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This work is devoted to the problem of distributed target tracking when a team of robots detect the target
through a variable perception-latency mechanism. A reference for the robots to track is constructed in terms
of a desired formation around the estimation of the target position. However, it is noted that due to the
perception-latency, classical estimation techniques have smoothness issues which prevent asymptotic stability
for the formation control. We propose a near-optimal smooth-output estimator which circumvents this issue.
Moreover, local estimations are fused using novel dynamic consensus techniques. The advantages of the
proposal as well as a comparison with a non-smooth optimal alternative are discussed through simulation

examples.

1. Introduction

Formation control of mobile robots for target tracking is a problem
of great interest nowadays with a wide range of applications such as
automated surveillance [1,2], aerial filming using drones [3], intelli-
gent transportation [4], among other examples. In the most general
setting, the goal is to coordinate a team of robots in order to maintain a
formation around a moving target. This can be performed by detecting
the target locally at each robot, fuse estimations in a decentralized
fashion, and then use the resulting target estimation as a reference to
achieve the formation.

Target localization is usually performed by the robots using a Visual
Target Detector (VID). Popular recent examples of VID algorithms
include [5-9], which mostly rely on Deep Learning (DL) models. For
these type of algorithms, the term perception-latency is used to denote
the computing time employed starting from the sampling instant for
the vision sensors to the moment in which the vision algorithms pro-
duce an output [10]. Note that the quality of the perception output
can be improved by increasing the image resolution, the number of
features, using more complex feature descriptors or using different DL
models depending on the vision algorithm. However, these improve-
ments come at the expense of increasing the perception-latency as
well. Such perception-latency and detection quality trade-off has been
characterized for some methods as reported in [11].

In general, resource-constrained robots will trade-off between accu-
racy and speed for target detection. Some approaches allow to choose
the perception latency as requested online for resource economy or
to improve the accumulated estimation error. This can be performed
either by using a bank of perception methods [10,12,13], or by using
Anytime Neural Networks (ANN) as in [14,15]. In some cases, the
perception latency may be too large when compared with the actual
dynamics of the robot. Therefore, state estimation and prediction must
be performed locally in order to obtain a target estimate in-between
measurements. However, due to the hybrid nature of the problem, if
standard techniques such as a Kalman filter are used, the resulting
estimation will be discontinuous whenever a new measurement is used
for correction. As we show later in this manuscript, if such estimation
is used as a reference for the robot to track, the discontinuities in the
trajectory may prevent asymptotic stability for the formation control
task.

A similar issue occurs in the multi-robot setting. Several strategies
have been proposed in the literature in order to fuse local Kalman filter
estimations either using a fusion center as in [16,17] or in a decentral-
ized fashion as is of interest in this work. In this context, in [18] local
Kalman filter estimations are combined using discrete-time static con-
sensus protocols, ignoring cross-correlations between agents. However,
these only achieve exact convergence when an infinite number of iter-
ations for the consensus protocol are performed at each sampling step.
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In contrast, the works [19,20] use linear dynamic consensus filters [21]
which do not have the previously mentioned issue. Despite this, as
discussed in [22], linear dynamic consensus protocols cannot exhibit
exact convergence with persistently varying references. Other recent
fusion strategies have been proposed which improve the fusion quality
by using the covariance intersection method [23-25]. The issue with all
of the previously mentioned fusion methods is that they mainly work in
discrete time. This means that synchronous measurements and updates
might be assumed, which is incompatible with the perception-latency
setting. On the other hand, the discontinuity issue in the estimations
prevails in all these methods, since a continuous time-prediction must
be computed in-between filter updates as well.

Motivated by this discussion we contribute with a hybrid fusion
framework, which obtains near-optimal smooth estimations for the
target, regardless of the perception-latency mechanism. This means
that the control design is decoupled from the perception configuration
decisions, avoiding any stability issues arising from the discontinuous
estimations. Moreover, we leverage the recently developed dynamic
consensus protocol [26] which, in contrast to other linear dynamic
consensus protocols, achieves exact convergence under mild assump-
tions. The advantages of the proposal as well as a comparison with a
non-smooth alternative are discussed through simulation examples.

1.1. Notation

Let (‘V’) denote the binomial coefficient. Let sign(x) = 1 if x > 0,
sign(x) = -1 if x < 0 and sign(0) = 0. Moreover, if x € R, let
[x]® := |x|%sign(x) for « > 0 and [x]° := sigrn(x). When x =
[xp,....x, )7 € R, then [x|* := [[x;]*,....[x,]?] for « > 0 and
similarly for [A]%,A € R™". Let E{+},cov{«} denote expectation and
covariance operators respectively. For any function u(f), let u)(t) for

u € N denote its uth derivative when it exists.
2. Problem statement

Consider a team of N mobile robots located at positions p;(t) €
R"i € {1,...,N} where n is the dimension of the workspace of the
robots. For simplicity, each robot is modeled to be holonomic with mth
order integrator dynamics

X;(t) = Ax; (1) + Bu;(0), 0

where x,(1) = [P, ....@" "®)T1", u,() € R" is a local control
input and A, B are given in Appendix A. We assume that each robot is
able to measure its own state x;(¢) using local sensors. The robots are
able to share information between them according to a communication
network modeled by an undirected graph . In addition, a target of
interest with position p(rf) € R” is assumed to have dynamics with
similar integrator dynamics as in (1). Moreover, since the input at the
target is unknown, we model it in a stochastic fashion as

dx(¢) = Ax()dt + Bdu(r) 2

where p(r) = Cx(¢) with C defined in Appendix A and u(r) € R”
is a n-dimensional Wiener processes with covariance cov{u(s),u(r)} =
W min(s,r) [27, Page 63]. As usual, the process u(r) models distur-
bances, unknown inputs at the target, and non-modeled dynamics.

