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1D Riemann solver involving variable horizontal density for the

computation of unsteady sediment transport

C. Juez '; and J. Murillo 2; and P. Garcia-Navarro 3, M.ASCE

ABSTRACT

Intense transient shallow flows over erodible bed implies the appearance of a changing
horizontal density due to the presence of sediment particles in the water layer. The lack
of consideration of the variability of the bulking density of the mixture is not admissible
when modeling severe types of erosional flow such as the release of a dam break wave over a
sedimentary bottom. Such event can lead to significant changes in the wave hydrodynamics,
since the inertia of the flow can be larger and consequently its erosion/deposition capacity
can be altered. From a numerical point of view a new complex erosion/deposition source
term appears. For the integration of these source terms two strategies have been explored
in this work: upwind and pointwise. Hence, this work is focused on the development and
validation of a novel numerical scheme based on an approximate augmented Riemann solver,
where the erosion/deposition rates play an important role in the variation of mixture density.
Several analytical test cases have been derived in order to validate the computational tool.
The numerical predictions have also been compared against experimental data.
Keywords: Finite volume method, 1D Shallow water, variable horizontal density, bed-load

transport

1 INTRODUCTION

Free surface flows with sediment transport over erodible bed in realistic situations involve
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transient flow and movable flow boundaries. The first step for reproducing the physics of the
sediment dynamics is based on the definition of the mathematical model. Several conceptual
frameworks have been proposed in a number of previous works (Armanini and Di Silvio,
1988; Lai, 1991; Armanini and Fraccarollo, 1997; Capart and Young, 1998). Among them,
the model proposed by Fraccarollo and Capart (2002) was derived by means of physically
consistent governing equations. The authors assumed that the flow may be stratified in
a transport layer, with high sediment concentration of sediment particles and mainly gov-
erned by bed load, and an upper layer where sediment particles are transported by sus-
pension. Moreover, the bed level was defined as the morphodynamic layer. According to
Fraccarollo and Capart (2002), the bed boundary is viewed as a transition between two zones
with different behaviors, the solid phase and the fluid phase. These assumptions can be used
to obtain a hyperbolic system of equations with various properties which are highly desirable
from a physical and computational point of view as it will be shown later.

The main drawback of this model is that it requires a number of closure equations,
(Zhang et al., 2013), due to the non-continuity of velocity, shear stress and sediment con-
centration terms. Therefore, a one fluid layer model can be considered as a simplification,
assuming that the transport layer is included within the suspension layer (Cao et al., 2002;
Begnudelli et al., 2010). This one layer hypothesis allows to reduce the number of unknowns
and closure equations.

Although the one layer model is a genuinely two phase flow, the system of equations
has been traditionally manipulated in order to obtain an even simpler model. Hence, the
sediment dynamics has often been rewritten by means of a sediment continuity equation
stating that the time variation of the sediment layer in a certain volume is due to the net
variation of the solid transport through the boundaries of the volume. The mathematical
expression of such law is known as the Exner equation (Kalinske, 1947). Despite the fact that
the Exner equation ignores the time rate of change of the sediment concentration, accurate

numerical results can be obtained Murillo and Garcia-Navarro (2010a); Xia et al. (2010);
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Soares-Frazao and Zech (2010); Siviglia et al. (2013); Juez et al. (2014). Nevertheless, the
Exner-based models have a strong limitation of applicability because they are based on a
severe assumption regarding the concentration of sediments, i.e. mainly all the particles are
moved by rolling or sorting without altering the density of the water layer. This is well known
since the first works of De Vries et al. (1990) and more recently has been faced quantitatively
in Garegnani et al. (2013), where a limit of 1% for the sediment concentrations has been
estimated. Above this level the mixture horizontal density dynamics cannot be neglected,
i.e., cannot be considered constant,is available.

Hence, when the sediment concentration transport equation is not neglected from the
one layer model, the more important concern is how to deal with the extra density provided
by the sediment particles. Some previous works assumed that the bulk density remains
constant and equal to the water mass, Wu (2004); Wu and Wang (2007); Begnudelli et al.
(2010); Canelas et al. (2013) and other works hypothesized that the volumetric concentration
is given by a closure formula, as in Rosatti et al. (2007); Cao et al. (2006); Wu and Wang
(2008), involving changes in the horizontal density.

