MEAN HITTING TIME FORMULA FOR POSITIVE MAPS

C. F. LARDIZABAL AND L. VELAZQUEZ

ABSTRACT. In the classical theory of Markov chains, one may study the mean time to reach some chosen
state, and it is well-known that in the irreducible, finite case, such quantity can be calculated in terms of
the fundamental matrix of the walk, as stated by the mean hitting time formula. In this work, we present
an analogous construction for the setting of irreducible, positive, trace preserving maps. The reasoning on
positive maps generalizes recent results given for quantum Markov chains, a class of completely positive
maps acting on graphs, presented by S. Gudder. The tools employed in this work are based on a proper
choice of block matrices of operators, inspired in part by recent work on Schur functions for closed operators
on Banach spaces, due to F. A. Griinbaum and one of the authors. The problem at hand is motivated
by questions on quantum information theory, most particularly the study of quantum walks, and provides
a basic context on which statistical aspects of quantum evolutions on finite graphs can be expressed in
terms of the fundamental matrix, which turns out to be an useful generalized inverse associated with the
dynamics. As a consequence of the wide generality of the mean hitting time formula found in this paper, we
have obtained extensions of the classical version, either by assuming only the knowledge of the probabilistic
distribution for the initial state, or by enlarging the arrival state to a subset of states.
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1. INTRODUCTION

In the classical theory of irreducible, finite Markov chains, the mean time of first visit to vertex j
starting at ¢ can be calculated as
(1.1) Eﬂ”j:M, Z=(I-P+Q)",

Ty

where P is the stochastic matrix associated with the chain and 2 is a stochastic matrix whose columns
are given by 7, the unique stationary distribution of the walk. Equation is called the mean hitting
time formula (MHTF) [Il [6] and Z, whose columns also add up to one, is called the fundamental
matrix. A simple proof of such result relies on elementary matrix algebra, a conditioning on the first
step reasoning, and establishes a simple method for calculating hitting times in terms of Z, which is a
generalized inverse of I —P. The importance of relies on its qualitative meaning: the mean time
to reach any state j starting from a state ¢ is determined by the case i = j —from which one has the
mean return time for the state j, given by 1/m; according to Kac’s lemma [8] [I5]- combined with the
fundamental matrix.

With the recent interest in the study of quantum versions of walks on graphs, a natural question in
the context of hitting probabilities and mean times of first visit is to ask whether a similar formula is
available in a quantum setting. Recently, a version of the mean hitting time formula has been presented
in the setting of Open Quantum Walks (OQWs) [2, I7] and this was later generalized for Quantum
Markov Chains (QMCs) [I8]. QMCs consist of an important class of completely positive maps described
by S. Gudder [I3] and their statistical behavior is typically associated with dissipative (open) quantum
dynamics on graphs. A natural question is: can such a result be extended to more general positive maps?
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In this work, we present a version of the mean hitting time formula for positive, irreducible, trace
preserving maps on finite dimensional Hilbert spaces.

The result for positive maps is stated by theorems and The proof is self-cointained and extends
the results given by [17, [18] in two directions. First, one is now able to consider any irreducible, positive,
trace preserving map, as the proof generalizes the reasoning presented in [I7], which relies strongly on
the block matrix description of the OQW. As such block structure is usually absent for general positive
maps, one has to rely solely on the projection operators associated with the initial and final states of
interest. Second, the theorems concern the hitting time to subspaces of any finite dimension, generalizing
the statement seen in [18], which only considered the case of mean hitting time to a site (i.e., a vertex
together with its internal degree of freedom).

Just as in the classical case, we do not claim that to obtain mean hitting times in terms of the
fundamental matrix is easier than via direct calculation, i.e., by definition: both problems involve the
practical problem of calculating matrix inverses. The result shows that, similarly to the classical case,
the fundamental matrix combined with information about return times encodes all the information about
mean hitting times.

The problem of obtaining versions of the formulae presented in this work for the context of infinite-
dimensional Hilbert spaces, together with an associated spectral analysis, will be the topic of a future
work. We note that such a project is in part motivated by the recurrence theory of unitary steps developed
recently in terms of Schur functions [5 111 12].

The contents of this work are organized as follows. Section [2] introduces a generalization of the funda-
mental matrix for irreducible, positive, trace preserving maps and studies its properties. In Section [3|some
probabilistic notions are defined, relating them with certain block matrices needed later. The MHTF for
positive maps is obtained in Section [4], including illustrative examples. Finally, Section [5| connects the
above MHTF with the classical one , uncovering also some classical generalizations provided by the
results of this work.

2. THE FUNDAMENTAL MAP

Let C denote the set of complex numbers and M, = M,(C) the set of order n complex matrices.
Throughout this work we will assume n < co. Denoting by X* the complex conjugate of the transpose X©
of a matrix X, we say that X € M, is positive semidefinite (or just positive), denoted by X > 0, whenever
v*Xv >0 for every v e C™. If v*Xv > 0 for every v € C" ~ {0} we say that X is strictly positive, written
as X > 0. A linear map ® : M,, > M, is called positive whenever X > 0 implies ®(X) > 0. A positive
map P is trace preserving if Tr(®(X)) = Tr(X). A state or density matrix is a positive matrix X
such that Tr(X) = 1.

We say that the positive map ® : M,, - M,, is irreducible if the only orthogonal projections P on M,
such that ® leaves PM,, P globally invariant —that is, ®(PM,,P) c PM, P— are P =0 and P = I,,, where
I, is the order n identity. Every positive trace preserving map ® on M,, has an invariant state , i.e.
a density matrix such that ®(7) = 7. If, besides, ® is irreducible, then 7 > 0 and any other fixed point
X € M,, of ® is a multiple of 7, i.e. ®(X) =X implies X = Am, A e C [9].

