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a b s t r a c t

Target tracking is a popular problem with many potential applications. There has been a lot of effort
on improving the quality of the detection of targets using cameras through different techniques. In
general, with higher computational effort applied, i.e., a longer perception-latency, a better detection
accuracy is obtained. However, it is not always useful to apply the longest perception-latency allowed,
particularly when the environment does not require to and when the computational resources are
shared between other tasks. In this work, we propose a new Perception-LATency aware Estimator
(PLATE), which uses different perception configurations in different moments of time in order to
optimize a certain performance measure. This measure takes into account a perception-latency and
accuracy trade-off aiming for a good compromise between quality and resource usage. Compared
to other heuristic frame-skipping techniques, PLATE comes with a formal complexity and optimality
analysis. The advantages of PLATE are verified by several experiments including an evaluation over a
standard benchmark with real data and using state of the art deep learning object detection methods
for the perception stage.
© 2023 The Authors. Published by Elsevier Ltd on behalf of ISA. This is an open access article under the CC

BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The Target Tracking (TT) problem involves using vision or
ange sensors to locate and track the target’s trajectory. Sequen-
ial or online tracking aims to provide real-time estimates of the
arget’s state as measurements are obtained [1]. This problem has
variety of applications, including automated surveillance [2],

rowd analysis and pedestrian intention prediction [3], gesture
ecognition [4], and traffic monitoring [5]. TT is also important
n the robotics community, where it is used in robot trajectory
racking [6], cooperative surveillance [7], and object tracking
or localization and mapping [8]. Most TT solutions rely on a
etector, which can be based on traditional vision methods [9]
r Deep Learning (DL) techniques [10,11]. When multiple tar-
ets are involved, an association and re-identification stage is
dded to distinguish detections between targets. Furthermore,
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probabilistic inference techniques such as Kalman filtering, par-
ticle filtering, or other Bayesian methods are typically used for
model-based tracking [1].

In this work, we adopt the term perception-latency from [12]
to refer to the time elapsed from the instant the sensors start
sampling to the moment the target is detected and identified
from the raw sensor data. Note that the perception-latency can
be varied by changing the perception configuration, which in-
cludes the resolution of visual or range sensors, the number
of features considered in the perception algorithm, and model
hyperparameters if DL detectors are used. In many TT approaches,
the perception configuration can be modified to improve accuracy
at the expense of a longer perception-latency [13], leading to
a perception-latency/accuracy trade-off. For radar-based percep-
tion, the term dwell-time refers to the time taken by the radar
to acquire a measurement [14], which is considered part of the
perception latency and introduces a similar trade-off between
quality and duration.

Other works, such as [15], have studied a similar latency/
accuracy trade-off in networked control systems where the la-
tency arises from the communication channel. While there are
some similarities between this problem and the present work, our
interest lies in the setting where the sensor, perception algorithm,
and estimation algorithm are all in the same computing unit. In
this case, the latency due to information transmission is negligible
when compared to the perception latency, which is the primary

concern.
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In addition, real-time tracking is often required, meaning that
the perception-latency is subject to a real-time constraint de-
termined by the sampling period of the vision sensors, typically
1/30 s or 1/60 s for traditional vision cameras [16]. Real-time TT
is particularly relevant for resource-constrained platforms such
as mobile systems [17] and smart cameras [18]. The perception-
latency/accuracy trade-off is typically addressed by selecting the
optimal perception configuration that satisfies the real-time con-
straint. Most approaches using DL involve testing different neural
network architectures to find a suitable accuracy compromise
with smaller models and less perception-latency.

Moreover, note that perception is not always the only task
running in the system. Robotic platforms use computing re-
sources for motion planning, control and coordination tasks.
Hence, setting the real-time constraint for the perception task as
the full sampling period of the vision sensor is still unrealistic. In
addition, as pointed out in [19], it is not always necessary to run
the perception task for each new frame if the dynamics of the
scene does not require to. Instead, one may use a frame-skipping
policy obtaining a better resource usage. This means that CPU
load for vision-based perception must be managed as well.

In this sense, looking for adaptive perception schemes, in
which perception-latency changes according to the situation,
might be beneficial for a better resource usage under the percep-
tion-latency/accuracy trade-off. Some DL techniques allow adap-
tive forward latency such as the so called Anytime Neural Net-
works (ANN). ANNs provide a way to select online between
different compromises of latency and accuracy [20]. These type of
networks were used in [21] in order to schedule different DL jobs
with latency chosen such that real-time deadlines are maintained
with the best possible accuracy overall. However, being a general
DL scheduler, [21] does not take into account that for a tracking
problem, while a longer latency might lead to a better accuracy
for the detector, the model uncertainty might increase as well
due to the delay introduced by the perception-latency [22].

Instead of using an adaptive perception-latency, some works
have used frame-skipping techniques in order to reduce com-
putational load. In [19], the authors propose an event-triggered
rule in which the detection is only updated under certain events,
based on the expected motion of the target. This approach re-
duces the computational burden of the perception task by effec-
tively skipping frames when the expected motion of the target
does not require to. Other approaches follow a similar idea such
as the one in [18] in which the perception task goes to an idle
state depending on the expected state of the environment, ob-
taining an energy efficient use of battery powered smart cameras.
Similarly, in [23] a neural network is trained based on examples
in order to make a decision on whether or not the detection for
some target should be updated. Although some of these methods
shows good experimental performance in certain scenarios, they
are mostly based in several heuristic rules from which it is hard to
provide formal guarantees on the impact over the resource usage
and quality for TT in the general case.

In addition, the related problem of multi-sensor scheduling
problem can be relevant in the perception scheduling context [24,
25]. In this problem, multiple sensors are available to measure
the state of a dynamical system and the goal is to schedule them
for control or estimation purposes under a given cost function.
As discussed in [26] this problem is usually subject to a combi-
natorial explosion in terms of the number of available sensors
and the time horizon for the cost function. Hence, most efforts
in the literature have focused on obtaining efficient sub-optimal
solutions. For instance, [27] take advantage of the structure of
the cost function and the system to prune many of the possible
schedules. Despite this, while this approach reduces the complex-

ity, the problem may still be intractable for big horizon sizes.
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Other approaches adopt a greedy policy which picks the best
sensor at each time which optimizes a one-step look-ahead cost
as in [28]. Nonetheless, despite the simplicity of this approach,
the result tends to be quite conservative since the behavior on
the long run is not taken into account.

On the other hand, another approach is to avoid the combina-
torial explosion by restricting only to periodic schedules as in [26,
29,30]. However, this is conservative as well, being sub-optimal
when not in steady state. Moreover, in most cases the actual
optimal period for the schedule is unknown and depends on
the particular problem setting. Other efficient approaches where
proposed in [31,32] which do not require the periodic schedule
assumption. Nonetheless, the actual form of the scheduling poli-
cies in the previous works is tightly coupled to the particular
structure of the systems under consideration and the cost func-
tion. In this sense, it is not possible to apply directly these ideas
when we take into account the perception-latency trade-off as
well as computational load and energy.

Motivated by this, our contribution is a new Perception-LAT-
ency aware Estimator (PLATE). PLATE schedules different per-
ception configurations in different moments of time in order
to optimize a performance measure that takes into account the
perception-latency/accuracy trade-off aiming to improve estima-
tion quality and resource usage. We show that the proposed
perception-latency scheduling policy is not subject to a com-
binatorial explosion and approximates the optimal perception
schedule with arbitrary precision as more computing time is
employed. The advantages of PLATE over the state of the art are
summarized as follows

• Compared to the rest of the literature, PLATE explicitly
takes into account the effect of the delay introduced by
the perception-latency on the target uncertainty model.
Moreover, the algorithm is not tightly coupled to the form
of the cost function, making it more general and versatile
than related approaches. This allows the use of PLATE in an
online setting even when the perception quality is estimated
to be different from its nominal values.
• Compared to existing heuristic frame-skipping techniques

[1,18,19], we provide a theoretical analysis of our proposal,
equipped with formal guarantees under linear model and
additive Gaussian disturbance assumptions.
• Compared to multi-sensor scheduling approaches, we do

not assume periodicity of the schedule, allowing to less
conservative results, which can adapt to varying perception
quality.

The advantages of PLATE are verified by several experiments
including an evaluation over a standard benchmark with real data
and using state of the art DL methods for the perception stage.

1.1. Notation

Let R̄≥0 = R≥0 ∪ {∞} ≥ 0≥ 0. Moreover, let E{•} be the
expectation operator and cov{•, ∗} = E{(• − E{•})(∗ − E{∗})⊤}
and cov{•} := cov{•, •}. Let tr(•) and vec(•) be the trace and
vectorization operators respectively. Let ⊗ denote the Kronecker
product. Let diag(v1, . . . , vn) ∈ Rn×n be a matrix with diagonal
components v1, . . . , vn ∈ R. We use x(t) to denote the evaluation
of a signal x at continuous time t whereas x[k] := x(τk) for
discrete time instants {τk}∞k=0. In addition, for a sequence p =
{pk}ℓ−1k=0 of length ℓ ∈ N ∪ {∞}, denote len(p) := ℓ. For any
matrix A ∈ Rn×n with components [A]ij ∈ R, let ∥A∥F =√∑n

i=1
∑n

j=1[A]
2
ij its Frobenius norm [33, Page 341]. Let A ≻ B

r A ⪰ B denote positive definiteness and semi-definiteness of
− B respectively. For a set •, let min{•},max{•}, inf(•), sup(•)

epresent the minimum, maximum, infinimum and supremum
tandard set operators.



