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Abstract. In this note, we provide an algorithm that, starting with a Sullivan
algebra gives us its minimal model. More concretely, taking as input a (non-
minimal) Sullivan algebra A with an ordered finite set of generators preserving the
filtration defined on A, we obtain as output a minimal Sullivan algebra with the
same rational cohomology as A. This algorithm is a kind of modified AT-model
algorithm used, in the past, to compute a chain contraction providing other kinds of
topological information such as (co)homology, cup products on cohomology and
persistent homology.
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1. Introduction

Algebraic Topology consists, essentially, in the study of algebraic invariants
associated with topological spaces. One of these invariants is the homotopy
type of a space. At present, we are still far from having a complete algebraic
description of homotopy. This could be the reason why the computability of
the homotopy type of a space is still an open problem nowadays. However, this
description exists within the framework of Rational Homotopy Theory ([2,3]
is nowadays a standard reference for the theory). Two distinct approaches
to Rational Homotopy Theory were given independently by Quillen [13] and
Sullivan [15] at the end of the sixties. Following the classical Sullivan’s ap-
proach [17], we associate to every rational homotopy type of 1-connected
spaces (nilpotent spaces, in general) of finite type in a unique way (up to
isomorphism) its minimal model, which is a commutative differential graded
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algebra. This association is functorial and encodes the homotopic proper-
ties of the space up to rationalization. From the theoretical point of view,
we can always get the minimal model of a space but in practical examples,
effective computations are not always possible. Observe that obtaining the
minimal model is essential because it determines the rational homotopy type
of the space and sometimes we are able to recognize the space from its min-
imal model. As an example, the loop space homology of a simply connected
space X for which m,(X) ® Q is finite dimensional is computed in [4] via the
Hochschild cohomology of the corresponding minimal Sullivan algebra AW
which is, at the same time, computed in terms of derivations of AW.

A weaker version of a minimal model is the one of a Sullivan algebra. The
basic difference between both of them is that a minimal model is a Sullivan
algebra such that its differential does not have linear terms. There are many
situations that we get a Sullivan algebra instead of a minimal model. For
example, if we have a fibration, we can associate it with a minimal extension
or relative Sullivan algebra and we can get from it a model of the total space.
Starting with a model of the base, we can extend it to obtain a Sullivan
algebra model of the total space of the fibration, but this model, in general,
is not minimal. If we want to try to recognize the total space, we can follow a
standard procedure: Since a Sullivan algebra is always the tensor product of a
minimal Sullivan algebra and a contractible one, then the idea is to eliminate
the contractible part. In concrete examples, the procedure is “ad hoc”. See,
for example, [1], where the existence of minimal models of operads algebras
is given by adapting Sullivan’s step by step construction. In general, such
“ad hoc” procedure is not effective and a computational approach would be
of interest.

Our aim in this paper is to give an effective algorithm that starting with
a non-minimal Sullivan algebra ends with its minimal model. The idea is to
use a modification of the incremental algorithm for computing the AT-model
of a chain complex [5-7]. Essentially the incremental algorithm is a sequence
of chain contractions of modules that, starting with a chain complex, ends
with its homology. The key idea is to get a sequence of chain contractions of
algebras instead of modules, not finishing with zero differential but with a
differential with no linear terms. We will prove that this is possible starting
with a Sullivan algebra with a finite number of generators and will give several
examples of effective computation of minimal models. An implementation of
our method that runs in CoCalc (https://cocalc.com/) can be downloaded
to test from the website http://grupo.us.es/cimagroup/downloads.htm.

The paper is organized as follows. Sections 1, 2 and 3 are devoted to
introducing the background of the paper (DG-modules, AT-models, CDG-
algebras and Sullivan algebras). In Sect. 4, as a main result of the paper, an
algorithm is provided to compute minimal Sullivan algebras from Sullivan
algebras not necessarily being minimal. Examples are given in Sect. 5. The
paper ends with a section devoted to conclusions and future work.
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2. Differential Graded Modules and AT-Models

In this section, we introduced the background for DG-modules needed to
understand the paper and an algorithm for computing AT-models [5] which
is a precursor of the algorithm presented here for computing minimal Sullivan
algebras, as we will see later.