If A € M,, the corresponding vector representation vec(A) associated with it is given by stacking
together its matrix rows. For instance, if n = 2,

_ All A12 3 T
A - I:AQ]_ A22] = UBC(A) = [All A12 A21 A22] .

The vec mapping satisfies vec(AX BT) = (A® B) vec(X) for any square matrices 4, B, X [14]. In particu-

lar, vec(BX B*) = vec(BXET) = (B®B)wec(X). This allows us to consider the matrix representation
of any map ® acting on M,,: we define [®] to be the matrix such that ®(X) = vec ! ([®]vec(X)) for every
X € M,. This matrix representation is very useful when performing calculations in concrete examples

(see Examples and [4.9).
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The vec mapping establishes a unitary equivalence between the Hilbert spaces M, and C" with the
corresponding standard inner products, (- |- ), and (- |+)q,2, because

(B|A)w, = Te(B*A) = 3" BjjAij = vee(B) vec(A) = (vec(B)vec(A)) gz, A, B e M,.
ihj

When no misunderstanding may arise we will use the same notation (- |-) for the inner products in M,
and C™.

The adjoint of a linear map ®: M,, - M,, with respect to the above inner product in M,, is the linear
map ®*: M,, > M,, defined by

(@ (V)X) = (Y[e(X)), XY eM,.

It is obvious that their matrix representations are related by [®*] = [®]*. In terms of its adjoint, the
trace preserving condition for ® reads as ®*(I,) = I,,.

Given X,Y € M,, the inner product in M,, allows us to define the ket-bra linear map | X )(Y|: M,, > M,

(X)NY]A=(Y]|A)X,  AeMy,

so that ®|X WY =|2(X))(Y] and [ XY |® = |X)(P*(Y)|.

Any matrix A € M, may be viewed as an operator ¢ — A¢ on the Hilbert space 77, = C" with the
standard inner product. In this space, ket-bra operators also make sense: any two vectors ¢,y € J¢,
generate the ket-bra operator |¢)(v)| = ¢p1p* € M,,. The unit vectors ¢ € %, are called pure states since

they may be identified up to an arbitrary phase with the states py = |§)(¢] = p¢*. We will refer to /7, as
the pure state Hilbert space for M,,.

The first step to obtain a MHTF for positive maps is to introduce the analogue of the fundamental
matrix for such maps. For this purpose, one may look at the fundamental matrix of an irreducible Markov
chain with stochastic matrix P in the following way,

Z=(I-P+Q)7", Q=7 1" =|7)(1], 1=|.1,

where 7 is the state spanning the subspace of right eigenvectors of P with eigenvalue 1, while 1* turns
out to be a left eigenvector of P with eigenvalue 1 since this matrix is stochastic. In other words, © and
1 are fixed points for the transformations defined by the matrices P and P* respectively.

Therefore, a natural generalization of this fundamental matrix for a positive, irreducible, trace preserv-
ing map ® on M, should be given by the map

Z=(I-d+Q), Q = |m\{(1),

where [ is the identity map on M, 7 is the unique invariant state of ® and the order n identity matrix
I, is a fixed point for ®*, as follows from the trace preserving condition for ®. Here, the ket-bra operator
Q is understood with respect to the standard inner product in M,. Since this inner product makes M,
unitarily equivalent to the canonical Hilbert space C" via vec transformation, using vec notation the
fundamental matrix reads as

[Z]= (12 - [®]+[Q]) 7, [Q] = vee(r) vee(I,)T.
The existence of this extension of the fundamental matrix is guaranteed by the following lemma.

Lemma 2.1. (Existence of the fundamental map).
Let ® be an irreducible, trace preserving, positive map on M, with invariant state w. Then I —® + Q)
is invertible, where Q =|w)(I,| is a trace preserving map satisfying

(2.1) Q2 =00=00=0Q.

We will refer to Z = (I - ® + Q)™ as the fundamental map of .
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Proof. Note that Q is trace preserving since Q(p) = (I|p) 7 = Tr(p) m and Tr(w) = 1 because 7 is a
state. Besides, Q% = |7)(I|z)(I| = Tr(7) Q = Q. Also, ®Q = |®(7)){I| = Q since 7 is invariant for ®, while
QP = |7)(P*(I)] = 2 because P is trace preserving. Regarding the invertibility of I — ® +Q, it is enough
to prove that, assuming that X e M, satisfies (I - ® +Q)(X) =0, then X =0. The above properties show
that Q = Q(I-®+Q), which leads to Q(X) = Q([-®+Q)(X) =0. This implies that (I -®)(X) =0, hence
X = A, A € C, due to the essential uniqueness of the fixed point for ®. Thus, Q(X) = ATr(7) 7 = A,
concluding that A =0 and X =0.

O

The properties of the operator €2 given in the previous lemma are the origin of useful properties of the
fundamental map.

Lemma 2.2. (Properties of the fundamental map). The fundamental map Z = (I - ® + Q)" of an
irreducible, trace preserving, positive map ® is also trace preserving and satisfies

(2.2) Z0=07 =,
(2.3) Z(I-®)=1-29=1-Q,
(2.4) (I-®)Z=1-QZ=I-x.

