SPECTRAL SETS OF GENERALIZED HAUSDORFF MATRICES
ON SPACES OF HOLOMORPHIC FUNCTIONS ON D
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ABSTRACT. Here, we study a family of bounded operators H, acting on Banach
spaces of holomorphic functions X < O(D), which are subordinated in terms of a
Co-semigroup of weighted composition operators (v,Cy,), i.e., H = [ v:Cy, dv(t)
in the strong sense for some Borel measure v. This family of operators extends
the so-called generalized Hausdorff operators. Here, we obtain the spectrum, point
spectrum and essential spectrum of H under mild assumptions on (v,Cy,), v and
X. In particular, we obtain these spectral sets for a wide family of generalized
Hausdorff operators acting on Hardy spaces, weighted Bergman spaces, weighted
Dirichlet spaces and little Korenblum classes. The description for the spectra of the
infinitesimal generator of (v,Cly,) is the key for our findings.

INTRODUCTION

Let A be the forward difference operator acting on scalar sequences a = (a,)3%,,

that is, (Aa), = a, — a,4+1. The generalized Hausdorff matrix HY generated by the
sequence a and a real number ( is the infinite lower triangular matrix given by

0, n <k,

(©) —
Hy (n, k) = (n—i—C)(An ka)e, n >k

These matrices were defined independently in [10, 25]. As a countably infinite matrix,

each generalized Hausdorff matrix HY induces an operator on sequence spaces on
Ny = {0,1,2,...}, denoted also by Héo, determined by

HOb), ZH@ n, k)b,  neNy, b= (b)),
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Let ¢ > 0, let p be a finite Borel measure on (0, 1] and let (15) be the sequence given
by

1
(0.1) 1y, = / " du(t), n e N
0

The sequences (uS) generate an interesting family of generalized Hausdorff matrices
H ff) =H ((52), for which its non-zero elements are given by

02) HO(mk) = (" 6

1
k) / A =) Fdut), 0<k<n.
0

n —

Indeed, the behavior of the operators on sequence spaces induced by the matrices H /(f)
has been object of study (or play a central role) in several papers, see for instance
[18, 26, 32, 33]. In particular, for ¢ = 0, the Hausdorff matrix H,SO) corresponds to the
ordinary Hausdorff summability [22]. In this case, it follows from the work of Hardy
[21] that if fol t=YPdu(t) < oo, then HY induces a bounded operator on ¢#(Ny) for
1 <p<oo.

Even more, boundedness of ordinary Hausdorff matrices H ,SO) has been proved in

[13, 14] as operators ’H,(P) on spaces of holomorphic functions (Hardy, Bergman, Dirich-
let, Bloch and BMOA) on the disc by acting on the sequence of coefficients of the
power series of such functions. One of the crucial points in these studies is to represent

such operators HELO) in terms of averages of weighted composition semigroups.
We note in Section 6 that a similar representation also holds for the generalized

Hausdorff matrices of type H,So for ¢ > 0. More precisely, let H,SO be the operator
on spaces of holomorphic functions induced by H ,(f), that is

(0.3) Hl(f)f(z) = i (i Hl(f) (n, k:)ak) 2", z €D,
k=0

n=0

where f(z) = Y7 an2". Let ¢(t) = log(1/t), t € (0,1], and set v = (), i.e., v is
the image measure (on [0,00)) of p. Then

HOF(2) = / T () (Cof) () dlt),  zeD, feOD),

see Proposition 6.1, where Cy, f = f o ¢, (¢¢) is the semiflow (i.e., composition
semigroup) given by

(et—1z+1
and

NS 1 — (2 e~ ¢t
05)  wul(z) = (@i )) 1 1ibi ) _ CES ST EE LR
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which is a semicocycle for (¢;), so (usCy,) is a one-parameter semigroup (see Section
2 for the definition of a semicocycle). Then, it seems reasonable to study operators
HLO, which we label as generalized Hausdorff operators, from the viewpoint of sub-
ordination in terms of weighted composition semigroups related to the semiflow (¢;)
and the semicocycle (u$) as above.

Motivated by these facts, we consider here operators H which are averages in terms
of weighted composition semigroups (v:Cy,), where (v) is a semicocycle satisfying
some suitable properties. Hence, the operators H we study here are of the type

(0.6) Hi= [ uCasintt),  feo)

where v is a suitable complex Borel measure on [0, +00). As we will see later on, this
operator H can be written as

07)  Hf(z) = w(lz) /0 g(j’(f)g)f(g) d <log 28—:3) )

where £ is the integration variable, the integration path is taken through the orbit
from z to 0 given by (¢;) (so that log % € [0,4+00)); and where w is a multivalued

non-vanishing function on D\ {0} of the type w(z) = 2%g(z) for some a € C and
non-vanishing holomorphic function g € O(D). Such w gives a representation of (v;)
as a coboundary, that is,

W o ¢y

0.8 = t>0
( ) Uy W ) —Z Y,

see Remark 2.6 for more details.

The spectral study of weighted averaging operators has been of interest during
last years, see for instance [2, 4, 31, 35]. However, spectral properties of Hausdorff
and generalized Hausdorff operators on holomorphic function Banach spaces has not
been studied in the literature. Recall that, given a closed operator A on a Banach
space X, its spectrum o(A) is given by those complex numbers A for which A\ —
A has not a bounded inverse on X. Our study focuses on the boundedness and,
mainly, the spectrum of operators (0.6) and (0.7) acting on classical Banach spaces
of holomorphic functions such as the Hardy spaces, the weighted Bergman spaces, or
the little Korenblum classes. To avoid the direct spectral study of such operators H
(which is a rather difficult task), the crucial point is the description of the spectrum
of the infinitesimal generator A of the semigroup (v;Cy,). This spectrum is then
transferred to the one of H via the functional calculus of sectorial operators and the
spectral mapping theorems given in [19, 30].

The main reason why the spectral study of generators A is considerably easier than
the one of operators like H is that the generators A are given by first order linear
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differential operators of the type
wl
Af=0f +gf =0 (f’ = ;f) . f€Dom(a),

where ® is the generator of (¢;) and ¢ is the generator of (v;), that is, ®(z) =
%at—t@‘t:o = —2(1—2) and g(z) = avé—iz)}tzo = ®w'/w where w : D\ {0} — C is as
in (0.8), see [34, Th. 2] and [17, Th. 2.1]. In consequence, the representation of
the semicocycle (v;) in terms of the multivalued holomorphic function w on D\ 0 is
convenient to obtain o(A). Indeed, one of our crucial results is that, if v; is continuous
at the repulsive point z = 1 of (¢;), then w has singularities of fractional type at this
point, see Proposition 2.8.

This paper is structured as follows. We list in Section 1 the axiomatic properties
that we require the Banach spaces X of holomorphic functions on D, as well as we
provide several examples of classical Banach spaces satistying these properties. In Sec-
tion 2, we study the behavior near the fixed points of (¢;) of the multivalued function
w associated to a semicocycle (v;) by (0.8). These results of w are critical to obtain
one of our main contributions: the spectrum and (under some extra assumptions) the
essential spectrum of the infinitesimal generator A in Sections 3 and 4, respectively.
These spectral sets are transferred to the ones of H via spectral mapping theorems
in Section 5. Finally, in Section 6 we apply our results to two families of generalized
Hausdorff operators: generalized Cesaro operators C$ and generalized Holder oper-
ators 5. We also show that our proofs can be adapted to the weighted Dirichlet
spaces D2(D) (which do not satisfy the axiomatic properties listed in Section 1) in

the particular case H is given by a generalized Hausdorff operator Hff).

We note that, in a different direction from the one taken here, spectral properties
of weighted composition operators with fixed point in D have been treated in several
settings through different papers, see for instance [3, 5, 15, 16, 28]. In particular,
spectral inclusions for weighted composition operators vC;, were obtained in [16] under
fairly general conditions for a long list of Banach spaces of holomorphic functions with
domain the unit ball of a Banach space (for instance, Hardy, Bergman, Korenblum
spaces on the polydisc).

Finally, we recall the definitions of some classical objects in spectral theory which
are needed through this paper. Let A be a closed operator on a Banach space X. The
spectral radius r(A) of a bounded operator A is given by r(A) := sup{|A\| : X € o(A4)}.
The essential spectrum of A, o.s5(A), is given by

Oess(A) = {\ € C | dim(ker(A — A)) = oo or codim(Ran(A — A)) = oo},
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where codim(Y") := dim(X/Y) for any linear subspace Y C X. For our purposes, it
is useful to consider the extended essential spectrum o.,,, which is given by

- Oess(A), if codim(Dom(A)) < oo,
Uess(A) = .
Oess(A) U {00}, otherwise.

Given a closed operator A with non-empty resolvent set, o.ss(A) is a non-empty
compact subset of the Riemann sphere C, see [30].

Also, given a set Y and two functions f,g : Y — [0, 00|, we use throughout this
work the notation f < ¢ to denote that there exists a constant M > 0 such that
fly) < Mg(y) for all y € Y. In addition, by f ~ g we mean that f < g < f. If
Y is a topological space (all topological spaces considered here are first-countable)
and y € Y, by f(v) < g(v) as ¥y — y we mean that there exist a neighborhood V'
of y and a constant M > 0 such that f(y') < Mg(y') for all ¥ € V. Similarly, by
f') ~g(y') as ¥y’ — y we mean that both f(y') < g(v') as v’ — y and g(v') < f(¥)
as Yy — y are true.