Perception mechanism: The robot i uses available sensors such as
vision, range, etc, to produce raw measurements of the environment. For
each raw measurement, a processed measurement for the position of the
target is obtained through a detection process at, perhaps non-uniform,
processing instants 7; = {z;;}2 ), 7o = 0. Processed measurements
are detections of p(r; ;) = Cx(r; ;). According to the current processing
and energy budget of robot i, a perception latency 4;; € [An Apax]
with 4, Ay. > 0 is chosen for the detection process at ¢ = 7;;, and
the processed measurement z;(z;;) = Cx(r;;) + v;(z;;) is available at
t =7, + 4;,. Here, vi(r; ) is a Gaussian noise modeling the accuracy
of the perception method. In general, R(4; ;) = cov{v,(z;;)} decreases
in magnitude as more processing time 4;, is employed.
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Remark 1. In order to focus in the estimation and information fusion
aspects of this work, we consider that the process for which the
perception latencies {4;,}:?, are chosen at robot i is already given.
For instance, some ideas from [10,28] can be applied where only D
available perception methods can be used, and the perception-latency
schedule 4, , € {4/} ]‘_)z , is chosen to minimize some local performance
function.

The goal is for the robots to achieve a given formation provided
known displacements d;,...,dy € R” around the target. However,
given that target localization is imperfect, an approximate scheme
must be adopted. The strategy is to obtain local estimates %;(r) of the
target state at each robot given the local perception-latency schedule
{4} and then combine them into a single global estimate pg(r)
for the trajectory p() in a distributed and decentralized fashion. Then,
achieve a formation around pg(¢) instead. This is, given a reference
p;(t) = pg(t) +d,;, reach

Goal : lim [Ip,(1) — p[()]| = 0.Yi € {1,....N} 3)

The reference should be smooth enough for (p,T)(’")(t),Vt > 0 to exist
and achieve trajectory tracking at each robot. Nonetheless, this is
incompatible with existing optimal estimation techniques taking into

account the hybrid nature of the problem.

2.1. Solution outline

To solve the problem, the proposal contains the following ingredi-
ents:

+ Smooth-output estimation: We propose an alternative to classi-
cal filtering obtaining a smooth trajectory of the estimate %;(r) of
x() locally at robot i.

» Estimation fusion: A distributed and decentralized consensus
filter is used to fuse the local information of %;(¢) into the single
estimate pg(?) of p(?).

» Formation control: A local controller u,(¢) is designed for the
robot i to achieve the formation goal in (3) using the estimation
framework.

Fig. 1 presents a high-level outline of the processing flow for our
proposal. In particular, we assume that the target detection process
is already given, taking raw measurements of the environment and
producing detections for the target as z;(z;;). The Smooth-Output Es-
timation (SOE) block is described in detail in Section 3, which takes
the output of the detection process, and computes smooth information
vector and matrix y,-(t),(),-(t) associated with the estimation %;(r) and
its covariance P,(r) for the state of the target. The fusion algorithm is
described in detail in Section 4, and is composed of two modules. First,
a consensus stage computes a fused version of the information vector
and matrix y, (1), Q; (*) for the target state as well as its derivatives
(¥:,,(.Q;, ”(t)}::; y Then, the fusion output stage uses them to compute
the actual joint estimation pg(r) for the target position p(r) and its
first m derivatives. These estimations are stored in the local variables
Py (t)};:'=0. Finally, these signals are used to compute a local trajectory
tracking control for each robot, which is described in Section 5.

The main advantage of the architecture depicted in Fig. 1, is that
the smooth estimation block allows the fusion and control blocks to
be designed independently from the detection procedure, providing
more versatility than in prior literature. In addition, the smooth output
estimation and fusion greatly reduces the estimation and tracking errors
as shown in the experiments provided in Section 6.
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Fig. 1. High-level of the processing flow for our proposal as described in Section 2.1.

3. Smooth-output estimation

In this section, we focus on the local target estimation at each
robot. To simplify the presentation, we drop the index i when there
is no ambiguity given that all variables are assumed to be local. First,
given a sequence of local sampling instants = = {z;}{?, adopt the
notation x[k] := x(r;) and note that a sampled-data version of the target
dynamics (2) for x(7) is obtained similarly as in [29, Section 4.5.2]:

x(t) = Ayt — 7 )x[k] +ug(®), t € [7y, 1444] 4

where uy(?) is a normal random variable of zero mean and cov{uy(t)} =
Wyt —7) = [y A(0)BWBTAd(1)Tdr with Ad(z) = exp(A7).

Every robot can use its observations of the target z[0], ... ,z[k—1] and
compute a causal optimal filter for (4) at the sampling instants r € =
of the form &*[k] = E{x[k]|z[0],...,z[k — 1]} which does not take into
account z[k] due to the perception latency. By applying [27, Page 228
- Theorem 4.1] to system (4) evaluated at r = 7, |, the recursive filter
structure to obtain %*[k] and P*[k] = cov{x[k]—%*[k]} has the following
form:

LIK] = Aq(40P*[KICT (CP1K1CT + R(“k))_l
£k + 1] = Ag(4)R"[k] + LIk] (z[k] — CX'[k])
Pl + 11 = (Aq(4)) — LIKIC) P*[K] (Aq(4)) — LIKIC) "
+ LIKIR(A)LIKT + Wy(4,)