Proof. ® and I-®+2 are simultaneously trace preserving because I and €2 are always trace preserving.
This proves that Z = (I - ® + Q)71 is trace preserving whenever it exists. From (2.1)) we find that

ZI-d+M0=Q = ZQ-ZQ+Z0P=Q0 = Z0=Q,
—— ——

Q Q
QI-D+D)Z=Q = QZ-Q0Z+0’Z=0 = QZ=AQ.
~—— ——
Q Q

Also,
Z(I-2+Q)=1 = Z({I-9)=1-2ZQ=1-9,
I-2+N)Z=1 = ([U-D)Z=1-QZ=1-Q.

3. PROBABILISTIC NOTIONS FOR POSITIVE MAPS

Born’s rule gives to measurements a prominent role in quantum mechanics, absent in the classical
case. In consequence, introducing in discrete time quantum mechanics certain probabilistic notions such
as hitting times requires the choice of the experimental setting specifying the measurements needed to
define such notions. We adopt here the so called monitoring approach in which a measurement is
performed after each evolution step to check whether the system has reached a state lying in a prescribed
target subspace V' or not (see [3| [5 1], 12, 16, 19, 20]). For this purpose, we need to associate to V'
certain orthogonal projections conditioning on the events “the system is in a state lying in V7 or its
complementary.

Let V denote a subspace of the pure state Hilbert space 5%, where the operators represented by
the matrices of M, act. If P is the orthogonal projection onto V and @ = I, — P, we introduce the
corresponding orthogonal projections, P and Q, for the space M,, where the mixed states live,

P,Q: My > M,  P=P-P, Q=0Q-Q.

Note that P+ Q+ R =1, where R:= P-Q + @ - P is an orthogonal projection onto traceless matrices.
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Given a pure state ¢ € J%,, we define the following probabilistic quantities for a discrete time process
whose steps follow by iterating a positive trace preserving map ® on M,:
pr(¢ = V) = probability of reaching the subspace V' in r steps when starting at ¢.
m(¢p > V) = probability of reaching the subspace V for the first time in r steps
when starting at ¢.
(3.1) m(¢ - V) = probability of ever reaching the subspace V' (hitting probability)
when starting at ¢.
7(¢p > V)= expected time of first visit to the subspace V' (mean hitting time)

when starting at ¢.

We will refer to ¢ and V' as the initial state and the arrival subspace respectively. An important
particular case of the subspace V' is the 1-dimensional space generated by a pure state 1 € 7. In this
case we will simplify the notation by writing 7(¢ — v), 7(¢ — 1), and so on.

Another particularly interesting situation arises when ¢ € V. This defines the so called recurrence
properties of the process governed by the map ®, for instance, the probability 7(¢ — V') of the return
of ¢ to the subspace V' (return probability), and the expected time 7(¢ — V') of such a return (mean
return time).

According to the monitoring approach, the above notions can be expressed in terms of appropriate
trace expressions involving maps on M, acting on the density matrix py = [¢)(¢| of the initial state:

pr(d = V) = Tr(PD py),
T (¢ > V) = Te(PO(QP)" ' py),
(3.2) (¢ V) =D m(d—> V)= Tr(Pe(QP) ' py),

r>1 r>1
00, ifr(p—>V)<1,
T(@=>V) =1 (¢ V) = S rTe(PO(QR) 'py), if w(¢—V)=1.
r>1 r>1
Here and in what follows we write for convenience ®p to denote ®(p) for any p € M,,. Since [ -Q=P+R
differs from P in an orthogonal projection R onto traceless matrices, the traces appearing in (3.2]) may be
equivalently expressed by substituting P by I — Q. This will be key for the rest of the paper.

Given an irreducible, trace preserving, positive map ® on M, it turns out that (¢ - V') = 1 for every
pure state ¢ and every subspace V' (see [10] and Remark 3.1/ below). Therefore, in this case the expression
of the mean hitting time is the one in the bottom line of (3.2)).

In this context, the main question we intend to answer is about the existence of a MHTF for processes
governed by positive irreducible trace preserving maps. This should take the form of a relation between
the above introduced mean hitting time and the fundamental map given in Lemma [2.1

In order to address the above problem we introduce the function

G(2) = > ®(QD) 2" =20(1 - 2Q®) ", |z <1,
r>1
which is analytical because, with respect to the operator norm, |Q| =1 as an orthogonal projection, while
the Russo-Dye theorem [4] implies that ||| = |®*| = |®*(I,)| = || = 1 since ® is trace preserving. The
interest of this function relies on the fact that, according to (3.2)), its boundary behaviour around z = 1
provides hitting probabilities and mean hitting times,

76 V)= Te(BHp,) = Tr((I-QHp,),  H=lmE(a),
(3:3) (¢ = V) =Tr(PKpy) = Tr((I - Q)Kpy), K := 1;%111 G'(z).
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As limits of positive maps, H and K are positive maps too. We will refer to H and K as the hitting
probability map and the mean hitting time map for the subspace V. The existence of these limits
is guaranteed by the following remark.

Remark 3.1. Since the pure state space F¢, has finite-dimension, it is known that 1 does not lie in
the spectrum of Q® for any irreducible, trace preserving, positive map ® and any non-trivial orthogonal
projection @ [10, proof of Theorem 2.8] (the proof given there for completely positive maps also holds
for positive maps because it completely relies on the existence, uniqueness and strictly positiveness of
an invariant state guaranteed by the irreducibility and the trace preserving condition). This ensures the
analyticity of G(z) at z =1, which allows us to express

H=G(1)=®(I -Qd)*,
K=G'(1)=®(I-Q®) ! +dQd(I -QP) 2 = d(I -Qd) 2

From the first equality, and bearing in mind that ® is trace preserving, we find that the map (I - Q)H
giving the hitting probability is also trace preserving,

Te((I - Q) Hp) = Te(Hp) - T(QHp) = Te((I - Q)" p) - Te(QB(I - QD) ') = Te(p),  pe M,
Hence, for any pure state ¢ and any subspace V' of pure states,
7(6 > V) = Te((I - Q) Hpg) = Tr(ps) = 1.