1. AXIOMATIC SPACES

By Mul(X) we denote the space of multipliers of a Banach space X C O(D). Let
L(X) the Banach algebra of linear bounded operators on X. On the other hand, by
B we denote the backshift operator given by

B =120 com)

For v > 0, the Korenblum class £~7(D) is the Banach space of analytic functions f
on D given by

K(D) :={f € OD) : || fllc— := Szlelg(l — 21 f(2)] < oo},

which is a Banach space when endowed with the norm || - ||x-~. Note that v = 0
corresponds to the Banach algebra of bounded and holomorphic functions on D,
H>(D).

Fix v > 0. In this work, we deal with Banach spaces X — O(DD) which contain
the constant functions and satisfy the following conditions

(P1) Mul(X)= H>(D).

(P2) B(X)CX.

(P3) X < K(D).

(P4) (¢,)7Cy, € L(X) for t > 0 with

sup [|(61)Co, ll Lixy < 0.
>0
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(P5) For every ¢ > 0, we have
if f € O(D) with |f(z)] |1 — 2|77, then  fe X.

We point out that the property (P5) is only needed to give some extra information
about g,0int(A), see Proposition 3.4 and the paragraph preceding it.

Definition 1.1. Let v > 0. We say that a Banach space X — O(D) is a y*°-space
if it satisfies properties (P1)-(P5).

For m € Ny, set Z™ = {f € X : f has a zero at 0 of order at least m} and let
P,, be the space of polynomials of degree at most m. Since P,, C X by (P1), then
X = P, ® Z™ whence Z™ has finite codimension in X. Moreover, the projection
X — P, induced by the above decomposition is continuous since X — O(D). This
implies that the complementary projection X — Z™ is continuous too. Thus, Z™ is
a closed subspace of X.

By (P1) and (P2), Z™ is the range space of the multiplication operator by the
function z — 2™. Also, ||fllx =~ [|B™f|lx for all f € Z™ by the open mapping
theorem.

We list below some examples of Banach spaces satisfying the properties (P1)-(P5).

(1) Little Korenblum classes.
If v > 0, then the closure of polynomials in KX~7(D) is the Little Korenblum
growth class Iy 7 (D) given by
Ky(D) = {f € K77(D) + i (1= |21)71(2)| = 0}
with the norm inherited from K~7.
It is clear that H>°(DD) satisfies properties (P1)-(P5) and (P5) for v = 0.
Also, for every v > 0, K~7(D) and K,” (D) satisfies such properties for such
. Indeed, it is clear that they satisfy (P1)-(P3). And it is readily seen by
Schwarz-Pick lemma that these spaces also fulfill (P4).
However, since Cy, is not strongly continuous on K~7(D) or H*(D), we are
only interested in the spaces K, (D), as we explain later on.
(2) Hardy spaces. For 1 < p < oo, let H?(D) be the Hardy space on D formed by
all functions f € O(D) such that

2 ) de 1/p
1l = sup ( / If(re“’)V’—) < oo,
0

0<r<1 27
endowed with the norm || - ||g». Then HP(D) satisfies properties (P1)-(P5)
for v = 1/p, see for instance [24, Sect. 2.2] and [2, Prop. 3.3].
(3) Weighted Bergman spaces. Let 1 < p < oo and o0 > —1. A2(D) denotes the
weighted Bergman space formed by all holomorphic functions in D such that

11z = (/D [FEDIP = Iz\2)”dA(Z))1/p < o0,
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where dA is the Lebesgue measure of D. It is well known that the space A2 (D),
with norm || - || 4, is a Banach space satisfying (P1)-(P3) with v = ”%2.
Property (P4) follows from [2, Prop. 3.3]. It is readily seen that A? (D) also
satisfies (P5), see for example [1].

2. SEMICOCYCLES

Let h(z) = z/(1 — z) which maps bijectively D onto {z € C | Re (z) > —1/2}. Tt is
well known that

(2.1) h(¢i(2)) = e "h(z), t>0,z€D,

where (¢;) is the semiflow given in (0.4), see for instance [36]. Such a representation
of (¢) is key for several technical results given here.
A family (v;) of analytic functions v;: D — C is a (differentiable) semicocycle for
(¢e) if
(1) vo(z) =1 for all z € Dj
(2) vsyt = ¢ - (V50 @) for all s, t;
(3) the mapping t — v(2) is differentiable on [0, 00) for every z € D.
In this section, from now on, (v;) is a differentiable semicocycle for (¢;). This is a
necessary assumption for our purposes. Indeed, if (v,Cy,) is a Cp-semigroup in any of
the spaces considered in Section 1, then (v;) is a differentiable semicocycle for (¢;),
see for instance [17, 27, 29].
We turn to the axiomatic properties of the semicocycles we are concerned with.

(SCo1) The limit v;(1) := lim,_,; v4(2) exists in C for any t > 0.

We refer the reader to [1, 7, 9, 24] for the suitability of the condition above when
dealing with spectra of invertible weighted composition operators.

If (vy) is a semicocycle, the function v; has no zeroes in D for any ¢t > 0, see [27,
Lemma 2.1b)]. It may happen that v;(1) = 0 for some ¢ > 0. Following axiom
concerns such cases. We exclude the case lim,_,; |v;(2)| = oo since it would imply
that the operator v,Cy, is not a bounded operator on H?(D), A2(D), see [16, Cor.
3.7].

(SCo2) Let Q be an open neighborhood in D of 1 (so 2 = V ND for some open set
V' C C containing 1). Then
sup |vy(2)] < oo, inf |v,(2)] > 0.
sup (<) inf, ()
Similar conditions as (SCo2) arise naturally when studying the strong continuity

of the semigroup (v:Cy,), see for instance [34]. Note that, if v;(1) # 0, then the above
implies that inf,ep |v:(2)| > 0 for all ¢ > 0.



8 L. ABADIAS AND J. OLIVA-MAZA
Remark 2.1. Let § € C. Then it is readily seen that ((¢})?), which is given by

No(2) = ¢ (2)(1 — ¢u(2)) 6_ e 0t )
(@)()‘( 21— 2) ) RN PERIEE eD, t>0,

is a semicocycle for (¢;) which satisfies (SCol) and (SCo2).

The remainder of this subsection is devoted to give technical results on semicocycles
satisfying the properties above.

Remark 2.2. For R > 0, set Vg := {2z € C | Re(z) > —1/2, |z] > R}. Note that
Ve =h(D)N{z € C||z| > R}, where h is the univalent function given in (2.1). Let
Qr := h™*(Vg), which is an neighbourhood of 1 in D. Note that the subsets D\ Qg are
Cg,-invariant for all ¢ > 0. That is, ¢:(D \ Qr) C D\ Qg. It is readily seen that (for
each R > 0) the functions given by t — sup,cp log |vi(2)|, t — —inf.ep\o, log [v(2)|
are subadditive. Hence,
3 lim sup |v(2)|Y! < oo, Jlim inf |u(2)]Y >0,
t—o00 2€D t—00 zeD\Qp
see for example [23, Th. 7.6.5]. As a consequence, for each T' > 0, R > 0, there exist
M. p > 0 such that
(2.2) sup |vg(2)| < Me™, inf  |v(2)| > Me ", for all t > T.
z€D z€D\Qr

We now study the asymptotic behavior of a semicocycle (v;), which is crucial in

the understanding of the spectrum of the infinitesimal generator of (v,Cy,).

Lemma 2.3. Let (v;) be a semicocycle for (¢;) satisfying (SCol) and (SCo2). We
have

1/t
lim (sup \vt(z)\) = max{|v1(0)[, |1 (1)},

t—=00 \ eD

1/t
fim (inf a2 ) = winen@), o (D]

Proof. This proof is inspired by the proof of [24, Lemma 4.4].
Let us prove the identity regarding the supremum. First of all, note that by the
subadditivity of t — sup,p log|vi(2)|, it is enough to prove

n—oo zeD

1/n
lim <Sup |vn(z)]> = max{|v1(0)[, |v1 (1)},

where n € Ny, see for instance 2.2.
For each € > 0, take R > 1 big enough, and a neighbourhood U > 0 such that

lv1(2)] < (14 &) max{|v1(0)], |vi(1)]}, z € UUQg,
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where Qp is the subset defined in Remark 2.2. Note that such U, R exist by (SCol)
and that, by (2.1), there exists m € Ny such that, for all z € D, at most m elements
of {¢n(2) | n € Ny} belong to D\ {U UQg}. Since v, = 1—[;:01 v1 © ¢;, we have

igghm(@léIhuMZK1+fﬁﬂwxﬂvdoﬂﬁvdlﬂ}r_m-

Hence lim,,_,~ (sup,cp |vn(z)|)1/n < max{|v1(0)[, |v1(1)|}. Moreover, since v, (1) =
v1(1)™ and v, (0) = v1(0)™, it follows lim,,_,. (SUpP,cp v (2))Y™ = max{|v1(0)], vy (1)]}.

Regarding the infimum, the statement is trivial if v1(1) = 0. Otherwise, the proof
is analogous to the one of the supremum. U

Remark 2.4. Let (v;) be a semicocycle for (¢;) as in the lemma above. Note that, for
0 < s < t, one has ¢s(Qret) C Qpa+ for all t* € [0, — s] (see Remark 2.2 for the
definition of Q). Then, reasoning as in the proof of Lemma 2.3, one gets

lim (Zggizrw)r) = (V)] end Jim (Zelg}getwt(z)\) — o (1)),

The elements of the extended real line o, found in the following lemma will be
called ezponents of (v;).

