AIP/123-QED

A theory for the flow of chemically-responsive polymer solutions: equilibrium and
shear-induced phase separation

Marco De Corato!® and Marino Arroyo® 34

DAragon Institute of Engineering Research (I3A), University of Zaragoza, Zaragoza,
Spain

D Universitat Politécnica de Catalunya-BarcelonaTech, 08034 Barcelona,

Spain

3 nstitute for Bioengineering of Catalonia (IBEC), The Barcelona Institute

of Science and Technology (BIST), Baldiri Reixac 10-12, 08028 Barcelona,

Spain;

4 Centre Internacional de Métodes Numérics en Enginyeria (CIMNE), 08034 Barcelona,
Spain

(Dated: 19 June 2022)



Chemically-responsive polymers are macromolecules that respond to local variations of
the chemical composition of the solution by changing their conformation, with notable ex-
amples including polyelectrolytes, proteins and DNA. The polymer conformation changes
can occur in response to changes to the pH, the ionic strength or to the concentration of a
generic solute that interacts with the polymer. These chemical stimuli can lead to drastic
variations of the polymer flexibility and even trigger a transition from a coil to a globule
polymer conformation. In many situations, the spatial distribution of the chemical stimuli
can be highly inhomogeneous, which can lead to large spatial variations of polymer confor-
mation and of the rheological properties of the mixture. In this paper, we develop a theory
for the flow of a mixture of a solute and chemically-responsive polymers. The approach
is valid for generic flows and inhomogeneous distributions of polymers and solutes. To
model the polymer conformation changes introduced by the interactions with the solute,
we consider the polymers as linear elastic dumbbells whose spring stiffness depends on
the solute concentration. We use the Onsager’s variational formalism to derive the equa-
tions governing the evolution of the variables, which unveils novel couplings between the
distribution of dumbbells and that of the solute. Finally, we use a linear stability analysis
to show that the governing equations predict an equilibrium phase separation and a dis-
tinct shear-induced phase separation whereby a homogeneous distribution of solute and
dumbbells spontaneously demix. Similar phase transitions have been observed in previous
experiments using stimuli-responsive polymers and may play an important role in living

systems.
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I. INTRODUCTION

Chemically-responsive polymers constitute a class of macromolecules that can change their
conformation in response to chemical stimuli such as changing the chemical composition of a

suspension'

. These types of polymers is commonly encountered in several biomedical and in-
dustrial applications®>. For instance, polyelectrolytes can change their conformation in response
to changes of the pH or of the ionic strength of the solution. Change of local salt concentration
screens the charges along the backbone of the polyelectrolytes thus making the polymer chain
more flexible and promoting a transition from an extended semiflexible chain configuration to a
flexible and coiled one*’. The gradual change in the polymer conformation has been observed in
many experiments that measured the persistence length of the chain at different salt concentrations
using optical and magnetic tweezers®~1?. A more extreme type of chemically-responsive behavior
is displayed by linear poly(N-isopropylacrylamide)(PNIPAM) polymers. Experiments and simu-
lations measuring the extension of PNIPAM chains at different salt and solute concentrations!!~!3
found a transition between a coiled conformation and a globular one. Such coil to globule transi-

tion is often accompanied by a phase separation of the polymeric phase.

Not surprisingly, the conformation of many bio-polymers that are crucial for the correct func-
tioning of living organisms is sensitive to small changes to the chemical composition of its en-
vironment. This feature can be exploited by eukaryotic cells and bacteria to actively control the
function of these important macromolecules'*!>. For instance, DNA and RNA can change their
conformation depending on the local concentration of binding proteins'®!7. Similarly, proteins
can change their conformation in response to chemical stimuli such as changes of pH or ionic
strength!®. In some cases, the conformational changes of these macromolecules are associated to
phase separation and organization of these biopolymers into membrane-less compartments, which
carry out critical tasks for cell survival'®-?2. Finally, a last class of chemically-responsive poly-
mers are those that weakly bind in the presence of molecules that bridge different groups along