That s, any hitting probability equals 1 for an irreducible, trace preserving, positive map on M, . Besides,
i such a case the mean hitting time is finite and may be expressed as

(> V)=Tr((I-Q)Kpy) = Tr(Kpg) - Tr(QK pg) = Tr((I - QP) 2py) — Tr(QP(I - Q) %py)
= Te((1-Q2) ' py) = Te(Hpy).-

(3.4)

The next step is to consider the following V-dependent block matrix representation of a map
T: M, — M,:

T T |-QT(I-Q) (I-Q)TQ
2 A R Tl

The block matrix representation of the positive maps H and K yields information about the first visit
to the subspace V', when starting at states supported on V or V*+. More precisely, from (3.3) we find that

N B TI‘((I—Q)H(I—Q)[)¢)ZTF(H11p¢), lf¢€V, _ H11 H12

30 me=ns {Tr((f - Q)HQpy) = Tr(Hi2pg), ifpeV, = [H21 H22] ’
N B Tr((I—Q)K(I—Q),%) = TT(K110¢), lfqb € V, _ KH K12

&0 re=s {Tr((f - Q)KQpy) = Tr(K12p4), ifpeV, e [K21 K22] '

In particular, the first diagonal blocks of H and K provide recurrence properties: Hi; and Kjpp give
respectively the probabilities and mean times for the return of a state ¢ € V' to the subspace V where it
lies. We will call H1; and K77 the return probability map and the mean return time map for the
subspace V', respectively.

The second row of H and K also yield information about the transitions ¢ — V. For example, from
Remark [3.1) one finds that Tr(QH pg) = Tr(Hpy) — Tr((I - Q)Hpy) = 7(¢ = V') — 1. Therefore,

Tr(QH(I - =Tr(H ifpeV,
(> V)-1= (QH(I-Q)py) = Tr(Ha1pp), : pe 3
Tr(QHQpy) = Tr(Hazpe), if eVt
The idea of employing block matrices of operators in the context of first visit/return to subspaces has
been illustrated, for instance, in [I1], 17, [I8]. Such block matrices play a main role in the deduction of the

MHTF for positive maps given in the next Section.
6



4. MHTF FOR POSITIVE MAPS

Let ® denote an irreducible, positive, trace preserving map acting on M,,, and let m be the unique
strictly positive density matrix which is invariant for ® [9]. This section will establish a MHTF for ®
involving the fundamental map

(4.1) Z=I-o+Q)Y,  Q=|7){I,]

This MHTF will relate such a fundamental map with the mean time 7(¢ — V) of the first visit of a pure
state ¢ to a subspace V of pure states. The subspace V will enter into the MHTF via the corresponding
mean return time map K.

We start by introducing the following maps, defined in terms of the block matrix representation of K:

Ky 0 0 Ki2 Ky — K19921 Ko - K299
4.2) D:= N=K-D-= L=K-No-= .
(4.2) [ 0 K22] ’ [K21 0 ] ’ Ko - K111 Koz — Ko1®12

The next lemma summarizes some relations among the above maps and the fundamental map Z.
Lemma 4.1. For every ¢ €V and ¢ € V* we have that

Ni2py = (DZ)11py — (DZ)12pp + [(LZ)12p6 — (LZ)11py],

No1py = (DZ)22py = (DZ)21py + [(LZ)21py = (LZ)22p4]-

Proof. From the definition of the maps it follows that
N®+L=N+D = N®Z+LZ=NZ+DZ = NI-®)Z=LZ-DZ.

Combining this with N(I - ®)Z = N(I - Q) = N - N, which follows from (2.4)), yields
(4.3) N-NQ=LZ-DZ = N=LZ-DZ+NQQ.
Now note that, in terms of block matrix representations,

NQ - [ 0 K12] [(I‘Q)Q(I—@) (I—@)QQ] | KeQQI-Q) K12Q00Q

Ky 0 Q(I-Q) QQQ [~ [K21(I—Q)Q(I—Q) Ky (I-Q)QQ|’
while the diagonal blocks of give
(4.4) 0=(LZ)n-(DZ)u+(Nu =  (NQupy = [(DZ)11 - (L2)1i]py,
(4.5) 0=(LZ)22~(DZ)22+ (NQ)22 = (NQ2ps=[(DZ)22 - (LZ)2]ps.
Since Qp = (I,|p) ™ = Tr(p) m = 7 for any state p, we conclude that Qpy = Qp,. Hence,
(NQ)11py = K120QQ - Q) py, = K12QQpy, = K12QQpy = K12QQQpg = (NQ) 124,
and analogously for the second row of IN¢2. We obtain
(4.6) (NQ)11py = (NQ12pg, (NQ)21py = (NQ)22p5.
Then, by using the first equality in followed by , the non-diagonal upper right block of

leads to N12p¢ = [(LZ)12 — (DZ)12 + (NQ)lg]p¢ = [(LZ)lg — (DZ)12]p¢ + (NQ)pr
=[(LZ)12 = (DZ)12]py + [(DZ)11 = (LZ)11]py,

that is,

(4.7) Ni2pg = (DZ)11py = (DZ)12pg + [(LZ)12pg = (LZ)11py]-

Similarly, by using the second equality in (4.6)) followed by (4.5)), the non-diagonal lower left block of (4.3))
yields
Naipy = [(LZ)21 = (DZ)21 + (NQ)21]py = [(LZ)21 = (DZ)21]pg + (NQ)22p5
=[(LZ2)21 = (DZ)21]py + [(DZ)22 = (LZ)22]py,
so that,

(4.8) No1py = (DZ)22py = (DZ)21py + [(LZ)21py = (LZ)22p4]-



The previous result will be key to obtain the MHTF for irreducible, positive, trace preserving maps.
However, for that purpose, we also need to show that the first row of the block matrix representation of
L is trace preserving too.

