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A B S T R A C T   

The precision manufacturing industry depends on precision measurement instruments capable of tracing the 
measurement results to national and international standards. This paper presents a calibration model for a high 
precision telescopic instrument (HPTI) for machine tool verification together with its estimated uncertainty 
budget. The instrument tracks autonomously a target using an interferometric sensor to measure distances and 
allows the simultaneous use of three HPTIs for multilateration, decreasing data capture time and improving 
measurement accuracy. A calibrating ball beam artefact, previously calibrated with a coordinate measurement 
machine, is used to trace the calibration results. The uncertainty of the HPTI is estimated in laboratory condi
tions. The uncertainty budget of the HPTI, as well as the uncertainty of simultaneous multilateration, in work
shop conditions are analysed and estimated with Monte Carlo. The calibration model defined gives traceability to 
the measurement results obtained with the HPTI allowing its use in machine tool verification processes.   

1. Introduction 

Measurement and manufacturing errors in machine tools (MTs) have 
their origin in various sources, static sources mainly derived from their 
kinematic model and therefore from its positioning accuracy [1], dy
namic sources due to its terms of use and environmental ones because of 
workshop ambient conditions. The evaluation and correction of ma
chine errors goes through procedures that involve positioning mea
surement, control of environmental conditions, and measuring 
equipment and techniques that allow the result to be traced to national 
reference standards. 

The field of precision measurement and manufacturing is directly 
related to the verification techniques that have traditionally been used 
for the measurement and compensation of errors in MT [2] as an 
essential tool for allowing advanced technologies [3]. Besides, the 
increasingly narrow tolerances in complex geometry products make the 
high precision [4,5] dimensional metrology an imperative part of 
manufacturing industry [6]. 

The increasing needs in advanced manufacturing connected with 
Industry 4.0 encourage the acquisition of data from several 

measurement sensors, incorporating dimensional information, for 
monitoring the manufacturing process and adjusting the parameters of 
its models [7,8]. In this context, the reliability of the measurement data 
depends on its metrological traceability and therefore traceability is 
essential to control manufacturing processes, ensure the quality of 
products and enable the comparison of properties [9]. 

Measuring instruments like laser interferometers [10,11], ball bars 
[12], laser tracers [13] and laser trackers [14,15] are used for MT 
verification. Laser interferometers can measure the behaviour of the MT 
by making linear trajectories, usually corresponding to the MT axis di
rections. Ball bars, in general, measure the capacity of the MT following 
a circular path, but there are developments of ball bars devices that, by 
increasing the working range, allow arbitrary trajectories to be verified 
[16]. Laser tracers and laser ball bars [17,18] need consecutive mea
surement cycles to measure the MT position by multilateration. The 
consecutive measurement cycles result is a time consuming procedure 
where errors due to temperature variation and machine repeatability 
influence the coordinates calculated for the MT position. Laser trackers 
are able to measure the position of a retroreflector in space, from the 
distance between the retroreflector and the laser tracker and the angles 
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obtained from its angular encoders. Nevertheless, the measurement 
uncertainty of the laser tracker makes it only applicable to small size 
machine tools through multilateration as the measurement uncertainty 
of the laser tracker is otherwise too high. 

B89.4.19–2006 standard [19] proposes calibration [1] methods for 
the performance evaluation of laser based spherical coordinate mea
surement systems but laser tracers and laser bars need calibration pro
cedures to evaluate their behaviour measuring distances between 
spheres. Thus, manufacturers and some laboratories have developed 
customized design systems for these instruments’ calibration [20,21]. 

Material standards are used in macroscale range (up to 2 m) for 
length metrology [22]. Gauge blocks [23], length bars [24], and step 
gauges [25,26] are frequently found as linear dimension standards, but, 
when the calibration of a device for measure distance between spheres is 
needed, multi-ball bars can be used. In [21] an especially designed 
calibrating ball beam artefact (CBBA) for length measurement in
struments is presented. The calibration gauge materializes distances 
between spheres and it is dedicated to the calibration of a new high 
precision telescopic instrument (HPTI) [27]. The HPTI has been initially 
developed as part of a high precision measurement system based on 
simultaneous laser multilateration for MT volumetric verification but 
could be extended to further applications such as portable coordinate 

measurement machine (CMM) or robot verification. 
The system can autonomously track a spherical target mounted in the 

machine tool spindle using an interferometric sensor to measure dis
tances. It is designed to overcome the errors due to the angular encoders 
of laser trackers allowing the simultaneous laser-multilateration. In the 
simultaneous laser-multilateration process, the data acquisition is car
ried out in a single cycle decreasing the MT verification process time. 
Capturing the data needed to measure the MT position simultaneously 
with three HPTIs in a single measurement cycle, compared to multi- 
cycle measurement with laser tracers or laser ball bars, improves the 
measurement accuracy avoiding the effects of temperature variation and 
machine repeatability between cycles. 

The main goal of this work is the development of the calibration 
model of the HPTI together with the estimation of its uncertainty budget 
carried out with the Monte Carlo method [28,29]. The calibration model 
provides traceability to the measurements made with the HPTI, 
including simultaneous multilaretation which, using three HPTIs 
simultaneously in a single measurement cycle, avoids sources of error 
that affect laser tracers and laser ball bars due to the need for multi-cycle 
measurement to obtain 3D coordinates. The paper is structured as fol
lows: The equipment and the devices used in this work are presented in 
the materials section. The new calibration methodology of the HPTI is 

Fig. 1. a) Pictures of the high precision telescopic 
instrument at its maximum and minimum exten
sion (1050 mm and 400 mm between sphere cen
tres). b) Detail of the components of the 
instrument: (A) sphere fixed to the MT; (B) Trident, 
kinematic coupling; (C) Corner retroreflector; (D) 
Telescopic system; (E) Laser beam; (F) Sensor 
head;. (G) Support of the sensor head; (H) Optical 
fiber (flat, polish end); (I) Sphere mounted on the 
system (ball-ended side). Dimensions lines indicate 
the main distances of the system: SD, distance be
tween centres; ID, distance of the laser beam 
(interferometer distance); BDk, offset of the kine
matic coupling side (balance distance of side k); 
BDs, offset of the ball-ended side (balance distance 
of the side s). c) MT verification scheme with the 
HPTI.   
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explained in Section 3 including the CBBA calibration and the calibra
tion procedure of the HPTI in laboratory and in workshop conditions. 
The last Section 4 shows the results of the calibration procedure and the 
estimation of the measurement uncertainty of the HPTI. 

