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ABSTRACT

The use of hierarchical networks in motor pattern generation in hexapod robots and in insect movement
provides ways to understand and control both systems. In this paper we consider the Central Pattern
Generator (CPG) of insect movement consisting of six coupled neurons developed by Ghigliazza and
Holmes (2004) that produces the global leg coordination pattern. We provide a detailed study of the pos-
sible gaits generated by the CPG through different numerical techniques recently developed for the study
of small networks, which allow us to consider the complete model without any simplification. We com-
bine the analysis of isolated neurons (using several three dimensional parameter spaces) to give a road-
map of the dynamics of the neurons involved, lateral phase lag plots to show the convergence and
transitions towards particular patterns and a quasi-Monte Carlo sweeping method to describe different
pattern routes in the parametric phase space. In all of our studies we have found the same final result:
most of the observed patterns follow routes that lead to the stable tripod gait. We obtain several routes
made of symmetrical patterns, but despite considering mainly a symmetric leg CPG we detect non-
symmetrical patterns that provide (minor) routes present in the model. The bifurcations of the main pat-
tern routes detected in the parameter space are studied in detail using continuation techniques. This
study reveals the bifurcations that create and destroy the different routes and how for large values of
some parameters only the tripod gait is present. Based on the symmetric case, a preliminary study of
asymmetric configurations is done revealing the robustness of the already located patterns and routes.
Due to the relevance of the tripod gait, and since more parameters are included in this study, we intro-
duce an algorithm to locate the limit of the tripod gait in the parameter space, which shows that there is a
large three parametric region where the tripod pattern is ubiquitous and highly dominant in rapidly mov-
ing insect regimes.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

allows also some powerful analytical tools like the Ott-Antonsen
ansatz [9] to reduce large networks to a low dimensional mean

The study of patterns in networks is nowadays a current
research line due to the large number of practical applications.
Most of the articles consider, as the basic model, networks of oscil-
lators [1-4], but recently the use of more particular models is
growing, like in the study of Central Pattern Generators (CPGs),
which are neuronal circuits that when activated can generate
rhythmic motor patterns even in absence of sensory input [5-8].
Their dynamics depends on intracellular, synaptic, and network
level phenomena. The study of networks of oscillators is done com-
bining different techniques, and besides, its simple formulation
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field.

In the case of generic small networks we have recently pro-
posed [10] two numerical techniques to deal with small neuron
CPGs. In this paper we use these techniques to detail the location
of the different gait patterns in insect movement taking into
account different parameters (instead of just one as in [10]). In fact,
the goal is to describe how the system network can change in order
the insect reaches the tripod gait. During tripod gait, three legs
move at a time while the other three remain stationary, that is,
three legs are always on the ground. In the design of robots, a typ-
ical approach consists of using wheeled or tracked locomotion, but
those with legs are able to operate on irregular terrain. They can
alter various stages and aspects of their gaits in order to compen-
sate irregularities on the ground. For that reason, there is a growing
interest in using insect locomotion schemes to control walking
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robots. Several models for insect locomotion exist based mainly on
a six-neuron CPG (see [11-14]), and robotics researchers [15-20]
also use similar simplified models. Insects in nature often run using
tripod pattern. At a moderate speed, insects use different gaits like
ripple gait, wave gait and tetrapod gait. These gaits allow the ani-
mal to slow down to observe the surroundings, but fast motion is
usually based on tripod gaits due to its speed and stability. The
main questions are: how the different gaits evolve towards the
stable tripod gait? Is it possible to locate the region of dominant
tripod gait in the space of parameters? These questions may also
help to hexapodal robots movement [15,17,20] in order to design
suitable gait changes.

In this paper we consider a CPG with six coupled neurons fol-
lowing the model developed by Ghigliazza and Holmes [14]. In that
work, the neural architecture of cockroach locomotion was
described by the bursting model developed in [22] along with a
single equation describing synaptic dynamics. See Section 2 and
the Appendix for a short description of the CPG model. Since the
neuron model is four dimensional, the complete CPG model is an
ODE system of dimension 24. In order to perform an analysis of
such systems, several simplification approaches are commonly
used. The only limitation of these approaches is that they introduce
simplifications that do not cover numerous non-symmetric pat-
terns. For example Fig. 1 shows some non-symmetric patterns
illustrating a hypothetical relation between the various six-
legged gaits (figure, caption and explanation adapted from Fig. 1
in Wilson, 1966 [21]). The solid bars indicate protraction (leg off
ground and moving forward relative to the body and ground).
For the purpose of making the simplest presentation, protraction
time and interstep intervals between legs 3 to 2 and 2 to 1 are held
constant and frequency changes are accomplished by varying only
the interval between stepping in leg 1 and leg 3. Legs on opposite

a
profraction (R3)
——

fixed fined

Neurocomputing 461 (2021) 679-695

sides in the same segment are held in strict antiphase. Dotted
enclosures indicate fixed basic sequences of steps of the legs of
one side. In (a), the lowest frequency pattern is shown. Each leg
steps by itself. In (b), the basic sequences overlap and some legs
step in pairs (dashed enclosures). In (¢) and (d), the sequences
overlap more. In order to have the sides alternate strictly, legs can-
not step in exact pairs. Dashed enclosures indicate nearest tempo-
ral neighbor pairs. In (e), further overlap results in the tripod gait.
Even the sequences on one side overlap so that legs 1 and 3 syn-
chronize. In (f), at the highest frequency, the sequence beginning
with leg 3 starts before the end of the previous sequence, so there
is an apparent reversal of the direction of the stepping sequence
(dashed enclosures). Some of these patterns have been experimen-
tally found in insects. The study of their appearance or not on
mathematical models may provide mechanisms to control and
explain them. In a previous work [10], the insect movement CPG
was used as example for two different techniques introduced to
study small networks, lateral phase-lag analysis and a quasi-Monte
Carlo sweeping. In this work we use these techniques to expand
the analysis to other parameters and we focus on how the domi-
nant patterns evolve towards tripod movement obtaining a surface
tripod limit in a three dimensional parameter space. Moreover, in
literature there is no global study of the mechanisms that explains
why the observed pattern appear or disappear, that is, the involved
bifurcations. To answer this important question, in this article we
study in detail the bifurcations of the main pattern routes detected
in the parameter space using continuation techniques via the
AUTO software [23,24]. Our study reveals the bifurcations that cre-
ate and destroy the different routes and what is highly relevant, it
shows how for large values of some parameters only the tripod gait
is present [25]. Based on the symmetric case a preliminary study of
asymmetric configurations is done revealing the robustness of the

