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1. Introduction

This article is aimed at showing a characterization of those
artial orderings ≾, defined on a nonempty set X , that admit
two-agent Pareto representation. This means that the corre-

ponding poset (X,≾) can be embedded into the Euclidean plane
quipped with usual (strong) Pareto dominance relation. This rep-
esentation is a particular case of what nowadays is called a
ulti-utility representation of a binary relation based, at most,
pon two utilities (also known as a bi-utility representation). A
ulti-utility representation turns out to be a generalization of

he classical (single-)utility representation whenever the binary
elation at hand is incomplete. The natural interpretation under-
ying such a kind of representation has to do with the way that an
gent may use in order to evaluate distinct options or attributes.
elevant contributions to this topic in decision theory, some of
hem involving also continuity assumptions, are those by Bosi
nd Herden (2012), Evren and Ok (2011), Ok (2002) and, more
ecently, Hack et al. (2022, 2023). To the best of our knowledge a
haracterization of the existence of such a representation remains
n open problem in the general case.1
For the particular case of two utilities, a characterization of

he existence of a two-agent Pareto representation was shown in
andeal (2022) whenever the ground set X is countable (finite
r denumerable). Here, we extend this characterization by cover-
ng an arbitrary, not necessarily countable, partially ordered set

∗ Correspondence to: Departamento de Análisis Económico. Facultad de
conomía y Empresa. Universidad de Zaragoza., Gran Vía, 2. 50005
Zaragoza, Spain.

E-mail address: candeal@unizar.es.
1 It is a remarkable fact that representations of this type for ordered

tructures, other than partial orders, has also been studied in the literature. For
nstance, bi-utility representations for interval orders and semiorders in Rébillé
2023).
https://doi.org/10.1016/j.jmp.2023.102806
0022-2496/© 2023 The Author(s). Published by Elsevier Inc. This is an open access a
nc-nd/4.0/).
(X,≾). The result relies on two axioms. The first one entails the
existence, for any point x ∈ X , of a very particular decomposition
of the points which are incomparable to x. This decomposition
satisfies certain duality conditions and leads to the key concept
of a two-agent Pareto ordering. The second one, as is very of-
ten encountered in utility theory, encodes a suitable separability
condition.

Our approach also allows us to offer some new insights related
to posets with dimension at most 2. This important concept was
defined in the foundational paper of Dushnik and Miller (1941).
They proved that any partial order defined on an arbitrary set X
is the intersection of all the total orders extending it. Many years
later, Donaldson and Weymark (1998) provided a similar result
for the case of quasi-orders. Then, Sprumont (2001) studied the
same problem but now considering the number of total orders
on X to be fixed. Sprumont (2001) focused on the two-agent
case studying what he called the regular case. Other interesting
papers, all of them concerning the finite case, which make use
of certain graph-theoretical and combinatorial deep results are
those by Baker et al. (1972), Kelly (1977), Trotter (1992), Trotter
and Moore (1976) and, more recently, in the context of economics
Qi (2015, 2016). In the latter reference a motivating presenta-
tion of the Pareto problem, viewed as an inverse social decision
problem, is described.

The article is organized as follows. Section 2 presents basic
definitions and notations. Section 3 includes the main contribu-
tions of the paper. Firstly, we introduce the concept of a two-
agent Pareto ordering. Then, a key technical result is stated;
namely, Lemma 1. Roughly speaking, it tells that a two-agent
Pareto ordering ≾ has associated two total orders the intersection
of which is ≾. The first part of this lemma, concerning the exis-
tence of such total orders, was already used in Candeal (2022)
whenever the ground set X is countable. Here, we provide a
rticle under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-
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eneralization of the latter result by showing that it also works
or an arbitrary poset.

Secondly, and taking advantage of the conclusion of Lemma 1,
he main result of the paper (Theorem 1) is presented; to wit,
neat characterization of those partial orders admitting a two-
gent Pareto representation. Concretely, it is shown that a partial
rder is two-agent Pareto representable if and only if it is a
eparable two-agent Pareto ordering. Also, a second remarkable
esult (Theorem 2) is stated: if the cardinality of X is, at most,
, then a two-agent Pareto representation always exists whereas
his need not be the case otherwise.

Thirdly, we discuss to some extent how the results obtained
re related to the concept of the dimension of a poset. Actually, it
s noted that a poset (X,≾) has, at most, dimension 2 if and only if
≾ is a two-agent Pareto ordering. This, in particular, applies to the
finite case providing a characterization of the, so-called, bi-linear
rders as defined in Fishburn (1997). Section 3 ends by presenting
ertain examples that enlighten the scope of our tools, especially,
n the finite case.

The main conclusions of the article along with a brief dis-
ussion about certain lines for future research are shown in
ection 4.