()

assuming knowledge of some initial values for x*[0], P*[0]. On the other
hand, an optimal estimation X*(t|k) := E{x(1)|z[0],...,z[k — 1]} for
t € (1, 7441) can be obtained by using a model based prediction of (4)
as:

R*(t1k) = Agq(t — 1)K [k]
P*(11k) = cov{x(r) — £*(t[k)} (6)
Ayt — )P [K]A4( — )T + Wyt — 1)

Note that the expressions in (6) can be defined for all 1 > 0. However,
we use X*(¢) to refer to the whole optimal causal estimated trajectory
constructed piecewise as %*(f) := %*(|k) and P*(r) := P*(t|k) for
t € [1y,7441)- Note also that (5) is a Kalman filter [27, Chapter 7].
Hence, the standard discrete-time Kalman filter coincides with the DOE
att =1

Remark 2. Note that £*(¢) is a smooth function of time for all ¢ ¢ .
However, %*(f) may be discontinuous at ¢t € 7 due to the measurement
corrections performed in (5). Hence we refer to £*(¢) as a Discontinuous
Optimal Estimation (DOE). If £*(¢) is used to construct a reference for
the robot, such discontinuities can cause persistent transients in the
closed loop behavior of the robot compromising asymptotic stability.
An example of this is shown in Section 6.1.

We propose a near-optimal alternative estimation %(¢) which does
not have the discontinuity issue at ¢+ € . The idea is to combine the
current optimal estimate *(t|k) for t € [7,7;,,) with the continued
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prediction from the previous estimate %*(r|k — 1) for 1 > 7, using a
smooth transition between both.

In order to perform such transition, consider the following auxiliary
function:

Definition 1 (Transition Function). n(s;a) : [0,1] - R is a transition
function if it complies that Vu € {1,...,m}:

i) 7% (t; @) exists Vt € [0, 1].
(i) 7% (0;@) = % (1) = 0.
(i) #(0;0) =0, n(1; @) = 1.
(V) lim,_o7(t, @) = 1,V € (0,1]

An example of a transition function is provided in Appendix B
which can be assumed to be fixed as such through the rest of the
manuscript. Hence, given a > 0, a transition function, and by defining
the information matrix Q*(|k) = P*(z]k)"! and information vector
§*(t]k) = Q*(1]k)%*(1]k), let the Smooth Output Estimation (SOE):
Mk =1 —=n((t — 7))/ 45 @)

M@lk) = n((t = 7,) /4 @)
Q) =1 (1Q" 11k = 1) + My (t1OQ* 1K)
¥ =M @F* Uk — 1) + M F* (21k)
P =Q0!

2 = Q) ™'§(0)
for t € [y, 7). Similarly as with %*(¢), we drop the dependence on k
in the notation for the SOE estimation X(¢) in order to refer to the whole
sub-optimal trajectory. Now, we establish some important properties of

.

)

Theorem 1. Given a > 0, the SOE in (7) complies with the following:

(i) (Smoothness) The information vector and matrix y(t),Q(t) are
m-times differentiable ¥Vt > 0. As a consequence, X(t) is m-times
differentiable Vt > 0.

(ii) (Unbiasedness) E{x(¢) —%(1)} =0,V: > 0.

(iii) (Tight consistency) P*(t) < cov(x(r) — X(t)} < P(r),Vt > 0 with
equality for all t ¢ T as « — 0.

Proof. The proof can be found in Appendix D.1.

Remark 3. Different from a discrete-time Kalman filter or the DOE,
the SOE is ensured to have a sufficiently smooth output for any ¢ > 0,
even under large perception latency. There are two basic smooth-output
alternatives to the SOE proposed in (7): interpolation techniques and
low-pass filtering. In the case of interpolation, an mth order spline
may be used in a moving horizon fashion to fill in the spaces between
samples {y*[k], Q*[k] };":0 for all ¢ ¢ 7. On the other hand, an mth order
low-pass filter can be used on top of (6) to obtain smooth versions of
§*(t), O (1) as well. Therefore, an analogous to property (i) of Theorem 1
is obtained for both of these alternatives. However, neither unbiased-
ness nor consistency can be ensured for such types of estimations. In
addition, contrary to the alternatives, the tight near-optimal quality
of the estimation of our proposal can be adjusted appropriately by
modifying the parameter a > 0 as shown in item (iii) of Theorem 1.

Remark 4. In practice, VTDs such as the ones in [5,7,8] are prone to
data association problems when false positives or miss-detections occur,
and under false negatives and occlusions where the procedure cannot
detect the target. However, a VID in conjunction with target tracking
using state-based predictions provide a more robust alternative since
predicted targets can be matched with detections. For instance, [30]
provides some examples in which state-based predictions are used to
improve the accuracy of the target detector. In this context, the SOE can
be used as a state-based prediction by evaluating (7) at any time until
a new sample is available, which can then be used for data association.
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4. Estimation fusion

Using the SOE in (7), each robot i is able to compute a near-optimal
local estimation X;(r) and a consistent covariance matrix 13,.(1) with
their corresponding smooth information vector and matrix §',-(t),Q,-(t)
as a result of Theorem 1. Hence, we turn our attention to the task of
fusing this information across all robots in the communication network.
Note that even when processed measurements are uncorrelated, the
estimations %;(¢) are correlated since both depend on the same noise
process u(r) driving system (2). However, keeping track of the cross-
correlations between estimates at different robots is not scalable with
respect to the network size. Therefore, we ignore cross-correlations and
fuse estimation information according to:

N N
- 1 A _ 1 N
Q) = ; Q. Ve =5 ; §:(0) ®

() =Qc7'¥c().,  Pg®) = Cxg()

Note that the matrix Pg(t) = Qg(t)~! is consistent in the sense that
cov{x(t) — Xg(t)} < Pg(¢) since Qg(¢) is a convex combination of the
information matrices {Q-(t) }1N=1 and by the covariance-intersection prin-
ciple from [31, Section 2.1]. The same idea of computing a consistent
inverse-covariance fusion estimate as in (8), ignoring cross-correlations,
has shown to be very successfully in different state estimation contexts
such as [32].