Lemma 4.2. The first block matrixz rows of L and H coincide, i.e. (I -Q)L = (I -Q)H, and they are
trace preserving.

Proof. Since (I-Q)N(I-Q) = Ni; =0, we have that (/-Q)N = (/-Q)NQ = N2 = K12 = (I-Q)KQ.
This leads to
(I-QL=(I-QK-(I-QN2=(I-QK-(I-QKQ®=(I-Q)K(I-Q2)
=(I-Q)2(I-Q2)"' = (I-Q)H,
where in the last equalities we have used . That they are trace preserving follows from Remark
O
The previous results lead directly to the MHTF for a state orthogonal to the arrival subspace.
Theorem 4.3. (MHTF for positive maps and orthogonal states). Let ® : M,, - M, denote an irreducible,
positive, trace preserving map and V a nontrivial subspace of the pure state Hilbert space 5¢,. If Z is the

associated fundamental map (4.1), K is the mean hitting time map (3.4) and D is its diagonal part given
in (4.2), we have that for every ) €V and ¢ € V*,

(4.9) (6> V) =T ((D2)11ps - (DZ)12ps) = Tr (K1 (Zuapy - Z1aps) ).
In particular, the quantity Tr((DZ)11py) is independent of the choice of 1 € V.

Remark 4.4. In words, the meaning of the above result is: the mean time of first visit to a subspace is
an information which can be obtained essentially in terms of the fundamental map Z of the dynamics and
the mean return time map K11 for such subspace.

Remark 4.5. The monitored notions of hitting probability and mean hitting time make for an arbitrary
wnitial state as much sense as for an initial pure state. The resulting expressions for these quantities follow
by substituting py by an arbitrary density matriz p in and Remark . It is straightforward to see
that the MHTF is still true under this substitution if one reinterprets the condition ¢ € V* as Qp = p.
Similarly, the MHTF holds when substituting py with ¢ € V' by an arbitrary density p’ such that Pp’ = p'.
These substitutions also do not alter the validity of the next results, Lemma[4.6 and Theorem[4.7.

Proof of Theorem From ({3.7)), by using the maps defined in (4.2)), we find that, for every ¢ e V'
and ¢ € V1,
(¢ = V) =Tr(Nizpg) = Te[(DZ)11pyp = (DZ)12pg] + Tr[(L2) 1206 — (LZ)11py]-
On the other hand, since Z and (I — Q)L are trace preserving (see lemmas and ,
T[(LZ)11pe] = (I - Q)LZpy] = Te(py) =1, T[(LZ)1aps] = Te[(I - Q)LZpy] = Tr(py) = 1.
The theorem follows from the above two equalities.

O

The MHTF given by Theorem is restricted to states ¢ which are orthogonal to the arrival subspace
V. It is possible to extend it to non-orthogonal states by using a general relation between the mean

hitting time for a pure state ¢ and for the state obtained after the first step of the monitored evolution,
i.e. the trace normalization of Q®p4 (see Remark {4.5)).

Lemma 4.6. (Conditioning on the first step for positive maps). Let ® be a positive trace preserving map
on My, V a subspace of the pure state Hilbert space 7€, and ¢ € ;. Then,

1, Zf Q‘I)qu =0,
1+Tr(Q®py) T (pp > V), po= if Q@py # 0.

8
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Proof. This is a generalization of a result appearing in [I7]. From Remark we already known that

(= V) =1 1If Qdpys =0, (3.2) yields 7(¢ = V) = Tr(PPpy) = Tr(Ppy) — Tr((Q + R)Ppy) = Tr(py) = 1,
since @ is trace preserving and R®py is traceless. Otherwise, we have

T(p—->V)-1=7(¢p>V)-m(p>V)= Z nTr(IP’(IJ(Q@)"’lpd)) _ Z Tr(P(I)(Qq))n—lp¢)

n>1 n>1

= Y (- 1) Te(P(QP)" ) = 3 nTr(PB(QR)" ' QPp,) = Tr(Qpy) 7(po = V).

n>2 n>1

O

Now we can combine the previous lemma with the version of Theorem for arbitrary density matrices
pointed out in Remark The result is a MHTF for initial states ¢ which are not necessarily orthogonal
to the arrival subspace V.

Theorem 4.7. (MHTF for positive maps and non-orthogonal states). Under the conditions of Theo-
rem if ¢ € 74, is arbitrary and py is given by (4.10), then

oty if Qp, =0,
’ - 1+TI'(Q(I)/)¢)TI‘(K11(ZU/)¢—Zlgf)d))), ’if@@p(bio.

FEquivalently,
T((b d V) =1+ TI'(KHZpr) Tr(@@p¢) - TY(KHZHQ@%).