Lemma 2.5. Let (v;) be a semicocycle for (¢;) satisfying (SCol) and (SCo2). For
v € 40,1}, there exists o, € [—00,00) (with oy € R) such that

lve(v)] = e, >0,
where e~ = 0.

Proof. Let + € {0,1}. The mapping ¢ — |v;(¢)| is measurable. This is clear for ¢ = 0.

If « = 1, note that such a mapping is the limit of a countable family of continuous

functions. Indeed, |v¢(1)] = limy o0 |v(2x)] Where (2x)72, C D with z — 1. Then,
—00

by the semicocycle property, vy s(1) = v(1)vs(1) for s, > 0. Hence, ¢t — |v(1)] is
measurable and fulfills the Cauchy’s exponential equation.

Thus, for ¢ € {0,1}, there exists a, € R U {—00} such that |v(c)] = e** for all
t > 0 (see for instance [6, Prop. 8.1.14]), and the proof is done. (Note that ap € R
as v¢(0) # 0 for t > 0.) O

Remark 2.6. Given a differentiable semicocycle (v;) for the semiflow (¢;), there exists

a multivalued non-vanishing holomorphic function w : D\{0} — C (i.e., w(z) = 2°r(2)

for some § € C and non-vanishing holomorphic r : D — C) such that

wo ¢y(2)
= D\{0},t>0
uz) =222 e\ (o ez0,
see [27, Lemma 2.2b)] and [29, Prop. 4.2.2]. Even more, it holds § = —g¢(0) and
g = %CD, where g = % ,_o 18 the generator of (v;) and ®(z) = ‘%ggz) ‘t:o = —z(1-
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z), z € D, is the generator of (¢;). For such a w, we say that w is a multivalued
function associated with (v;).

Lemma 2.7. Let (v;) be a differentiable semicocycle for (¢;) satisfying (SCol) and
(SCo2), and let w be a multivalued holomorphic function associated with (vy). Let
K C D be such that 0,1 ¢ K. Then

sup |w(z)] < oo and inf |w(z)| > 0.
zeK zek

Proof. Set A == KN {z €D | |z] < 3/4}. Since A is a compact subset of D\ {0},
then sup, 4 |w(z)| < oo and inf,ec4 |w(2)| > 0.

Let Dyjy == {z € C : |z| = 1/2}. Since 1 ¢ K, there exists 7 > 0 such that,
for each z € K\ A, there exists t, € [1/7, 7] for which ¢ (2) € Do, see (2.1). As

w(z) = “2=G) one has by (2.2)

v, (2)

sup |w(2)| £ sup |w(z)| < oo, and inf |w(z)| 2 inf |w(z)| >0,
zeK\A 2€D s zEK\A 2€D1 /5

and the proof is done. O

As mentioned in Remark 2.6, w behaves as a fractional power as z — 0. The next
theorem gives some information about the behavior of w near the repulsive point of

(th)? z=1

Proposition 2.8. Let (v;) be a differentiable semicocycle for (¢;) satisfying (SCol)
and (SCo2). Let w be a multivalued function associated with (v;), and let g,y be
the exponents of (vy). Then, for every e > 0,

lw)] S 1 —2]*° and  |w(2)| 2|1 — 2|, as z — 1.
Also, there is a non-vanishing holomorphic function r : D — C such that |w(z)| =
|z|7|r(2)|, z € D, with ay = Re (g(0)).
If a; = —o0, the above reads as, for each 8 > 0, [w(2)] 2|1 — 2| as z — 1.

Proof. For each z € D\ {0}, set ¢, = log(4|h(2)|). Note that t, > coasD >z — 1
and that z € Q. )4 by (2.1). Thus, by Remark 2.4, one has

limsup |u ()| < lim ( sup !vtz(w)|1/tz> = o (D] = e,

D3z—1 tz=ro0 \ weQe,

and
lim inf |v,, (2)]Y* > lim < inf \vtz(w)ll/tz) = |v1(1)| = ™.

D3z—1 T t,—00 weQetz/4

Fix € > 0. From the above, one gets
()] 2 (B (D=, (@) < (g, (e ),
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for all z near enough the point 1. Ase™" = h(;fé;)) = (bt(zijg : f;(z)) (see (2.1)),

w(2)] < Jw(¢r. (2))]

~ |1 — z|™7F

one has
¢ (2)/(1 = ()| L[onte
()] 2 feln () | P2 = I
G (2)/(1 = b (2) |
(

again, for all z near enough the point 1, as we wanted to prove. Note that for

both ~ signs we have used that |h(¢.. (2))| = 1/4, so |w(¢.(2))| and #ﬁzzz))

are uniformly bounded above and uniformly bounded below by Lemma 2.7 with
K=hr"'{zeC||z| =1/4}).

Finally, the proof of the identity |w(z)| = |z|~*|r(z)]| is analogous to what we have
already proven and the fact that there exist 6 € C and non-vanishing holomorphic
r: D — C such that w(z) = 2°7(2), z € D (see [27, Lemma 2.2b)] and [29, Prop.
4.2.2]). 0

3. SPECTRUM OF THE INFINITESIMAL GENERATOR

Fix v > 0 and let X be a v*-space through this section. We deal here with the
spectral properties of the generator A of (v,Cy,) on X. For A to be well defined, we
assume that the semicocycles (v;) (of a semiflow (¢;)) we are working with fulfill the
following condition:

(SCo3)  (v,Cy,) is a Cy-semigroup of bounded operators on X.

Unfortunately, (SCo3) rules out any Banach space X of holomorphic functions
for which the inclusions H*(D) C X C B;(D) hold (where B;(D) denotes the Bloch
space) since no weighted composition semigroup is strongly continuous (at 0) in such
a space X, see [17, Th. 4.1]. In particular, the results of this work are not applicable
in spaces like H>°(ID) or the Korenblum classes £~7(ID).

If (v,Cy,) satisfies (SCo3), one has that (v;) is a differentiable semicocycle and that
the infinitesimal generator A of the Cy-semigroup (v:Cly,) is given by

(3.1) Af=®f +gf,  f€Dom(A),

with Dom(A) = {f € X : &f' +gf € X}, ®(2) = —2(1 — 2), and where g is the
generator of (v;), i.e. g = %‘t:o' See [27, Th. 1], [34, Th. 2] and [17, Th. 2.1] for
more details.

The following upper bound for the asymptotic behavior of the norm of (v,Cy,)
yields the spectral inclusion given in corollary below. Recall that, for m € Ny, we
denote by Z™ the subset of functions f in X which have a zero at 0 of order at least
m, and by B we denote the backshift operator.
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Proposition 3.1. Let X be a y*°-space for v > 0, and let (v;) be a semicocycle for
(1) satisfying (SCol) and (SCo2). For m € Ny, Z™ is an invariant subspace of
(1,Cy,) and

T i, |1y < exp (max{ag +7—m, a1 =7}),
where ag, oy are the exponents of (vy).
If oy = —o0, the above reads as lim;_,, ||vt0¢t\|1L/(th) < etotrmm,

Proof. The inclusion (v;Cy,)(Z™) C Z™ follows from the fact ¢; has a zero of order 1
at z=0for all t > 0.

Since t — log ||v:Cy, ||L(zm) is a subadditive function, the limit above exists, see for
example [23, Th. 7.6.5]. Hence, by (P1) and (P2) we have

[0:Co fllx = I B™ (0:Co /)l x = (Bee)™ 0:C, (B™ f)|x
SN (Boe)™ v (@) 77| 101 Co, (B™ )l
S (Bo)™ ve (en) | M llx,  fezZm >0,

where we have used Mul(X) = H*(D) by (P1), the inequality sup, ||(¢})"Cs, || (x)
oo by (P4), and the fact that ||B™ f||x ~ || f||x for all f € Z™.

In addition, the semicocycle (wy) given by wy; := (Boy)™ vy (¢))77, t > 0, satisfies
properties (SCol) and (SCo2) since the semicocycles (v;), ((¢})77), (Bgy)™ do so.
Hence, Lemma 2.3 yields

A

e ()

= exp max{ao +v—m,o — ’Y}),

Jim [|(B)™ v (6) 7|

|
g
I
7—‘><
—N—

and the proof is done. 0

Corollary 3.2. Let X be a v*°-space for v > 0, and let (v;) be a semicocycle for (o)
satisfying (SCol)-(SCo3). Then

g(A) CT{AeC : Re(N\) < a1 — 7} Ugpeint (D),
where oy is the exponent of (v;) at z = 1.
If oy = —o0, the above reads as 0(A) = Tpoint(A).

Proof. Set B := {\A € C : Re(\) > ay —v}. For m € N, A|zm is the generator
of the Cy-semigroup (v;Cy,|zm) by Proposition 3.1. Also, if Re (A) > max{ay + 7 —
m,a; — 7}, then A € p(A|zm), see Proposition 3.1 again. Moreover, (A — A|zm) ™! =
fooo e M(v,Cy, )| zm dt by the resolvent formula for semigroup generators, see for ex-
ample [11, Th. 11.1.10].

