9,10]. 

This work presents a model for incompressible flows developed for fluids with a high particle 

concentration but using temperature as the variable on which the density depends. The mathematical 

approach has unconditional hyperbolic character, which allows solving it as in [11]. This represents a 

decisive advantage in order to develop efficient numerical models able to deal with realistic large-scale 

long-term geophysical events. 

2.  Simulation model: equations and numerical scheme 

2.1.  System of equations 

The mathematical model that describes the behaviour of the oil flow is compound by a mass 

conservation equation, two momentum equations in x and y directions and a final temperature transport 

equation that derives from energy conservation equation: 
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(1) 

where 𝜌 stands for the density, ℎ represents water depth and 𝑢 and 𝑣 are the velocities in 𝑥 and 𝑦 

directions, and 𝑇 stands for fluid temperature. The temperature source term, 𝑆𝑇, considers the heat 

transfer with the environment as in Echeverribar et al. 2022. The closure equation relates density and 

temperature, and updates also viscosity and yield stress as 

𝜌(𝑇) = 𝜌0 + 𝐾 (𝑇 − 𝑇0) 

𝑌𝑆(𝑇) = 10(𝐴𝑦𝑠 𝑇2+𝐵𝑦𝑠 𝑇+𝐶𝑦𝑠) 

𝜇(𝑇) = 𝐴𝜇 +
𝐵𝜇

𝑇
 

(2) 

where parameters of the expressions come from experimental works to characterize oils. Finally, it is 

important to note that both, viscosity and yield stress, affect directly to friction stresses in momentum 

equations following a particular formulation. To compute stresses in equation (1) as a function of yield 

stress and viscosity of equation (2) a Simplified Bingham Model has been chosen in this case. 

The source term is divided into two components as 

𝑆𝑇 =
𝑄̇

𝜌ℎ𝐶𝑝

=  
𝑄̇𝑟𝑎𝑑 + 𝑄̇𝑐𝑜𝑛𝑣

𝜌ℎ𝐶𝑝

 (3) 

where Qrad stands for the solar radiation that falls upon the flow and Qconv represents the convection heat 

losses, that are modelled as: 

𝑄̇𝑐𝑜𝑛𝑣 = ℎ𝑐(𝑇 − 𝑇𝑎𝑖𝑟)  (4) 

where hc the convection coefficient in Wm-2K and Tair the air temperature, in K. The emitted solar 

radiation is neglected in this oil spill application, although it can be important when simulating other 

fluid such as lava. 
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2.2.  Numerical scheme 

To solve the system, the final model is written in terms of a normalized density, r, and a normalized 

temperature, 𝑇∇, as: 
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(5) 

while the final temperature is updated decoupled with the source term with:   

𝜕𝑇

𝜕𝑡
=

𝑄̇

𝜌ℎ𝐶𝑝

= 𝓢𝑇 (6) 

Therefore, the updating scheme for the conserved variables follows: 

𝑈𝑖
𝑛+1 = 𝑈𝑖

𝑛 −
∆𝑡

𝐴𝑖

∑ 𝐑𝑘
−1𝓕𝑘

↓−𝑙𝑘

𝑁𝐸

𝑘=1

 (7) 

where 𝓕𝑘
↓− is a defined augmented flux vector through the kth wall, which includes the convective fluxes 

and the momentum source term contributions as: 

𝓕𝑘
↓− = 𝐅(𝐔̂𝑖

𝑛) + ∑[(𝜆̃𝑚𝛼̃𝑚 − 𝛽̃𝑚 − 𝜎̃𝑚)𝐞̃𝑚]
𝑘

𝑛

𝑚−

 (8) 

where (𝜆̃𝑚)
𝑘

𝑛
 are the eigenvalues of the Jacobian matrix of the local Riemann problem, which stand for 

the wave celerities of the system; (𝐞̃𝑚)𝑘
𝑛 are the eigen vectors associated to that values; (𝛼̃𝑚)𝑘

𝑛 are the 

wave strengths; and (𝛽̃𝑚)
𝑘

𝑛
 and (𝜎̃𝑚)𝑘

𝑛 denote the source strengths including bed slope and basal 

resistance, respectively. Since an explicit numerical scheme is being used, the time step size is restricted 

by the Courant-Friedrichs-Levy (CFL) number, which lead to a stability condition as 

∆𝑡 = CFL MIN
𝑘

(
MIN(𝐴𝑖, 𝐴𝑗)

𝑙𝑘 MAX
𝑚

(|𝜆̃𝑚|)
𝑘

𝑛) (9) 

This CFL number must be bounded between 0 and 1 for 2D triangular meshes. 

3.  Circular dam-break test case 

3.1.  Test case description  

A 2D circular dam break is simulated on a 10 km square flat domain. The initial cylindrical fluid column 

has a diameter of 1000 m and a height of 52 m. The properties relating temperature and density following 

equation (2) are a reference temperature of 20ºC (𝑇0), a density at that temperature of 860 kg/m3 (𝜌0), 

and a proportionality constant, K, of -1. Two different initial temperatures are considered to stablish two 

different cases: 35 and 50 ºC. The relationship between viscosity and yield stress with temperature is 

modelled by pairs of values on a table instead of using expression (2). The values can be found in Table 

1. 