2. Materials used in this work 

The materials used in this work are the HPTI to measure lengths, the 
CBBA to materialize the distance between a reference sphere and several 
calibration points, a CMM (ZEISS PMC 876, 800 mm in X, 700 mm in Y 
and 600 mm in Z direction) as a reference instrument to provide 
traceability to the calibration process and a swivel arm to verify the 
behaviour of the HPTI in positions other than the horizontal. 

2.1. HPTI. Specifications and calibration requirements. 

The HPTI (Fig. 1) has been developed to measure the distance be
tween the sphere (A), mounted in the spindle nose of the MT, and the 
sphere (I) of the HPTI. The HPTI consists in a multi-point magnetic ki
nematic coupling or trident ended side (B) [31] whose functions are to 
join the HPTI with the sphere (A) in the MT spindle and to house a 
retroreflector (C). The design of the instrument, with the telescopic 
system (D), assures the adequate orientation and alignment of the 
emitting sensor head (F) and the retroreflector. The telescopic system 
joints the trident with the support of the sensor head (G). The ball (I) at 
the end of (G) will be located on the MT table with a kinematic support. 

The instrument has a laser measurement system by interferometry 
with the emitting head integrated in the ball-ended side and a retrore
flector integrated in the kinematic coupling side, measuring in this way 
the distance between the two spheres’ centres (A) and (I). The inter
ferometer needs an environmental compensation unit (ECU) to assure its 
calibration characteristics. Table 1 shows the measurement character
istics of the interferometer in the working range of the application, up to 
1.1 m, and the characteristics of the ECU. 

Due to the design of the system and the integration of the emitting 
head and the retroreflector in the HPTI, there is an offset (balance dis

tance or BD, Equation (1) and Fig. 1) between the value of the distance 
measured by the interferometer and the distance between the spheres to 
be measured by the instrument. Thereby, the distance between centres 
(SD) can be calculated from the distance measured by the interferometer 
(ID) and the offset, equation (1). 

BD = BDk +BDs (1)  

SD = ID+BD (2)  

where BDk is the offset of the kinematic coupling side (balance distance 
of the side k) and BDs is the offset of the ball-ended side (balance dis
tance of the side s). 

In a standard application such as MT verification (Fig. 1c), three 
HPTIs will simultaneously measure the distance (SD). The balls (I) of the 
HPTIs will be located in three kinematic supports on the MT table. An 
analysis of the effect of the placement of the kinematic supports in the 
multilateration result can be found in [30]. The tridents of the HPTIs will 
be kinematically coupled to the ball fixed to the spindle nose (A). The 
position of the sphere in the spindle nose can be calculated knowing the 
distance (SD) measured by each HPTI, but, to limit the measurement 
errors in multilateration, measurement points (positions of the sphere 
(A)) should not approach the plane defined by the three spheres (I) of the 
HPTIs [30]. The MT travel along several points in the workspace will 
allow the acquisition of the data needed for the MT verification while 
the trident design [31] assures that the HPTI will autonomously track 
the ball in the spindle nose. The MT verification could be carried out 
comparing the programmed position of each point with the position 
calculated with the HPTI. 

The system needs to be calibrated to measure the distance between 
the two spheres. From the calibration process, the measurement un
certainty and the systematic error or correction for the measurement of 
the instrument will be obtained, but also the offset value to balance the 
interferometer distance with the distance between centres (Fig. 1). It is 
also necessary to define, in the calibration process, several positions or 
distances between centres that will enable the characterization of the 
system in several points of the working range. A minimum number of 
three positions in the working range is needed to calibrate the HPTI in its 
working range (in the middle of the working range and in the upper and 
lower limits of the working range), obtaining better results with five 
positions. The calibration of the HPTI at various positions from mini
mum to maximum range compensates, with the correction estimated, 
the measurement errors due to misalignment of the sensor head and the 
retroreflector in different extensions of the telescopic system. 

2.2. Calibrating ball beam artefact (CBBA) 

The distances materialized in the CBBA need to have a high repeat
ability. Thus, it requires in its design the adequate rigidity to support the 
measurement instrument, assuring the repeatibility values required in 

Table 1 
Main characteristics of the interferometer and the ECU integrated in the mea
surement instrument.  

Device characeristics Value 

Interferometer - Model Attocube IDS3010 
Interferometer - Maximun target velocity 2 m/s 
Interferometer - Resolution 1 pm 
Interferometer - Expanded uncertainty a (k = 2) 0.3 ppm 
ECU –Model Attocube 1,014,395 
ECU – Temperature uncertainty a (k = 2, 0 to 50 ◦C) ±0.01 ◦C 
ECU – Preesure uncertainty a (k = 2, 300 to 1100 mbar) ±0.1 mbar 
ECU – Relative humidity uncertainty a (k = 2, 10 to 90%) ±0.05% 
a According to the European Co-operation for Accreditation document EA-4/02 [32]  

Fig. 2. a) Calibration points of the CBBA Di with i from 1 to 5. The reference sphere of the CBBA is the origin of the dimension (Di). b) Detail of the movable fixture, 
the magnetic holder and the self-centring kinematic support. 
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the calibration process. Based on these requirements, the CBBA consists 
in two carbon-fibre bars (1200 mm long, with a longitudinal coefficient 
of thermal expansion of 3⋅10-6 ◦C− 1) and aluminium brackets (one for 
the reference ball, one for each calibration point and two for the sup
ports of the system). The brackets and the bars are fasten by several 
aluminium embracing flanges, which are screwed to the brackets and 
embrace the bars ensuring the position of the elements in the system 
[19]. 

