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Abstract

Recent advances in free surface flows over mobile bed have shown that accu-
rate and stable results in realistic problems can be provided if an appropriate
coupling between the shallow water equations (SWE) and the Exner equa-
tion is performed. This coupling can be done if using a suitable Jacobian
matrix. As a result, faithful numerical predictions are available for a wide
range of flow conditions and empirical bed load discharge formulations, al-
lowing to investigate the best option in each case study, which is mandatory
in these type of environmental problems. When coupling the equations, the
SWE are considered but including an extra conservation law for the sedi-
ment dynamics. In this way the computational cost may become unfordable
in situations where the application of the SWE over rigid bed can be used
involving large time and space scales without giving up to the adequate level
of mesh refinement. Therefore, for restoring the numerical efficiency, the cou-
pling technique is simplified, not decreasing the number of waves involved in
the Riemann Problem but simplifying their definitions. The effects of the
approximations made are tested against experimental data which include
transient problems over erodible bed. The simplified model is formulated
under a general framework able to insert any desirable discharge solid load
formula.
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1. Introduction

The study of sediment transport is focused on the crossed relation between
the moving water and the sediment materials. Despite having been analyzed
since the 1950s and being widely employed in real-life engineering [1, 2|, the
develop of sediment transport modeling remains at present a relevant issue
within the framework of the environmental modeling.

It is generally accepted that two of the fundamental concerns in modern
sediment hydraulic engineering practice is the need for accurate and, in the
same level of importance, efficient schemes for computing the shallow water
equations together with the movement of sediment particles. The numerical
strategy proposed must mimic the principal phenomenae observed in the flow
field and in the movable bed.

In the search for capturing this physically significant processes Hudson
et al., [3, 4] studied the influence of steady and unsteady approaches in
the mathematical model when computing free surface flows considering a
bed-load transport. It was commanded to consider the unsteady system
contrary to what was assumed in earlier works [5, 6]. Ignoring unsteady
hydrodynamical effects means that the time scales of the morphodynamics
changes are smaller in comparison with the morphodynamic ones and only
nearly steady process where the bed changes are generated in a slow way
could be computed.

Focusing on the numerical techniques employed for obtaining the solution,
a classification between asynchronous and synchronous strategies can be es-
tablished [7]. Asynchronous procedures imply that the changes in the bed
level are not of enough importance for affecting the hydrodynamic equations
during a computational time step. This way, the continuity and momen-
tum equations for the fluid phase are decoupled of the sediment continuity
equation. They are also known as uncoupled models. On the other hand,
numerical methods which solve at the same time step the hydrodynamic
and morphodynamic equations are called synchronous and also, coupled. De
Vriend [5] justified that asynchronous/uncoupled techniques were only valid
for a limited range of hydrodynamic regimes governed by low Froude numbers
and weak interactions between the flow and bed dynamics. For this reason,
other authors, [8, 9, 10, 11, 12], have studied synchronous/coupled proce-
dures, able to handle a wider range of hydrodynamic and morphodynamic
situations. In some of those previous works, despite considering an extra
equation for computing the sediment dynamics no additional conditions to
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the classical Courant-Friedrichs-Lewy (CFL) were provided for controlling
the numerical stability. In particular, the lack of knowledge of an automatic
numerical stability condition in [13] has driven to calibrate, by trial and error
a CFL condition for obtaining a stable solution to each particular case.

In order to overcome the challenge when building a self-stable numerical
scheme, several strategies have been proposed in order to derive the eigen-
values, which are responsible of the numerical stability. Ones are based on
the development of the exact [14, 15, 16] or approximate form [17] of the
eigenvalues of the coupled Jacobian matrix derived through the mathemat-
ical model. Other strategies are based in the numerical treatment of the
whole set of equations [3, 4]. This work is focused on this last idea. In
3, 4] thanks to the Riemann theory and using a Roe’s approximate Jaco-
bian matrix of the whole system of equations was developed. Hence, the
hydrodynamic and morphodynamic equations were not only solved at the
same time step but also the wave celerities, which participate in the stability
condition, incorporated information from both phases: water and sediment.
The term coupled-Jacobian will be used for that model from now on. The
main drawback of this Jacobian matrix was a strong dependence on the bed
reference level. Additionally, this Jacobian matrix included the definition of
the sediment transport formula through the Grass law, [18]. This formula
is based in a power law of the velocity, which is nicely differentiable, and
in a global calibration parameter, which is unique for all the computational
domain and must be tuned in each particular problem.

Following with the Jacobian-coupled strategy, other schemes have been
proposed and extended to 2D triangular meshes more recently. In [19] the
identification of the approximate Jacobian matrix was achieved by means
of the distribution theory [20]. However, this numerical technique needs to
select families of paths that cannot be generalized. In [21] a first order HLLC
scheme was proposed and a novel wave-speed estimator was provided for the
Exner equation. The results were affected by numerical diffusion and a fine
mesh was required by obtaining accurate results. The work in [22] described
a Roe solver for a two-phase problem where the attention was devoted to the
non-linear relations between primitive and conserved variables. Only the 1D
approach of the problem was studied. In [23] and [24] high order and second
order numerical techniques, respectively, were applied over fixed and mobile
beds. However, the computational cost of such schemes was not addressed.

