J. Math. Anal. Appl. 526 (2023) 127253

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

Lipschitz-free spaces, ultraproducts, and finite representability of )

Check for

metric spaces

Luis C. Garcia-Lirola®, Guillaume Grelier "

& Departamento de Matemdticas, Universidad de Zaragoza, 50009, Zaragoza, Spain
b Universidad de Murcia, Departamento de Matemdticas, Campus de Espinardo 30100 Murcia, Spain

ARTICLE INFO ABSTRACT
Article history: We study several properties and applications of the ultrapower My, of a metric space
Received 13 July 2022 M. We prove that the Lipschitz-free space F (M) is finitely representable in F(M).

Available online 23 March 2023

We also characterize the metric spaces that are finitely Lipschitz representable in
Submitted by J. Bastero

a Banach space as those that biLipschitz embed into an ultrapower of the Banach
space. Thanks to this link, we obtain that if M is finitely Lipschitz representable

ﬁi,ysfﬁizczlf'ﬁee space in a Banach space X, then F (M) is finitely representable in F(X). We apply these

Transportation cost space results to the study of cotype in Lipschitz-free spaces and the stability of Lipschitz-

Metric space free spaces and spaces of Lipschitz functions under ultraproducts.

Ultraproduct © 2023 The Author(s). Published by Elsevier Inc. This is an open access article

giﬂite representability under the CC BY license (http://creativecommons.org/licenses/by/4.0/).
otype

1. Introduction

Ultraproducts of Banach spaces are a very powerful tool to study local properties of Banach spaces as
well as in the non-linear theory (see e.g. [11,12,22]). In fact, a Banach space X is finitely representable in a
Banach space Y if and only if it is linearly isometric to a subspace of an ultrapower of Y. Many relevant
notions have been characterized in terms of finite representability. For example, a Banach space X has
non-trivial Rademacher type (resp. cotype) if and only if ¢; (resp. £ ) is not finitely representable in X
(see e.g. [1]). Moreover, the concept of super-reflexivity introduced by James in [13] is another important
example that can be characterised in terms of ultraproducts.

In this paper, we consider the notion of ultraproduct of metric spaces (which is a generalization of the
corresponding one for Banach spaces). We apply it to obtain an ultraproduct characterization of the metric
spaces that are finitely Lipschitz representable (in the sense introduced by Lee, Naor and Peres [17]) in
a Banach space. Also, we analyze the relation between finite Lipschitz representability of metric spaces
and finite representability of the corresponding Lipschitz-free spaces. These spaces (also called Arens-Eells
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spaces and transportation cost spaces) have become a very active research topic due to their applications
in Non-Linear Analysis [10], as well as Computer Science and Optimal Transport.

More precisely, given a metric space M and an ultrafilter U, we prove that the Lipschitz-free space on
the ultrapower of M, F (M), is linearly isometric to a subspace of the ultrapower of the Lipschitz-free
spaces, F(M)y (see Theorem 3.4). In particular, (M) is finitely representable in F(M). Also, we prove
that a metric space M is finitely Lipschitz representable into a Banach space X if and only if M biLipschitz
embeds in an ultrapower of X (Theorem 4.6). As a consequence we obtain that, in such a case, F(M) is
finitely representable in F(X). This result has some consequences on the cotype of Lipschitz-free spaces. For
instance, the following dichotomy holds: either F(¢2) has non-trivial cotype or F(X) does not have cotype
for any infinite-dimensional Banach space X. Finally, although several classes of Banach spaces (as Banach
lattices, C*-algebras, and C'(K)-spaces) are known to be stable by ultraproducts, we show that F(M)y
is not isomorphic to any Lipschitz-free space whenever M is an infinite metric space and U is countably
incomplete. We then compare the stability of Lip,(K) and C(K) under ultraproducts and remark some
similarities and differences between them.

The structure of the paper is the following. In the next section, we introduce the fundamental properties
of ultraproducts of metric spaces and Lipschitz-free spaces used in this document. The main goal of Section 3
is to prove that if M is a metric space and My, is one of its ultrapowers then F (M) is finitely representable
in F(M). This will be an important tool in the rest of the paper. Section 4 links the ultraproducts of metric
spaces with the notion of finite representability. Some applications to the cotype of free spaces are contained
in Section 5. Finally, in Section 6 we analyze the stability of the class of Lipschitz-free spaces and spaces of
Lipschitz functions under ultraproducts. Our notation is standard and follows textbooks such as [1,8].

2. Notation and basic properties
2.1. Ultraproduct of metric spaces

An excellent reference on this topic is a revised unpublished version of [22]. Since that version might not
be available to the reader, we have chosen to include here the necessary definitions and properties. Let I be
any infinite set. An ultrafilter U on T is called countably incomplete (in short CI) if there exists a sequence
(In)nen of elements of U such that I,41 C I, for every n and ﬂzo:l I, = (. Note that every non-trivial
ultrafilter on N is countably incomplete.