the polymer backbone, thus changing its conformation?3-24,

In general, the conformational changes of chemically-responsive polymers affect the rheolog-
ical properties of the suspension®. For instance, in the case of polyelectrolytes, increasing the
salt concentration leads to more compact configurations that are not easily stretched by straining
flows. Indeed, experiments in shear flow show that the viscosity decreases as the salt concentration

is increased, which is a signature of the smaller dissipation generated by the macromolecules in



their compact configuration®®-2°. Besides changing the viscosity of the solution, conformational
changes can also impact its viscoelastic properties because more compact macromolecules relax
faster to their equilibrium shape than those that are in an extended conformation®. This qualitative
picture is confirmed by small-amplitude oscillatory shear and microfluidics experiments showing
a change of the relaxation time as a function of the concentration of a solute30-32,

Standard theories for polymer solutions such as the Flory-Huggins theory® capture the inter-
action between a polymer and a solvent whose concentration is homogeneous and has been used
to predict the phase separation, the coil-globule transition and the dependence of the elastic mod-
ulus of polymer solutions depending on the solvent quality. However, this theory cannot describe
polymers in a solvent interacting with solute molecules since in general solute concentration can
be heterogeneous as a consequence of chemical reactions, external gradients, solute or polymer
advection or other nonequilibrium processes that are ubiquitous in living systems. Even in the
simplest case of a shear flow with a homogeneous polymer concentration, flow instabilities can
lead to gradients of concentration transverse to the flow direction3340,

Another relevant question arises in the simulation of inhomogeneous flows of chemically-
responsive polymers where the solute concentration changes in space leading to inhomogeneous
rheological properties. How should one modify the viscoelastic constitutive equations*! to include
the solute-dependent rheological properties? A naive answer would be to simply use spatially-
variable viscosity and relaxation time. However, this procedure might ignore important couplings
between the gradients of solute and polymer density. Furthermore, since the polymer conformation
depends on the local chemical composition, it is interesting to investigate if unexpected couplings
between solute and polymer conformation could occur.

In this paper, we address these points by proposing a thermodynamically self-consistent model
for the isothermal flow of a dilute mixture of solvent, solute and chemically-responsive polymers.
Our model is applicable to general flows with spatially-variable strain rates, not necessarily unidi-
rectional, and inhomogeneous solute and polymer concentrations. To develop a general model of
chemically-responsive polymers, we assume that conformation changes driven by the presence of
a solute can be modeled as a change of the polymer stiffness. By using the Onsager’s variational
formalism, we derive systematically the set of equations that govern the flow of a mixture of solute
and chemically-responsive polymers. These equations reveal couplings between the gradients of
solute, the gradients of polymer density and the gradients of polymer conformation, which are not

present in previous viscoelastic models. Finally, we show that the solute-polymer coupling leads

4



to distinct mechanisms of demixing of a homogeneous solution, equilibrium and shear-induced.

II. MODEL FOR POLYMER-SOLUTE INTERACTIONS

To describe chemically-responsive polymer solutions in general flow conditions and heteroge-
neous concentrations, we make the simple choice of modeling polymers as dumbbells. i.e. two
beads connected by a spring, see Figure 1. The vector joining the two spheres of the dumbbell
represents the end-to-end vector of the real polymer. The dumbbell model is a good approximation
of polymer suspensions in dilute and semidilute regimes where the polymer chains are not entan-
gled with each other*?. We assume that the stiffness of the spring connecting the two beads of a
dumbbell depends on the concentration of solute. By doing so, we provide a simple, yet general,
model for the conformation change of polymers introduced by the presence of a solute. Since the
extension of the dumbbells represents the end-to-end vector of the polymer, by considering a stiff-
ness that depends on the solute concentration we can model chemically-induced conformational
changes. For instance, the coil to globule transition of polymers caused by the interactions with
a solute can be modeled through a steep change of the spring stiffness with the concentration of
solute, see Figure 1.