This last idea, i.e. the presence of a sediment concentration in the fluid layer, should be
retained when dealing with some type of erosional flows: the release of a dam break over
a sedimentary bottom or an advancing flow over a poorly sorted bed. In such events, the
bulking of the flow contains an important amount of eroded material and consequently, the
inertia of the flow is increased, it moves faster and the erosion/deposition rates are modified.
This problem is of considerable practical significance as the modeling and forecasting of
massive sediment motions is a highlight issue for the safety of locations close to natural
torrents, rivers or coasts. In such situations, the shallow flow assumption is well considered
and for this reason, the authors disregard the possible vertical variation of the density, and
restrict their attention to flows where the density changes mainly occurs over the horizontal
plane.

Once a mathematical model is selected, another separate issue is the numerical scheme
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used. Considering the hyperbolic nature of the depth averaged equations, Godunov type
schemes are commonly used in literature. Two main families of Godunov type solvers can
be found in the literature from works in the context of shallow flow over rigid bed. One
family is based on extensions of the HLL scheme of Harten and Hyman (1983), that were
first applied to deformable bed in Fraccarollo et al. (2003) and recently extended to 2D
in Palumbo et al. (2008) following the HLLC solver of Toro (1994). On the other hand,
a second family of solvers based on the Roe’s approximate solver have been widely used
(Hudson and Sweby, 2005; Rosatti et al., 2007; Castro Diaz et al., 2008; Liu et al., 2008).
While in (Hudson and Sweby, 2005; Rosatti et al., 2007; Castro Diaz et al., 2008) computa-
tional experiments were used to analyze the performance of the numerical schemes proposed
using academic test cases, in Liu et al. (2008) the proposed numerical scheme was applied
to an experimental configuration. In this latter case the quality of the results was com-
promised by the simplicity of the closure formula, based on a calibration constant for the
whole domain. It is worth noticing that, when considering several closure equations a robust
and accurate numerical scheme is required. Otherwise, physical and numerical effects can
be confusing, justifying a wide number of tuning parameters which in some cases are not
physically based.

For our purpose the Godunov type schemes must include the presence of a variable
horizontal density in their definition. Previous studies over rigid bed involving this feature
were developed in Leighton et al. (2010) for 1D mesh and in Jiang et al. (2011) for 2D mesh.
However, in the first work a lack of mass conservation was documented and in the second
work the computational predictions were not close enough to the experimental data. In
order to overcome these problems in Murillo and Garcia-Navarro (2011) an augmented Roe
solver for rigid bed was built, proving to be accurate, conservative and robust. In this
work, and departing from Murillo and Garcia-Navarro (2011), a generalized Roe numerical
scheme has been defined for 1D transient flows with variable density over deformable bed.

Special attention has been devoted to the linearization of the erosion/deposition source terms
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since they can lead to the appearance of oscillations in the computational solution. These
instabilities arise from an inadequate evaluation of the source term integral as it will be
showed in further sections.

The remainder of the paper is structured as follows: first the mathematical model is
described in Section 2. Section 3 is devoted to describe the numerical scheme. Section 4
displays a set of analytical and experimental test cases for validating the computational

predictions. Finally, in Section 5 the conclusions of the work are summarized.

2 MATHEMATICAL MODEL AND ITS FEATURES

The relevant formulation of the model derives from the depth-averaged equation of bulk
mass conservation, mixture momentum conservation and conservation of the mass of the
sediment which is mobilized. That system of partial differential equations is formulated here

in coupled form per unit width as follows

oU OF(U)
5 + 9 S(U) + R(U) (1)
where
Uz(hr, hour, h¢) (2)

are the depth-averaged conserved variables, with h representing the mixture depth, u velocity,
¢ the depth-averaged volumetric concentration of the sediment and z, the bed level. The
term 7 is the relative density of the bulk mixture to that of the water, which is computed as

follows

r=1+A¢ (3)

where A = (p — pw)/pw is the relative density of the sediment phase, being p,, the density

of water and p the sediment density.
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The fluxes are given by

T
F= ( hur, hu*r 4+ $gh*r, hu¢ ) (4)

where ¢ is the gravity acceleration. The source terms of the system are split in two parts.

