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We study several properties and applications of the ultrapower MU of a metric space 
M . We prove that the Lipschitz-free space F(MU ) is finitely representable in F(M). 
We also characterize the metric spaces that are finitely Lipschitz representable in 
a Banach space as those that biLipschitz embed into an ultrapower of the Banach 
space. Thanks to this link, we obtain that if M is finitely Lipschitz representable 
in a Banach space X, then F(M) is finitely representable in F(X). We apply these 
results to the study of cotype in Lipschitz-free spaces and the stability of Lipschitz-
free spaces and spaces of Lipschitz functions under ultraproducts.
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1. Introduction

Ultraproducts of Banach spaces are a very powerful tool to study local properties of Banach spaces as 
well as in the non-linear theory (see e.g. [11,12,22]). In fact, a Banach space X is finitely representable in a 
Banach space Y if and only if it is linearly isometric to a subspace of an ultrapower of Y . Many relevant 
notions have been characterized in terms of finite representability. For example, a Banach space X has 
non-trivial Rademacher type (resp. cotype) if and only if �1 (resp. �∞) is not finitely representable in X
(see e.g. [1]). Moreover, the concept of super-reflexivity introduced by James in [13] is another important 
example that can be characterised in terms of ultraproducts.

In this paper, we consider the notion of ultraproduct of metric spaces (which is a generalization of the 
corresponding one for Banach spaces). We apply it to obtain an ultraproduct characterization of the metric 
spaces that are finitely Lipschitz representable (in the sense introduced by Lee, Naor and Peres [17]) in 
a Banach space. Also, we analyze the relation between finite Lipschitz representability of metric spaces 
and finite representability of the corresponding Lipschitz-free spaces. These spaces (also called Arens-Eells 
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spaces and transportation cost spaces) have become a very active research topic due to their applications 
in Non-Linear Analysis [10], as well as Computer Science and Optimal Transport.

More precisely, given a metric space M and an ultrafilter U , we prove that the Lipschitz-free space on 
the ultrapower of M , F(MU), is linearly isometric to a subspace of the ultrapower of the Lipschitz-free 
spaces, F(M)U (see Theorem 3.4). In particular, F(MU ) is finitely representable in F(M). Also, we prove 
that a metric space M is finitely Lipschitz representable into a Banach space X if and only if M biLipschitz 
embeds in an ultrapower of X (Theorem 4.6). As a consequence we obtain that, in such a case, F(M) is 
finitely representable in F(X). This result has some consequences on the cotype of Lipschitz-free spaces. For 
instance, the following dichotomy holds: either F(�2) has non-trivial cotype or F(X) does not have cotype 
for any infinite-dimensional Banach space X. Finally, although several classes of Banach spaces (as Banach 
lattices, C*-algebras, and C(K)-spaces) are known to be stable by ultraproducts, we show that F(M)U
is not isomorphic to any Lipschitz-free space whenever M is an infinite metric space and U is countably 
incomplete. We then compare the stability of Lip0(K) and C(K) under ultraproducts and remark some 
similarities and differences between them.

The structure of the paper is the following. In the next section, we introduce the fundamental properties 
of ultraproducts of metric spaces and Lipschitz-free spaces used in this document. The main goal of Section 3
is to prove that if M is a metric space and MU is one of its ultrapowers then F(MU ) is finitely representable 
in F(M). This will be an important tool in the rest of the paper. Section 4 links the ultraproducts of metric 
spaces with the notion of finite representability. Some applications to the cotype of free spaces are contained 
in Section 5. Finally, in Section 6 we analyze the stability of the class of Lipschitz-free spaces and spaces of 
Lipschitz functions under ultraproducts. Our notation is standard and follows textbooks such as [1,8].

2. Notation and basic properties

2.1. Ultraproduct of metric spaces

An excellent reference on this topic is a revised unpublished version of [22]. Since that version might not 
be available to the reader, we have chosen to include here the necessary definitions and properties. Let I be 
any infinite set. An ultrafilter U on I is called countably incomplete (in short CI) if there exists a sequence 
(In)n∈N of elements of U such that In+1 ⊂ In for every n and 

⋂∞
n=1 In = ∅. Note that every non-trivial 

ultrafilter on N is countably incomplete.
From now on, U will denote a non-principal ultrafilter on I. Let {(Mi, di)}i∈I be a family of metric spaces 

and fix a distinguished point 0i ∈ Mi for every i ∈ I. Let us consider the set

�∞(Mi) =
{

(xi)i∈I ∈
∏
i∈I

Mi : sup
i∈I

di(xi, 0i) < ∞
}
.

Notice that for every (xi)i∈I , (yi)i∈I ∈
∏

i∈I Mi we have supi∈I di(xi, yi) < ∞. Therefore, one can consider

d((xi)i∈I , (yi)i∈I) := lim
U,i

di(xi, yi).

It is clear that d is a pseudometric on �∞(Mi). We consider the equivalence relation given by (xi)i∈I ∼ (yi)i∈I

if and only if d((xi)i∈I , (yi)i∈I) = 0. We denote

(Mi)U = �∞(Mi)/ ∼

and π : �∞(Mi) → (Mi)U the canonical projection. Then the expression

dU (x̄, ȳ) := d((xi)i∈I , (yi)i∈I),
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for x̄, ȳ ∈ (Mi)U and π((xi)i∈I) = x̄, π((yi)i∈I) = ȳ, defines a metric on (Mi)U . For simplicity, we usually 
omit π and we write (xi)U,i = π((xi)i∈I) or simply (xi)U if no confusion is possible. The metric space 
((Mi)U , dU ) is called the ultraproduct of the metric spaces (Mi)i∈I . Moreover, if Mi = M and 0i = 0 ∈ M

for every i ∈ I then the space (Mi)U is called the ultrapower of the metric space M and denoted MU . If the 
context is clear, we simply write d instead of dU .

