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ABSTRACT
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1. Introduction

In the classical linear model {Y, X3, V}, Y is a random vector with expec-
tation X3, (3 is a vector of unknown parameters and V is the dispersion matrix
which is partially or totally known. For this model, Baksalary and Kala (1981) and
Drygas (1983) introduced the linear sufficiency and linear completeness properties
of a linear statistic F'Y, characterized in terms of the matrices X and V. Later,
Markiewicz (1996) proposed a definition of general ridge estimators in terms of
linear sufficiency and linear admissibility.

The authors of this paper extended, in a previous paper (Ibarrola and Pérez-
Palomares (2003)), the definitions of linear sufficiency and general ridge estimators
in a continuous time linear model. The aim of this paper is to study the linear
completeness concept in this context. We focus on the following model. Let
T > 0, we consider a stochastic process (X¢,t € [0,7]) with values in IR and mean
function pg(t) = A(t)0, t € [0,T], where A(t) is a 1 x p-dimensional vector and
6 € IRP is a p-dimensional unknown parameter. The process (X;,t € [0,7]) is
defined in a measurable space (X, F). The distribution on (X, F) associated with
the parameter value 6 will be denoted by Py and we assume that the covariance

function exists and is known. Thus,
Eo[X:] = A(t)0, B(t,u):= Eg(X: — A(t)0)( Xy — A(u)f) = Cov(Xy, Xy,).

In addition, we suppose that A(t) and B(t,u) are continuous functions in [0, 7]
and [0,T] x [0,T], respectively. This assumption allows us to suppose that the
process (X;,t € [0,T]) has measurable paths which are all in L?[0,T].

In this paper we study linear completeness for estimators of type fOT F(dt) Xy,
with a family of appropriate functions F'. In Section 2, we obtain a characterization
of this property, analogous to that given by Drygas (1983) for the classical linear
model, and we also show the equivalence between linear completeness and ordi-
nary completeness when the process (X;,t € [0,7T]) is a Gaussian process. Finally,
in Section 3 we consider the linear sufficiency and linear completeness proper-
ties which lead us to the concept of linear minimal sufficiency. Furthermore, a
characterization of this property is also given.

Let us start with some definitions. Let K be a compact subset of IR, we say
that F.(t) is a measurable kernel from K to [0,7] if for each r € K, F,.(-) is a
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bounded variation function from [0,7] to IR and for each t € [0,7], F (¢) is a

measurable function in K.

CM (K) is denoted as the set of measurable kernels F,.(¢), t € [0,T], r € K,
satisfying that

T T T

/ / FL(dt) B(t,u)Fa(du), (rs) € K x K and / F.(d)A(t), reK,
o Jo 0

are continuous functions.

2. Linear completeness

We are interested in defining linear completeness for estimators of type

T
0, :/ F(d)X:, reK, Fi(t)eCM(K), (1)
0
where the integral in (1) is in squared mean sense.

Definition 1. Let 0, = fo H(dt) Xy, € K with F.(t) € CM(K). The process
(0,7 € K) is said to be linearly complete if for each bounded variation function G
in K such that Eg[ [, G(dr)0,] =0 for all 0, it follows that [, G(dr)f, =0, a.s.

Theorem 1. Let 0, = fo P(dt) Xy, r € K and F,.(t) € CM(K). (0,7 € K) is

linearly complete if and only if

T T
/ FT<dt>B<t,u>:</ Fr<dt>A<t>> cw), re kK, uweld,T], (2
0 0

where c(u) is a vector of continuous functions in [0,T)].

Proof. The left implication is immediate since if Ey[ [, G(dr)6,] = 0 for all , then
we obtain from (2) that fK (dr) fOT F.(dt)B(t,u) = 0, u € [0,T]. On the other
hand, Cov(6,,05) fo fo ,u)Fs(du) and applying Fubini’s theorem, we

have
Cov(/K G(dr)0,,0s) = /OT Fy(du) /KG(dr) /OT F.(dt)B(t,u) =0, se€K.

It implies that the estimator [  G(dr)f, has a variance equal to 0, so it is 0, a.s.
Conversely, we consider the vector function g(r fo ), T € K

and the symmetric and non-negative definite matrix M = f w9(r ( Ydr. We
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construct the process 0, = =g(r)M~ [ x 9(s)'0sds, r € K, where M~ is a g-inverse
of M. We obtain Ey[f,] = g(r)M~M6 = g(r)0 = Ey[f,], r € K. Both estimators
0, and 6, are a [ G  G(ds)0, type, so, due to the linear completeness of (0,.,r € K),

for each r € K we obtain
0, =0,=g(r)M~ / ) 0sds, a.s. (3)

Multiplying by X, — Ep[X,] in (3) and integrating, we get, for each r € K
and u € [0,77,

/ FL(dt)B(t,u) = g(r)M~ / (X — Ep[X.])]ds

0

Therefore, we obtain (2) with c(u) = M~ [, g(s) Eg[0s(X. — Ep[X.])]ds, which is
a continuous function due to the continuity of B(u,u), thus completing the proof.