We assume that the dumbbells and the solute are suspended in a solvent of viscosity 17 and that
the solution is incompressible and isothermal. We are interested in spatially-extended systems in
which the concentration of polymers and of solute can change in space. Therefore, we characterize
the distribution of dumbbells inside a volume, Q, through the function y(x,r,7) , where  denotes
the position of the center of a dumbbell in space, r denotes its end-to-end vector and ¢ is the time,
see Figures 1(a-b). The local number density of dumbbells at a given point in space is given by

the integral over the end-to-end distance space:

ng(x,t) = / y(x,r,t)dr . (1)

The distribution of solute is simply characterized by its number density c(x,#). We assume that

the elastic energy stored by each dumbbell molecule is given by a linear spring:
1 2
Uzik(c)\r\ . (2

The elastic energy, given by Eq. (2), has an entropic origin that reflects the resistance of the poly-

mer chains to be stretched away from their equilibrium conformation. In the equation above, k(c)
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represents a solute-dependent stiffness, which models the effects of the solute on the conforma-
tion of a polymer molecule. This function could be obtained from experiments measuring the
persistence length of polymers at different solute concentrations or could be estimated from scal-
ing laws. In the case of polyelectrolytes, the persistence length of a polymer depends on the local
salt concentration and the function k(c) can be estimated directly from theoretical considerations’.
The persistence length, /,,, of polyelectrolytes is proportional to the Debye-length, which scales
as ¢~ 1/2 with ¢ the number density of salt. For a flexible worm-like chain, the Kuhn length, b, is
twice the persistence length?. It follows that the entropic elasticity of a polymer, which is equal to
3kgT /N b? with N the number of monomers, is a function of the local salt concentration. Using the
scaling [, o< ¢ /2 and b =21 1, We can estimate the function k(c) for the case of a polyelectrolyte
in an ionic suspension as k(c) o< ¢, where c is the local salt concentration. We emphasize that the
elastic energy given by Eq. (2) is a simple but rather crude approximation of the true elastic en-
ergy stored by a stretched polymer and it is expected to be valid only for small deformations. It is
known that the choice of a linear spring leads to the divergence of the extensional viscosity at large
extension rates*!. Nevertheless, in this work, we focus on the effect of a solute-dependent stiff-
ness and we leave the extension of Equation (2) to include finite spring extensibility or excluded
volume effects*? to future works. Throughout the rest of the paper, we drop the dependence of the
dumbbell distribution, Y, on x, ¢ and r and the dependence of the solute distribution, ¢, on & and

t for clarity.

III. DERIVATION OF THE GOVERNING EQUATIONS

We begin the derivation of the governing equations by identifying the relevant conservation
equations for the dumbbell and solute distribution. The conservation of the number density of

each species implies that the distribution of dumbbells must satisfy*?

W2yt (way) =0, )
In Eq. (3), » represents the rate of change of the end-to-end vector of the dumbbells and w;; is the
velocity of the center of mass of the dumbbells. Throughout the paper we will use % and 887 to
denote the gradients with respect to  and r, respectively. The conservation of the number density

of the solute reads

de | 9

at-l-%-('wc)zo, “4)



where w is the velocity of the solute. Mass conservation for an incompressible solvent implies:

d
%'vzoa (5)

where v is the velocity of the solvent. We assume that the boundaries of the volume, 8, are

impermeable to the dumbbells, to the solute and to the solvent:
wy; n=0, w-n=0 v-n=0 on 0Q. (6)

Where n is the vector normal to the volume boundaries. Note that the framework developed here
can be extended to consider adsorption and desorption of solute and dumbbells from the surfaces.
Finally, the distribution of dumbbells goes to zero ¥y — 0 as the end-to-end vector goes to infinity
T — oo: there are no dumbbells that are infinitely stretched.