Fig. 1. (Adapted from caption and pictures of Fig. 1 in Wilson, 1966 [21]) Diagram illustrating a hypothetical relation between the various six-legged gaits. The horizontal axis

represents time. See explanation in the text.
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routes already located. Along this paper we will abuse the notation
by calling the same name a specific gait pattern and its route, that
is, the parametric evolution of it.

This paper is organized as follows. In Section 2 the neuron and
the complete CPG model of insect movement are explained. In Sec-
tion 3 we focus on the tripod gait movement, firstly showing the
different routes to tripod for a particular case, next studying in
detail the bifurcations on the different routes. Besides, we study
the perturbed case when some asymmetric CPGs are considered,
and later we propose an algorithm for the location of the tripod
gait limit in parameter space. Finally, in Section 4 some conclu-
sions are presented.

2. Preliminaries

In this paper, we study a CPG that models the insect movement
(following the formalism of [14,26]): a network of six mutually
inhibiting identical neurons each driving a leg of a cockroach.
Fig. 2 shows a representation of the complete CPG and the relation
with the different legs of the insect. This model assumes that inhi-
bitory coupling is achieved via synapses that produce negative
postsynaptic currents (we obtain this by subtraction of positive
postsynaptic currents instead of adding negative terms as in the
original model). Other currents included in the model are a fast
nonlinear calcium current, I, a slower potassium current I, an
additional very slow current Iys, a linear leakage current I; and
an external current I.. Following [14] we include only nearest
neighbor coupling and (for the main analysis) lateral symmetry,
so that there are three contralateral coupling strengths (c, ¢, c3
in Fig. 2) and four ipsilateral coupling strengths (cq4,cs,cs,¢7 in
Fig. 2). All connections are inhibitory, i.e. all ¢; are positive. The
complete model of the CPG is described by an ODE system of
dimension 24:

Coi = ~[lea(vi) + I (w1, M) + I (5)
Hs(vi, Wi)] + Texe — (Igyn);(v1,5)),
m = i Mo (V1) — my], 1)
Wi =W[Wa¢(”)*wi}v
Si = oS (1)(1 —s;) — fsi,

withi=1,2,...,6. Here, v; are voltages, m; and w; are gating vari-
ables and s; are the synapses variables. Parameters C, € and 4, deter-
mine the time scales of v, m and w. Parameters « and p are voltage-
independent forward and backward rate constants. Detailed expres-
sions for the different auxiliary elements that configure the equa-
tions are given in the Appendix.

Fig. 2. Complete symmetric CPG model and the relationship between each neuron
and the legs of the insect.
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Before studying the different movement gait patterns that occur
in the CPG model, we study the isolated neuron model (basic unit
that makes up the CPG) because it will allow us to develop a road-
map that guides the changes in the different gaits and to know
where to analyze the full model of the CPG. So, we take just
i =1, the three first variables and I, = 0, to get the 3D model of
one isolated motoneuron.

In order to know how the roadmap changes when some model
parameters are modified, Fig. 3 shows the results obtained with
the spike-counting technique [27,28], leaving different parameters
free. We use as bifurcation parameters lo, 2%, v, 24 and ko, The
spike-counting technique (it assign a different color to each number
of spikes in the stable bursting periodic orbit) shows that the stud-
ied plates obtained by changing the first four parameters have qual-
itatively analogous results, forming a 4-dimensional object in the
space of parameters with a band structure inside, each one corre-
sponding to a burster with a fix number of spikes. In addition, these
images show us the directions (increasing or decreasing the param-
eter values) along which the number of spikes increases, and there-
fore also the duty cycle (ratio between the active interval and
period of the orbit) of the burster. Notice that, as the value of the
parameter ko, increases, the bursting region decreases in size and
the number of spikes is also reduced. Moreover, a region with chao-
tic behavior is clearly present and increases its size as ko, grows.

We observe in Fig. 3 that the main characteristics of the model,
that is, the bursting frequency, spiking frequency and the duty
cycle can be easily modulated by changing most of the parameters,
and so we can use I, % or i as our main parameters. Note, as
indicated in [14], that the bursting frequency and duty cycles of
CPG interneurons are the main responsible for speed adjustment,
while spiking frequencies are involved in force production. There-
fore, we will focus on the changes of bursting frequency and duty
cycles since our aim is to study the different gait patterns. So, we
set the values v = —1.2 and ko, = 0.055 where the bursting
dynamics are clearly observed (see Eq. (2) in the Appendix). The
circled values on the axis of the figures are the chosen ones.

3. Routes to tripod

Consider a neuron network with fixed parameters. To compute
the set of possible stable states of that system one could sweep the
(meaningful) initial condition space. Since this set is a cube in R?4,
it is computationally infeasible to perform a systematic sweep
along all dimensions. In [10] two different and complementary
strategies were developed: on the one hand, select a two-
dimensional subspace to take the initial conditions and study the
evolution of the phase lag between the neurons (lateral phase lag
analysis); on the other hand, sweep the initial conditions cube
using Monte Carlo method with Halton sequences sampling [29]
(quasi-Monte Carlo sweeping method).