Remark 1. We have just proved that, for a linearly complete process (0,.,r € K)
of type (1), we have 0, = g(r)M~ [}, g(s)'.ds, a.s. for each r € K. Therefore,
the covariance function of (6,,r € K) is Cov(6,,05) = g(r)M~RM~g(s)" with

R= / / ) Cov(0,.,05)g(s)drds.

The matrix R verifies R=MM~R= RM~M = MM~RM~M. The eigenvalues
A; and the eigenfunctions e;(r) of Cov(0,., ;) satisfy

Aje;(r / Cov(0;,05)e;(s)ds = g(r / M~RM™g(s)'e;(s)ds, (4)

so e;(r) = g(r)c; for some vector ¢;. Multiplying in formula (4) by g¢(r)" and
integrating, we get \;jMc; = Rc;. In fact \;Mc; = Rc; is equivalent to (4)
with e;(r) = g(r)c;. Therefore, there is a finite number of eigenfunctions, which
means that the Karhunen-Loeve expansion (see for example Todorovic (1992), pp.

140-141) for 0, is a finite expansion given by

o
0+ 3 o | ats)e; (0.~ Ealo.Das,

where A; and c¢; are the solutions of \;Mc; = Re;.

To finish this section, we establish the equivalence between linear completeness

and ordinary completeness under normality. We denote by o (0,.,r € K) the o-field
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generated by the process and we write f € o(0,.,r € K) when f is measurable
with respect to this o-field. We say that the process (6,,r € K) is complete, if for
each f € o(6,,r € K) such that [,. fdPy =0 for all §, then f =0, a.s.

Theorem 2. Assume that the process (X, t € [0,T]) is a Gaussian process. Let
(0,7 € K) be a process of type (1). Then, (0,7 € K) is complete if and only if it

1s linearly complete.

Proof. We have only to prove the left implication. From Theorem 1 and Remark
1, it holds that for each r € K, 6, = g(r)M~Z a.s., where Z = [, g(s)'0ds is a
normally distributed p—dimensional vector with mean M6 and covariance matrix
MM~RM~M.

Let f € 0(0,,r € K), there exists a sequence r; € K, j > 1 such that f €
o(0r,,j > 1) (see, for example, Doob (1953)). Consider the o-field a(érj,j > 1),
where 6, = g(r)M~Z, r € K. Since 0,, = érj,j > 1, except in a Pp-null set N, it
is easy to see that the subset H = {A € 0(0,,,j > 1) such that 3A* € O'(érj,j >
1) with AN N¢ = A* N N°} is a A-system which contains all finite dimensional
rectangles. Then, using a m — A-argument, we obtain that H = o(6,,,j > 1). By
classic techniques, we can conclude that for each f € o(6,,r € K) there exists
a function f* € o(f,,r € K) with f = f* as. On the other hand, since Z
is complete (see Drygas (1983) Lemma 4.2.), (6,7 € K) is complete because a
measurable function of a complete statistic is complete. Therefore, if [ x JdPy =0
for all 6, then fK f*dPy = 0 for all §. Thus f* =0, a.s. and f = 0, a.s. This

shows the result.
3. Linear completeness and linear sufficiency

In this section we give a characterization of a linearly sufficient and lin-
early complete estimator, using the previous results given in Ibarrola and Pérez-
Palomares (2003). The study of these properties simultaneously helps us to char-
acterize the concept of linearly minimal sufficient estimator, which is introduced
afterwards. The main result of this section, Theorem 3, is analogous to that given
in Drygas (1983) (Theorem 3.7) for discrete time.

First of all, we recall some definitions and we introduce the new notation

necessary for this purpose.



Definition 2. (a) An estimator (0,, r € K) of type (1), unbiased for an estimable
function (g(r)8, r € K), is called BLUE (best linear unbiased estimator) if, for
each v € K, 0, is of minimum variance among all the estimators of type (1)
unbiased for (g(r)0, r € K).

(b) An estimator (0, r € K) of type (1) is linearly sufficient if for each estimable
function there exists a BLUFE of type fK G(dr)0,, where G is a function or a family

of functions of bounded variation.

Then, we can introduce the concept of linear minimal sufficiency in a natural

way, as follows.

Definition 3. An estimator (0,, r € K) of type (1) is linearly minimal sufficient
if it is linearly sufficient and for each estimator (és, s € 85) of type (1), linearly
sufficient, there exists a family of bounded variation functions G,, r € K, such

that, for eachr € K, 0, = [, G,(ds)f,, a.s.

Now, we recall the function W defined in Ibarrola and Pérez-Palomares (2003)
as

W (t,u) = B(t,u) + A(t)yMA(u)’, t,uel0,T],

where M is any p X p symmetric and non-negative matrix such that
T
A(t) = / W(t,u)V(du), tel0,T],
0

for a vector V = (V1,..., VP) of bounded variation functions.