The following examples will illustrate the versions of the MHTF for positive maps given in theorems

4.3 and 4.7
Example 4.8. (dimV = 1) Consider the positive map on My given by

" " 111 11 0
®(X)=LXL" "+ RXR", L_\/§[0 1], R_\/g[—l 1],
which has the matrix representation
2 1 1 1
- - 1]1-1 2 0 1
[<I>]_L®L+R®R—§ 1 0 2 1
1 -1 -1 2

It is clear that this is a quantum channel, that is, a completely positive, trace preserving map since
L*L+ R*R = I,. Moreover, it is unital, i.e., ®(I3) = I, and irreducible, because the unique invariant state
is 7 = 315, which is strictly positive [7]. The matrix representation of Q = |)(I5| is

1 0 01 3 2 2 1
B « 110 0 0 O _ 1 1f-2 8 -4 2
[Q] = Uec(ﬂ') UeC(IQ) “910 0 0 0} [Z] = (I4 - [(I)] + |VQ-|) “4l-2 -4 8 2
1 0 01 1 -2 -2 3
Let us choose initial and arrival states, respectively, as
111 1 (1
-l el
The corresponding densities give also the orthogonal projections,
111 1 111 -1
P_p¢_§[1 1:|7 Q—IQ_P—P¢—§|:_1 1]7
1 111 1 -1 -1 1
111 1 1 1 11-1 1 1 -1
Pl=ps@pp=711 1 1 1| [Ql=pe®rs=71_1 1 1 1
1 111 1 -1 -1 1



The mean hitting time map K can be obtained via (3.4)),

39 -12 -12 9
_ 11-72 32 28 -12
[K1=[e1(La-QUeD =5 55 3 _i2|

1rr =72 =72 39

hence
-3 3 3 -3
3 1
(Kl = (L-fQDIKNQI=5 |, T 01 7|
5 -5 -5
which yields
-9
[Ki2]vec(py) = g = 71(¢p—>1)=Tr(Ki20)=-9+15=6.
15

Following similar calculations, we have
Tr((DZ)11py) = Tr(K11Z11py) = 4, Tr((DZ)12pg) = Tr(K11Z12p4) = 2,
from which we obtain the same mean hitting time by the MHTF (4.9)), as expected.

il

= 7(x =) = Te(PKpy) = 2.

Consider now the initial state

which gives

—_ =

[PI[ K vec(py) =
1

Since x is not orthogonal to v, to compare with the calculation using the MHTF we should use the version
given in Theorem Bearing in mind that

1
1]-1 1 .
[Q][@]vec(px):ﬁ T @(I)szgpqﬁ = Tr(@@px):é, Px = P>
1
Lemma [4.6] and Theorem [4.7 permit us to write
1 1 4 2
T(X—>¢)=1+67’(¢—>¢)=1+E(TI‘(KHZpr)—TI‘(K11Z12p¢))=1+6—(—6)=2,
in agreement with the previous calculation.
<&
Example 4.9. (dimV =2) For 0<a<1 and b=v1-a? let
a 0 0 b 0 00O 0 00O 00 0 O
0 00O -b 0 0 a 110 0 0 0 L {0 0 0 O
i<lo oo ol ™70 00 of ‘/3%0110’ ‘/‘*‘ﬁoo 0 of
0 00O 0 000 0000 01 -1 0

The completely positive map on My given by ®(X) = Zle Vi X V" is trace-preserving and irreducible, the
unique invariant state being 7 = %L;. One may calculate Q = |7)(I4| from which the map Z is immediately
obtained (for brevity, we omit its explicit expression).
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Let

wlz ) 1/}2: ; (b:

0 0 1
0 0 0
1 0 of
0 1 0

We will consider V' = span{tn,192} as a two-dimensional arrival subspace and ¢ as the initial state.
Hence, the corresponding projections are P = py, + py, and @ = Iy — P. Once again, from [P] = P® P and
[Q] = Q ® Q, routine calculations lead us to the order 16 matrix

L[4 A
[K1=[o](hs- Qe 2= | 52|,
where - } ) -
77 00 5 0000 0000 5 00
0 00 0 0 O0O0O 0000 0 0O0 O
0 00 0 0 O0O0O0 0000 0 0O0 O
A 0 00 0 0O0O0OTO A, = 0000 0 0O0 O
"o oo 0o o000 O 2 lo oo 0 0 00 0}
z 00 £ 0000 0000 % 00 2
0 00 0 0O0O0O 0000 0 0O0 O
[0 00 0 0 0 0 0] 00 0O0O 0O 0 0 0
[0 00 0 0 0 0 O] 0 0 0 0 0 0 0 0
0 00 0O OO0 O O 0O 0 00 0O O0O0OUO0
1+b? a 11 11 a 3
2*1)2 00 5% 035 5 0 0 5 5 0 5 00 3
A= 0O 00 0O OO0 0 O A, = 0O 0 00 0 O0O0O0
o o0 0 00 0 of 7100 00 0 00 Of
0O 00 O OO0 0 O 0O 0 00 0 0O0O0
0O 00 O OO0 0 O 0O 0 00 0 O0O0O0
2 a 1 1 a 3
5% 00 5 0 5 -5 0] 0 —3 3 0 3 00 3
This yields
0 0 O 0
K oo e V)= Te(K Lb? g1
12P¢ = 0 0 12+bb22 02 = 71(¢p->V)=Tr( 12P¢>) = b—2 =1+ b—Q-
1+b
0 0 O 222
To compare wiht the result via MHTF, consider an arbitrary density p such that Pp = p, i.e.,
0 00 O
(4.11) p= 8 8 2 2 . 0<z<l,  |yl<z(1-2).
0 0y 1l-=z
Then, proceeding as previously by using matrix representations yields
1+ 6b> 2b* -3
Te((DZ)up) = Te(KuZup) = ==, Te((D2)12py) = Te(B11Z1204) = =5~

Using the MHTF (4.9) and taking into account Remark this gives the same mean hitting time
7(¢ - V) already obtained. Note also that the trace Tr((DZ);1p) is independent of the chosen density
(4.11), illustrating a general property pointed out in Theorem and extended in Remark