The quasi-Monte Carlo sweeping method (see [10] for a complete
description) consists of generating n different sets of initial condi-
tions for each set of fixed parameter values. They are selected in a
Halton sequence sampling (deterministic but with low discrep-
ancy) covering the range of each variable, that is [-40,10] for »;
and [0,1] for the remaining gating variables. This process is
repeated for each neuron of the network. After a big enough tran-
sient time, we start computing the pattern produced by the net-
work and the state of the network in a given instant is stored.
Later, each sequence is analyzed using the Fast Fourier Transform
to detect periodicity, storing them into a list. Finally those patterns
which represent the same signal (or its symmetrical) should be
detected to output only a representative of its class of equivalence.
Now we can estimate the size of the attraction basin of each stable
pattern as the fraction of initial conditions converging to it. This
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Fig. 3. Three different three parametric analysis (five parameters involved) for the isolated neuron model showing the bursting regions. Different colors (see central bar)
represent different number of spikes in the orbit (spike-counting technique) to which the dynamics of the system is attracted for each point of the parametric space when
starting from fixed initial conditions. All computed sections show a similar behavior except when the value of the parameter ko, increases (bottom picture). In that case, the
number of spikes in the periodic orbits decreases and the region with chaotic behavior (dark red color) increases in size while the bursting region decreases.
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process has been done for a single set of parameters. If we slightly
change one of them we can map the computed classes for one
parameter value to the ones of the other values, showing in that
way how patterns evolve, for more details, see [10].

Lateral phase lag analysis is based on representation of the
delay in the movement between two different legs. Specifically,
the delay between the first and third leg with respect to the second
(¢4, and ¢5,, respectively) and the delay between the fourth and
sixth leg with respect to the fifth (4,5 and ¢¢s, respectively). Actu-
ally, in the phase diagram we represent the normalized phase lag
(dj = ¢;/P) where P is the period of the bursting cycle. We consider
always as reference for the delay the middle neurons, that is, num-
bers N2 and N5, but we should consider also a delay between the
two middle neurons. Its temporal evolution is represented in a
third (central) diagram. See [10] for a more detailed explanation.

3.1. Routes to dominant tripod gait movement

Before analyzing the routes that lead us to the tripod gait, we
will first show the two ends of those routes. In this way we can
see how the situation in both cases is very different.

Neurocomputing 461 (2021) 679-695

The top panels of Fig. 4 show two phase delay diagrams corre-
sponding to »{i = —28 (left) and v = —25 (right), both with
Lexe = 35.5 and 2§ = 2, and two central pictures with the temporal
evolution of the phase lag between both central neurons. In the
upper left panel we can see three stable patterns and two unstable
(one saddle and one repulsor), as well as the evolution of the CPG
starting from different initial conditions and converging to stable
patterns. For example, if we are in the point representing route
R1 in the picture, the normalized delay from first to second leg is
dqi> = 0.2 meanwhile d3, = 0.8 and symmetrically, dss = 0.2 mean-
while dgs = 0.8, but we should not forget the delay between the
two middle neuron (ds, = 0.2) (in the small plot inserted). The
time series and block representation of voltages of CPG for this pat-
tern are represented in the bottom panels. The point of the route
R1’ represents the symmetric pattern with dj; = dys = 0.8 and
ds; = dgs = 0.2. The repulsor pattern corresponds with the tripod
gait. We can see the representation of other patterns on Fig. 5.

If we move forward in #i%, we observe that the activation period
is longer because it contains more spikes (as explained in top panel
of Fig. 3) but the period becomes shorter. The right panels show a
situation where the pattern corresponding with the tripod gait
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Fig. 4. On the top panels the phase delay diagrams corresponding to v{ = —28 (left) and vf}; = —25 (right) both with Iy = 35.5 and 2 = 2 and two central pictures with the

temporal evolution of the phase lag between both central neurons. In the middle panels the temporal series of the CPG. ¢;; corresponds to the absolute phase lags between the
i and the j neuron while dj; is the normalized one with respect to the period (P) of the bursting cycle. In the bottom panels we show the hexagrams corresponding to the same
gait patterns, both as time series or block representation (black rectangles mark time and duration of activation period for each neuron).
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Fig. 5. Time evolution of some initial data of the central part of the phase delay
diagram of left panel of Fig. 4. Orbits 1-4 stay some transient time on the saddle-
pattern. Orbit 5 converges towards the stable pink pattern dot. See more details in
the text.

(repulsor in the left panels) has become stable and it is the only
fixed pattern that appears in the phase delay diagram.

As we have stated before, the representation obtained with this
method allows us to see the evolution of the CPG from the different
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initial conditions considered. Therefore, it allows us to obtain the
intersection of the basins of attraction of the stable patterns with
the subspace selected for the initial conditions. So the dots in the
dark blue zone correspond to initial conditions that will evolve
towards the stable pattern R1. In the same way with the green
and pink zones for patterns R1’ and R2, respectively.

Transient regimes are also key regimes for CPG function, in par-
ticular for locomotion, as animal survival depends on them, e.g., for
hiding and hunting behaviors. Analyses of the duration of these
transients and the ability for transitions between different gaits
are crucial, also for robotics. By analyzing the different regions of
attraction and the behavior of lines passing near their limits, we
can determine the nature of unstable patterns within the selected
subspace. Thus, for example, we can determine that the segment
di2 = dsp, with 1/2 < dy; < 1, belongs to the stable manifold of
the light blue saddle pattern. Therefore, initial conditions very
close to this segment will pass very close to the light blue saddle
pattern and may be close to it for an indefinitely long time. This cir-
cumstance is shown in Fig. 5, where the initial conditions 1 and 3,
located on that segment, quickly evolve towards the saddle pattern
and hold there during a very long transient (more than 5 - 10* mil-
liseconds). Initial conditions 2 and 4, being a little further from the
stable manifold, pass close to the saddle pattern for a short tran-
sient time and then converge to pattern R1 (dark blue). As an
example of a different situation, we show the evolution of the
CPG from the initial conditions 5. In this case, given the location
of the initial conditions clearly within the basin of attraction of
the pink pattern, the CPG converges directly, and relatively quickly,
to the stable pink pattern.