From now on, Y will denote a non-principal ultrafilter on I. Let {(M;, d;)}icr be a family of metric spaces
and fix a distinguished point 0; € M; for every i € I. Let us consider the set

loo(M;) = {(ﬂfi)iel € HMi ssupd;(w;,0;) < OO} -

Gel =

Notice that for every (z;)icr, (Yi)ier € [[;c; Mi we have sup,c; d;i(2;,y;) < co. Therefore, one can consider

iel
d((%)iel, (yz‘)iel) = ILIIHZl di(Ii,yi)-

It is clear that d is a pseudometric on £, (M;). We consider the equivalence relation given by (z;)icr ~ (yi)ier
if and only if d((z:)ier, (yi)icr) = 0. We denote

(Mi)u = loo(M;)/ ~
and 7: loo(M;) — (M;)y the canonical projection. Then the expression

du(7,y) = d((zi)icr, (Yi)ier),
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for z,y € (M;)y and 7((z:)icr) = &, 7((yi)icr) = ¥, defines a metric on (M;)y. For simplicity, we usually
omit 7 and we write (x;)y; = 7((x;)ier) or simply (x;)y if no confusion is possible. The metric space
((M;)y, dy) is called the ultraproduct of the metric spaces (M;)icr. Moreover, if M; = M and 0;, =0 € M
for every ¢ € I then the space (M;),, is called the ultrapower of the metric space M and denoted My,. If the
context is clear, we simply write d instead of dy.

Let us notice that if the spaces M; are uniformly bounded then the definition of (M;);; does not depend
on the choice of the distinguished points. In the case that the M; are normed spaces, we will always consider
that the distinguished point is 0 € M; for every ¢ € I and we recover then the usual definition of ultraproduct
for Banach spaces.

The following result summarises several known properties of the ultraproduct of metric spaces. We include
the proofs (analogous to the Banach case ones) for completeness.

Fact 2.1.

(a) If 0, € N; C M; for each ¢ € I, then (N;)y embeds isometrically in (M;)y,. Moreover, if U is CI and N;
is dense in M; for every i € I then (N;)y is isometric to (M;)y.

(b) If U is CI, then (M;)y is a complete metric space.

(c¢) If the M; are normed spaces, then (M;);, is a Banach space.

(d) M embeds isometrically in M. Moreover, if M is a normed space then there exists a linear isometry
from M into My,.

(e) If M is a proper metric space (that is, closed balls in M are compact sets) then My, is isometric to M.

Proof. (a) Consider f;: N; — M, the canonical inclusion for each ¢ € I. Then it is straightforward that the
map f given by f((z:)u) = (fi(2:))u is a well-defined isometry from (N;)y into a subset of (M;)y. In other
to prove the second statement, take & = (z;)y € (M;)y. Take a decreasing sequence (I,),en C U such that
Moy I, = 0. We will define y; € N; for each i € I satisfying that lim;y di(z;,y;) = 0, so T = (y;)u. If

i ¢ I, take y; € M; arbitrary. If ¢ € I, \ I),+1, take y; € N; so that d;(x;,y;) < 1/n. Since ﬂiozl I, = 0, this
defines y; for every i € I. Now notice that

{iel:di(zs,y;) <1l/n} DI, €U

and so lim; gy d;(x;,y;) = 0. This shows that (f;)ics is onto, as desired.

(b) By the previous property, we may assume that M, is complete for each ¢ € I. Notice that
7T (boo(M;),doo) — ((Mi)u,dy) is 1-Lipschitz and onto. Since completeness is preserved by uniformly
continuous surjections, we only need to check that (¢o(M;),ds) is complete. For that, mimic the proof of
the completeness of .

(¢) Tt is clear that dy is a norm on (M;),, whenever the M; are normed spaces. Moreover, £ (M;) is
a Banach space and Ny = {(x;)ier | limy ||z;]] = 0} is a closed subspace. So (M;)y = loo(M;)/Ny is a
Banach space.

(d) Given z € M, take x; = x for every ¢ € I. Then (x;)icsr € foo(M). Thus ¢(x) := (x;);es defines an
isometry from M into a subset of My,. For the last statement, notice that the map ¢ is a linear operator
whenever M is a normed space.

(e) Given T € My, take (x;);es such that = (x;);e;. Then R = sup{d(z;,0) : i € I} < oo and so
{x; : i € I} is contained in the compact set B(0, R). Therefore, there exists ¥() := limy; z;. Notice that

(@), 0() = @t e ) = Ymd(es, ) = dlz. ).
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so ¢ defines an isometry from M, into M. Moreover, given x € M we have x = ¢ (¢(z)) and therefore 9 is
onto. O

Note in passing that the ultraproduct of metric spaces is closely related to the Gromov-Hausdorff limit.
Indeed, if M is the Gromov-Hausdorff limit of a sequence of pointed proper metric spaces M, then M is
isometric to the ultraproduct (M, )y (see e.g. [7]).