R. Aldana-López, R. Aragüés and C. Sagüés ISA Transactions 142 (2023) 716–730

2

e
t
(

d

[
u
o
P

x

f

s

D

t
i

P

t

. Problem statement

Consider the following target model, with state x(t) ∈ Rnx

.g. containing its position and velocity. Assume a simplified mo-
ion model given by the following Stochastic Differential Equation
SDE):

x(t) = Ax(t)dt + Bdw(t), t ≥ 0 (1)

where A ∈ Rnx×nx ,B ∈ Rnx×nw and w(t) is a nw-dimensional
Wiener processes with covariance cov{w(s),w(r)} = Wmin(s, r)
34, Page 63]. As usual, the process w(t) models disturbances,
nknown inputs for the target and non-modeled dynamics. More-
ver, x(0) is normally distributed with mean x0 and covariance
0.
The goal is to construct an estimation framework for the state

(t) using available sensors, e.g. vision or range. The sensors can
produce raw measurements with a minimum sampling period of
∆s. In order to use these measurements, they must be processed.
For each raw measurement, the system can choose between D
different perception methods which take the raw measurements
to produce a processed measurement for the position of the target
through a detection process. Thus, processed measurements are
available to be used by the system only at, perhaps non-uniform,
instants {τk}∞k=0 all integer multiples of ∆s with τ0 = 0. Processed
measurements are represented by Cx[k] with some constant ma-
trix C ∈ Rnz×nx with (A, C) observable. Each method has a
different perception-latency in {∆1, . . . , ∆D

}. These latencies are
multiples of the sampling period ∆s of the sensors leading to a
rame-skipping technique. Hence, if method pk ∈ {1, . . . ,D} is
chosen at t = τk, a new measurement z[k] = Cx[k] + v[k] is
available at t = τk+∆pk where v[k] is a noise for the accuracy of
the perception method.

The perception-latency/accuracy for the perception method is
modeled by the covariance matrix Rpk = cov{v[k]}. Typically,
increasing the computing time ∆pk leads to a decrease in Rpk

and an improvement in estimation precision. However, we do
not make any assumptions about the specific perception-latency
and quality model. Instead, for the sake of flexibility, a nominal
Rpk is expected to be estimated based on the performance of the
perception methods for the particular application of interest.

The main issue we address in this work is to obtain an estimate
of the target state x(t) at any time t ≥ 0 and choose which
perception method to use at each time slot [τk, τk+1) provided
some performance measure is optimized. In order to provide a
concrete definition of the performance measure used in this work,
consider the following definitions.

Definition 1 (Perception Schedules). A perception schedule p is a
equence of perception methods, i.e. p = {pk}

len(p)−1
k=0 with pk ∈

{1, . . . ,D} for some len(p) ∈ N ∪ {∞}.

efinition 2 (Attention of a Perception Schedule). Let I ⊂ R+ be
an interval with sup(I) − inf(I) > max{∆1, . . . , ∆D

}. Thus, the
attention att(p; I) of a perception schedule p for I corresponds to
he amount of processed measurements generated by p in such
nterval.

Thus, consider the following problem:

roblem 1 (Perception Scheduling). Design a causal estimator
which picks a perception method pk at each t = τk and produces
an estimate x̂(t) of x(t) with P̂(t) := cov{x(t)− x̂(t)} using only
information prior to the instant t . Moreover, the estimator output
must minimize

J (x̂, p) =
1
T

(∫ Tf
ˆtr (P(t))dt

)
+

λα

T

(
α∑

rpk
)

(2)

f 0 f k=0
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for some window of interest [0, Tf ], where α := att(p; [0, Tf ]),
λα > 0 and rpk ≥ 0 are additional penalties assigned to each
perception method.

Remark 1. The cost function in (2) is used to capture the percep-
tion latency-accuracy trade-off as explained in the following: the
integral term measures the mean expected squared error of x̂(t)
by evaluating E(x̂(t)− x(t))⊤(x̂(t)− x(t)) ≡ ˆtr(P(t)). Thus, the
integral term in (2) represents the quality of the estimation x̂(t).
The summation term in (2) does not depend on the estimations
x̂(t) but only on the penalties rpk . If rpk = 1 for all k = 0, 1, . . . ,
his term penalizes the attention of p. In some scenarios, it is
beneficial to keep this quantity small due to energy consumption.
Similarly, non-skipped frames in vision-based perception require
an exchange of information between a sensor and the computing
unit, and a sensor sampling request. Therefore, processing fewer
measurements is desirable for energy efficiency and to minimize
the use of I/O buses in the system.

Remark 2. The latency ∆pk is usually not exclusively used
to process sensor information, but the method also frees the
computing unit for an interval of length (1 − f pk )∆pk with f pk ∈
(0, 1). Thus, the CPU load in the interval [0, Tf ] can be expressed
as (1/Tf )

∑α

k=0 f
pk∆pk . Therefore, penalties rpk = f pk∆pk in (2)

penalize CPU load.

The concepts of attention and CPU load, as discussed in the
context of vision-based perception, share similarities with revisit
and dwell-times in radar-based perception. Revisit time in a
radar corresponds to the interval between consecutive detections,
while dwell-time represents the time it takes for the sensor to
generate a detection [14]. Both times have an impact on detection
accuracy and energy consumption. Thus, revisit and dwell-times
play similar roles to the inverse of attention and CPU load.

We propose PLATE as a strategy to compute the optimal sched-
ule p and the optimal estimations x̂(t) in the sense of Problem 1.
Causality in Problem 1 is required in a sequential TT context.
Thus, PLATE works as a causal estimator as is summarized in Al-
gorithm 1 and is comprised by the combination of an estimation
stage and a perception-latency scheduling policy.

Algorithm 1: PLATE loop
1 τs ← 0, k← 0
2 At sampling event t = τs do
3 Estimation stage: Use x0 and {z[0], . . . , z[k− 1]} to

compute x̂[k].
4 Read raw data from sensors.
5 Perception latency scheduling: Decide which

perception method pk ∈ {1, . . . ,D} to use.
6 Wait ∆pk units of time until the perception-latency

has elapsed to produce z[k], i.e. τs ← τs +∆pk .
7 k← k+ 1
8 end

3. Perception-latency aware estimation

In this section, we establish the structure of the estimation
stage of PLATE. To do so, and in order to study the latency-
precision trade-off under a cost of the form (2), it is useful to
study an equivalent model of (1) as a sampled-data system. The
following result follows from [35, Section 4.5.2]:

Proposition 1. Consider a perception schedule p. Hence, the
solution x(t) of (1) satisfy:

x(t) = A (t − τ )x[k] +w (t) (3a)
d k d
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[k+ 1] = Ad(∆pk )x[k] +wd[k] (3b)

or t ∈ [τk, τk+1), k ≥ 0 where Ad(t − τk) := exp(A(t − τk)) and
d(t) normally distributed with cov{wd(t)} given as

d(t − τk) =
∫ t−τk

0
Ad(τ )BWB⊤Ad(τ )⊤dτ (4)

The discrete-time nature of the perception process is made
xplicit by (3), which is equivalent to (1). As a result, we adopt
3) as the motion model throughout the manuscript.

The following result shows the computation of an optimal
stimation x̂(t) of x(t) provided an optimal schedule p.

heorem 1. Let p be the optimal schedule for Problem 1. Thus, the
ptimal estimation for (1) at t ∈ [τk, τk+1) is given by the conditional
ean E

{
x(t)

⏐⏐ z[0], . . . , z[k− 1]
}
and can be computed as:

x̂(t) = Ad(t − τk)x̂[k]
ˆ (t) = cov{x(t)− x̂(t)}

= Ad(t − τk)P̂[k]Ad(t − τk)⊤ +Wd(t − τk)

(5)

or t ∈ [τk, τk+1) with x̂[k], P̂[k] generated according to

x̂[0] = x0, P̂[0] = P0

L[k] = Ad(∆pk )P̂[k]C⊤
(
CP̂[k]C⊤ + Rpk

)−1
x̂[k+ 1] = Ad(∆pk )x̂[k] + L[k]

(
z[k] − Cx̂[k]

)
ˆ [k+ 1] =

(
Ad(∆pk )− L[k]C

)
P̂[k]

(
Ad(∆pk )− L[k]C

)⊤
+ L[k]RpkL[k]⊤ +Wd(∆pk )

(6)

roof. The proof can be found in Appendix C.1.

. Perception latency scheduling

Now that the estimation stage of PLATE has been established,
e turn our attention to obtaining the optimal scheduling policy,
inimizing (2). In contrast to the estimations x̂(t) which may take
rbitrary values in Rnx , the perception schedule p is of discrete
ature.
One possible way to obtain the optimal schedule that solves

roblem 1 is to use Algorithm 2 by calling dynProg(0, P̂[0], Tf ).
his algorithm is essentially an exhaustive search for the opti-
al schedule, organized as a dynamic programming recursive
lgorithm.
Fig. 1 illustrates how our dynamic programming algorithm

orks. The algorithm starts at time τ+ = 0 when calling
ynProg(0, P̂[0], Tf ) and tries out each of the D possible per-
eption methods. For each method, it computes a cost-to-arrive J
line 6 of Algorithm 2) and checks whether the current schedule
ength τ+ is less than the desired length Tf . If τ+ < Tf , the
lgorithm must continue exploring other scheduling options that
ay extend the current schedule. This process is represented by

he black nodes in Fig. 1. On the other hand, if τ+ ≥ Tf , the
lgorithm has found a valid schedule that covers the entire time
indow [0, Tf ]. This is represented by the white nodes in the

igure.
At each step of the algorithm, a recursive call to the function

s made using the current schedule length τ+ and the updated
ovariance state P̂[k+ 1]. The recursion continues until the algo-
ithm reaches the end of the time window Tf . At that point, the
lgorithm returns the optimal schedule decision pk and the final
ost for that schedule.
The correctness and complexity of the algorithm are estab-

ished in the following result:
719
Fig. 1. Graphical depiction of Algorithm 2. At each step, all scheduling method
options are explored in a recursive fashion with a maximum depth until the
condition

∑α

k=0 ∆pk ≥ Tf where α = att(p; [0, Tf ]) is reached.

Proposition 2. Calling {p, J} ← dynProg(0, P̂[0], Tf ) and com-
puting x̂(t) using the PLATE structure in (5) for such p, results in
the optimal estimations, schedule and cost x̂, p,J (x̂, p) ≡ J for
Problem 1 with worst case complexity given by O (Dαmax) where
max := ⌊Tf /min{∆1, . . . , ∆D

}⌋.

roof. The proof can be found in Appendix C.2.