If we follow the evolution of orbit 1 for a longer time, we can see
how, finally, the orbit leaves the region close to the stable manifold
of the saddle pattern. As it is shown in Fig. 6, after a very long tran-
sient time where the orbit stays close to the saddle pattern, the
orbit convergences to stable green pattern. We observe how some
neurons are adjusting slowly the bursting period (the black arrows
on the voltage lines).

Right part of the Fig. 4 shows that for v = —25 the only pat-
tern present in the panel is the tripod gait. This generates that, in
the subspace selected for the initial conditions, the orbits evolve
quite rapidly towards the tripod pattern, which can be seen by
the shape of the somewhat abrupt lines that form this right panel.

Despite all the information provided by this analysis, what we
cannot know only with this technique is if there is any other stable
pattern outside the studied manifold. To address this problem, we
can use the quasi-Monte Carlo sweeping method explained at the
beginning of the section, since this method searches for all stable
patterns (with a sufficiently large basin of attraction) within the
region with biological significance in the phase space. In Fig. 7
we show the results obtained combining this method with the
spike-counting technique. On the horizontal plane we plot on black
and white the biparametric plane (setting v%# = 2) using the spike-
counting technique. Lighter gray colors correspond to a greater
number of spikes in the periodic orbit. Over this biparametric plot
we perform a complete analysis in two lines applying the quasi-
Monte Carlo sweeping method. One vertical line with
vt = —26.5 and one horizontal line with I, = 35.5. In the vertical
planes each color corresponds with a different class of equivalence
of detected patterns. We can observe that although the region can
be longer or shorter, the sequence of colors (thus, behavior) is the
same in both slices. We select the four main different routes to
reach the tripod movement. Figs. 8 and 9 show some representa-
tive patterns inside the different routes, as well as the percentage
of initial conditions that converge to that pattern within the ana-
lyzed set. The numbers of the hexagrams correspond to those in
Fig. 7.
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Fig. 6. Long time evolution of voltages of orbit 1 of the phase delay diagram of Fig. 5. The orbit remains very long time (> 5 - 10* ms) close to the light blue saddle pattern
following the stable manifold of the point and then converges to the stable green pattern dot.

* %

Fig. 7. On black and white the biparametric plane 7§ =2 using the spike-counting technique, and in color the two maps with the percentage of the different gaits
corresponding to a vertical and a horizontal line on the parametric plane (2%, L) applying the quasi-Monte Carlo sweeping method using 200 initial conditions for each

parametric set. See text for explanation.

The most common gait is R1 and its symmetric one (R1’), since
more than 60% of the initial conditions reach these configurations.
The R1 route (see Fig. 8) starts from dj; = 0.2 = dys,d3; = 0.8 = dgs
and a delay between central neuron of ds = 0.2. In gait number -
1-legs (N2) and (N4) are in swing at the same time, then (N3) and
(N5) also go together and (N1) and (N6) do not swing at the same
time. In gait —2- legs N1 and N6 do not swing at the same time but
they match swinging for a while. In gait -3- N1 and N6 synchro-
nize, the route reaches tetrapod gait. Therefore there are always
four legs on the ground. The subsequent hexagrams are similar,
but they are different gaits due to different overlapping of the
bursting time interval of the neurons. For this reason we have plot
some red dashed lines to remark if one leg swing after another or
there are several legs swinging (see gaits -5- and -6-). While in
gait -4- legs N1 and N6 swing during a while together, in -5-
the match time is minimum and in -6- leg N1 do not swing at

685

any time with N6 but a little bit with N3 and N5. This matching
time is getting bigger until tripod gait, where they all three swing
at the same time. R1’ route shows the symmetric hexagrams
exchanging front to rear and right to left. The symmetric hexagram
corresponds to the same class of equivalence, and so the percent-
ages include both cases together. Note that, within this route, the
tetrapod pattern appears as a circumstantial synchronization in
the parametric evolution towards the tripod.

The R2 route (see Fig. 8) starts from a delay in every leg of 0.2.
The sequence is completely different from route R1. We do not go
through tetrapod because in every class there are always a
moment where three legs are swinging. The route to tripod is dif-
ferent and shorter (in the sense of going through fewer states)
because since there are already three legs synchronized, it only
remains to synchronize one leg with a pair of synchronized legs.
This route accumulates around 20% of the initial conditions.
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Fig. 8. On the top and on the bottom, two pictures with the lateral phase lag diagrams (left and right legs delays) corresponding to v =

0 02 04,06 08 1
45

—28 (top) and vff; = —25 (bottom),

both with Iy = 35.5 and #§ = 2, and two central pictures with the temporal evolution of the phase lag between both central neurons for two sets of central initial delays. In
the middle of the figure we show the different hexagrams for each class of equivalence on the routes R1 and R2 shown in Fig. 7, and their symmetric ones, towards the tripod

gait.

The two remaining routes shown in Fig. 9 present two impor-
tant differences with respect to the previous ones. On the one
hand, the percentage of initial conditions that converge to any of
them is much lower than the previous ones. On the other hand,
the movement of the legs on the left side does not follow the same
pattern as that of the legs on the right side. These routes corre-
spond to patterns that have not been detected by the lateral phase

686

lag analysis. In the other two routes (R1 and R2) both sides have
the same behavior, but with different delays that give the different
configurations. Note that although the model is symmetrical, it
generates asymmetric stable patterns.