The case is simulated on an unstructured triangular mesh of 105182 elements. The simulation runs 

for 360 s with a CFL of 0.95. No thermal source terms have been considered in this case. 
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Table 1. Variations of yield stress and viscosity with temperature. 

Temperature [ºC] Yield stress [Pa] Temperature [ºC] Viscosity [Pa s] 

35 2000 35 0.362 

40 200 55 0.138 

45 20 60 0.110 

50 0.02 65 0.086 

3.2.  Numerical results 

 
Time t = 36s 

 
Time t = 72s 

 
Time = 144s 

Figure 1: Spatial distribution of temperature (left), oil depth (centre) and velocity magnitude (right) 

for an oil at 50ºC. 
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Time t = 36s 

 
Time t = 72s 

 
Time = 144s 

Figure 2: Spatial distribution of temperature (left), oil depth (centre) and velocity magnitude (right) 

for an oil at 35ºC. 

The initial condition is the same in both cases except for the temperature, which causes variations in 

the rheological properties of the fluid and its density. Figure 1 shows the results of dam break for an 

initial temperature of 50 ºC at different times. The left column of pictures shows the fluid temperature, 

constant at 50ºC due to the absence of heat source terms. In the centre is represented the fluid depth, 

which remains thicker in the centre while in the periphery begins to reduce. The right column shows the 

magnitude of the velocity, which is lower in the centre and increases radially, decreasing just at the 

periphery due to the advance of the dry front. It is observed that at 72 and 144 s the stain advances 

maintaining a radial symmetry and the same behaviour. At 144 s, in the fluid depth, an over-elevation 
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of the surface begins to be observed in the periphery together with a decrease in the velocity caused by 

the yield stress. 

Figure 2 shows the same type of results as in Figure 1 for an initial temperature of 35 ºC. Being lower 

than in the previous case, yield stress, density and viscosity are much higher, following equation (2) and 

Table 1. Thus, it is observed that the velocities are much lower and the expansion of the oil slick is much 

smaller. A comparison between cases in terms of fluid depth can be seen on Figure 3, where the 

longitudinal profile of oil depth is represented for both cases at different time levels. In both figures, it 

is seen how for an initial temperature of 35ºC the yield stress reaches such high values that the fluid is 

completely stopped at 144 s without a large expansion. 

 

 
Figure 3: Longitudinal profile of oil depth in the circular dam-break for different times and different 

temperatures: 35ºC (-օ-) and 50ºC (-×-). 

4.  Algeciras overland oil spill test case 

4.1.  Test case description 

A digital terrain model of the Algeciras port, where exist an oil station, has been used to simulate an 

eventual overland oil spill. The model has been prepared to deal with wet/dry fronts to simulate overland 

oil spills. The necessity of considering the spatial distribution of temperature, density and heat transfer 

is clearly demonstrated on the results. Two different cases are simulated: environment A, with no wind 

(low convection coefficient), normal air temperature and solar radiation; and environment B, with high 

wind speed, low air temperature and no solar radiation. 

 

Table 2. Environmental characteristics of the simulation cases. 

 Environment A Environment B 

Initial temperature 85ºC 85ºC 

Air temperature 40ºC 10ºC 

Radiation 1000 W/m2 0 W/m2 

4.2.  Numerical results 

The spill is simulated for 20 h and the flooding slick is analysed then as well as its temperature 

distribution. The triangular mesh contains 35581 elements and the simulations are carried out with a 

CFL of 0.9.  

Figure 4 shows the different temperature distribution provoked by two oil sources at the same 

temperature spilled on two different environments. In this case, the differences on the flooded area are 

provoked by differences on yield stress and viscosity –both influenced by temperature, which changes 
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depending on the environment-. Colder environments provoking important heat transferences lead to 

high yield stress, cold oil and reduced flooded areas. 

 

 

Figure 4: Flooded area and temperature at t = 20 h of an overland oil spill for the same oil into 

environment A (left) and B (right). 

5.  Conclusions 

When dealing with high temperature non-Newtonian flows, the treatment of density and temperature 

variation considerations entails a difference on the results. A model of temperature-dependent flows has 

been developed and applied to oil spill simulations. It has been proved how a combination of both heat 

transfer and density/temperature changes affect the rheological properties of the flow, which affect the 

friction law when using models such as the Bingham model. The model has been applied first to a 

theoretical dam break to show a different evolution depending on the fluid temperature, although 

remaining constant. Additionally, a real test case of an oil spill has been simulated in different 

surrounding conditions to test the influence of heat transfer. It has been shown that initial inertial forces 

provoke a fast movement that later slows down due to a shear stress that depends on temperature, which 

varies depending on the heat transfer. The necessity of these models to simulate thermally-driven flows 

has been proved.  

The sensitivity to temperature of the model allows to simulate different rheological flows such as 

crude oil or lava flows. However, further research must be done to develop more sophisticated heat 

transfer models or take evaporation into account.   
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