Let K be a field, taken henceforth as the ground ring. Denote by M =
K({my,...,m,) the K-vector space M with basis {myg, ..., m,} C M. That is,
for any x € M, there exist \g,..., A, € K such that x = Agmg+ -+ A\pymp.
For each i, 0 < i < n, denote the coefficient A; by coeff(x, m;). Finally, we
say that x € M has index j and write index(z) = j if x = m,.

Definition 1. A graded module (G-module) M is a direct sum of K-vector
spaces @nGZ M™. We will suppose that M™ = 0 for n < 0. An element
x € M is homogeneous if x € M" for some n and, in such case, we say that
x has degree n and write |z| = n.

Definition 2. A G-module morphism f : M — N of degree ¢ (denoted by
|f] = q) is a family of homomorphisms {f™},cz such that f™: M™ — N™*4
for all n.

Definition 3. Given two G-modules M and N, M ® N is defined as the G-
module

M®N = ®pez(M & N)"
where
(M ® N)" = By gen(MP © N
and the degree of an element a @ b € M ® N is
la @ b| = |a| + ]b|.

Definition 4. Given two G-module morphisms, f : M; — N; and g : My —
Ny, the tensor product f ® g is defined adopting the Koszul’s convention as:

(fe gy = f@) o gy).

Definition 5. A differential over a G-module M is a G-module morphism
dy @ M — M such that |dp| = 1.

In this paper, all the differentials will have degree +1.

Definition 6. A DG-module (M, d)) is a G-module M endowed with a dif-
ferential dp; : M — M which satisfies that dasdy; = 0.

Definition 7. A DG-module morphism f : (M,dy;) — (N, dy) of degree g is
a G-module morphism f: M — N of degree ¢ such that dy f = (—1)4fd,.

Definition 8. If (M, dys) is a DG-module, then (M ® M,dygar) is a DG-
module with the differential given by:



dyrem = tdy @ dyr + dpy @ idpy.

An interesting family of morphisms is one of chain contractions between
two DG-modules.

Definition 9. Given two DG-modules (M, dys) and (N, dy), a chain contrac-
tion from (M, dps) to (N,dy) is a triplet (f, g, @) such that:
e f:(M,dy) — (N,dy) and g : (N,dy) — (M,dpr) are DG-module
morphisms of degree 0 satisfying that:

fg=ridy.
e ¢: M — M is a G-module morphism of degree —1 satisfying that:

f¢207 ¢g:O7 ¢¢:0>
idy — gf = ddy + dar .

If a chain contraction between two DG-modules exists, then it is easy
to see that both DG-modules have isomorphic (co)homology.

An AT-model for a DG-module is nothing more than a chain contraction
from the DG-module to its homology.

Definition 10. An AT-model for a DG-module (M, d) is a chain contraction
(f,9,0) from (M,dys) to a finitely-generated DG-module (KH, dg) with set
of generators H and null-differential, that is, dg = 0.

Therefore, an AT-model (f, g, ®) for (M, dys) satisfies that:
fdv =dvg = fo=¢g9=9p=0,
idy — gf = ¢dy + dyd, fg=idn,
Gdypd = ¢, dydpdnr = dag-

Algorithm 1 computes an AT-model for (M, dys). In this incremental
algorithm, we start with a filtering or order of the generators with the con-
dition that the differential of any generator is always a linear combination of
the generators that appear previously in the filtering.

The complexity of Algorithm 1 is cubic in the number of generators
of M (see [5]). The (co)homology of (M,dys) is isomorphic to the one of
(KH,dy = 0) since (f, g, ¢) is a chain contraction. Besides, Algorithm 1 can
be used to compute more sophisticated topology information such as cup
products on cohomology [9] or persistent homology [8].



