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Abstract. Any Lipschitz map f : M → N between metric spaces can be “lin-

earised” in such a way that it becomes a bounded linear operator f̂ : F(M) →
F(N) between the Lipschitz-free spaces over M and N . The purpose of this

note is to explore the connections between the injectivity of f and the injec-

tivity of f̂ . While it is obvious that if f̂ is injective then so is f , the converse
is less clear. Indeed, we pin down some cases where this implication does not

hold but we also prove that, for some classes of metric spaces M , any injective
Lipschitz map f : M → N (for any N) admits an injective linearisation. Along

our way, we study how Lipschitz maps carry the support of elements in free

spaces and also we provide stronger conditions on f which ensure that f̂ is
injective.

1. Introduction

For a metric space (M,d), the Lipschitz-free space (also known as Arens–Eells
space or transportation cost space) F(M) is a Banach space which is built around
M in such a way that M is isometric to a (linearly dense) subset δ(M) of F(M), and
Lipschitz maps from δ(M) into any Banach space X uniquely extend to bounded
linear operators from F(M) into X (see Section 1.1 for a more detailed definition).
For metric space-valued maps on M the linearisation procedure takes the follow-
ing form. For every Lipschitz map f : M → N , there exists a continuous linear

map f̂ : F(M) → F(N) such that its operator norm is equal to the best Lipschitz
constant of f , and moreover the following diagram commutes:

M
f //

δM
��

N

δN
��

F(M)
f̂

// F(N)

A recent program, which motivated quite many specialists in the field, consists
in trying to characterise (linear) properties of F(M) in terms of (metric) properties
of M . Yet, while there is a number of papers dealing with this scheme (see [3, 7, 9,
15, 16, 26, 29, 30, 34] just to name a few), less papers focus on how the properties

of Lipschitz maps f and their linearisations f̂ are related. This is precisely the
purpose of this note as we will focus on injectivity. While it is well known and

rather easy to see that f : M → N is bi-Lipschitz if and only if f̂ is an isomorphic
embedding, the question whether the injectivity of a Lipschitz map f : M → N

implies the injectivity of the linearisation f̂ has not been dealt with; and is more
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delicate as we aim to show in the present note. Let us remark right away, that
the converse implication trivially holds. Indeed, using the same notation as in the

commutative diagram above, f can be naturally identified with f̂�δM (M). Also,
since simple examples can be produced when M is not complete, see Section 1.1,
we restrict our attention to complete metric spaces M .

In this context, our main results are the following. For some classes of metric
spaces M , we prove that for every metric space N , every Lipschitz injection f : M →
N has an injective linearization f̂ : F(M) → F(N). We call the spaces satisfying
the latter property Lip-lin injective spaces. This is the case of, e.g., compact spaces
having null 1-dimensional Hausdorff measure (H1(M) = 0). In fact, we prove that
if M is compact and totally disconnected, then M is Lip-lin injective if and only
if the space s0(M) of locally constant Lipschitz functions from M to R separates
points of M uniformly. That is, there exists a constant C > 0 such that for every
distinct points x 6= y in M , one can find a C-Lipschitz map f ∈ s0(M) in such a
way that |f(x) − f(y)| = d(x, y). Further we prove that uniformly discrete metric
spaces are Lip-lin injective while this is not the case for every discrete metric space
(see Example 5.8). Also, if M is not purely 1-unrectifiable (p1u), i.e. there exists
A ⊂ R of positive Lebesgue measure that bi-Lipschitz embeds into M , then M is
not Lip-lin injective. This allows us to provide examples, on the one hand, of a
Lip-lin injective compact M such that H1(M) > 0, and on the other hand, of a
p1u, compact, totally disconnected M which is not Lip-lin injective.

As a preliminary work for the above results, we investigate sufficient conditions

on f which guarantee that f̂ is injective. This is done by analysing how Lipschitz
operators carry the supports of elements in free spaces. It turns out that, when M is

bounded, f̂ is injective if and only if supp(f̂(µ)) = f(supp(µ)) for every µ ∈ F(M).

Finally, we give a complete solution to the related question of when f̂∗∗ is injec-
tive: this happens if and only if f is a bi-Lipschitz embedding. We conclude the
paper with a few observations about surjectivity of Lipschitz operators.

1.1. Preliminaries on Lipschitz-free spaces. There are several ways to build
Lipschitz-free spaces (see [12, 35]). Of course, the constructions are equivalent in
the sense that they give birth to isometrically isomorphic Banach spaces. Here we
will use spaces of Lipschitz functions.

Let M be a pointed metric space, that is a metric space equipped with a dis-
tinguished point denoted by 0 (the choice of the base point is not relevant). If
N is another metric space then Lip0(M,N) stands for the set of Lipschitz maps
f : M → N such that f(0M ) = 0N . We will also write Lip(f) for the best Lipschitz
constant of f . When (N, dN ) = (R, | · |), we will simply write Lip0(M) instead of
Lip0(M,R). Note that Lip0(M) is actually a vector space, and when equipped with
the norm

‖f‖L := Lip(f) = sup
x 6=y∈M

|f(x)− f(y)|
d(x, y)

,

it naturally becomes a Banach space.

Next, for x ∈ M , we consider the linear map δ(x) : Lip0(M) → R given by
〈f, δ(x)〉 = f(x). It is readily seen that δ(x) is continuous with

‖δ(x)‖Lip0(M)∗ = d(x, 0).
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The Lipschitz-free space over M is then defined as the closed subspace of Lip0(M)∗

generated by these evaluation functionals, that is,

F(M) := span‖·‖ {δ(x) : x ∈M} ⊂ Lip0(M)∗.

The Lipschitz-free space over M is characterised (up to isometric isomorphism) by
the following “universal extension property”: any Banach space-valued Lipschitz
map f : M → X vanishing at 0 can be extended in a unique way to a continuous
linear map f̄ : F(M) → X whose operator norm is equal to the best Lipschitz
constant of f . As a consequence (taking X = R), F(M) is an isometric predual
of Lip0(M), and the corresponding weak∗ topology on BLip0(M) coincides with the
topology of pointwise convergence. Another easy consequence is the linearisation
property which was already discussed at the beginning of the introduction.

Proposition 1.1. If f ∈ Lip0(M,N), then there exists a unique bounded linear

operator f̂ : F(M)→ F(N) with ‖f̂‖ = Lip(f) and δN ◦ f = f̂ ◦ δM .

Let us continue with a few more basic but important facts. For any subset M ′ ⊂
M containing 0, F(M ′) may be canonically identified with the closed subspace of
F(M) generated by the evaluation functionals on points of M ′. A fundamental
tool, introduced in [4] for bounded spaces and in [6] in the general case, is the
support of elements in Lipschitz-free spaces. Given µ ∈ F(M), its support suppµ is
the intersection of all closed subsets K ⊂M so that µ ∈ F(K ∪{0}). The so-called
Intersection Theorem (see [4, 6]) implies that µ ∈ F(supp(µ) ∪ {0}). Recall that
0 is never an isolated point of supp(µ) and that supp 0 = ∅. Also, a point p ∈ M
lies in the support of µ if and only if for every neighbourhood U of p there exists a
function f ∈ Lip0(M) whose support is contained in U and such that 〈f, µ〉 6= 0 ([6,
Proposition 2.7]). We will use these facts without any further reference. Finally,
the following well-known example see e.g. [35, Example 3.11]) will be crucial for
us.

Example 1.2. F(R) ≡ L1(R). Indeed, the linear map Φ : F(R) → L1(R) such
that

∀x ∈ R, Φ(δ(x)) =

{
1[0,x] if x ≥ 0
−1[x,0] if x < 0,

is a surjective isometry.

1.2. The Lipschitz map f versus the Lipschitz operator f̂ .

Even if the connections between f : M → N and f̂ : F(M) → F(N) are not
much explored yet, some links are well known and have been used repeatedly in the
literature. For instance, the three first assertions below can be found in [27] while
the last one is [1, Proposition 2.1]:

• f is bi-Lipschitz if and only if f̂ is an isomorphic embedding;

• f is a Lipschitz isomorphism (bi-Lipschitz and surjective) if and only if f̂
is a linear isomorphism;

• f is a Lipschitz retraction if and only if f̂ is a linear projection;

• f has dense range if and only if f̂ has dense range.

These assertions should be compared with [35, Proposition 2.25] where similar
statements are proved for the composition operator Cf : g ∈ Lip0(N) 7→ g ◦ f ∈
Lip0(M). Notice that, through the isometry F(M)∗ ≡ Lip0(M), the composition
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operator Cf is naturally identified with the adjoint operator of f̂ : F(M)→ F(N).
Indeed, for every g ∈ Lip0(N) and x ∈M , we have

〈
(
f̂
)∗

(g), δ(x)〉 = 〈g, f̂(δ(x))〉 = 〈g, δ(f(x))〉 = g ◦ f(x) = 〈Cf (g), δ(x)〉.

Finally, Lipschitz operators which are compact are characterized in [2] in terms of
metric properties of f (see also [31, Theorem 1.2]). This program has also been
addressed in other contexts. For instance, each linear operator between Banach
spaces corresponds to a lattice homeomorphism between the corresponding free
Banach lattices, in that case injectivity and surjectivity are always preserved as it
is shown in [32].

Going back to the main subject of the paper, if f is not injective, then there

exist x 6= y ∈ M with f(x) = f(y), which implies that f̂(δ(x) − δ(y)) = 0. That

is, f̂ is not injective. Furthermore, if M is a metric space that is not complete,
then F(M) is a Banach space that is linearly isometric to the Lipschitz-free space
over the completion of M . This allows to provide “trivial examples” of injective
Lipschitz maps with non-injective linearisation, such as the following one.

Example 1.3. Let M be non-complete metric space. Let f : M → N be a Lipschitz
injection onto some complete space N such that f(0) = 0. Let (xn) ⊂ M be a
Cauchy sequence that does not converge in M . By completeness of F(M), resp.
of N , it is clear that µ := lim δ(xn) ∈ F(M) \ δ(M) exists, resp. lim f(xn) ∈ N
exists. Let x ∈ M be such that f(x) = lim f(xn). By uniqueness of lim f̂(δ(xn))

we have that µ− δ(x) ∈ ker f̂ . A concrete example of such situation is M = [0, 2π),
N = {z ∈ C : |z| = 1} (where 0N = 1 ∈ C) and f(x) = eix.

In light of the above example, from now on we will always tacitly assume that
the considered metric spaces are complete.

Notation. Let us briefly describe the notation that will be used throughout this
paper. For a Banach space X, we will write BX for its closed unit ball and SX for
its unit sphere. As usual, X∗ denotes the topological dual of X and 〈x∗, x〉 will
stand for the evaluation of x∗ ∈ X∗ at x ∈ X. We will write w = σ(X,X∗) for the
weak topology in X and w∗ = σ(X∗, X) for the weak∗ topology in X∗.