Algorithm 2: dynProg

Data: τ , P̂[k], Tf
Result: p, J

1 J ←∞
2 p← ∅
3 for ρ ∈ {1, . . . ,D} do
4 τ+ ← τ +∆ρ

5 p+ ← ∅

6

Jρ ←
1
Tf

(
λαrρ
+

∫ min(τ+,Tf )

τ

tr(Wd(t − τ ))dt+∫ min(τ+,Tf )

τ

tr(Ad(t − τ )P̂[k]Ad(t − τ )⊤)dt

)
7 if τ+ < Tf then
8 Compute P̂[k+ 1] with (6) for ρ and P̂[k]
9 {p+, J+} ←dynProg(τ+, P̂[k+ 1], Tf )

10 Jρ ← Jρ + J+

11 end
12 if Jρ < J then
13 J ← Jρ
14 Append ρ to the start of p+ and assign the result to

p
15 end
16 end

The previous result evidences some important complications
of Problem 1. First, as shown in 2, the complexity of the exact
solution in Algorithm 2 increases exponentially as Tf increases.
This is not surprising, since the discrete nature of the perception
schedule p suggests that the problem is subject to a combinato-
rial explosion. Moreover, due to the transient behavior of P̂(t),
choosing pk just to minimize a one step ahead of the cost in line
6 of dynProg may not be sufficient to find an exact solution
for the problem without having to explore future scheduling
method options over the window [0, Tf ]. Some performance im-
provements can be made to Algorithm 2 such as applying a
branch-and-bound technique [36, Chapter 2.3.3] or general ap-
proximations or heuristics [36, Chapter 6]. However, seeking for
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ailor-made approximate solution and studying its performance
ap with respect to the optimal is more appropriate for a practical
mplementation.

.1. Quantized covariance approach

We provide an approximate alternative to Algorithm 2 in order
o make it computationally feasible for use in PLATE. This ap-
roximation is sub-optimal, but can be made as close to optimal
s desired, jeopardizing the computational complexity. The key
dea is to observe that as the window [0, Tf ] is traversed during
lgorithm 2, the set of possible states of the covariance P̂[k]
ncrease exponentially in size as well. This is evident from Fig. 1
hich shows how the nodes at each level of the exploration tree

ncrease exponentially as all possible combinations of perception
ethods are tested. However, if the amount of nodes at each level
f the tree in Fig. 1 is managed to keep a bound regardless of
f , the complexity of the algorithm can be reduced. This can be
erformed by grouping similar values of P̂[k] into a single ele-
ent of Rnx×nx through quantization. The result is a compressed
xploration graph with a non-growing number of nodes per level.
The quantization procedure for the covariance values is de-

cribed as follows. Consider a compact set B0 ⊂ Rnx×nx containing
nly positive semi-definite matrices, characterized by a bound
0 > 0 such that ∥P̂[k]∥F ≤ B0,∀P̂[k] ∈ B0. Now, given some
> 0, partition B0 into Q0(δ) ∈ N non-overlapping regions

1, . . . ,BQ0(δ) such that supP̂′[k],P̂′′[k]∈Bq
∥P̂′[k]− P̂′′[k]∥F ≤ δ,∀q ∈

{1, . . . ,Q0(δ)} and
⋃Q0(δ)

q=1 Bq = B0. Moreover, pick a representa-
tive P̂q ∈ Bq as an identifier for all other P̂[k] ∈ Bq. Finally, let the
quantization function Q : B0 → {P̂1, . . . , P̂Q0(δ)} which takes any
P̂[k] ∈ B0 and maps it to the P̂q such that P̂[k] ∈ Bq. Note that
e do not require to use a uniform quantization procedure. In

act, for practical purposes it is convenient to use a non-uniform
uantization scheme in which Q0(δ) points P̂1, . . . , P̂Q0(δ) ∈ B0 are
rovided instead, e.g. sampled from B0, from which the maximum
istance δ > 0 is obtained.
The idea is to track how the identifiers P̂q with q ∈ {1, . . . ,

Q0(δ)} are related between them using the PLATE estimation stage
evolution in (6). To do so, a weighted directed graph (V, E, ρ)
is constructed with vertex set V = {1, . . . ,Q0(δ)}. Moreover,
each edge e = (i, j) ∈ E corresponds to a connection between
i, j ∈ {1, . . . ,Q0(δ)}when P̂j = Q(P̂[k+1]) with P̂[k+1] computed
using (6) for P̂[k] = P̂i and a weight function ρ : E → {1, . . . ,D}
with ρ(e) = pk.

However, it might be the case that P̂[k+ 1] lies outside of B0
for some pk and P̂[k] = P̂q, q ∈ {1, . . . ,Q0(δ)}. To account for
these cases, we apply the steps described in Algorithm 3 adding
new states outside B0 as required. The result is a graph G with
Q (δ) ≥ Q0(δ) states where P̂q ∈ B,∀q ∈ {1, . . . ,Q (δ)} and B
is a region of Rnx×nx with B0 ⊂ B, and its corresponding bound
∥P̂[k]∥F ≤ B,∀P̂[k] ∈ B. When Algorithm 3 finishes, it is ensured
that if P̂[0] ∈ B0, then the quantized covariance trajectories will
be contained in B for any perception schedule.

It is beneficial for practical purposes, to estimate how Q (δ)
grows with respect to original size of B0 as a result of Algorithm 3.
The following result ensures that Algorithm 3 finishes with finite
Q (δ). In addition, we provide an explicit upper bound for B, from
which a worst case of Q (δ) can be computed depending on the
actual quantization scheme.

Proposition 3. Algorithm 3 finishes for any compact set B0 ⊂

Rnx×nx and δ > 0. In addition, the resulting bound B for B complies

B ≤ Bs :=
√
nx

(
λmax(Ω )
λ (Ω )

)(
B0 +

G
1− γ

)
(7)
min

720
Algorithm 3: expandB

Data: δ,B0 with ∥P̂[0]∥ ≤ B0
Result: B, G

1 Quantize B0 into Q0(δ) patches {B1, . . . ,BQ0(δ)} with
identifiers {P̂1, . . . , P̂Q0(δ)}

2 q← 0
3 V ← {1, . . . ,Q0(δ)}
4 E ← ∅
5 B← B0
6 Q (δ)← Q0(δ)
7 while q ≤ Q (δ) do
8 for p ∈ {1, . . . ,D} do
9 Compute P̂[k+ 1] from (6) using P̂[k] = P̂q for

pk = p
10 if P̂q′ ̸= Q(P̂[k+ 1]) for any q′ ∈ {1, . . . ,Q (δ)} then
11 Q (δ)← Q (δ)+ 1
12 V ← V ∪ {Q (δ)}
13 Create a new patch BQ (δ) and identifier P̂Q (δ)

such that P̂Q (δ),Q(P̂[k+ 1]) ∈ BQ (δ) and
supP̂,P̂′∈BQ (δ)

∥P̂− P̂′∥ = δ

14 B← B ∪ BQ (δ)

15 end
16 Add edge e = (q, q′) to E with weight ρ(e) = p
17 end
18 q← q+ 1
19 end
20 Construct G using V , E and its weights from line 16.

where Ω ∈ Rnx×nx and Yi
∈ Rnx×nz , i ∈ {1, . . . ,D} satisfy the

following Linear Matrix Inequality (LMI):[
γΩ (ΩAd(∆i)− YiC)⊤

(ΩAd(∆i)− YiC) Ω

]
⪯ 0,

i = 1, . . . ,D, Ω ≻ 0
(8)

for some 0 < γ < 1. Moreover, λmin(Ω ), λmax(Ω ) are the
minimum and maximum eigenvalues of Ω respectively and G :=
maxi∈{1,...,D} ∥(Lpk )Rpk (Lpk )⊤ +Wd(∆pk )∥F with Lpk = Ω−1Ypk .

roof. The proof can be found in Appendix C.3

Using the graph G, the evolution of covariance states in V can
e tracked from an initial condition q0 ∈ V as time advances
n [0, Tf ]. This can be visualized using a transition diagram, as
hown in Fig. 2 which depicts an example with D = 2 and
1
= ∆s, ∆2

= 2∆s. Here, at t = 0 the initial state is q0
orresponding to P̂q0 = Q(P[0]). We consider a discrete time
= ℓ∆s as integer multiples of the minimum sampling interval.
s ℓ increases, edges e ∈ E connect states between time steps,
ith different perception decisions ρ(e). Note that, under this
erspective, number of states at each time step is maintained
onstant. Hence, a dynamic programming algorithm for finite-
tate deterministic systems can be applied in order to obtain the
ptimal schedule p [36, Page 64]. In this context, the optimal p
orresponds to the shortest route starting at q0, which traverses
he transition diagram of G until it reaches any state at stage
= ⌊Tf /∆s⌋ with distance measured by J (x̂, p).
The concrete steps required to run this dynamic programming

olution, called qDP, are described in Algorithm 5 in Appendix A.
oreover, the sense in which we verify correctness of the dy-
amic programming as from Algorithm 5 and its complexity is
stablished in the following:
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Fig. 2. Transition graph example for covariance evolution using G. In this
example D = 2. Each node labeled in 1, . . . ,Q (δ) is connected to other nodes
hrough one of the two perception decisions, either one or two steps ahead
ince ∆1

= ∆s, ∆2
= 2∆s for this example.

roposition 4. Consider the qDP algorithm and assume that the
volution of P̂[k] is constrained to evolve according to the structure
n G and that P̂[0] ∈ {P̂1, . . . , P̂Q (δ)}. Thus, qDP obtains the op-
imal value of (2) for such constrained trajectories. Moreover, the
orst-case of complexity of qDP is O(αmaxQ (δ)D) where αmax =

Tf /∆s⌋.

roof. The proof can be found in Appendix C.4.

As evidenced by the previous result, the complexity of the
uantized covariance approach is reduced to something linear
n Tf . Nonetheless, since this is an approximate solution, there
ill be a trade-off between complexity and the performance
ap of the quantized solution with respect to the true optimal.
ote that by decreasing δ, the number of patches Bq needed to
over B will increase. However, it is expected that as δ → 0,
he resulting sub-optimal solution performance improves. These
deas are formalized in the following result.

heorem 2. Let J be the optimal cost for Problem 1 and P[0] ∈ B0.
hen, for any ε > 0 there exists sufficiently small δ > 0 such that

J − JQ(δ)| ≤ ε

here JQ (δ) is the cost obtained from qDP in Appendix A for such δ

nd initial condition Q(P̂[0]) ∈ B0.

roof. The proof can be found in Appendix C.5.