The CBBA materializes the calibration distances with a fixed sphere 
and a movable kinematic support. The reference sphere, fixed in the 
CBBA, will join the measurement instrument via the kinematic coupling 
located on one side of the instrument. The sphere joined to the mea
surement instrument under verification it is connected to the CBBA via a 
movable fixture with a magnetic holder fixed to a kinematic self- 
centring support. The movable fixture can be positioned in each of the 
five calibration positions of the CBBA along the measurement range of 
the instrument (Fig. 2). 

The movable fixture can move through the calibration points with 
high repeatability because of the kinematic support. The magnetic 
holder located in the movable fixture joints the ball of the measurement 
instrument with the CBBA. 

The correction obtained from the instrument calibration in each 
calibration point compensates manufacturing and assembly errors of the 
HPTI. A repeatability of the kinematic support under 0.5 µm [33] is 
needed to assured the requested repeatability (<2µm) measuring the 
distance between the spheres’ centres [19]. The repeatability has been 
evaluated as the standard deviation of the value obtained repeating the 
measurement of the distance between centres ten times with a CMM. 
The nominal values of the calibration points materialized by the CBBA 
and its uncertainty associated can be found in Section 3.1, Table 2. 

2.3. Other devices used 

The distance between the reference sphere of the CBBA and each 
calibration point has been measured with a CMM. The CMM has been 
used to evaluate the repeatability of the kinematic support of the CBBA 

too. The CMM range in the horizontal plane is 800x700mm so a special 
configuration of the CMM probe was needed with two probes to measure 
all the calibration points (Fig. 3a). 

In the last stage of the work, and once the measurement instrument 
has been calibrated in a metrology laboratory, a KOBA swivel arm [25] 
has been used to evaluate the behaviour of the instrument in positions 
other from horizontal. The swivel arm moves from − 45◦ to 45◦ so a 
custom fixture design has been developed to allow the movement from 
0◦ in the horizontal position to 90◦ in the vertical one (Fig. 3b). 

3. Calibration methodology of the high precision telescopic 
measurement instrument. 

The calibration methodology developed and followed in this work 
consist in three steps: (i) calibrate the CBBA using a CMM, (ii) calibrate 
the HPTI with the CBBA in a metrology laboratory and (iii) estimate the 
uncertainty of the HPTI in workshop conditions. Finally, an uncertainty 
budget for the HPTI based on the calibration data and the experimental 
characterization of the equipment is presented in this work. 

3.1. CBBA calibration procedure 

The uncertainty of the CBBA calibration has been estimated applying 
the procedure showed in [21] to the CBBA that has been adapted to the 
configuration of the measurement instrument. A Monte Carlo simulation 
is used to estimate the uncertainty of the CBBA materializing distances 
between ball centres. 

The nominal distance value and the uncertainty of the CBBA (Ua) for 
each calibration point can be found in Table 2. 

3.2. HPTI calibration with the CBBA 

Once the uncertainty of the CBBA is known, the uncertainty of the 
measurement instrument can be estimated as a type B uncertainty [28] 
from previous measurement data. The proposed uncertainty expression 
in Equation (3) allows quantifying individual contribution of the 

Table 2 
Results of the CBBA calibration with Monte Carlo simulation.  

Calibration Point D1  D2  D3  D4  D5  

Nominal distance [mm]  410.9101  570.0097  731.2700  889.1806  1041.8136 
Ua(ka = 2)*

[μm] 1.3  1.3  1.3  1.3  1.3 

*ka is the coverage factor in accordance with the Guide to the Expression of Uncertainty in Measurement, GUM [28]; ka = 2 indicates a confidence level of 95%.   

Fig. 3. a) CMM and configuration of the probe for the measurement of the distance of each calibration point to the reference sphere. b) Swivel arm and fixture for the 
verification of the behaviour of the instrument at different angles (from 0◦ to 90◦). 
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following error sources: 

● The uncertainty of the CBBA when materializing the distances be
tween centres.  

● The standard deviation of the HPTI when measuring the distance 
between the reference sphere and the calibration points of the CBBA 
in the calibration process 

● The estimation of the standard deviation of the HPTI in the mea
surement process. 

Ui = k

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(

Ua

ka

)2

+
s2

ci

nc
+

s2
mi

nm

√

(3)  

where:  

● Ui, is the expanded uncertainty estimated for the HPTI for each 
calibration point (with i from 1 to 5).  

● k, is the coverage factor for the uncertainty estimation of the HPTI, in 
accordance with the GUM [28].  

● Ua, is the expanded uncertainty of the CBBA (obtained in Section 
3.1.)  

● ka, is the coverage factor for the uncertainty estimation of the CBBA, 
in accordance with the GUM [28]. 

● Sci, is the standard deviation of the HPTI when measuring the dis
tance between the reference sphere and the calibration points of the 
CBBA in the calibration process (with i from 1 to 5).  

● nc, is the number of iterations that has been carried out when 
measuring the distance between the reference sphere and each 
calibration position with the HPTI.  

● Smi, is the standard deviation of the HPTI in the measurement process 
with the CBBA (with i from 1 to 5). 

● nm, is the number of repetitions performed when measuring a dis
tance with the HPTI. 