The letters M and N will always stand for complete pointed metric spaces with
metric d and base point 0. The choice of the base point will be irrelevant to our
results since, as is well known, free spaces over the same metric space but with
different base points are isometrically isomorphic. Further, B(p, r) will stand for
the closed ball of radius r around p ∈ M and diam(A) = sup {d(x, y) : x, y ∈ A}
for the diameter of A ⊂ M . Finally, Lip(M) stands for the space of all Lipschitz
functions from M to R, and the Lebesgue measure on R will be denoted by λ.

2. Preservation of supports and injectivity

Let us start with an easy observation.

Proposition 2.1. Let f ∈ Lip0(M,N). Then, for any µ ∈ F(M),

supp
(
f̂(µ)

)
⊂ f (supp(µ)).

Proof. Let K be a closed subset of M . It is clear from the definitions that

(1) f̂(F(K ∪ {0})) = F
(
f(K) ∪ {0}

)
.
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Now let µ ∈ F(M). Since µ ∈ F(supp(µ) ∪ {0}), we have f̂(µ) ∈ f̂
(
F(supp(µ) ∪

{0})
)
. Equality (1) implies that f̂(µ) ∈ F

(
f (supp(µ)) ∪ {0}

)
, which means that

supp
(
f̂(µ)

)
⊂ f (supp(µ)). �

Observe that the inclusion in Proposition 2.1 is strict whenever f̂ is non-injective.

Indeed, if µ 6= 0 ∈ F(M) is such that f̂(µ) = 0, then supp f̂(µ) = ∅ while
f(suppµ) 6= ∅. This motivates the next definition.

Definition 2.2. We say that a Lipschitz function f ∈ Lip0(M,N) preserves the
support of µ ∈ F(M) if

supp(f̂(µ)) = f(supp(µ)).

If f preserves the support of every µ ∈ F(M), then we say that f preserves supports.

So, the observation before Definition 2.2 may be reformulated: if f preserves

supports, then f̂ is injective. More precisely, we have the following proposition.

Proposition 2.3. Let f ∈ Lip0(M,N). The following are equivalent:

(i) f preserves supports.
(ii) f is injective and for any µ, ν ∈ F(M) with supp(µ) ⊂ supp(ν), we have

supp(f̂(µ)) ⊂ supp(f̂(ν)).

In any case, it follows that f̂ is injective.

Proof. (i) =⇒ (ii). We already explained that f̂ is injective whenever f preserves
supports. So, we only have to prove the second part of the statement. Assume that
supp(µ) ⊂ supp(ν). Then one has

supp(f̂(µ)) = f(supp(µ)) ⊂ f(supp(ν)) = supp(f̂(ν)).

(ii) =⇒ (i). Let us assume that f does not preserve supports and that f
is injective. Then there exists µ ∈ F(M) and x ∈ supp(µ) such that f(x) /∈
supp(f̂(µ)). We claim that x can be chosen so that x 6= 0M . Indeed, assume

that 0M ∈ supp(µ) and 0N = f(0M ) /∈ supp(f̂(µ)). Then 0M is not isolated in
supp(µ), so there exists a sequence (xn)n ⊂ supp(µ) such that xn → 0M while
xn 6= 0M for every n ∈ N. Since f is continuous, we have f(xn) → 0N . However,

0N /∈ supp(f̂(µ)) and supp(f̂(µ)) is closed, so there exists N0 ∈ N such that f(xn) /∈
supp(f̂(µ)) whenever n ≥ N0. Now any xn with n ≥ N0 satisfies xn ∈ supp(µ) and

f(xn) /∈ supp(f̂(µ)), which were the required properties.

So, let us fix x ∈ supp(µ) \ {0} with f(x) /∈ supp(f̂(µ)). Since f is injective, we
have f(x) 6= 0. Therefore

{x} = supp(δ(x)) ⊂ supp(µ) but supp(f̂(δ(x))) = {f(x)} 6⊂ supp(f̂(µ)).

Notice that f(x) 6= 0 was important for the last equality to hold. Indeed, by
convention, the support of 0 is the empty set.

Finally, the last statement has already been proved before Definition 2.2. �

Now a very natural question is whether every injective Lipschitz operator

f̂ : F(M) → F(N) is such that f : M → N preserves supports. Our next goal
is to answer this question positively, in the case when the domain space M is
bounded. Before going into the details of the proof, let us provide some auxiliary
remarks.
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First, as we already mentioned, the adjoint operator of f̂ : F(M) → F(N)
can be naturally identified with a composition operator Cf : g ∈ Lip0(N) 7→ g ◦
f ∈ Lip0(M). Since a bounded operator T : X → Y is injective if and only if

T ∗(Y ∗)
w∗

= X∗ (see [23, Exercise 2.44 (i)]) we immediately get the following.

Fact 2.4. Let f ∈ Lip0(M,N). Then f̂ is injective if and only if Cf (Lip0(N)) is
weak*-dense in Lip0(M) (that is, Cf (Lip0(N)) is separating for F(M)).

Next, we will also need pointwise multiplication operators on Lipschitz spaces,
and their pre-adjoints. Let ω ∈ Lip(M) and let K ⊂M contain the base point and
the support of ω. For f ∈ Lip0(K), let Mω(f) be the function given by

(2) Mω(f)(x) =

{
f(x)ω(x) if x ∈ K
0 if x /∈ K.

It is proved in [6, Lemma 2.3] that if ω has bounded support then Mω defines
a weak∗-to-weak∗ continuous linear operator from Lip0(K) into Lip0(M), and
‖Mω‖ ≤ ‖ω‖∞ + sup

x∈supp(ω)

d(0, x) ‖ω‖L. We will denote by Wω : F(M) → F(K)

the pre-adjoint operator of Mω. In fact, we will use a multiplication operator for a
very particular Lipschitz map ω which will call “r-plateau”.

Definition 2.5. Let x ∈M and r > 0. We will say that ω ∈ Lip(M) is a r-plateau
at x if

• ω(M) ⊂ [0, 1],
• ω(B(x, r)) = {1}, and
• ω(M \B(x, 2r)) = {0}.

Such a map always exists. Indeed, we may define w : B(x, r)∪(M \B(x, 2r))→ R
by w ≡ 1 on B(x, r), w ≡ 0 on M \B(x, 2r). Notice that Lip(w) ≤ 1

r . Then, thanks
to McShane–Whitney extension’s theorem (see e.g. [35, Theorem 1.33]), w can be
extended to a Lipschitz map w̃ : M → R with the same Lipschitz constant. Finally
we let ω be given by ω(z) = max(0,min(w̃(z), 1)). It is a routine exercise to check
that ω satisfies the required properties with moreover Lip(ω) ≤ 1

r .
The next result shows that, under a technical assumption that will be frequently

satisfied, the preservation of supports is equivalent to the injectivity of the lin-
earization. Also, this result should be compared with Proposition 3.5.

Theorem 2.6. Let f ∈ Lip0(M,N) be such that f̂ is injective and let x ∈ M .
Assume that the following “non-returning at f(x)” condition is satisfied:

(NRx): There exist r, ρ > 0 such that f(M) ∩B(f(x), ρ) ⊂ f(B(x, r))
(equivalently f−1(B(f(x), ρ)) ⊂ B(x, r)).

Then f(x) ∈ supp(f̂(γ)) whenever x ∈ supp(γ).

In particular, if (NRx) holds for every x ∈M \ {0}, then f̂ is injective if and only
if f preserves supports.

Proof. We will argue by contradiction. Suppose γ ∈ F(M) is such that x ∈
supp(γ) but f(x) /∈ supp(f̂(γ)). We may assume that ρ is small enough so

that B(f(x), ρ) ∩ supp(f̂(γ)) = ∅. Take 0 < r′ < min {r, ρ/(2 ‖f‖L)}, note that
f(B(x, r′)) ⊂ B(f(x), ρ/2). By injectivity of f and condition (NRx), we also have
f(M \ B(x, r)) ⊂ N \ B(f(x), ρ). Let ω ∈ Lip0(N) be a ρ/2-plateau at f(x).
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We claim that Mω◦f : Lip0(M) → Lip0(M) is a bounded operator. Indeed, let
g ∈ Lip0(M) and a, b ∈ M . If a, b ∈ M \ B(x, r), then ω(f(a)) = ω(f(b)) = 0
and |Mω◦f (g)(a) −Mω◦f (g)(b)| = |ω(f(a))g(a)− ω(f(b))g(b)| = 0. Assume now
without loss of generality that a ∈ B(x, r). Then

|ω(f(a))g(a)− ω(f(b))g(b)| ≤ |ω(f(a))− ω(f(b))| |g(a)|+ |ω(f(b))| |g(a)− g(b)|
≤ ‖ω ◦ f‖L d(a, b) ‖g‖L d(0, a) + 1 · ‖g‖L d(a, b)

≤ C ‖g‖L d(a, b)

for some suitable constant C > 0 since d(0, a) ≤ d(0, x) + r. Now, using a standard
argument involving the Banach-Dieudonné theorem (see [6, Lemma 2.3]), we obtain

that Mω◦f admits a pre-adjoint W . Moreover it is easily checked that Mω◦f (h̃◦f) =

Mω(h̃) ◦ f for every h̃ ∈ Lip(N). We further have that ω ◦ f ≡ 1 on B
(
x, r′

)
. For

an arbitrary g ∈ Lip0(M) such that supp(g) ⊂ B
(
x, r′), we appeal to Fact 2.4 to

get a net (hα) ⊂ Lip0(N) such that hα ◦ f → g weakly∗. We have that

〈g, γ〉 = 〈Mω◦f (g), γ〉 = lim
α
〈Mω◦f (hα ◦ f), γ〉 = lim

α
〈Mω(hα) ◦ f, γ〉.

We conclude by noticing that Mω(hα) ∈ Lip0(N) is such that supp(Mω(hα)) ⊂
B(f(x), ρ), which implies that lim

α
〈Mω(hα) ◦ f, γ〉 = lim

α
〈Mω(hα), f̂(γ)〉 = 0. Since

g was arbitrary, this shows that x /∈ supp(γ). �

We are now in good position to prove that an injective Lipschitz operator pre-
serves the support of every element with bounded support.

Corollary 2.7. Let f ∈ Lip0(M,N) be such that f̂ is injective. Then f preserves
the support of every γ ∈ F(M) such that supp(γ) is bounded.

In particular, if M is bounded then f̂ is injective if and only if f preserves supports.