To derive the balance of momentum and the expressions for 7, w,; and w, we neglect inertial
effects and we employ the Onsager’s variational formalism***>. This framework allows us to iden-
tify the relevant couplings between the fluxes of solute, of dumbbells and of momentum directly
from the principle of least dissipation. Briefly, the governing equations are obtained by minimiz-
ing the Rayleighian functional, constrained by the incompressibility condition, with respect to the
process variables. In our case, the process variables are given by the velocity of the dumbbells,
wy, by the velocity of the solute, w, by the velocity of the solvent, v, and by the rate of change
of the end-to-end vector 7. To constrain the Rayleighian to fulfill the incompressibility condi-
tion % -v = 0, we include the pressure p as Lagrange multiplier and we define the Lagrangian
functional as

$:ﬁ+9—/gp%-vd9, %

In Eq. (7), % and 2 are the rate of change of the free energy and the energy dissipation of the
system, respectively. By minimizing . with respect to the process variables and with respect to
the pressure we obtain the governing equations. Recently, Zhou and Doi*® showed that the On-
sager’s variational principle can be used to derive the Oldroyd-B constitutive model in the case of
a homogeneous suspension of dumbbells. Our approach bears some similarities to the GENERIC

and bracket frameworks of nonequilibrium thermodynamics*’-48

, which have been used success-
fully to derive constitutive equations of complex fluids that couple different physics**—>4. While
it is more transparent than the GENERIC formalism, our approach implicitly assumes that the
momentum of all the fields are fast variables and relax quickly compared to the evolution of the

system55.



A. Rate of change of the free energy

We begin by defining the free energy functional of the system, .%, as the sum of the contribution

of the dumbbells and the solute

f:kBT/clogch—FkBT/ /l//logl//der+/ /I,LIUde'r', (8)
Q QJr QJr

where kp is the Boltzmann’s constant, 7 is the absolute temperature and U is the elastic energy,
defined in Eq. (2). The first two terms represent the solute and dumbbell free energy of mixing
and the third term represents the elastic energy stored by the springs. Since the stiffness of the
spring, k(c), depends on the local solute concentration, the energy stored by the dumbbells also

depends on c. The rate of change of the free energy .# is obtained by taking the time derivative of

Eq. (8), see the Appendix A for details,

ﬁ:kBT/ﬁ-wdQJr// w72V 4y 2 ) ragars
Qodx QJr or or

dy 9 o (U

B. Energy dissipation

We assume that the energy dissipation functional is comprised of three different contributions:
(i) the friction due to the viscosity of the solvent, which is proportional to the solvent shear viscos-
ity 1 and to the rate of deformation tensor; (ii) the friction due to the relative motion of the solute
molecules and the solvent, which is proportional to the friction coefficient of the solute &; and (iii)
the friction between the dumbbells and the solvent, which is proportional to the friction coefficient
of the dumbbell beads, &4. For simplicity, we assume &y to be a constant and not to depend on the

%6 or on the conformation of the nearby dumbbells as in the Giesekus model’”.

dumbbell extension
This is a simplification since we expect that changes in polymer conformation do impact the dis-
sipation when moving relative to the solvent. Under these assumptions, the dissipation functional

is given by:
1
.@:n/ D:DdQ+—§/ c(w—v)*dO+
Q 27 Ja

2 1 , v\ >
+§d/g/rw(wd—v) an’r%—Zéd/Q/rw(r—r-ﬁ) dQdr . (10)



The first term in Eq. (10) represents the dissipation due to the solvent rate of deformation,

1|dv dv\"
D=—-|— —_— 11
2[8m+(8w)]’ b
the second term represents the dissipation due to the relative motion of solute and solvent
molecules. The last two terms of Eq. (10) are the dissipation generated by the relative mo-

tion between the dumbbells and the solvent and can be derived from a Taylor expansion of the

flow field around the dumbbell center of mass, as shown in the Appendix B.