To estimate the standard deviation of the HPTI when measuring the 
distance between the reference sphere and the calibration points of the 
CBBA in the calibration process (Sci), ten iterations measuring the dis
tance between the reference sphere and each calibration position (nc) 
have been carried out with the HPTI (see Section 4.1). Finally, to esti
mate the standard deviation of the HPTI in the measurement process 
with the CBBA (Smi) it has been assigned the same value as (Sci) cause the 
calibration process is similar to the measurement process in MT verifi
cation. The number of repetitions performed when measuring a distance 
with the HPTI (nm is taken as one. For all the i − th subindex the value of i 
goes from 1 to 5 according to the calibration point under evaluation. 

In addition, the calibration allows to set the instrument offset (bal
ance distance or BD in Equation (1)) and characterise its error. Three 
strategies are going to be tested and its results will be compared in the 
calibration procedure. 

The first strategy is to calculate the offset from the measurement of 
the instrument located on one of the calibration points, see Equation (4). 
From the CMM measurement, the nominal values of the distances be
tween the reference sphere and the calibration point in each position of 
the movable fixture are known (Di,CMM with i from 1 to 5). The mean of 
ten iterations measuring each calibration point with the measurement 
instrument (IDi,j with i from 1 to 5 calibration points and j from 1 to 10 
iterations) is calculated and compared with the CMM value. 

Fig. 4. a) Measurement in workshop conditions. Error contribution factors in Monte Carlo simulation: the sphericity of the balls (Ri), the multi-point kinematic 
coupling rotation angle (β), the distance measured by the instrument (Di), the orientation of the instrument when measuring the distance (α and θ), and the 
measurement environmental conditions (Temperature, T, pressure, P, relative humidity, H). b) Three-dimensional model of the simulation to estimate the uncertainty 
of the simultaneous multilateration process. The three HPTI contact the ball in the MT spindle simultaneously. A nine points mesh is represented. The measurement 
uncertainty of the X, Y and Z coordinates has been estimated for the nine points represented in the model. 

Fig. 5. a) Repeatability of ten iterations measuring the distance between the reference sphere of the CBBA and each calibration points (from D1 to D5) with the 
interferometer of the instrument. b) Scheme of the iterations mounting and demounting the kinematic support of the movable fixture with the HPTI. 

F. Javier Brosed et al.                                                                                                                                                                                                                          



Measurement 190 (2022) 110735

6

BDi = Di,CMM −

∑10
j=1IDi,j

10
(4) 

In this case, an offset can be calculated for each calibration point (i). 
The second strategy is to calculate the offset from the mean of the 

measurement of each calibration point with the instrument. The mean 
value obtained by the instrument in each iteration is compared with the 
mean value obtained with the CMM (Di,CMM), equation (5). 

BDj =

∑5
i=1Di,CMM

5
−

∑5
i=1IDi,j

5
(5) 

In this second case, an offset can be calculated for each iteration (j). 
The third strategy is to calculate a single offset as the mean of the 

other values (BDi or BDj). As in the previous cases, the mean value ob
tained by the instrument in each iteration is compared with the mean 
value obtained with the CMM, equation (6). 

BD =

∑5
i=1BDi

5
=

∑10
j=1BDj

10
(6) 

In this case, a single offset is calculated for all the values of the 
interferometer. 

3.3. Calibration of the measurement instrument in workshop conditions 

One of the main application fields of HPTI is MT verification. In this 
case, some additional factors affecting the measurement results need to 
be considered. Monte Carlo method has been applied to simulate the 
effect of the main error contributions to the length variation of the 
distance measured by the HPTI in workshop conditions. The considered 
contributions are the following: (i) the sphericity or deviation from the 
spherical form of the balls, (ii) the variation of the measurement with the 
tilt and pan angles, (iii) the variation of the length measured due to the 
compensation of the environmental conditions by the ECU (Fig. 4a), (iv) 
the uncertainty of the measurement instrument measuring the distance 
between the spheres’ centres (Ui). 

3.3.1. Influence of the balls’ sphericity 
The tolerance of the balls depends on the manufacturing batch to 

which the ball belongs in accordance with ISO 3290–1:2014 standard 
[34]. It shows the variation allowed in diameter and sphericity for the 
ball 1 (the sphere integrated in the measurement instrument) and ball 2 
(the sphere coupled to the trident). Therefore, a tolerance has been 
defined for the ball in the instrument (2.5 µm) according with grade 
G100 deviation from spherical form [34] and a different tolerance has 
been defined for the diameter of the ball kinematically coupled with the 
trident (5.0 µm). This ball could belong to the CBBA or to the fixture of 
the MT under verification. 

The relationship between the diameter variation of ball 2 (kine
matically coupled with the trident) and distance between the ball centre 
and the trident (dB− T in Fig. 6b) has been analysed using a Computer- 
Aided Design (CAD) software (see Section 4.2.1). Therefore, from the 
ball diameter and its relationship with the distance dB− T , the variation of 
the distance measured between centres due to the variation of the 
diameter of ball 2 can be obtained (see Section 4.2.1). The input data for 
the Monte Carlo simulation is the probability distribution of the diam
eter variation of ball 2 (see Table 7 in Section 4.2.4). 

The relationship of the sphericity of ball 1 (mounted in the magnetic 
holder) and the distance between centres measured by the instrument 
depends on the distance measured and on the orientation (tilt, α, and 
pan, θ) of the instrument with respect to the magnetic holder. 

The influence of these two factors is calculated in two steps. First, 
calculating the variation of the ball centre from the magnetic holder due 
to the sphericity of the ball (see Section 4.2.1). The values R1,R2 and R3 
are used to triangulate the sphere’s centre and can vary within the range 
established for the sphericity by the manufacturing tolerance. Moreover, 
we calculate how this variation affects to the distance between centres 
measured by the instrument as a function of the orientation of the in
strument and the length measured by the instrument. The input data of 
this contribution for the simulation is the probability distribution of the 
radius (R1,R2 and R3) variation of ball 1 (see Table 7 in Section 4.2.4). 