. Preliminaries

Let X be a nonempty set. The symbol |X | will be used to denote
ts cardinality. A binary relation R on X is a nonempty subset of

× X , and we will write x R y instead of (x, y) ∈R. A binary
relation R on X is reflexive if x R x for any x ∈ X , complete if
either x R y or y R x or both for any x, y ∈ X , antisymmetric if
x R y and y R x imply that x, y are identical for any x, y ∈ X ,
and transitive if x R y and y R z imply x R z for any x, y, z ∈ X .
If R is both reflexive and transitive, we will call it a quasi-order
(or a preorder). An antisymmetric quasi-order is a partial order.
(That is, a partial order is a reflexive, transitive and antisymmetric
binary relation.) A complete quasi-order is also called a preference
(or a total preorder). A complete partial order is a total order. An
ordered pair (X, R) is called a partially ordered set, or simply, a
poset, if R is a partial order on X . Throughout the paper, a typical
partial order will be denoted by ≾. In addition, ≺ will stand for
the strict part of ≾; i.e., x ≺ y if and only if x ≾ y and ¬(y ≾ x),
for any x, y ∈ X . Two ordered pairs (X, R1) and (Z, R2) are said
to be order-isomorphic or, simply, X and Z are order-isomorphic,
provided that there is a one-to-one and onto map f : X −→ Z
such that x R1 y if and only if f (x) R2 f (y), for any x, y ∈ X .

Let there be given an ordered pair (X, R) and any two elements
x, y ∈ X . We say that x and y are comparable in R, or simply,
comparable, if either x R y or y R x or both. Accordingly, we
say x and y are incomparable in R, or simply, incomparable, if x
and y are not comparable in R. We will write x ▷◁ y if x and
y are incomparable in R. Let x ∈ X . Then, as usual, the lower
contour set and the upper contour set of x will be denoted by
LR(x) and GR(x), respectively. That is, LR(x) := {y ∈ X : y R x}
and GR(x) := {y ∈ X : x R y}. In addition, we will use the
notation NR(x) for the elements of X that are incomparable to x;
i.e., NR(x) := {y ∈ X : x ▷◁ y}.

The usual partial order on the 2-dimensional Euclidean space
R2 will be denoted by ≤; i.e., a = (aj) ≤ b = (bj) if and only if
aj ≤ bj, j ∈ {1, 2}, for any (aj), (bj) ∈ R2. On R2 we will consider
the following two total orders denoted by ≤lex1 and ≤lex2 : for any
(x, y), (u, v) ∈ R2, (x, y) ≤lex1 (u, v) ⇐⇒ x < u, or (x = u∧y ≤ v),
and (x, y) ≤lex2 (u, v) ⇐⇒ y < v, or (y = v ∧ x ≤ u). Note that
≤lex1 is the usual lexicographic order on R2 whereas for ≤lex2 the
role of the coordinates is reversed.
2

3. Main results

The major goal of this section is to offer a characterization of
those posets (X,≾) that admit a two-agent Pareto representation
in the general case; that is, without imposing any cardinality
constraint on the ground set X . Roughly speaking, this means that
the poset can be embedded into the plane with the usual partial
order ≤. Our approach will also allow us to discuss in some detail
the finite case; in particular, its connection with the fundamental
concept of the dimension of a poset as introduced in the seminal
paper by Dushnik and Miller (1941). We begin by stating the
definition of a two-agent Pareto representable binary relation.

Definition 1. A binary relation R defined on X is two-agent Pareto
representable whenever there is a function u : X → R2 so that x R
y ⇔ u(x) ≤ u(y), for any x, y ∈ X . In this case, u = (uj)j=1,2, where
uj : X → R denotes the corresponding component function of u,
is said to be a two-agent Pareto representation of R.

Remark 1. It should be noted that if a binary relation R is two-
agent Pareto representable, then it is a quasi-order. Moreover, if,
in addition, it is antisymmetric, then X is order-isomorphic to a
subset of R2 endowed with its usual partial order ≤ and so R is,
in fact, a partial order on X .

Now, a key definition is introduced. This definition abstracts
certain properties of the usual partial order of R2 to the context
of an arbitrary poset. As usual 2X denotes the power set of X .
Recall that N≾(x) denotes the set of objects incomparable to x.

Definition 2. A partial order ≾ on X is said to be a two-
agent Pareto ordering whenever there is a family of subsets
(N1

≾(x),N
2
≾(x))x∈X ⊂ 2X

×2X so that, for any x, y ∈ X , the following
conditions are met:
(i) N≾(x) partitions into two (possibly empty) subsets N1

≾(x) and
N2

≾(x),
(ii) x ∈ N1

≾(y) ⇐⇒ y ∈ N2
≾(x),

(iii) y ∈ N1
≾(x) H⇒ N1

≾(y) ⊆ N1
≾(x).

Remark 2. (α1) It is straightforward to see that conditions (ii) and
(iii) of the previous definition entail y ∈ N2

≾(x) H⇒ N2
≾(y) ⊆ N2

≾(x),
for any x, y ∈ X .
(α2) Note also that conditions (ii) and (iii) of Definition 2 are also
satisfied by the family of subsets (L≾(x),G≾(x))x∈X ⊂ 2X

× 2X .
However, condition (i) does not hold for this family because
L≾(x) ∩ G≾(x) = {x}, for any x ∈ X .
(α3) Definition 2 claims the existence, for any x ∈ X , of a very
particular decomposition of the set of objects incomparable to x,
N≾(x), into two subsets satisfying certain duality conditions. Let
us see two examples.