If every robot had access to the global quantity pg(s) from (8),
hence a local trajectory p;(r) = pg(t) + d; can be constructed for
each agent to follow. However, in order to construct a controller u;(r)
to achieve trajectory tracking of (1) towards p;(#), knowledge of the
derivatives (p)¥(r) = p(G")(t),ﬂ € {1,...,m} is required as we discuss
in Section 5. While the expressions in (8) constitute a transformation
between information and state representations, the following result
provides an equivalent transformation between the derivatives of pg(f)
and the ones of Qg(#), ¥ (®-

Lemma 1. Let pg().Qg(1), V() defined in (8) and Ps(1) = QgL
Then, for any u € {1,...,m}:

M PL0 = -Ps) T ()L 0PY 0.
i) 5’0 = C £, (PG 050,

Proof. The proof can be found in Appendix D.2.

Computing (8) as well as the derivatives in Lemma 1-(ii) in a
decentralized fashion under time-varying ¥, (), Q,- (¢) is not trivial. In the
following we provide an algorithm to compute such quantities asymp-
totically without steady state error using exact dynamic consensus
tools, even under persistently varying ¥,(r), Q,(r). The fusion algorithm
is composed by two sequential stages. First, we use a consensus stage
where information fusion is performed to compute y(1), Qg (¢) and its
first m derivatives using local information {§;(r), Q- (t)}’!\‘=l in a decentral-
ized fashion. Second, we use an output stage where the outputs of the
consensus stage are organized in order to compute pg (1) and its first m
derivatives based on the transformations given in (8) and Lemma 1.

Based on the REDCHO algorithm [26] given in Appendix C with
parameters {k,,7, }:4":0 and 0, the consensus stage is composed by
consensus protocols for the information vector

Vi = AE”)(I) - ZT:() G141 Vi (D) s

Viu® =k, 0 TN Ty 00 =y, 00 |+ V0 (0= 7,90,
forO<pu<m

. 0

Vim(® = k0™ IN [y, 00 = ¥;00]” = 1V

9
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and for the information matrix

Q0 = QE‘”O) =200 Gurtar1 Vi B
Vi, () =k 0T a0, [ Q) - Qo) | ™ + V(0= 7,V,,(),
forO<u<m
Viu® =k, 0™ IN 4 [Qio(0) = Qo] = 7, Vi m0)
(10)

where a;; are the components of the adjacency matrix of G, G,y 4
with p,v € {0, ..., m} are the components of G defined in Appendix A.

The protocols in (9) and (10) take as an input the local information
¥: (), Qi(t), and have outputs {y,~’“(t),Q,-,M(t)}Z’=0 computed through the
internal variables {Vi,u(t)’vi,u(t)}::;o' The purpose of (9) is that y, (t),

... ¥;m(®) will converge towards yg(r) and its first m derivatives for
each robot i € (1,...,N}. Similarly, Q;((®),...,Q; ) will converge
towards Qg(¢) and its first m derivatives. In addition, the structure
of the protocol allows each agent to communicate only y,(r) and
Q; (1) to its neighbors. It is clear that each robot requires to compute
{y?‘)(n, Q(.")(t)}:";o locally as observed in equations for y, ,(1),Q;,®
in (9) and (10). These can be computed explicitly from (7) since
the expression for the transition function #(s; @) and the model based
predictions in (6) are known explicitly as well.

Moreover, note that each component of the equations in (9) and
(10) is an independent instance of the REDCHO protocol in (C.1) from
Appendix C. As a result, (9) and (10) can be alternatively implemented
using nm+nm(nm+ 1)/2 REDCHO instances, one for each non-repeated
component of y; ,(t) € R"™,Q; (1) € R"™ ™ provided that Q,,(?) is
symmetric.

In the output stage, m + 1 outputs are obtained from {y, ,(®),
Q; ”(t)};"zo as given in Algorithm 1 which is based on the transformation
of Lemma 1. In fact, the structure in Algorithm 1 is equivalent to
the one in Lemma 1 assuming that {y, (), Q,-’M(t)}Z':0 have already
converged towards yg(7), Qg(r) and their first m derivatives. Hence, in
order to ensure convergence we adopt the following assumption.

Algorithm 1 Estimation fusion output stage

1: inputs: {y,~’M(t),Q,-M(t)}Z'=0 computed from (9) and (10)
2 Pio() < Q,’,o(f)_l

2 Pio(®) < CP;o(D)y; o(1)

:forue{l,...,m} do

P (1)« =P () T2 (*) Qe (OP, (1)

Py < CYl (/:)Pi,v(t)yi,ﬂ—v(t)

: end for

: return {piyu(l)}”:':()

O NSO Uh WwN

Assumption 1. Let gains y,...,7, > 0 and 3;(r) be an arbitrary
component of §,() or Q,(r). Hence, {3,(}N satisfy Assumption 2 in
Appendix C for some L > 0.

Remark 5. Due to item (i) of Theorem 1, Assumption 1 is complied
for ¢t on any compact interval and sufficiently big L > 0. However, this
assumption can be complied for any 7 > 0 as well by assuming that the
motion of the target has bounded derivatives, which is mild in practical
scenarios.