In [25] a novel coupled-Jacobian model was proposed and the Jacobian
matrix was built with independence of the bed level reference. Regarding the

3
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calibration coefficient of Grass law, the uniqueness of this parameter in all the
problem was avoided, [25, 26], by writing the law in terms of a wide number
of bed-load sediment transport formulae. Although the numerical scheme of
[25] was tested and verified in [26] against several experimental cases, leading
to accurate and robust solutions, its applicability to a real situation, where
the domain contains kilometers of river and several types of sediment, is in
somehow limited by the computational cost, which is prohibitively expensive.
The computational time is highly penalized by the number of algebraic oper-
ations need for computing the eigenvectors and eigenvalues of the augmented
Jacobian matrix. In order to overcome this huge numerical effort in [27] a
partially coupled model was proposed, although the quality of the results
were compromised by the poor sediment transport law employed. Further-
more, no clear evidence of the effect of the bed wave speed in the time step
restriction was provided.

Following the previous effort made by the authors, mentioned above, the
main concern of this work is focused on studying a weakly-coupled way of
modeling the hydrodynamic and morphodynamic 2D equations, leading to
obtain a stable, generalizable and efficient numerical scheme able to run on
unstructured triangular meshes. The bed-load formula employed for com-
puting the solid discharge is the Smart-CFBS, which in [26] obtained the
best agreement against experimental data and under a wide range of hydro-
dynamic and morphodynamic situations. The work is outlined as follows:
Section 2 describes the mathematical model while in Section 3 the numerical
strategy is explained. Section 4 shows the numerical results obtained, vali-
dated against 1D and 2D experimental test cases. In Section 5 conclusions
arising from the work are pointed out.

2. Mathematical model

The relevant formulation of the model is based on the conservation laws
applied over an infinitesimal part of the domain and evaluated on the fluid
layer and to the sediment layer. The resulting system of equations is written
here by means of the depth averaged shallow water equations and by the
Exner equation.

2.1. Hydrodynamic model

Whether the diffusion of momentum term associated to viscosity and
turbulence is omitted as well ass the Coriolis and wind effects, then the two-

4
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dimensional SWE can be expressed as in [28]:

U  OF(U) 9G(U)

— =S (U 1

where
U=(h, g q,)" (2)
are the conserved variables with h being the water depth, ¢, = hu and

¢y = hv, with (u,v) the depth averaged components of the velocity vector u
along the (z,y) coordinates respectively. The advection terms of the above
variables are expressed as:

q 1 Gty Gay @1 L\
P (o Poagont B2) G (0 B at)

where ¢ is the gravity vector. The source terms of (1) are written as

T
g — <07 Pow _ Tow Poy _ M) (4)
Po  Pu Pu Pu

which express the z-component and y-component of: i) the term associated to
the pressure force p; , and py, being p,, the water density, that in differential
form are expressed as a function of the bed slope, S,

Dbz _ _ 0z
fo — 9MS0s Soq =y, (5)
p_j = ghS,w So,y = oy

and ii) the bed shear-stress, 7,, and 7,,, that in this work is computed
through the well-known Manning-Strickler’s coefficient n,
© 2 a2 02
22 =ghSpe Spe ="

Wt (6)
7;,_1,5, =ghSyy Spy =" Uh4u/3+v

System (1) depends on time, is not a linear problem and additionally
is non-homogeneous due to the presence of source-terms. The pure shallow
water model is hyperbolic since the eigenvalues of its Jacobian matrices are al-
ways real. The presence of the source-terms leads to a non-strictly hyperbolic
system. However, it is assumed that under the hypothesis of dominant ad-
vection it can be classified and numerically treated as an hyperbolic systems.
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Hence, from system (1) is possible to define a Jacobian matrix, J, based on
the flux normal to a direction given by the unit vector, n, E,, = Fn, + Gn,,
defined as

OE, OF oG

Jn = = —ng + — 7
ou Ut au™ (7)
whose components are
0 Ny Ny
J,=1| (g:h—u*)ny, —uvn, wn, +2un, uny, (8)
(g:h — v*)n, — uon, VN un, + 2vn,

The eigenvalues of this Jacobian matrix (A = un — ¢, A = un and
A3 = un + ¢, with ¢ = y/gh) constitute the wave speeds in the linearized
problem and provide information about directions in which the information
travels.