Henceforth, we have established that the PLATE strategy with
stimation stage in (6) and perception-scheduling policy obtained
sing qDP is a sub-optimal for Problem 1, with mild compu-
ational complexity in terms of the window size Tf and can
pproximate the optimal solution with arbitrary precision if more
omputational power is available.

emark 3. It is important to note that only the perception
chedule computation is impacted by quantization, while the
ctual estimator in (5) and (6) is not quantized. Therefore, the
uantization step δ only affects the resulting quality of the per-
eption schedules in terms of the cost (2). We provide an analysis
f the asymptotic effect of quantization on the cost in Theorem 2.
hile decreasing δ is expected to increase the quality of the
erception schedules, it is not obvious whether the performance
an be made arbitrarily close to the optimal one. This accuracy
eature is ensured by Theorem 2.

emark 4. Our approach can be extended to filter structures
ifferent than (6) such as a particle filter, as long as a similar
721
ransition graph for the covariance matrix is obtained for its use
n Algorithm 3. However, obtaining similar theoretical guarantees
s in this work for other filter structures is not a trivial task and
equire more in-depth analysis.

. Moving horizon PLATE

One property of the qDP method used in PLATE is that given
n initial condition P̂[0], a schedule p for the whole time window
0, Tf ] is obtained. Thus, it only suffices to compute the schedule
t the beginning and traverse it element by element in line 5 of
lgorithm 1 after each perception method is used. However, in a
ore practical TT scenario, there will be missing measurements
s a result of occlusions, or distinguishability problems between
argets in a multi-target setting. An appropriate re-detection of
he targets may be performed by a maintenance mechanism as
idely discussed in the literature. This may alter the quality of
he pre-computed perception schedule.

In addition, the processed measurement quality, represented
y the covariances {R1, . . . ,RD

} may not remain fixed in a practi-
al setting. Instead, it is usual to use the current estimation for the
tate of the target to improve the quality of subsequent measure-
ents as in [37–39]. Moreover, the detection method may include
ome measure of uncertainty of their current output, e.g. through
ayesian techniques [40], or data-driven methods [41]. Thus, an
nline covariance estimate R[k] for the processed measurements
ay be available and may not be any of the nominal covariances.
his discussion motivates to change the perception schedule ac-
ording to the current state of the system by using qDP as a
redictive policy.
To do so, we propose to use moving-horizon scheme for PLATE

n the following way. First, we construct the transition graph
as described in the previous section for nominal covariances

R1, . . . ,RD
}. Now, the dynamic programming algorithm qDP is

used at τk with initial condition given by the current q0 = Q(P̂[k])
to obtain a perception schedule p′ = qDP(q0, Tf , G) for the next
window [τk, τk + Tf ]. As a result, we apply the first perception
method of p′ during [τk, τk + ∆pk ) and repeat the procedure for
the next interval.

Furthermore, every time a new perception output is obtained,
the PLATE correction in (6) is computed with the actual processed
measurement uncertainty R[k] if available, otherwise with its
nominal covariance. When there are no measurements, we simply
predict the state of the target and its covariance using (5). This
procedure is summarized in Algorithm 4 which describes the
steps that must be performed in line 5 of Algorithm 1 in order
to implement this strategy.

Moreover, the latency of executing qDP at each τk can be con-
sidered negligible if two of the following approaches is used. First,
since P̂[k] is quantized through Q(•) there are only Q (δ) possible
outcomes for which their resulting perception method obtained
through qDP can be pre-computed offline. On the other hand,
similarly to what is suggested in [22], taking P̂[k] and converting
it to a perception method in {1, . . . ,D} is a classification problem
with a low dimensional input. Thus, the perception decision can
be learned by a classifier.

Remark 5. Comparing our approach with previous work, note
that the perception scheduling policy as in Algorithm 4 acts as
a frame-skipping technique similar to [1,18,19]. However, unlike
prior frame-skipping approaches which are based on heuristic
rules, we provide an actual performance guarantees for our sub-
optimal perception schedules as given in Theorem 2. On the
other hand, note that unlike related multi-sensor scheduling ap-
proaches in the literature as in [26–32], Algorithm 5 can be
extended for different cost function expressions by modifying line
12 of Algorithm 6, which makes our proposal more versatile.
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Algorithm 4: Moving-horizon PLATE
// Offline:

1 Pre-compute G using Algorithm 3, alternatively
pre-compute qDP(Q(P̂q, G, Tf ) for all
P̂q, q ∈ {1, . . . ,Q (δ)}.
// Online:

2 if There is new processed measurement then
3 Update P̂[k] using (6) for the previous scheduling

decision pk−1 and its resulting perception uncertainty
R[k− 1].

4 else
5 Predict P̂[k] using (5) for the previous scheduling

decision pk−1.
6 end
7 p′, _← qDP(Q(P̂[k]), G, Tf )
8 pk ← first element of p′

Remark 6. The moving horizon PLATE proposal allows us to
change the system parameters online as in line 3 of Algorithm
4, where we use an uncertainty R[k − 1] which need not to be
ny of the nominal ones for the perception methods. This poses
n important advantage with respect to the philosophy of some
ulti-sensor scheduling works such as [26,29] which rely on
eriodic schedules or other strategies that are highly dependant
n the problem structure.

. Numerical experiments

In order to evaluate PLATE we consider the following scenario.
irst, let a target with state x = [x, vx, y, vy]

⊤ describing its
osition and velocity on the plane. Let camera images available
very ∆s = 1/30 seconds, coinciding with the usual frame rate
f a camera. In addition, the position [x, y]⊤ is measured through
detection process from which there are D = 2 available per-
eption configuration. First, a lightweight detector with latency
1
= 3∆s and nominal covariance R1

= diag(0.5, 0.5). Second,
more accurate detector with latency ∆2

= 9∆s and nominal
ovariance R2

= diag(0.05, 0.05). Motivated by Remark 2 we
onsider CPU loads of f 1 = 0.5 and f 2 = 0.8 resulting in penalties
1
= 0.5∆1 and r2 = 0.8∆2. The system matrices in this scenario

re:

=

⎡⎢⎣0 1 0 0
0 0 0 0
0 0 0 1
0 0 0 0

⎤⎥⎦ , C =
[
1 0 0 0
0 0 1 0

]

n addition, let the process covariance W = diag(0.5, 0.5). This
ouble integrator target model is often used for generic targets in
he literature. In the following, we evaluate the different aspects
f our proposals for this setting.

.1. Numerical covariance bound estimation

We start by building a transition graph G. To do so, we set
0 ∈ Rnx×nx as the set of all positive definite matrices P with
P∥F ≤ B0 := 1 and use the mechanism in Algorithm 3. In order
o depict the result in Proposition 3, we explicitly obtain a bound
or B. First, note that the LMI (8) has a solution for γ = 0.98 as

1
=

⎡⎢⎣0.031 0
0.037 0

0 0.031

⎤⎥⎦ ,Y2
=

⎡⎢⎣0.122 0
0.137 0

0 0.122

⎤⎥⎦

0 0.037 0 0.137

722
Fig. 3. Covariance norm evolution, showing the bound Bs as well as ∥P̂(τk)∥ for
PLATE with 100 random initial conditions P̂[0] and schedules p with ∥P̂[0]∥F ≤
B0 = 1.

with a resulting bound (7) of Bs = 4.922. Fig. 3 depicts how given
initial conditions P[0] ∈ B0 and a randomly generated percep-
tion schedule, the magnitude of the PLATE covariance complies
∥P̂[k]∥F ≤ Bs,∀k ≥ 0.

.2. Cost comparison using qDP

Now, in order to depict Theorem 2 through this example,
e use different levels of quantization for evaluation. Note that
he results presented until now do not require uniform quanti-
ation. In fact, in the following examples for simplicity we use
on-uniform quantization by sampling a fixed number of points
ˆ 1, . . . , P̂Q (δ) ∈ B0 and quantizing any other P̂ ∈ B0 through a
earest neighbor rule under the ∥ • ∥F norm. Next, we expand G
hrough Algorithm 3 to obtain B. We use Q (δ) = 50, 500, 5000
hich after this process results in δ = 10.45, 4.23, 2.14 respec-
ively for these arbitrarily selected points, drawn randomly over
0 with uniform distribution, in order to analyze the impact of
he quantization step in the tracking quality.

We evaluate qDP for 100 random samples for P[0] over B and
ompute their resulting cost (2). First, consider Tf = 1, λα = 5. In
his case, it is possible to obtain the minimum cost Jmin by eval-
ating all schedules covering the window [0, Tf ]. We show the
esults in the first row of Fig. 4 where the histograms depict the
requency of the distance |Jmin − Jp| where Jp is the cost obtained
or a schedule p. The schedules tested where obtained through
DP for graphs G using the previously described values of Q (δ),
s well as the static schedules p = {1, 1, . . . } and p = {2, 2, . . . }.
he results show that as the quantization gets finer, the cost
oncentrate more and more towards the minimum, i.e. |Jmin − Jp|
ecomes smaller. In addition, it is observed that even with a
oarse discretization Q (δ) = 50, the cost of qDP is almost always
ess than the cost for the static schedules. Moreover, the average
PU load seems to decrease as well as the discretization gets finer.
similar behavior is obtained when using Tf = 10, λα = 100, as
epicted in the second row of Fig. 4. In this case, Jmin is computed
or 10000 different randomly selected perception schedules aim-
ng to approximate the otherwise intractable exhaustive search
or the true optimal cost.

Another interesting experiment is obtained by increasing λα =

5 such that the cost of the covariance is negligible to the one
f the penalties rpk in (2). In this case, Jmin is directly the static
chedule p = {1, 1, . . . } which is the schedule with less CPU load.
n addition, since the particular values of covariance P̂[k] have
ittle impact on the final cost, it only suffices to use a single point
(δ) = 1 in the discretization of the covariance space. Hence, the

result of qDP is the static schedule p = {1, 1, . . . } regardless of
ˆ
the initial condition P[0] as shown in the third row of Fig. 4.
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Fig. 4. Resulting histograms for the cost difference |Jmin − Jp| with the schedule
btained from the approximate dynamic programming approach for 100 random
nitial conditions for P[0] as described in Section 6.2. The parameters T , λα of
he cost function in (2) were changed for three different scenarios as well as
he number of quantization points Q (δ). In addition, only the average CPU load
or all experiments is shown for convenience.