2.2. Lipschitz-free spaces

Let M be a pointed metric space M, that is, a metric space with a distinguished point denoted 0. We will
denote by Lipy(M) the Banach space of all real-valued Lipschitz functions on M vanishing at 0, endowed
with the norm given by the Lipschitz constant:

|f(z) = f(y)l
d(z,y)

For x € M, the linear map o6(z): Lipy(M) — R given by (f,d(z)) = f(z) defines an element of Lip,(M)*.
The Lipschitz-free space over M (also called Arens-Eells space and transportation cost space) is defined as

11l = Lip(/) sup{ ey e M,x?éy}

the closed subspace of Lip,(M)* generated by these evaluation functionals, that is,
F(M) :=spanl'll {§(x) : 2 € M} C Lipy(M)*.

The map § defines an isometric embedding of M into F (M) such that the following fundamental property
holds: for every Banach space X and every Lipschitz function f: M — X with f(0) = 0, there is a unique
bounded linear operator Ty : F(M) — X such that Tyod = f and ||T|| = Lip(f). It follows in particular that
F(M)* = Lipy(M). We refer the reader to the monographs [19,23] and the survey [9] for more properties
and applications of these spaces.

3. Ultraproduct of F (M) and Lipy(M)

Recall that, for a Banach space X, the ultrapower (X*);; embeds isometrically into (Xz)* and it is
norming for Xz;. The following result provides an analogous for metric spaces (with Lipschitz functions
playing the role of linear functionals). We just need to recall that, given A > 1, a set A C X* is A-norming

for X if SUDP g+ AN By

z*(z)| = 1 ||z| for every z € X.

Theorem 3.1. Let U be an ultrafilter on a set I and let (M;);c; be a family of metric spaces. Define an
operator T': (Lipy(M;))y — Lipy((M;)y) where T((fi)u) € Lipo((M;)u) is the function given by

T((fiu)((@i)u) = lim fi(z:).

Then T is a well-defined linear operator with ||T'|| <1 and T(Bwip,(a1,)),) i a 1-norming set for F((M;)y)-
Proof. First notice that if (z;)icr = (y:)icr in (M;)y and (f;)ier = (9i)ier in (Lipg(M;))y, then

lim | fi(z:) — ga(y)] < Um(1f: — gill s, 0) + lgi| (s, :)) = 0.

So the formula does not depend on the chosen representations. Moreover, if f = (f;)y € (Lipo(M;))u we
have that
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Tf(@) - Tf@ <|f|dz9) vz,5e My

so T'f € Lipy((M;)y). Therefore T is well-defined and we have that HTf_H < ||f|| for each f € Lipo(M;)y.
Now, we will prove that T'(B(rip,(a1,)),) is @ 1-norming set. It is well known (see e.g. Proposition 3.3 in
[14]) that for that if suffices to check that given e > 0, a finite subset A C (M;)y, and f € Brip, ((M:)u)»
there exists (fi)u € (Lipg(M;))u such that [|[(fi)ull < (1 + &) f| and T((fi)u)|a = fla. ‘
Let A = {(z!)u}1<j<n be a finite set, we may assume that 0 = (0;)ys € A and that the (z])y are all
different. Fix ¢ > 0 and f € Lipg((M;)y). For j,j' € {1,...,n} distinct, we have that

o, 1 , ,
Iy = {z el |d(],x])> 1 +€d((x§)u,(xg )u)} cu.

It follows that J = (7, I;,;7 € U and then we can assume that

R 1 , y

d(wy, xj) > md((ﬂ”f)ua (7 Ju)
for all j # j/ and all 4 € I. For i € I, define a function fi: {z},..., 27} — R by f;(z}) = f((xi)u;g) for all
je{l,...,n}, note that f;(0;) = 0. If j # j', we have that

’

fi(@d) = i@ = [ F(@ur) = F(@ un)]
< A lA(@ et (@ k) < (142 fld(a, ) )

proving that f; is (1 + ¢€)| f||-Lipschitz and belongs to Lipy({z},...,27}). Now by McShane’s extension

theorem (see e.g. [23]), we extend f; to a (1 +¢)||f||-Lipschitz function on M; that we still denote by f;. We
have that [|(fi)ull < (1 + &) f]| and

T((f)u)(@))u) = bim fiad) = lim f((ad)o k) = f((ah)oer)

)

for all j € {1,...,n}, proving that T'((f;)u) and f coincide on A. That finishes the proof. O

The operator T' defined in the previous theorem is not injective, in general. Indeed, we have the following
characterization.

Proposition 3.2. Let M be a metric space and let U be a CI ultrafilter on a set I. Let T: (Lipg(M))u —
Lipy(My) be defined in Theorem 3.1. The following assertions are equivalent:

(i) M is uniformly discrete and bounded;
(ii) T is injective;
(iii) T is an isometry.

Proof. (iii) = (i) is obvious.