Since Z™ has finite codimension for all m € N (codim(Z™) = m), we have 0.ss(A) =
Oess(Alzm). Thus, B lies in the essential resolvent of A, i.e., B C C\ 0.5(A). Since
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B is a connected open set and B N p(A) # (), the points in o(A) N B are isolated
eigenvalues, see for instance [8, Sect. 1.4], and the claim follows. 0

Remark 3.3. Let h(z) = z/(1 — z) for z € D. The point spectrum of A is given by

hk—9(0)
Tpoint () = {g(O) —k : ke Nyand € X} ,
w
where w is a multivalued function associated with (v;) and ¢ is the generator of

(vy). Moreover, if g(0) — k € 0poine(A), then its eigenspace is one-dimensional and
hk—g(0)

is generated by the function *— In the case w is holomorphic in D and for
X = HP(D), the above was proven in [34, Th. 3]. The adaptation of the proof of
such a result to our setting is straightforward, hence we omit it (see also [29, Prop.

424 b))).

Along the paper, property (P5) is only used in the second inclusion of the following
result, which gives a little bit more information regarding oppim:(A).

Proposition 3.4. Let X be a v*°-space with v > 0, and let (v) be a semicocycle for
() satisfying (SCol)-(SCo3). Let ag, a1 be the exponents of (vy). Then

Tpoint(A) C{g(0) —k : ke Ny and k < o9 — aq + 7},
where g is the generator of (vy). Also
{9(0) =k : keNg and k < ag — a1 + 7} C 0point(A).

If «; = —o0, the above inclusions read as opeimt(A) C {g(0) —k : k € No} and
{9(0) =k : k € No} C 0poine(A) respectively.

Proof. Note first that opemi(A) € {g(0) — &k : k € Ny} by Remark 3.3. Let h(z) =
z2/(1 = z) for z € D. Lemma 2.7 and Proposition 2.8 imply, for each £ > 0,

hk—9(0)

I SleML—zots, s eD.

(Recall that oy = PRe(g(0)) by Proposition 2.8.) If & > ay — oy + 7, then hk_Tg(O) ¢
K=7(D) by the first inequality above, whence it is not in X since X < K~7(D). Thus
9(0) — k ¢ 0point(A) by Remark 3.3.

On the other hand, if ¥ < g — ay + 7, then *—— € X by the second inequality
above and property (P5). Then g(0) — k € 0point(A) by Remark 3.3, and our claim
follows. u

hk—9(0)

As a consequence of the proposition above, one can improve the asymptotic bound
given in Proposition 3.1.
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Proposition 3.5. Let X be a y*°-space for v > 0, and let (v;) be a semicocycle for
(¢¢) satisfying (SCol)-(SCo3). Then

Tim [ oIy, < exp (max{ao, a1 =),
where ag, ay are the exponents of (vy).

If oy = —o0, the above reads as lim;_, ., ||Ut0¢t||1L/(g<) < e,

Proof. By the spectral radius formula, lim; . HvtC’@Hz/(tX) = r(v11Cy,). Thus, we
are done if we prove r(v1Cy,) < exp (max{ag,on —7}) = C. Let A € o(v,Cy,)
with [A| > e*~7. Then A is an eigenvalue of v;Cy, by Corollary 3.2. One has
Tpoint(V:Cy,) = exp(to(A)), where A is the generator of (v,Cy,) (see for example [11,
Th. IV.3.7]). Since Re (¢g(0)) = a, it follows by Proposition 3.4 that [\| < e < C,
and the proof is finished. O

Remark 3.6. Recall that the infinitesimal generator A of a Cy-semigroup (v;Cy,) is
given by the differential operator

(32)  (AN)E) = —=(1— 2f + g(2)f(=) = —=(1 - ) (f’(Z) n ‘”'(Z)f(z)) |

w(2)

where w is a multivalued holomorphic function associated with (v;), see (3.1). Fix
d € D\ {0}, fo, f1 € O(D) and X € C. By solving the above differential equation, one
obtains that (A — A)fo = f1 holds if and only if there exist A € C for which

T

(33) folz) = (B35 h)(z) = L) (A+ / Z(—mwmflmdf), 2eD.

22w (2) 1—71)

(Note that, in general, Az’:’i is a multivalued holomorphic function on D\ {0}.) As
a consequence, given f € X and A € C, f belongs to Ran(A — A) if and only if
there exists A € C such that the multivalued function AX; f induces a holomorphic

function on I which belongs to X. In that case, f = (A — A)(A;\":’jf).

The following functionals, which are inspired by the study of the spectra of Cesaro
operators in [2, 31], play a central role in the study of the spectrum of A. We set

Lol
(3.4) Lyof ::/0 mw(ﬂf@') dr, feO(D).
Lemma 3.7. Let X be a v*°-space for v > 0, and let (v;) be a semicocycle for (¢p;)
satisfying (SCol)-(SCo3) with exponents ay, avy. Let A be the infinitesimal generator
of (1uCy,), let w be a multivalued function associated with (v,), and let A € C with
Re (N) < a;—7. Let m € Ny be such that m > ag—Re (\). Then Ly, is a continuous
functional on Z™ for which (A — A)(Z™) C ker Ly 4| zm.
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Proof. As X — O(D), given 0 < a < b < 1, one has

b a1
/a mw(ﬂf@') dr

Recall that, by Proposition 2.8, |w(z)| =~ |z|* as z — 0, and also that, given m € N,
|B™fllx =~ ||f||x for all f € Z™. Thus
A-1

L w(n)f(7)

‘ (1-7)
Therefore, the integral (3.4) is absolutely convergent in a neighborhood of 0 for each
fezmitm>ag—Re(N).

On the other hand, by the inclusion X < K~7(ID) and Proposition 2.8 we have, for
all e > 0,

SIflx feX

(3.5) S eV fllx, feZ™ as T =0,

T

(3.6) mw(ﬂfﬁ)

A—1
] < 1= rfm O )

for all f € X and as 7 — 1 non-tangentially. As a consequence, the integral (3.4) is
absolutely convergent in a neighborhood of 1 if 2Re (\) < a3 — 7. Hence we conclude
that L, is a bounded functional on Z™, as claimed.

Now fix f € Z™. By the bounds we have proven above, one obtains that the
mapping from [0, 1] (including 0 and 1) to C given by

R
Z /Z mM(T)f(T) dT,
is continuous. Therefore, for A € C, d € D\ {0} and f ¢ ker L ,|zm, either

A
|(A1’>1’fif)(z)\ ~ <zl’\w(z)) as z — 0 through [0, 1],

(3.7) e
or (AY4S)(2)] gm (3 as z — 1 through [0, 1].

So assume f € Ran(A — Alzm) \ ker Ly ,|zm. Then A’Xfl f induces a holomorphic
function on D which belongs to Z™ for some A € C, see Remark 3.6. However, in the
first case of (3.7), one gets, by by Proposition 2.8,

[ASGF ()] = 277 as 2 50 through [0,1].

So in this case Az’:‘; f & Z™, obtaining a contradiction. Hence the second case of (3.7)
holds. However, for any € > 0 one has, by Proposition 2.8 again,
|Ai§f2f(z)] > |1 — [N -eate as z — 1 through 0, 1].

Hence, Az’fi fé¢ K (X),so A)Af’ffl f ¢ X, reaching a contradiction again.
Therefore, we have (A — A)(Z™) C ker L ,|zm, and the proof is finished. O
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Remark 3.8. In the setting of the lemma above, a suitable application of the Stone-
Weierstrass theorem shows that Ly, is not the zero functional on Z™. For more
details, see [1, Remark 5.5].

The overall discussion carried out in this section leads to the following result.

Theorem 3.9. Let X be a y*>°-space for v > 0, and let (v;) be a semicocycle for
(1) satisfying (SCol)-(SCo3). Let o,y be the exponents of (v¢), and let A be the
infinitesimal generator of (v,Cy,). Then

og(A)={A e C|Re(N) < a1 — 7} U dpeint(A).
If a; = —o0, the above reads as 0(A) = Gpoint(A).

Proof. We gave the inclusion C in Corollary 3.2, so all that we need to prove now is
the inclusion D. Let A € C with RRe (\) < a3 — . Lemma 3.7 together with Remark
3.8 yield

(/\ - A)(Zm) Q ker LA,w’Z’" _'C,_ Zm,

for some m € Ny big enough, where w is a multivalued function associated with (v;).
Therefore dim X/((A — A)(Z™)) > dim X/Z™ = m + 1, which implies codim((A —
A)(X)) > 1. Thus A — A is not surjective, so A € 0(A) and the proof is finished. [

4. ESSENTIAL SPECTRUM

In this section, we study the essential spectrum of the infinitesimal generator A of
a Cyp-semigroup (v,Cy,) as in preceding sections.

The following result is a straightforward consequence of Theorem 3.9 and the next
fact: if d € C4 is an accumulation point of both p(A) and o(A), then d € ess(A),
see for example [8, Sect. 1.4] and [30, Remark 4.1].

Proposition 4.1. Let X be a y*°-space for v > 0, and let (v;) be a semicocycle for
() satisfying (SCol)-(SCo3). Let v,y be the exponents of (vy), and let A be the
infinitesimal generator of (v,Cy,). Then

(AeC|Re(N) = a1 — 7} U{oo} CFus(A).