Firstly, let ≤ be the usual partial order on R2. Clearly, ≤ is
a two-agent Pareto ordering by considering the following family
of subsets: for any (x, y) ∈ R2, let N1

≤
(x, y) = {(u, v) ∈ R2

:

u < x, v > y}, and N2
≤
(x, y) = {(u, v) ∈ R2

: u > x, v < y}.
Note that N≤(x, y) partitions into N1

≾(x, y) and N2
≾(x, y), and also

that conditions (ii) and (iii) of Definition 2 are straightforwardly
satisfied.

Secondly, consider the three-point set X = {a, b, c} equipped
with the following partial order: a ≾ b, c ≾ b, and the corre-
sponding self relation of any point to meet reflexivity. Note that
N≾(a) = {c}, N≾(b) = ∅ and N≾(c) = {a}. Then, and as can
be easily checked, a family that meets conditions (i) to (iii) of
Definition 2 is the following:
(β1) N1

≾(a) = {c} and N2
≾(a) = ∅,

(β ) N1(b) = N2(b) = ∅,
2 ≾ ≾



J.C. Candeal Journal of Mathematical Psychology 116 (2023) 102806

(

f

β3) N1
≾(c) = ∅ and N2

≾(c) = {a}.
Thus, ≾ is a two-agent Pareto ordering on {a, b, c}. For other

examples, see Remark 5 below.

The next lemma provides an important fact about a two-agent
Pareto ordering ≾ defined on a set X . It states that, associated
with ≾, there are two total orders which are closely related to
≾. The existence of such total orders was already observed in
Candeal (2022) whenever the ground set X was countable (finite
or denumerable). Here, we provide a generalization of that result
by proving that it also works for an arbitrary poset (X,≾). In
addition, we show that ≾ is exactly the intersection of those total
orders.

Lemma 1. Let ≾ be a two-agent Pareto ordering on X. Consider the
following binary relations on X. For any x, y ∈ X:
(1) x ≾1 y ⇐⇒ x ∈ L≾(y) ∪ N1

≾(y),
(2) x ≾2 y ⇐⇒ x ∈ L≾(y) ∪ N2

≾(y).
Then, ≾1 and ≾2, so-defined, are total orders on X. Moreover,

≾=≾1
⋂

≾2.

Proof. We will show only that ≾1 is a total order the argument
for ≾2 being completely similar.

(α1) ≾1 is transitive: Indeed, let there be given pairwise dif-
ferent elements x, y, z ∈ X such that x ≾1 y and y ≾1 z. Four
cases may occur. First, x ∈ L≾(y) and y ∈ L≾(z). In this case, by
transitivity of ≾, it follows that x ∈ L≾(z) and so x ≾1 z. Second,
x ∈ L≾(y) and y ∈ N1

≾(z). If x /∈ L≾(z)∪N1
≾(z), then either x ∈ G≾(z)

or x ∈ N2
≾(z). The case x ∈ G≾(z) leads to the contradiction z ≾ y

because z ≾ x and x ≾ y. If x ∈ N2
≾(z), then, by condition (ii),

z ∈ N1
≾(x) hence, by (iii), N1

≾(z) ⊆ N1
≾(x). Now, because y ∈ N1

≾(z),
it follows that y ∈ N1

≾(x) which contradicts the fact that y ∈ G≾(x).
Thus, x ∈ L≾(z) ∪ N1

≾(z) and, therefore, x ≾1 z. Third, x ∈ N1
≾(y)

and y ∈ L≾(z). It is entirely similar to the previous case. Fourth,
x ∈ N1

≾(y) and y ∈ N1
≾(z). In this situation, it holds x ∈ N1

≾(z)
because y ∈ N1

≾(z) entails, by condition (iii), N1
≾(y) ⊆ N1

≾(z) and,
by hypothesis, x ∈ N1(y). Therefore, x ≾1 z and we are done.

(α2) ≾1 is antisymmetric: Assume x ≾1 y and y ≾1 x, for
some x, y ∈ X . If x ∈ L≾(y) and y ∈ L≾(x), then, because ≾ is
antisymmetric, it holds that x = y. The possibility x ∈ N1

≾(y)
and y ∈ L≾(x) leads to a contradiction because this would entail
x ∈ N1

≾(y) ∩ G≾(y), and the latter subset is empty. Similarly, for
the situation x ∈ L≾(y) and y ∈ N1

≾(x). Finally, the case x ∈ N1
≾(y)

and y ∈ N1
≾(x) is not possible because, by condition (iii), it would

imply x ∈ N1
≾(x), which is a contradiction.

(α3) ≾1 is complete: Let x, y ∈ X . If ¬(x ≾1 y), then either
x ∈ G≾(y) or x ∈ N2

≾(y). The first possibility amounts to y ∈ L≾(x).
The second one entails, by condition (ii), y ∈ N1

≾(x). Thus, in either
of the two cases it holds y ≾1 x.