3.3.2. Influence of the tilt and pan angles 
In the volumetric verification process, the measurement instrument 

is mounted in the MT under verification. Along the process, the trident 
can rotate with respect of the ball mounted in the MT (ball 2) and the 
measurement instrument’s tilt from the horizontal will be within 15◦

and 85◦. The rotation of the trident (β), as well as the tilt angle of the 
measurement instrument (α), affect the distance measured by the in
strument. Therefore, two tests are carried out to evaluate the effect of 
the rotation of the trident (β) and the tilt angle (α) in the distance 
measured by the instrument. 

First, to study the effect of the rotation of the trident, we varied the 
rotation angle of the trident (β) from 0◦ to 360◦. To study the effect of the 
tilt we varied the tilt angle (α) with a swivel arm and a fixture to mount 
the measurement instrument (see Section 2.3), from 15◦ to 85◦. In the 
tests, the distance between the centres measured by the instrument re
mains stable so it could be assumed that the variations measured by the 
instrument are caused by the effect of the angles variations. The effect of 
these angles in the measured length is analysed through these experi
mental test whose results are shown in Section 3. 

The probability distributions for tilt and pan angles of the system 
measuring in the MT and for the rotation of the trident with respect to 
the ball (β) are considered as uniform distributions between the limits of 
the respective angles. From 15◦ to 85◦ for the tilt (α) of the instrument, 

Fig. 6. a) Scheme of the magnetic support of ball 1 and the triangulation (R1, R2 and R3) needed to calculate the position of the centre of ball 1. b) Scheme of the 
distance between the centre of Ball 2 and the trident (dB− T). c) The variation of the measurement (ordinates) can be related with the diameter variation in ball 2 
through a linear polynomial. 
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limited by the multilateration procedure, from 0◦ to 120◦ for the pan (θ), 
and from 0◦ to 360◦ for the rotation (β) of the trident (see Table 7 in 
Section 4.2.4). 

3.3.3. Influence of the environmental conditions 
Environmental factors such as temperature, pressure and relative 

humidity, influence in the length variation that is simulated using uni
form distributions for the mentioned factors as input data. The lower and 
higher limits are 15 ◦C and 25 ◦C for the temperature, 965 and 1035 
mbar for pressure and 48% and 52% for relative humidity. To simulate 
the error of the ECU measuring these factors, a random variable with a 
uniform distribution is introduced for each environmental factor. The 
amplitude of the random variable is extracted from the calibration 
certificate of the ECU (see Table 1) according with the uncertainty of the 
device (see Table 7 in Section 4.2.4). 

The Ciddor equation calculates the refractive index of the air in 
function of the environmental parameters and allows the compensation 
of the laser length measured with the interferometer [35–37]. Here, 
Ciddor equation allows to compare the compensation obtained with the 
environmental parameters with and without noise (the random variable 
for each parameter), estimating finally the distance variation due to the 
environmental parameters. 

3.3.4. Influence in the simultaneous multilateration 
Finally, the measurement uncertainty of the HPTI is known for 

length measurements but the uncertainty of the simultaneous multi
lateration (obtaining the X, Y and Z coordinates of a point from the 
measurement of three lengths, see Fig. 1c in Section 2.1) can be evalu
ated using the Monte Carlo method. In this approach, the uncertainty of 
the triangulation of nine points (the eight edges of a 200 mm cube and 
the central point, Fig. 4b) has been estimated from the uncertainty of the 
HPTI measuring lengths Ui, estimated in Section 4.2.4. The uncertainty 
of the triangulation for points located close to the limit of the verifica
tion field has also been estimated. The kinematic supports are distrib
uted in the MT table forming a 900 mm equilateral triangle. 

The distances measured by each HPTI between the ball fixed to the 
spindle of the MT and the kinematic support of each HPTI together with 
the distances among the kinematic supports located in the MT table, are 
the input data for the simulation. The probability distribution for each 
case will be a normal distribution, centred in the nominal value of the 
length, with a standard deviation equal to the assigned uncertainty 
(interpolated from Table 8 in Section 4.2.4, depending on the distance 
measured) divided by the coverage factor (k = 2). Considering a similar 
behaviour of the three instruments used in the simultaneous triangula
tion is a reasonable assumption, so the uncertainty assigned depending 
on the length measured for each HPTI will be interpolated from the same 

table (see Table 8 in Section 4.2.4). 

4. Results of the calibration model of the HPTI 

This section shows the results obtained in the calibration model and 
procedures developed for the HPTI. 

4.1. Calibration results of the HPTI 

The data for the calibration of the measurement instrument is 
collected from ten iterations measuring the distances between the 
reference sphere and each calibration point of the CBBA with the mea
surement instrument (Fig. 5b). The values obtained from the interfer
ometer of the instrument after reset the measurements in the fifth 
calibration point (ID5) are shown in Table 3 and the variability of the ten 
iterations is shown in Fig. 5a. The mean of each iteration and the mean 
of each calibration point is calculated as well as the offset for each of the 
three strategies proposed in Section 3.2 with Eqs. (5)–(7) (BDi, BDj and 
BD). 

The value of the main contributions (Ua, sci and smi) are used in 
Sections 4.1.1–4.1.3 to estimate the expanded uncertainty Ui of the HPTI 
from Equation (3). 

4.1.1. Calibration with BDi 

When using an offset value for each calibration point the measure
ment results are similar to those obtained after apply a correction in 
each point, Equation (4). The calibration results and the main contri
butions are shown in Table 4 

Table 3 
Values, in millimetres, from the measurement of the distances from the reference sphere to each calibration point with the interferometer of the instrument (IDi,j with i 
from 1 to 5, calibration points, and j from 1 to 10 iterations).  