Algorithm 1: AT-model for computing homology [5].
Input: A finitely-generated DG-module (M, dy;) with
M =K(myg,...,my,) such that dy(m;) € K(mg,...,m;_1) for
1<1<n

Initialize: H := {mo}, f(mo) := mo, g(mo) := mo and ¢(mg) :==0

for i =1 to n do

Let a = fdp(m;) and b = m; — ¢dpr(my)

if a =0 then

(a new homology class «; is born when m; is added)

| H:=HU{m;}, f(m;):=my;, g(m;) :=0band ¢(m;) :=0

if a # 0 then

let j = max{index(m) : m € H and coeff(a, m) # 0}

(the homology class «; dies when m; is added)

H:=H\{m;}, f(m;):=0and ¢(m;) :=0

foreach m € {mo,...,m;_1} do
f(im) := f(m) — Aa and

L ¢(m) := ¢(m) + Ab where X := U (m).my)

Coeff(a,mj )

Output: An AT-model (f,g,¢) for (M,dus).

3. Graded (Differential) Algebras
In this section, we recall the notion of commutative differential graded alge-
bras.

Definition 11. A G-algebra (A4, p4) is a G-module A together with a G-
module morphism gy : A® A — A of degree 0 such that:

pa(pa(z ®y) ® z) = pa(z @ paly ® 2)) (pa is associative)
and
pa(la@x)=xz=pslz®14) (14 € A% is an identity).

Definition 12. A CG-algebra (A, ) is a G-algebra that is commutative in
the graded sense, that is:

pralap ®aq) = (=1)"pa(aq ® ap) where a, € AP and a4 € A9.
Definition 13. A DG-algebra (A, ua,da) is a G-algebra (A, p4) together with
a G-module morphism d4 : A — A of degree +1 such that:
dadg =0 (da is a differential)
and
dapa(z@y) = palda(z) @y) + (=)l pa(z @ da(y)) (da is a derivation).

Definition 14. Given two DG-algebras (A, pua,da) and (B, up,dg), a DG-
algebra morphism f : (A, ua,da) — (B, up,dg) is a DG-module morphism
satisfying that

fra=upf.



Definition 15. A CDG-algebra is a CG- and DG-algebra.
The following definition is taken from [10].

Definition 16. Let (f, g, ¢) be a chain contraction from a DG-algebra (A, pa,
d,) to a DG-algebra (B, up,dp). We say that ¢ is an algebra homotopy if

pa(la®@ o+ @gf) = dua.
And this last definition is taken from [14].

Definition 17. We say that a chain contraction (f,g,¢) from a DG-algebra
(A, pia,da) to a DG-algebra (B, up,dp) is a full algebra contraction if f and
g are DG-algebra morphisms and ¢ is an algebra homotopy.

Examples of full algebra contractions are given, for example, in [11],
using the “tensor trick”.

4. Sullivan Algebras

We recall basic results and definitions from Rational Homotopy Theory for
which [2] is a standard reference.

A topological space is rational if all their homotopy groups are Q-vector
spaces. Rational homotopy can be seen as classical homotopy theory over
the rational spaces. Following this theory, each space can be functorially as-
sociated with a rational space that satisfies that their homotopy groups are
vector spaces on the rational numbers. This process that associates a rational
space with each space is called rationalization. This rationalization suppresses
the torsion part of the homotopy groups and is, therefore, a first approxima-
tion to the given space. From this point of view, the rational homotopy of a
space is nothing more than the classical homotopy of its associated rational
space. Sullivan showed in [16,17] that the rational homotopy type of a simply
connected space is faithfully represented by graded, differential and commu-
tative algebras (CDGAs). In particular, Sullivan defined a functor F' that
associates each space X with a CDGA (F(X),d) on the rational numbers,
with the property of inducing isomorphisms between the respective coho-
mologies (the one of the algebra (F(X),d) and the one of the space X) with
rational coefficients. In general, the algebra (F(X), d) is huge and difficult to
compute. This is the reason why Sullivan proposed to build a smaller algebra
(A,dy) from the algebra (F(X), d) called a “minimal Sullivan algebra” which
is a graded and free algebra over a certain graded vector space. This minimal
model is unique except for isomorphisms and encodes the rational homotopy
type of X.