Theorem 2. Let Assumption 1 hold and G be a connected network.
Moreover, let the initial conditions and gains for each REDCHO instance
configured to satisfy the conditions of Proposition 3 in Appendix C. Then,
there exists an m-times differentiable consensus signal p(r) e R" and T > 0
such that the outputs of Algorithm 1 satisfy that for all u € {0, ..., m):

P =p,0) = =py,O. V2T
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In addition, lim,_,, [p*(t) — l_)(g)(f) =0

Proof. The proof can be found in Appendix D.3.

Remark 6. The interpretation of the convergence result in Theorem 2
is that the outputs of Algorithm 1 for all robots will converge to some
arbitrary consensus signal p(¢) in finite time, which is not necessarily
the average pg (7). Achieving consensus in finite time is interesting from
the point of view of formation control since it allows to the observer
and the controller to be designed independently without compromising
the stability of the overall system as discussed in Section 5. Moreover,
all robots will place themselves around the same formation center
p(») in finite time, which will converge towards pg(f) according to
Theorem 2.

5. Formation control

Equipping all agents with the previously presented tools for dis-
tributed estimation we construct a local controller of the form:

m—1
0,(1) = P (D) = Ko (D) = Do) —d) = Y K, (0 (1) = p, (1) an
=1

where the roots of the polynomial A" + Z':;(; Kk, A# have negative real

part.

Proposition 1. Let the conditions of Theorem 2 hold. Define, p](?) :=
Pg()+d; with ps(?) in (8). Then, the closed loop system (1) under controller
(11) satisfies the formation goal in (3) regardless of x;(0).

Proof. First, note that due to Theorem 2, then there exists T > 0 such
that p; ,(r) = p*)(1). Moreover, the outputs p, ,(+) remain bounded for
t € [0,T]. The closed loop system (1) under (11) is input to state stable
with respect to u;(r). Thus, there are no finite-time escapes of x;(¢) for
any t € [0,T]. For 1 > T, (11) takes the form

m—1
u, () = p" () — k(@) — B — d) = Y K, (P (1) — pP(1) (12)
u=1
Now, define e(t) = p;(t) — p(t) — d; to obtain e (r) = — Z::é K, e ()
which is asymptotically stable towards the origin. Hence, p;(¢) converge
asymptotically towards p(7) + d; which converge towards pg(7) + d; due
to Theorem 2, implying (3).

Remark 7. Note that a linear controller was proposed in (11), whose
design is decoupled from the sampling instants r; arising from the
perception mechanism. As evident from the proof of Proposition 1 and
since the outputs of the estimation fusion technique from Algorithm 1
converge all m+1 derivatives of pg(7), then these ideas can be extended
directly to other trajectory tracking controllers, without requiring a co-
design between the perception mechanism and the controller in order
to ensure stability.

6. Simulation examples

For simplicity in the presentation, we assume that each of the n
coordinates is uncorrelated both in the detection and in the target
model (2). Hence, it suffices to analyze each coordinate by separate.
Equivalently, we consider n = 1. Now, let m = 2 for (1) and (2) to rep-
resent second-order integrators. All REDCHO instances are configured
with m = 2 and gains ky = 6,k; = 11,k, = 6,y =y, =y, = 1,60 = 40
obtained using the tuning rules from [22,26]. Similarly, all robots use
the controller (11) with xy = 1,x; = 2.

As characterized by [11], it is expected that a standard target
detector based on, e.g., convolutional neural networks, improve its
performance when more computing power is employed, effectively
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Fig. 2. A realization of the target position Cx() as well as its corresponding estimations
Cx(7) and C&*(r) for the SOE and the DOE respectively. Note that the SOE is always a
smooth estimation whereas the DOE is discontinuous at the sampling instants.

increasing its perception latency. Hence, to illustrate the performance
of our proposal under this perception latency and detection quality
trade-off, the perception mechanism is configured with two possible
perception methods with latencies 4' = 1, 4% = 0.5. These correspond
to a computation-intensive detection method and a lighter one, re-
spectively. As a result, for illustration purposes, we choose covariance
matrices R' = 0.01,R?> = 0.1 respectively to simulate that the first
method performs better than the second one at the expense of large
computing time.

Furthermore, let W = 1 for the noise process in (2). The stochastic
system (2) was simulated using Euler-Maruyama with time step 4t =
10-® whereas the REDCHO instances in (C.1) from Appendix C were
simulated using explicit Euler method with the same time step.

6.1. Single robot

In this section, we consider N = 1 in order to evaluate the per-
formance of the SOE from Section 3. Consider a randomly generated
sequence of perception latencies {4, ;}° / with 4;, € {1,0.5} leading
to a sequence of sampling instants 7, = {r;,};2 . Fig. 2 shows a
realization x(7) of (2), and the SOE X, (¢) from (7) for a« = 1. Similarly, we
show the output if(t) for the DOE in (6) for comparison which coincides
with the Kalman filter at ¢ € 7,. We construct a control input analogous
to (11) as:

(1) = (1) — ko (1) = P (1) — Ky (b (1) — B (1) as)

forall 7 ¢ 7,, where pg(t) = CX,(1)+d, for the SOE and p{(t) = Cfij‘(t)+dl
for the DOE. The expressions for the derivatives pq(r),p:(t) can be
obtained explicitly from (6) and (7) and are omitted here for brevity.
Moreover, note that ﬁ;(t),p;(t), Vt € t, does not exist when using the
DOE. Fig. 3 shows the trajectory tracking performance of the robot (1)
using the controller (13) for each case. It can be observed that the
tracking error converges to zero when using the SOE. On the other
hand, persistent transients are observed when using the DOE due to
the discontinuities in the reference at ¢ € 7.