The term S is defined as

T
sz(o,&—ﬁ,o,...,o) (5)

Pw  Puw
with py, and 7, the gravity force along the bottom and the bed shear stress. The gravity is
written in differential form through the bed slope

LO—

Puw Ox

0: _

ghrSy (6)

and the friction term is evaluated taken into account the Manning’s law

2,,2
Ty n-u
—=ghSy Sr=115 (7)

w
The term R contains the information about the erosion/deposition source term, here

called reaction term. The vector R is written in a 1D general form as follows:

R = (AR,0,R)" (8)

The reaction terms are the responsible of the material exchange between the bed and

fluid layers. Hence, the bed variation is written as,

0z R
o (1-p) ®)

being p the porosity of the sediment. It is worth remarking that the maximum sediment

concentration allowed in the flow is given by 1 —p. Additionally, the term R can be evaluated
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by means of several ways, as described in Wu (2007). It assumes the same settling velocity

for the deposition and for the entrainment,

R=ws (o — ¢) (10)

where the term ¢, is the equilibrium concentration, which is obtained through a solid trans-
port discharge law such as Grass (1981); Meyer-Peter and Miiller (1948); Smart (1984). The
term ¢ contains the information about the suspension sediment quantity which is transported
within the fluid layer. Both concentrations take in consideration the presence of the settling
velocity, w,s. This non-equilibrium formula, 10, which drives the transport rate towards its
equilibrium capacity, has been used for computing all the tests in further sections.
Focusing on the characteristics of system (1), this system is time dependent, non linear,
and contains source terms. If it is assumed that the advective terms are dominant then the
system has an hyperbolic character. Therefore, the mathematical properties of the system
of equations include the existence of a Jacobian matrix, J, where all the eigenvalues are real
(Murillo et al., 2012). This information is relevant for making use of the first order Roe’s

numerical scheme described in the next section.

3 FINITE VOLUME MODEL

In order to obtain a numerical solution of system (1) the computational domain is divided

in cells of equal length sized Az. The interval of the i-th cell is defined by [z; 4 /25 Tig1 /2]

where x;11/2 = Az and the location of the cell center z; is defined by (i —1/2)Axz. At is the

time step and t" = nAt is a generic time. Considering the traditional notation we indicate
with U7 the cell-average value of the solution U(z,t) for the ith cell at time ¢™:

1 Tit1/2
U = Ar

Ti—1/2

U(x,t")dz (11)

U? is therefore a piecewise constant approximation of the solution at time t" of the

conserved variables.
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Thanks to the piecewise constant data the Godunov method, (Godunov, 1959), is applied
and consequently the theory of Riemann Problems (RP) can be considered. The advantage
of using this theory is clear: it is not necessary to know the exact solution for the internal
wave description of the RP and hence, a set of linearized approximate solutions (also called
weak solutions) can be built.

On the other hand, within the framework of the Godunov methods two common strategies
are used for updating the conserved variables: the upwind and the pointwise technique. The
upwind philosophy has been traditionally retained for the building of the numerical fluxes.
Contrary, the pointwise technique has been used for the integration of the source terms.
However, in Murillo and Garcia-Navarro (2010b) it was developed an original idea about the
presence of steady state waves in the definition of the wave structure of each RP. Hence, a
steady jump discontinuity is considered to represent each source term in order to incorporate
this information into the classical wave description for building the fluxes. This typology of
augmented approximate Riemann solvers has been used recently Murillo and Garcia-Navarro
(2010a, 2011); Murillo et al. (2012); Juez et al. (2014) leading to encouraging results.

Departing from the Reduced Godunov first order method proposed in Murillo et al.
(2012), we consider the appearance of a new erosion/deposition source term into the numer-
ical scheme. Two strategies are considered for the integration of this source term: upwind
and pointwise. One of the purposes of this work is to clearly identify the possibilities of each
type of discretization.