(4i) = (i) Let (I,)n C U be a decreasing sequence of sets having empty intersection. Suppose
by contradiction that M is unbounded. Given i € I, \ I,,+1, consider the function f; given by f;(z) =
d(z, B(0,n)). It is easy to check that || f;|| = 1. Let f = (f;)u. Then it follows ||f|| = 1 and T'f = 0, which
is a contradiction. It follows that M is bounded.

Now suppose that M is not uniformly discrete. Then there exist two sequences (x,), and (yn), in M
such that x,, # y, for all n € N and d,, := d(z,,y,) — 0. We have that x,, # 0 or y, # 0, so by taking a
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subsequence if necessary we can suppose without loss of generality that vy, # 0 for all n € N. For all n € N,
we define a 1-Lipschitz function g,: M — [0, d,] by

gn<x) = max {dn - d(ym x),O}

and let h,, € Lipy(M) given by h,(z) = gn(z) — gn(0). It is clear that [|h,||=1 and |/h, ||, < d,. Now let
i € I and define f; = h,, where n is such that i € I, \ I,41. Let f=ue (Lipg(M))y. We have that
(| f|| = limg [| fs]| = 1, so f # 0. However we have that T f = 0 since ||hy||o, < dy for n € N, which is again
a contradiction. So M is uniformly discrete.

(i) = (iii) Let 0 = inf{d(z,y) : 2,y € M,z # y} > 0. Take f € (Lipy(M))y and (f;)ics with
f = (f)u. By Theorem 3.1, we just need to prove that ||Tf|| > Hf_H Let € > 0. For all i € I, pick z;,y; € M
two distinct points of M such that |f;(x;) — fi(yi)| > (1 — ) || fill d(xs, yi). Since M is bounded, we may
consider = (z;)y and ¥ = (y;)u- Moreover, we have that d(z,y) = limy d(z;,y;) > 0, so & # y. Taking
limit on Y, it follows that |T'f(Z) — Tf(y)| > (1 — ) || f|| d(z,) and then |Tf|| > (1 —¢) || f||. Since this is
true for all € > 0, we obtain that | Tf| > Hf” m|

Note that the implication (i) = (i4i) works for any ultrafilter (not necessarily CI).

Remark 3.3. In general the operator T is not onto. In fact, let M be a bounded infinite uniformly discrete
set. Suppose also that ¢/ is CI and let (I,),, be a decreasing sequence in U with empty intersection. Given
i € In\In+1, take z;,y; € M two distinct points with f;(x;) — fi(y;) > (1—1/n) || fill d(zi, v:). Let & = (x;)y

and ¥ = (y;)u in My and note that these two elements are distinct since M is uniformly discrete. Then
clearly T'((fi)u) () — T((fi)u)(y) = d(z,y), that is,

T((Lipo(M))u) C SNA(My)

where SNA (M) denotes the set of Lipschitz functions on My, attaining their Lipschitz constant at a pair
of points of M;,. However, whenever the metric space M is infinite, there are Lipschitz functions on My,
which do not attain the Lipschitz constant (otherwise, every linear functional on F(Mp,) attains its norm,
so F(My) is reflexive, and then My, is finite).

Theorem 3.4. Let U be an ultrafilter on a set I and let (M;)icr be a family of metric spaces. Then F((M;)y)
is linearly isometric to span(d(M;)y) C (F(M;))y.

Proof. Let s: (M;)y — (F(M;))u defined by s((z;)y) = (0z,)u- Note that s is an into isometry since

d((@i)u, (yi)u) = limd(ws, yi) = im0z, — 8y, [} = (02 ) — (0

= lls((@i)u) = s((gi)u)ll

for all (x;)uy, (x))u € (M;)y. By the linearization property of Lipschitz-free spaces, s extends to a
continuous linear operator S: F((M;)y) — (F(M;))y such that ||S]] = 1. Let ¢ > 0 and fix p =
> i ajl,iy, € F((M;)u)- Let T: (Lipy(M;))ue — Lipo((M;)u) be the operator defined in Theorem 3.1.
Since T'(B(Lip,(a)),) 18 1-norming, there exists (fi)u € (Lipy(M;))y such that ||u| = (T'((fi)u), ) and
I(full <1+ e. It follows that

[l = (T((fo)), 1) = Z%(T((fi)u),5(zg)u> = Z a; lim fila])
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= S (s (5, 0a) = ((Fodees SG) < (L + 9IS ()
j=1

and we deduce that ||| < ||S(p)| since € was arbitrary. By density of the measures with finite support, it
follows that S is an isometry. 0O

Remark 3.5. The previous proof gives that (T'((fi)u), ) = ((fi)u,S(pn)) for all p € F((M;)y) and all
(fz)l/{ € (LipO(Mi))u. In other words, S*|(Lipo(Mi))I/{ =T.