6.2. Multi-robot

Now, consider a communication network of N = 10 robots con-
nected in a ring topology. The estimation fusion protocol was imple-
mented by separate for the X and Y components of a two dimensional
target trajectory p(z). Fig. 4 shows the convergence of the first com-
ponents of y; 5(1),y;;(1),y;,(?) for the estimation of the X coordinate,
where it can be observed that all agents converge to a common signal
in finite time, and then converge asymptotically to the first component
of the centralized signal yg() and its derivatives. The convergence
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1.2
— Ip1(t) — pi(t)], using X*(t) (DOE)
] — [p1(t) — P} ()], using k() with @ =1 (SOE) ,
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0.6 H
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Fig. 3. Trajectory tracking performance of a single robot (1) under the control input
(13). Note that the reference is always smooth when using the SOE, resulting in
asymptotic convergence for the tracking error. However, the reference is discontinuous
when using the DOE, which leads to persistent transients in the robot performance,
preventing asymptotic convergence of the tracking error.

[yio(®]1 = [Fe(B)]1
/’ 1
/ 1
/
} i
|
| i
|
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|
r—
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t [s] 0.2
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-200 -400

t [l 0.2

2000 4000

[yi2®]1 [m]

-2000| -4000
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Fig. 4. Trajectories for the first components of y,,(),y; (1).y;»(t) denoted as
011 [y, (D1, [y; 2]y, shown to converge to [Jg(M];, [¥6(D];, [§ (1], which appear in
solid red color. Figures on the left show trajectories in the interval 7 € [0, 10] to depict
the asymptotic convergence behavior of the algorithm towards the global signals. On
the other hand, figures on the right show convergence towards consensus which occurs
in the interval ¢ € [0,0.2].

of the rest of the components of y;,(1),y;;(®).y;,() as well as for
Q;0(1,Q;1(1),Q;,(r) is similar and is omitted here for the sake of
brevity. In addition, we use the Root Mean Squared (RMS) error per-
formance index in this experiment to measure the impact of using the
fusion block. For a single experiment of duration 7', the RMS value for
an arbitrary scalar signal x(¢) is computed as

/T
RMS{x(t)} := ?/ x(1)2dt
0

Furthermore, we compute the average RMS value for arbitrary scalar
signals {x,»(t)}l!\‘=I as RMSan{xi(t)}i'\io = ﬁZ,N:l RMS{x;(®)}. The esti-
mation error after the output stage of Algorithm 1 is shown in Fig. 5
where it can be observed that the overall global estimate reduces
the RMS error in a factor of 3.5 with respect to the average RMS of
the individual local estimations. In addition, Fig. 6 shows the actual
formation behavior of the robots on the plane. Here, the robots start
at random positions and converge to a circular formation around the

target estimation pg(?).
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3 [p(t) — Bi(t)l
— [lp(H) — pa(t)]
- - RMS{||p(t) - pi()]]}
- - RMS{|lp(t) - po (1)}

Fig. 5. Error comparison between the actual realization of the target position p(t), local
SOE estimates p,(r) (grey) and the collaborative estimation pg(r) (blue). Moreover, av-
erage Root Mean Squared (RMS) values are shown in each case, where an improvement
of a factor of 3.5 is observed when comparing the collaborative estimate with respect
to the local ones.

6.3. Ablation and parameter analysis

In this section, we study the influence of the parameter « in the SOE
as well as the fusion block. For this purpose, we perform Nyc = 100
Monte-Carlo runs, for each of the following configurations. We use a
similar setting as in Section 6.2 with N = 10 robots connected in a
ring topology. We test the SOE with different values of the parameter
a € {0.1,1,10} as well as the DOE. In addition, for each value of a,
we test the performance of the system when using the fusion block
or not for computation of the reference signal pg(#). In the case of
the DOE, we do not include the fusion block, since the output of such
estimator does not satisfy Assumption 1 due to the discontinuities in the
output, regardless of the motion of the target. When the fusion block
is not used, we compute p,(r) = C%;(t) from the SOE (7) or the DOE (6)
depending on the configuration. Otherwise, we compute p;(r) = P, ((?)
as the output of the estimation fusion output stage from Algorithm 1.

For each experiment, a different trajectory of the target (2) was
generated in the interval ¢ € [0,7] with T = 100, as well aas different
initial conditions for the robots in (1). As performance indicators, use
the value of the estimation error RMS, 4 {I[p;(®) — p(t)ll}['\‘:] and the
tracking error RMS, 4 {lIpg(*) + d; - p,-(z)||}!_\‘=1 where recall that p;(r)
is the position of the ith robot. In addition, we measure the control
effort by means of RMS,,¢ {[lu;(®)[|} and

PEAK{u,()}Z, := _max s 0

The results of these simulations are summarized in Table 1. The
performance indicators in the rows of Table 1 were averaged over all
100 experiments for each column of the table. It can be observed that
the DOE performs the best in terms of the estimation error among
the configurations which do not use fusion. However, the SOE in
conjunction with the fusion method is able to outperform the DOE in
all cases, being the best configuration with ¢ = 0.1 due to the tight
consistency of the estimations ensured by Theorem 1. The disadvan-
tages of the DOE are more evident when looking at the tracking error,
where it performs the worst up to 1 order of magnitude. The reason
is that the discontinuities in the DOE cause the persistent transients
illustrated in Fig. 3 whereas the SOE does not have this problem in any
configuration.