Godunov Method and upwind integration of the erosion/deposition source term

Following the Reduced Godunov first order method proposed in Murillo et al. (2012),
system (1) is split in two types of variables. The first are the reduced set of hydrodynamic

conserved variables referred as U” = (hr, hur), which are updated using a splitting technique

At

s (12)

UZ’nH - U;m - (5M;+1/2 + 5M;r—1/2>

where the matrices M contain information about the fluxes and source terms. The term At

8 Juez, Jan. 27, 2015
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is the timestep chosen for updating the variables and Ax is the length between neighboring
cells which can vary along the computational domain
Additionally, the conserved sediment concentration, he, is updated taking into account

the sign of the mixture mass discharge which crosses each edge of each cell, g* ,

At
ntl — pon — ) it 1
h¢z h¢z (q;nhz) ASE ( 3)
where
ﬁgbi if ¢t >0
(qpni)* = oo (14)
Im

(Ti+1¢i+1 — Rip1p) if g, <0
and as it can be observed, the erosion/deposition term, R, plays its upwinding role according

to the sign of the mixture discharge.

Finally, the bed level, z, is updated as

A =2 = () (15)

where

0 if ¢t >0
<QZ)\L = _ (16)
Rivipp if g, <0

Godunov Method and pointwise integration of the erosion/deposition source
term
In this case, the erosion/deposition source term is not considered when building the
matrices M and it is pointwise integrated. Hence, the numerical scheme is built as follows
At

Uit = U7 — (0M, ), + OM,)p) i+ RIAL with R; = R (17)
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where U is the complete set of conserved variables, and the bed level is updated as

2 =" — R'At with R; = R} (18)

1

Finally, with both strategies, upwind (12,15) and pointwise (17,18) the time step At is
taken small enough so that there is no interaction of waves from the k neighboring RPs,
i.e., the CFL (Courant Friedrichs Lewy) condition (Leveque, 2002; Murillo et al., 2012) is

considered.

4 RESULTS

This section has been divided in two parts. The first part is devoted to perform a numer-
ical assessment of the erosion/deposition source term discretization: pointwise and upwind.
In the second part, the numerical predictions are compared with respect to experimental

data and also some numerical experiments are considered.

4.1 Numerical test cases

These test cases are motivated by the utmost importance of the discretization of the
erosion/deposition source term: pointwise or upwind. It must be stressed that an accurate
behavior of this reaction term allows to state a starting point for studying the bed level
evolution. The examples are chosen to consider different hydrodynamic and morphodynamic
combinations. The geometric framework of all them is the same: a straight, 12 meters long
channel. For each test case a variable bed slope within the channel is derived. For this reason
the bed slope and bed level evolution along the longitudinal direction are plotted for each
test studied. Numerical simulations have been carried out using CFL=1.0 with Az=0.1 m
and ws=0.01 m/s.

Test 1

Test case 1 lies in a combination of a complex bottom definition, a steady flow, ¢ =
hu =0.02 m?/s, frictionless assumption, and also considering that the erosion/deposition

term only implies deposition process, i.e., an effective negative reaction term. For this first

10 Juez, Jan. 27, 2015



a5 case, the bed level is not updated and only the reaction term evolution is studied.
216 An analytical solution is derived in order to be compared with the numerical results.
a7 Firstly, the sediment concentration profile along the domain is obtained from the sediment

218 transport equation, imposing steady flow and only deposition process, i.e., ¢*= 0

dhug , B .
e R with R=ws(¢" —¢) (19)
dhug
dr - _ws¢ (20)

210 which allows to express the sediment concentration variation along the domain as

do W
s 21
- (21)
220 Now considering the 1D frictionless momentum equation, which states
4 rq—2 +2p2r) = ghr —dz (22)
de \"n 2" ) I Tl
21 applying the chain rule to the left side
d [(¢? h? q* h2\ dr —dz
— = — — — | —=ghr{ — 2
de(h+g2>+(h+92 i "\ (23)
22 and considering r = 1 + A¢ the following equation is obtained
A+ 20 (gn—T) 4 (LMY A% _ pn1 4 ag) (25 (24)
e \"" " h 92 ) S Y dz