From now on, the ground ring K is the field of the rational numbers
Q. Besides, we will work with DG-algebras which are free over graded vector
spaces, that is, of the form AV, being V' a graded vector space V = {VP},>1.
Denote by AZ2V the G-module generated by elements of AV obtained as the
product of two or more elements of V. Let V' = Q(mg,...,my,). Then, for
any © € AV, x = A\ymy + -+ + Aymy, + b for some b € AZ2V. The expression



coeff(xz, m;) will denote the coefficient A;. Finally, we say that € AV has
index j and write index(x) = j if x = m,;.

We will refer such an algebra by (AV, sy, day) or simply by AV when
no confusion can arise.

Definition 18. A DG-algebra AV is contractible if for some U C V the inclu-
sions of A(U @ dU) in AV extends to an isomorphism:

AU @ dU) = AV
where dU = {dav (u) : u € U}.

Definition 19. A Sullivan algebra (AV, uay,dav) is a kind of CDG-algebra:

(1) It is a CG-algebra which is free over a graded vector space V.
(2) There is an increasing filtration of subspaces in V:

Vo)cv(@)c:--
with V' = U5 V(k), such that
dpay (z) =0 for any x € V(0) and
day(z) € AV(k —1) for any x € V(k), with 1 <k.

Essentially, the difference of a non-minimal Sullivan algebra with a min-
imal one is that the differential of the non-minimal Sullivan algebra has linear
terms in the generators of V. In other words, being minimal means that the
Sullivan algebra has no linear part in the generators of V.

Definition 20. The Sullivan algebra (AV, puay,day) is minimal if day(x) €
AZ2V forall z € V.

A crucial property of minimal Sullivan algebras is the following.

Theorem 1 (Section 12 of [2]). For every rational homotopy type of spaces,
there is a unique (up to isomorphism) minimal Sullivan algebra.

An essential property of Sullivan algebras is that they are isomorphic
to a minimal algebra tensor product a contractible algebra and, therefore,
removing the contractible part, we obtain its minimal model.

Theorem 2 (Theorem 14.9 of [2]). Every Sullivan algebra AV is isomorphic
to AW @ A(U @ dU) where AW is a minimal Sullivan algebra and A(U @ dU)
1s contractible.

5. Making Sullivan Algebras Minimal

Essentially, what is done in the literature for calculating a minimal Sullivan
algebra (see, for example, [2]) is a change of basis in a way that the alge-
bra is divided in a contractible part and a non-contractible part, and the
differential of the non-contractible part has no linear terms. Therefore, the
non-contractible part is a minimal Sullivan algebra such that the inclusion
to the given algebra induces an isomorphism in cohomology, indicating that
it is the minimal model of the given algebra.



Our main goal in this section is to provide Algorithm 2 for computing a
minimal Sullivan algebra from a Sullivan algebra not necessarily being mini-
mal. It is precisely the fact that the Sullivan algebra and its minimal model
have the same cohomology (since they are only different in a contractible
part), what made us relate this problem to another apparently different in
principle: The incremental algorithm for computing an “AT-model” of a chain
complex (see Algorithm 1).

Algorithm 2: Making a Sullivan algebra minimal

Input: A Sullivan algebra AV, being

V() cV(d)cC---CV(k) =V afiltration, V(0) = Q(nog, . ..ne)
and V =V(0) ® Q(my,...,m,) satisfying that if 1 <i < i <n
then there exist k, with 1 < k < k, such that m;,m; ¢ V(k+ 1)
and either (a): m;,my € V(k)\V(k—1), or (b): 1 <k,

m; € V(k—1) and my € V(k)\ V(k—1).

Initialize: the set of generators of U @ dU, Y := {(0,0)},
B :={ng,...ne}, W will always be the vector space spanned by B,
f = idv(o), g = id/V(O)a gb =0 and dAW =0
for i =1 to n do
let a:= fdav(m;) and b:=m; — ¢dpy (m;)
if a € AZ2W then
(a new generator m; is added to B)
B := BU{m;}, f(m;) :==m;, g(m;) :=b, (m;) := 0 and
| dAw(mZ) =a
if @ ¢ AZ2W then
let j = max{index(m) : m € B and coeff(a, m) # 0}
(m; is removed from B and (m;,m;) is added to Y))
B:= B\ {m;}, f(m;) =0, ¢(m;) :==0 and
Y =YU {(ml,m])}
foreach m € {ng,...,ng} U{mq,...,m;_1} do

flm) := f(m) — Aa and ¢(m) := ¢(m) + \b where
L )\ o coeff(f(m).my)

coeff(a,m;)

fruav = paw (f ® f), gpaw = pav (9 ® g),

dpav = pav (idyy @ ¢+ ¢ @ gf) and

| dawpaw = fdaviav(g ® g)