Finally, and in order to show that ≾=≾1
⋂

≾2, note that,
obviously, x ≾ y implies x ≾1 y and x ≾2 y, for any x, y ∈ X . Thus,
≾⊆≾1

⋂
≾2. Conversely, assume there are x, y ∈ X such that

x ≾1 y and x ≾2 y. Then, by definition, it holds x ∈ L≾(y) ∪ N1
≾(y)

and x ∈ L≾(y) ∪ N2
≾(y). Now, because L≾(y),N1

≾(y) and N2
≾(y)

are pairwise disjoint, it follows that x ∈ L≾(y); that is, x ≾ y.
Thus, ≾1

⋂
≾2⊆≾ and, therefore, ≾=≾1

⋂
≾2 which ends the

proof. □

Remark 3. (i) It is crystal clear that if ≾ is a total order on X , then
N≾(x) = ∅, for any x ∈ X , and so ≾ is, trivially, a two-agent Pareto
ordering. Obviously, in this case, ≾=≾1=≾2.
(ii) The nature of the two total orders ≾1 and ≾2 is an interesting
question to study. For instance, if X = R2 and ≾=≤ is the usual
partial order on R2, then ≾1 and ≾2 are the lexicographic total⋂

orders ≤lex1 and ≤lex2 , respectively. Thus, ≤=≤lex1 ≤lex2 .

3

Now, a characterization of those partial orders that are two-
agent Pareto representable is presented. To that end, the two
total orders ≾1 and ≾2 provided in Lemma 1, associated with
a partial order ≾ on X , will play an important role. Note that,
if both total orders ≾1 and ≾2 admit a utility function, say u1
and u2, respectively, then the pair (u1, u2) is a two-agent Pareto
representation of ≾. In particular, this happens whenever the
ground set X is countable because it is well-known that any total
order on a countable set is representable by a utility function
(see, e.g., Bridges & Mehta, 1995). Nevertheless, in general, this
is not the case. Indeed, for the usual partial order ≤ on the plane
none of the two total orders ≾1 and ≾2 admit a utility function
despite ≤ is, obviously, two-agent Pareto representable. This is
because, as noted in Remark 3(ii), ≾1=≤lex1 and ≾2=≤lex2 , and
neither ≤lex1 nor ≤lex2 admit a utility function. Then, and as is
usual in classical utility theory, a suitable separability condition
will help us to overcome this drawback.

Definition 3. A two-agent Pareto ordering ≾ on X is said to
be separable2 provided that there is a coinitial3 countable subset
D ⊆ X in such a way that, for any x, y ∈ X , the following condition
holds true:

x ≺1 y or x ≺2 y H⇒ ∃ d, d′
∈ D ; x ≾1 d ≺1 d′ ≾1 y

or x ≾2 d ≺2 d′ ≾2 y

We now present the main result of the paper.

Theorem 1. A partial order ≾ defined on X is two-agent Pareto
representable if and only if it is a separable two-agent Pareto order-
ing. Moreover, if (u1, u2) is a two-agent Pareto representation of ≾,
then (φ1◦u1, φ2◦u2) is convenient with φ1 and φ2 strictly increasing
on u1(X) and u2(X), respectively.

Proof. Suppose first that u : X → R2, u = (u1, u2), is a two-
agent Pareto representation of ≾. Then, for each x ∈ X , define the
subsets N1

≾(x) := {y ∈ X : (u1(y) < u1(x)) ∧ (u2(x) < u2(y))} and
N2

≾(x) := {y ∈ X : (u1(x) < u1(y)) ∧ (u2(y) < u2(x))}.
It is straightforward to see that the family of subsets (N1

≾(x),
N2

≾(x))x∈X , so-defined, satisfies conditions (i) to (iii) of Definition 2.
So, ≾ is a two-agent Pareto ordering. In order to see that it
is also separable, note that X is order-isomorphic to u(X) =:

{(u1(x), u2(x)) : x ∈ X} ⊆ R2, endowed with the usual partial
order ≤. In addition, ≾1 (respectively, ≾2) on X amounts to ≤lex1
(respectively, ≤lex2 ) on u(X). Note that ≤=≤lex1

⋂
≤lex2 and,

because ≤lex1
⋂

≤lex2 satisfies the separability condition on u(X),
so does ≾ on X .

For the converse, consider the partial order ≾ restricted to the
countable set D, denoted by ≾ |D. Obviously, ≾ |D satisfies con-
ditions (i) to (iii) of Definition 2. Thus, as noted in the paragraph
just before Theorem 1, ≾ |D is two-agent Pareto representable.
Let v = (v1, v2) be a two-agent Pareto representation of ≾ |D.
We may assume, without loss of generality, that v1 and v2 are
bounded. Note, in addition, that, for any distinct d1, d2 ∈ D such
that d1 ≾ d2, it holds v1(d1) < v1(d2) and v2(d1) < v2(d2).

Now, define u : X → R2 in the following way: for any x ∈ X
u1(x) = supd≾1x,d∈D v1(d), and u2(x) = supd≾2x,d∈D v2(d).