Let us notice that if the spaces Mi are uniformly bounded then the definition of (Mi)U does not depend 
on the choice of the distinguished points. In the case that the Mi are normed spaces, we will always consider 
that the distinguished point is 0 ∈ Mi for every i ∈ I and we recover then the usual definition of ultraproduct 
for Banach spaces.

The following result summarises several known properties of the ultraproduct of metric spaces. We include 
the proofs (analogous to the Banach case ones) for completeness.

Fact 2.1.

(a) If 0i ∈ Ni ⊂ Mi for each i ∈ I, then (Ni)U embeds isometrically in (Mi)U . Moreover, if U is CI and Ni

is dense in Mi for every i ∈ I then (Ni)U is isometric to (Mi)U .
(b) If U is CI, then (Mi)U is a complete metric space.
(c) If the Mi are normed spaces, then (Mi)U is a Banach space.
(d) M embeds isometrically in MU . Moreover, if M is a normed space then there exists a linear isometry 

from M into MU .
(e) If M is a proper metric space (that is, closed balls in M are compact sets) then MU is isometric to M .

Proof. (a) Consider fi : Ni → Mi the canonical inclusion for each i ∈ I. Then it is straightforward that the 
map f̄ given by f̄((xi)U ) = (fi(xi))U is a well-defined isometry from (Ni)U into a subset of (Mi)U . In other 
to prove the second statement, take x̄ = (xi)U ∈ (Mi)U . Take a decreasing sequence (In)n∈N ⊂ U such that ⋂∞

n=1 In = ∅. We will define yi ∈ Ni for each i ∈ I satisfying that limi,U di(xi, yi) = 0, so x̄ = (yi)U . If 
i /∈ I1, take yi ∈ Mi arbitrary. If i ∈ In \ In+1, take yi ∈ Ni so that di(xi, yi) < 1/n. Since 

⋂∞
n=1 In = ∅, this 

defines yi for every i ∈ I. Now notice that

{i ∈ I : di(xi, yi) < 1/n} ⊃ In ∈ U

and so limi,U di(xi, yi) = 0. This shows that (fi)i∈I is onto, as desired.
(b) By the previous property, we may assume that Mi is complete for each i ∈ I. Notice that 

π : (�∞(Mi), d∞) → ((Mi)U , dU ) is 1-Lipschitz and onto. Since completeness is preserved by uniformly 
continuous surjections, we only need to check that (�∞(Mi), d∞) is complete. For that, mimic the proof of 
the completeness of �∞.

(c) It is clear that dU is a norm on (Mi)U whenever the Mi are normed spaces. Moreover, �∞(Mi) is 
a Banach space and NU = {(xi)i∈I | limU ‖xi‖ = 0} is a closed subspace. So (Mi)U = �∞(Mi)/NU is a 
Banach space.

(d) Given x ∈ M , take xi = x for every i ∈ I. Then (xi)i∈I ∈ �∞(M). Thus φ(x) := (xi)i∈I defines an 
isometry from M into a subset of MU . For the last statement, notice that the map φ is a linear operator 
whenever M is a normed space.

(e) Given x̄ ∈ MU , take (xi)i∈I such that x̄ = (xi)i∈I . Then R = sup{d(xi, 0) : i ∈ I} < ∞ and so 
{xi : i ∈ I} is contained in the compact set B(0, R). Therefore, there exists ψ(x̄) := limU,i xi. Notice that

d(ψ(x̄), ψ(ȳ)) = d

(
lim xi, lim yi

)
= lim d(xi, yi) = dU (x̄, ȳ),
U,i U,i U,i



4 L.C. García-Lirola, G. Grelier / J. Math. Anal. Appl. 526 (2023) 127253
so ψ defines an isometry from MU into M . Moreover, given x ∈ M we have x = ψ(φ(x)) and therefore ψ is 
onto. �

Note in passing that the ultraproduct of metric spaces is closely related to the Gromov-Hausdorff limit. 
Indeed, if M is the Gromov-Hausdorff limit of a sequence of pointed proper metric spaces Mn, then M is 
isometric to the ultraproduct (Mn)U (see e.g. [7]).

2.2. Lipschitz-free spaces

Let M be a pointed metric space M , that is, a metric space with a distinguished point denoted 0. We will 
denote by Lip0(M) the Banach space of all real-valued Lipschitz functions on M vanishing at 0, endowed 
with the norm given by the Lipschitz constant:

‖f‖ = Lip(f) = sup
{
|f(x) − f(y)|

d(x, y) : x, y ∈ M,x 
= y

}

For x ∈ M , the linear map δ(x) : Lip0(M) → R given by 〈f, δ(x)〉 = f(x) defines an element of Lip0(M)∗. 
The Lipschitz-free space over M (also called Arens-Eells space and transportation cost space) is defined as 
the closed subspace of Lip0(M)∗ generated by these evaluation functionals, that is,

F(M) := span‖·‖ {δ(x) : x ∈ M} ⊂ Lip0(M)∗.

The map δ defines an isometric embedding of M into F(M) such that the following fundamental property 
holds: for every Banach space X and every Lipschitz function f : M → X with f(0) = 0, there is a unique 
bounded linear operator Tf : F(M) → X such that Tf ◦δ = f and ‖Tf‖ = Lip(f). It follows in particular that 
F(M)∗ = Lip0(M). We refer the reader to the monographs [19,23] and the survey [9] for more properties 
and applications of these spaces.