Output: A full algebra contraction (f, g, ) from AV to AW.
The generators U @ dU of the contractible part.

The following result ensures that Algorithm 2 makes a Sullivan algebra
minimal.

Theorem 3. Given a Sullivan algebra (AV, pav,dav), Algorithm 2 produces a
full algebra contraction (f, g, d) from AV to AW. Moreover, AW is a minimal
Sullivan algebra.

Proof. Denote the output of Algorithm 2 at the step ¢ by Y;, B;, Wi, fi, g
and gf)i.



First, it is straightforward to see that (fo, go, ¢o) is a full algebra con-

traction from AV (0) to AW.

Now, by induction, suppose that (fi—1,g:—1,¢i—1) is a full algebra con-

traction from AV;_; to AW;_; where V;_1 := V(0) ® Q(mq,...,m;_1). Let
us prove that (f;, g, ;) is a full algebra contraction from AV; to AW, where
Vi := Vi1 @ Q(my;). To start with, let us prove the following properties by

induction:
L. fidi=0
2. ¢igi=0
3. ¢ipi =0
4. figi = idaw,
5. idav, — gifi = ¢idav, + dav, éi
6. fidav, = daw, [i
7. dav, g = gidaw,

Suppose first that f;_1day,(m;) € AZ2W;_;. In this case, it is enough to
prove the properties above only for m;:

1.
2.

fidi(m;) = 0 since ¢;(m;) = 0.

)
¢1gz(m1 = ¢1(mz ¢1 1dAV( )) = ¢1(m1) _ ¢i—1¢i—1dAVi(mi) -0
since ¢;(m;) = 0 and ¢;—1¢;—1 = 0 by induction.
Bigi(m;) = 0 since ¢;(m;) = 0.

figilmi) = fi(lmi — ¢i—1dav,(my)) = fi(mi) — fic1¢i1dav,(m;) =
fi (mz) =m; since fi—1¢i—1 =0 by induction.

Gidav, (m;)+dav,¢i(m;) = ¢i—1day, (m;) = gi(m;) = m;—g; fi(m;).
daw, fi(mi) = daw, (mq) = fi—idav,(m;) = fszv( i)

gidaw, (m;) = gi fi—1dav, (mi) = gi fidav, (m;) = davy, (m;) — ¢szV dav,
(mi) — dav,didav, (m;) = dav,(m;) — dav, didav,(mi) = dav,(m; —
Gi—1dav; (mi)) = dav, gi(m;).

Second, suppose that f;_1dav,(m;) ¢ AZ2W,;_y. Let m € {ng,...,ns} U

{ml, ceny

1.

m;_1}, then:

figi(m;) = 0 since ¢;(m;) = 0;

fitvi(m) = fi(di—1(m)+X(mi—di—1dav, (m;)) = fic1di—1(m)+Afi(m;)—
Afi—1¢i—1dav,(m;) = O since f;(m;) = 0 and f;_1¢;—1 = 0 by induction.
¢igi(m) = ¢;_1g;_1(m) = 0 since ¢;_1g;_1 = 0 by induction.

. ¢igi(m;) = 0 since ¢;(m;) = 0;

Gipi(m) = ¢i(pi—1(m)+A(mi—di—1dav; (mi)) = di—1di—1(m)+Api(m;)
—Api—1¢i—1dav; (m;) = 0 since ¢;(m;) = 0 and ¢;_1¢;—1 = 0 by induc-
tion.

figi(m) = fi—19i—1(m) = m since f;_19;—1 = idaw,_, by induction.