4. Finite representability of metric and Banach spaces

Given A > 1, a Banach space X is A-finitely representable in a Banach space Y if for any finite-dimensional
subspace F of X and every € > 0, there exists a finite-dimensional subspace F' of Y such that d(F, F') < A+e,
where d(E, F) is the Banach-Mazur distance between E and F'. If there exists A > 1 such that X is A-
finitely representable Y, we say that X is crudely finitely representable in Y. Moreover, if X is 1-finitely
representable in Y, we say that X is finitely representable in Y (see e.g. [1] for these notions). It is well
known that X is finitely representable in Y if and only if X is isometric to a subspace of an ultrapower of
Y. Thus, we immediately obtain the following consequence of Theorem 3.4.

Theorem 4.1. Let M be a metric space and let U be an ultrafilter. Then F(My) is finitely representable in
F(M).

We will deal with a related notion for metric spaces introduced by Lee, Naor and Peres in [17]. We take
the terminology from [3]. For a biLipschitz embedding ¢, dist(¢) = Lip(f) Lip(f~!) denotes its distortion.

Definition 4.2. Let A > 1 and M, N be metric spaces. We say that M is finitely \-Lipschitz representable
into N if for every finite subset F' in M and every € > 0 there is a map ¢: F' — N such that dist(¢) < A+e.

Moreover, we will consider the following notions.
Definition 4.3. Let M and N be metric spaces. If M is finitely A-Lipschitz representable in N for some A > 1,

we say that M is crudely finitely Lipschitz representable in N. If M is finitely 1-Lipschitz representable in
N, we say that M is finitely representable in N.

In the case of Banach spaces, this notion coincides with the usual finite representability. Indeed, the
following is a consequence of Theorem 13 in [21].

Proposition 4.4. Let X and Y be two Banach spaces and let A\ > 1. Then X is finitely \-Lipschitz repre-
sentable in Y if and only if X is \-finitely representable in Y .

Our first goal is to show that the finite Lipschitz representability admits a characterization in terms of
ultraproducts which is analogous to the corresponding result for Banach spaces (see [11]).

Proposition 4.5. Let M, N be metric spaces. The following assertions are equivalent:
(i) M is finitely \-Lipschitz representable into N;

(ii) there exist an wultrafilter U on a set I, scaling factors r; > 0, points 0; € N and a A-biLipschitz
embedding of M into (N,0;,7r;d)y.
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In that case, if moreover M is separable, then for any CI ultrafilter U there are r; > 0, points 0; € N, and
a A-biLipschitz embedding of M into (N,0;,7;d)y.

Proof. Suppose that (i) holds. Fix a point 0 € M and define
I'={(A)e) : 06 ACM, |A| <00, 0<e<1}

with the partial order defined by (Aj,e1) = (Az,e2) if and only if A7 C Ay and &1 > e5. Since any pair of
element of I has an infimum, it is easy to show that

ﬂ::{{iell Zon}‘ZoEI}

is a filter basis. Then let U be any ultrafilter containing the filter generated by 3. For all i = (A;,¢;) € I,
there exists a one-to-one function ¢;: A; — N such that dist(¢;) < A + &;. Consider the metric space
(N;,0;,d;) where N; = N, d; = H¢i_1Hd and 0; = ¢;(0). Given x € M, let y; = ¢;(x) if © € A; with
i = (A4;,¢&;) and y; = 0; if not. Note that

di(¢i(x),0;) < ||¢i]| di(x,0) < (A +1)d(x,0)

and so (y;)ier gives an element of (IV;)y. This means that x — (y; )y defines a map ¢: M — (N;)y.
Now, let g9 > 0 arbitrary and take x,2’ € M. Note that Iy := {(A,e) € I | x,2’ € A, € < eg} belongs to
U. For i € Iy, we have that

d(z,2") < [l¢7 || d(yi, y7) < |67 || 9ill dl, 2') < (A + eo)d(z, ")
Letting r; = Hg{){l H and taking limit on U, we obtain that
d(z,2") < d(¢(z), o(2)) < (A + eo)d(z, 2").

Since £¢ was arbitrary, we conclude that ¢ is a A-biLipschitz embedding.

For the other implication, suppose that there exists ¢: M — (N, 0;,7;d)y, with dist(¢) < A for some
ultrafilter U on a set I and numbers r; > 0. Let A = {z!,..., 2P} be a finite subset of different elements
of M and fix ¢ > 0. Each ¢(z*) can be written ¢(z*) = (y¥)y. For i € I, define a function ¢;: A — N by
¢i(z%) = y¥. Note that for k,l € {1,...,p}, we have that

lo™!| ™" d(a*,a!) < d(e(a"), ¢(ah)) < 6] d(a*,a")
and
d(o(e"),6(a")) = lim rid(6:(a*), ¢u(a")).
It follows that
{ie 110267 d*, o) < rid(@n("), 6u(") < (1+¢) o] d(a*, a') Wk, 1}
belongs to U and so it is not empty. Taking i in this set we have that
(1= &) |67 || d(a,b) < d(6:(a), 6:(8)) < (1 + )7 0]l d(a, b)

for all a,b € A. That is,
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| |
dist(¢r) < %i dist() < ~<

- 175/\

and so (4) holds.