C. Minimization of the Lagrangian

To derive the governing equations, we substitute the rate of change of the free energy, given by
Eq. (9), and the dissipation functional, given by Eq. (10), in the definition of the Lagrangian, given
by Eq. (7). The minimization of .’ with respect to the solute velocity, w, yields an expression for
the solute flux:

cw:—klZ—Taa—;—%/r%(aa—ljw> cdr+cv. (12)
The minimization of . with respect to the translational velocity of the dumbbells, w,, yields an

expression for the spatial flux of dumbbells:

kgT 81// 1 U

‘I”wd:—z—éd%—z—gd‘I/%—i—W’U- (13)

The minimization of .Z with respect to the rate of change of the end-to-end vector of the dumb-

bells, 7, yields:
2kgT dy 2 JU v

Finally, minimizing .# with respect to the solvent velocity, v, and using integration by parts yields

(14)

the momentum balance:

) ) 0 )
—Zn%~D—|—£+§c(v—w)+2§d/rl//('u—'wd)d'r+%ﬂ~/rrl//<7"—'r'-£> dr=0.
15)

D. Governing equations

The governing equations are obtained by substituting the fluxes obtained in the previous section

into the conservation equations Eqs. (3) and (4). These equations represent one of the main results
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of this paper. By substituting Eq. (12) into Eq. (4) we obtain the transport equation of solute:

de_ 9 (kToe, e (de) [ 0
ot dx (§ 8w+2§8m( dc /rl//|r| dr)-cv ). (16)

where we substituted the definition of elastic energy, U, as given by Eq. (2). Besides the classic

Fickian diffusion, with diffusion coefficient, kg7 / &, and the advection by the solvent flow, the
right-hand side of Eq. (16) displays one more contribution to the solute flux that is proportional to
d];( 1t represents a coupling between the distribution of dumbbells and the distribution of solute,
which is introduced by the solute-dependent stiffness of the dumbbells. In the case of constant
spring stiffness, the transport of solute reduces to the classic advection-diffusion equation. Since
the integral of y |'r]2 over r represents the local average extension of the dumbbells, the new cou-
pling term predicts that a gradient of dumbbell extension drives a flux of solute. As a consequence
of this coupling, in the case of inhomogeneous flows where the stretching of polymers changes
in space, we expect that the solute concentration is also inhomogeneous. The solute will migrate

( )

towards regions of higher or lower dumbbell extensions, depending on the sign of . From a

physical standpoint, the migration of solute is driven by the tendency of the solute to reduce the
elastic energy stored by highly stretched dumbells. Therefore, if ( ) < 0, the solute migrates
towards regions of large dumbbell stretch to make their spring softer and reduce the elastic energy.

if dk( )

Conversely, > 0, the solute migrates away from regions of large dumbbell extensions so to

decrease the stiffness of the dumbbells in these regions.
By substituting Eqgs. (13)-(14) into the Eq. (3) we obtain an equation for transport of dumbbells:

dy d (2kgT dy d d (ksT oy 1 dk(c), » ac
- <§d WJrék()TW yr--_v )+8m(2_§d% 48, dc ——=Irl"y

ar  or

)
17
The first bracket on the right-hand side of Eq. (17) represents the flux in the end-to-end space,
while the second term on the right-hand side represents the spatial flux of dumbbells. The flux
of dumbbells in the end-to-end vector space, 7, is composed of three terms: the first one is a
Brownian relaxation term, the second one is the effect of the restoring force due to the spring and
the third is the stretching due to straining solvent flows. This flux is similar to that derived in
other dumbbell kinetic models*?, with the exception that here the spring stiffness depends on the
local solute concentration. As a consequence, the relaxation time of the end-to-end vector, which is
proportional to &4 /k(c), can change in space. The spatial flux of dumbbells has three contributions:
a Fickian diffusion term with an effective diffusion coefficient given by kg7 /2 &y, a contribution

originating from the coupling with the solute field, and a contribution due to the advection by
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the solvent flow. The second contribution, proportional to %(CC), is novel and it predicts that a
gradient of solute drives a spatial flux of dumbbells. The flux arising from gradients of solute is
proportional to W|r|?, which represents the local extension of the dumbbells. The more stretched
are the dumbbells the larger is their spatial flux resulting from a gradient of solute. The direction
of the dumbbell flux depends on the sign of %(Cc). The physical mechanism driving the migration
of dumbbells is similar to that of the solute. In the case of an inhomogeneous distribution of solute,
the dumbbells migrate towards regions of higher or lower concentrations of solute to reduce the