In order to prove the reverse inclusion, we need to assume that both the Banach
space X and the semicocycle (v;) satisfy some additional properties. Regarding the
properties on X, set Dy := {z € D | Rez < 1/2} and D, := D\ Dy. It is readily seen
that ¢;(Dy) C Dy for every ¢ > 0. Then we ask X to satisfy the property

(P6) There are two Banach spaces Xy — O(Dy), X; — O(Dy) such that

e X ={fecOD)]| flp, € X, for t =0,1},
o Mul(X,) = H*(D,) for each : =0, 1.
e B(Xy) C Xy (where B denotes the backshift operator).
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Note that, since X — O(D) < O(D,) (where the second inclusion is given by the
restriction f — f|p,), the closed graph theorem implies X — X, for : =0, 1.
We also ask X to satisfy the following

(P7)  [|[Colleexy S (1 —|p(0)])~ for every polynomial p : D — D
and

(P8) X is separable.

The examples of y>-spaces given in Section 1 (namely K,7(D), H?(D), A2 (D))
also satisfy properties (P6)-(P8). Indeed, it is well known that such spaces satisfy
(P7) and (P8), see for example [2]. To prove that they also satisfy (P6) requires
technical definitions for X,, « = 0,1. These definitions are the analogous versions the
ones given in [1, Subsect. 2.1], adapted to the subsets D,.

Regarding the cocycle (v;), we consider the following property

(SCo4) lim sup (sup ui(2) D < 00, where h(z) = z/(1 — z) is the uni-
D3z,w—1, |h(2)|~|h(w)| \ >0 Ut(W)
valent function associated with (¢).

To be more precise, the above lim sup reads as follows: For each A > 1, there exists
M > 0 and a neighborhood €2 of 1 in D such that

v (2)

v (w)

€ [1/A, A].

h
<M, for all t > 0 and all z,w € Q with ﬁ
h(w)

The following lemma characterizes the semicocyles (v;) satisfying (SCo4) in terms
of their multivalued function w. In particular, the item (4) below shows that the
semicocycles (0.5) associated to generalized Hausdorff matrices satisfy (SCo4).

Lemma 4.2. Let (v;) be a semicocycle for (¢;) satisfying (SCol)-(SCo2). Let w be
a multivalued function associated with (vy). Then, the following are equivalent

v (2) ) .

v (w)

(1) (vy) satisfies (SCo4), i.e., lim sup (sup
D3z,w—1,|h(z)|~|h(w)| \ t=0

w(z)

w(w)

3  sw (2]
D5z, [h(2)|~|h(w)], >0 | Ve(W

(2)
(4) sup
D3z,w, |h(z)|~|h(w)] w(w)

(2) lim sup < 00.

D3z,w—1, |h(2)|x=|h(w)]

< 0Q.

~—

(S

< Q.

Proof. Let us proof (1) = (2) first. Assume that (1) holds and that (2) is false, and
let us see that this yields a contradiction. Since (2) is false, there exist A > 1 and
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two sequences z,,w, € D such that both converge to 1 with |h(w,)|/A < |h(z,)] <
A|h(wy,)|, and such that

w(zn)
w(wy)
Set B, :=log|h(z,)]|, so B, — o0 as n — oco. Take N for which 3, > 0 for all n > N.
Since h(¢i(z)) = e *h(z) for all t > 0, z € D, one has |h(¢ps,(2,))] =1 for all n > N.
Also, 1/A < |h(dp, (wn))| < A for all n > N. Thus, {¢g,(zn), 95, (W) | n > N} is a
set bounded away from the points 1 and 0. Therefore, by Lemma 2.7, the set

{lw(¢s,)(20)], (g, (Wn))| = n = N},

is bounded away from oo and 0. Hence,

g, (Wn) | _ | w(@s, (wn))
va,(2n) | [w(dp,(2n))

which contradicts (1). Thus (1) = (2).

We show now that (2) = (1). Assume (2) is true. Then, for each A > 1, there
exist a neighborhood €2 of 1 in D and M > 0 such that |w(z)/w(w)| < M if w,z € Q
with |h(w)|/A < |h(z)] < A|h(w)|. Also, it follows by Lemma 2.7 and the fact that
w(z) = 2°r(2) (for some 6§ € C and non-vanishing holomorphic ) that

lim
n—oo

w(2n)
W(Wn)

— 00, as n — 0o,

w(z)
sup < 00.
2,weD\Q, |h(z)|~|h(w)| w(w)
Therefore (2) implies
(4.1) sup w(z) =: B < o0.
2,weD, |h(z)|=|h(w)]| w(w)

Note that if z,w € D satisfy |h(w)|/A < |h(z)] < A|lh(w)|, then |h(pi(w))|/A <
|h(oe(2))] < AlR(pe(w))| for all £ > 0. As a consequence, (4.1) yields

vi(2) | _ [w(@u(2)) | |w(w)
vu(w)| Jw(ew)) || w(z)
for all ¢t > 0 and all z,w € D with |h(w)|/A < |h(z)] < Alh(w)]|, so (1) holds and
(2) = (1). Thus (1) and (2) are indeed equivalent.

Finally, the inequalities above (4.1) and (4.2) show that (2) implies both (3) and (4).
The implications (3) = (1) and (4) = (2) are trivial, and the proof is done. O

< B?

— Y

(4.2)

We require the two lemmas below to prove the main result of this section.

Lemma 4.3. Let X be a y*-space for~y > 0 satisfying (P6) (with spaces Xy, X1) and
(P7). Let (v;) be a semicocycle for (¢;) satisfying (SCol) and (SCo2), and let w be
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a multivalued function associated with (vy). Set ps(z) = sz for all z € D, s € [0, 1],
and set m € Ny. One has

Hwops

"N fllx,  fEZMC X, s€(0,1].

where ag, aq are the exponents of (v;).

Proof. Using the same argument as in the space X, one gets that [|B™ f||x, >~ || fllx,
for all f € Xy with a zero of order m at 0. With a similar reasoning as in the proof
of Proposition 3.1, one gets

o, =~ W), =B |
wops m m
5W3m>——— |wxﬁtmum fezmc X, se 1]
He (Do)

Since ps(0) = 0 for all s € (0, 1],

1Co. (B llxo S NG, (B"Hlix SNB"fllx ~fllx,  fez™ se(0,1].

It follows by Lemma 2.7 and Proposition 2.8 that |w(z)| ~ |z|7* for all z € D.
Hence,

L(x)) < 00 by (P7). Thus,

H(Bps)mwops = Hwops ~ T s e (0,1,
w HOO(D()) w HOO(]D())
and the proof is finished. O

Lemma 4.4. Let X be a v*°-space for v > 0 satisfying (P6) (with spaces Xo, X7)
and (P7). Let (v;) be a semicocycle for (¢;) satisfying (SCol), (SCo2) and (SCo4),
and let w be a multivalued function associated with (vy). Set qs(z) = 1+ s(z — 1) for
all z €D, s € [0,1]. Let ap, a1 be the exponents of (v¢) and assume ay > —oo. Take
any € > 0. For all f € X, one has

|2, f| sl FeX se)
w X1
Proof. First note that, for all f € X and s € (0, 1],
Wods WO (s WO ({s
] S el (N (e PR Lo 1Ca. Sl
w Heo Hoe(Dy)

Since ¢5(0) = 1 — s, one has by (P7) that ||Cy,[|r(x) S s77 for all s € (0,1]. Hence,

1Ce fllx < s77|fllx for f € X and s € (0,1]. Therefore, the claim is proven if we

show that, for each ¢ > 0, we have

H W o (s
w

(4.3)

< sM7F s € (0,1].
He(D1)
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Let us prove such an inequality. It is readily seen that |h(¢_10gs(qs(2)))| = |h(2)| for
all z € Dy and s € (0, 1]. Indeed,

Homelu()]_ln()

h(z) 2|

Take € > 0. Then, there exists ¢ € (0,1) such that

w(qs(z))’ _ ‘ w(gs(2)) w(¢_1ogs(qs(z)))‘ | wles(2)
w(2) w(P-1055(¢5(2))) w(2) |w(9-10gs(25(2)))

1
R e(falJrs)(flogs) — gm—¢ s € (0,5), S ID)D
'U—logs(qs(z))

where we have used Lemma 4.2(4) at the ~ sign, and Remark 2.4 at the < sign since
qs(z) € Q251 for all z € D; and s € (0,1]. On the other hand, it is readily seen that
|h(gs(2))] =~ |h(2)| for all z € Dy, s € [§,1]. Thus, it follows by Lemma 4.2(4) again

, s € (0,1], z € Dy.

that  sup M < 00. Putting everything together, one gets that for each
s€(6,1],2€Dq (JJ(Z)
e > 0, the inequality (4.3) holds, so the proof is done. O

Remark 4.5. Let I be a real interval and let ' : I — O(D) be a Borel measurable
function such that F'(I) C X. If X is separable, it is well known that the induced
mapping (also denoted by F') F': I — X is also Borel measurable, hence Bochner
measurable (see for instance [37, Cor. 4.5.5]).

Theorem 4.6. Let X be a v*°-space for v > 0 satisfying (P6) (with spaces Xg, X1),
(P7) and (P8). Let (v;) be a semicocycle for (¢r) satisfying (SCol)-(SCo4), and
let A be the infinitesimal generator of (v,Cy,). Then

Tess(A) ={A € C| Re(N\) = oy — 7} U {0},
where ag, aq are the exponents of (vy).
If ay = —o0, the above reads as 7.s(A) = {o0}.

Proof. We already know the inclusion g.ss(A) 2 {A € C | Re (\) = ag — 7} U {0}
by Proposition 4.1. Also, as we mentioned in the proof of Corollary 3.2, one has

Oess(A) CT{AN € C|Re(N) < ay; — v}

Therefore, all we have to proof is that the intersection {A € C | Re (\) < a3 — v} N
Oess(A) is empty.