Proof. Let γ ∈ F(M) be an element with bounded support. Then, the map g =
f�supp(γ)∪{0} satisfies the non-returning condition at f(x) for every x ∈ supp(γ), so

supp(f̂(γ)) = supp(ĝ(γ)) = g(supp(γ)) = f(supp(γ))

by Theorem 2.6. �

We do not know if the last statement in Corollary 2.7 holds when M is un-
bounded. Still, we obtain it holds for real-valued functions defined on a connected
locally connected space.

Lemma 2.8. Assume that M is connected and let x ∈ M admit a neighborhood
basis made of connected sets. Let f ∈ Lip0(M,R) be injective. Then for every r > 0
there exists ρ > 0 such that f(M) ∩B(f(x), ρ) ⊂ f(B(x, r)).

Proof. Let x ∈ M and r > 0. Take a connected neighbourhood U ⊂ B(x, r) of x.
Then I := f(U) is an interval in R. If f(x) lies in the interior of I, then we may find
ρ > 0 with B(f(x), ρ) ⊂ I and we are done. Otherwise, f(x) is an extreme point of
I, let’s assume for instance that f(x) = min I. Now we claim that f(x) = min f(M).
Indeed, consider V = f−1((−∞, f(x))) and assume V 6= ∅. Since V is open and
since M is connected, V is not closed, and so there is a sequence yn ∈ V with
yn → y ∈ M \ V . Then f(yn) < f(x) ≤ f(y) and so f(x) = f(y), which yields
y = x by injectivity. Then yn ∈ U eventually, so f(yn) ≥ f(x), a contradiction.
Now that we know that f(x) = min f(M), any ρ > 0 with [f(x), f(x) + ρ) ⊂ I will
do the work. �
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As a direct consequence of Lemma 2.8 and Theorem 2.6 we get the following.

Corollary 2.9. Assume that M is connected and locally connected and let f ∈
Lip0(M,R). Then f̂ is injective if and only if f preserves supports.

We conclude the section with the next lemma which we use in the sequel.

Lemma 2.10. Let f ∈ Lip0(M,N) and g ∈ Lip0(N,L).

(a) If f and g preserve supports, then g ◦ f preserves supports.
(b) If g is closed and injective and g ◦ f preserves supports, then f preserves

supports.

(c) If f is closed, f̂ is onto and g ◦ f preserves supports, then g preserves
supports.

Proof. (a) Let µ ∈ F(M). Then

(g ◦ f)(suppµ) = g(f(suppµ)) ⊂ g(supp(f̂(µ))) ⊂ supp(ĝ(f̂(µ))) = supp(ĝ ◦ f(µ)).

(b) Let µ ∈ F(M). By hypothesis,

(g ◦ f)(suppµ) ⊂ supp(ĝ ◦ f(µ)) = supp(ĝ ◦ f̂(µ)) ⊂ g(supp f̂(µ)) = g(supp f̂(µ)).

Since g is injective, it follows that f(supp(µ)) ⊂ supp f̂(µ), and taking closures
yields the conclusion.

(c) Let γ ∈ F(N) and take µ ∈ F(M) with f̂(µ) = γ. Then g(supp(γ)) =

g(supp(f̂(µ)) and

g(supp(f̂(µ)) ⊂ g
(
f(suppµ)

)
= g(f(suppµ)) ⊂ supp(ĝ ◦ f(µ)) = supp(ĝ(γ)).

�

Remark 2.11. Both the statement and the proof of Lemma 2.10 may be improved
when M is bounded. Indeed, since a Lipschitz map preserves supports if and only
if it has injective linearization, we can prove only the corresponding statements for
this latter property. Therefore (a) becomes trivial. Assertion (b) readily follows

from the fact that ĝ ◦ f = ĝ ◦ f̂ is injective only if f̂ is injective. Notice we do not

need g to be closed, and not even injective for “ =⇒ ”. Again, since ĝ ◦ f = ĝ ◦ f̂
and since f̂ is onto, (c) is easy, and still no closedness assumption is needed.

3. Sufficient conditions for injectivity

In this section, we will provide some metric conditions on f which ensure that

f̂ is injective.
Recall that if X is a Banach space, then we say that a subspace S ⊂ X∗ is

norming if there exists C ≥ 1 such that, for every x ∈ X, ‖x‖ ≤ C supx∗∈BS |x
∗(x)|.

Of course, it is clear that if S is norming then S is separating for X. In particular,
thanks to Fact 2.4, we obtain:

Fact 3.1. Let f ∈ Lip0(M,N). If Cf (Lip0(N)) is norming for F(M) then f̂ is
injective.

Let us point out that it follows from [21, Proposition 3.4] that a subspace S of
Lip0(M) which is also a sublattice, such as Cf (Lip0(N)), is norming if and only if
it separates the points of M uniformly, meaning that

∃C ≥ 1, ∀x 6= y ∈M, ∃f ∈ CBS , |f(x)− f(y)| = d(x, y).
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3.1. The case of bi-Lipschitz maps. Let us recall that f : M → N is bi-Lipschitz
if there exist a, b > 0 such that

∀x, y ∈M, a d(x, y) ≤ d(f(x), f(y)) ≤ b d(x, y).

The next result is already known.

Proposition 3.2. Let f ∈ Lip0(M,N). The following are equivalent:

(i) f is bi-Lipschitz.

(ii) f̂ is injective with closed range.
(iii) Cf is onto.

In any case, Cf (Lip0(N)) is norming for F(M) and f preserves supports.

Proof. The equivalence (i) ⇐⇒ (iii) is contained [35, Proposition 2.25]. Next,
(ii) ⇐⇒ (iii) is a general standard fact: an operator T is an into isomorphism if
and only if T ∗ is onto (see Exercise 2.49 in [23] for instance). To conclude, if Cf
is onto then it is clear that Cf (Lip0(N)) is norming for F(M), while f preserves
supports thanks to Theorem 2.6.

�

However, there are support-preserving Lipschitz functions, even with Cf (Lip0(N))
norming, which are not bi-Lipschitz.

Example 3.3. Consider M = N = [0,+∞) and f : M → N given by f(x) = x
if x ≤ 1 and f(x) =

√
x if x ≥ 1. Clearly f is not bi-Lipschitz. We claim that

Cf (Lip0([0,+∞)) separates the points of M uniformly. Indeed, given x, y ∈ M
with x < y, we have that f−1|[0,y] is Lipschitz. Thus the function g given by

g(t) = f−1(t) if 0 ≤ t ≤ y and g(t) = f−1(y) otherwise is Lipschitz, and

(g ◦ f)(t) =

{
t if f(t) ≤ y
f−1(y) otherwise.

In particular g ◦ f is 1-Lipschitz and satisfies |g(f(x))− g(f(y))| = |x− y|. Finally,
note that f satisfies (NRx) for every x and so f preserves supports by Theorem 2.6
or by our future Proposition 3.5.

A similar counterexample can be given for a discrete metric space M .

Example 3.4. Let M = N∪{0} equipped with the metric dM verifying dM (0, n) =
1 and dM (n,m) = dM (n, 0) + dM (m, 0) for every n,m ∈ M . Similarly we let N =
N ∪ {0} equipped with the metric dN such that dN (0, n) = 1/2n and dN (n,m) =
dN (n, 0) + dN (m, 0) for every n,m ∈ N . Then Id : M → N is clearly not bi-
Lipschitz. However, it is readily seen that CId(Lip0(N)) separates points of M
uniformly.

3.2. The case of locally bi-Lipschitz maps.

Proposition 3.5. Let f ∈ Lip0(M,N) be an injective map and let x ∈ M . As-
sume there are r, ρ > 0 such that f�B(x,r) is bi-Lipschitz and f(M) ∩B(f(x), ρ) ⊂
f(B(x, r)). Then f(x) ∈ supp(f̂(γ)) whenever x ∈ supp(γ).

Notice that in particular, the second hypothesis is satisfied if f(x) is isolated in
f(M). Notice also that assuming only that f ∈ Lip0(M,N) is injective and locally

bi-Lipschitz is not enough to conclude that f̂ is injective; see Example 5.8.
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Proof. We may and we do assume that f(M) = N . Suppose that γ ∈ F(M) and

x ∈ M are such that x ∈ supp(γ) but f(x) 6∈ supp(f̂(γ)). By assumption, there
exists r, ρ > 0 such that f |B(x,r) is bi-Lipschitz and f(M)∩B(f(x), ρ) ⊂ f(B(x, r)).

We may assume that ρ is small enough so that B(f(x), ρ) ∩ supp(f̂(γ)) = ∅. Take
0 < r′ < min{r, ρ/ ‖f‖L}, note that f(B(x, r′)) ⊂ B(f(x), ρ). Since x ∈ supp(γ),
there is ϕ ∈ Lip(M) such that supp(ϕ) ⊂ B(x, r′) and 〈ϕ, γ〉 6= 0. Note that the
function g = ϕ ◦ f−1 : f(M)→ R is Lipschitz. Indeed,

• If p, q ∈ f(B(x, r)) then |g(p)− g(q)| ≤ ‖ϕ‖L
∥∥f−1|f(B(x,r))

∥∥
L
d(p, q).

• If p, q ∈ f(M) \ f(B(x, r′)) then f−1(p), f−1(q) /∈ B(x, r′) (since f is injec-
tive) and so g(p) = g(q) = 0.
• If p ∈ f(B(x, r′)) and q ∈ f(M) \ f(B(x, r)). Then d(q, f(x)) ≥ ρ (other-

wise, q ∈ f(M) ∩ B(f(x), ρ)) ⊂ f(B(x, r)), a contradiction) and g(q) = 0.
Also, d(p, f(x)) ≤ r′ ‖f‖L. Thus, d(p, q) ≥ ρ− r′ ‖f‖L =: α > 0. We have

|g(p)− g(q)| = |g(p)| ≤ ‖ϕ‖∞ ≤
‖ϕ‖∞
α

d(p, q).

Now, we can extend g uniquely to a Lipschitz function g̃ on N = f(M). Since
g|f(M)\B(f(x),ρ) = 0, we also have g̃|N\B(f(x),ρ) = 0, and so supp g̃ ⊂ B(f(x), ρ).