On the left of the Fig. 9 we show route R3 (as marked in Fig. 7).
This route is made up of minor modifications in the synchroniza-
tion of paired neurons. The two individually activated neurons do
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Fig. 9. On the left we show route R3 (as marked in Fig. 7) going also to 2/, = —25 on
the line Iy = 35.5. On the right of the figure we see route R4.
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Fig. 10. (a) Bifurcation curves of the orbits (patterns) that configure the different
routes. Each color represents a different route; solid lines mark stable periodic
orbits, while dashed lines indicate unstable periodic orbits. (b) Top: map with the
percentage of the different gaits corresponding to the line I, = 35.5 and 2§ =2
applying the quasi-Monte Carlo sweeping method. Bottom: Spike counting tech-
nique, for an isolated neuron, in a narrow strip parallel to the line of study.

not overlap with each other. Neither do the two blocks of pairs of
neurons with each other. It is the only route of these four that does
not end up collapsing with the tripod gait.

On the right of Fig. 9 we see route R4. The difference between
this route and the R1/ is that N6 is between the two blocks of pairs
of synchronized neurons. This makes the pattern not symmetrical
and makes it impossible for the tetrapod to appear. However, as we
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will see in the next subsection, its limit case is the tripod, since
both N1 and N6 move to the left until each one synchronizes with
the corresponding block and forms the tripod pattern.

For vl = —25,97% of the initial conditions reach the tripod gait
and the remaining 3% reach state —-15- showed in R3. This route R3
disappears soon after % =-25 and then the only pattern
observed is that of the tripod.

3.2. Origin and end of the different routes: bifurcation analysis

In the previous subsection we have seen how, by changing the
V% or the I, parameters, the system goes from a situation in
which four stable patterns coexist and, at least, one saddle pattern
and another repulsive one (tripod), to another situation in which
we only observe a single (now stable) pattern, the tripod. The
observations made seem to indicate that the R1, R2 and R4 routes,
as well as the saddle, converge towards the repulsor, making it
stable. But is that really what happens? And what about R3?

In this subsection, through the analysis of the bifurcations that
take place in the process of change, we will give an explanation
from the point of view of the dynamical systems theory of the ori-
gin or disappearance of these patterns. To do this, we will use the
AUTO software [23,24], which allows us to continue both stable
and unstable orbits, as well as the bifurcations they experience.
In this study we will focus on the line I, = 35.5. But, as we have
previously observed, the process is analogous on other lines.

Fig. 10 has two panels. Panel (a) shows the different bifurcation
curves of the orbits that configure the patterns of each route along
the selected line (the vertical axis denotes the L, norm of AUTO).
The colors of the curves differentiate each of the routes. Continu-
ous and discontinuous curves represent stable and unstable orbits,
respectively. Panel (b) shows at the top the percentages of initial
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Fig. 11. (a) Magnification of the first lobe shown in Fig. 10. Inside this segment each
neuron runs 6 spikes along its orbit. (b) Magnification of right bottom square
marked in (a). Fold and period-doubling bifurcations are marked for some
bifurcation curves.
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Fig. 12. Magnification of the spike-adding area between first and second lobes of
Fig. 10 (corresponding to 6 and 7 spikes individual orbits, respectively). The region
of coexistence between stable patterns with different number of spikes in their
individual orbits is highlighted in gray.

conditions that converge to each route (with their different pat-
terns) obtained with the quasi-Monte Carlo sweeping method.
The spike-counting for an isolated neuron on a narrow biparamet-
ric strip appears at the bottom, the upper limit of which is the seg-
ment studied with the other two techniques. The superposition of
the three pictures allows us to compare results obtained with dif-
ferent techniques, complementing each other and giving more
complete and global information. Thus, we can see how the ends
of the different routes determined by the quasi-Monte Carlo
sweeping method correspond to the values where the correspond-
ing bifurcation curves lose their stability (see Fig. 13 for more
details). Moreover, despite the abrupt change in the number of
spikes, and thus the orbit at the individual level of each neuron,
most of the patterns existing in the network before the crisis gen-
erated by the discontinuous spike-adding phenomenon [30] reap-
pear in the following lobe (see more details in the following
figures). Finally, only the curve corresponding to the tripod gait
appears in the last shown lobe. This curve is determined by the
region where the isolated neuron orbits have 8 spikes. Next, we
will detail what has been happening in the two previous lobes to
arrive at this final situation.

Fig. 11 presents the evolution in the lobe generated by orbits
with 6 spikes. This lobe shows the standard evolution (in the left
lobes, outside of Fig. 10, the situation is similar). The patterns of
each route are started from a fold bifurcation of limit cycles (differ-
ent on each route), from which an unstable and a stable orbit
arises. The latter is the one that configures the corresponding part
of the route as the parameters change (in this line, 7i). We can see
how the first route that appears is R3, which is also the first to lose
its stability, in this case in a period-doubling bifurcation. Routes R1
and R2 appear practically at the same time, however the fold bifur-
cation where R1 loses its stability is slightly more to the right than
that of R2. Finally, route R4 appears, which is also the last one to
become unstable, in a fold bifurcation a little more to the right than
that of R1. Inside the lobe, the evolution of the stable part, which
determines each pattern, is quite smooth.