Let us see that u = (u1, u2) is a two-agent Pareto represen-
tation of ≾ on X . First of all, note that u1, u2 are well-defined
because D bounds by below X and v1, v2 are bounded. Let x, y ∈ X

2 The separability condition as is was provided by an anonymous referee who
ound a shortcoming in its original formulation.
3 A subset Y of a partially ordered set (X,≾) is said to be coinitial in X or,

simply, coinitial, if Y bounds by below X; i.e., for every x ∈ X there is y ∈ Y
such that y ≾ x. In a similar way the concept of a cofinal set is defined.
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uch that x ≾ y. Then, x ≾1 y and, obviously, by definition it
olds that u1(x) ≤ u1(y). A similar argument applies to see that

u2(x) ≤ u2(y). Suppose, now, that u1(x) ≤ u1(y) and u2(x) ≤ u2(y)
old true for some x, y ∈ X . Let us see that x ≾1 y and x ≾2 y,
ence it will follow that x ≾ y because, by Lemma 1, ≾=≾1

⋂
≾2.

ssume, otherwise, that y ≺1 x. Then, by definition of u1, there
re no d, d′

∈ D such that y ≾1 d ≺1 d′ ≾1 x because, otherwise,
t would follow that u1(y) ≤ u1(d) = v1(d) < v1(d′) = u1(d′) ≤

1(x), which contradicts the fact that u1(x) ≤ u1(y). Note that,
fortiori, it would have u1(y) = u1(x). Now, by the separability
ondition, there would exist d, d′

∈ D so that y ≾2 d ≺2 d′ ≾2 x.
But this possibility entails u2(y) < u2(x), which contradicts the
fact that u2(x) ≤ u2(y). Therefore, x ≾1 y. Exchanging the roles
of ≾1 and ≾2 in the latter argument, and using the separability
condition again, we get at x ≾2 y.

Finally, the last sentence in the statement of Theorem 1, in-
volving the uniqueness argument, can be easily proved. Thus, the
proof is ended. □

Remark 4. (i) If X is countable, then the statement of Theorem 1
simplifies because the separability condition is taken for granted.
If, in addition, X is finite, then a sharper information can be
provided as will be elaborated in Theorem 2 and Remark 5 below.
However, the separability condition cannot dispensed with in the
statement of Theorem 1 as the next example shows. Let there be
given X = R2 and ≾=≤lex1 , the usual lexicographic order. Note
that ≤lex1 is a two-agent Pareto ordering because it is a total order
(see Remark 3(i)). Now, it is not two-agent Pareto representable
because for a total order the two-agent Pareto representation
amounts to the usual utility representation. Of course, it is not
separable either.
(ii) If ≾ is a total order on X , then the separability condition agrees
with the usual order-separable condition due to Jaffray (see Jaffray
(1975), and Debreu (1954, 1964) or Bridges and Mehta (1995) for
other equivalent order separability conditions). Thus, Theorem 1
extends the classical Debreu’s result about the characterization
of the existence of a utility function for total orders. In addition,
note that, for the usual partial order ≤ on R2, a countable subset
D that provides the separability condition given in Definition 3 is
Q2.
(iii) The fact of D being a coinitial set in X can be replaced with
that of being a cofinal set. To see this, it suffices to change the
definitions of the functions that appear in the proof of Theorem 1
by the following ones: for any x ∈ X
u1(x) = infx≾1d,d∈D v1(d), and
u2(x) = infx≾2d,d∈D v2(d).

The next corollary presents a straightforward consequence of
Theorem 1. Recall that if X is endowed with a quasi-order ≾, then
X/ ∼ denotes the quotient set under the equivalence relation ∼

given by: x ∼ y if and only if (x ≾ y)∧ (y ≾ x). It should be noted
that X/ ∼ is a partially ordered set under the relation, denoted
by ≾q, given by: [x] ≾q

[y] if and only if x ≾ y. Here, [x] stands for
the equivalence class of x; i.e., [x] := {y ∈ X : y ∼ x}.

Corollary 1. A quasi-order ≾ defined on a nonempty set X is
two-agent Pareto representable if and only if ≾q is two-agent Pareto
representable on X/ ∼.

As already mentioned in Remark 4(i), the case X finite deserves
a special consideration. In this context, the existence of a two-
agent Pareto representation is linked with the dimension of a
partially ordered set. The term dimension of a poset (X,≾), which
will be denoted by dim(X,≾), refers to the minimum number
of total orders on X needed to express ≾ as the intersection of
such total orders. This is a very interesting, and widely studied,
4

problem in the literature which arises from the seminal paper by
Dushnik and Miller (1941).

In relation with the results presented in the current article, we
may conclude that a two-agent Pareto ordering ≾ has, at most,
dimension 2. Even further, a partial order ≾, which is not a total
order, has dimension 2 if and only if it is a two-agent Pareto
ordering. In fact, and according to Lemma 1, we have been able
to identify two total orders the intersection of which gives rise to
≾.4 In addition, and as established in Theorem 1, note that, when
X is countable, a partial order is two-agent Pareto representable if
and only if it is a two-agent Pareto ordering. This brief discussion
is summarized in the corollary that follows.