Thus, take A € C such that Re (\) < ag — v, and take m € Ny such that m >
ap — Re (A). Then L), is a continuous functional on Z™ (where w is a multivalued
function associated with (v;)) for which (A — A)(Z™) C ker Ly,|zm, see Lemma
3.7. Assume the reverse inclusion also holds, so (A — A)(Z™) = ker Ly, |zm. Then
codim(Ran(A — A)) < codim(ker Ly, |zm) = m + 2 < co. Since dim(ker(A — A)) <1
by Remark 3.3, one gets A ¢ 0.s5(A), and the proof is finished.
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Hence, let us prove the inclusion (A —A)(Z™) D ker Ly ,|zm. Take f € ker Ly | zm.
By Remark 3.6, f lies in Ran(A — A) if and only if there exits A € C, d € D\ {0}

such that the multivalued function Ai\f:}i f induces a holomorphic function on D which
lies in X. In this case f = (A — A)Ai&f (recall that Ai“’:;f is given by (3.3)). Set

ay  fo=U T umiman,  ep

. z) = w(T)f(r)dr z
2w(z) Jo (1—7)M1 ’ ’

where we take the segment [0, z] as integration path. Reasoning as in the proof

of Lemma 3.7, it is readily seen that such integral is absolutely convergent. Since

w(z) = 2°r(z) for some § € C and non-vanishing r € O(D), one has that f is an

holomorphic function in ID. Note that f: Az’z f with

d a1
A:/O mw(T)f(T)dT.

Similarly, since f € ker L ,|zm, then we can choose 1 as starting point for the integral
path, i.e.,

(5) =522 [ algmemimdn,  zep,

2 w(z)

where we take the segment [1, z] as integration path.

To see that fbelongs to X, we prove ﬂDO € Xy and ﬂDl € X, where X, X; are
the Banach spaces given by (P6).

To see that flp, € Xo, set py(z) = sz for all z € D, s € [0,1]. Then, parameterizing
the integration path [0, z] with s — ps(z) shows, by (4.4),

o /01 ((1 — () RECLIRN

1 — ps))\+1 W

Note that the mapping the integrand above is Bochner-measurable on X (hence on

1— ()
X since X — Xj) by Remark 4.5 and (P8). Since sup (—()31 < 00,
sel0,1] 1| (1 =2 ) ] oo )
one gets
~ 1 1
Tl S [ |20 0] ds Sl [ smemeeot < oc,
0 w ) Xo 0

where we have applied Lemma 4.3. Thus, we conclude ﬂmo e Xop.
Similarly, set ¢s(2) = 1+ s(z — 1) for z € D, s € [0,1]. Parameterizing the
integration path [1, z] with s — ¢s(2) shows, by (4.5),

N L woq
f|m>1=—/0 (q())/\ sA! wq Cy. fds.
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Again, we have by Remark 4.5 and (P8) that the integrand above is a measurable

A—1
(q;))/\ < 00, we have for small enough € > 0,
. Heo(Dy)

1
7 A—1W O (s
ol s [ |42, 1

function on X;. Since sup
s€[0,1]

1
d8§ ||fHX/ Salf'yf‘ﬁe(/\)fsfl < 00,
X1 0

where we have applied Lemma 4.4. Thus, we conclude ﬂ]@l € Xi, and we have by

(P6) that indeed f € X. Finally, it is readily seen from (4.4) that f has a zero of
order at least m, so ker Ly ,,|zm C (A — A)(Z™), and the proof is finished. O

Remark 4.7. For a Fredholm operator A, let ind(A) denote the index of an operator,
i.e., ind(A) = dim(ker A) — codim(Ran A) € Z. It is easily deduced from the proof of
4.6 that ind(A — A) = —1 for all A € C with Re (\) < a; — . To see this, since the
index is a constant in each component of C \ o.45(A), it is enough to prove it for any
A € C with Re (\) < oy — 7, see [8, Sect. 1.4].

Take any such A for which A — A is an injective operator. Notice that such A
exists by Proposition 3.4. Since (A — A)(Z™) = ker Ly, |zm for some m € N big
enough (see the proof of Theorem 4.6), we get codim(A — A)(Z™) = m + 2. Take
an arbitrary p € p(A) N p(A|zm) and set X, := (n — A)"}(P,,) (recall that P,
denotes the polynomials of order less than or equal to m), so X,, C Dom(A). Since
dimX,, =m+1and X,, N Z™ = (), it follows X = X,, ® Z™. As A\ — A is injective,
one has (A — A)(X) = (A= A)(Z™) & (A — A)(X,,) and (A — A)(X,,) = P, = C™HL,
Then

X N X/(A—A)(2Z™) o -
A= A)X) ~ (A= A)X)/(A=A)(Zm) — Cm

so codim(A — A)(X) =1 and ind(A — A) = —1 as claimed.

5. SPECTRUM OF WEIGHTED AVERAGING OPERATORS

Here, we apply the results obtained in the preceding sections to study the bound-
edness and the spectrum, on a y*°-space, of an operator subordinated to a weighted
composition semigroup (v;Cy, ).

Along this section, for each semigroup (v;Cyp,) on a y>-space X, such that (v;)
satisfies properties (SCo1)-(SCo3), we denote by ¢ the real number max{ag, a3 —v},
where o, oy are the exponents of (v;).

Theorem 5.1. Let (v,Cy,) be a semigroup on a y*°-space X, such that (v;) satisfies
properties (SCol)-(SCo3). Let v be a complex Borel measure on [0,4+00), such that
I et dy|(t) < oo for some § > 0. Let the operator H be defined by

Hf = /OovtC'@fdy(t), feX,
0
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where the integral above is Bochner-convergent. Then H is a well-defined bounded
operator on X.

Proof. This is a consequence of Proposition 3.5. 0

Now we present a technical lemma. Assume that v is a finite Borel measure
on [0,00) which is absolutely continuous with respect to the Lebesgue measure, so
dl/( ) = p( t)dt, for Some L0, 00) function p. Then its Laplace transform g(\) :=

= [T e Mp(t) dt is well defined for Re A > 0. Also, for 6 € (0, 7], we denote
by Ze the Complex Sector of angle §, i.e., Y, ={2€ C\ {0} . |arg z| < 0}.

Lemma 5.2. Suppose that p € L'[0,00) can be extended in an holomorphic way to a
sector Yy with 0 € (0,7/2], and that there exist n € (0,1],€ € (0,1) satisfying

sup  |2'7p(2)] < 00 and sup  |2p(2)| < oo,
zeX.N{|z|<1} ze€X.N{|z|>1}

for all € € (0,0). Then, its Laplace transform q := L(p) can be extended to Xr/a10,
and such extension satisfies

sup (A7 (g(N) —¢(0))] < oo and sup  [AMg(N)] < oo,
AET, 24 A1) NSV

for all e € (0,0).
Proof. Let 0 < & < 6. Then there is M > 0 such that |p(2)] < M[z[""if 2 €
YeN{lz] <13\ {0} and |p(z)] < W if z € ¥.N{|z| > 1}. Let Iy the paths on

the complex plane defined by I'y := {se®™® : 0 < s < co}. Let A > 0, by Cauchy’s
theorem we get

q()\) — / e—Azp(z) dz = eﬂ:is/ e—Aseiiep(Se:l:ia) dS,
Iy 0

since
—ARcose

*e ) ) )
/ le M p(Re)Rie| df < eT —0, R — 4o0.
0

Let now 0 < 7 < 7w/2—¢, and A € C such that —7/2 —e+7 <argA <7/2—ec—T.
Then —7/2 + 7 < arg(e”®\) < /2 — 7, and therefore Re (¢”*A) > |\|sin7. Then
|€—>\sei5p(seie)| < Jwe—|>\\ssin7-8n—17 se (07 1)7

and
€7|)\\ssin7

e p(se’®)| < M s> 1.

So, the integral
g (N) = 6i€/ e p(se”) ds
0
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is absolutely convergent and defines a holomorphic function in the region —7/2 — e+
T <arg\ < m/2 — e — 7, satisfying

[Nq (A)] < MT(n)/(sin7)".

In a similar way,
q_(\) = eie/ e p(se ™) ds
0

is absolutely convergent and defines a holomorphic function in the region —7/2+¢+
T <arg\ < m/2+ e — 7, satisfying

[A"q_(A)] < MT(n)/(sinT)".

Then ¢, and ¢ are holomorphic extensions of ¢, and they define a holomorphic
extension to X o4.—r, satisfying [A\"q(A)| < MTI'(n)/(sin7)" in the sector. Since € < 6
and 0 < 7 < m/2 — ¢ are arbitrary, we have defined the extension of ¢ in X549 such
that supycy, . [A7q(A)] < oo forall 0 <e < 0.

Now observe that by Cauchy’s theorem we have ¢(0) = e* [ p(se**) ds, since

Me

T —0, R — +o0.

+e
/ Ip(Re)Rie®| df <
0
So,if 0 <7< m/2—¢,and A € Cis such that —7/2 —e+ 7 <arg\ < 7w/2 —e — T,
since PRe (e®“)\) > |\|sin T, one has

(e — 1)p(se)| < M|A\s"1/ e T du < MA|, s € (0,1),
0

and

S _—|AusinT du

(e — 1)p(se™)| < ]\4|/\|f0 s> 1.

g6+ ’

! > 1 ° —|A|lusin T
|q(/\)—q(0)|§M|)\|(/0 ds+/1 F/O e~ duds).