Thus 〈g̃, f̂(γ)〉 = 0. In addition, ϕ = g̃ ◦ f . Indeed, let x ∈ M , then g̃(f(x)) =

g(f(x)) = ϕ ◦ f−1(f(x)) = ϕ(x). Thus, 〈g̃, f̂(γ)〉 = 〈g̃ ◦ f, γ〉 = 〈ϕ, f〉 6= 0, a
contradiction. �

Remark 3.6. It is clear that if the assumptions of Proposition 3.5 are satisfied for

every x ∈ M \ {0}, then f preserves supports and so f̂ is injective. We do not
know if this implies the stronger property “Cf (Lip0(N)) is norming for F(M)”.
It does, of course, when M is compact, since then f is bi-Lipschitz. On the
other hand, Cf (Lip0(N)) norming does not imply that the assumptions of Propo-
sition 3.5 are satisfied for some x. A simple counterexample is the Lipschitz map

f = Id : ([0, 1], |·|1/2) → ([0, 1], |·|). It is straightforward that f is not bi-Lipschitz
in a neighborhood of any point, therefore the assumptions of Proposition 3.5 are
not satisfied. The fact that Cf (Lip0(N)) separates points uniformly follows from a
more general result; see Subsection 3.3.

Corollary 3.7. Assume that M is connected and locally connected, and f ∈
Lip0(M,R) is an injective function which is locally bi-Lipschitz on M \ {0}. Then
f preserves supports.

Proof. Apply Lemma 2.8 and Proposition 3.5. �

A simple example where the above applies is f : x ∈ [0, 1] 7→ x2 ∈ [0, 1]. We shall
provide more applications of Proposition 3.5.

Corollary 3.8. Let M and N be any metric spaces. Let f ∈ Lip0(M,N) be an
injective closed map, γ ∈ F(M) and x ∈ supp(γ). If x is in the closure of isolated

points of supp(γ), then f(x) ∈ supp(f̂(γ)).

Proof. Suppose first that x is isolated in supp(γ). Let 0 < r < d(x, supp(γ) \ {x})
and 0 < ρ < d

(
f(x), f(supp(γ) \ {x})

)
(the fact that f is closed is used here), and

consider the map f�supp(γ)∪{0} : supp(γ) ∪ {0} → f(supp(γ) ∪ {0}). Then a direct

application Proposition 3.5 implies that f(x) ∈ supp(f̂(γ)).
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Otherwise, take a sequence (xn) ⊂ supp(γ) of isolated points of supp(γ) such

that xn → x. We have that supp(f̂(γ)) 3 f(xn) → f(x), thus f(x) ∈ supp(f̂(γ))
as the support is closed. �

Notice that it follows rather directly from Corollary 3.8 that if M is compact

and countable, then f : M → N injective implies f̂ injective for every N and every
f ∈ Lip0(M,N). This statement will be improved in Corollary 4.9. Finally, we also
obtain a “reduction to bounded metric spaces” kind of result.

Corollary 3.9. Let f ∈ Lip0(M,N). Consider the metric on either M or N
given by ρ(x, y) = min{1, d(x, y)}. If we write IdM : x ∈ (M,d) 7→ x ∈ (M,ρ),
IdN : x ∈ (N, d) 7→ x ∈ (N, ρ) and fρ : x ∈ (M,ρ) 7→ f(x) ∈ (N, ρ), then:

(a) IdM , IdN and fρ are Lipschitz;
(b) f preserves supports if and only if IdN ◦ f preserves supports;
(c) f preserves supports whenever fρ preserves supports.

Proof. Assertion (a) is clear. Next, note that IdN is a closed map which preserves
supports thanks to Proposition 3.5. So we may apply Lemma 2.10 to obtain (b).
Finally, assume that fρ preserves supports. Since IdN ◦ f = fρ ◦ IdM , according to
(b), f preserves supports if and only if fρ ◦ IdM does so. Since IdM preserves sup-
ports, Lemma 2.10 (a) implies that fρ ◦ IdM preserves supports, and so f preserves
supports. �

3.3. Uniform separation of points. We will now provide some sufficient condi-
tions on f : M → N which ensure that Cf (Lip0(N)) is norming for F(M).

Before stating and proving the next proposition, let us introduce some termi-
nology and notation. For f : [0,∞) → R and g : [0,∞) → R we define their
inf-convolution as

f�g(s) = inf
a+b=s

f(a) + g(b) for all s ≥ 0.

If g(0) = 0 then f�g(s) ≤ f(s) for all s ≥ 0. If C ≥ 1, we say that f : [0,∞) →
[0,∞) is C-subadditive if f(a + b) ≤ f(a) + Cf(b) for every a, b ≥ 0. It is easy to
prove that if f, g are C-subadditive then f�g is C-subadditive.

Proposition 3.10. Let f ∈ Lip0(M,N) be an injective map. Assume that there
exists a non-decreasing function ω : [0,∞)→ [0,∞) such that

(a) ω(0) = 0 and ω is left continuous;
(b) ∃C1 ≥ 1 such that ω is C1-subadditive;
(c) ∃C2 > 0 such that for every x, y ∈M :

(3) C2ω(d(f(x), f(y))) ≤ d(x, y) ≤ ω(d(f(x), f(y))).

Then Cf (Lip0(N)) separates the points of M uniformly and f preserves supports.

In particular, f̂ is injective.

Proof. Fix x 6= y ∈ M . For n ∈ N we define ωn = ω�nId. This is the largest
n-Lipschitz function below ω. Notice moreover that ωn(0) = ω(0) = 0 and:

(i) ωn : [0,+∞)→ [0,+∞) is non-decreasing;
(ii) lim

n→∞
ωn(t) = ω(t) for every t ∈ [0,∞);

(iii) |ωn(t1)− ωn(t2)| ≤ C1ω(|t1 − t2|) for all t1, t2 ∈ [0,+∞).
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In order to prove (ii) when t > 0, fix ε > 0 and let a < t be such that ω(a) > ω(t)−ε.
Take n such that n(t− a) ≥ ω(a). Then ω(b) +n(t− b) ≥ ω(a) > ω(t)− ε for every
b ≤ t.

In order to prove (iii) assume that 0 ≤ t1 < t2. Then by C1-subadditivity of ωn
and by the fact that nId(0) = 0 we have

|ωn(t1)− ωn(t2)| = ωn(t2)− ωn(t1) ≤ C1ωn(t2 − t1) ≤ C1ω(t2 − t1).

Next, for every n ∈ N we let gn ∈ Lip0(N) be the map given by

∀z ∈ N, gn(z) = ωn(d(z, f(y)))− ωn(d(f(y), 0)).

For every x1, x2 ∈M we have by (iii)

|gn(f(x1))− gn(f(x2))| ≤ C1ω
(∣∣d(f(x1), f(y))− d(f(x2), f(y))

∣∣)
≤ C1ω(d(f(x1), f(x2)))

≤ C1

C2
d(x1, x2).

Hence ‖Cf (gn)‖L ≤ C1

C2
. Moreover, the point (ii) above implies that

|gn(f(x))− gn(f(y))| = ωn(d(f(x), f(y))) −→
n→∞

ω(d(f(x), f(y))) ≥ d(x, y).

Thus Cf (Lip0(N)) separates the points of M uniformly and so f̂ is injective. To
conclude, note that the second inequality in (3) implies that (NRx) holds for every
x ∈M , so f preserves supports by Theorem 2.6. �

Corollary 3.11. Let α ∈ (0, 1) and assume (M,d) is bounded. Then Id : (M,dα)→
(M,d) is a Lipschitz map such that CId(Lip0(M,d)) separates the points of (M,dα)

uniformly. In particular, Îd is injective.

Proof. For the choice ω(t) = tα and C1 = C2 = 1, all the requirements of Proposi-
tion 3.10 are satisfied. �

4. Metric spaces where injectivity is always preserved

As the title of the section suggests, we will try to distinguish here the metric

spaces M such that f : M → N injective implies f̂ injective for every N and every
f ∈ Lip0(M,N) from those metric spaces which do not have this property. For
future reference, let us call such spaces Lip-lin injective spaces.

Let us give some basic properties of Lip-lin injective spaces. Obviously, Lip-
lin injectivity is stable under Lipschitz equivalences, i.e. if d and ρ are Lipschitz
equivalent metrics on M , then either both (M,d) and (M,ρ) are Lip-lin injective,
or they both are not Lip-lin injective. We will see later that this does not translate
to an isomorphic property of F(M). Also, in the definition of Lip-lin injective we
might consider only bounded metric spaces N .

Lemma 4.1. A metric space M is Lip-lin injective if and only if for every bounded

metric space N and every f ∈ Lip0(M,N), f̂ is injective whenever f is injective.

Proof. One implication is trivial and the other one is proved with a similar trick as
in Corollary 3.9. Indeed, assume that M is not Lip-lin injective. Then there exists

a metric space N and a Lipschitz map f ∈ Lip0(M,N) such that f is injective but f̂
is not injective. Let ρ be the metric on N given by ρ(x, y) = min{1, d(x, y)} and let
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IdN : x ∈ (N, d) 7→ x ∈ (N, ρ). Next, let g := IdN ◦ f : M → (N, ρ). Clearly (N, ρ)
is a bounded metric space and g is injective since both f and IdN are injective.

Moreover, since f̂ is not injective and ĝ = ÎdN ◦ f̂ , we easily obtain that ĝ is not
injective. �

Further, Lip-lin injectivity is hereditary in the following sense.

Lemma 4.2. Let M be a metric space. If M is Lip-lin injective and W bi-Lipschitz-
embeds into M , then W is Lip-lin injective.

Proof. Suppose that W bi-Lipschitz-embeds into M but W is not Lip-lin injective.
Therefore there exists a metric space N and an injective f ∈ Lip0(W,N) with

non-injective f̂ . We will prove that M cannot be Lip-lin injective. Without loss
of generality, we may assume that 0 ∈ W ⊂M and, using the Fréchet embedding,
that N ⊂ `∞(N) isometrically. Let f̃ ∈ Lip0(M, `∞(N)) be a Lipschitz extension
of f . Let ρ be the metric on M given by ρ(x, y) = min{1, d(x, y)} and let ϕ(x) =

ρ(x,W ). Then g : (M,d) → `∞(N) × F(M,ρ) defined by g(x) := (f̃(x), ϕ(x)δ(x))

is Lipschitz. Indeed, f̃ is Lipschitz and

‖ϕ(x)δ(x)− ϕ(y)δ(y)‖F(M,ρ) ≤ |ϕ(x)| ‖δ(x)− δ(y)‖+ ‖δ(y)‖ |ϕ(x)− ϕ(y)|
≤ ρ(x, y) + ρ(y, 0)ρ(x, y)

≤ 2d(x, y).

Moreover, it is readily seen that g is injective while ker f̂ ⊆ ker ĝ, which concludes
the proof. �

Remark 4.3. Notice that the growth of the dimension of the target space is un-
avoidable. For instance, consider M = [0, 1]2 with the Euclidean distance. While
the space [0, 1] embeds isometrically into M and there is an injective Lipschitz map

f : [0, 1]→ [0, 1] such that f̂ is non-injective (see Example 5.2), there is no contin-
uous injective function g : M → R. This remark also explains why in the definition
of Lip-lin injective spaces we use the universal quantifier on the target space.