223 Substituting (21) in (24) and rearranging the resulting equation yields to

dz dh (u? (¢*/h+gh*/2) A Ws@
%_@(g_h_l)Jr gh 1+A¢>(Q> 29)
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where the sediment concentration, ¢, is obtained by integrating (21),

b(z) = o exp (—M) (26)

q
and it is considered that the initial sediment concentration in the fluid layer is ¢y = 0.5. Note
that equation (25), neglecting the terms associated to the variable density and considering
the Froude number (Fr = u/y/gh), is in fact a simple-wave equation
dz dh

= (Fr? —1) (27)

Since it is mandatory to know the function of h(z) in (25) to obtain its derivative, a linear
water level, h(z) = 0.1+ 0.01z is assumed in this test case. Figure 1 shows the resulting bed
slope obtained. As it is observed, the presence of the variable horizontal density in (25), i.e.,
the term HLAW yields to obtain a non-uniform bed slope along the domain.

Figure 2 displays the exact and numerical solution after 500 s for the water level surface,
the unit flow discharge and the sediment concentration when using the pointwise and the
upwind approach. Despite providing both approaches accurate results, only the upwind dis-
cretization is able to reach a stationary flow within the domain. When plotting the sediment
concentration evolution and the absolute error (the difference between the numerical and
experimental solution) associated to each approach, Figure 3, it is clear that the pointwise
approach introduces a larger error than the upwind scheme. Since the change in the bed slope
is bigger in the first meters of the domain, Figure 1, it can be justified that the maximum
error in the sediment concentration is also located in that zone.

Test 2

This test case is based on a steady flow, ¢ = hu =0.2 m?/s, over a complex bottom
including a friction term (n = 0.00165sm~'/) and an equilibrium sediment stage is simulated

by imposing R = 0. This implies that no exchange exits between the bed and the upper layers

of the flow, i.e., the erosion/deposition processes are well balanced. The initial sediment
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concentration assumed for this test case is ¢g = 0.4.
Returning to the 1D sediment transport equation and imposing the conditions above
explained the restriction which yields is that the sediment concentration is constant along

the domain,

@ _

=0 (28)

Assuming R = w; (¢, — ¢) = 0, it implies that ¢ = ¢, and also, since there is a sediment
equilibrium, ¢ = ¢, = ¢ = 0.4. If it is considered that the solid discharge can be computed
by means of the Grass law (Kalinske, 1947). This formula is based on a power velocity
law and on a constant calibration parameter. Due to its simplicity, it is convenient for

mathematical manipulation,

Gs = Agu3 (29)

and considering that the solid discharge flow can be also written as

qs = huo. (30)

then, the A, factor must vary along the domain following this relation,
o8
A, = (F h? (31)
where ¢, /q>.

Bearing in mind condition derived in (28) and working with the momentum equation the

resulting bed level variation is the same as the one obtained in (27)
dz dh
dr  dx

Figure 4 displays the resulting bed slope and bed level along the domain.
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The analytical solution is compared with the numerical one in Figure 5 after 200 s. The
upwind approach provides accurate results whereas the pointwise approach leads to erroneous
ones. It must be stressed that since the erosion/deposition term is null in this situation, the
bed level must keep invariable in time. This situation is only achieved when using the upwind
approach, since no oscillations in the surface level are observed. Figure 6 shows the sediment
concentration computed with every approach. Again, the sediment concentration is only
accurately captured with the upwind technique. With the pointwise approach since it is
decreasing, i.e. a deposition process is occurring, the bed level is erroneously increasing.

Test 3

Test case 3 is one step more in the complexity of the exact and numerical solution studied.
A steady flow stage, ¢ = hu =0.2 m?/s, with a variable bottom, including friction term and a
reaction term which incorporates both deposition and erosion process are considered. With
these assumptions the advection equation for the sediment concentration is written neglecting
the temporal term and moving the water discharge, ¢ = hu =, which is constant, to the right

side of the equation

- = ;(cb* —¢) (33)

The equilibrium concentration in (33), ¢., is obtained when linking the Grass equation,

(29), and the equation for the solid discharge, ¢s, (30) as in previous test

¢ = Ags (34)

For this particular case, the A, is supposed constant for all the domain and equal to 0.1.
Following the same procedure as in the previous test case, the bed variation along the x

coordinate can be written as

dr ~ dx

dz _dh (u2 ) L @/htgh?/2) A (ws¢ _ Ag“’”) —~ Sy (35)

- 1
gh gh 14+A¢ \ ¢q h3
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where S is the friction term, calculated in terms of the Manning-Strickler’s coefficient,

n = 0.00165sm /3. The sediment concentration is obtained after integrating (33)

ws(x — x9)

() = bs — (s — o) exp — .