2.2. Morphodynamic model

Sediment dynamics are assumed to be well modeled through the Exner
equation [29] where sediment continuity is achieved imposing that the flux
of solid transport crossing through the boundaries of the mentioned volume
is the responsible of the temporal bed evolution. The Exner equation has a
limit of applicability because it is based on severe assumption regarding the
concentration of sediments as it was justified earlier in [30] and more recently
in [31]. This point has to be retained in mind for practical simulation in order
to address suitable environmental situations. Nevertheless, it is assumed that
for the problems studied in this work is perfectly valid. Moreover, we are
focused on the bed load transport and therefore the suspended transport is
neglected driving to obtain the following expression,

% + 5% + %
ot ox oy
where z represents the bed level, ¢ = l%p, p takes into account the mate-
rial porosity, ¢s, and g, are the terms which compute the solid transport
discharge in both directions, (z, y).
The formulation of the bed load discharge, ¢,, assumes an instantaneous
adaptation of the flow transport capacity to the hydrodynamic conditions,
and following [25], is based on Grass law [18],

§ =0 (9)
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Gsw = Agu (u2 + 1;2) Qsy = Agv (u2 + 212) (10)

where the constant A, can be written by means of several empirical formulae
as in [25, 26].

Despite of the fact that the Exner equation is not actually hyperbolic, it
is possible to write a wave speed estimation associated to the sediment flux
as follows

Isn
Ny = €7 (11)
This wave speed is not related to the speed of waves having significant
impact on the bed evolution in the linear analysis of the coupled-Jacobian
problem [17], but instead it represents a numerical celerity to be taken into
account for the stability of the uncoupled numerical solver, [12], and for the
basis of the upwind strategy that is explained in the following sections.

3. Numerical model

3.1. Finite Volume Model
Initially system (1) and equation (9) are integrated in a grid cell €;

%Lum+éﬁmmzé&m (12)

0
a/deQJr/ﬂé(ﬁk)dQ=0 (13)

Using Gauss theorem (12) and (13) are written as

-Q/Um+f mm:/sm (14)
ot Jq, o9, Q

9 / 20+ ¢ qundl = 0 (15)
ot Ja, 09

where vector n is outward to the cell €2;, as displayed in Figure 1. The second
integral in (14) and (15) can be explicitly expressed as a sum over the cell
edges,
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Figure 1: Cell parameters

a NE
at/QiUd +;/ Kl /QSd (16)

a NE
. Q sn = 1
o Qizd +’;§/q Ll =0 (17)

w2 with ng = (ng, n,) the outward unit vector normal to the cell edge k, di} is
173 oriented with the edge and N E takes into account the number of walls which
s belongs to each cell 7, as shown in Figure 1.

175 Considering a spatial discretization of first order, (16) and (17) become
9 NE
o /Q | UdQ + ;Enklk = /Q SdS; (18)
P NE
o J,, 0+ ; Esnile = 0 (19)

e Also, the volume integrals of the source terms are expressed in terms of
177 appropriate contour integrals since it is required to project the source terms
7s on the normal direction of each cell edge,

NE
/ SdQ; ~ ) / [Skdaxt] I, (20)
qu k=1 $,
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being 2’ the coordinate normal to cell edge k, as shown in Figure 2. Then,
the initial system of equations in (1) is transformed in

a NE
—/ UdQ + ) (En —/ Skdaz’) L =0 (21)
at Qi 1 2! k

System (21) and equation (19) will be solved using approximate linear
solutions of initial value problems according to the Godunov method, where
U?” represent the averaged value of the solution U(z,y,t) for each cell at
time ¢"

1
Ul = —/ U(z,y,t")d (22)
A Ja,

being A; the cell area. In this way, a uniform representation of the computed
variables is considered within each cell.

The development of the numerical strategy in the Godunov method is
complemented by the building of an approximate solver of the Riemann prob-
lem, hereafter RP, governed by the fluxes at each side of each edge, E; and
E; for the hydrodynamic model and qs;,qs; for the morphodynamic model.

For the sake of brevity the detailed description of the two-dimensional
hydrodynamic numerical scheme is omitted, since it can be found in [32, 33].
Nevertheless, the numerical method employed for computing the morphody-
namic part is deeply explained in the following subsections.

3.2. Approzximate Riemann Solution for the Morphodynamic model
A local 1D RP is obtained projecting the sediment fluxes onto the normal
direction ny of each k edge of each cell

0 | Dltn) _
ot ox'
Using the integral form of (23) the weak solutions associated to the RP
are obtained. For this purpose an adequate control volume, Figure 3, is
integrated over the following space interval [—Ax’, Ax’], being 2’ sufficiently
large and the time interval [0, At].

(23)

+Ax’
/ z(a',t = At) da’ = A’ (z; + zj) — £0Qsn At (24)
—Ax!

Again, the piecewise representation of the variables is hypothesized and
the first order Godunov method is used for updating the averaged quantities.

9
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Figure 2: Riemann problem in 2D along the normal direction to a cell side

3.2.1. Consistency condition for the Morphodynamic Model

Following the philosophy employed for the hydrodynamic model in [32]
a Roe approach is going to be used, i.e., the exact solution of a locally
linearized problem defined by an approximate solution Z(x,t) provides the
solution associated to each RP. This constant linear problem is based on the
definition of an approximate wave speed of the non-linear sediment flux, qgp.
This following equivalent equation is written

0z ~ 0z

— + Aonik—=— =0 25
ot P o (25)
with the following initial conditions
s Joaoif 2 <0
o ={ 2 NS (20

The approximate derived solution has to guarantee the Consistency Con-
dition [34], forcing the fact that the integral of the exact solution (23) and
the integral of the locally linearized solution, (25) to be the same. Thanks
to this constraint it is derived the following expression for the wave speed
which updates the bed level,

10
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5(£qsn,k>

0z
with dz = z; — 2z; and 0Qsnk = Qsn,j; — Qsn,i- Regarding equation (10) it is
necessary to compute the Grass coefficient for defining the bed load discharge
in each cell. Following [25] as the coefficient A, is not a constant but varies
from cell to cell, at every edge k a local A, value is defined as an arithmetic
mean between neighboring cells. Consequently, the term dqgn ; is written as
5qsn,k = Ag7k5unk.