As we have previously commented, the transition between one
lobe with n spikes and the next, with n + 1 spikes, is generated by a
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discontinuous spike-adding phenomenon [30]. This discontinuity
is shown in Fig. 12, in which the orbits corresponding to 6 spikes
disappear, and new ones appear with 7 spikes. As the appearance
and disappearance is not simultaneous for the different routes,
we can see how there is an area (highlighted in gray) in which
R1 and R4 patterns, whose orbits have 6 spikes, coexist with R3
patterns formed by orbits with 7 spikes. In that region, for exam-
ple, route R2 does not appear. Similarly, R3 does not appear to
the left of that area and R1, R2 and R4 do not appear to the right.
However, the interval where all this occurs is relatively small.
We see here how it also appears, for the first time, a black dashed
line corresponding to unstable tripod orbits. In the previous lobes
it also exists, but in them it is always unstable (remember the
repulsor detected with the lateral phase lag analysis). If we now
look at Fig. 13, we can see in (b) a bifurcation point (magnified in
(c)) where the tripod gait becomes stable. That point is a singular
pitchfork bifurcation where R1 (green), R2 (dark blue) and saddle
pattern (cyan) in Fig. 4 along with their symmetrical ones, all
unstable, coalesce with the stable tripod pattern and only the
unstable tripod pattern comes out. Note that the symmetrical pat-
terns cannot be distinguished in these figures since their L, norm is
the same. Here, the unstable branches of the R1 and R2 routes
bifurcate from the tripod gait curve. Something similar occurs with
the R4 route in another pitchfork bifurcation point a little lower in
(b). In this case, only the R4 route (with its symmetrical one) col-
lides with the tripod gait, which is already unstable, but whose
unstable manifold increases its dimension at the bifurcation.

Although these three routes bifurcate from the tripod pattern,
we consider they fully vanished when their pattern becomes
unstable (a bit further than the pitchfork bifurcation where the tri-
pod gait becomes stable). Due to this fact, there is a small area
where the stable pattern of the tripod gait coexists with the stable
patterns of the three routes (actually also with the R3 route). This
fact had already been detected by the quasi-Monte Carlo sweeping
method although the region is so small that it can be difficult to
observe (see Fig. 7).

If we now focus our attention on route R3, we can see how this
route continues along the lobe and becomes unstable at a period-
doubling bifurcation in the spike-adding area, just as it happened
in the previous lobe. The difference is that we have no longer been
able to locate any stable orbit of this route beyond that value. Obvi-
ously, this does not mean that it does not exist; it may be that its
basin of attraction is very small. But we hypothesize that once the
tripod’s basin of attraction has spread throughout the region of
interest, which occurs when the only remaining alternative route
(R3) becomes unstable, tripod no longer allows R3 to reappear in
the next lobe. Note that, unlike what happens with the tetrapod
gait, the tripod gait is not a circumstantial pattern, but it is a highly
stable family of periodic orbits that evolves (just changing period
and duty cycle) when system parameters change.

3.3. Asymmetric configurations

All the previous analyses have been done considering a highly
symmetric CPG, both in the geometry and in the six neurons
involved. As a preliminary study of the effects of using asymmetric
configurations, we study some asymmetries on the geometry of the
CPG, that is, we change the parameters c; of the connections among
the different neurons, but taking all the neurons the same. Obvi-
ously in Nature there are higher levels of asymmetry but a detailed
analysis has to be done for each different configuration and this is
far from the scope of this article. In Fig. 14 we illustrate the differ-
ent configurations we simulate in this section, the symmetric one
(front-rear and left-right symmetries), NET1 (left-right symme-
try), NET2 (front-rear symmetry) and NET3 (totally asymmetric).
For each asymmetric configuration we have perturbed randomly
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Fig. 13. Different magnifications of second lobe showing the ends of the four main pattern routes. (a) Complete lobe; (b) Left region with the ends of routes R1, R2 and R4; (c)
Small region where routes R1, R2 and tripod gait collide; (d) Right region with the end of route R3. See explanation in the text.

the symmetric ¢ parameters (cs=c¢;=3,c=C=c3=
¢s = ¢ = 1) by different maximum percentages. On the figure the
coefficients ¢; denote the original coefficients and ¢; and ¢} the ran-
domly perturbed ones.

In order to analyze the “robustness” of the four main routes
studied in previous sections for the symmetric case (R1, R2, R3
and R4) we consider several cases of the asymmetric networks
described in Fig. 14. In Fig. 15 we show some patterns of the asym-
metric random network parameter configurations using as initial
data the patterns of the symmetric case for the same parametric
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values. We  have studied the  parameter values
Vi = —26,-25.5,-25 and —23 with the fixed values Iy = 35.5
and v = 2, that is, the area where the change to the dominant tri-
pod gait occurs in the horizontal line of Fig. 7. The ¢; coefficients
have been perturbed a 1%, 10% and 100%, that is from small per-
turbations to a highly perturbed situation. The main conclusion
of this figure is that the different routes are highly stable, being
present for almost all cases. Only when the asymmetry and the
allowed random perturbations are increased the observed patterns
are different, although in some cases they are small modifications
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axes of symmetry

Fig. 14. Symmetric and asymmetric CPGs: symmetric (front-rear and left-right symmetries), NET1 (left-right symmetry), NET2 (front-rear symmetry) and NET3 (totally
asymmetric). ¢; denotes the original coefficients and ¢; and ¢ the randomly perturbed coefficients.

of the standard patterns or the convergence simply goes to another
route (or even patterns that were unstable in the symmetric case).
In the Fig. 15 the cases that follow the same route have the same
background color, whereas when a change is observed the back-
ground color is white.

Another remarkable fact is that in all cases, when the parameter
Vi grows, the patterns always go to the tripod gait, independently
of the random perturbation we have added to the geometry of the
network, and therefore this illustrates the metastability [25] and
the reason of the ubiquity of the tripod pattern. Obviously more
detailed analyses have to be done and it is part of our future
research.