Now suppose that M is separable and that (i) holds. Let & be any CI ultrafilter over a set I and let
(I.)n C U be a decreasing sequence with empty intersection. Let {x,}, be a countable dense subset of
M. For all n € N, there exists a function ¢, : {xg} 1<k<n — N such that dist(¢,) < (1 + 1/n)A. Given
i € U, In, let n; be such that i € I, \ I, 11, and consider the metric space (N;,0;,d;) where N; = N,
d; = qu;il |d and 0; = ¢, (z1). If i € I'\ I, define r; > 0 arbitrarily. Note that, given m € N,

di(¢n, (Tm), 0;) < dist(dn,)d(zm, 1) < 2Md(2h,, 1),

and so we may consider the element (¢, (2m))u. i

Now, define a function ¢: {x,}n — (Ni)u by &(zm) = (Pn, (Tm))u.i- We will prove that ¢ is an isometry
and then will extend to a unique isometry defined on M. Let € > 0 and py € N such that p%) < €. Let
p < ¢ and define ¢ = max{po,q}. Let Iy = J,~, In € U and take i € Iy. It is clear that y? = ¢, (z,) and
Yl = ¢n,(xq). It follows that

n=q

d(zp, 4) < H(;Sr_hl d(yf7y;:1) < | on, H¢;} d(p, 74)
<A+ 1/n)Ad(xp, zq) < (14 e)Ad(xp, z4)

Taking limit on U, we deduce that
d(zp, zq) < d(d(xp), P(24)) < (1+€)Ad(zp, 7).
Since € was arbitrary, we conclude that ¢ is an isometry and the proof is complete. O

Note that in the case N = X is a Banach space clearly one may assume that ¢;(0) = 0 and H¢;1 || =1
(and then r; = 1) in the proof of (i) = (ii) above, so we get:

Theorem 4.6. Let M be a metric space and X be a Banach space. The following assertions are equivalent:

(i) M is finitely A-Lipschitz representable in X ;
(ii) there exists an ultrafilter U such that M is A-biLipschilz equivalent to a subset of Xy.

In that case, if moreover M is separable and U is a CI ultrafilter, then M is A-biLipschitz equivalent to a
subset of Xy.

Theorem 4.7. Let M be a metric space and X be a Banach space. Assume that M is finitely A-Lipschitz
representable in X. Then F(M) is \-finitely representable in F(X).

Proof. Assume M is finitely A-Lipschitz representable in X. By Theorem 4.6, there exists an ultrafilter
such that M A-biLipschitz embeds in X;. It follows that F (M) is A-isomorphic to a subspace of F(Xy).
By Theorem 3.4, we deduce that F(M) is A-isomorphic to a subspace of F(X);. This means exactly that
F(M) is Afinitely representable in F(X). O

Remark 4.8. Note that if M and N are bounded metric spaces satisfying that for every finite subset F* C M
and every € > 0 there exists a function f: F' — N such that

(1+e)"td(z,y) < d(é(z), d(y)) < (1 +e)d(z,y) Va,y € F,
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then a similar argument shows that F (1) is finitely representable in F(IV).
We obtain some immediate consequences:

Corollary 4.9. Let X and Y be Banach spaces. Then F(X) is finitely representable in F(Y) in any of the
following cases:

(a) X =Ly and Y is any infinite-dimensional Banach space.
(b) X =Y** and Y is any Banach space.
(¢) X = L,([0,1]) and Y = £}, where 1 < p < 0.

Proof. In each of the cases, we have that X is finitely representable in Y. In fact, for (a) it is a consequence
of Dvoretzky’s theorem (see Theorem 6.15 in [8]). For (b), it is the principle of local reflexivity (see Theorem
6.3 in [8]) and (c) is part of Theorem 6.2 in [8]. O

Corollary 4.10. Let X and Y be Banach spaces such that X coarsely Lipschitz embeds into Y. Then F(X)
is crudely finitely representable in F(Y).

Proof. That follows from Ribe’s theorem (see Theorem 14.2.27 in [1]). O
5. Some remarks on the cotype of Lipschitz-free spaces

Not much is known about the Rademacher cotype of Lipschitz-free spaces. Bourgain proved ([4], see
also Theorem 10.16 in [19]) that F(¢1) has trivial cotype, but whether F(R™) has a nontrivial cotype is a
long-standing open problem. Note that as a consequence of Corollary 4.9 the following dichotomy holds:

(a) F(¢2) has cotype; or
(b) F(X) does not have cotype for any infinite-dimensional Banach space X.

We obtain now some remarks concerning the cotype of F(M). Recall that the notion of metric cotype was
introduced by Mendel and Naor in [18]. Note that if M is a metric space such that F(M) has Rademacher
cotype ¢, then M also has metric cotype ¢. In particular, if M = X is a Banach space then X has Rademacher
cotype ¢ (this follows directly from the fact that the metric cotype passes to subspaces and is equivalent to
the usual cotype for Banach spaces).