Note also that whenever we have f : M → N Lipschitz and injective, one can
consider the metric ρ(x, y) = d(f(x), f(y)) on M , satisfying that the identity map
Id : M → (M,ρ) is Lipschitz and injective. Moreover, considering g : (M,ρ) → N
given by g(x) = f(x), we have that g is an into isometry such that g ◦ Id = f . It

follows then that f̂ is injective if and only if Îd is injective. As an immediate con-
sequence, we get that Lip-lin injective spaces can be characterized just by looking
at identity maps:

Proposition 4.4. A metric space (M,d) is Lip-lin injective if and only if for

every metric ρ on M such that Id : (M,d) → (M,ρ) is Lipschitz, we have that Îd
is injective.

4.1. The compact case. Now we will restrict our attention to the study of Lip-lin
injectivity for compact M . A prominent role will be played by the set

s0(M) = {f ∈ Lip0(M) : f is locally constant}.
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We will also consider the space of locally flat Lipschitz functions (also known as
little-Lipschitz functions), that is:

lip0(M) := {f ∈ Lip0(M) : ∀ε > 0 ∃δ > 0 : sup
0<d(x,y)<δ

|f(x)− f(y)|
d(x, y)

< ε}.

It is readily seen that s0(M) is a vector sublattice of Lip0(M) such that s0(M) ⊂
lip0(M). The next lemma justifies our interest in s0(M); it says that locally con-
stant functions on compact sets get always conserved in the image of composition
operators with injective symbol.

Lemma 4.5. Let M be a compact metric space and let f : M → N be Lipschitz
and injective. Then s0(M) ⊂ Cf (Lip0(N)).

Proof. Clearly, since M is compact, f ∈ s0(M) if and only if it has only finitely
many values. Therefore, if ϕ ∈ s0(M) then we can write ϕ(M) = {a1, . . . , an}.
Notice that the sets ϕ−1(ai) cover M , are compact and pairwise disjoint. Therefore
they are mutually at positive distance. The same is true for f(ϕ−1(ai)): they cover
f(M), are compact and mutually at positive distance. Thus, if we define g(x) = ai
for every x ∈ f(ϕ−1(ai)), we will have g ∈ Lip0(f(M)). It is clear that ϕ = g̃ ◦ f
for any Lipschitz extension g̃ ∈ Lip0(N) of g and we are done. �

With the help of the above lemma, one can see that, for M compact, the weak∗-
density of s0(M) implies that M is Lip-lin injective. The next lemma shows in
particular that, for those M where s0(M) separates points of M , the converse is
true even in the non-compact case.

Lemma 4.6. Let M be a Lip-lin injective metric space and W ⊂ Lip0(M) be a
vector lattice separating the points of M . Then W is weak∗-dense in Lip0(M).

Proof. Consider the distance in M given by

ρ(x, y) := sup
ϕ∈W∩BLip0(M,d)

|ϕ(x)− ϕ(y)|.

Clearly, the identity Id : (M,d)→ (M,ρ) is a 1-Lipschitz injective map. Note also
that if ϕ ∈ W then

∥∥ϕ ◦ Id−1
∥∥

Lip0(M,ρ)
≤ ‖ϕ‖Lip0(M,d). Setting W ′ = {ϕ ◦ Id−1 :

ϕ ∈W}, it follows that W ′ separates the points of (M,ρ) uniformly. Since W ′ is a
subspace of Lip0(M,ρ) which is also a lattice, we get from Proposition 3.4 in [21]
that it is norming for F(M,ρ).

Now, assume that W is not weak∗-dense. Then it does not separate the points
of F(M), i.e. there exists γ ∈ F(M)\{0} such that 〈ϕ, γ〉 = 0 for all ϕ ∈W . Then

〈ϕ ◦ Id−1, Îd(γ)〉 = 〈ϕ, γ〉 = 0

whenever ϕ ◦ Id−1 ∈W ′. Since W ′ is norming, we get Îd(γ) = 0. This contradicts
the assumption that M is Lip-lin injective. �

Recall that a metric space M is totally disconnected if the connected components
in M are the one-point sets. Also, we say that M is totally separated if for every
x 6= y ∈ M , there exists a clopen set F such that x ∈ F and y /∈ F . It is readily
seen that every totally separated metric space is totally disconnected. Moreover,
if the metric space is compact then the converse is true (see page 20 in [19]). The
next theorem may be considered as a functional characterization of compact totally
disconnected Lip-lin injective spaces.
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Theorem 4.7. Let M be a compact metric space. Then the following properties
are equivalent.

(i) s0(M) is weak∗-dense in Lip0(M),
(ii) the set {f ∈ Lip0(M) : λ(f(M)) = 0} is weak∗ dense in Lip0(M),

(iii) s0(M) separates points of M uniformly,
(iv) the set {f ∈ Lip0(M) : λ(f(M)) = 0} separates points of M uniformly,
(v) M is Lip-lin injective and totally disconnected.

Notice that we cannot remove the assumption of compactness in this theorem
(see Example 5.8). Indeed, since M in this example is discrete we have Lip0(M) =
s0(M). Also, we do not know if M Lip-lin injective implies that M is totally
disconnected.

Proof. (i) =⇒ (v). Let N and f ∈ Lip0(M,N) injective be fixed. By Lemma 4.5
we have s0(M) ⊂ Cf (Lip0(N)). Thus Fact 2.4 yields the Lip-lin injectivity. It
is clear that the weak∗-density of s0(M) implies that M is totally disconnected.
Indeed, if there is a non-trivial connected component containing two points x 6= y,
then 〈ϕ, δ(x)− δ(y)〉 = 0 for every ϕ ∈ s0(M) and so s0(M) is not weak∗-dense.

(v) =⇒ (i). Since M is totally disconnected and compact, it is totally separated
and therefore s0(M) separates the points of M . Lemma 4.6 yields that s0(M) is
weak*-dense in Lip0(M).

(iii) =⇒ (i). Indeed, since s0(M) is a vector lattice, Proposition 3.4 in [21]
shows that if s0(M) separates points of M uniformly, then s0(M) is norming. In
such case, of course, s0(M) is weak∗-dense in Lip0(M).

(i) =⇒ (iii). Since s0(M) ⊂ lip0(M), (i) implies that lip0(M) separates points
of F(M). A standard application of the theorem of Petunin and Plichko [33] yields
that lip0(M)∗ = F(M) (see [14] for more details). Now (i) implies that s0(M) is
weakly dense in lip0(M). Hence Mazur’s lemma gives that s0(M) is norm dense in
lip0(M). Since for every x 6= y ∈M and every ε > 0 there is f ∈ lip0(M), ‖f‖ < 1
such that 〈f, δ(x)− δ(y)〉 > (1 − ε)d(x, y), there is also ϕ ∈ s0(M) with the same
properties.

The implications (i) =⇒ (ii) and (iii) =⇒ (iv) are trivial and the proof of the
converse implications follows immediately from Lemma 4.8 below. �

Lemma 4.8. Let M be a metric space and let f ∈ Lip0(M) such that λ(f(M)) = 0.
Then there is (ϕn) ⊂ s0(M) such that for each n we have ‖ϕn‖L ≤ ‖f‖L and
ϕn → f weakly∗.

Proof. It is enough to show that for any closed negligible A ⊂ R containing 0 there
is a sequence (ψn) of finitely-valued 1-Lipschitz functions ψn ∈ s0(A) such that
ψn → Id�A pointwise. Indeed, in this case ϕn := ψn ◦ f satisfies the conclusion of
the lemma as the weak∗ and the pointwise convergence coincide on bounded sets
of Lipschitz functions.

The proof of the claim can be inferred from the proof of Theorem 4.3 in [8]. For
the reader’s convenience we furnish the details. We write R\A =

⋃
I+
j ∪
⋃
I−j where

I±j are pairwise disjoint open intervals such that I+
j ⊂ (0,+∞) and I−j ⊂ (−∞, 0).

For every n ∈ N we define ψn(0) = 0 and

ψn(x) =
∑

j≤n,x≥sup I+j

λ(I+
j ) −

∑
j≤n,x≤inf I−j

λ(I−j ).
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The required properties of (ψn) are easy to check. �

In the following corollary we list some metric conditions which imply that M is
Lip-lin injective (and totally disconnected).

Corollary 4.9. Let M be a compact metric space. Any of the following conditions
implies that M is Lip-lin injective.

(a) The one-dimensional Hausdorff measure of M is 0.
(b) There exists ρ > 1 such that for every ε > 0, M can be covered by finitely

many balls B(xi, r) of radius r ≤ ε such that the balls B(xi, ρr) are pairwise
disjoint.

(b’) There exists ρ > 0 such that for every ε > 0, M can be covered by finitely
many closed sets Ei such that supi diam(Ei) = r ≤ ε and the sets [Ei]ρr :=
{x ∈M | d(x,Ei) ≤ ρr} are pairwise disjoint.

(c) For every x ∈M , λ({d(x, y) : y ∈M}) = 0.
(c’) There exists C > 0 such that for every x 6= y ∈ M , there exists ϕ ∈

CBLip0(M) satisfying ϕ(x)− ϕ(y) ≥ d(x, y) and λ(ϕ(M)) = 0.

Proof. The condition (c’) is the same as condition (iv) in Theorem 4.7. We have
(a) =⇒ (c) =⇒ (c’) and (b) =⇒ (b’) =⇒ (c’). This is clear for the first
chain and for (b) =⇒ (b’). In order to prove (b’) =⇒ (c’) we let (εn)n ⊂ R+ be
decreasing to 0. Let us fix n and let E1, . . . , Em and 0 < r ≤ εn correspond to εn.
Choose arbitrary xi ∈ Ei. We construct the retraction rn : M →M by rn(x) = xi
if and only if x ∈ Ei. Let x ∈ Ei and y ∈ Ej . Then d(x, y) ≥ ρr and

d(rn(x), rn(y))

d(x, y)
≤ d(x, y) + 2r

d(x, y)
≤ 1 +

2r

ρr
= 1 +

2

ρ
.

Thus, we have ‖rn‖L ≤ 1 + 2
ρ . It follows that for every ϕ ∈ Lip0(M) we have

ϕ ◦ rn → ϕ pointwise and so s0(M) separates points of M uniformly. A fortiori,
(c’) is satisfied. �

Remark 4.10. The above conditions (a), (b) and (c) have been chosen since they
can be (relatively) easily verified. Conditions (b’) and (c’) are counterparts of (b)
and (c), respectively, that are moreover invariant under Lipschitz isomorphisms.
This can be easily checked. On the other hand, we claim that neither (b) nor (c)
are invariant under Lipschitz isomorphisms1. This shows that (c’) does not imply
(c), and (b’) does not imply (b).