Additionally, when applying numerical modeling techniques under a flat
bottom situation, the bed level difference is null and consequently the bed
wave speed is not defined. In order to overcome this difficulty the com-
putation of the friction slope, Sy [32], is proposed. The friction slope
is commonly used in a high number of sediment transport empirical laws,
135, 36, 37, 38], as these formulae were derived from 1D steady solid trans-
port experiments. Additionally, its employment is coherent with the fact
that transport process implies a loss of energy through the interrelationship
of the flow and the particles of sediment [36, 39]

It must be stressed that the linearization of Apy  in cases of almost flat
bottom can lead to unphysical huge values of the bed wave speed. This is

Xonk = (27)

11
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avoided by imposing a lower threshold for the bed level difference between
cells: up to grain size, dg, the approximation of the friction slope will be
considered. This limitation ensures coherent values in the estimation of the
bed wave speed, and wave celerity in (27) is approximated by

Y féqsnk
— 5%Gn, 2
Abn, k 5. (28)
with
C [ 6 if 84 >d,
02 _{ —Sspd, if 62 <dq (29)

being d,, the normal distance between cell centers, [32].

5.2.2. 2D first order finite volume for the Morphodynamic Model

The evaluation of the wave speed, Apn x as in (28), brings the opportunity
of splitting the sediment flux difference dqgy x in right-going and left-going
wave propagations. Consequently the Godunov first order method is defined
as

5qsn,k = 5(15n;7rk + 5(lsn;,1€ (30)
with

0Csn 1), = Xﬁn,kazk 0Cfsnj = Xl:n,k(szk (31)
and :\Vﬁmk = %(:\vbn,k + \’)\vbmk|). Therefore,

NE

At At
At = Zéqsnlk ‘ Zaqsnhk : (32)

where the second term of the right side in (32) evaluates the flux in the
cell edge and the third term completes the updating formula to consider the
spatial variation of A,, as it was justified in [25].

Another possibility for defining the Godunov first order method is through
a flux scheme, considering outcoming and incoming fluxes through the edges
of the cell. Hence the bed level is updated as

At [
n+1 Z qun k— 4 i (33>

12
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where

* sn,i lf X nk > O
qsn,k = d ' . ’Vb i (34)
Qsn,j if )\bn,k <0

being qsn,; and qsn ; the bed load discharge computed in the cell ¢ and in the
cell 7.

Although both numerical schemes (32) and (33) are completely equiva-
lent, it must be stressed that the flux version is computationally more ef-
ficient, as minor algebraic operations are need. Additionally, with the flux
form of the numerical scheme in (33), ghost cells must be considered in the
boundary cells for completing the information required over the entire cell,
[34]. The application of ghost cells almost does not penalize the computa-
tional effort. In this fashion, since the computational cost when using the
flux scheme in (33) is less, this alternative has been chosen for obtaining the
results displayed in the next sections.

3.3. Stability region

Updated values of U™ and 2"*! are defined after averaging the cell
contributions of the local RPs, and in consequence the time step At has
to be taken small enough so that there is no interaction of waves from the
k neighboring RPs. In the 2D framework, considering unstructured meshes,
the relevant distance, that will be referred to as y; in each cell ¢ must consider
the volume of the cell and the length of the shared k edges, [32]

A;

maxg—1 NE L

Considering that each k£ RP is used to deliver information to a pair of
neighboring cells of different size, the distance min(A4;, A;)/lj is relevant, so
in case that the water depth is greater than zero in all the regions of the RP
solution the time step is limited by

A< CFL AP Af = B0 X) (36)
max |A™|
with CFL=1 in case of 1D meshes, CFL=1/2 in case of 2D structured or

unstructured meshes, [40] and being A™ the water wave speeds.
When the advection structure of the problem is all contained in the system
matrices, i.e. coupled-Jacobian approach [25, 19, 24], the linearised wave

13
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speeds provided by the matrices eigenvalues allow to define a suitable CFL
condition, retaining the sediment transport part of the system. However,
when using uncoupled/asynchronous [5] or coupled/synchronous models |8,
9, 10, 11], it has been considered traditionally that since the wave speeds
associated to water surface and bed level present different magnitudes, not
straightforward limitation has to be considered in the stability condition.
Nevertheless, this is no longer admissible when the celerities are in the same
order of magnitude. Therefore, an extra limitation linked to the bed wave
speed is need

At < CFL A AP = W (37)
m7 b

4. Results

This section gathers the validation tests that allow to show the assess-
ment of the numerical schemes described in the previous sections. Numerical
results have been compared with exact and experimental data considering 1D
and 2D situations. The bed-load discharge law employed for computing the
bed evolution, except in the exact solution test, is the Smart CFBS, which
was introduced in [26]. Furthermore, in all the simulations a conservative
mechanism of slope sliding failure has been considered [25] which allows to
check simultaneously the bed slope and the angle of repose of saturated bed
material.