Corollary 2. For a poset (X,≾) the following statements are
equivalent:
(i) ≾ is a two-agent Pareto ordering,
(ii) dim(X,≾) ≤ 2.

Moreover, if X is countable, then we can add another equivalent
statement:
(iii) ≾ is two-agent Pareto representable.

According to Corollary 2, when X is finite or denumerable, the
conditions given in Definition 2 turn out to be the nub of the
matter to ensure the existence of a two-agent Pareto represen-
tation. These conditions suggest a kind of routine, or procedure,
to determine when a partial order admits such a representation
and, if feasible, how to obtain it (see Remark 5 below). Before, a
somewhat surprising result is shown. Recall that |X | denotes the
cardinality of X .

Theorem 2. Assume |X | ≤ 5. Then, any partial order ≾ on X is
two-agent Pareto representable. However, the result fails if |X | > 5.

Proof. Instead of providing a direct proof of this fact, which is
tedious and lengthy, we will use a deep result due to Hiraguchi
(1951).5 Let ≾ be a partial order on a finite set X . Then, Hiraguchi’s
inequality states that dim(X,≾) ≤ |X |/2, whenever |X | ≥ 4. Thus,
according to Hiraguchi’s inequality, if X is endowed with a partial
order and |X | ≤ 5, then dim(X,≾) ≤ 2; hence it can be embedded
into R2 with the usual partial order or, equivalently, it is two-
agent Pareto representable. Nevertheless, if |X | = 6, then there is
a partial order ≾ on X such that dim(X,≾) = 3; that is, it can be
embedded into R3 but not into R2. Such a partial order is given in
Sprumont (2001, Example 1 on page 438).6 Let X = {x1, . . . , x6}
and the partial order on X given by: x1 ≾ x1, . . . , x6 ≾ x6, x1 ≾
x4, x1 ≾ x5, x2 ≾ x5, x2 ≾ x6, x3 ≾ x4, and x3 ≾ x6.

Let us prove that ≾ is not two-agent Pareto representable
because it fails to be a two-agent Pareto ordering. Indeed, suppose
that, for each xi ∈ X , there is a partition, {N1

≾(xi),N
2
≾(xi)}, of

N≾(xi) so that conditions (ii) and (iii) of Definition 2 are met. We
begin by arguing with the distinct possibilities that may occur
for the subset N2

≾(x1), being the argument for the subset N1
≾(x1)

completely analogous. To that end, we distinguish among the
following cases:
(α1) N2

≾(x1) is a singleton. Assume N2
≾(x1) = {x2}. This situation

is impossible because if it were the case, then N1
≾(x1) = {x3, x6}.

Moreover, by condition (ii), x1 ∈ N1
≾(x2). But then, by condition

(iii), we would have N1
≾(x1) ⊆ N1

≾(x2); hence x6 ∈ N1
≾(x2) which

4 According to Fishburn (1997) a partial order on a finite set with dimen-
ion, at most, 2 is said to be a bi-linear order. Thus, we have obtained a
haracterization of bi-linear orders for arbitrary, not necessarily finite, posets.
5 Alternative proofs of Hiraguchi’s theorem were given by Bogart (1973) and
rotter (1975).
6 This example had appeared earlier in the literature. For instance, in Fishburn

1997, fig.2a on page 359) its corresponding Hasse diagram is shown.
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ontradicts the fact that x2 ≾ x6. The cases N2
≾(x1) = {x3} or {x6}

are discussed in a similar way leading also to a contradiction.
(α2) N2

≾(x1) is a two-point set. Assume N2
≾(x1) = {x2, x3}. If this is

the case, then N1
≾(x1) = {x6}. Then, by condition (i), x1 ∈ N2

≾(x6)
and, because by condition (iii) N2

≾(x1) ⊆ N2
≾(x6), it follows that

N2
≾(x6) = {x1, x4, x5} and N1

≾(x6) = ∅. But then N2
≾(x1) = {x2, x3} ⊈

{x1, x4, x5} = N2
≾(x6), which contradicts condition (iii). The cases

N2
≾(x1) = {x2, x6} and N2

≾(x1) = {x3, x6} are treated similarly
leading also to a contradiction.
(α3) N2

≾(x1) is a three-point set. The only possibility now is
N2

≾(x1) = {x2, x3, x6}, and so N1
≾(x1) = ∅. In this situation,

necessarily, it occurs that either N2
≾(x2) = {x3} or ∅. Thus, in any

case, x4 ∈ N1
≾(x2). Note, also, that, by condition (iii), N2

≾(x3) = {x2}
or ∅. Now, if x3 ∈ N1

≾(x2), then N2
≾(x3) = {x2}, hence N1

≾(x3) =

{x1, x5}, and so x3 ∈ N2
≾(x5). But this is impossible because

N2
≾(x3) = {x2} /∈ N2

≾(x5). Therefore, N
1
≾(x2) = {x1, x4} and N2

≾(x2) =

{x3}. But this leads to a contradiction again because, in that case,
it would happen that N2

≾(x3) = ∅, hence N1
≾(x3) = {x1, x2, x5},

which violates the fact that x4 ∈ N1
≾(x2) and x4 /∈ N1

≾(x3). Thus,
the proof is complete. □

As a straightforward consequence of the previous theorem the
following result is reached.