Observe that

/oo 1 s s
- e~ [AlusinT 4. 74
=y
1 S 0
1 s o) 1 00 Ausi 00 1
— e~ Alusin — dsdu + e~ |MusinT — dsdu
/0' /1 gé+1 [ /1; 3§+1

00 e—\)\|usin7' . 00 eV
514—/ —édu:1+(|)\|sin7‘)€_ / : dv
1 u |Alsint U

Then

<14 A

Therefore |q(\) — q(0)] < |A]® with —7/2 — e+ 7 < arg\ < m/2 — e — 7 and
|A| < 1. Similarly, one gets that |g(A) — ¢(0)] < |A* with —7/2 + e+ 7 < arg\ <
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m/24+¢e—7and |A] < 1. Since ¢ < # and 0 < 7 < m/2 — € are arbitrary, we have
SUDAEs, .. n{IA<1} IA"¢(g(A\) — q(0))| < oo for all 0 < & < 6.
U

A closed operator A is said to be sectorial of angle 7 /2 if 6(A) C {z € C | R(z) > 0}
and, for each 0 € (7/2,7), one has

sup
AELy
Recall that ), denotes the complex sector of angle 6.

Let A be a sectorial operator of angle /2. In the context of the functional calculus
of sectorial operators, an holomorphic function f on a sector ), (for some 6 €
(m/2,7)) belongs to the domain of the functional calculus of A, £(A), if f is regular
at 0 and co. We say that a function f is regular if the finite limits lim, ¢ f(z) =:
do, lim, o f(2) =: ds € C exist in such a way that, for some r, R > 0,

—d —dwo
/ ‘M |dz| < o0, / 'L'\dz\<oo
(g Nilzl<r}) % T e 0{lz[>R}) z

for every ¢’ € [0,0). There I'(2) denotes the topological boundary of a subset 2 C C
(so T, N{lz] <r}) ={z € C\ {0} | |argz| = ¢ and |z| < r}U{0}). In the case
f is regular (so f € £(A)), the operator f(A) is defined via

d() f(Z) - doo — L

+ z+1 dZ,
1 + A F(Zg') Z — A

A e
N_ Al S

F(A) = do +

where 6’ is any number in (7/2,0), see [19] for more details.

Note that, by Proposition 3.5, for every semigroup (v:Cy,) as above, one gets that
e~ (¢+1T(t) is a uniformly bounded semigroup for each ¢ > 0. Therefore ¢ + ¢ — A
is sectorial of angle 7/2, where A is the infinitesimal generator of (v:Cy,), see for
example [20, Subsect. 2.1.1]. To avoid cumbersome notation, we write f € £(—A)
if fore € E(c+e—A), where f.o. = f((-) — c—¢€). In this case, we set f(—A) :=
fere(c+e—A).

Corollary 5.3. Let (v;Cy,) be a semigroup on ay*>°-space X such that the semicocycle
(v¢) satisfies properties (SCol)-(SCo3). Let oy, be the exponents of (vy). Let v be
a complex Borel measure on [0,+00), such that [ e“™|dv|(t) < co for some § > 0.
Assume dv(t) = p(t) dt, and that p can be extended in an holomorphic way to a sector
Y with 6 € (0,7/2], and that there exist n € (0,1],€ € (0,1) satisfying

sup  |2'7p(2)] <00 and  sup  [2TEeTO)p(2)| < oo,
z€XN{|z|<1} z€XN{|z|>1}

for all0 < e <6. Then
o(H) = LW)((v — a1+ Zrj2) U —0poime(A)) U {0},
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and
L(v)(=0point(A)) € Opoint(H) € {0} U L) (=0point (A)).
If in addition X satisfies (P6)-(P8), and (v;) satisfies (SCo4), then
Oess(H) = L(v)((y — on) +1R) U {0}
If a3 = —o0, the above spectral identities read as o(H) = L(V)(—0poine(A)) U {0}
and o.5(H) = {0}.

Proof. An application of Lemma 5.2 to the function t + e(c*9%p(t) yields that the
function £(v) can be holomorphically extended to the translated sector —(c + 9) +
Yr/2+0, and is regular at —c — 0,00 (with £)(v)(co) = 0). Hence, L(v) belongs to
E(—A). Under these conditions, H = L(v)(—A) (see [20, Prop. 3.3.2]) and the
spectral mapping theorem for the usual spectrum o and for the essential spectrum
0ess holds, that is,
o(M) = o(LV)(=4)) = L(v)(a(=A)),
Oess(H) = Oess(L(V)(—A)) = L) (Tess(—A)),

see [19, Th. 6.4] and [30, Th. 5.4]. Thus, the claims for o(H) and o.ss(#H) follow by
Theorems 3.9 and 4.6.

Regarding the point spectrum, our result is an immediate consequence of the spec-
tral mapping inclusions for the point spectrum given in [19, Cor. 6.6]. U

Remark 5.4. More generally, the statement of the corollary above still holds whenever
the Laplace transform of £(r) belongs to £(—A), see [30] for more details. Even more,
if there exists a > 0 and 6 € (7/2, ) such that

IL(v)(2)| Z |77, as z — oo through Y,
then
Opoint(H) == E(V)(_Upoint<A)),
see [30, Prop. 5.6].
6. EXAMPLES

Here we apply our results to some generalized Hausdorff operators ”H,(f) on a y>°-
space X. We also consider these operators on the weighted Dirichlet spaces D2(D).

Proposition 6.1. Let u be a complex Borel bounded measure on (0,1], and set v =
k() as the Borel image measure on [0,00) by the function k : (0,1] — [0, +00) given
by k(t) = log(1/t). Let ¢ > 0. Then we have
OS5 = [ uf(e)Cat ) dvte), 2D, f € O),
0

where (¢¢) is given by (0.4) and (us) by (0.5).
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Proof. Let f € O(D) with f(z) = > " ,a,z". For each z € D,

adigy s > k 4k
t
D L AP DL e

1 o0
S 1oh 1l ((0,11) Y lawl|=l",
k=0

)

where we have used the identity for H,(f given in (0.2). Thus, the series defining

H,(f) f(z) is absolutely convergent for every z € D, see (0.3). This absolute convergence
implies

2Rtk

/Hl(f)f(Z) - /o a kz; ak(l — 2(1 — t))ktcH1 du(t)

! ¢ 2t
- / <1—z<1—t>><+1f(1—z<1—t>)d‘“”
_ / W(2) (fod)(2)du(t), =D, feOD),
and the proof is finished. O

By (3.1), the infinitesimal generator A of the Cp-semigroup (qud,t) is given by
Af(z)=—z2(1=2)f'(2)+ ((z+ 2 =) f(2), zeD, f e Dom(A).

It is readily seen that the exponents of the semicocycle (uf ) are given by ap = —Re
and a; = 1. Then, by Theorem 3.9,
(6.1) g(A)={AeC : Rel <1—7}U0punt(AD).

Remark 6.2. Let X be any of the examples of y>-spaces listed in Section 1 (i.e.,
Hardy spaces, weighted Bergman spaces and little Korenblum classes). Then:

a) The growth bound of the weighted composition semigroup (u$Cy,) described
above is ¢ := max{—Re(, 1 — v}, that is, there is M > 0 such that ||T(¢)] <

Me*, for t > 0. So, it is enough to assume [ e“|dv|(t) < oo to get that ’H,(f)
is a bounded operator on X.
b) By Remark 3.3, we obtain

Zlc
O-point(A) = {—C —k: ke N() such that m S X}

={—C—Fk: keNywith k<~ —Re¢—1}.

¢) By Lemma 4.2, one has that (u$) also satisfies (SCo4). Also, these spaces
satisfy properties (P6)-(P8). Hence, Theorem 4.6 yields

Oess(A) ={A € C|ReA=1—a;} U{oo}.
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6.1. Generalized Hausdorff operators on weighted Dirichlet spaces. For o >
—land 1 < p < oo, let D2(D) denote the weighted Dirichlet space, consisting of all
functions f € O(D) such that f' € A2(D). Set

1/p
I £llos = (yf<0)v’+ Hffngg) < 0.

Then D? (D) is a Banach space with norm given by || - [[pr. When o > p — 1 one has
Dr(D) = A, _,(D) with equivalent norms, see e.g. [12, Th. €].

In the case p—2 < 0 < p— 1, these spaces satisfy all the axioms considered in this
work (with v = "sz — 1) including the axioms presented in Section 4 except for (P5)
and the ones regarding multipliers, that is, (P1) and the second item in (P6).

For 0 = p — 2, these spaces are the so-called analytic Besov spaces. In this case,
they also fail to satisfy (P1), (P5), and the second item in (P6). Even more, they
just fulfil weaker versions of properties (P3), (P4) and (P7) with v = 0. Namely

e for each ¢ > 0, D) ,(D) — K~°(D);
o Cy, € L(X) for t > 0 with limy_ [|Cy, ||y, = 11
o fixed e > 0, ||Cpllnpr ) S (1 —[p(0)])~* for every polynomial p : D — D.

p—2
We refer the reader to [1, Subsect. 2.1(4)] and [2, Sect. 3] for the proofs of the above
statements regarding DP (D).