(36)

and it is considered that the initial sediment concentration in the fluid layer is ¢g = 0.5.

Figure 7 displays the bed slope obtained from equation (35) and the resulting bed level.
A non uniform value for the bed slope along the z coordinate is generated due to the
relative density: regarding (35,36) the non-linearity of the bed slope is due to the sediment
concentration profile which evolves exponentially along the x coordinate.

Figure 8 shows numerical solution for the water level and the bed level using the upwind
and pointwise approaches. The upwind discretization achieves a linear water level whereas
the pointwise approach predicts oscillations in the computed solution. Same conclusions
arise when observing the bed level. Note that the bed level has been increased with respect
to the initial configuration considered: this implies that the overall sign of the reaction term
has been negative and the sedimentation process has been dominant. Figure 9 displays the
unit flow discharge and the sediment concentration along the domain. A steady stage is
reached when employing the upwinding technique. The sediment concentration evolution is
also presented and only a monotonic distribution of the concentration is obtained with the
upwind approach.

Test 4

The particularity of this test is the fact that a dominant phenomenon of erosion/deposition
is alternated within the domain. It is based on the same equations (35,36) and hypoth-
esis described in test case 3 (steady flow with ¢ = hu =0.2 m?/s, friction term with
n = 0.00165sm =3 and Grass law for sediment discharge with A, = 0.1 constant for all
the domain), except in the initial concentration considered, which in this case is equal to
¢o = 0.15. This means that the reaction term has not a uniform sign when the steady state

is reached, Figure 10. The resulting bed slope and bed level evolution, keeping present (35)
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and (36), are shown in Figure 11.

Figure 12 depicts the exact and numerical solution for the water level surface and the unit
discharge flow after 1200 s when using the pointwise approach and the upwind approach.
At first glance, similar and accurate results are provided. However, when analyzing the unit
flow discharge the pointwise approach is not able to guarantee an uniform flow. In Figure 13
the sediment concentration evolution, exact and numerical, and the error associated to each
approach is presented. The upwinding technique is the more accurate approach although

differences are not so significant as in the previous test cases.

4.2 Experimental 1D dam break over deformable bed

Experimental data are used to validate the models under realistic conditions. The hydro-
morphodynamic changes which take place during the dam break in a rectangular straight
channel are numerically reproduced in this section. These experiments were performed in a
flume designed at the Université Catholique de Louvain (Belgium) in the Civil Engineering
Department by Spinewine and Zech (2007). The flume had a length of 6 m, 3 m on both
sides of a central gate simulating an idealized dam. The channel width was set constant and
equal to 25 cm. The bed material was uniform coarse sand with the following properties:
particle sizes ranging from 1.2 to 2.4 mm, with dsy = 1.82 mm, density p, = 2683 kg m™3, a
friction angle ¢ = 30°, negligible cohesion, porosity p = 0.47. The Manning roughness factor
was estimated to be n = 0.0165 sm~/?. Upstream and downstream the gate different levels
of clean water, i.e., ¢g = 0, and sediment were imposed, Figure 14.

From Spinewine and Zech (2007) two experimental configurations have been chosen for
validating the numerical predictions. The first experiment is based on a dam break which
advances over dry bed. From a physical point of view it is expected to find peaks of sediment
concentration over the step and in the front of the wave. The ability of the numerical
scheme for avoiding numerical instabilities in that areas deserves to be tested. The second
configuration addressed is a dam break over a wet bottom. For this test case, it is important

to verify if the hydraulic jump, which is generated downstream the step, is well tracked
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despite of the sediment particles which are incorporated to the fluid layer and which modify
the resulting bulking density.