- @idav, (M) + dav, ¢i(my) = ¢i—1dav, (mg) +m; — ¢i—1dav, (m;) = m; —

gi fi(m;); pidav, (m)+day, ¢i(m) = di_1dav, (m)+dav, (di—1(m)+A(m;—
Pi—1drv; (mz)) =m— giflfifl(m) + )\giflfifldAVi (mz) =m— gifi(m)~

. fidav,(mg)=fi—1dav,(m;) — ficidav, (mq)=0 = daw, fi(m;); daw, fi(m)

= daw, (fi—1(m) — Afi—idav,(m;)) = ficidav,(m) = fidav,(m).
gidaw, (m) = gi—1daw,_,(m) = dav,_, gi—1(m) = dav,gi(m).



Now, it is easy to see that (AW;,daw,) is a DG-module, that is, daw, is a
differential. It is enough to prove it for m;:

daw,daw, (mi) = daw, fi—1dav, (m;) = daw, fidav, (mi) = fidav,dav,(m;) = 0.

Therefore, we conclude that the output (f,g,¢) of Algorithm 2 is a
chain contraction from AV to AW.

To prove that AW is a CDG-algebra, we have to prove the following
properties:

1. daw is derivation.
2. 1aw = f(1ay) is an identity.

Using that (f, g, ¢) is a chain contraction and that, by construction, we have
that davpay = fdavpav(g® g), fruav = paw (f @ f), giaw = pav (9 ® g)
and ¢uay = pay (iday ® ¢ + ¢ @ gf), then:

L dawpaw (x ® y) = fdavpav(9(x) @ g(y)) = fuav(davg(z) ® g(y)) +
(D@ funy (g(2) @ davg(y)) = paw (fdavg(z) @ fg(y)) + (—1)l9)]
paw (f9(x)@ fdavg(y)) = paw (daw fg()@ fg(y)+(=1) " paw (fg(x)
®@daw fg(y)) = ,uAvr(ldAw(x) @y) + (=) paw (z @ daw (y)) since dayv
is a derivation and |g| = 0.

2. paw (Iaw @) = paw (f(1av)®@fg(x)) = fuav(lav@g(z)) = fg(z)) =
x since 1py is an identity and fg = 1aw.

Therefore, we can conclude that AW is a CDG-algebra and (f, g, ¢) is
a full algebra contraction from AV to AW.

Finally, AW is a Sullivan algebra considering the filtration of V' re-
stricted to W. Besides, AW is minimal by induction. Trivially, W is mini-
mal since daw, = 0. Suppose that AW;_; is minimal. Now, daw, is updated
when f;_1day(m;) € AZQWi_1 and in this case, daw;, (m;) = fi—idav, (m;) €
AZ2W;. O

The following property also holds.

Proposition 1. The Sullivan algebra AV is isomorphic to AW @ A(U @ dU)
where W and U @ dU are the outputs of Algorithm 2 and AU @ dU) is
contractible.

Proof. Observe that g is one-to-one due to fg = idpw then, we can obtain a
base of generators g(W)UZ for AV, with the property that AZ is contractible
(since AV and AW have the same rational cohomology, due to the chain
contraction from AV to AW). Besides, by construction, AZ is isomorphic to
A(U @ dU) where U @ dU is generated by the set Y of pairs {(m;, m;)}is;
obtained when running Algorithm 2 on V. 0

As a consequence of Theorem 3, we can ensure the result shown below.



Corollary 4. Let AV be a Sullivan algebra isomorphic to AW @& A(U @ dU),
being AW minimal and U ® dU contractible. If AV is finitely generated then
so is AW.

6. Some Examples of Computation of Minimal Sullivan
Algebras

Below we show some examples of the computation of minimal Sullivan al-
gebras using Algorithm 2. For the sake of simplicity, from now on, given an
algebra AV and two elements a,b € V, the element pay (a®b) will be denoted
by ab when no confusion can arise.