To see our claim for (c), consider the Cantor dust D = C×C (here C stands for
the middle-third Cantor set). If D is equipped with the `1-metric, then it is well
known that {‖x− 0‖1 : x ∈ D} = C + C = [0, 2] which has Lebesgue measure 2.
On the other hand, if D is equipped with the `∞-metric then D satisfies (c).

To see our claim for (b), consider the following modification of the Cantor dust.
Let M =

⋂
Mn where

M1 = ([0,
1

3
] ∪ [

2

3
, 1])× ([0,

1

3
] ∪ [

2

3
, 1]) ∪

{
1

2

}
×
{

1

6
,

5

6

}
∪
{

1

6
,

5

6

}
×
{

1

2

}
and Mn+1 is obtained from Mn by replacing every square (product of intervals)
by an appropriately scaled down copy of M1. It can be verified that when M

1Still, (b) is invariant under Lipschitz isomorphisms with sufficiently small distortion.
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is equipped with the `1-metric then (b) fails, while when it is equipped with the
`∞-metric then (b) is satisfied.

Also, (D, ‖·‖1) shows that (b) does not imply (c). That (a) does not imply (b’)

can be seen on the following example. Let M = {0} ∪
{

1
n : n ∈ N

}
⊂ R and let us

assume that M satisfies (b’) with some ρ. Let ε > 0, r ≤ ε and E1, . . . , Em as in
(b’). Without loss of generality 0 ∈ E1. Let n be minimal such that 1

n ∈ E1. Notice

that n ≥ 1
ε . Then d(0, 1

n ) ≤ r and d( 1
n ,

1
n−1 ) > ρr. So n− 1 =

d(0, 1n )

d( 1
n ,

1
n−1 )

≤ 1
ρ . Since

ε was arbitrary, this leads to a contradiction.
Finally, notice that (c’) is satisfied for example by H1 − σ-finite purely 1-

unrectifiable metric spaces by a theorem of Choquet [13] (see also [3, page 3554])
and the fact that lip0(M) separates points uniformly in p1u spaces [10, Lemma 3.4]
(see also [3, Theorem A]).

Remark 4.11. The condition (b) comes from the paper by Godefroy and Ozawa [28,
Proposition 6] where they prove that if M satisfies (b), then F(M) has the metric
approximation property (MAP). Following that proof, one can see that (b’) also
implies the MAP. It has been pointed to us by the anonymous referee that if M sat-
isfies (b’), then F(M) has even a finite dimensional decomposition (FDD). Indeed,
let rn : M → M be the Lipschitz retractions defined in the proof of Corollary 4.9.
Then, similarly as in the proof of [28, Proposition 6], r̂n : F(M)→ F(M) are finite
rank projections converging strongly to the identity on F(M). In other words,
F(M) has the π-property. Moreover, the subspace lip0(M) ⊂ Lip0(M) of locally
flat Lipschitz maps separates points uniformly (simply because s0(M) ⊂ lip0(M)).
Therefore F(M) = lip0(M)∗ (this is again an application of the theorem of Petunin
and Plichko [33]; see also [14] for more details). Now Grothendieck’s theorem shows
that F(M) has the MAP since it is a separable dual with the bounded approxi-
mation property (BAP). In conclusion, it follows from [11, Theorem 6.4 (3)] that
F(M) has a FDD.

4.2. The case of uniformly discrete metric spaces. We are now going to show
that every uniformly discrete metric space is Lip-lin injective. Let us recall that M
is uniformly discrete if there exists θ > 0 such that d(x, y) > θ whenever x 6= y. If
M is moreover bounded, then F(M) is readily seen to be isomorphic to `1(M \{0})
through the linear map δ(x) 7→ ex (see [21, Proposition 4.4]).

Lemma 4.12. Let M be any metric space. Assume that µ =
∑∞
n=1 anδ(xn) =∑∞

n=1 bnδ(yn) in F(M), where (an), (bn) ∈ `1, an, bn 6= 0 for all n, and 0 6= xn 6=
xm, 0 6= yn 6= ym if n 6= m. Then there is a permutation σ : N → N such that
an = bσ(n) and xn = yσ(n) for all n.

In the language of Fremlin and Sersouri [24], this means that the family δ(M\{0})
is `1-independent. We wish to highlight that this Lemma can be derived from [5,
Proposition 4.9] in straightforward manner, but we choose to include a direct self-
contained proof below.

Proof. Consider µ =
∑∞
n=1 anδ(xn). Given x ∈ M and ε > 0, we consider the

Lipschitz function given by fx,ε(t) = max{1− d(t,x)
ε , 0}. If x /∈ {xn : n ∈ N} then

|〈fx,ε, µ〉| ≤
∑

d(xn,x)<ε

|an|
ε→0+

−→ 0.
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On the other hand, if x = xn0
for some n0 ∈ N, then

|〈fx,ε, µ〉 − an0 | =
∣∣∣ ∑
n 6=n0

anfx,ε(xn)
∣∣∣ ≤ ∑

n 6=n0

d(xn,x)<ε

|an|
ε→0+

−→ 0

That is, limε→0+〈fx,ε, µ〉 = an0
if x = xn0

for some n0 and 0 otherwise. The same
argument yields limε→0+〈fx,ε, µ〉 = bn0 if x = yn0 for some n0 and 0 otherwise, and
the conclusion follows. �

Corollary 4.13. Let M be any metric space. Let f ∈ Lip0(M,N) be injective and

µ ∈ F(M) such that µ =
∑∞
n=1 anδ(xn) for some (an) ∈ `1. Then supp f̂(µ) =

f(supp(µ)).
In particular, if supp(µ) is uniformly discrete and bounded then f preserves the
support of µ.

Proof. Let µ =
∑∞
n=1 anδ(xn) for certain xn ∈ M and an 6= 0. By Lemma 4.12,

we have supp(µ) = {xn}. Indeed, the inclusion “⊂” is trivial and the inclusion
“⊃” follows from the proof of the case x = xn0 and the closedness of support. The
conclusion follows. �

Corollary 4.14. If M is a uniformly discrete metric space then M is Lip-lin
injective.

Proof. Assume that M is uniformly discrete. Let N be any metric space and
f : M → N be any injective Lipschitz map vanishing at 0. We may and do assume
that diam(N, d) ≤ 1 thanks to Lemma 4.1. Also, exactly as in Corollary 3.9, we
consider the metric ρ on M given by ρ(x, y) = min{1, d(x, y)}. Then clearly (M,ρ)
is uniformly discrete and bounded. Moreover we can factor f through (M,ρ) as
f = fρ ◦ IdM where IdM : x ∈ (M,d) 7→ x ∈ (M,ρ) and fρ : (M,ρ)→ N is defined
by fρ(x) = f(x). Now by Corollary 4.13, we know that fρ preserves supports.
Therefore, since (N, d) = (N, ρ), Corollary 3.9 (c) implies that f preserves supports
as well. �

5. Counter-examples and the transfer method

The main goal of the current section is to provide examples of complete metric
spaces M which are not Lip-lin injective. That is, complete metric spaces M for
which there is a metric space N and an injective Lipschitz map f : M → N such

that f̂ : F(M)→ F(N) is not injective. That such spaces exist follows for example
from Theorem 4.7. Indeed, let M be a compact totally disconnected subset of R
with λ(M) > 0. Then by [16, Corollary 3.4], F(M) contains an isometric copy of
L1. In particular, F(M) is not a dual and, by the theorem of Petun̄ın and Pl̄ıčko
[33], the space lip0(M) does not separate points of F(M) (again, see [14] for more
details). A fortiori, s0(M) (which is a subspace of lip0(M)) does not separate points
of M and so M is not Lip-lin injective.

In order to construct “much smaller” metric spaces which are not Lip-lin injective
by means of a transfer method, we need a more tangible description of the above
example. For the sake of clarity, we will begin with a simple example, namely
M = [0, 1], and then we will develop further the main idea to obtain examples of a
different metric nature. We will need the following description of the linearization
of f in the particular case of subsets of R.
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Lemma 5.1. Let f : [0, 1] → [0, 1] be an injective Lipschitz map with f(0) = 0.
Let Φ: F([0, 1]) → L1[0, 1] be the usual isometric isomorphism (see Example 1.2).

Then for every ϕ ∈ L1[0, 1] we have Φ ◦ f̂ ◦ Φ−1(ϕ) = ϕ ◦ f−1.

F([0, 1]) F(f([0, 1]))

L1[0, 1] L1(f([0, 1]))

f̂

ΦΦ−1

·◦f−1

Proof. First of all, notice that our assumptions imply that f is increasing. Let us
denote T : L1[0, 1]→ L1(f([0, 1])) the composition operator given by Tϕ = ϕ◦f−1.
This is a bounded operator. Indeed,∫

f([0,1])

∣∣ϕ ◦ f−1(t)
∣∣ dt =

∫
[0,1]

∣∣ϕ ◦ f−1(f(t))
∣∣ |f ′(t)|dt ≤ ‖ϕ‖1 ‖f‖L .

Further, we have f̂ = Φ−1 ◦T ◦Φ (by the uniqueness of f̂ it is enough to check only
on evaluation functionals δ(x), x ∈ [0, 1]). So applying Φ from the right and Φ−1

from the left we get the desired result. �

From now on, let C ⊂ [0, 1] be the Smith-Volterra-Cantor set. That is, the space
constructed similarly as the middle-third Cantor set, but, at the n-th step of the
construction we remove subintervals of width 1/4n from the middle of each of the
2n−1 remaining intervals. Therefore C is a closed and totally disconnected subset
of [0, 1] such that λ(C) ∈ (0, 1), minC = 0 and maxC = 1 (in fact, any subset
having these properties would work).

Example 5.2. There exists an injective Lipschitz map f : [0, 1] → [0, 1] such that

f̂ : F([0, 1])→ F([0, 1]) is not injective.

The above statement can easily be derived from [35]. Indeed, letting ρ be the
metric on [0, 1] given by ρ(x, y) = λ([x, y] \ C), it clear that f = Id : ([0, 1], | · |)→
([0, 1], ρ) is 1-Lipschitz and injective. Now it is proved in [35, Example 2.30] that Cf
is an into isometry. In particular its pre-adjoint f̂ is onto (see [23, Exercise 2.49]).

Then, f̂ is not injective because otherwise it would be an isomorphism, which would
mean that f is bi-Lipschitz according to Proposition 3.2, and this is excluded. Since

we will need a concrete representation of an element in ker f̂ \ {0} later, we provide
a different proof below.

Proof. We define f : ([0, 1], | · |)→ ([0, 1], | · |) as

f(x) = λ([0, x] \ C) =

∫ x

0

1[0,1]\C(t)dt.