.3. Moving-horizon PLATE scheduling

We simulate (1) for x0 = 0, P[0] = 4I using the Euler–
aruyama discretization with time step ∆t = 10−3 and run

he loop in Algorithm 1 under the moving-horizon scheduling of
lgorithm 4 where qDP is configured similarly as in the previous
xamples, with Tf = 10, λα = 5,Q (δ) = 5000, B0 = 5
Algorithm 3). Fig. 5 depicts the time evolution of x(t) as well
s the PLATE estimate x̂(t), where we show only x and vx for
onvenience, since y and vy behave similarly. In addition, we
how confidence intervals of 3 times the standard deviation for
ach coordinate obtained from P̂(t). In addition, we show the
cheduling decision pk at each time. In order to compare the
ost in this experiment we show tr(P̂(t)) for the moving-horizon
cheduling, as well as for the static schedules. It is worth noting
hat the best quality measured with tr(P̂(t)) is obtained by the
static schedule with pk = 2. However, it has the highest CPU
load of 0.8. The moving-horizon PLATE strategy manages to have
an intermediate quality between the two static schedules, with
a CPU load of 0.65 for this experiment. Thus, PLATE manages to
obtain a better trade-off between quality and resource usage. In
addition, an occlusion is simulated in the interval t ∈ [4, 6]which
shows how uncertainty increases during this period, but recovers
once new measurements arrive.

7. Evaluation on real data

In this section, we evaluate PLATE on a real target tracking
task. We use the MOT16 benchmark from [42] since it is part of a
public standard data-set, widely used to evaluate target tracking
algorithms. In the simplest setting, the task is to take images
from a monocular camera and track a target of interest across
multiple frames. As usual, and for the sake of simplicity, we are
interested in tracking the pixel position of the geometric center
of a bounding box surrounding the target. For this example, we
723
Fig. 5. Behavior of the target model (1) and the output of PLATE using the
moving-horizon scheduling with Tf = 10 and Q (δ) = 5000 when an occlusion
ccurs for t ∈ [4, 6]. Moreover, Ix(t) and Ivx (t) represent confidence intervals
round x̂(t) and v̂x(t) of 3 times their standard deviation.

model the pixel position with a two-dimensional single integrator
with fixed nx = nz = nw = 2, A = 0 ∈ R2×2,B = C = I ∈ R2×2.

In the following, we describe a target tracking pipeline that
onsists of a perception stage composed of three different tar-
et detection methods based on neural networks, each exhibit-
ng varying latency and accuracy performance, and a scheduling
tage responsible for deciding which of these methods to use at
ach time. The objective of this section is to demonstrate that
LATE is the best choice for the scheduling stage. For this pur-
ose, we compare the tracking performance of PLATE with two
ther approaches: (1) a standard neural network-based method,
hich involves using the perception methods separately with no
cheduling, (2) event-triggered approaches for frame-skipping.

.1. Evaluation framework

The MOT16 data-set includes 7 video sequences, each with
abeled bounding-boxes for different moving targets. We manu-
lly selected several targets for each sequence. We recorded their
round-truth positions and the corresponding portion of the se-
uence, which we refer to as target tracks from now on. We chose
argets that provided longer experiments, in order to obtain more
omprehensive results. Our evaluation data consists of 50 target
racks across all 7 video sequences, whose ground-truth IDs are
hown in Table 1 as a reference. Note that for all video sequences
he frame rate is set to 30 frames per second except for MOT16-
5 and MOT16-13 with frame rates of 14 and 25 frames per
econd respectively. As a result, target tracks for MOT16-13 and
OT16-05 (15 tracks in total) were used exclusively to estimate

he nominal detection covariance for each perception method as
escribed later, and the covariance W in (1). This process is called
raining in Table 1. The rest of the 35 target tracks contained in
he remaining 5 video sequences were used to evaluate the online
erformance of PLATE. From this point onward, all experiments
both for our proposal and other proposals used for comparison)
ere conducted on a PC equipped with an Intel Core i7-8700,
long with the aid of an NVIDIA GeForce GTX 1080 Ti graphics
ard.
To evaluate the performance of PLATE, it is necessary to

se a setup that includes a bank of perception methods. How-
ver, the purpose of our work is not to evaluate the individual
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Table 1
Ground-truth target IDs, as provided by the MOT16 data-set, picked for each
video sequence in our evaluation. Frames per second is abbreviated as fps. The
last column indicates T or E if the target tracks in the corresponding video
equence are used for training or for evaluation respectively.
Name Target IDs fps Usage

MOT16–05 2,37,41,124,128 14 T
MOT16–13 13,14,29,30,76,77,79,81,95,124 25 T

MOT16–02 3,19,20,32,33,34,35 30 E
MOT16–04 2,67,70,80,83,98,99,100 30 E
MOT16–09 12,13,19,20,23 30 E
MOT16–10 1,2,4,7,18,24 30 E
MOT16–11 1,3,4,5,6,11,25,27,29 30 E

performance of these methods, but rather to measure the advan-
tages of PLATE in terms of target state estimation quality and
resource usage, such as CPU load. Therefore, we selected well-
established perception methods from the public model zoo of
Detectron2 [43]. This repository provides many neural network-
based target detection algorithms with varying levels of latency
and precision, making it suitable for our work. Specifically, we
chose the faster_rcnn_R_50_FPN_3x and faster_rcnn_
_101_C4_3x models (hereinafter referred as the fast and slow

networks respectively), which represent the clearest examples
in the zoo of low quality detection with short latency and good
quality detection with long latency, respectively. These models
have a reported latency of 0.038s and 0.104s on a standard
computing platform, which were verified in our own setup. To
further simplify the experiments, for the fast network we sub-
sample the input image in a factor of two, reducing the latency
to roughly 1/(30fps) ≈ 0.033 s which is the inverse of the frame
rate. With these two networks we propose 3 perception methods
as follows:

• pk = 1: This method uses the fast network with a latency
of 1/(30fps). This means that this method does not skip any
frame and has a CPU load of 100%.
• pk = 2: It uses the slow network with a processing latency

of 0.104s. This means that the network is computed over
four frames, causing it to skip three frames, processing only
the first one. Consequently, the CPU load over these four
frames is 0.104s

4frames/(30fps) = 78%.
• pk = 3: In order to have an option which favors a low

CPU load, we use the fast network, but deliberately skip the
next 4 frames. This means that the perception quality of
this method is the same as pk = 1 but with a CPU load of

1/30 s
5frames/(30fps) = 20% and longer overall latency.

These perception method options are depicted graphically in
Fig. 6. The previous framework has a disadvantage in terms of
memory consumption, as the adaptive strategy requires storing
both neural networks, leading to higher memory usage com-
pared to using the perception methods individually. However,
it is worth noting that depending on the application, it may be
possible to use a single ANN, as demonstrated in [20], which can
offer different latency and quality levels with a fixed amount of
memory space.

As depicted in Fig. 7, the output of each of the neural net-
works is a list of bounding boxes for all the detected objects
in the image. Therefore, a data association stage is necessary
to select the appropriate bounding box for the target object in
each experiment. There exist many data association techniques in
the literature, such as those based on similarity measures using
neural networks [44] or end-to-end detection and association
siamese networks [45]. These methods are highly dependent on
the training procedure, which might have an undesired effect
 o
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when evaluating the scheduling feature of PLATE by itself. Hence,
since the goal of this work is to evaluate PLATE for a fixed percep-
tion framework, we use a more standard approach. We compare
the predicted position of the target, limt→τ−k

x̂(t), from (5) at the
time τk when the image was captured, and use the Hungarian
algorithm to select the most suitable bounding box candidate [1].
The computational latency of this procedure is negligible and can
be ignored for simplicity in subsequent discussions. Fig. 7 shows
that the output of the data association stage is the best bounding
box candidate for the target of interest from which a processed
position measurement z[k] is obtained as its geometric center.

In this setting, ∆s = 1/30, ∆1
= ∆s, ∆2

= 3∆s, ∆3
= 5∆s.

In addition, the CPU loads are f 1 = 1, f 2 = 0.78, f 3 = 0.2.
We estimate the nominal error covariance for each perception
method R1,R2,R3 by comparing the outputs of each perception
method with the ground-truth data across all images in the 15
training target tracks. The resulting covariance matrices are

R1
= diag(13.122, 25.872),R2

= diag(9.942, 17.062),R3
= R1

The matrix W was estimated using the training target tracks as
well, following a standard parameter estimation procedure de-
scribed in [41]. As described in Section 5, we also aim to evaluate
PLATE when an online estimation of the current covariance R[k]
is available besides the nominal covariances. As a result, we adapt
the standard parameter estimation in [41] for this setting, using
the resulting performance of previous detections compared to the
estimation x̂(t). Let Ipk [k] = {ℓ ≤ k : pℓ = pk, k− ℓ ≤ Nw} be the
set of all discrete instants ℓ corresponding to the moments τℓ in
which the perception method pk was used prior to the current τk,
in a moving window picked here of Nw = 10 samples. Thus, if pk
is to be picked at t = τk one can estimate the current covariance
for such method as:

R[k] =
1
Nw

∑
ℓ∈Ipk [k]

e[ℓ]e[ℓ]⊤ − CP̂−(τk)C⊤ (9)

here e[ℓ] = Cx̂[ℓ] − z[ℓ] and P̂−(τk) = limt→τ− P̂(t) from (5).
The PLATE module, depicted in Fig. 7, executes the estimator-

redictor equations specified in (5) and (6), and implements
he scheduler algorithm presented in Algorithm 4. This module
mploys a moving-horizon PLATE with Tf = 10s and utilizes
re-computed schedules for each quantized covariance value P̂q,
hich are based on nominal R1,R2, and R3. When a new pro-
essed measurement z[k] is obtained, the pre-computed values
or line 7 in Algorithm 4 for all possible P̂[k] in a compact set
nable the computation of the new scheduling decision pk with
egligible computing latency. Additionally, the computation time
equired for (5) and (6) in this example’s state space dimensions
s negligible compared to the latencies ∆1, ∆2, and ∆3. The values
f Q (δ) will be varied between 50, 500, 5000 as in previous
xamples with B0 as the set of all positive definite matrices P
ith ∥P∥F ≤ B0 = 20.

emark 7. The cost function (2) was set using λα = 1 and
pk = λloadf pk∆pk + λatt. (10)

he term λloadf pk∆pk penalizes the CPU load, while λatt penalizes
he attention, weighted by λload, λatt. Minimizing these objectives
hile providing the best possible accuracy are conflicting goals,
ut can be balanced by adjusting λload, λatt. If λload = λatt = 0, the
ffline construction of pk results in pk = 1 for every P̂q, maximiz-
ng the attention regardless of the quantization step. Conversely,
e verified numerically that for λload = 1 and λatt > 15, pk = 3

or all P̂q, minimizing the attention, regardless of the quantization
tep as well. For other values of λload, λatt, the schedule pk changes
ccording to the current P̂q, achieving a balance between these

bjectives.
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Fig. 6. Different features of the three perception methods described in Sec-
tion 7.1. The number of skipped frames as well as the CPU load in each method
is depicted.