On the other hand, the bad tracking performance of the DOE is
balanced by the resulting small control effort both in RMS and peak
values, outperforming the SOE in all cases. The reason is that the
DOE ignores the values of the derivatives of the estimation at the
discontinuities since they are undefined for those instants. However,
the SOE is able to compute these derivatives for all time. Due to the fact
that as a« — 0 one recovers a discontinuous behavior, the derivatives can
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Fig. 6. (Left) Actual target trajectory p(¢) on the plane as well as the global estimation pg(¢) and individual robot trajectories p,(r) which converge to the circular formation around
Pg(1). (Right) Formation error between the robot position p;(f) and the reference p(t) = pg(?) +d;.

Table 1

Ablation and parameter analysis for the proposal. The DOE is compared with our proposal using different configurations. Moreover, different
performance indicators are depicted, where the best value for each row is marked in bold font. In particular the first two rows represent
the estimation and tracking RMS errors measured in [m]. The last two rows depict the control effort in terms of RMS and peak values, both

measured in [m/s?].

Estimator DOE SOE SOE SOE

a=0.1 a=1 a=10
Fusion X X v X v X v
RMS g L1ID, () = PO, 0.74 0.79 0.19 0.85 0.23 0.92 0.34
RMS,,q (1B (™) +d; — p;(OIIY, 56.4 2.84 2.81 2.82 2.84 2.83 2.84
RMS,,q ([lu,(0I1}N, 6.23 18.43 22.74 10.75 9.24 15.22 16.81
PEAK{u,(0}N, 8.65 70.83 75.98 30.21 34.45 65.01 63.78

grow unbounded at the sampling instants as « is decreased. Since these
derivatives are used explicitly in the control law (11), hence the control
effort is impacted by the value of « in a similar fashion. Moreover, an
equivalent behavior happens when « increases, requiring a compromise
for this parameter in terms of control effort. For example, the value of
a = 1 obtains good results for the control effort when compared to
a =0.1,10.

7. Conclusion

A combination of a smooth-output estimator and an estimation fu-
sion stage was proposed for distributed target estimation. It was shown
that, in contrast to the non-smooth optimal alternative, the formation
control is able to achieve asymptotic convergence to the formation goal.
This allows the control design to be decoupled from the perception-
latency decisions. The advantages of the proposal where discussed
through simulation examples, when compared to a non-smooth optimal
alternative. The proposal is yet to be validated in real-world platforms,
which imposes an interesting but highly non-trivial challenge to be
explored in a future work.
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Appendix A. Auxiliary matrices

Given m,n € N, let

0m Im
A":[ 0 0T]

By =[0,,.1]7, Cy = [1,0]], I, is the identity matrix of R"" and 0,, is
the zero vector in R™. Furthermore, A = A,®1,.B =B,®I,,C = C,®I,

where @ is the Kronecker product. Moreover, given y,...,7,, € R, let
T = Ay —diag(yp .-, 7m)> G = [(Cp)T, (CeT)T, -+, (CoI™T]T.
Appendix B. Example of a transition function

.o D(7) .
Proposition 2. Let « > 0 and n(z;a) = with &(z7) =

D(7) + D(a(l — 1))
7"*1, Then, 5(r; a) satisfy Definition 1.

Proof. Item (i) follows from smoothness of @(r) leading to smoothness
of y(r,a) for any z € [0,1]. Note @ (0) = 0,Vu € {1,...,m} and
hence #*)(z,a) = 0 as well from the product rule. Moreover, ;(r;a) =
1 —n(a(l = 7);a71) so that ™ (1;a) = =™ (0;a) = 0,Yu € {1,...,m}
showing item (ii). Item (iii) of Definition 1 is complied by evaluating
n(r;a) = 0,n(r; @) = 1. Finally, note that for fixed = € (0, 1), it follows
that lim,_,, @(a(1 — 7)) = 0 point-wise, implying item (iv).

Appendix C. The REDCHO protocol

Consider N agents connected in a communication network mod-
eled by a graph G. Each agent i has access to a local signal 3;(r)
and has m + 1 internal scalar variables v;y(?),...,v;,,(t) and outputs
5;0(0, ..., 8;,,(t) for which s; (7) is communicated to its neighbors. The
REDCHO protocol [26] of mth order achieves robust Exact Dynamic
Consensus (EDC), i.e. the outputs s, ,(r) converge to the signal () =
(l/N)Z,N=1 5[(.”)0), u € {0,...,m}, regardless of spontaneous connec-
tion or disconnection of agents as long as the network topology remains

connected. Given positive parameters {kM,yu}":’:O,B, the structure of
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REDCHO is:

5@ =50 =T Ganvin®
b0 =, 0 T a0 = 5,00 |75+ 0,000 = 1,0,
forO<pu<m
B = k8™ I ay [5,00 = 5500 = 1000
(C.1)

where a;; are the components of the adjacency matrix of G, G,y 41
with p,v € {0,...,m} are the components of the matrix G defined in
Appendix A. The REDCHO algorithm requires the following assump-

tion.

Assumption 2. Let
m

50 = (§(m+l)(t) _ §Em+1)(t)) + 2 I, <§(M>(t) _ §l(_/4)(t)>
u=0

where [, ..., 1, are the coefficients of the polynomial (A+y) --- (A+7,,) =
,1(m+1)+zl':'=0 1,2*. Thus, |5;()| < L,Vt > 0 for fixed yy, ..., 7,, and known
L>0.