Corollary 3. Let ≾ be a quasi-order on X such that |X/ ∼ | ≤ 5.
Then, ≾ is two-agent Pareto representable.

Remark 5. (i) The non two-agent Pareto representable partial
order shown in the last part of the proof of Theorem 2 has the
following representation in R3: v(x1) = (1, 0, 0), v(x2) = (0, 0, 1),
v(x3) = (0, 1, 0), v(x4) = (1, 1, 0), v(x5) = (1, 0, 1) and v(x6) =

(0, 1, 1).
(ii) We now illustrate how the approach based on the con-

ditions of Definition 2 can be used to generate two-agent Pareto
representable orderings. In addition, this procedure will enable us
to obtain a two-agent Pareto representation by simply evaluating
the cardinality of the lower contour sets of the total orders ≾1 and
≾2, respectively. To offer an example, suppose X = {a, b, c, d}.
Let us begin with an arbitrary selection; to wit, L≾(a) = {a},
G≾(a) = {a, c} and N≾(a) = {b, d}. Choose, N1

≾(a) = {b} and
N2

≾(a) = {d}.
Then, by applying the conditions of Definition 2, we obtain:

(α1) a ∈ N2
≾(b) and a ∈ N1

≾(d),
(α2) N1

≾(b) ⊆ N1
≾(a) and N2

≾(d) ⊆ N2
≾(a).

Thus, the corresponding conclusions are:
(β1) N1

≾(b) = ∅ and d ∈ N2
≾(b),

(β2) b ∈ N1
≾(d) and N2

≾(d) = ∅.
Note, in addition, that d /∈ N1

≾(c) and b /∈ N2
≾(c).

Assume now that c ∈ G≾(b) and c ▷◁ d.7 Then, necessarily, it
holds that:
(γ1) b ∈ L≾(c) and N1

≾(c) = ∅,
(γ2) N2

≾(c) = {d} and c ∈ N1
≾(d).

Thus, the process has been completed with the following
family of subsets:
(1) L≾(a) = {a}, G≾(a) = {a, c}, N1

≾(a) = {b} and N2
≾(a) = {d},

(2) L≾(b) = {b}, G≾(b) = {b, c}, N1
≾(b) = ∅ and N2

≾(b) = {a, d},
(3) L≾(c) = {a, b, c}, G≾(c) = {c}, N1

≾(c) = ∅ and N2
≾(c) = {d},

(4) L≾(d) = {d}, G≾(d) = {d}, N1
≾(d) = {a, b, c} and N2

≾(d) = ∅.
Note that, by simply imposing the initial conditions L≾(a) =

{a}, G≾(a) = {a, c}, N1
≾(a) = {b} and N2

≾(a) = {d}, together
with c ∈ G≾(b) and c ▷◁ d, all other subsets of the family
are completely determined by the conditions of Definition 2 and

7 These two conditions were omitted in Remark 3(2) of Candeal (2022).
5

Remark 2(b). The previous family of subsets gives rise to the
following relation ≾: a, b ≾ c; a, b, c ▷◁ d and a ▷◁ b, together
with the corresponding self relation for any point in order to meet
reflexivity. Clearly, it is a partial order on X . The total orders ≾1
and ≾2, associated with ≾, are:
(1) b ≾1 a ≾1 c ≾1 d,
(2) d ≾2 a ≾2 b ≾2 c.

Therefore, by calculating the cardinality of the lower con-
tour sets, associated with ≾1 and ≾2, respectively, the following
representation is obtained:

For the first component function v1 of the two-agent Pareto
representation we have v1(a) = |L≾1 (a)| = 2, v1(b) = |L≾1 (b)| =

1, v1(c) = |L≾1 (c)| = 3 and v1(d) = |L≾1 (d)| = 4.
Similarly, for the second component function v2 we obtain

v2(a) = |L≾2 (a)| = 2, v2(b) = |L≾2 (b)| = 3, v2(c) = |L≾2 (c)| = 4
and v2(d) = |L≾2 (d)| = 1.