4.1. Fxact solution

Following [25], the first step in order to validate the numerical scheme
is to test the computed solutions against exact solutions A, B and C which
are summarized in Table 1. The exact solution has been built through the
Riemann problems for the movable bed equations. Frictionless situations are
considered and the porosity of the material is considered p = 0.4. The exact
solutions were built by nesting several waves, departing from a left state until
reaching to define the right state. The CFL condition is equal to 1.0, the
mesh size is © = 0.1m and the simulation is computed up to t = 2s. It is
worth remarking that the slope sliding failure mechanism is not considered in
these tests, since it could have a positive impact on the method stabilization
and our wish is to verify the self-stable nature of the weakly-coupled strategy

14
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Test hL hR uy, UR Vg, VR 2L, ZR

A 20 20 0.25 2.3247449 0.05 0.04 3.0 2.846848
B 2.25 1.18868612 0.20 2.4321238 0.045 0.02 5.0 5.124685
C 6.0 5.2 0.3 15167196 0.015 0.04 3.0 4.631165

Table 1: Summary of dam break test cases with exact solution

proposed in this work. The value of the parameter A, for the Grass law is
considered as

Ago
s (39)

being A,, = 0.01 in all cases, r = 0 in test cases A and B, and r = 1 in test
case C.

In order to compare the accuracy of the weakly-coupled model (WCM)
proposed in this work, the results obtained with the coupled-Jacobian tech-
nique used in [25] (CJM) are also plotted.

Test A: the solution proposed in this test case is based on two outcoming
rarefaction-waves and a central shock together with a contact wave evolving
downstream, Figure 4. The numerical solution is able to capture the general
trend of the flow behavior, without arising numerical problems at the step
area. The unit sediment discharge in both directions is also displayed.

TestB: the second solution analyzed is built through two-rarefaction
waves, a contact wave and a shock, Figure 5. The computed results are able
to depict the moving waves in all the wet domain with an adequate level of
accuracy.

TestC: this solution is constituted by two rarefaction waves, a contact
wave and a rarefaction, Figure 6. Despite of being the A, variable, the
resulting computed results follows closely the exact ones.

Ay =

15
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Figure 4: Exact and computed solution for Test A
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Figure 5: Exact and computed solution for Test B
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4.2. 1D Dam break tests case

These experiments were performed in a channel built at the UCL Civil
Engineering Department [41]. The channel had 6 m length, and in the middle
a central gate was operated for simulating a dam break. The sand employed
for the bed of the channel was coarse uniform sand with dsy = 1.82 mm,
and the following characteristics: density p, = 2683 kg m~3, a friction angle
© = 30°, porosity p = 0.47 and Manning’s coefficient equal to n = 0.0165
sm~ /3,

Table 2 summarizes the set of experiments selected in this work. The
regions upwards and downwards the central gate were filled with different
water and sand depths. Test A allows to test the numerical assessment in a
situation where morphological changes are produced in presence of dry bed
and a flat bottom. Test B allows checking the numerical assessment against
the different type of waves that may arise in a dam break case over wet bed.
Numerical simulations have been performed using Az = 0.01 m and CFL =
1.0. No outlet condition is considered downward the channel.

Test hyp, hgr ZL ZR
A 0.35 0.00 0.00 0.00
B 0.25 0.10 0.10 0.00

Table 2: Initial conditions of the test cases

4.2.1. Test A

Test A is a dam break over dry bed with an initially plane bed level.
The flow evolves in time generating a left rarefaction wave upstream the
gate ending in a flooding front dominated by friction. The experimental
results are close to those obtained for dam break cases over dry and fixed
bed [42]. Figure 7 displays numerical results and experimental data, for times
ranging from 0 to 1.5 seconds. The front wave is numerically well reproduced
temporally and spatially and the production of a little scour is also provided
by the computed results.

As the numerical stability is one of the concerns of this work, the time
step associated to the hydrodynamic and morphodynamic terms is plotted in
Figure 8. Harder restriction is required by the bed movement, which justifies
the inclusion of the bed wave speed in the stability condition as it has been
proposed in section 3.3.
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Figure 7: Numerical results and experimental data for the dam break test case A at times
t =0.25, 0.50, 0.75, 1.0, 1.25 and 1.5 s, using a variable value of A; computed using Smart
CFBS: measured water level surface (— e —), measured bed level surface (—o—), computed
water level surface (—A—), measured bed level surface (—A—)
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Figure 9: Numerical results and experimental data for the dam break test case A at times
t = 1.0 and 1.5 s, when CFL limitation related to the bed speed is removed

Whether the CFL limitation related to the bed speed is removed the
scheme becomes unstable as it is displayed in Figure 9 at times ¢ = 1.0 and
1.5 s.