Let R, R’ and K be compact subsets of the real line and C, v real-valued
functions defined in R x K and K x R/, respectively. Let Cov be the function in
R x R’ given by

Cov(t,s) = / C(t,u)v(du,s), t€R, s€R,
K

whenever it makes sense. If C' is defined in R x K, C’ corresponds to the function
in K x R given by C'(u,t) = C(t,u). Finally, im(C) is the set of all functions of
type C'ov, whenever this composition is defined. With this notation, if we consider
each element F, in CM(K) as a function defined in K x [0,7] and A as a map
defined in [0,T] x {1,...,p}, where A(t,i) = A%(t), we have that im(FoA) is the
set of functions defined in K of the form fOT F,.(dt)A(t)c, with ¢ € IRP. In the same
way, im(A) is the set of functions defined in [0, 7] of type A(t)c, with ¢ € IRP.

6



With these elements we can establish the following result.

Theorem 3. Let (0,.,r € K) be an estimator of type (1). Then

a) (0,,r € K) is linearly sufficient <= im(A) C im(WoF").

(

(b) (0,7 € K) is linearly complete <= im(FoW') C im(FoA).

(¢) (Or,7 € K) is linearly sufficient and linearly complete <= im(A) = im(WoF").
(d) (0,7 € K) is linearly sufficient and linearly complete <> it is linearly minimal

sufficient.

Proof. (a) This assertion is equivalent to Theorem 3 in Ibarrola and Pérez-
Palomares (2003).

(b) By Theorem 1 we can assure that an estimator is linearly complete if and only
if im(FoB) C im(FoA). Thus, to prove (b) we have to show that im(FoB) C
im(FoA) is equivalent to im(FoW) C im(FoA). This is immediate because we
have, for each r € K and u € [0, T,

/TRMMWWQ:/ZMMBmm+/ZMﬁM®MMMC

(¢) First suppose that (0,., 7 € K) is linearly sufficient and linearly complete. By (a)
we have that im(A) C im(WoF”). On the other hand, since (6,.,r € K) is linearly
sufficient, there exists a family G,., r € K, of bounded variation functions such that
[ Gr(ds)0s is the BLUE for (Ey[0,],r € K). As (0,7 € K) is a linearly complete
estimator, we have that 6, = [, G,(ds)0,, as., r € K. Therefore, (6,,r € K) is
the BLUE and, using Theorem 2 in Ibarrola y Pérez-Palomares (2003), we obtain
WoF' € im(A).

Conversely, suppose that im(WoF’) = im(A). Part (a) assures that (6,,r €
K) is linearly sufficient. On the other hand, since WoF’ € im(A), we have that,
for each r € K,

T
/)WmmRMmZA@q,teMﬂ,qemﬂ (5)
0
Now, we integrate (5) with respect to V/(dt) and we obtain
T T
/ A(u)' F.(du) = X ¢, where X = / V'(dt)A(t),
0 0
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which verifies A(t) = A(t)X~X. Thus, we have proved that
T
A(t)e, = A()X " X, = A(t)X™ / A(u)'F,.(du).
0

Last expression, together with (5), give us im(FoW) C im(FoA), and therefore
we have that (0,,r € K) is linearly complete.
(d) For the right implication, suppose that (0,,r € K) is a linearly sufficient and
linearly complete estimator and (és, s € S) is a linearly sufficient estimator. There
exist bounded variation functions G,, r € K, such that, |, s Gr(ds)éS is the BLUE
for (Ey[0,],r € K). On the other hand, since (6,,r € K) is linearly sufficient and
complete, it is the BLUE for (Eg[0,],r € K). Then, necessarily 6, = [ G, (ds)b,,
a.s. r € K, and the linear minimal sufficiency is proved.

Conversely, suppose that (6,7 € K) is linearly minimal sufficient. By def-
inition and part (a), im(A) C im(WoF’). On the other hand, we consider
0= fOT V' (dt)X¢, which is linearly sufficient. Since (6,,r € K) is linearly minimal

sufficient, for each r € K, there exists a vector ¢, such that 6, = cré, a.s. Then,

/O Fy(dt)B(t,u) = B[, (Xo — Eg[Xu])] = ¢, /0 V/(dt)B(t, ).

Due to the properties of V and W, last formula implies that im(WoF") C im(A).
This proves that (6,,r € K) is linearly sufficient and linearly complete. The proof

of Theorem 3 is completed.

Theorem 4. Assume that the process (X,t € [0,T]) is a Gaussian process. Let
(0,7 € K) be a process of type (1). Then, (0,,r € K) is a sufficient and complete
estimator if and only im(A) = im(WoF").

Proof. It is an immediate consequence of Theorem 4 in Ibarrola and Pérez-

Palomares (2003) together with Theorems 2 and 3 (c) in the present paper.
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