Proposition 3 ([26, Adapted from Theorem 10]). Let G be a connected
graph and let Assumption 2 hold for given L. Then, for fixed yy, ..., 7,, > 0,
there exists ky, ..., k,,, 0 sufficiently big, T > 0, compact sets Ry, ..., R,, C
RN for the initial conditions {5;,(0)}"_, to lie and m-times differentiable
signal 5(r) such that (C.1) satisfies for all u € {0, ..., m}:

(@) 39 =5, ,() = = sy, Vi > T.

(i) lim,_, [5() — 5(t)] = 0.
(iii) R u can be made arbitrarily large by increasing 6.

Appendix D. Proofs

D.1. Proof of Theorem 1

For item (i), note that §(r), Q(r) are m-times differentiable for any
t ¢ 7 from the expressions in (6) and (7) and item (i) of Definition 1.
For t € 7, take an arbitrary 7, € 7 and compute the uth derivative of
§(@) with p € {0,...,m} as t — 7} as:

M
lim () = lim (”)A“)tk §)H Itk — 1
Jim 9 0) m;;) oW @ ek - 1)

+ (’j)x;”<z|k><y*)<ﬂ-”<z|k> = @)W (zelk = 1)

where the puth derivative product rule was used as well as by noting
that (}) =1 and

lim A (t[k) =1 —5(0;a) =1
t—»'rz'

lin}r M(tlk) =n0;a) =0
l—)’[k

tim A (¢]k) = 4 (0: @) = 0
)‘—>‘rk+

tim 287 (t1k) = 1 (0; ) = 0
t—»r;'

for any v € {1,...,m} by items (ii) and (iii) of Definition 1. Now, for

t — 7 consider §(r) = A, (tlk — D§*(t]k — 2) + hy(tlk — D§*(t|k — 1) for

t € [14_;, ;) from (7). Similarly as before,

M
lim §%)() = lim )’ (")x%k - DEH (k- 2)
I—>1k t—>1k =0 A% (D.l)

+ (’j)x;%k = DEHEV(elk = 1) = §) P (e k = 1)
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where the following identities were used:
11—1>Irn- Mk=1)=1-n((ry — 14_)/ A1) =0
k
lim Mtk — 1) =n(l;a) =1
I—)Tk
Jlim Watlk - 1) = —"(12) =0
—)Tk
lim 287tk = 1) = iV (1:0) = 0
t—)fk

due to (7, — 7,_;) = 4,_, and Definition 1. Hence, the two-sided limit
lim, ., Y1) = §)W(z |k — 1) exists for arbitrary 7, € 7. The proof
is the same for Q(¢). For item (ii) note that X(¢|k) is unbiased since it
comes from the Kalman filter structure of (5) and (6). Hence, X(¢) is
unbiased by linearity of E{«} and by the definition of %(r) from (7) as a
convex combination of unbiased estimates since A (¢|k)+M,(t|k) = 1. For
item (iii) note that P*(¢|k), P*(t|k — 1) for ¢ € [74, Tk41) are covariances
for &*(t|k), %" (t|k — 1) but that cov{x(t) — &*(t|k),x(t) — **(t]/k — 1)} # 0
since both estimations are correlated by their dependence of the noise
process {u(#')|¢ <t} in (2). However, note that the expression of Q)
is a convex combination of Q*(r|k), Q*(t|k — 1). Hence, the covariance-
intersection principle from [31, Section 2.1] ensures consistency of P(r)
i.e., P*(r) < P(y. Finally, note that by letting « — 0 we have A, (t|k) =
0,M(tlk) = 1 for all ¢ € (;,7;,,) using item (iv) from Definition 1.
Hence, lim,_, P(t) = P*(t|k) = P*(1), vt & 7.

a—0

D.2. Proof of Lemma 1

For item (i), take the uth derivative of the identity I,, = Qg(*)Pg(t)
yielding:

u u=1
0= ZO (’:)cﬁg“”(nl"g)a) = QP () + Z(,) (5)0@-”@)13?@

where (z) = 1 was used and from which the expression in item (i) is
obtained by solving for l_’(é’)(t). Finally, item (ii) is obtained by applying
the uth derivative to the definition pg(f) = CPg(1)jg, completing the
proof.

D.3. Proof of Theorem 2

First, note that each component of the equations in (9) and (10) is a
REDCHO block of the form (C.1). Each individual REDCHO block in (9)
(resp. (10)) has scalar input $;(r) given by one component of §;(r) (resp.
Q,-(t)), internal scalar variables {v; M(t)}l’fzo given by one component of
each {v,-,”(t)}":;o (resp. {V,-,#(t)}"f= ) and outputs {Si»”(t)};T:O given by
one component of each {y; u(t)},’:':o (resp. {Q; M(t)}'":()). Hence Assump-
tion together with item (i) of Proposition 3 imply that there exists T > 0
such that

5,(;4)(,) - yl,u(’) = = YN,M(’)
QW) = Q) == Q0

for all 4 € {0,...,m} for some consensus signals y(r) € R"™, Q) €
Rmmxnm - Moreover, define P(r) = Q()~' Hence, for all + > T and
i €{l,..., N} the expressions in Algorithm 1 reads:

Pio() = CPOFo(1)

pu—1
) =_p H)owu-v )
P, ()= P(r)Z;)(V)Q” 0P, (1) 0.2

M
p,H=CY (’V‘)P,-,my(“*”)(t)
v=0

Now, item (ii) of Proposition 3 imply that §(t), Q() converge to yg (1),

Qg(?) as t — oo. Hence, the expressions in (D.2) converge to pg(1),
Pg‘)(t), i)g‘)(t) respectively due to Lemma 1, completing the proof.
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