7.2. Performance of the implemented pipeline

In this section, we evaluate the proposed pipeline on the
5 evaluation target tracks. The performance evaluation metric
sed is the Mean Squared Error (MSE) of x̂(k∆s), k = 0, 1, . . .
ompared to the ground-truth data available in the MOT16 data-
et. Additionally, the CPU load for all experiments is recorded, as
ell as the attention measured as the percentage of non-skipped

rames compared to the total number of frames. To illustrate the
rade-off between the previously described metrics, a combined
ost is computed as (MSE) + λload(CPU load) + λatt(Attention) as
n sampled version of the cost (2) under penalties (10).
In the following, we used λload = λatt = 1/2 in (10) which

esults in a trade-off between accuracy, CPU load and attention,
roducing different pk through time for PLATE. The results are
hown in Table 2 where we compare the performance of the
roposal under different values of Q (δ) as well as using nominal
[k] ∈ {R1,R2,R3

} or adaptive R[k] in (9).
There are three main conclusions that can be obtained from

hese results. First, note that using adaptive R[k] produces an
mprovement with respect to the nominal case, particularly with
ow Q (δ) where an improvement of (35.76 − 32.78)/35.76 ≈
% in MSE is obtained when Q (δ) = 50. Second, consistent
ith Theorem 2, increasing Q (δ) improves the MSE as well, with

diminishing returns as Q (δ) increases. Third, the CPU load and
attention remain roughly the same meaning that high values of
Q (δ) might not be needed in practice to maintain reasonable
values for these objectives.

Now, we compare PLATE with other ideas in the literature.
As a baseline for the comparison we used a framework which
does not use scheduling. This is, the neural network method to
be used for perception is chosen at the beginning, and remains
fixed at all times. The results are shown in the first three rows
of Table 3. Note that the configuration in row (1) of Table 3
(fixed pk = 1) obtains the best MSE among all experiments at
the expense of high CPU load and attention. In addition, row (3)
of Table 3 (fixed pk = 3) produces the best results in terms of
CPU load and attention at the expense of high MSE. However,
recall from Remark 7 that with appropriate configuration of the
penalties (10), PLATE can produce either fixed pk = 1 or pk = 3
and obtain the best performance for MSE, CPU load or attention
by separate.

Moreover, we evaluated frame-skipping techniques [1,18,19]
which rely on an event-triggered condition to determine whether
a new frame needs processing. To evaluate a similar approach,
we decided at each new frame whether to use p = 1 or skip the
k
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Fig. 7. Implemented Pipeline for the PLATE evaluation framework described in
Section 7.1.

frame entirely. Send-on-delta strategies are commonly employed,
where a frame is processed if tr(P̂(k∆s)) ≥ δET with a threshold
ET > 0. The results for different δET are shown in rows (4) and
5) of Table 3.

Finally, row 6 of Table 3 shows the best configuration for
LATE as obtained in Table 2. For comparison, note that while
ixed pk = 2 yields a small MSE, CPU load and attention values
emain high. In contrast, PLATE in row 6 of Table 3 also has a
mall MSE with the advantage of reducing the CPU load from
8% to 43.5% and attention from 75% to 43.4%, when compared
o fixing pk = 2.

The event-triggered approach in row 4 of Table 3 shows a
mall improvement in the MSE can be obtained when compared
o PLATE in row 6 of Table 3. Despite this, the CPU load and
ttention values are considerably bigger for the event triggered
lternative. More concretely, PLATE in row 6 of Table 3 improves
he CPU load from 71.2% to 43.5% (a relative improvement of
8.9%) when compared to the event triggered approach in row
of Table 3, even with a similar MSE performance. This trade-
ff is clear since PLATE obtains the best performance among all
ptions as illustrated with the combined cost in the last column
f Table 3.
Hence, using PLATE with appropriate configuration in (10) can

btain a good trade-off between accuracy, CPU load and attention,
ith improved performance with respect to static perception
onfigurations. In addition, PLATE provides a clear connection via
he cost function (2) and the penalty (10) to achieve in each
ituation different behaviors, prioritizing CPU load and attention
r MSE.

emark 8. The performance of the proposal is highly dependent
n the parameters Q (δ), λload, and λatt, as evident from the results

presented in Tables 2 and 3. It is important to note that the
optimal parameter selection generally varies based on the specific
application and target dynamics under consideration. However,
as discussed in this section, conducting several experimental tests
can help determine the most suitable parameters for the user.
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Table 2
Evaluation of the implemented pipeline for PLATE on MOT16 data as described in Section 7. MSE stands for Mean-Squared-
Error with respect to ground-truth data. The attention column corresponds to the percentage of non-skipped frames with
respect to the total number of frames. The penalty in (10) is configured with λload = λatt = 1/2. Moreover, to illustrate the
trade-off between the previously described metrics, a combined cost is computed as (MSE)+λload(CPU load)+λatt(Attention)
as an sampled version of the cost (2) under penalties (10).

R[k] Q (δ) MSE [px] CPU load [%] Attention [%] Combined cost

(1) Nominal 50 35.76 44.5 44.1 80.06
(2) Adaptive 50 32.78 44.0 43.9 76.73
(3) Nominal 500 32.14 44.1 43.9 76.14
(4) Adaptive 500 32.02 43.8 43.6 75.72
(5) Nominal 5000 31.54 43.9 43.6 75.29
(6) Adaptive 5000 30.04 43.5 43.4 73.49
Table 3
Evaluation of the implemented pipeline. The evaluation metrics are the MSE, CPU load and attention as well as the combined cost
taking into account all previous metrics weighted by λload = λatt = 1/2. The methods under evaluation are: 1) No scheduling with
fixed pk = 1, corresponding to using only the fast neural network faster_rcnn_R_50_FPN_3 at all times without additional frame
skipping. 2) No scheduling with fixed pk = 2 corresponding to using only the slow neural network faster_rcnn_R_101_C4_3x at
all times without additional frame skipping. 3) No scheduling with fixed pk = 3 corresponding to using only the fast neural network
faster_rcnn_R_50_FPN_3 followed by 4 skipped frames repeatedly. 4) and 5) Event triggered approach with different δET . 6) The
best configuration for PLATE as obtained from Table 2.

Method Configuration MSE [px] CPU load [%] Attention [%] Combined cost

(1) No scheduling fixed pk = 1 19.61 100 100 119.61
(2) No scheduling fixed pk = 2 29.05 78 75 105.55
(3) No scheduling fixed pk = 3 73.73 20 20 93.73
(4) Event-triggered δET = 5 25.04 71.2 69.2 95.24
(5) Event-triggered δET = 50 64.74 35.9 35.2 100.29
(6) PLATE Q (δ) = 5000, Adaptive R[k] 30.04 43.5 43.4 73.49
Our experiments demonstrate a range of potential performance
values obtained by varying the parameter Q (δ), allowing for
selection based on specific application requirements and resource
availability. In addition, regarding the penalties λload, and λatt,
these values should reflect the application specifications. Still,
it is beneficial to identify parameter sets for these penalties
that exhibit similar behavior to the ones described in Remark 7.
This knowledge becomes particularly valuable when the user
needs to make a trade-off between accuracy and resource usage.
More principled design rules are not trivial to obtain and will be
considered in our future work.

8. Conclusions

In this work, we introduced PLATE as a perception-latency
aware estimator for target tracking applications. PLATE leverages
a bank of perception methods with different latency-precision
trade-offs to adaptively select the best method for the current
estimation task. The proposed algorithm allows for the skipping
of input frames, which reduces CPU load and resource usage
while still maintaining high tracking accuracy. Unlike other frame
skipping techniques, PLATE’s algorithm is based on a formal dy-
namic programming argument rather than heuristics. We found
that while the exact solution of the problem is subject to a
combinatorial explosion, an approximate solution can be ob-
tained with efficient computational complexity. We evaluated
PLATE using both simulations and real-world data sets, and found
that it outperforms other state-of-the-art approaches in terms of
both tracking accuracy and computational efficiency. Our current
approach is limited to linear target motion models, and extend-
ing the estimator to nonlinear models using particle filtering or
data-driven techniques is challenging and left for future work.
726
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Appendix A. Quantized covariance method

The concrete steps to perform the dynamic programming al-
gorithm described in Section 4.1 are shown in Algorithm 5. First,
auxiliary matrices MQ ,MP ,MJ are computed from Algorithm 6
given an initial state q0. In line 6 of Algorithm 6 time steps up
to αmax are traversed. Moreover, in line 7 all possible states q
at time ℓ are evaluated as well. Furthermore, for each of these
states q, in line 8 all perception options ρ are checked. In this way,
Algorithm 6 tracks optimal routes where [MJ ]q,ℓ stores the best
cost-to-arrive from q0 to q after ℓ time steps. Moreover, [MQ ]q′,ℓ
stores the best state q connected to q′ at time step ℓ, where the
perception decision is stored in [MP ]q′,ℓ defining howmany stages
separate both states as well. These matrices are used in Algorithm
5 to trace-back the optimal scheduling.

Appendix B. Auxiliary results

Proposition 5. Let λ = [λ1, . . . , λn]
⊤
∈ Rn and define ∥λ∥p =(∑n

i=1 |λi|
p)1/p. Then, with 0 < r < s, the following inequalities are

satisfied:

(a) [46, Theorem 16, Page 26] ∥λ∥r ≤ n
1
r −

1
s ∥λ∥s.