3. Ultraproduct of F(M) and Lip0(M)

Recall that, for a Banach space X, the ultrapower (X∗)U embeds isometrically into (XU )∗ and it is 
norming for XU . The following result provides an analogous for metric spaces (with Lipschitz functions 
playing the role of linear functionals). We just need to recall that, given λ ≥ 1, a set A ⊂ X∗ is λ-norming 
for X if supx∗∈A∩BX∗ |x∗(x)| ≥ 1

λ ‖x‖ for every x ∈ X.

Theorem 3.1. Let U be an ultrafilter on a set I and let (Mi)i∈I be a family of metric spaces. Define an 
operator T : (Lip0(Mi))U → Lip0((Mi)U ) where T ((fi)U ) ∈ Lip0((Mi)U ) is the function given by

T ((fi)U )((xi)U ) = lim
U,i

fi(xi).

Then T is a well-defined linear operator with ‖T‖ ≤ 1 and T (B(Lip0(Mi))U ) is a 1-norming set for F((Mi)U ).

Proof. First notice that if (xi)i∈I = (yi)i∈I in (Mi)U and (fi)i∈I = (gi)i∈I in (Lip0(Mi))U , then

lim
U,i

|fi(xi) − gi(yi)| ≤ lim
U,i

(‖fi − gi‖ d(xi, 0) + ‖gi‖ d(xi, yi)) = 0.

So the formula does not depend on the chosen representations. Moreover, if f̄ = (fi)U ∈ (Lip0(Mi))U we 
have that
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|T f̄(x̄) − T f̄(ȳ)| ≤
∥∥f̄∥∥ d(x̄, ȳ) ∀x̄, ȳ ∈ (Mi)U

so T f̄ ∈ Lip0((Mi)U ). Therefore T is well-defined and we have that 
∥∥T f̄∥∥ ≤

∥∥f̄∥∥ for each f̄ ∈ Lip0(Mi)U .
Now, we will prove that T (B(Lip0(Mi))U ) is a 1-norming set. It is well known (see e.g. Proposition 3.3 in 

[14]) that for that if suffices to check that given ε > 0, a finite subset A ⊂ (Mi)U , and f ∈ BLip0((Mi)U ), 
there exists (fi)U ∈ (Lip0(Mi))U such that ‖(fi)U‖ ≤ (1 + ε)‖f‖ and T ((fi)U )|A = f |A.

Let A = {(xj
i )U}1≤j≤n be a finite set, we may assume that 0 = (0i)U ∈ A and that the (xj

i )U are all 
different. Fix ε > 0 and f ∈ Lip0((Mi)U ). For j, j′ ∈ {1, . . . , n} distinct, we have that

Ij,j′ =
{
i ∈ I | d(xj

i , x
j′

i ) > 1
1 + ε

d((xj
i )U , (x

j′

i )U )
}

∈ U .

It follows that J =
⋂

j 	=j′ Ij,j′ ∈ U and then we can assume that

d(xj
i , x

j′

i ) > 1
1 + ε

d((xj
i )U , (x

j′

i )U )

for all j 
= j′ and all i ∈ I. For i ∈ I, define a function fi : {x1
i , . . . , x

n
i } → R by fi(xj

i ) = f((xj
k)U,k) for all 

j ∈ {1, . . . , n}, note that fi(0i) = 0. If j 
= j′, we have that

|fi(xj
i ) − fi(xj′

i )| = |f((xj
k)U,k) − f((xj′

k )U,k)|

≤ ‖f‖d((xj
k)U,k, (xj′

k )U,k) ≤ (1 + ε)‖f‖d(xj
i , x

j′

i )

proving that fi is (1 + ε)‖f‖-Lipschitz and belongs to Lip0({x1
i , . . . , x

n
i }). Now by McShane’s extension 

theorem (see e.g. [23]), we extend fi to a (1 + ε)‖f‖-Lipschitz function on Mi that we still denote by fi. We 
have that ‖(fi)U‖ ≤ (1 + ε)‖f‖ and

T ((fi)U )((xj
i )U ) = lim

U,i
fi(xj

i ) = lim
U,i

f((xj
k)U,k) = f((xj

k)U,k)

for all j ∈ {1, ..., n}, proving that T ((fi)U ) and f coincide on A. That finishes the proof. �
The operator T defined in the previous theorem is not injective, in general. Indeed, we have the following 

characterization.

Proposition 3.2. Let M be a metric space and let U be a CI ultrafilter on a set I. Let T : (Lip0(M))U →
Lip0(MU ) be defined in Theorem 3.1. The following assertions are equivalent:

(i) M is uniformly discrete and bounded;
(ii) T is injective;
(iii) T is an isometry.

Proof. (iii) =⇒ (ii) is obvious.
(ii) =⇒ (i) Let (In)n ⊂ U be a decreasing sequence of sets having empty intersection. Suppose 

by contradiction that M is unbounded. Given i ∈ In \ In+1, consider the function fi given by fi(x) =
d(x, B(0, n)). It is easy to check that ‖fi‖ = 1. Let f̄ = (fi)U . Then it follows 

∥∥f̄∥∥ = 1 and T f̄ = 0, which 
is a contradiction. It follows that M is bounded.