Once we have seen the four main routes are present in most of
the CPG configurations we have considered, we study now the
complete evolution along a parametric line (not just at several
parametric values) in Fig. 16. In this case we study the horizontal
parametric line Iy, = 35.5 applying the quasi-Monte Carlo sweeping
method as in Fig. 7. At the top of Fig. 16 we show the symmetric
case, and on the bottom an asymmetric one (NET3 of Fig. 14) with
¢; coefficients perturbed randomly up to 50%. That is, we consider
a highly perturbed configuration on the geometry of the CPG net-
work. Fig. 15 seems to imply that small perturbations produce a
behavior very similar to that of the symmetric case. So, we just
focus on the highly perturbed case. The color figures show the per-
centage of the different gaits for the different parametric values. As
Fig. 16 shows, the global behavior is similar but, obviously, not the
same. In the asymmetrical sweep (bottom part of Fig. 16) we find
striped colors. Those with northeast white stripes represent pat-
terns similar to the corresponding ones in the symmetrical sweep
but with small perturbations. Those with multicolor northwest
stripes, represent patterns which can be seen as perturbations of
the symmetrical ones encoded with the same colors; for example,
region in 2% = —24 has green and pink stripes which means that
those patterns can be as in green region (see plot 7 in Fig. 8) or
as in pink region but, in both cases, with a small perturbation
(see ~ TRIPOD pattern in the asymmetric net). Finally, those with
darker horizontal lines are patterns perturbed from the symmetri-
cal case but with a front-rear legs symmetry applied in one of the
sides of the network. These patterns did not appear in the symmet-
rical case. Of course, solid colors are the same patterns in both
plates, except for the light gray areas on bottom plate, representing
(irregular) patterns distinct enough from any of the symmetric
case to be in its own class. We have chosen to highlight the added
noise to the patterns but some of the striped areas are very similar
to the regular ones. The two main patterns are illustrated at the
values vt = —28,-27,-26, 25, -24 and —23 showing the coinci-
dence at most cases but close to the value of the appearance of the
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tripod gait as more similar (but not exactly the same) configura-
tions are present.

What is remarkable is firstly the applicability of the quasi-Monte
Carlo sweeping method to describe the evolution. Secondly how
quite symmetric patterns are able to come in the asymmetric case.
And, finally, the similarity of the two cases (with obvious differ-
ences) in the sense that the main routes are present, the main
changes are at similar parametric values and the appearance of
the tripod (or quasi-tripod) gait occurs at close parametric values.
Therefore, an important remark is that a detailed study of the sym-
metric case provides the key analysis to understand the asymmet-
ric ones.

3.4. Location of tripod limit curve

The previous section has shown that the symmetric case pro-
vides basic information to take into account when we study gen-
eric configurations, and also it has been shown that the tripod
gait is present in all the CPG cases studied. Therefore, it is relevant
to focus our attention in locating where this ubiquitous tripod gait
[25] begins to appear in the parameter space.

Fig. 7 shows two points (marked with red dots), in the (2,
Lx)-plane for o =2, where the tripod gait suddenly appears.
Moreover, once the tripod gait is present, it quickly becomes the
dominant gait and the rest of them have become it (routes R1,
R2 and R4) or simply disappear (route R3). Thus, there should be
a boundary line on this plane where on one side there are no tripod
gaits and in the other side it is the dominant one. This line of bifur-
cation, the Tripod gait limit curve (see Fig. 17), can be computed
with a variation of the algorithm used to compute Fig. 7. The algo-
rithm runs as follows: Firstly, set is_tripod(#{L) = 1 if any of 20
initial conditions (selected through the quasi-Monte Carlo sweeping
method above described) is a tripod gait pattern, and to O other-
wise. In this process, all integrations run in parallel with an adap-
tive transient time: for each initial condition we repeat the
following up to 20 times. Integrate for 10 s (transient time) and
check if the orbit reproduces a pattern in the next 5 s. If it is not,
repeat the process. If after 300 s there is no pattern orbit, it is
not a tripod. If a pattern is found, we check if it is a tripod.

Now, we have to start with an initial guess of the point of the
tripod gait limit for the lowest value of parameters we consider
(in our case I = 34.5). With the quasi-Monte Carlo sweeping
method we detect the value I = 34.5 and 2{L = —22, and with
this initial point of the curve we repeat the next steps until we
reach a predefined maximal value I, = 36.4:
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Fig. 15. Some patterns of the asymmetric random network parameter configurations of Fig. 14 using as initial data the patterns of the symmetric case. Colored background
represents that the pattern of the perturbed network matches that of the original symmetric network.

1. Initial interval: We need to compute an interval [a,b] such 2. Bisection-like procedure: We perform a bisection algorithm on
that is_tripod(a) =0 and is_tripod(b)=1. To do so, is_tripod with a precision of 0.001.

it is enough to set a or b to the current #{% depending on 3. Update: Increase l.x: by 0.01 (unless we reach the maximal
is_tripod (%) = 1 and to move the other extreme in steps selected value I = 36.4, where we stop the algorithm), and
of 0.1 to the left or right to reach a point fulfilling the needed g0 back to Step 1. The initial guess for % in the next step will
condition. be the current one.
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Fig. 16. The two maps, considering the symmetric and a totally asymmetric CPG
(NET3 of Fig. 14) with ¢; coefficients perturbed randomly up to 50%, with the
percentage of the different gaits corresponding to the horizontal line I, = 35.5
applying the quasi-Monte Carlo sweeping method. The two main patterns are
illustrated at the values »{i=-28,-27,-26,-25,-24 and -23. See text for
explanation.

This methodology produced the black curve drawn in Fig. 17
superimposed on the single neuron spike-counting diagram. There,
we can see how this bifurcation tends to stick to the spike adding
bifurcation of the single neuron, making it wavy on the region were
more bifurcations cluster.

At a first glance, the two elections made in the algorithm, the
number of initial conditions and the criteria to decide when
is_tripod is 0 or 1, would produce different curves. But it is
not the case, we have tried with 200 initial conditions and with
other two different criteria: all simulations should be tripod to
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make is_tripod(zik) =1, and half the sample should be tripod
for the same result. In all cases, the curve is essentially the same
(asking for more tripods slightly move it to the right, cf. Figs. 7
and 13). Fig. 17 also displays the bifurcation (red dots) and the
lines I = 35.5 and v = —26.5 (dashed white) of Fig. 7.