4.2.2. Test B

Test B represents the case of a bed step with a level of water downwards
the gate. The flows evolves in time leading to a left moving rarefaction
wave upstream the gate, followed by a steady hydraulic jump downstream
the gate and finishing with a shock wave which evolves to the right side.
Figure 10 gathers computed and experimental data for the free surface and
bed level at different times, where it can be observed how the shock celerity

20



370

371

372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

is well captured by the numerical schemes. Small differences produced in the
shock wave are attributable to fast transient energy variations associated to
the existence of a hydraulic jump and also to the density variations of the
vertical column associated to sediment concentration.

Figure 11 shows newly that the time step associated to bed wave celerity
is governing the stability condition since the bed changes observed in the
bottom configuration are of utmost importance.

Additionally, in Figure 12 is plotted the water level surface and the bed
evolution at times ¢ = 1.0 and 1.5 s when the CFL restriction associated
to the bed wave celerity is removed. As it is expected, the scheme becomes
unstable since it is not able to handle with the bed changes.

4.3. 1D Knickpoint test case

Morphological changes due to the transition between two planes with dif-
ferent slope (knickpoint) were measured in [43]. Thanks to this experiment
is possible to compare the capacity of the numerical schemes to handle with
a sudden flow transition from subcritical regime over a mild slope to super-
critical regime over a steep slope. A sketch of the experiment, with the initial
conditions of bed slope, is shown in Figure 13. The knickpoint is defined as
the point of abrupt change in the longitudinal bottom profile of the channel.

This experiment was carried out using a coarse and uniform size sand
with the following properties p, = 2680kgm =3, dso = 1.65mm, ¢ = 30°,
negligible cohesion, porosity p = 0.42 and a Manning’s coeffcient, n = 0.0165
sm~'/3, Initial conditions employed are: upstream, water level surface (0.028
m) and discharge (9.8 1/s); downstream, a known water surface level at the
end of the flume (0.11 m). The domain, 7.4 meters long, is divided using Ax
= 0.05 m. In all simulations CFL = 1.

Bed level variation in the longitudinal profile was recorded in time and is
compared with the predictions supplied by the numerical schemes in Figure
14. The computed solution describes a good trend when comparing with the
experimental solution. The erosion located in the knickpoint is predicted at
the same rate as the experiment and the final bottom is also well achieved.

Since in this experimental case an important change in the bottom mor-
phology takes place, Figure 15 shows the more restrictive time step associated
to the wave speeds of water and bed in time simulation. Bed time step im-
poses a harder restriction than the fluid flow and for this reason has to be
considered in (36) for preserving the numerical stability of the numerical
scheme.
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Figure 10: Numerical results and experimental data for the dam break test case B at
times ¢ = 0.25, 0.50, 0.75, 1.0, 1.25 and 1.5 s, using a variable value of A, computed using
Smart CFBS: measured water level surface (— e —), measured bed level surface (— o —),
computed water level surface (—A—), measured bed level surface (—A—)
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Figure 11: Time step evolution in test case B for the water waves speed as in (36), (—e —),
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Figure 12: Numerical results and experimental data for the dam break test case B at times
t = 1.0 and 1.5 s, when CFL limitation related to the bed speed is removed
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variable value of A, computed using Smart CFBS
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4.4. 2D Numerical modeling of dam failure

Another important problem related to erosion process is the dam failure
by overtopping. This feature was studied by Tingsanchali et al. in [44]. In
this problem the inclusion of the slope failure model is quite relevant. The
laboratory setup employed during the experiment is displayed in Figure 16.
In the present work the laboratory data from case B1 is employed for validat-
ing the computational predictions. It must be stressed that being the flow
mostly one-dimensional, it is important to check the numerical performance
of the solution in a 2D mesh to ensure that it is not governed by the mesh
topology. This case is of great interest, as it allows a direct comparison in a
wide variety of flow conditions.

Following prior work developed in [26] the 2D numerical simulation has
been performed using a coarse unstructured triangular mesh, with a maxi-
mum cell size of 0.01m?. The mesh together with the initial water depth is
displayed in Figure 17. CFL is imposed equal to 0.5. Free boundary con-
dition is considered at the outflow section. Figure 18 displays the bed level
evolution when using Smart CFBS formulation. At the crest of the dike
strong erosion occurred because of the strong initial discontinuity of water
depth and the severe slope downwards the gate. The granular material of the
dike is completely mobilized rapidly in time and it is grabbed downstream
the dam by the flow.