Now suppose that M is not uniformly discrete. Then there exist two sequences (xn)n and (yn)n in M
such that xn 
= yn for all n ∈ N and dn := d(xn, yn) → 0. We have that xn 
= 0 or yn 
= 0, so by taking a 
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subsequence if necessary we can suppose without loss of generality that yn 
= 0 for all n ∈ N. For all n ∈ N, 
we define a 1-Lipschitz function gn : M → [0, dn] by

gn(x) = max {dn − d(yn, x), 0}

and let hn ∈ Lip0(M) given by hn(x) = gn(x) − gn(0). It is clear that ‖hn‖=1 and ‖hn‖∞ ≤ dn. Now let 
i ∈ I and define fi = hn where n is such that i ∈ In \ In+1. Let f̄ = (fi)U ∈ (Lip0(M))U . We have that ∥∥f̄∥∥ = limU ‖fi‖ = 1, so f̄ 
= 0. However we have that T f̄ = 0 since ‖hn‖∞ ≤ dn for n ∈ N, which is again 
a contradiction. So M is uniformly discrete.

(i) =⇒ (iii) Let θ = inf{d(x, y) : x, y ∈ M, x 
= y} > 0. Take f̄ ∈ (Lip0(M))U and (fi)i∈I with 
f̄ = (fi)U . By Theorem 3.1, we just need to prove that ‖T f̄‖ ≥

∥∥f̄∥∥. Let ε > 0. For all i ∈ I, pick xi, yi ∈ M

two distinct points of M such that |fi(xi) − fi(yi)| ≥ (1 − ε) ‖fi‖ d(xi, yi). Since M is bounded, we may 
consider x̄ = (xi)U and ȳ = (yi)U . Moreover, we have that d(x̄, ȳ) = limU d(xi, yi) ≥ θ, so x̄ 
= ȳ. Taking 
limit on U , it follows that |T f̄(x̄) − T f̄(ȳ)| ≥ (1 − ε) 

∥∥f̄∥∥ d(x̄, ȳ) and then ‖T f̄‖ ≥ (1 − ε) 
∥∥f̄∥∥. Since this is 

true for all ε > 0, we obtain that ‖T f̄‖ ≥
∥∥f̄∥∥. �

Note that the implication (i) ⇒ (iii) works for any ultrafilter (not necessarily CI).

Remark 3.3. In general the operator T is not onto. In fact, let M be a bounded infinite uniformly discrete 
set. Suppose also that U is CI and let (In)n be a decreasing sequence in U with empty intersection. Given 
i ∈ In \In+1, take xi, yi ∈ M two distinct points with fi(xi) −fi(yi) ≥ (1 −1/n) ‖fi‖ d(xi, yi). Let x̄ = (xi)U
and ȳ = (yi)U in MU and note that these two elements are distinct since M is uniformly discrete. Then 
clearly T ((fi)U )(x̄) − T ((fi)U )(ȳ) = d(x̄, ȳ), that is,

T ((Lip0(M))U ) ⊂ SNA(MU )

where SNA(MU ) denotes the set of Lipschitz functions on MU attaining their Lipschitz constant at a pair 
of points of MU . However, whenever the metric space M is infinite, there are Lipschitz functions on MU
which do not attain the Lipschitz constant (otherwise, every linear functional on F(MU) attains its norm, 
so F(MU ) is reflexive, and then MU is finite).

Theorem 3.4. Let U be an ultrafilter on a set I and let (Mi)i∈I be a family of metric spaces. Then F((Mi)U )
is linearly isometric to span(δ(Mi)U ) ⊂ (F(Mi))U .

Proof. Let s : (Mi)U → (F(Mi))U defined by s((xi)U ) = (δxi
)U . Note that s is an into isometry since

d((xi)U , (yi)U ) = lim
U

d(xi, yi) = lim
U

‖δxi
− δyi

‖ = ‖(δxi
)U − (δxi

)U‖

= ‖s((xi)U ) − s((yi)U )‖

for all (xi)U , (xi)U ∈ (Mi)U . By the linearization property of Lipschitz-free spaces, s extends to a 
continuous linear operator S : F((Mi)U ) → (F(Mi))U such that ‖S‖ = 1. Let ε > 0 and fix μ =∑n

j=1 ajδ(xj
i )U

∈ F((Mi)U ). Let T : (Lip0(Mi))U → Lip0((Mi)U ) be the operator defined in Theorem 3.1. 
Since T (B(Lip0(Mi))U ) is 1-norming, there exists (fi)U ∈ (Lip0(Mi))U such that ‖μ‖ = 〈T ((fi)U ), μ〉 and 
‖(fi)U‖ ≤ 1 + ε. It follows that

‖μ‖ = 〈T ((fi)U ), μ〉 =
n∑

aj〈T ((fi)U ), δ(xj
i )U

〉 =
n∑

aj lim
U,i

fi(xj
i )
j=1 j=1
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=
n∑

j=1
aj〈(fi)U , (δxj

i
)U 〉 = 〈(fi)U , S(μ)〉 ≤ (1 + ε)‖S(μ)‖,

and we deduce that ‖μ‖ ≤ ‖S(μ)‖ since ε was arbitrary. By density of the measures with finite support, it 
follows that S is an isometry. �
Remark 3.5. The previous proof gives that 〈T ((fi)U ), μ〉 = 〈(fi)U , S(μ)〉 for all μ ∈ F((Mi)U ) and all 
(fi)U ∈ (Lip0(Mi))U . In other words, S∗|(Lip0(Mi))U = T .