(b) [46, Theorem 19, Page 28] ∥λ∥s ≤ ∥λ∥r .
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Algorithm 5: qDP
Data: q0, Tf , G computed from Algorithm 3
Result: p, J

1 {MQ ,MP ,MJ} ←qDPMatrices (q0, Tf , G)
2 Set J and q to the best cost and state at the last column of

MJ
3 p← ∅
// Use MP to trace back the optimal schedule

ending at state q
4 ℓ← ⌊Tf /∆s⌋

5 while ℓ > 0 do
6 ρ ← [MP ]q,ℓ
7 Append ρ at the start of p
8 q← [MQ ]q,ℓ
9 ℓ← ℓ−∆ρ/∆s

10 end

Algorithm 6: qDPMatrices
Data: q0, Tf , G
Result: MQ ,MP ,MJ

1 αmax ← ⌊Tf /∆s⌋

2 MQ ← [0] ∈ {0, 1, . . . ,Q (δ)}Q (δ)×(αmax+1) // [MQ ]q′,ℓ:
best state q connected to q′ at step ℓ

3 MP ← [1] ∈ {0, 1, . . . ,D}D×(αmax+1) // [MP ]q′,ℓ:
Perception connecting best q connected to q′
at step ℓ

4 MJ ← [∞] ∈ R̄Q (δ)×(αmax+1)
≥ 0

// [MJ ]q,ℓ: best cost from
q0 to q in ℓ steps

5 [MJ ]q0,0 ← 0
6 for ℓ ∈ {1, . . . , αmax} do
7 for q ∈ {1, . . . ,Q (δ)} do
8 for ρ ∈ {1, . . . ,D} do
9 q′ ← state connected to q through edge with

weight ρ

10 τ ← (ℓ− 1)∆s
11 τ+ ← τ +∆ρ

12

J ←
1
Tf

(
λαrρ
+

∫ min(τ+,Tf )

τ

Wd(t − τ )dt+

∫ min(τ+,Tf )

τ

tr(Ad(t − τ )P̂qAd(t − τ )⊤)dt

)
// [MJ ]q,ℓ + J is the cost-to-arrive from

q0 to q′ in ℓ+ ρ steps
13 if [MJ ]q,ℓ + J < [MJ ]q′,ℓ+ρ then
14 [MJ ]q′,ℓ+ρ ← [MJ ]q,ℓ
15 [MQ ]q′,ℓ+ρ ← q
16 [MP ]q′,ℓ+ρ ← ρ

17 end
18 end
19 end
20 end

Lemma 1. Let M1,M2 ∈ Rn×n be positive definite matrices such
that M1 ⪯ M2. Then, the following inequalities are satisfied:

(a) tr(M1) ≤ tr(M2).
(b) ∥M1∥F ≤

√
n∥M2∥F

Proof. First, note that M2 − M1 is positive semi-definite. Then,
se the spectral Theorem [33, Theorem 2.5.6] to conclude that
he eigenvalues {λ }n of M −M are all different non-negative
i i=1 2 1
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eal numbers. Thus, tr(M2) − tr(M1) = tr(M2 −M1) =
∑n

i=1 λi ≥

0, where the relation between the trace and the sum of the
eigenvalues was used in the last step [33, Page 50] completing
the proof for a. Similarly, M1,M2 have non-negative eigenvalues
too. Let λ1, λ2 ∈ Rn be vectors containing the eigenvalues of
M1,M2 respectively. Thus, item (a) reads ∥λ1∥1 ≤ ∥λ2∥1 using the
notation of Proposition 5 in Appendix B. Proposition 5-a implies
∥λ2∥1 ≤

√
n∥λ2∥2. Proposition 5-b implies ∥λ1∥2 ≤ ∥λ1∥1. Thus,

λ1∥2 ≤
√
n∥λ2∥2. Now, recall that ∥λ1∥2 =

√∑n
i=1 λi(M1)2 ≡

M1∥F where λi(M1) are the eigenvalues of M1 and similarly for
2 [33, Page 342]. Thus, item (b) follows.

emma 2. Let M1,M2 ∈ Rn×n be symmetric matrices satisfying
1 ⪯ M2. Then, (M1 ⊗M1) ⪯ (M2 ⊗M2).

roof. First, recall from [33, Theorem 7.7.3-(a)] that M1 ⪯ M2 if
nd only if ρ(M−12 M1) ≤ 1 where ρ(•) denotes the spectral ra-
ius [33, Definition 1.2.9]. Then, 1 ≥ ρ(M−12 M1)2 = ρ((M−12 M1)⊗
M−12 M1)) = ρ((M2⊗M2)−1(M1⊗M1)), which implies (M1⊗M1) ⪯
M2 ⊗M2) using [33, Theorem 7.7.3-(a)].

ppendix C. Proofs

.1. Proof of Theorem 1

First, we show an following auxiliary result.

emma 3. Let the state Eq. (3) and the measurement model z[k] =
x[k] + v[k] available at t = τk +∆pk with cov{v[k]} = Rpk and a
ixed latency schedule p. Thus, the estimate at time t ∈ [τk, τk+1)
f x(t) based on measurements {z[0], . . . , z[k]} which minimize
r(P̂(t)), is given by E{x(t)|z[0], . . . , z[k− 1]} and satisfies (5).

roof. First, consider estimates for x[k], given that x[k] evolves
ccording to the discrete-time system (3b). Moreover, note that
he measurement z[k] is available at t = τk+1. Then, [34, Page
28 - Theorem 4.1] implies that the structure in (6), inherited
rom a Kalman filter with predictor, satisfies x̂[k+ 1] ≡ E{x[k+
]|z[0], . . . , z[k]}. For any other t ∈ (τk, τk+1) the measurement
[k] is not available. Thus, E{x(t)|z[0], . . . , z[k− 1]} can be com-
uted using E{x[k]|z[0], . . . , z[k−1]} through the same structure
n (6) but applied to (3a) with C = 0 resulting in (5). Now that
ˆ(t) = E{x(t)|z[0], . . . , z[k − 1]} has been established for any
∈ [τk, τk+1), [34, Page 228 - Theorem 4.1] implies that a⊤P̂(t)a

s minimized for this estimate with arbitrary vector a ∈ Rnx . This
eans that for any other estimation x̂′(t) of x(t) with covariance
ˆ ′(t) := cov{x(t) − x̂′(t)} we have a⊤P̂(t)a ≤ a⊤P̂′(t)a,∀a ∈ Rnx .
ence, P̂(t) ⪯ P̂′(t) from which tr(P̂(t)) ≤ tr(P̂′(t)) follows using
emma 1 from Appendix B for any other estimation x′(t).

We are now ready to show Theorem 1. First, note that for
ixed perception schedule p, the term

∑α

k=0 r
pk in (2) is constant.

oreover, Lemma 3 implies that x̂(t) = E{x(t)|z[0], . . . , z[k−1]}
omputed recursively using (5) and (6) leads to an optimal trajec-
ory of the signal tr(P̂(t)). This means that for any other estimation
ˆ ′(t) of x(t) with P̂′(t) := cov{x(t) − x̂′(t)} one has tr(P̂(t)) ≤
r(P̂′(t)). Integrating both sides of the previous inequality leads
o conclude that

∫ Tf
0 tr(P̂(t))dt ≤

∫ Tf
0 tr(P̂′(t))dt which implies

(x̂, p) ≤ J (x̂′, p). Hence, the estimation x̂(t),∀t ∈ [0, Tf ] from
5) solves Problem 1 provided that p is the optimal schedule as
ell.
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.2. Proof of Proposition 2

To show correctness, first note that a direct application of the
ynamic programming principle [36, Page 23] leads to conclude
hat p as obtained from dynProg(0, P[0], Tf ) is optimal for the
ost (2) whenever the estimations {x̂(t) : t ∈ [0, Tf ]} are of the
orm (5) as required in lines 4 and 6 of dynProg. In addition,
Theorem 1 implies that the optimal estimations are computed
from (5), from which optimality of both x̂(t) and p using dynProg
follows, solving Problem 1. For the complexity, note that the
largest amount of recursive calls in Algorithm 2 is obtained when
pk = i at line 3 of dynProg with i = argmin{∆j

}
D
j=1. In this case,

⌊Tf /min{∆1, . . . , ∆D
}⌋ recursive calls to dynprog are required

to cover the whole window [0, Tf ], i.e. for τ+ ≥ Tf in line 7 of
dynProg. Hence, due to line 3 in dynProg, the total number of
recursive calls is at most D⌊Tf /min{∆1,...,∆D

}⌋.

C.3. Proof of Proposition 3

First we show that Algorithm 3 finishes. Note that for any
initial condition in a compact set B0, the result in [47, Lemma
6.1] ensures that the covariance P̂[k] a the filter of the form (6)
is uniformly bounded from above. This means that there exists
a compact set B ⊂ Rnx×nx such that P̂[k] ∈ B,∀k ≥ 0 and
P̂0 ∈ B0. Existence of such compact set in the quantized setting
is ensured as well. The reason is that quantization only adds a
disturbance term ∥ΠQ[k]∥ ≤ δ to (6) which can be absorbed
into the covariance W (∆pk ). Now, note that since quantization
patches obtained in Algorithm 3 are non overlapping and comply
supP̂[k],P̂[k]′∈BQ (δ)

∥P̂[k] − P̂[k]′∥ = δ thus, there exists a maximum
finite number Q̄ (δ) of regions of this kind covering B due to
compactness. Hence, Algorithm 3 finishes in at most Q̄ (δ) steps.

For the rest of the proposition, the proof outline is described
in the following. Note that obtaining an explicit bound for P̂[k] in
(6) is not trivial due to the nonlinearity of the update equation
for the covariance. In addition, the bound in [47, Lemma 6.1] is
very overestimated. Hence, we follow a similar idea as in [47]
which is to study an artifact filter whose bound can be obtained
explicitly and use it as a proof tool, appealing to the optimality
of PLATE to conclude that a covariance bound of the artifact filter
is a bound for PLATE as well. In this case, instead of the structure
in (6) where the gain L[k] depends on P̂[k], we use a gain Lpk ∈
{L1, . . . , LD} so that the artifact filter takes the form:

x̂s[k+ 1] = Ad(∆pk )x̂s[k] + Lpk (z[k] − Cx̂s[k]) (C.1)

with x̂s[0] = x0. Hence, we require to design the gains Lpk to make
the filter asymptotically stable, making it feasible for the bound
to exist. This cannot be done by designing each Lpk by separate.
The reason is that, the error x̃s[k] = x[k]− x̂s[k] for (C.1) satisfies

x̃s[k+ 1] = Λpk x̃s[k] + Lpkv[k] +wd[k] (C.2)

with Λpk = Ad(∆pk ) + LpkC. Hence, (C.2) is a switched system
which switches between system matrices Λpk with the sched-
ule pk as switching signal. In the following auxiliary technical
lemmas, we aim to ensure asymptotic stability of the filter, by
designing Lpk through the method of the common Lyapunov
function [48, Page 22].