IDi,j[mm] i = 1  i = 2  i = 3  i = 4  i = 5  ∑5
i=1IDi,j

5  
BDj  

j = 1   − 630.9004  − 471.7996  − 310.5382  − 152.6313  0.0001  − 313.1739  − 1041.8107 
j = 2   − 630.9002  − 471.7996  − 310.5379  − 152.6295  − 0.0015  − 313.1737  − 1041.8105 
j = 3   − 630.8982  − 471.7970  − 310.5350  − 152.6269  0.0007  − 313.1713  − 1041.8081 
j = 4   − 630.8989  − 471.7981  − 310.5364  − 152.6282  0.0006  − 313.1722  − 1041.8090 
j = 5   − 630.8994  − 471.7983  − 310.5361  − 152.6286  − 0.0005  − 313.1726  − 1041.8094 
j = 6   − 630.8997  − 471.7977  − 310.5370  − 152.6274  0.0006  − 313.1722  − 1041.8090 
j = 7   − 630.8996  − 471.7987  − 310.5360  − 152.6279  − 0.0005  − 313.1726  − 1041.8094 
j = 8   − 630.9014  − 471.7995  − 310.5378  − 152.6276  − 0.0005  − 313.1734  − 1041.8101 
j = 9   − 630.9018  − 471.8010  − 310.5386  − 152.6317  − 0.0008  − 313.1747  − 1041.8115 
j = 10   − 630.9018  − 471.8011  − 310.5383  − 152.6306  − 0.0016  − 313.1747  − 1041.8114 
∑10

j=1IDi,j

10   

− 630.9001  − 471.7991  − 310.5371  − 152.6290  − 0.0004  − 313.1731  

BDi   − 1041.8102  − 1041.8088  − 1041.8071  − 1041.8095  − 1041.8139  − 1041.8099   

Table 4 
Data for the estimation of Ui and result of apply equation (3) using an offset (BDi)

for each calibration point (Di).  

Calibration 
point 

D1  D2  D3  D4  D5  

Nominal 
distance 
[mm]  

410.9101  570.0097  731.2700  889.1806  1041.8136 

Measurement 
Instrument 
Mean [mm]  

410.9101  570.0097  731.2700  889.1806  1041.8136 

Ua(ka = 2)[μm] 1.3  1.3  1.3  1.3  1.3 
sci(nc = 10)[μm] 1.2  1.3  1.2  1.7  0.8 
smi(nm = 1)[μm] 1.2  1.3  1.2  1.7  0.8 
Ui(k = 2)[μm] 2.9  3.1  2.8  3.8  2.2 
Correction [μm] 0.0  0.0  0.0  0.0  0.0  
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A single offset can be applied for every calibration point. The results 
obtained in this way are included in the Section 4.1.3 

4.1.2. Calibration with BDj 

When using an offset value for each iteration the measurement, ob
tained from the mean value of the calibration points, Equation (5), the 
results reduce its variability because the use of an offset in each iteration 
has a similar effect to resetting the interferometer in each iteration. The 
calibration results and the main contributions are shown in Table 5. 

4.1.3. Calibration with BD 
When using a single offset as the mean of the other values for all the 

calibration points, Equation (6), the measurement results are similar to 
those obtained with BDi in terms of deviation and to those obtained with 
BDj in terms of correction. The calibration results and the main contri
butions are shown in Table 6. 

4.2. Uncertainty estimation of the measurement instrument in workshop 
conditions 

After showing the results obtained in the calibration of the HPTI in 
laboratory conditions in Section 4.1, the main error sources that appear 
in workshop conditions are going to be analysed in this section to pro
vide an estimation of the measurement instrument’s uncertainty to be 
applied in verification processes in workshop conditions. 

4.2.1. Effect of the diameter variation and form error of the balls in the 
distance between centres variation 

Considering the geometry of the kinematic coupling of the trident, 
several ball diameter values have been tested with a CAD software to 
simulate the effect of the diameter value in the distance between the ball 
centre and the trident (Section 3.3). A linear relationship has been ob
tained (as long as the ball diameter remains within its manufacturing 
tolerance). The slope and the Y-intercept of a linear regression are 
estimated (R2 = 1.0) (Fig. 6c). The first-degree polynomial allows 

Table 5 
Data for the estimation of Ui and result of apply equation (3) using an offset (BDj)

for each iteration (j).  

Calibration 
Point 

D1  D2  D3  D4  D5  

Nominal 
distance 
[mm]  

410.9101  570.0097  731.2700  889.1806  1041.8136 

Measurement 
Instrument 
Mean [mm]  

410.9098  570.0109  731.2728  889.1809  1041.8096 

Ua(ka = 2)[μm] 1.3  1.3  1.3  1.3  1.3 
sci(nc = 10)[μm] 0.5  0.3  0.4  0.9  0.7 
smi(nm = 1)
[μm]

0.5  0.3  0.4  0.9  0.7 

Ui(k = 2)[μm] 1.6  1.5  1.6  2.2  2.0 
Correction [μm] 0.5  − 0.9  0.4  − 0.2  0.2  

Table 6 
Data for the estimation of Ui and result of apply equation (3) using an offset (BDi)

for each calibration point (Di).  

Calibration 
Point 

D1  D2  D3  D4  D5  

Nominal 
distance 
[mm]  

410.9101  570.0097  731.2700  889.1806  1041.8136 

Measurement 
Instrument 
Mean [mm]  

410.9098  570.0109  731.2728  889.1809  1041.8096 

Ua(ka = 2)[μm] 1.3  1.3  1.3  1.3  1.3 
sci(nc = 10)[μm] 1.2  1.3  1.2  1.7  0.8 
smi(nm = 1)[μm] 1.2  1.3  1.2  1.7  0.8 
Ui(k = 2)[μm] 2.9  3.1  2.8  3.8  2.2 
Correction [μm] 0.5  − 0.9  0.4  − 0.2  0.2  

Table 7 
Uncertainty budget for the fifth calibration point (D5).  
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simulating the variation in the distance measured between centres by 
the instrument with the variation of the ball diameter. This simulation 
proved the contribution of the sphericity of the ball 2 to the variation of 
the length measured by the instrument (see Table 7 in 4.2.4). 