Thus, by attaching v1 and v2 in a single vector-valued function
v and letting v(a) = (2, 2), v(b) = (1, 3), v(c) = (3, 4) and
(d) = (4, 1) a two-agent Pareto representation of ≾ is reached.
(iii) As stated in Theorem 1, a two-agent Pareto representation

f a partial order, if feasible, need not be unique. The procedure
escribed just above, enables us to obtain another representation
y choosing an initial distinct partition of N≾(a). Let now N1

≾(a) =

b, d} and N2
≾(a) = ∅. Consider the following family of subsets of

:
1) L≾(a) = {a}, G≾(a) = {a, c}, N1

≾(a) = {b, d} and N2
≾(a) = ∅,

2) L≾(b) = {b}, G≾(b) = {b, c}, N1
≾(b) = {d} and N2

≾(b) = {a},
3) L≾(c) = {a, b, c}, G≾(c) = {c}, N1

≾(c) = {d} and N2
≾(c) = ∅,

4) L≾(d) = {d}, G≾(d) = {d}, N1
≾(d) = ∅ and N2

≾(d) = {a, b, c}.
Then, it is easy to check that the family of pairs (N1

≾(x),
N2

≾(x))x∈{a,b,c,d} satisfies conditions (i) to (iii) of Definition 2. The
partial order induced is the same as that of Remark 5(ii). Now,
the total orders ≾1 and ≾2, associated with ≾, are:
(1) d ≾1 b ≾1 a ≾1 c ,
(2) a ≾2 b ≾2 c ≾2 d.

Thus, the two-agent Pareto representation, derived from ≾1
and ≾2, is now: v′(a) = (3, 1), v′(b) = (2, 2), v′(c) = (4, 3)
and v′(d) = (1, 4). Note that, when comparing the two repre-
sentations of the same partial order ≾ obtained, v and v′, there
are no strictly increasing real-valued functions φ1, φ2 such that
(v′

1, v
′

2) = (φ1 ◦ v1, φ2 ◦ v2).
(iv) Another example of a six-point poset which is not two-

agent Pareto representable is the so-called chevron (see, e.g., Fish-
burn and Trotter (1999)). It is described in the following way:
Let X = {x1, . . . , x6} and the partial order on X given by: x1 ≾
x1, . . . , x6 ≾ x6, x1 ≾ x2, x2 ≾ x3, x1 ≾ x3, x1 ≾ x4, x4 ≾
x5, x1 ≾ x5, x6 ≾ x3, and x6 ≾ x5.

According to Corollary 2, suppose, by way of contradiction,
that there is a family (N1

≾(x),N
2
≾(x))x∈X ⊂ 2X

× 2X that makes ≾
to be a two-agent Pareto ordering. First of all, note that, because
G≾(x1) = {x1, x2, x3, x4, x5} and L≾(x1) = {x1}, it follows that
either (N1

≾(x1) = {x6} and N2
≾(x1) = ∅), or (N1

≾(x1) = ∅ and
N2

≾(x1) = {x6}). Assume the first situation holds true, the argu-
ment for the second case being entirely analogous. Then, since
N1

≾(x6) ⊆ N1
≾(x1) = {x6}, it follows that N1

≾(x6) = ∅, hence
N2

≾(x6) = {x1, x2, x4}.
Now, because N2

≾(x2) ⊆ N2
≾(x6), it holds that x5 /∈ N2

≾(x2), hence
x5 ∈ N1

≾(x2), and so x2 ∈ N2
≾(x5). Once again, since N2

≾(x2) ⊆

N2
≾(x5) and L≾(x5) = {x1, x4, x5, x6}, it, necessarily, follows that

N2
≾(x2) = ∅. This is because neither x1 nor x4 can belong to

N2
≾(x2). Therefore, N

1
≾(x2) = {x1, x4, x5, x6}. But then we reach a

contradiction because x1 ∈ N1
≾(x2) and x2 /∈ N2

≾(x1). Thus, ≾ is
not a two-agent Pareto representable ordering. Actually, it can be

3
embedded into R in the following way:
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v(x1) = (1, 2, 1), v(x2) = (2, 3, 5), v(x3) = (4, 6, 6), v(x4) =

5, 4, 2), v(x5) = (6, 5, 4) and v(x6) = (3, 1, 3).
Note, also, that dim(X,≾) = 3. Indeed, consider the following

total orders, denoted by ≾1, ≾2 and ≾3, on X:
(a) x1 ≾1 x2 ≾1 x6 ≾1 x3 ≾1 x4 ≾1 x5,
(b) x6 ≾2 x1 ≾2 x2 ≾2 x4 ≾2 x5 ≾2 x3,
(c) x1 ≾3 x4 ≾3 x6 ≾3 x5 ≾3 x2 ≾3 x3.

Then, ≾=
⋂3

i=1 ≾i.

4. Conclusions and future research

In this paper, we have presented a novel approach to deal with
what may be considered a classical problem in mathematics and
economics; to wit, the characterization of those binary relations
defined on a nonempty set X that can be embedded into the n-
dimensional Euclidean space Rn endowed with its usual partial
rder ≤. In particular, we have focused on the two-dimensional
ase (which is referred to in the literature as the two-agent
ase) providing a very simple and natural characterization of such
rderings. Our result does not impose cardinality constraints on X
nd, apparently, paves the way to determine all two-agent Pareto
epresentable partial orders, at least, when X is finite. However,
e have not developed this aspect thoroughly. In addition, we
ave also discussed to some extent the connection of our results
ith the concept of the dimension of a poset as established by
ushnik and Miller (1941). Moreover, hopefully, our approach
ight be extended to cover the general case even considering the
ituation of continuous preferences. We expect to pursue all these
tems in a next future paper.
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