4. Finite representability of metric and Banach spaces

Given λ ≥ 1, a Banach space X is λ-finitely representable in a Banach space Y if for any finite-dimensional 
subspace E of X and every ε > 0, there exists a finite-dimensional subspace F of Y such that d(E, F ) ≤ λ +ε, 
where d(E, F ) is the Banach-Mazur distance between E and F . If there exists λ ≥ 1 such that X is λ-
finitely representable Y , we say that X is crudely finitely representable in Y . Moreover, if X is 1-finitely 
representable in Y , we say that X is finitely representable in Y (see e.g. [1] for these notions). It is well 
known that X is finitely representable in Y if and only if X is isometric to a subspace of an ultrapower of 
Y . Thus, we immediately obtain the following consequence of Theorem 3.4.

Theorem 4.1. Let M be a metric space and let U be an ultrafilter. Then F(MU) is finitely representable in 
F(M).

We will deal with a related notion for metric spaces introduced by Lee, Naor and Peres in [17]. We take 
the terminology from [3]. For a biLipschitz embedding φ, dist(φ) = Lip(f) Lip(f−1) denotes its distortion.

Definition 4.2. Let λ ≥ 1 and M, N be metric spaces. We say that M is finitely λ-Lipschitz representable
into N if for every finite subset F in M and every ε > 0 there is a map φ : F → N such that dist(φ) ≤ λ +ε.

Moreover, we will consider the following notions.

Definition 4.3. Let M and N be metric spaces. If M is finitely λ-Lipschitz representable in N for some λ ≥ 1, 
we say that M is crudely finitely Lipschitz representable in N . If M is finitely 1-Lipschitz representable in 
N , we say that M is finitely representable in N .

In the case of Banach spaces, this notion coincides with the usual finite representability. Indeed, the 
following is a consequence of Theorem 13 in [21].

Proposition 4.4. Let X and Y be two Banach spaces and let λ ≥ 1. Then X is finitely λ-Lipschitz repre-
sentable in Y if and only if X is λ-finitely representable in Y .

Our first goal is to show that the finite Lipschitz representability admits a characterization in terms of 
ultraproducts which is analogous to the corresponding result for Banach spaces (see [11]).

Proposition 4.5. Let M, N be metric spaces. The following assertions are equivalent:

(i) M is finitely λ-Lipschitz representable into N ;
(ii) there exist an ultrafilter U on a set I, scaling factors ri > 0, points 0i ∈ N and a λ-biLipschitz 

embedding of M into (N, 0i, rid)U .
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In that case, if moreover M is separable, then for any CI ultrafilter U there are ri > 0, points 0i ∈ N , and 
a λ-biLipschitz embedding of M into (N, 0i, rid)U .

Proof. Suppose that (i) holds. Fix a point 0 ∈ M and define

I := {(A, ε) : 0 ∈ A ⊂ M, |A| < ∞, 0 < ε < 1}

with the partial order defined by (A1, ε1) � (A2, ε2) if and only if A1 ⊂ A2 and ε1 ≥ ε2. Since any pair of 
element of I has an infimum, it is easy to show that

β := {{i ∈ I : i0 � i} | i0 ∈ I}

is a filter basis. Then let U be any ultrafilter containing the filter generated by β. For all i = (Ai, εi) ∈ I, 
there exists a one-to-one function φi : Ai → N such that dist(φi) ≤ λ + εi. Consider the metric space 
(Ni, 0i, di) where Ni = N , di =

∥∥φ−1
i

∥∥ d and 0i = φi(0). Given x ∈ M , let yi = φi(x) if x ∈ Ai with 
i = (Ai, εi) and yi = 0i if not. Note that

di(φi(x), 0i) ≤ ‖φi‖ di(x, 0) ≤ (λ + 1)d(x, 0)

and so (yi)i∈I gives an element of (Ni)U . This means that x �→ (yi)U defines a map φ : M → (Ni)U .
Now, let ε0 > 0 arbitrary and take x, x′ ∈ M . Note that I0 := {(A, ε) ∈ I | x, x′ ∈ A, ε ≤ ε0} belongs to 

U . For i ∈ I0, we have that

d(x, x′) ≤
∥∥φ−1

i

∥∥ d(yi, y′i) ≤ ∥∥φ−1
i

∥∥ ‖φi‖ d(x, x′) ≤ (λ + ε0)d(x, x′).

Letting ri =
∥∥φ−1

i

∥∥ and taking limit on U , we obtain that

d(x, x′) ≤ d(φ(x), φ(x′)) ≤ (λ + ε0)d(x, x′).

Since ε0 was arbitrary, we conclude that φ is a λ-biLipschitz embedding.
For the other implication, suppose that there exists φ : M → (N, 0i, rid)U with dist(φ) ≤ λ for some 

ultrafilter U on a set I and numbers ri > 0. Let A = {x1, . . . , xp} be a finite subset of different elements 
of M and fix ε > 0. Each φ(xk) can be written φ(xk) = (yki )U . For i ∈ I, define a function φi : A → N by 
φi(xk) = yki . Note that for k, l ∈ {1, . . . , p}, we have that

∥∥φ−1∥∥−1
d(xk, xl) ≤ d(φ(xk), φ(xl)) ≤ ‖φ‖ d(xk, xl)

and

d(φ(xk), φ(xl)) = lim
i,U

rid(φi(xk), φi(xl)).