The sphericity of the ball 1 and its effect in the variation of the dis
tance between centres measured by the instrument is analysed trian
gulating the centre of the ball for several radii (within the manufacturing 
tolerance) (Fig. 6a). Then it is calculated its effect in the instrument’s 
measurement as a function of the tilt (α: 15◦ to 85◦) and the pan angles 
(θ: 0◦ to 120◦). 

These calculations, repeated for several values (106 repetitions) of 
the radius, the tilt and the pan, result in the contribution of the variation 
of the sphericity of the ball 1 to the uncertainty of the measurement of 
the instrument. This contribution is represented with the probability 
distribution of the length variation due to the Ball 1 (see Table 7 in 
4.2.4). 

4.2.2. Effect of the system’s tilt and multi-point kinematic coupling rotation 
in the distance between centres variation 

The relationship between the tilt angle (α) and the variation of the 
length between centres measured by the instrument (Fig. 7a) is modelled 
with a third degree polynomial (R2 = 0.9) (Fig. 7b). 

The effect of the rotation angle of the trident (β) from 0◦ to 360◦ and 
the variation of the length between centres measured by the instrument 
can be modelled with a third degree polynomial (R2 = 0.8) (Fig. 7c). 

In the Monte Carlo simulation, the effect on the length measurement 
of the tilt angle (α) at angles between 15◦ and 85◦, and of the trident’s 
rotation (β) at angles between 0◦ and 360◦, is evaluated (see Fig. 4a). 
Considering the input value of the angles (α or β) and using the third 
degree polynomial extracted from the tests for each case (α or β), the 
effect on the measured distance due to the variation of each angle is 

calculated. As it can be seen in Fig. 7b and Fig. 7c, noise appears in the 
results. To adjust the simulation results to those obtained experimen
tally, a noise that follows a normal probability distribution with a 
standard deviation of 0.15 µm has been assigned to the length variation 
due to the tilt variation (α). In the case of the effect of tridents’ rotation 
(β), a normal probability distribution with a standard deviation 0.5 µm 
was selected. 

The probability distributions obtained are shown in Table 7, Section 
4.2.4. 

4.2.3. Input distributions for the simulation for the ECU and the CBBA 
uncertainty 

This subsection shows the probability distributions of the variation 
that introduce the remaining error sources, which are the uncertainty of 
the measuring instrument obtained in the calibration with the CBBA in 
the laboratory and the effect of the compensation error of the environ
mental factors obtained with the ECU. 

To consider the contribution of the uncertainty of the measurement 
instrument measuring distance between centres (Ui) to the variation of 
the distance between centres measured by the system, a normal proba
bility distribution is assigned for each calibration point. The standard 
deviation of the probability distribution for each calibration point is the 
one obtained in Section 4.1.3 (see Table 7 in Section 4.2.4). 

To evaluate the variation introduced by the measurement error of the 
environmental factors, the compensation is calculated through the 
Ciddor equation for each calibration point and for the environmental 
values simulated with noise The results are compared with the distances 
obtained by taking into account the values of the environmental factors 
without noise. The probability distribution obtained is shown in Table 7, 
Section 4.2.4. 

Fig. 7. a) Swivel arm with the instrument mounted in the fixture that allows going from 0◦ to 90◦. b) Result of the ten iterations moving the swivel arm from 0◦ to 90◦

while the instrument is capturing the position. The variation of the measurement (ordinates) can be related with the tilt angle (α) through a third degree polynomial. 
c) Result of the test that relates the rotation angle of the trident (abscissas) and the length variation observed in the measurement system (ordinates). 

Fig. 8. Convergence of the Monte Carlo method result (Ui for the measurement with the measurement instrument) for each calibration point as the number of 
iterations increases. 
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4.2.4. HPTI uncertainty in workshop conditions simulated with Monte 
Carlo method 

Monte Carlo method is especially suitable when the input distribu
tions are other than normal distribution [38]. The estimation using the 
Monte Carlo method depends highly on the number of iterations of the 
simulation. The results converge when the iterations number increase 
over 105, so 106 iterations have been used (Fig. 8). 

The simulation takes in account the distribution of the main error 
sources showed in previous sections (from 4.2.1 to 4.2.3) to obtain an 
estimation of the distribution of the distance measurement result. The 
probability distribution of the result after 106 iterations and the lower 
(-3.0 µm) and upper (2.6 µm) limits to include the 95% of the results 
(k = 2) are shown in Table 7. The histogram in Table 7 shows the result 
for the fifth calibration point (D5). Distributions are similar for all the 
calibration points. 

The results obtained for each calibration point, show values of 
measurement uncertainty under 4.5 μm for all the calibration points 
considering the measurement instrument under workshop conditions 
(Table 8). 

The results of a simulation using spheres with grade G40 [34] instead 
a grade G100 show a reduction of 10% in the uncertainty of the HPTI in 
workshop conditions. Nevertheless, it is not to be expected that, using a 
lower grade, the uncertainty will decrease its value because, for lower 
grades than G40, the effect of other error sources makes the variation of 
the uncertainty due to the spheres grade negligible. 