On the other hand, the cotype of F(M) is related to the metric type introduced by Bourgain, Milman
and Wolfson in [5] and called BMW type in this document.

Proposition 5.1. Let M be a metric space such that F(M) has Rademacher cotype. Then M has BMW type.
In particular, if M = X is a Banach space then X has Rademacher type.

Proof. Suppose that M does not have BMW type. By Theorem 2.6 in [5], M contains uniformly biLipschitz
copies of the Hamming cubes F3'. Bourgain’s result mentioned earlier provides a constant C' > 1 such that
for all m there exists n such that F(F3') contains a C-isomorphic copy of £72. Since the space F(M) contains
D-isomorphic copies of the spaces F(F3) for some D > 1, it follows that F(M) contains C D-isomorphic
copies of the spaces ¢Z%. In particular, F(M) cannot have cotype. If M is Banach space then M has BMW
type if and only if M has Rademacher type by Corollary 5.9 in [5]. O

Remark 5.2. If X is a Banach space such that F(X) has Rademacher cotype, then we can deduce easily
from Theorem 4.7 that X has Rademacher type. In fact, if X does not have Rademacher type then ¢; is
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finitely representable in X and then F(¢;) is finitely representable in F(X). This is a contradiction since
F(¢1) does not have Rademacher cotype.

It is not known which metric spaces M satisfy that F(M) and F(F(M)) are isomorphic (one example
is Pelezyniski universal space, see [10]). The next result shows in particular that if F(M) has cotype then
F(M) and F(F(M)) cannot be isomorphic.

Corollary 5.3. Let M be an infinite metric space. Then F(F(M)) does not have Rademacher cotype.

Proof. Suppose that F(F(M)) has cotype. It follows from the previous result that F(M) has type. This is
impossible since F(M) contains an isomorphic copy of ¢1. O

Aliaga, Notis, Petitjean and Prochdzka have proved recently in [2] that several isomorphic properties of
F(X) (such as the Schur property and weak sequential completeness) are compactly determined. We finish
the section by showing that this is also the case of the cotype. The proof adapts some ideas from [20].

Proposition 5.4. Let X be a Banach space and let ¢ > 2. The following assertions are equivalent:

(i) F(X) has Rademacher cotype (resp. cotype q);
(it) F(K) has Rademacher cotype (resp. cotype q) for any (countable) compact set K C X;
(iii) F({xn}n) has Rademacher cotype (resp. cotype q) for any null sequence (zy)n C X.

Proof. The implications (i) = (i) = (¢4¢) are trivial. Suppose that F(X) does not have Rademacher
cotype (resp. cotype ¢). Since F(27"Bx) is isomorphic to F(X) [16], it follows that F(27"Bx) does
not have cotype (resp. cotype ¢) for all n € N. In particular, for all n € N, there exists m € N and
p, .ot € F(27"Bx) such that

m = 1
(Z ||u2||"> >n /
k=1 o

1 1

m q
resp. (Zumw) s |
k=1 o

Since the measures with finite support are dense in a Lipschitz-free space, we can and do suppose that
Koo € F(K,,) where K, is a finite subset of 27" Bx. Define K = |J,, K, U {0}. Then K is a null
sequence such that F(K) does not have Rademacher cotype (resp. cotype ¢). O

dt

> prr(t)

k=1

> upre(t)
k=1

dt

Remark 5.5. Since F(¢1) does not have Rademacher cotype, the previous theorem implies that there exists
a null sequence (), in ¢; such that F({z,},) does not have cotype. Moreover, it is possible to explicitly
state such a sequence. For n > 1, define

Ty = % (7"1 (2%) s ey Tk (%) ,0,0,...)

where k& and m are such that 28 — 1 < n < 25¥' — T and n = 28 — 1 + m with 0 < m < 2¥ — 1. Note
that F(F}) = F({zn}tor_1<n<or+1_1) isometrically since the metric space {2 }aor_j<,<or+1_p is obtained
by scaling the distance on F¥. It follows that F(F}) is an isometric subspace of F({z,},) for all k > 1. So
F({xn}n) does not have cotype.
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6. Stability of (M) and Lip,(M) under ultraproducts

Several classes of Banach spaces, as Banach lattices, C*-algebras and C(K) spaces, are stable under
ultraproducts [11]. Given a metric space M and an ultrafilter ¢, it is natural to ask if (M) is isomorphic
to F(My) or more generally if there exists a metric space N such that F(M )y is isomorphic to F(N). The
first question is easily seen to be false with the following example:

Example 6.1. Let M be an infinite proper metric space. Then My, = M isometrically by Fact 2.1.e) whereas
F(M)y is not separable. Thus, F(My,) is not isomorphic to F(M ).

In the first version of this paper, we provided some examples of metric spaces (as M = [0,1] and
M = N) such that F (M) is not isomorphic to a Lipschitz-free space, and we asked whether an analogous
statement holds for every metric space. T. Kania has kindly provided an answer for a general metric space
by strengthening our previous result.