Lemma 4. Consider the filter (C.1) for some perception schedule p.
Then, ϱs[k] := vec(P̂s[k]) with P̂s[k] := cov{x[k] − xs[k]} satisfies:

ϱs[k+ 1] = (Λpk ⊗Λpk )ϱs[k] + ω[k], ϱs[0] = vec(P0) (C.3)

where ω[k] = vec((Lpk )Rpk (Lpk )⊤ +W (∆pk )).
d
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Proof. First, compute P̂s[k+ 1] by applying cov(•) to both sides
of (C.2) as:

P̂s[k+ 1] = (Λpk )P̂s[k](Λpk )⊤

+ (Lpk )Rpk (Lpk )⊤ +Wd(∆pk )

Then, apply vec(•) to both sides of the previous equation as well
as the identity vec((Λpk )P̂s[k](Λpk )⊤) ≡ (Λpk ⊗Λpk )vec(P̂s[k]) to
obtain (C.3). Finally, P̂[0] = cov{x[0] − x0} = P0.

Lemma 5. ConsiderΩ, γ ,Yi, i ∈ {1, . . . ,D} satisfy (8). Henceforth,
the following nonlinear matrix inequality is satisfied:(
(Λpk )⊤Ω (Λpk )⊗ (Λpk )⊤Ω (Λpk )

)
⪯ γ 2(Ω ⊗Ω ) (C.4)

with Λi
= Ad(∆i)− LiC and Li = Ω−1Yi, i ∈ {1, . . . ,D}.

Proof. Equivalence between (8) and (Λpk )⊤Ω (Λpk ) ⪯ γΩ
follows from the well known relationship of the Schur comple-
ment similarly as in [49]. Now, apply Lemma 2 with M1 =

(Λpk )⊤Ω (Λpk ) and M2 = γΩ to obtain (C.4).

Lemma 6. Consider the assumptions in Lemmas 4 and 5. More-
over, let V (ϱs[k]) :=

√
ϱs[k]⊤(Ω ⊗Ω )ϱs[k]. Then, the following

nequality is satisfied:

(ϱs[k+ 1]) ≤ γV (ϱs[k])+ λmax(Ω )G (C.5)

where λmax(Ω ) is the maximum eigenvalue of Ω and

G := max
i∈{1,...,D}

∥(Lpk )Rpk (Lpk )⊤ + Wd(∆pk )∥F .

Proof. First, note that since Ω is positive definite, henceforth
∥ • ∥Ω⊗Ω :=

√
(•)⊤(Ω ⊗Ω )(•) is a norm [33, Page 321] and

V (ϱs[k]) ≡ ∥ϱs[k]∥Ω⊗Ω . Now compute V (ϱs[k + 1]) from (C.3)
as:
V (ϱs[k+ 1]) = ∥(Λpk ⊗Λpk )ϱs[k] + ω[k]∥Ω⊗Ω

≤ ∥(Λpk ⊗Λpk )ϱs[k]∥Ω⊗Ω + ∥ω[k]∥Ω⊗Ω
sing the triangle inequality [33, Definition 5.1.1-(3)]. Further-
ore, use Lemma 5 to obtain:

(Λpk ⊗Λpk )ϱs[k]∥Ω⊗Ω

=

√
ϱs[k]⊤

(
(Λpk )⊤Ω (Λpk )⊗ (Λpk )⊤Ω (Λpk )

)
ϱs[k]

≤

√
γ 2ϱs[k]⊤(Ω ⊗Ω )ϱs[k]

= γ ∥ϱs[k]∥(Ω⊗Ω ) ≡ γV (ϱs[k])

(C.6)

oreover, note that ω[k]⊤(Ω ⊗Ω )ω[k] ≤ λmax(Ω ⊗Ω )∥ω[k]∥2
by the Rayleigh inequality [33, Theorem 4.2.2]. Furthermore, note
that

∥ω[k]∥ = ∥(Lpk )Rpk (Lpk )⊤ +Wd(∆pk )∥F .

Thus, ∥ω[k]∥Ω⊗Ω ≤ λmax(Ω )G. Then, (C.5) is the combination of
the previous results.

We are now ready to show the rest of Proposition 3. First,
consider a scalar signal v[k] ∈ R satisfying:

v[k+ 1] = γ v[k] + λmax(Ω )G,

with λmax(Ω )G as in Lemma 6, γ ∈ (0, 1) and
v[0] =

√
vec(P0)⊤(Ω ⊗Ω )vec(P0). It can be verified that the

olution to the previous linear difference equation satisfies:

[k] = γ kv[0] + λmax(Ω )G
(
1− γ k

1− γ

)
≤ v[0] +

λmax(Ω )G
,∀k ≥ 0
1− γ
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n addition, note that

[0] ≤
√

λmax(Ω ⊗Ω )vec(P0)⊤vec(P0) = λmax(Ω )∥P0∥F

by means of the Rayleigh inequality [33, Theorem 4.2.2] and the
identity ∥vec(P0)∥ ≡ ∥P0∥F . Combine the previous results to con-
clude that v[k] ≤ B′s,∀k ≥ 0 with B′s = λmax(Ω )

(
∥P0∥F +

G
1−γ

)
.

ecall that V (ϱs[k]) complies (C.5) by Lemma 6. Use the compar-
son lemma in [50, Lemma 13] together with V (ϱs[0]) = v[0]
o conclude that V (ϱs[k]) ≤ v[k],∀k ≥ 0 which leads directly
(ϱs[k]) ≤ B′s. Now, Rayleigh inequality is used again to conclude
hat λmin(Ω )∥ϱs[k]∥ ≤ V (ϱs[k]) ≤ B′s equivalently ∥ϱs[k]∥ =
P̂s[k]∥F ≤ B′s/λmin(Ω ) ≡ Bs/

√
nx with Bs defined in (7). Use

the same arguments as in the proof of Lemma 3 to conclude that
P̂[k] ⪯ P̂s[k] where P̂[k] is obtained from PLATE in (6). Hence, use
he same arguments as in the proof of Lemma 1-b in Appendix B
o obtain ∥P̂[k]∥F ≤

√
nx∥P̂s[k]∥F ≤ Bs.

C.4. Proof of Proposition 4

Similar to the proof of Proposition 2, optimality of the solution
of Algorithm 5 comes from the dynamic programming princi-
ple [36, Page 23]. As for the complexity, note that combining lines
6, 7 and 9 of Algorithm 6 results in αmaxQ (δ)D iterations needed
to compute MP ,MJ ,Mα . In addition, the number of steps in lines
2 and 5 in Algorithm 5 are Q (δ) and αmax respectively. Hence, the
asymptotic complexity of Algorithm 5 is only given by the term
αmaxQ (δ)D.

C.5. Proof of Theorem 2

In this section, we denote with Fpk the function that computes
P̂[k+ 1] = F pk (P̂[k]) according to (6). Moreover, in order to show
Theorem 2, we provide an auxiliary lemma.

Lemma 7.
Let a given K ∈ N and consider the systems:

P̂[k+ 1] = F pk (P̂[k]), P̂[0] = P0

P̂′[k+ 1] = F pk (P̂′[k])+ΠQ[k], P̂′[0] = P′0

with ∥P̂[0] − P̂′[0]∥F ≤ δ and ∥ΠQ[k]∥F ≤ δ,∀k ∈ {1, . . . , K }.
herefore, for any ε′ > 0 there exists δ > 0 such that ∥P̂[k] −
ˆ ′[k]∥F ≤ ε′,∀k ∈ {1, . . . , K }.

roof. First, note that for any ε0 > 0, there exists δ > 0 such
hat ∥P̂[1] − P̂′[1]∥F = ∥Fp0 (P̂[0]) − Fp0 (P̂′[0]) − ΠQ[0]∥F ≤
Fp0 (P̂[0])− Fp0 (P̂′[0])∥F + δ ≤ ε0 due to continuity of Fp0 (•). The
ame reasoning applies for the remaining K−1 steps, making P̂[k]
rbitrarily close to P̂′[k] by choosing δ > 0 sufficiently small.

Using the previous result, the proof of Theorem 2 follows. First
ote that the initial condition P0 for the original problem and the
uantized version P̂q0 = Q(P0) comply ∥P0− P̂q0∥F ≤ δ. Note that
f P̂[k] ∈ {P̂1, . . . , P̂Q (δ)}, then

Fpk (P̂[k])− Q
(
Fpk (P̂[k])

)
F
≤ δ.

hus, in the quantized setting, P̂′[k] evolves according to P̂′[k +
] = F pk (P̂′[k])+ΠQ[k] where ΠQ[k] is the quantization noise
omplying ∥ΠQ[k]∥F ≤ δ and initial condition P̂′[0] = P̂q0 .
hus, Lemma 7 implies that for any ε′ > 0 there is sufficiently
mall δ > 0 such that true optimal trajectory for the covariance
ˆ [k] and the quantized one P̂′[k] comply ∥P̂[k] − P̂′[k]∥F ≤ ε′

ˆ ˆ ′ ˜ ˜ ˜ ′
quivalently P[k] − P [k] = P[k] for some P[k] with ∥P[k]∥F ≤ ε .
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Now, with τ+k+1 := min(τk+1, Tf ):

|J − JQ(δ)|

≤
1
Tf

len(p)∑
k=0

∫ τ+k+1

τk

⏐⏐⏐tr(Ad(t − τk)P̃[k]Ad(t − τk)⊤)
⏐⏐⏐ dt

≤
1
Tf

len(p)∑
k=0

(
τ+k+1 − τk

)
sup

τk≤τ≤τk+1

⏐⏐⏐tr(Ad(τ )P̃[k]Ad(τ )⊤)
⏐⏐⏐

≤ max
0≤k≤len(p)

sup
τk≤τ≤τk+1

⏐⏐⏐tr(Ad(τ )P̃[k]Ad(τ )⊤)
⏐⏐⏐

owever, since ∥P̃[k]∥F ≤ ε′, one can choose δ > 0 sufficiently
mall to make ε′ > 0 and as a consequence

⏐⏐⏐tr(Ad(τ )P̃[k]Ad(τ )⊤)
⏐⏐⏐

o be arbitrarily small for any τ ∈ [τk, τk+1], k ∈ {1, . . . , len(p)}.
hus, |J − JQ(δ)| ≤ ε for some δ > 0.
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