4.2.5. Simultaneous multilateration uncertainty in workshop conditions 
simulated with Monte Carlo method 

Following the methodology explained in section 3.3.4, the Monte 
Carlo results for the simultaneous mutilateration uncertainty are shown 
in Table 9, where the uncertainty for each coordinate (UiXw, UiYw and 
UiZw) of the nine points evaluated is shown. The length of the HPTIs 
affects the multilateration uncertainty. The uncertainty increases as the 
length of a HPTI approaches D4: verification points VP5 and VP6 (U5Yw =

5.4μm, U6Yw = 5.4μm), at the edges of the cube and verification points 
and VP12 and VP16 (U12Yw = 5.8 µm, U16Yw = 5.9 µm), at the limits of the 
verification volume. 

In Fig. 9a, the uncertainty values estimated for each point (UiXw,UiYw,

UiZw) are represented related to the nine points of the 200 mm cube 
(eight at the edges and one in the middle). Fig. 9b shows the uncertainty 
values obtained for the points at the limit of the verification volume. The 
dash line in black represents the equilateral triangle (900 mm) formed 
by the kinematic supports. The red, green and blue dash lines represent 
the three HPTI in measurement position for the 9th verification point 
(centre of the cube). The frames in each verification point from 1 to 9 
indicate the uncertainty estimated for the simultaneous multilateration 
of each point: the solid line in X direction is the UiXw; the solid line in Y 
direction is the UiYw; and the solid line in Z direction is the UiZw. The 
color of the solid lines indicates the uncertainty value following the 
colour bar. The histograms in Fig. 9c show the confidence interval for 
the simultaneous multilateration of the 9th verification point (co
ordinates X, Y and Z). 

5. Conclusions 

This work presented the development of the calibration model of a 
new high precision telescopic interferometric measurement instrument 
(HPTI) and the estimation of its uncertainty budget. This will assure the 
reliability of the distance measurements achieved with the instrument, 
giving metrological traceability in focus applications such as machine 
tool volumetric verification. 

The HPTI calibration has been carried out using a calibrating ball 
beam artefact (CBBA) that allows the materialization of several cali
bration points considering a range of distances between sphere centres 
representative of the instrument measurement range. Due to the char
acteristics of the HPTI and the measurement process, it was assessed that 
applying a different balance distance for each calibration point, the 
value of the correction needed in the measurement process can be 
reduced. 

The paper shows a complete uncertainty budget analysis for the HPTI 
under laboratory and workshop conditions identifying the main error 
sources and their contributions. The HPTI uncertainty value with 
coverage factor k = 2 obtained in laboratory conditions is under 4 µm 
and can be reduced to values under 3 µm resetting the interferometer of 
the HPTI in each measurement. The uncertainty budget of the HPTI in 
workshop conditions has been analysed and estimated using the Monte 
Carlo method with uncertainty values (k = 2) under 5 µm for calibrated 
lengths ranging from 410 mm to 1041 mm. The uncertainty values 

Table 8 
Estimation of the measurement instrument uncertainty in workshop conditions 
(Uiw) with the Monte Carlo method.  

Calibration 
Point 

D1  D2  D3  D4  D5  

Nominal 
distance 
[mm]  

410.9101  570.0097  731.2700  889.1806  1041.8136 

Uiw(k = 2)[μm] 3.4  3.6  3.3  4.2  2.8  

Table 9 
Estimation of the simultaneous multilateration uncertainty in workshop conditions (UiXw, UiYw, UiZw) with the Monte Carlo method (k = 2, coverage factor in 
accordance with the Guide to the Expression of Uncertainty in Measurement, GUM [28,29]).  

Verification Point (VPi)  X [mm] Y [mm] Z [mm] UiXw [µm]  UiYw [µm]  UiZw [µm]  

Points at the edges of the 200 mm cube 1  350.0000  160.0000  267.0000  3.9  4.9  5.0 
2  550.0000  160.0000  267.0000  3.4  4.9  5.0 
3  350.0000  360.0000  267.0000  4.3  4.0  5.2 
4  550.0000  360.0000  267.0000  3.8  4.0  5.2 
5  350.0000  160.0000  467.0000  4.4  5.4  3.4 
6  550.0000  160.0000  467.0000  4.0  5.4  3.4 
7  350.0000  360.0000  467.0000  4.9  4.6  3.5 
8  550.0000  360.0000  467.0000  4.5  4.6  3.5 

Central point of the cube 9  450.0000  260.0000  367.0000  4.0  4.6  4.0 
Points at the limit of the verification volume of the system 10  220.0000  250.0000  250.0000  4.6  4.9  5.3 

11  580.0000  250.0000  250.0000  3.5  4.5  5.4 
12  450.0000  50.0000  250.0000  3.5  5.5  5.8 
13  450.0000  450.0000  250.0000  4.2  3.5  5.0 
14  200.0000  400.0000  600.0000  5.5  5.2  3.6 
15  700.0000  400.0000  600.0000  4.6  5.2  3.6 
16  450.0000  185.0000  600.0000  4.8  5.9  3.0 
17  450.0000  650.0000  600.0000  5.5  4.3  3.1 
18  450.0000  260.0000  900.0000  4.0  4.6  4.0  
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estimated for each verification point (UiXw,UiYw,UiZw) were calculated. 
The individual contribution of the main error sources was charac

terized in the uncertainty budget, making it possible to raise corrections 
to minimize the error values and improving the complete accuracy of the 
HPTI measuring process. The effect of the system’s tilt and multi-point 
kinematic coupling rotation, the diameter variation and form error of 
the spheres affecting the distance between centres, the compensation of 
the environmental conditions or the CBBA uncertainty were analysed 
and simulated with Monte Carlo. This also allow us to define adequate 
quality requirements of some of the elements such as the fix spheres in 
the HPTI or the ball attached to the MT spindle with grade G100 used in 
this work. 

Therefore, it could be concluded that the calibration model and 
uncertainty budget developed for the HPTI give traceability to the 
measurement of the instrument in a simultaneous multilateration car
ried out in target applications such as machine tool volumetric 
verification. 
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