Numerical simulations have been performed considering a CFL = 1.0, the upwind tech-
nique for the discretization of the reaction term and a domain fully deformable. The closure
equation employed for computing the solid discharge is the Smart formula (Smart, 1984)
fixed by Juez et al. (2013). Equaling this empirical solid discharge with (30) it is obtained
the ¢, value for lumping it in (10). The upwind discretization has been chosen for the inte-
gration of the erosion/deposition term since from the previous numerical test cases has been

inferred that it provides the more accurate and reliable predictions.

Test A

The initial conditions of water and sediment were: upstream the gate h,, = 0.35 m and
zs = 0.1 m and downstream the gate h,=z,=0 m.

Figure 15 displays computed results and experimental data at several times for the sur-
face level and bed level. The flow develops leading to a left moving rarefaction wave ending
in a front wave dominated by friction and erosion. The numerical scheme is able to handle
accurately this kind of bed discontinuity, tracking the water level surface and redrawing cor-
rectly the bed level. Neither numerical oscillations nor negative water depth appears despite
of the presence of both rarefaction wave and advance front wave over wet/dry boundaries.
Considering that the numerical scheme is conservative, slight differences among measured
and computational data are expected to be produced by the lack of an infiltration parameter
in the numerical model.

Figure 16 displays the temporal and spatial evolution of the sediment concentration along
the domain. The maximum sediment concentration evolves with the advance wave as it is a
wet/dry situation. Moreover the computed solution shows a monotonic distribution without
numerical instabilities. It is also remarkable the fact that a second peak in the sediment

concentration appears at the bottom step, as in that zone the erosion/sedimentation process
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has a bigger influence than in the rest of the domain.

This experiment was already numerically reproduced by the authors in Juez et al. (2014)
assuming a constant value for the density. When comparing both results, the main differences
appear at the bed-step area and in the front zone of the dam break, where the sediment
concentration becomes more relevant, i.e., more than 1%. Computing and comparing the
absolute error percentage, i.e. the difference between the numerical and experimental, it
yields to obtain on average a 13% less error when assuming a variable horizontal density
within the equations.

Additionally, and in order to reinforce the importance of taking density variations into
account this experiment has been reproduced assuming that the initial water depth has
a sediment concentration equal to ¢y = 0.2. Figure 17 displays the surface and bed level
evolution: due to the presence of an initial amount of sediments in the bulk density the inertia
of the flow is larger when comparing with clean water and consequently it moves faster. On
the other hand, in Figure 18 the sediment concentration is plotted at several times. When
comparing with the clean water test case it can be observed how the peak erosion is smaller
since the erosion capacity of the flow is decreased by the amount of sediment that is yet

being transported.

Test B

The initial conditions of water and sediment were: upwards the gate h,, = 0.35 m and z
= 0.1 m and downwards the gate h,= 0.1 m and z,=0 m.

The water surface and bed level temporal evolution are plotted in Figure 19. A moving
rarefaction wave is propagated upstream the step and an hydraulic jump, located in the
step area, migrates downstream ending up with a right moving shock. Slight differences are
found among experimental data and computational results and they can be attributed to the
fast energy dissipation which is occurring in the hydraulic jump. In Figure 20 the sediment

concentration is displayed and the peak of the curve is located in the vicinity of bed step
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which is the place where the erosion process is dominant. It is worth notifying the fact that
in this case since there is a no wet /dry situation, the maximum sediment concentration value
is less than in the previous case.

Newly, a comparison in terms of absolute error percentage is performed bearing in mind
the results with constant density previously studied in Juez et al. (2014). For this test case,
the results displayed in this work provide a 9.5% less error. Thanks to the extra density
which is provided due to erosion, the hydrodynamic/morphological evolution of the test case

is described with a better level of accuracy.
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5 CONCLUSIONS

A 1D numerical scheme for shallow flows over mobile beds with variable horizontal density
has been detailed. It is written under the form of a finite volume method based on a Roe
type solver and using the splitting technique and the Reduced Godunov scheme. The explicit
scheme has shown to be robust and stable, always controlled by the CFL stability condition.

The numerical technique has been validated using exact and experimental test cases. In
the academic test cases it has been stated how the upwind approach provides physical and
accurate results whereas the pointwise discretization of the reaction terms leads to oscillatory
solutions where a steady state is not achieved.