Now consider the initial state x given by

VG

11

1

0
—=lol-

1



In this case one obtains

00 0O
0000 1+ 2ab + 4b* a 1

PKp, = 00 ¢ ol c-4—b2—1+2—b+4—b2 = 7(x—>V)=Tr(PKpy) = 2c.
0 0 0 ¢

As x is not orthogonal to the arrival subspace V', we should compare this result with that one obtained
using Theorem [£.7] Since

s+ab 0 0 0
0 L_ab 0 0 .
Q(I)px = O 2 O 0 0 = Tr(@q)px) = 17 IOX = Qq)va
0 0 0 0

using the density (4.11]), Lemma and Theorem imply

T(X i V) =1+ T(Qq)px d V) =1+ TI'(KHZH[)) - T‘I‘(KHZH@(I),OX) =1+ (

1+6b% 1+ 4ab — 2b2
4h2 4h2 ’

which equals 2¢, in agreement with the previous calculation.

&

5. THE cLASSICAL MHTF REVISITED

To understand that Theorem is a right generalization of the classical MHTF, we must show that
becomes in the classical setting. Nevertheless, this is not the only purpose of this section.
The wide generality of the MHTF obtained in this work will allow us to obtain classical MHTF which
generalize in two senses: either by assuming only the knowledge of the probabilistic distribution for
the initial state, or by enlarging the arrival state to a subset of states.

The first step is to describe classical Markov chains in terms of positive trace preserving maps. Let P =
(pij) be the stochastic matrix of an irreducible finite Markov chain with n states indexed by i = 1,2,...,n.
We can associate with this chain a Hilbert space ¢ = span{|i) : i =1,2,...,n} spanned by an orthonormal
set of vectors indexed by the states of the chain. Then, using the ket-bra operators |i){j|¢ = (j|#)|i) on
J€, we can define a completely positive map ¢ on M,

(5.1) © =3 pijli) (il 17)l,
1/7]
which acts as follows on every matrix (z;;) € My, rewritten as X = 3, ; z5]i)(j],

(5.2) X = Zpijl‘jjpu pi = [i){il.

/L?]
This means that ® acts non-trivially only on the subspace D,, ¢ M,, of diagonal matrices X = >, x;;pi,
ie. ®(M,) c D,. Hence, D, is an invariant subspace for ®, and the action of ® on D,, mimics that of
the Markov chain: z — Px with x = (x;;) the column vector given by the diagonal of X.

The map & is trace preserving because P is stochastic. The irreducibility of P implies the existence
of a unique invariant distribution 7 = (7;) for P with m; > 0 for all 4. Thus, the strictly positive density
>.;mip; is the unique invariant state for ®, which implies the irreducibility of the completely positive map
® [7]. We will assume that the positive map ® defined by is restricted to D,,, so that it is equivalent
to the Markov chain given by P.

Consider an initial state ¢ and an arrival state j. If j # ¢, they are represented by orthogonal states in
the auxiliary Hilbert space 57, hence Theorem applies directly to the mean hitting time 7(i — j), the
arrival subspace being V' = span{|j)}. The corresponding orthogonal projections on .# are P = p; and
Q) = Yizj pi, while the orthogonal projections P= P - P and Q = Q- Q on D,, satisfy P+ Q = I because the
traceless projection R=7-P-Q = P-@Q + Q- P vanishes on the subspace D,, which supports the dynamics.

12



The fundamental map Z = ¥y ; Zu|k){I] - [I){k] acts on D, similarly to (5.2), i.e.
ZX =Y Znzupr = Zpi=y,Zupe = PZp =Zjp;.
k.l k
In consequence, the terms involved in the MHTF (4.9)) for 7(i — j) read as
(5.3)  T(PKPZpy) = Z;; Te(PKp;) = Zi;7(j > ), Te(PKPZp;) = Zyi Te(PK py) = Z3im(j > j)-
Using these equalitites, the MHTF (4.9)) becomes the classical MHTF (1.1]) bearing in mind Kac’s lemma
I8, 15], which states that 7(j - j) = 1/7;.

Suppose now that we only know the probability x; that the initial state is . This defines an initial
formal state given by a probability distribution = = (x;) satisfying z; > 0 and Y; 2; = 1. In terms of the
ingredients for the positive map description of the chain, this initial state is identified with the density
matrix p = ), x;p;. In this situation, considering an arrival state j means that, as previously, P = p;,
Q=Y pi, P+Q=1and PZp; = Zjp;. Then, Theorem and Remarkyield the following expression
for the mean time to reach the state j subject to the initial distribution x,

T7(x = j) =1+ Tr(PKPZp;) Tr(QPp) - Tr(PKPZQ®p).

Here Tr(PKPZp;) is given by (5.3), while ®p = };(Px);p; leads to

T(Qp) = Tr(®p) - Te(PPp) = 1 - (Pa),,

Tr(PKPZQ®p) = Z(Pw)iTr(PKIP)Zpi) = Z Zji(Pz); Tr(PK pj) = ZZji(Pl‘)iT(j - 7).
%] i*] i#]
Combining the above results we find that
(x> j) =1+ Z;; (1= (Px);) 7(j > j) = X Zji(Px)i (j ~ j)
i%j
=1+ Z;57(5 > §) = 2 Zi(Px)im(j = J)-
(2

Therefore, using again Kac’s lemma, we conclude the following result:

Theorem 5.1. Let P = (p;j) be the stochastic matriz of an irreducible finite Markov chain with n states

indexed by i=1,2,...,n, invariant distribution © = (m;) and associated fundamental map Z. Then, given
an initial probability distribution x = (x;), the mean time to reach the state j is given by
Zii—(ZPx);
r(r—>j)=1+2 "2 ( )].
Ty

This may be considered as the classical MHTF for an arbitrary initial probability distribution .