Figure 19(a) shows the bed and water surface calculated after 120 s when
using Smart CFBS formulation. As the bed level was temporally measured
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built with Smart CFBS and at times ¢ = 0, 30, 80 and 120 s

at three points SA, SB and SC, placed downwards the dam, the compari-
son between experimental data and computed results are displayed in Figure
19(b). Numerical results are able to handle the strong morphodynamics
changes which take place without displaying numerical oscillations and ad-
ditionally, well tracking the experimental data. On the other hand, the ex-
perimental and computed water reservoir surface level is displayed in Figure
19(c). Figure 19(d) depicts the overtopping discharge obtained numerically
and experimentally. Both measurements provide high quality and useful in-
formation about this type of phenomena. Numerical schemes allows to obtain
a good detail of forecasting capacity for the bed and water level evolution
together with an efficient computational cost.
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For this test case, the time step evolution associated to each wave speed
is also studied, Figure 20. Initially, heavier restrictions are required by the
water flow, as the overtopping event has not provoked yet the dike failure.
However, as time advances and the geomorphic changes become more severe,
time step restrictions come from the bed celerity. At the end of time simula-
tion, where most of the sediment particle movement has occurred, the time
step is newly governed by flow characteristics. In view of these results, it is
proved the efficiency of the solver, as only when important bed changes exist
the classical time step of water flow is decreased.

Additionally to the study of the time step evolution this test case has
been chosen also for comparing the computational time cost with respect to
the coupled-Jacobian technique used in [25] (CJM) and the weakly-coupled
model (WCM) proposed in this work. For this purpose three meshes with
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Figure 20: Time step evolution for the water waves speed, as in (36), (— e —), and for the
bed wave speed, as in (37), (— o —) during time simulation

increasing number of elements are considered. In Table 3 are displayed the
ratio between the computational cost when employing [25] and when consid-
ering the procedure explained in this work. Results plotted above belongs
to the second mesh. Noticeable computational efficiency is achieved, being
more important as the level of mesh refinement is increased. The computa-
tional cost time with the CJM is penalized by the high number of algebraic
operations need for computing the eigenvalues and eigenvectors. In order to
support this fact and employing the second mesh, the time step evolution,
associated to the CJM and to WCM is displayed in Figure 21. Despite of
presenting a bigger time step on average when using the CJM, the computa-
tional cost is higher.

N. of elements  Ratio of computational cost time = CJM/WCM

2000 8.46
4100 10.15
8300 13.72

Table 3: Summary of ratios of computational cost time when using the JCM technique
and the WCM technique

Together with the computational cost time, the RMSE (Root median
square error) for the three stations SA, SB and SC obtained when using
the coupled-Jacobian model from [25] (CJM) and the weakly-coupled model
(WCM) proposed in this work, is displayed in Table 4. The weakly-coupled
model provides computational results close to the experimental ones whilst
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Figure 21: Time step evolution following the CJM technique in [25], (— o —), and the
WCM technique explained in this work, (— e —) during time simulation

the computational time is decreased.

N. of elements RMSE(m) SA RMSE(m) SB RMSE(m) SC
CJM WCM CJM WCM CJM wWCM
2000 0.065 0.039 0.042 0.034 0.058 0.037
4100 0.043 0.021 0.028 0.019 0.038 0.023
8300 0.028 0.014 0.019 0.012 0.025 0.015

Table 4: Summary of the RMSE associated to each station when using the JCM technique
and the WCM technique

4.5. 2D Dam break with an abrupt expansion

This experiment was numerically reproduced in [26] with a coupled model.
It consist of a dam break over a dry and erodible bed experiment. It was
performed at the laboratory of the Civil and Environmental Engineering
Department of the UCL [45, 46]. The laboratory set up employed in the
experiment is shown in Figure 22. The sediment was uniform sand with the
following properties: median diameter dsg = 1.65 mm, density ps = 2630
kg m™3, friction angle ¢ = 15°, negligible cohesion, porosity p = 0.42 and
Manning’s factor equal to n = 0.0185 sm~ /2. During the development of the
experiment the water fluctuation was measured at different points as well as
the final bed surface at several cross sections, Figure 23 and Tables 5, 6. An
unstructured mesh is considered and CFL condition is imposed equal to 0.5.

This experimental case represents a complete challenge as it gathers sev-
eral highlighted situations which can occur in the real engineering life: an

30



485

486

487

488

489

0.25 m

0.1 m

Ga:'te

0.5 m

0.25 m

3m 1m 2m

Figure 22: Sketch of the experimental flume: side view (upper) and plan view (lower)

S1 S3 S5

@ © O

® ©®© & ©

S2 54

Figure 23: Plan view of the experimental flume. Locations of the probes (left) and the
cross sections (right)

Probe  Xcoordinate(m) Y coordinate(m)

U1l 3.75 0.125
U2 4.20 0.125
U3 4.20 0.375
U4 4.45 0.125
U5 4.45 0.375
U6 4.95 0.125
u7 4.95 0.375

Table 5: Position of the probes

area where the flow is genuinely one-dimensional, an abrupt expansion which
provokes the change to a two-dimensional flow, important velocity gradients
which create a recirculating area, moving shocks close to the wall zone and
moreover a severe local erosion together with a noticeable sediment deposi-
tion area. It constitutes the perfect benchmark for checking the assessment
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Section  Xcoordinate(m)

S1 4.10
S2 4.20
S3 4.30
S4 4.40
S5 4.50

Table 6: Position of the sections

of the numerical schemes against sudden and strong changes in the flow and
the bed. Due to these characteristics other authors have also studied recently
this test case [21, 11, 24].