It follows that{
i ∈ I | (1 − ε)

∥∥φ−1∥∥−1
d(xk, xl) ≤ rid(φi(xk), φi(xl)) ≤ (1 + ε) ‖φ‖ d(xk, xl) ∀k, l

}
belongs to U and so it is not empty. Taking i in this set we have that

(1 − ε)r−1
i

∥∥φ−1∥∥ d(a, b) ≤ d(φi(a), φi(b)) ≤ (1 + ε)r−1
i ‖φ‖ d(a, b)

for all a, b ∈ A. That is,
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dist(φi) ≤
1 + ε

1 − ε
dist(φ) ≤ 1 + ε

1 − ε
λ

and so (i) holds.
Now suppose that M is separable and that (i) holds. Let U be any CI ultrafilter over a set I and let 

(In)n ⊂ U be a decreasing sequence with empty intersection. Let {xn}n be a countable dense subset of 
M . For all n ∈ N, there exists a function φn : {xk}1≤k≤n → N such that dist(φn) ≤ (1 + 1/n)λ. Given 
i ∈

⋃
n In, let ni be such that i ∈ Ini

\ Ini+1, and consider the metric space (Ni, 0i, di) where Ni = N , 
di =

∥∥φ−1
ni

∥∥ d and 0i = φni
(x1). If i ∈ I \ I1, define ri > 0 arbitrarily. Note that, given m ∈ N,

di(φni
(xm), 0i) ≤ dist(φni

)d(xm, x1) ≤ 2λd(xm, x1),

and so we may consider the element (φni
(xm))U,i.

Now, define a function φ : {xn}n → (Ni)U by φ(xm) = (φni
(xm))U,i. We will prove that φ is an isometry 

and then will extend to a unique isometry defined on M . Let ε > 0 and p0 ∈ N such that 1
p0

< ε. Let 
p < q and define q̃ = max{p0, q}. Let I0 =

⋃
n≥q̃ In ∈ U and take i ∈ I0. It is clear that ypi = φni

(xp) and 
yqi = φni

(xq). It follows that

d(xp, xq) ≤
∥∥φ−1

ni

∥∥ d(ypi , yqi ) ≤ ‖φni
‖
∥∥φ−1

ni

∥∥ d(xp, xq)

≤ (1 + 1/ni)λd(xp, xq) < (1 + ε)λd(xp, xq)

Taking limit on U , we deduce that

d(xp, xq) ≤ d(φ(xp), φ(xq)) ≤ (1 + ε)λd(xp, xq).

Since ε was arbitrary, we conclude that φ is an isometry and the proof is complete. �
Note that in the case N = X is a Banach space clearly one may assume that φi(0) = 0 and 

∥∥φ−1
i

∥∥ = 1
(and then ri = 1) in the proof of (i) ⇒ (ii) above, so we get:

Theorem 4.6. Let M be a metric space and X be a Banach space. The following assertions are equivalent:

(i) M is finitely λ-Lipschitz representable in X;
(ii) there exists an ultrafilter U such that M is λ-biLipschitz equivalent to a subset of XU .

In that case, if moreover M is separable and U is a CI ultrafilter, then M is λ-biLipschitz equivalent to a 
subset of XU .

Theorem 4.7. Let M be a metric space and X be a Banach space. Assume that M is finitely λ-Lipschitz 
representable in X. Then F(M) is λ-finitely representable in F(X).

Proof. Assume M is finitely λ-Lipschitz representable in X. By Theorem 4.6, there exists an ultrafilter U
such that M λ-biLipschitz embeds in XU . It follows that F(M) is λ-isomorphic to a subspace of F(XU). 
By Theorem 3.4, we deduce that F(M) is λ-isomorphic to a subspace of F(X)U . This means exactly that 
F(M) is λ-finitely representable in F(X). �
Remark 4.8. Note that if M and N are bounded metric spaces satisfying that for every finite subset F ⊂ M

and every ε > 0 there exists a function f : F → N such that

(1 + ε)−1d(x, y) ≤ d(φ(x), φ(y)) ≤ (1 + ε)d(x, y) ∀x, y ∈ F,
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then a similar argument shows that F(M) is finitely representable in F(N).

We obtain some immediate consequences:

Corollary 4.9. Let X and Y be Banach spaces. Then F(X) is finitely representable in F(Y ) in any of the 
following cases:

(a) X = �2 and Y is any infinite-dimensional Banach space.
(b) X = Y ∗∗ and Y is any Banach space.
(c) X = Lp([0, 1]) and Y = �p, where 1 ≤ p < ∞.

Proof. In each of the cases, we have that X is finitely representable in Y . In fact, for (a) it is a consequence 
of Dvoretzky’s theorem (see Theorem 6.15 in [8]). For (b), it is the principle of local reflexivity (see Theorem 
6.3 in [8]) and (c) is part of Theorem 6.2 in [8]. �
Corollary 4.10. Let X and Y be Banach spaces such that X coarsely Lipschitz embeds into Y . Then F(X)
is crudely finitely representable in F(Y ).

Proof. That follows from Ribe’s theorem (see Theorem 14.2.27 in [1]). �
5. Some remarks on the cotype of Lipschitz-free spaces

Not much is known about the Rademacher cotype of Lipschitz-free spaces. Bourgain proved ([4], see 
also Theorem 10.16 in [19]) that F(�1) has trivial cotype, but whether F(Rn) has a nontrivial cotype is a 
long-standing open problem. Note that as a consequence of Corollary 4.9 the following dichotomy holds:

(a) F(�2) has cotype; or
(b) F(X) does not have cotype for any infinite-dimensional Banach space X.

We obtain now some remarks concerning the cotype of F(M). Recall that the notion of metric cotype was 
introduced by Mendel and Naor in [18]. Note that if M is a metric space such that F(M) has Rademacher 
cotype q, then M also has metric cotype q. In particular, if M = X is a Banach space then X has Rademacher 
cotype q (this follows directly from the fact that the metric cotype passes to subspaces and is equivalent to 
the usual cotype for Banach spaces).