We can extend this computation to parameter space depicted in
the middle picture of Fig. 3, just running the above algorithm for
distinct values of 2. Fig. 18 shows the actual computed surface
in this parameter space. This suggests that there is a huge part of
global parameter space where the tripod pattern is ubiquitous,
only changing its duty cycle length and frequency. This region con-
tains the parameters producing high number of spikes, while lower
number of spikes might produce a richer variety of patterns.

4. Conclusions

In this paper we have combined different numerical techniques
recently developed for small networks to analyze the movement
patterns of insects. We have considered a CPG model of insect
movement that consists of six coupled neurons developed by
Ghigliazza and Holmes (2004) for motoneurons of cockroaches,
and we have initially assumed a symmetrical leg configuration.
Previous studies in literature analyzed reduced models of dimen-
sion two obtained using phase resetting curves and averaging the-
ory, but in this paper we have analyzed the complete model with
the help of the numerical techniques. Firstly, we have shown
how the preliminary study of the model of an isolated neuron pro-
vides us with valuable information to determine the three para-
metric region of interest in the subsequent analysis of the CPG.
The results obtained by this new methodology have shown differ-
ent routes in a biparametric phase space to finally achieve a highly
stable tripod gait movement. Due to the model configuration, most
of the observed patterns follow a route made by symmetric gaits
that lead to the tripod gait. In addition, we have also detected other
(minor) routes that present non-symmetrical gaits, giving the
interesting fact that these gaits are also possible in symmetric
model settings. In this article the bifurcations of the main pattern
routes detected in the parameter space have been studied in detail
using continuation techniques via the AUTO software. This study
has revealed the mechanisms that explain how the observed pat-
terns appear or disappear, and what is more relevant, why for large
values of some parameters only the tripod gait is present. Besides,
using the symmetric CPG case as the basic information, we have
studied several asymmetric configurations of the CPG in order to
see the robustness of the different pattern routes, being most of
them highly robust as they are always present. Taking into account
that most of the routes lead to tripod gait, and the rest simply dis-
appears, due to some bifurcations, we have introduced an algo-
rithm to locate the limit of the tripod gait in a three dimensional
parameter space. With this technique we have discovered that
there is a large region in the parameter space where the tripod pat-
tern is ubiquitous and highly dominant, only changing its duty
cycle length and frequency, and therefore, this mathematical anal-
ysis of the insect CPG also explains why the tripod gait is the gait of
movement to run fast in generic insect movement.
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Fig. 17. Biparametric (25, lxc) plane (with v = 2) using the spike-counting technique and the computed line (black) that gives the dominant tripod gait limit. The white
dashed lines correspond to the histograms of Fig. 7 (Ix = 35.5 and 2§ = —26.5) and with the red dots that point the tripod limit on that lines.
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Fig. 18. The tripod gait limit surface in the (2§, 2%, lx.) space with the spike-counting slices (Fig. 3). Slice #{# = 2 (in red) is the plane depicted in Fig. 17. Region above the

surface is dominated by the tripod gait.
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Appendix A
The neuron and CPG model used in this paper follows the model

developed by Ghigliazza and Holmes [14,22]. The auxiliary ionic
current functions used in (1) are defined by

Iea(v) = 8eaNoo(V) (¥ — Eca),
Ix(v,m) =ggm(v - Eg),

I(v) =g (v-E),
Iks(v,w) = gsw(v - Ex).

g, is the maximal conductance and acts as a scaling factor, n, m
and w are gating variables and E. is the Nernst potential and fixes
the unique value of the voltage for which the current vanishes.

The term Iy, is considered zero in case of an isolated neuron
and, in the case of connected neurons, the different values of the
extra current (I,,); for each neuron potential »; are:

(Iyn)y = C18gynSa(vn — E*') +¢s EsynS2(v1 — E™),

(Iyn); = C28ynSs(v2 — E&™) + Cagoyn 51 (02 — E*)
+078oyn S3(v2 — E°),

(Iyn); = C38gnSs(v3 — E&™) + CoGoyn S2(v3 — E™),

Ugn)y = C18gnS1(va — Egm) + C58oyn S5(Va — EEOS[)7

(Isyn)s = C28synS2(Us — EP) 4 CaZepnSa(vs — o)

+C7 gsyn 56(7/5 - E§05t)7
(Iyn)s = C38qynS3(Vs — EV%") + C6 Goyn S5 (06 — EZ*).
In this paper (as in [26]), we assume (except for the asymmetric

configurations of SubSection 3.3) contralateral symmetry (between
left and right side) and the balance conditions
C1+C=C+C4+C7 =C3+Cs,

and

Cq4 = C7,

Cs =Cs, C1 =2Cs3.

So, by symmetry, we do not differentiate forward and backward
movements. Moreover, and as a particular example, we have set
their values to
1
2 b

The different time scales and steady state gating variables are

Cq4 =C7 = C1

Tm(v) = sech(ko, (v — v)/2),

Tw(v) = sech(ko, (v — vi)/2),
oy =1

M (v) = (1 + e 2o “H’Kh)) ,

Woo(v) = (1 + e_2k01<s(y_”§(hs)>71’
th -1

no(v) = (1+e%a )

Tmux
SOQ(Z/ = 1+efks(”*ffm) .

v'" represents the threshold voltage and affects location and
values of extrema. Finally the slope ko, determines the extend of
the transition region from the inactive to the active state.

Most of the parameters values that we use along the paper are
taken from [14]. Parameters in boldface have been used as study
parameters and their values are given throughout the paper.
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C=1.2, Ec, =120.0, Ex = -80.0,
E; = —60.0, & = 0.005, €=49,
8 =44, gx = 8.0, 8xs = 0.15,
g, =20, kog =04, ko, = 0.1,
Efre = 2.0, Tmax = 0.002, o = 5000.0, (2)
p=0.18, Zyn = 0015, k=022,
EP* = -70.0, Ko, v,
Vi, Lext, vih.
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