This experimental test is very sensitive to bed deformation since the flow
evolves over an initially dry bed: sediment particles start to bounce as soon
as the water reaches their position. As it was observed in the work of [45,
46] once the water overtakes the corner of the channel the flow expands,
causing the water depth to decrease and the bed level suffers a dramatic
local erosion. Close to the wall area the flow tends to slow down and the
material grabbed upstream is settled. In this zone of the channel the loss
of energy is so strong that a bed sharp surface emerges. Downstream, the
sediment grains are pushed outward the domain and eventually intersects
driving to settling zones. At the last time, the drainage of water leads to
soften the bed surface although the minimum and maximum sediment peak
areas are clearly identified.

Once the experiment has been qualitatively described, computed and
experimental data are faced. Comparison between the water level measured
and the numerical solution is showed in Figure 24. The majority of the probes
achieve a good trend in relation with the experimental data. Probes U3 and
U4 are the ones which provide less accurate results. This is justified by the
fact that they are located close to the expansion (probe U3) and close to the
wall (probe U4), where three dimensional flow structures are generated due
to the sudden expansion and the shock against the lateral side. With the
present mathematical model, where the set of equations is depth-averaged,
the vertical accelerations are neglected and consequently, this flow behavior
cannot be properly treated [11].

Figure 25 gathers the measured bed level after the dam break event and
the numerical predictions at control sections S1, S2, S3, S4 and S5. In all
the sections the computed bed surface is able to follow the measured evolu-
tion. Section S1 which is the closest to the expansion does not obtain neither
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the maximum nor the minimum of sediment peaks, although the prediction
follows the sediment movement pattern: particles are grabbed from left and
settled to the right bank. In control sections, S2, S3 and S4, the computed
bed surface follows correctly the tendency of the final bed morphology al-
though the final bed slopes are less sharp than the ones recorded after the
experiment. As it has been noted before, since the mathematical model is
depth-averaged the vertical accelerations are not considered. Consequently,
the erosion/deposition rates are decreased and differences in the granular
material lying close to the right wall are expected. Section S5, positioned
far away from the area of stronger influence, obtains a good tendency when
comparing with the experimental data.

Comparison of the computational cost time and the accuracy obtained
when using the coupled-Jacobian model (CJM) from [25] and the weakly-
coupled model (WCM) proposed in this work is displayed in Table 7. For
the sake of brevity only the RMSE associated to section S2 is showed. The
CJM technique provides more accurate results in this case at the cost of
increasing the computational time.

N. of elements  Ratio of computational cost time: CJM/WCM  RMSE(m) : S2

CJM WCM
2000 5.23 0.015 0.024
4300 8.15 0.009 0.015
8100 14.02 0.006 0.012

Table 7: Summary of ratios of computational cost time and the RMSE for section S2 when
using the CJM technique and the WCM technique

5. Conclusions

A 2D numerical scheme for wave flows over mobile beds has been de-
tailed. The numerical scheme solves a weak coupled model which includes
the 2D SWE and the 2D Exner sediment continuity equation. It is written
considering a finite volume method based on a Roe type solver and allows
to verify that stable results can be obtained without employing coupled-
Jacobian and computationally expensive scheme. Following prior works the
generalization for several solid discharge laws has been taken into account.
The explicit scheme has shown dynamic stability, always controlled by an
augmented CFL condition.
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The first two experimental cases considered, developed in 1D, have been
performed to solve dam break situations over dry/wet initial conditions and
with different morphodynamic configuration. Advance front celerity has been
well captured in the dam break as well as the bed changes. Regarding the 1D
knickpoint test case, the existence of variable flow regime or morphodynamic
discontinuities does not ruin the forecast capacity of the numerical scheme
leading to stable results.

Regarding the bidimensional cases, the comparison with the exact so-
lutions showed that the computed results are similar to the ones obtained
with a coupled-Jacobian model. In the next experiment, the dike collapse by
overtopping, numerical performance of the solution in a 2D mesh is checked
under severe changes in the bed surface level. Self-stable results have been
obtained for both the water level and the bottom changes. Finally, in the 2D
dam break with an abrupt expansion numerically reproduced, the free surface
and bed level predictions have been well computed in time and space.

Since in practical applications, both stability and efficiency characteris-
tics are required, the main challenge of this work has been to combine the
interactions between flow and bed without using a coupled-Jacobian matrix
as the proposed in [25] with a higher computational effort. Also, when plot-
ting the time step restrictions associated to the water wave celerities and to
the bed wave celerity it has been checked how only severe changes in bot-
tom morphology affect the time step restriction of the weakly-coupled model
proposed in this work.

Lastly, regarding the point of efficiency and as a future research, the
proposed explicit finite-volume Godunov-type numerical scheme should be
compared in terms of efficiency and accuracy with other implicit numerical
techniques suggested in the literature [31, 47]. When employing an implicit
strategy the time step chosen can be bigger in relation with an explicit how-
ever, the main drawback is the convergence speed of the linear solver em-
ployed for computing the solution of the algebraic system. A throughly study
should be addressed.
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