Ezample 1. Consider the Sullivan algebra AV where V = {V?},>1 being:
Vi =Qay, by, c1), V= Q(vy), V3 = Q(us),
the differential dpy defined on V' being as follows:
dav(a1) = va, dav(b1) =0 =dav(c1), dav(uz) = v3,
and filtration:
V(0) =Q(by,c1,v2) C V(1) =V.
Then, Algorithm 2 runs as follows.
Initially, Y := {(0,0)}, B := {b1,c1,v2}, f = idav(0), 9 = idav (o),
¢ =0 and daw := 0.

Now, fday(a1) = f(v2) = va ¢ AZ2W. Then B and the image of the
morphisms f, g and ¢ are updated as follows:

Vidav \Widaw| f|g|¢
bi| 0 |[bi| O [b1|b1|0
C1 0 C1 0 Cc1|C1 0
V2 0 0 ay
ai| v 0 0
us ’U%

Finally, fday(u3) = f(v3) = f(v2)f(v2) = 0 since f(v2) = 0. Then B
and the image of the morphisms f, g and ¢ are updated as follows:

Vdav|Wldaw | f g ¢
bi| 0 |b1| O |by by 0
c1] 0 |ci| O |e1 c1 0
(%) 0 0 aq
ay| V2 0 0

0

U3 v% uz| 0 |uglug —ajvsg



Therefore, AW with set of generators B = {b1,c1,u3} is a minimal Sullivan
algebra. Besides, U @ dU is generated by Y = {(a1,v2)}, obtained when
running Algorithm 2 on V. We obtain that AV is isomorphic to AW @ A(U @
dU) being AW a minimal Sullivan algebra and A(U @ dU) contractible. The
basis provided by the “ad hoc” method can be obtained using the morphism
g- This way, the new basis of generators of AV is:

{g(bl) =b1, glc1) = c1, glug) = uz — a1U2,a1,U2}
with differential:
davg(bi) =0, davg(cr) =0, davg(us) =0, dav(a1) = ve, dav(ve) =0.

Example 2. If we consider the Sullivan algebra AV where V' is the same as
the one given in Example 1, the differential dyy defined on V' as follows:

dav(a1) = dav(by) = day(c1) = va, day(ve) =0, dav(uz) = v3
and filtration
V(0) =Qve) C V(1) =V,

then Algorithm 2 produces the same minimal Sullivan algebra and the same
full algebra contraction as in Example 1.

Ezample 3. Consider the Sullivan algebra AV where V' = {V?},> being:

Vl = Q<a17 blvclvx17y1>7 V2 = @<U2»p2»Q2a7”2>7 V3 = Q<U3>,

the differential day defined on V' as follows:

dav(ar) = dav(b1) = dav(cr) = dav(ve) =0,

dav (x1)=v2 — 2a1b14+2b1c1, dav (y1)=v2 — 2a1¢1—2b1c1, day (p2) = 2v2a1,

dav (q2) = 2uab1, dav (r2) = 2vac1, day (u3) = v3,
and filtration:

V(O) = {(lhbl,cl,’l)g} C V(l) =V.

Then, the output of Algorithm 2 is:

VW daw / g ¢
ailay 0 al al 0
b1 b1 0 b1 by 0
c1| 0 c1 1 0
V2 2a1b1 — 2()161 X
X 0 0
Y1 |y1|2a1b1 — 2a1c1 — 4bicy Y1 Y1 — 1 0
D2 |p2 —4a1bicy D2 p2 — 20111 0
q2 | q2 0 G2 q2 — 2b17y 0
To T2 4&1()101 T2 T — 2611‘1 0
uz|us 0 us Uz — 102 0
—2&1[)1.%1 + 2b101$1



Therefore, AW with W = Q{a, b1, c1,y1,p1,q1,71u3) is a minimal Sullivan
algebra with the same (co)homology than AV'. Besides, U®dU is generated by
Y = {(z1,v2)}, obtained when running Algorithm 2, then AV is isomorphic
to AW @ A(U & dU) being AW a minimal Sullivan algebra and A(U & dU)
contractible. The basis of the minimal Sullivan algebra provided by the “ad
hoc” method can be obtained using morphism g:

{g(a‘l) = ar, g(bl) = b17 g(Cl) = (1,
g(n) =y — w1, 9(p2) = p2 — 2a121, 9(q2) = q2 — 20121,
g(ra) = 1o — 2c1w1, gus) = us — x1v2 — 2a1bya1 + 2b1c1a1

with differential:

davg(ar) = davg(br) = davg(er) = davg(ge) = davg(us) =0,
davg(yr) = 2g(a1)g(b1) — 2g(a1)g(c1) — 4g(b1)g(er),
davg(pz) = —4g(a1)g(bi)g(cr), davg(ra) = 4g(a1)g(bi)g(cr).