In the experimental test cases the advance front celerity evolving over dry and wet bed
has been well captured along the dam break. The erosion-deposition rates are also well
tracked leading to accurate computed results against the laboratory data. With respect to
the temporal and spatial sediment concentration variation it is worth noticing that despite
not having experimental data of this feature during the experiment, the numerical solution
shows a monotone evolution, neglecting the presence of unphysical oscillations. In addition,
the peaks of concentration can be well understood, as they appear in the front of moving
wave in the dry case and over the favorable step in both tests. When considering an initial
high sediment concentration, the behavior of the dam break is faster in comparison with the
clean water test case. The bulking density plays an important role on the hydrodynamic
and morphodynamic patterns. Hence, the necessity for a numerical tool which incorporates

the relative density features is justified.
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s« APPENDIX I. NOTATION

525 The following symbols are used in this paper:
x spatial coordinate (m);
t time (s);
h water depth (m);
hu unit water discharge (m?/s);
u depth averaged velocity (m/s)
T relative density of the bulk mixture (-)
A relative density of the sediment (-)
¢ sediment concentration (-)
N equilibrium sediment concentration (-)
z bed level (m)
n Manning coefficient (sm=1/3);
- P sediment porosity (-)
P, pressure force (m?/s?)
p sediment density (kg/m?)
Pw water density (kg/m?)
g gravity acceleration (m/s?)
Ws settling velocity (m/s)
At timestep (s)
Az length between neighboring cells (m)
a mixture discharge crossing the edge of a cell (m?/s)
q unit water discharge (m?/s); and
Ay parameter of the Grass formulation (s?/m).
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FIG. 16. Test case A. Numerical results for sediment concentration in the dam break
test case A at times ¢t = 0.025, 0.050, 0.075, 0.100, 0.125 and 1.5 s

43 Juez, Jan. 27, 2015



0.4 " . 0.4 T .
z Numerical -+~ | z Numerical -+~
[ h+z Numerical --+-- [, h+z Numerical ——=--
03t 5 | 03 %,
Y EN
0.2 1 02 Ai
-T i 4'\-‘ A\A
fessdssssALLLdsbLLLLLALLALAS 4 4 b= 3 4
< 01 N < 01 M“M“‘““ﬁ_‘m%
i A i,
0r e ot 5
0.1 L L L L L 0.1 L L L L L
-1 0 1 2 3 -1 0 1 2 3
x(m) x(m)
0.4 — ‘ 0.4 — ;
z Numerical -+~ z Numerical -~
5, h+z Numerical ——=-- *““AA%AA% h+z Numerical --»--
03t s, 1 031 ]
A&A&AAAA AAAAA&““AAAAA
R *,
g 0.2 | 1 g 0.2+ Q ]
A
¥ 4 ¥
< 01F MA‘A L\A&% ) |
0t Mt A
0.1 L L L L L -0.1 L L L L L
-1 0 1 2 3 -1 0 1 2 3
x(m) x(m)
0.4 — ‘ 0.4 — ;
z Numerical -+~ z Numerical -+~
\ h+z Numerical --=-- h+z Numerical --=--
E G ]
N N
pa +
o 4 N 4
0.1 L L L L L 0.1 L L L L L
-1 0 1 2 3 -1 0 1 2 3
x(m) x(m)

FIG. 17. Test case A. Numerical results assuming ¢, = 0.2 for the dam break test case

A at times ¢t = 0.025, 0.050, 0.075, 0.100, 0.125 and 1.5 s, for the computed water
level surface and bed level
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FIG. 18. Test case A. Numerical results assuming ¢, = 0.2 for sediment concentration
in the dam break test case A at times ¢t = 0.025, 0.050, 0.075, 0.100, 0.125 and 1.5 s
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FIG. 19. Test case B. Numerical results and experimental data for the dam break test
case B at times ¢ = 0.25, 0.50, 0.75, 1.00, 1.25 and 1.5 s for measured water level

surface, measured bed level surface, computed water level surface and computed bed
level surface
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FIG. 20. Test case B. Numerical results for sediment concentration in the dam break
test case B at times ¢t = 0.25, 0.50, 0.75, 1.00, 1.25 and 1.5 s
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