As the spaces D2(ID) fail to satisfy (some of) the axioms considered in this paper,
our results do not provide the spectral picture neither for Cy-semigroups (v,Cy,) (with
the semicocycle (v;) satisfying axioms (SCol)-(SCo4)) nor for their infinitesimal
generators A acting on D2(D). Nevertheless, all the proofs given here can be adapted
to the spaces D2(ID) for the semicocycle (u$) given by (0.5) which is associated to the
generalized Hausdorff operators (see Proposition 6.1). Thus, we obtain the following
result.

Theorem 6.3. Let 1 < p < oo, 0> —1ando > p— 2. Setv:"TfZ—l and let

¢ € C. Then (qu’@) is a Cy-semigroup on DP(D) with infinitesimal generator A,
such that
1/t

L(DP) < exp (maX{_%e Ca - 7}) )

lim [[u§Co|
and
og(A)={A e C|Re X <1 —7}U0gpint(D),
Gpoint (D) = {—C — k | k € Ny with k < v — Re ¢ — 1},
Oess(A) ={A € C|Red=1—~}U{oc0}.

Proof. As stated in the paragraph preceding this theorem, all the proofs presented
in the preceding sections regarding the asymptotic behavior of ||v,Cy, || and the spec-

trum of A can be adapted to the spaces D?(ID) when (v;) is the semicocycle (u).
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Except for the proof of Proposition 3.1, the adaptations of such proofs are natural
and straightforward. For instance, to prove the analogous result of Lemma 4.3, one
has, for f € Z™ and s € (0, 1],

WO Ps
[P s
0

< 100 Op (BP0 + 4G f

~ | (Bp) ==L, (57 )|

(D)o

|(Ag)o + ||usp/s(f/ Ops)”(Ag)O

1—
with u,(z) = (Bps(2))™ WOJ(DS)(Z) = 8m+41—82 and w(z) = 2°(1 — z). Then, for
—z
feZm™and s € (0,1], we have

[us(0) G, (B™)(0)] = s™ < (B ))(0)] S ™ B™ fllpy = 8™ fllpp:

G fll azyy < Nl oo ) 10 fllanyy S 8™ = )Gy flloz < ™I fllpe,

where we used ||t} || goo,) = s™ (1 — s) for s € (0,1], and ||g|| 42 < ||gllpe for all
g € D?(D); and

luspe(F 0 po)ll agy, S 8™ HCH (F)lag S 8™ g < 5™ f |l

From the above inequalities, the analogous of Lemma 4.3 follows, as stated above.
Thus, we finish the proof this theorem by giving a detailed proof of the analogous
result of Proposition 3.1. For m € Ny, one has

|uica. s = ||zica. 1],

i o (CHmt
where u; (2) == ((Bgy)"uz)(2) = ((e=t — 1)z + 1)¢Hm+1

for all f € 2™, t > 0. Then,

fezm t>0,

= |[Breica )|

z € D,t > 0. In consequence,

TO)(B™F)(0)] S O BT f g 2 Oy fE 27 20

ugcfbt §¢t0¢t((Bmf) )

T (0)(B")(0)| + | @) CaB™1),

)
D ~Y p
P A

o

Also,
~(C\/ m (a()/ / m (UC) m
|@ycaEnl, <| o Mt nllg 3 |gav| 15"
(az) ()’ m
~ | g Oo||f||,455 o Oollfllpg, fezm t>0,
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where we have used that the weighted Bergman spaces AP (D) satisfy (P4) with
parameter y+1 = ”+2 . Tt is readily seen that (@)’ (z) = (1— *t)(f+m+1)ﬂ§(z)%tz(z).
If¢=—-m-—1, then (W) = 0. Otherwise, by Lemma 2.3 we get

1/t 1/t

= lim sup uf L= &)
(g7t t—oo || () 1 —2

=exp (max{—Re(+y—m+1,1—~}).

lim sup
t—o0

o0

In consequence, lim sup,_, . ||(@)'Cy, (B™ f)‘
On the other hand, one has

~C ~C
~C ;1 m £\/ Uy /\v+1 m m £\/
u; ;Co, (B™ f Slw &) Co, (B™f) )| 4o < B™f) |l a
[Eecumm|,, = 5 =B mMlle = | || 15" e
i UE
5 B™ p = Py € Zm7 13 2 07
where we have used again that AP (D) satisfies (P4) with parameter v + 1 = "TJjQ.
Thus, another application of Lemma 2.3 to the semicocycle ¢ /()" yields
1/t
lim sup || @5 ¢,Cy, ((B™f)') y < exp (max{—Re(+v—m,1 —7}).
t—o00 o
Putting everything together, we conclude
1/t
(6.2) limsup ||usCy, L <exp(max{—Re(+y—m+1,1—~}), m € Np.
t—00

Note that such a bound is weaker than the bound given in Proposition 3.1 (recall that
ag = —Re(, oy = 1 for the semicocycle (u$)). Nevertheless, (6.2) is good enough for
our purposes. Indeed, when adapting the results of Sectlons 3 and 4 to the spaces
Dr (D), we can take m € Ny big enough on (6.2) to obtain the required asymptotic

bound of ’ as t — oo. Hence, the proof is finished. O

zZm)

ug C¢t I

6.2. Generalized Cesaro operators. Let a € C with SRea > 0. Let p, the Borel

measure on (0, 1] such that du,(t) = a(l — ¢)*1dt, so (ja)n = % for

n € Ny. For Re ¢ > —1, the generalized Cesaro operator CS, is defined as the associated
Hausdorff operator to i, and ¢, that is, C5, = ”H;(Li) It is readily seen that

(CNE) = =5 /0 wg(z_w>a_1f(w)dw> zeD, feOD)

26ta (1 —w)e

<exp(max{ Re(+v—m+1,1—9}).
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Now, let X either be a y*-space for some v > 0, or let X = D?(D) for 1 < p <
00,0 > —1l and ¢ > p — 2, with v = UTT2 — 1 > 0 in this case. Then, for each

0 € (0,min{MRe + 1,7}), one has
/ e(c+5)t|dya|(t) _ |a|/ eétemax{—im (C—H),—w}t(l . e—t)i)‘iea—l dt < 0,
0 0

where, following the notation of this section, dv,(t) := dr(us)(t) = (1—e ) te~t dt,
see Proposition 6.1. As a consequence, C§, is a well-defined bounded operator on X,
see Theorem 5.1. In addition, it is readily seen that

L)) = / e dva(t) = aB(z + 1a), ez > 1,
0

where B denotes the Beta function. Hence, L£(v,) is regular (one can see this by
using Lemma 5.2 or directly in the equality above), belongs to £(—A) and satisfies
the conditions of Remark 5.4. As a consequence, we obtain the following

Theorem 6.4. Let X = H?(D), A2(D), K7 (D), D2(D) forp> 1,0 > —1,7 > 0 and

set v =1/p, ”TTZ,A&, %’2 — 1 respectively. Assume also o > p—2 if X = D?(D). Let

Rea >0 and Re( > —1. Then C, is a bounded operator on X such that
o(Cs) = {0} U{aB(z,a) | Rez > 7} U 0poimt (C5),
Tpoint(C5) = {aB(¢ + k, o) | k € Nand k <~ — Re(},
0ess(CS) = {0} U {aB(z,a) | Re z = ~}.
Proof. The statement follows from the comments above together with Remark 5.4,

(6.1), Remark 6.2 and Theorem 6.3. O

6.3. Holder operators. Let a € C with Rea > 0. Let p, the Borel measure on
a—1
(0,1] such that du,(t) = ﬁ(log(l/t)) dt, so p, = m for n € Ny. For

Re( > —1, the generalized Holder operator £, is defined as the associated Hausdorff
operator to ji, and ¢, that is, S = ’H,(g It is readily seen that

7wt 2(1—w)\*!
O = g [ 1o (e o) fwdu. zeD. feOD)

Now, let X either be a y*-space for some v > 0, or let X = D?(D) for 1 < p <
00,0 > —1land 0 > p— 2, with v = (’sz — 1 > 0 in this case. Then, for each

d € (0,min{MRe( + 1,7}), one has

/OO €(C+6)t|dya|(t) _ 1 /OO eéte— min{%e(+17'y}tt%ea—l dt < 0,
0 IT(@)] Jo
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where dv,(t) := dr(ua)(t) = ﬁta_le_t dt, see Proposition 6.1. As a consequence,
$5 is a well-defined bounded operator on X, see Theorem 5.1. In addition, it is
readily seen that

o 1
L(vy)(z) = e duy(t) = ————, Rez> —1.
) = [ )= 577
Hence, L(v,) is regular (one can see this by using Lemma 5.2 or directly in the
equality above), belongs to £(—A) and satisfies the conditions of Remark 5.4. As a
consequence, we obtain the following
Theorem 6.5. Let X = H?(D), A2(D), K" (D), D2(D) forp> 1,0 > —1,7 > 0 and
set v =1/p, ”TTZ,AW', UTTQ — 1 respectively. Assume also o > p—2 if X = D2(D). Let

Rea >0 and Re( > —1. Then £, is a bounded operator on X such that
o(95) = {0} U {7 | Rez = 7} U opoint(95),
Tpoint(H5) = {(C+ k)™ | k€ Nand k <y —Re(},
Tess(95) = {0} U {z7* [ Rez = 7}

Proof. The statement follows from the comments above together with Remark 5.4,
(6.1), Remark 6.2 and Theorem 6.3. O
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