And with respect to the contractible part, write v := vy — 2a;1b;. Then
dpv (x1) = v and the new basis obtained for AV is:

{g(ar), g(b1), g(c1), g(y1), 9(p2),9(q2), g(ra), glus), x1, vy}.

Ezample 4. Consider the Sullivan algebra AV where V' = {V?},>1 being:

Vl = Q<.’L’1>7 V2 = @<’U27U)2>7 V3 = Q<$3>, V4 = Q</U47w4>a
VP =Q(xs), V°® = Q(ar)

with the differential day defined on V as follows:

dav (1) = v2 + wa, dav(x3) = v4 + wa + vows, dav(Ts) = vaws + Vowy

dAV(CL'7) = V4Wy4, dAV(U2) = dAV(w2) = dAV('U4) — dAV(w4) _ 07
and filtration:
V(O) = Q<U2,’IU2,U4,’(U4> - V(].) =V.

Then, the output of Algorithm 2 is:

VIW| daw / g ¢
Vg | Uy 0 (%) (%) 0
Wa —7V3 X1
Vg | Vs 0 V4 Uy 0
Wy US — V4 —V2X1 + I3
T 0 0
T3 0 0
Ts5|Ts Ug’ — 2uoxy| x5 v%xl — V4T — VX3 + Ty 0
T7|T7 11%1)4 — v% T7 VU1 — V4x3 + X7 0



Therefore, AW with W = Q(vq, v4, x5, 27) is a minimal Sullivan algebra with
the same (co)homology than AV. Besides, U @ dU is generated by Y =
{(z1,w2), (x3,ws)}, obtained when running Algorithm 2 on V, then AV is
isomorphic to AW @ A(U @ dU) being AW a minimal Sullivan algebra and
A(U @ dU) contractible. The basis of the minimal Sullivan algebra provided
by the “ad hoc” method can be obtained using morphism g:

{9(”2) = V2, 9(04) = U4,
g(x5) = V311 — V41 — Vaxs + x5, g(T7) = V2V4TL — VaT3 + 367}
with differential:
davg(v2) = davg(vs) =0,
davg(zs) = g(v2)® — 2g(v2)g(za), davg(xr) = g(v2)?g(va) — g(va)*.

With respect to the contractible part, denote w) = we + v and w) = wy +
v4 + v2ws, then the new basis obtained for AV is:

{g(UQ)a g(’U4), 9(1'5), g(l‘7), T1, I3, wl27 w:;}

7. Conclusions and Future Works

In this paper, we provide an algorithm that computes the minimal Sullivan
algebra from a Sullivan algebra not necessarily being minimal. The algorithm
has been implemented, validated and tested with examples. The implemen-
tation made runs in CoCalc (https://cocalc.com/) and can be downloaded
from http://grupo.us.es/\discretionary-cimagroup/downloads.htm.

As a future work, we plan to have a close look at the work made by
Marco and Manero in [12] through the prism of chain contractions. Since
they used the “ad hoc” approach of changing basis step by step, we believe it
will be interesting to compute chain homotopies between the algebra and its
minimal representation meanwhile the minimal representation is constructed.
Algebraic properties of such homotopies will be also studied. Observe that,
on one hand, their method can be applied to algebras not-necessarily being
Sullivan whereas our algorithm can only be applied to Sullivan algebras, on
the other hand, our algorithm produces the entire minimal Sullivan algebra
when the input algebra is finitely generated whereas their method produces
the minimal Sullivan algebra up to a fixed degree.


https://cocalc.com/
http://grupo.us.es/discretionary {-}{}{}cimagroup/downloads.htm
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