On the other hand, the cotype of F(M) is related to the metric type introduced by Bourgain, Milman 
and Wolfson in [5] and called BMW type in this document.

Proposition 5.1. Let M be a metric space such that F(M) has Rademacher cotype. Then M has BMW type. 
In particular, if M = X is a Banach space then X has Rademacher type.

Proof. Suppose that M does not have BMW type. By Theorem 2.6 in [5], M contains uniformly biLipschitz 
copies of the Hamming cubes Fn

2 . Bourgain’s result mentioned earlier provides a constant C ≥ 1 such that 
for all m there exists n such that F(Fn

2 ) contains a C-isomorphic copy of �m∞. Since the space F(M) contains 
D-isomorphic copies of the spaces F(Fn

2 ) for some D ≥ 1, it follows that F(M) contains CD-isomorphic 
copies of the spaces �m∞. In particular, F(M) cannot have cotype. If M is Banach space then M has BMW 
type if and only if M has Rademacher type by Corollary 5.9 in [5]. �
Remark 5.2. If X is a Banach space such that F(X) has Rademacher cotype, then we can deduce easily 
from Theorem 4.7 that X has Rademacher type. In fact, if X does not have Rademacher type then �1 is 
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finitely representable in X and then F(�1) is finitely representable in F(X). This is a contradiction since 
F(�1) does not have Rademacher cotype.

It is not known which metric spaces M satisfy that F(M) and F(F(M)) are isomorphic (one example 
is Pełczyński universal space, see [10]). The next result shows in particular that if F(M) has cotype then 
F(M) and F(F(M)) cannot be isomorphic.

Corollary 5.3. Let M be an infinite metric space. Then F(F(M)) does not have Rademacher cotype.

Proof. Suppose that F(F(M)) has cotype. It follows from the previous result that F(M) has type. This is 
impossible since F(M) contains an isomorphic copy of �1. �

Aliaga, Noûs, Petitjean and Procházka have proved recently in [2] that several isomorphic properties of 
F(X) (such as the Schur property and weak sequential completeness) are compactly determined. We finish 
the section by showing that this is also the case of the cotype. The proof adapts some ideas from [20].

Proposition 5.4. Let X be a Banach space and let q ≥ 2. The following assertions are equivalent:

(i) F(X) has Rademacher cotype (resp. cotype q);
(ii) F(K) has Rademacher cotype (resp. cotype q) for any (countable) compact set K ⊂ X;
(iii) F({xn}n) has Rademacher cotype (resp. cotype q) for any null sequence (xn)n ⊂ X.

Proof. The implications (i) =⇒ (ii) =⇒ (iii) are trivial. Suppose that F(X) does not have Rademacher 
cotype (resp. cotype q). Since F(2−nBX) is isomorphic to F(X) [16], it follows that F(2−nBX) does 
not have cotype (resp. cotype q) for all n ∈ N. In particular, for all n ∈ N, there exists m ∈ N and 
μn

1 , . . . , μ
n
m ∈ F(2−nBX) such that

(
m∑

k=1

‖μn
k‖n

) 1
n

> n

1∫
0

∥∥∥∥∥
m∑

k=1

μn
krk(t)

∥∥∥∥∥ dt

⎛
⎝resp.

(
m∑

k=1

‖μn
k‖q

) 1
q

> n

1∫
0

∥∥∥∥∥
m∑

k=1

μn
krk(t)

∥∥∥∥∥ dt

⎞
⎠ .

Since the measures with finite support are dense in a Lipschitz-free space, we can and do suppose that 
μn

1 , . . . , μ
n
m ∈ F(Kn) where Kn is a finite subset of 2−nBX . Define K =

⋃
n Kn ∪ {0}. Then K is a null 

sequence such that F(K) does not have Rademacher cotype (resp. cotype q). �
Remark 5.5. Since F(�1) does not have Rademacher cotype, the previous theorem implies that there exists 
a null sequence (xn)n in �1 such that F({xn}n) does not have cotype. Moreover, it is possible to explicitly 
state such a sequence. For n ≥ 1, define

xn = 1
k2

(
r1

(m

2k
)
, ..., rk

(m

2k
)
, 0, 0, ...

)

where k and m are such that 2k − 1 ≤ n < 2k+1 − 1 and n = 2k − 1 + m with 0 ≤ m ≤ 2k − 1. Note 
that F(Fk

2 ) = F({xn}2k−1≤n<2k+1−1) isometrically since the metric space {xn}2k−1≤n<2k+1−1 is obtained 
by scaling the distance on Fk

2 . It follows that F(Fk
2 ) is an isometric subspace of F({xn}n) for all k ≥ 1. So 

F({xn}n) does not have cotype.
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6. Stability of F(M) and Lip0(M) under ultraproducts

Several classes of Banach spaces, as Banach lattices, C*-algebras and C(K) spaces, are stable under 
ultraproducts [11]. Given a metric space M and an ultrafilter U , it is natural to ask if F(M)U is isomorphic 
to F(MU ) or more generally if there exists a metric space N such that F(M)U is isomorphic to F(N). The 
first question is easily seen to be false with the following example:

Example 6.1. Let M be an infinite proper metric space. Then MU = M isometrically by Fact 2.1.e) whereas 
F(M)U is not separable. Thus, F(MU ) is not isomorphic to F(M)U .

In the first version of this paper, we provided some examples of metric spaces (as M = [0, 1] and 
M = N) such that F(M)U is not isomorphic to a Lipschitz-free space, and we asked whether an analogous 
statement holds for every metric space. T. Kania has kindly provided an answer for a general metric space 
by strengthening our previous result.