Proposition 6.2. Let U be a CI ultrafilter on an infinite set I, M be a metric space and X be an infinite-
dimensional Banach space. Then Xy, is not isomorphic to a subspace of F(M).

Proof. Since U/ is CI, there exists a strictly decreasing sequence (1), such that (), . In = 0. Define (a;)ier
by a; = % and n; = n if ¢ € I, \ I,4+1. By Dvoretzky’s theorem, for all ¢ € I there exists a subspace X; of
X and an isomorphism T;: ¢5° — X; such that

]l < | Ts(@)[| < (1 + aq)|]|

for all z € £5'. Now we define T': (¢57)yy — Xy by T((zi)u) = (Ti(x))y. Since limy a; = 0, the previous
inequality implies that T is an isometry. We have that the ultrapower of Hilbert spaces (£5%) is also a
Hilbert space and it is non-separable (see Theorem 3.1 in [6]). The conclusion follows from the fact that a
Lipschitz-free space does not contain a non-separable weakly compact set [15]. O

Corollary 6.3. Let U be a CI ultrafilter and M be a infinite metric space. Then F(M )y is not isomorphic
to a subspace of a Lipschitz-free space.

Thanks to Gelfand-Naimark theorem, the ultrapower of C(K)-spaces is still a C(K)-space, i.e. if U is an
ultrafilter on a set I and if (K;);es is a family of compact spaces, then there exists a compact space K
such that (C(K;))y = C(K) isometrically. Moreover, if there is an algebra isomorphism between (C(K;))y
and C(K) then (K;)y is homeomorphic to a dense subset of K [11]. The following result is the analogue for
Lip, (K).

Proposition 6.4. Let K be a compact metric space. Let U be an ultrafilter on a set I and let (M;);cr be a
family of uniformly bounded metric spaces. If there exists an algebra isomorphism between (Lipy(M;))y and
Lipy(K), then (M;)y is biLipschitz equivalent to a subset of K.

Proof. Let R: Lipy(K) — (Lipy(M;))u be an algebra isomorphism. If (x;)y € (M;)y, we can define a
functional F,,),, € Lipy(K)* by

Flan (f) = 111511 filx:)

for all f € Lipy(K) where (fi)y = R(f). In other words, we have F(,,, (f) = TR(f)((w:)u) where

T (Lipg(M;))u — Lipg((M;)y) is the operator defined in Theorem 3.1. It is clear that F,,), is also
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multiplicative. By Lemma 7.28 in [23], F(,,), is an evaluation, that is there exists a unique h((z;)y) € K

u
such that Fi,,),, = On((2;),)- This allows to define a map h: (M;)y — K, we will show this is the biLipschitz
map we are looking for.

Let (x;)u, (yi)u € (M;)y. We have that

d(h((w3)u), h((Yi)u)) = [10n((@i)w) = On((yi)w)

= sup |F($i)(/{ (f) - F(yi)z,{ (f)|
J€BLipg (k)

= sup [TR(f)((zi)u) — TR(f)((yi)u)|
FEBLipg (k)

It follows that on the one hand:

d(h(xi)u, M(yiu) < sup (TR d((zi)us (Yi)u) < |RI d((@i)e, (yi)u)-

FEBLipg (k)

On the other hand, taking ¢ > 0, there exists (fi)y € (Lipy(M;))y such that [[6(z,), — Ol =
(T((fi)u)s 0(z)ee — O(ya)ee) and ||(fi)u|l < 1+4¢ by Theorem 3.1. Let g € Lipy (k') such that R(g) = (fi)u and
note that ||g]| < (1+¢)||R7||. It follows that

d((.’bi)z,{, (yz)l/{) = Hé(%)u - 6(3/1)14”
= <TR(g)75(II)u - 6(.%)1,1)

=(1 R YW(TR 9 O(zyy — Oay
-+ (TR ey ) e )
< (1 + 5)”R—1H sSup |<TR(f)7 6($i)u - §(yi)u>|

€BLipg (K)

=@ +elR7M  sup  [TR(f)((zi)u) = TR (yiu)]

JE€BLipg (k)

= (L+ )| R d(h(wi)us Myiu),

and since & was arbitrary, we obtain that d((x;)u, (vi)u) < [|[R7Y|d(h(x:)u, h(yi)u)- Then we deduce that h
is biLipschitz. O

We finish the paper remarking that the analogy with the case of ultraproducts C(K)-spaces is not com-
plete. Indeed, the map h constructed in the proof above does not have dense range, in general. For instance,
assume M; = M is a compact metric space. Then we have T o R(f) = f o h for each f € Lipy(K), that
is, T o R is the composition operator C},: Lipy(K) — Lipy(M). Since R is an isomorphism and T is not
injective (by Proposition 3.2) we get that C}, is not injective. It follows (see Proposition 2.25 in [23]) that

h(M) = h(M) is properly contained in K.
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