It is clear that f is 1-Lipschitz and non-decreasing. Moreover f(0) = 0, f(1) =
1 − λ(C) > 0 and f is injective. Indeed, if x < y then there exist a < b in (x, y)
such that [a, b] ∩ C = ∅. Thus f(y) − f(x) = λ([x, y] \ C) ≥ b − a > 0. So f is
injective. Finally, a simple integration by substitution gives

λ(f(C)) =

∫
f(C)

1dt =

∫
C

f ′(x)dx =

∫
C

1[0,1]\C(x)dx = 0.

Now, let T be as in Lemma 5.1 above for this particular function f . Notice that
0 6= 1C ∈ L1[0, 1] but we have T1C = 1C ◦ f−1 = 1f(C) = 0 ∈ L1[0, 1]. By

Lemma 5.1 it follows that 0 6= Φ−1(1C) ∈ ker f̂ . �
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Notice that the non-zero vector in the kernel of f̂ defined above, namely Φ−1(1C),
can be written in a more explicit way. Indeed, if we let (x2n−1+k , y2n−1+k),
k = 0, . . . , 2n−1 − 1, be the subintervals which we remove at the n-th step of
the construction of C, then

Φ−1(1C) = δ(1)−
∞∑
n=1

(δ(yn)− δ(xn)).

Observe that Φ−1(1C) ∈ F(C). We subsequently deduce that f̂�C is not injective.

Paraphrasing the above construction, we readily obtain the next result.

Proposition 5.3. If A ⊂ R is such that λ(A) > 0 then A is not Lip-lin injective.
In particular, if A ⊂ R is compact, then A is Lip-lin injective if and only if
λ(A) = 0.

Proof. The proof follows the same lines as Example 5.2. We will only underline
the main arguments, details are left to the reader. Since λ(A) > 0, it contains a
subset K that is compact, totally disconnected and λ(K) > 0. We may assume that
0 = minK and let us denote b = maxK. We pose f(x) = b

λ([0,b]\K)λ([0, x] \K) if

x ≥ 0 and f(x) = x if x < 0. Then we prove similarly that f is 1-Lipschitz, injective
and moreover λ(f(K)) = 0. Finally, if T is the operator given by Lemma 5.1 for
this particular f , then we observe that T (1K) = 1f(K) = 0. Therefore T is non-

injective, and so is f̂ .
The second part of the statement now readily follows from Corollary 4.9. �

As a direct consequence of the fact that “Lip-lin injective” is a hereditary prop-
erty, we obtain the following corollary.

Corollary 5.4. If M is Lip-lin injective then M is purely 1-unrectifiable.

Proof. Assume that M is not purely 1-unrectifiable. Then there exists a closed
A ⊂ R such that λ(A) > 0 and A embeds bi-Lipschitz into M . Now Proposition 5.3
and Lemma 4.2 yield the conclusion. �

We already witnessed that M being compact and totally disconnected is not
sufficient to be Lip-lin injective (simply take M = C). The next result shows in
particular that adding moreover the assumption “M is purely 1-unrectifiable” does
not change that fact. Indeed, the following proposition applies for instance to the
case of the “snowflake metric” | · |α (0 < α < 1) which turns subsets of [0, 1] into
purely 1-unrectifiable metric spaces.

Proposition 5.5. Assume that ρ is a metric in [0, 1] such that Id : ([0, 1], ρ) →
([0, 1], |·|) is L-Lipschitz and Id−1 : ([0, 1], |·|)→ ([0, 1], ρ) is continuous.
Then there exist a totally disconnected set A ⊂ [0, 1] and an injective Lipschitz map

f : (A, ρ)→ ([0, 1], |·|) such that f̂ is not injective.

Proof. By compactness, Id−1 is uniformly continuous. We define:

ω(t) = sup{ρ(x, y) : |x− y| ≤ t}.

By hypothesis, t/L ≤ ω(t)
t→0+

→ 0. Take tn > 0 with ω(tn) ≤ 4−n min{1, L−1}
and consider the Smith-Volterra-Cantor set Cρ ⊂ [0, 1] obtained by removing 2n−1
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intervals (x2n−1+k, y2n−1+k), k = 0, . . . , 2n−1 − 1, of length tn at the n-th stage of
the usual construction of a Cantor set. Note that 0 < λ(Cρ) < 1.

Now exactly as in Example 5.2 or as in Proposition 5.3, the map h : ([0, 1], |·|)→
([0, 1], |·|) defined by

∀x ∈ [0, 1], h(x) = λ([0, x] \ Cρ) =

∫ x

0

1[0,1]\Cρ(t)dt,

is 1-Lipschitz and injective. Moreover

γ := δ(1)−
∞∑
n=1

δ(yn)− δ(xn) ∈ ker ĥ.

Next, define f : ([0, 1], ρ) → ([0, 1], | · |) by f = h ◦ Id. Consider µ = δ(1) −∑∞
n=1 δ(yn) − δ(xn) ∈ F([0, 1], ρ). Note first that this is a non-zero well-defined

element in F([0, 1], ρ) since
∞∑
n=1

‖δ(yn)− δ(xn)‖F([0,1],ρ) =

∞∑
n=1

ρ(xn, yn) ≤
∞∑
n=1

2n−1ω(tn) ≤
∞∑
n=1

2n−1

4n
1

L
=

1

2L

and so

‖µ‖ ≥ ‖δ(1)‖ − 1

2L
= ρ(1, 0)− 1

2L
≥ 1

L
− 1

2L
=

1

2L
> 0.

However, µ ∈ ker(f̂) since

ĥ(Îd(µ)) = ĥ(γ) = 0.

Finally, notice that if we set A := Cρ, then (A, ρ) is totally disconnected since
Id : ([0, 1], ρ)→ ([0, 1], | · |) is a homeomorphism. Also, µ ∈ F(A). �

Recall that a metric arc is a metric space which is homeomorphic to the unit
interval [0, 1]. Also, we say that a metric space M is bounded turning if there
exists a constant C ≥ 1 such that every pair of points (x, y) ∈ M2 is contained in
a compact and connected set S such that diam(S) ≤ Cd(x, y). In [18], a family
of metrics (d∆)∆∈D on [0, 1] is defined in such a way that every bounded turning
metric arc is bi-Lipschitz equivalent to some curve ([0, 1], d∆), ∆ ∈ D. We are
grateful to Chris Gartland for bringing [18] to our attention and suggesting the
next corollary.

Corollary 5.6. Let M be a metric space. If M contains a bounded turning metric
arc, then M is not Lip-lin injective.

Proof. Let M be a metric space and let Γ ⊂ M be a bounded turning metric
arc. On the one hand, thanks to [18, Theorem A], Γ is bi-Lipschitz equivalent to
some curve ([0, 1], d∆), ∆ ∈ D. On the other hand, it is straightforward to check
that | · | ≤ d∆. Thus ([0, 1], d∆) is not Lip-lin injective thanks to Proposition 5.5.
Therefore the same is true for Γ and M in view of Lemma 4.2. �

We conclude the section with another two adaptations of Example 5.2. The first
example shows that one can not remove the boundedness assumption in the last
statement of Proposition 5.3.

Example 5.7. There exists a countable complete and discrete M ⊂ R and a Lip-

schitz and injective f : M → [0, 1] such that ker f̂ 6= {0}. Moreover λ(M) = 0,
therefore F(M) ≡ `1 (see [16]).
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Proof. Let M = {0, 1}∪{xn : n ∈ N}∪{yn : n ∈ N}, where x2n−1+k = 2n−1 +k+ 1
and y2n−1+k = x2n−1+k + 1

4n , k = 0, . . . , 2n−1 − 1. Note that d(x, y) ≥ 1
2 for

x 6= y ∈ M except if {x, y} = {xn, yn} for some n. Let C ⊂ [0, 1] be again
the Smith-Volterra-Cantor set. To avoid confusion with the elements of M , we
now write (x′2n−1+k, y

′
2n−1+k), k = 0, . . . , 2n−1 − 1, the intervals of length 4−n

which are removed at the n-th stage of the usual construction of a Cantor set.
We define h : M → [0, 1] by h(0) = 0, h(1) = 1, h(xn) = x′n and h(yn) = y′n.
Notice that h ∈ Lip0(M, [0, 1]) and h is injective. Thanks to Example 5.2, there

exists µ′ ∈ F([0, 1]) and an injective f ∈ Lip0([0, 1]) such that f̂(µ′) = 0. We

have in fact µ′ = δ(1) −
∑∞
n=1(δ(y′n) − δ(x′n)). Observe that µ′ = ĥ(µ) where

µ = δ(1) −
∑∞
n=1(δ(yn) − δ(xn)). The last claim is proved by noticing that the

series defining µ converges absolutely (which is clear). It only remains to prove
that µ 6= 0, which is done as follows :

∞∑
n=1

‖δ(yn)− δ(xn)‖ =

∞∑
n=1

2n−1

4n
=

1

2

and so ‖µ‖ ≥ 1/2 as ‖δ(1)‖ = 1. �

Example 5.8. There exists a bounded countable complete and discrete M and a

Lipschitz and injective f : M → [0, 1] such that ker f̂ 6= {0}.

Proof. LetM = {0, 1}∪{xn : n ∈ N}∪{yn : n ∈ N}. We define all distances between
distinct points to be 1 except for d(xn, yn) = 4−k when n = 2k−1, . . . , 2k − 1. Now
the rest of the proof is verbatim the same as the previous one, so we leave the
details to the reader. �

Notice that this example can be modified in an obvious manner to moreover
obtain either

a) M is a subset of an R-tree which contains all the branching points of that
tree, i.e. F(M) ≡ `1, or

b) M is ultrametric.

6. The bidual

In this section, we deal with operators of the kind f̂∗∗ = C∗f : F(M)∗∗ → F(N)∗∗.

Of course, if f̂ is non-injective, then so is f̂∗∗. So, thanks to the previous section,

assuming that f is injective is clearly not sufficient for f̂∗∗ to be injective. One

goal of this section is to characterize when f̂∗∗ is injective, for instance in terms of
properties of f .

Recall that an operator T : X → Y is tauberian if T ∗∗−1(Y ) ⊂ X. Let us give
a few general facts about tauberian operators (we refer the reader to [17, 22] for
more background information). It is clear that if T is tauberian, then kerT ∗∗ ⊂ X.
Therefore, for T tauberian, T is injective if and only if T ∗∗ is injective. Further, if
T has closed range, then kerT ∗∗ ⊂ X implies that T is Tauberian (see [22, page
251]). For the above reasons it could be helpful to know under which condition on

f , the operator f̂ is tauberian.