Proposition 6.2. Let U be a CI ultrafilter on an infinite set I, M be a metric space and X be an infinite-
dimensional Banach space. Then XU is not isomorphic to a subspace of F(M).

Proof. Since U is CI, there exists a strictly decreasing sequence (In)n such that 
⋂

n∈N In = ∅. Define (ai)i∈I

by ai = 1
n and ni = n if i ∈ In \ In+1. By Dvoretzky’s theorem, for all i ∈ I there exists a subspace Xi of 

X and an isomorphism Ti : �ni
2 → Xi such that

‖x‖ ≤ ‖Ti(x)‖ ≤ (1 + ai)‖x‖

for all x ∈ �ni
2 . Now we define T : (�ni

2 )U → XU by T ((xi)U ) = (Ti(x))U . Since limU ai = 0, the previous 
inequality implies that T is an isometry. We have that the ultrapower of Hilbert spaces (�ni

2 )U is also a 
Hilbert space and it is non-separable (see Theorem 3.1 in [6]). The conclusion follows from the fact that a 
Lipschitz-free space does not contain a non-separable weakly compact set [15]. �
Corollary 6.3. Let U be a CI ultrafilter and M be a infinite metric space. Then F(M)U is not isomorphic 
to a subspace of a Lipschitz-free space.

Thanks to Gelfand-Naimark theorem, the ultrapower of C(K)-spaces is still a C(K)-space, i.e. if U is an 
ultrafilter on a set I and if (Ki)i∈I is a family of compact spaces, then there exists a compact space K
such that (C(Ki))U = C(K) isometrically. Moreover, if there is an algebra isomorphism between (C(Ki))U
and C(K) then (Ki)U is homeomorphic to a dense subset of K [11]. The following result is the analogue for 
Lip0(K).

Proposition 6.4. Let K be a compact metric space. Let U be an ultrafilter on a set I and let (Mi)i∈I be a 
family of uniformly bounded metric spaces. If there exists an algebra isomorphism between (Lip0(Mi))U and 
Lip0(K), then (Mi)U is biLipschitz equivalent to a subset of K.

Proof. Let R : Lip0(K) → (Lip0(Mi))U be an algebra isomorphism. If (xi)U ∈ (Mi)U , we can define a 
functional F(xi)U ∈ Lip0(K)∗ by

F(xi)U (f) = lim
U

fi(xi)

for all f ∈ Lip0(K) where (fi)U = R(f). In other words, we have F(xi)U (f) = TR(f)((xi)U ) where 
T : (Lip0(Mi))U → Lip0((Mi)U ) is the operator defined in Theorem 3.1. It is clear that F(xi)U is also 
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multiplicative. By Lemma 7.28 in [23], F(xi)U is an evaluation, that is there exists a unique h((xi)U ) ∈ K

such that F(xi)U = δh((xi)U ). This allows to define a map h : (Mi)U → K, we will show this is the biLipschitz 
map we are looking for.

Let (xi)U , (yi)U ∈ (Mi)U . We have that

d(h((xi)U ), h((yi)U )) = ‖δh((xi)U ) − δh((yi)U )‖

= ‖F(xi)U − F(yi)U‖

= sup
f∈BLip0(K)

|F(xi)U (f) − F(yi)U (f)|

= sup
f∈BLip0(K)

|TR(f)((xi)U ) − TR(f)((yi)U )|

It follows that on the one hand:

d(h(xi)U , h(yi)U ) ≤ sup
f∈BLip0(K)

‖TR(f)‖ d((xi)U , (yi)U ) ≤ ‖R‖ d((xi)U , (yi)U ).

On the other hand, taking ε > 0, there exists (fi)U ∈ (Lip0(Mi))U such that ‖δ(xi)U − δ(yi)U‖ =
〈T ((fi)U ), δ(xi)U − δ(yi)U 〉 and ‖(fi)U‖ ≤ 1 + ε by Theorem 3.1. Let g ∈ Lip0(K) such that R(g) = (fi)U and 
note that ‖g‖ ≤ (1 + ε)‖R−1‖. It follows that

d((xi)U , (yi)U ) = ‖δ(xi)U − δ(yi)U‖

= 〈TR(g), δ(xi)U − δ(yi)U 〉

= (1 + ε)‖R−1‖
〈
TR

(
g

(1 + ε)‖R−1‖

)
, δ(xi)U − δ(yi)U

〉

≤ (1 + ε)‖R−1‖ sup
f∈BLip0(K)

|〈TR(f), δ(xi)U − δ(yi)U 〉|

= (1 + ε)‖R−1‖ sup
f∈BLip0(K)

|TR(f)((xi)U ) − TR(f)((yi)U )|

= (1 + ε)‖R−1‖d(h(xi)U , h(yi)U ),

and since ε was arbitrary, we obtain that d((xi)U , (yi)U ) ≤ ‖R−1‖d(h(xi)U , h(yi)U ). Then we deduce that h
is biLipschitz. �

We finish the paper remarking that the analogy with the case of ultraproducts C(K)-spaces is not com-
plete. Indeed, the map h constructed in the proof above does not have dense range, in general. For instance, 
assume Mi = M is a compact metric space. Then we have T ◦ R(f) = f ◦ h for each f ∈ Lip0(K), that 
is, T ◦ R is the composition operator Ch : Lip0(K) → Lip0(M). Since R is an isomorphism and T is not 
injective (by Proposition 3.2) we get that Ch is not injective. It follows (see Proposition 2.25 in [23]) that 
h(M) = h(M) is properly contained in K.
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