Consider now a subset of states S c {1,2,...,n}. A MHTF for the arrival subset S should express the
mean time 7(i - ) of the first visit to S starting from a state ¢ ¢ S in terms of the mean return times
7(k — S), k € S, and the fundamental matrix (Zy;). Such a MHTF should follow by applying Theorem
with V = span{|k) : k € S} and P = Y ..q pr because [i) is orthogonal to V. The direct application of this
theorem gives

7(i - S) = Te(PKPZp;) - Te(PKPZp;), jes, 1¢S.
Since now PZp; = Y pes Zripr, We obtain
7(i—>8) = > (Zrj~ Zyi) Te(PKpy) = ) (Zij~ Zyi) T(k > S),  jeS, i¢S,
keS keS
which is the classical MHTF for an arrival subset of states .S, summarized below.

Theorem 5.2. For an irreducible finite Markov chain with n states indexed by i = 1,2,...,n, invariant
distribution m = (m;) and fundamental map Z, the mean time to reach a subset of states S c {1,2,...,n}
starting at an initial state © ¢ S is given by
(i > 8) =Y (Zkj - Zi;) 7(k - S), jes, i¢S.
keS

In particular, the sum Yyeg Z1j T(k — S) is independent of the chosen state j € S.
13



Acknowledgments. The first author acknowledges financial support from a CAPES/PROAP grant
(Programa de Apoio a Pés-Graduacao - 2019) to PPGMat/UFRGS. The work of the second author
is part of the I4+D+i project MTM2017-89941-P funded by MCIN/ AEI/10.13039/501100011033/ and
ERDF “Una manera de hacer Europa”, the project UAL18-FQM-B025-A (UAL/CECEU/FEDER) and
the project E48_20R from Diputacién General de Aragén (Spain) and ERDF “Construyendo Europa desde
Aragén”.

[1]

REFERENCES

D. Aldous, J. Fill. Reversible Markov Chains and Random Walks on Graphs. Accessed June 1st 2022:
http://www.stat.berkeley.edu/~aldous/RWG /book.html

S. Attal, F. Petruccione, C. Sabot, I. Sinayskiy. Open Quantum Random Walks. J. Stat. Phys. 147, 832-852 (2012).

E. Bach, S. Coppersmith, M. Goldschen, R. Joynt, J. Watrous. One-dimensional quantum walks with absorbing bound-
aries. J. Comput. Syst. Sci. 69, 562-592 (2004).

R. Bhatia. Positive definite matrices. Princeton University Press (2007).

J. Bourgain, F. A. Griinbaum, L. Veldzquez, J. Wilkening. Quantum recurrence of a subspace and operator-valued Schur
functions, Comm. Math. Phys. 329, 1031-1067 (2014).

P. Brémaud. Markov Chains: Gibbs Fields, Monte Carlo Simulation and Queues. Texts in Applied Mathematics 31.
Springer, 1999.

R. Carbone, Y. Pautrat. Homogeneous open quantum random walks on a lattice. J. Stat. Phys. 160, 1125-1153 (2015).
R. Durrett. Probability: theory and examples, 4th ed., Cambridge University Press (2010).

D. E. Evans, R. Hgegh-Krohn. Spectral properties of positive maps on C~-algebras. J. London Math. Soc. (2), 17,
345-355 (1978).

F. A. Griinbaum, C. F. Lardizabal, L. Veldzquez. Quantum Markov Chains: Recurrence, Schur Functions and Splitting
Rules. Ann. Henri Poincaré 21, 189-239 (2020).

F. A. Grinbaum, L. Veldzquez. A generalization of Schur functions: applications to Nevanlinna functions, orthogonal
polynomials, random walks and unitary and open quantum walks. Adv. Math. 326, 352-464 (2018).

F. A. Griinbaum, L. Veldzquez, A. H. Werner, R. F. Werner. Recurrence for Discrete Time Unitary Evolutions. Comm.
Math. Phys. 320, 543-569 (2013).

S. Gudder. Quantum Markov chains. J. Math. Phys. 49, 072105 (2008).

R. A. Horn, C. R. Johnson. Topics in matrix analysis. Cambridge University Press (1991).

M. Kac. On the notion of recurrence in discrete stochastic processes. Bull. AMS. 53, 1002-1010 (1947).

H. Krovi, T. A. Brun. Quantum walks with infinite hitting times. Phys. Rev. A 74, 042334 (2006).

C. F. Lardizabal. Open quantum random walks and the mean hitting time formula. Quant Inf Comp. Vol. 17, No. 1&2,
79-105 (2017).

C. F. Lardizabal. Mean hitting times of quantum Markov chains in terms of generalized inverses. Quantum Inf Process
18, 257 (2019).

L. Pawela, P. Gawron, J. A. Miszczak, P. Sadowski. Generalized Open Quantum Walks on Apollonian Networks. PLoS
ONE 10(7):e0130967 (2015). doi:10.1371/journal pone.0130967.

P. Sinkovicz, Z. Kurucz, T. Kiss, J. K. Asbéth. Quantized recurrence in unital iterated quantum dynamics. Phys. Rev.
A 91, 042108 (2015).

14


http://www.stat.berkeley.edu/~aldous/RWG/book.html

	1. Introduction
	2. The fundamental map
	3. Probabilistic notions for positive maps
	4. MHTF for positive maps
	5. The classical MHTF revisited
	References