Proposition 6.1. Let f ∈ Lip0(M,N) be an injective function. If ker f̂∗∗ ⊂ F(M)

then f is bi-Lipschitz. In particular, if f̂ is tauberian then f is bi-Lipschitz.
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Proof. Assume that f is not bi-Lipschitz. Then there are sequences (xn)n, (yn)n ⊂
M such that xn 6= yn for every n ∈ N and moreover

lim
n→∞

d(f(xn), f(yn))

d(xn, yn)
= 0.

Let us denote

∀n ∈ N, mxnyn :=
δ(xn)− δ(yn)

d(xn, yn)
.

Notice that for every weak∗ accumulation point µ ∈ F(M)∗∗ of the sequence
(mxnyn) ⊂ SF(M), we have

∀g ∈ Lip0(N),
〈
f̂∗∗µ, g

〉
= 〈µ, g ◦ f〉 = 0,

that is µ ∈ ker f̂∗∗. Indeed, every weak∗ neighborhood

Vε = {γ ∈ F(M)∗∗ : |〈γ − µ, g ◦ f〉| < ε}

contains infinitely many terms mxnyn , so the conclusion readily follows.

We will show that there is an accumulation point of (mxnyn) in (BF(M)∗∗ , w
∗)

which does not belong to F(M). Assume that all accumulation points are in F(M).
Assume first that all accumulation points are 0. Then mxnyn → 0 weakly, which
is not possible by [25, Corollary 2.10]. So there is some µ 6= 0 in the weak closure
of (mxnyn). By [25, Proposition 2.9], µ = mxy for some x 6= y ∈ M . Since

f̂(µ) = f̂∗∗(µ) = 0 we get that f(x) = f(y), which contradicts the injectivity
hypothesis on f . �

Corollary 6.2. Let f ∈ Lip0(M,N). The following assertions are equivalent.

(i) f̂∗∗ is injective.

(ii) f is injective and ker f̂∗∗ ⊂ F(M).

(iii) f is injective and f̂ is tauberian.
(iv) f is bi-Lipschitz.

(v) f̂ is injective with closed range.
(vi) Cf is onto.

(vii) Cf has dense range.

Notice that every point other than (ii) and (iii) implies implicitly that f must
be injective. Also, to the best of our knowledge, the equivalence between (vi) and
(vii) seems to be new.

Proof. The implications (i) =⇒ (ii) and (vi) =⇒ (vii) are trivial. The impli-
cation (ii) =⇒ (iv) follows from Proposition 6.1 while (iv) ⇐⇒ (v) ⇐⇒ (vi)
follows from Proposition 3.2 (see also [35, Proposition 2.25]). Next, the equiva-
lence of (i) and (vi) follows from the general theory of adjoint operators (see [23,
Exercise 2.46] for instance). The above lines prove that all assertions, except for
(iii), are equivalent. Now notice that (iii) =⇒ (ii) is obvious. Finally, since for

a bi-Lipschitz map f , f̂ has closed range (see Proposition 3.2), we obtain that f̂

is tauberian whenever ker f̂∗∗ ⊂ F(M) (see [22, page 251]), which proves that (ii)
and (iv) =⇒ (iii). �
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Remark 6.3. In [20] it is proved that there exist injective tauberian operators on
L1[0, 1] that have dense non-closed range. The above corollary shows that such
operators cannot be obtained as linearizations of Lipschitz maps f : [0, 1] → [0, 1]
since, more generally, this combination of properties is excluded for linearization of
Lipschitz maps between any two metric spaces.

We conclude the section with two examples.

Example 6.4.

a) Let M = N = [0, 1] and f(x) = x2. On the one hand f̂ is injective thanks

to Proposition 3.5. On the other hand f̂∗∗ is not injective since f is not
bi-Lipschitz.

Let us prove by a direct argument that f̂∗∗ is not injective. We will

define µ ∈ F(M)∗∗ such that f̂∗∗(µ) = 0. First, we consider the subspace
E = {ϕ ∈ Lip0(M) : ϕ′(0) ∈ R} of Lip0(M). We define µ(ϕ) := ϕ′(0) for
every ϕ ∈ E. This is a bounded linear functional on E and we extend it as
a bounded linear functional on the whole Lip0(M). Now it is clear that

∀ϕ ∈ Lip0(N),
〈
f̂∗∗µ, ϕ

〉
= 〈µ, ϕ ◦ f〉 = 0.

So f̂∗∗ is not injective.

b) Let M = N =
{

1
n

}
∪ {0} and f(x) = x2 (notice that M is Lip-lin injective

in this case). Then similarly one has f̂ is injective while f̂∗∗ is not injective.

Now for an example of µ ∈ ker(f̂∗∗) as constructed above, one may consider
the Hahn-Banach extension of ϕ 7→ limn nϕ( 1

n ). We leave the details to the
reader.

7. Final remarks and open questions

Naturally, after dealing with the injectivity, one may wonder what is the situation
with respect to surjectivity. That is, one can study the implications “f surjective

=⇒ f̂ surjective” and “f̂ surjective =⇒ f surjective”. In fact, none of these
implications are true in general.

To begin with, it is rather easy to find examples of surjective maps f such that

f̂ are not surjective. Indeed, in view of Proposition 3.2, whenever f̂ is injective but

f is not bi-Lipschitz, we obtain that f̂ cannot be surjective (otherwise f̂ would be
a linear isomorphism, which can happen only when f is bi-Lipschitz). For instance,

we already explained that, for f : x ∈ [0, 1] 7→ x2 ∈ [0, 1], f̂ is injective. However,

since f is not bi-Lipschitz, f̂ cannot be an isomorphism and so f̂ is not surjective.

On the other hand, there are some situations where f̂ surjective implies f sur-
jective:

Proposition 7.1. Let M,N be complete pointed metric spaces. If one of the fol-

lowing conditions is satisfied, then f is surjective whenever f̂ is so.

(a) f is bi-Lipschitz;

(b) f̂ is injective;
(c) M is compact;
(d) M is uniformly discrete and bounded.
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Proof. It is rather easy to see that f has dense range if and only if f̂ has dense range

(see e.g. [1, Proposition 2.1]). So, if the range of f is closed and f̂ is surjective,
then f must be surjective. This implies assertions (a) and (c). Assertion (b) follows

from the fact that if f̂ is both injective and surjective, then it is an isomorphism,
and therefore f must be bi-Lipschitz. Finally, let us prove (d): given y ∈ N , let µ =∑
n≥0 anδ(xn) ∈ F(M) with f̂(µ) = δ(y). Then

∑
n≥0 anδ(f(xn)) = δ(y), where

(an) ∈ `1. By Lemma 4.12, there exists n such that y = f(xn), so y ∈ f(M). �

The next example witnesses the fact that there are Lipschitz maps such that f̂
is surjective while f is not surjective.

Example 7.2. There are complete separable pointed metric spaces M,N for which

there is f ∈ Lip0(M,N) such that f̂ is surjective but f is not surjective. In the
constructions below, both of the spaces are subsets of R-trees and both free spaces
are isometric to `1. On the other hand, f will not be injective.

Let N =
{
yn ∈ R : yn = 1− 1

n , n ∈ N ∪ {∞}
}

(here y∞ = 1) together with
the induced distance from R. (Notice that y1 = 0.) Let M = {xn : n ∈ N} ∪
{x′n : n ∈ N} where 0 = x1 is the base point. We consider M as a subspace
of an R-tree with the only branching point at 0 from which it stems an infin-
ity of branches (i.e. isometric copies of [0,∞)) bn. For every n ∈ N we have
x′n, xn+1 ∈ bn in such a way that d(0, x′n) = 1 and d(0, xn+1) = 1 + d(yn+1, yn).
Further we define f : M → N as f(xn) = f(x′n) = yn for every n ∈ N (and
f(0) = 0). One can check easily that f is Lipschitz. We also see immediately
that y∞ /∈ f(M). On the other hand, it follows from Godard’s work [16] that
F(N) is isometric to `1, with (myn+1yn)n∈N being the `1-basis isometrically, where

myn+1yn = d(yn+1, yn)−1(δ(yn+1) − δ(yn)). Now clearly, f̂
(
mxn+1x′n

)
= myn+1yn

for every n ∈ N. Thus f̂(span(mxn+1x′n
)) = F(N).

We may interpret such an example in a more abstract setting as follows.

Example 7.3. Let M be a metric space, ∼ an equivalence relation on M and
M/ ≈ the metric quotient defined as in [35, Definition 1.22], and let M∼ be the
completion of M/ ≈. Consider the canonical projection f : M →M∼ sending each
element to its equivalence class. Then Cf : Lip0(M∼) → Lip0(M) is an isometry

(see Proposition 2.28 in [35]). Thus, f̂ is surjective. Now, if M and ∼ are chosen so
that M/ ≈ is not complete (this is the case, for instance, of Example 1.24 in [35]),
then f(M) = M/ ≈ is a proper subset of M∼. So, f is not surjective.

We will now conclude the paper with some open questions. Recall that we
proved in Corollary 2.7 that, when M is bounded, a Lipschitz map f : M → N

preserves supports if and only if f̂ : F(M) → F(N) is injective. An obvious
question is whether this result remains valid for a general metric space M . Since
one implication is always true, see Proposition 2.3, it only remains one implication
to study:

Question 1. Let M be an unbounded metric space. Assume that f : M → N is a

Lipschitz map such that f̂ : F(M)→ F(N) is injective. Is it true that f preserves
supports?

In Theorem 4.7 we proved, in the compact setting, that M is Lip-lin injective
and totally disconnected if and only if s0(M) uniformly separates the points of
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M . Unfortunately, we do not have any characterisation without disconnectedness
assumption. In fact, we know that being compact and totally disconnected is not
sufficient to be Lip-lin injective (Proposition 5.5), but it is not clear whether every
Lip-lin injective space must be totally disconnected. On the other hand, we proved
in Corollary 5.4 that it must be purely 1-unrectifiable.

Question 2. Find a (metric) characterisation of compact Lip-lin injective metric
spaces. Are they always totally disconnected? Or totally path-disconnected?

Of course, the same question in the general (non-compact) case is left open as
well.
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https://arxiv.org/abs/2110.03231


INJECTIVITY OF LIPSCHITZ OPERATORS 27

[14] A. Dalet, Free spaces over countable compact metric spaces, Proc. Amer. Math. Soc. 143

(2015), no. 8, 3537–3546.

[15] A. Dalet, P. Kaufmann, A. Procházka, Characterization of metric spaces whose free space is
isometric to `1, Bull. Belg. Math. Soc. Simon Stevin 23 (2016), no. 3, 391–400.

[16] A. Godard, Tree metrics and their Lipschitz-free spaces, Proc. Amer. Math. Soc. 138 (2010),

4311–4320.
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