elastic energy stored by the spring. We emphasize that this mechanism of polymer migration is

fundamentally different from the well-known mechanisms driven by curved streamlines®®>° or by
stress gradients>6-60-62,
By substituting Eqgs. (13)-(14) into the momentum balance, given by Eq. (3), we obtain:
d
= (21]D—PI+k(c)/rrl//d'r—kBTndI) =0, (18)
xr r

where rr denotes the dyadic product and I denotes the identity tensor. In Eq. (18), we have
defined a modified pressure, P, which is the sum of the hydrodynamic pressure and of the osmotic

pressure:

P:p+kBT(c+nd)+% (ch;(Cc)/w|r|2dr) , (19)

where nq is the local number density of dumbbells defined in Eq. (1). The stress generated by
the elasticity of the dumbells is proportional to the spring k(c), which can vary in space. Finally,
by maximizing the Lagrangian, given by Eq. (7), with respect to the pressure, p, we obtain the
continuity equation 5

ﬁ-v:& (20)

By neglecting the dependence of the spring stiffness on the solute concentration the transport
of solute decouples from the transport of dumbbells. If we also neglect the spatial variations of
the dumbbell concentration, then Eqs. (17) and Eq. (18) reduce to the Stokes equation with the
stress tensor given by the Oldroyd-B constitutive model*!. This can be shown by multiplying Eq.
(17) by rr and integrating over the end-to-end vector space. Interestingly, our results show that
naively using an Oldroyd-B model with solute-dependent rheological properties would lead to the
wrong set of equations because it neglects the couplings between the spatial gradients of solute
and dumbbell distribution that we identified in Egs. (16)-(17) . Once the boundary conditions
and the initial conditions are specified, the set of Eqs. (16)-(20) yield a closed problem for the

evolution of the fields v, ¢, ¥ and P.
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IV. EQUILIBRIUM PHASE SEPARATION OF A HOMOGENEOUS SUSPENSION

The well-established Flory-Huggins theory shows that changing the solvent quality can lead

to phase separation®

. Since changing the solute concentration can be interpreted as a change
in solvent quality, it is interesting to ask if the simple model that we propose also predicts an
equilibrium phase separation. To do so, we study the stability of a homogeneous suspension of
solute and dumbbells at equilibrium using linear stability analysis. We assume small perturbations

to the equilibrium concentration of solute, ceq and to the equilibrium dumbbell distribution Yeq:

c=ceqtcs Y=Yeqt+ V. (21)

The equilibrium distribution of dumbbells is given by the Boltzmann distribution:

3/2 2
nd’eq keq "I‘| keq
— 22
Voo 2\/§(nkBT) "“"P( 2 kT (22)

where nq ¢q 1s the number density of dumbbells and k.q denotes the stiffness of the dumbbell spring

at equilibrium: it is a shorthand notation for k(ceq). It is straightforward to show that the integral
of Yeq over the end-to-end vector space gives ng eq.
By substituting the perturbations, given by Eqgs. (21), into the solute transport equation, given

by Eq. (16), and neglecting the nonlinear terms, we obtain:
J ! [na]2 Ceq dzk(c)
i d -4
C=Ceq 8:1: (/r II/ |T| T) + 2(5 d6‘2

( )

00 (kT3 k(e
ot dx E dx 26 dc

where we have Taylor expanded =;-~ around ¢ = ceq. We can further simplify Eq. (23) and carry

out the last integral in the right-hand side:
3 nqg, kB T
/ Yeq 7| dr = ke 24

and we define the perturbation to the equilibrium stretching of the dumbbells as S’

S’:/l/f’|r|2dr. (25)

We then rewrite Eq. (23) as:

38" 3ceqndeqksT d*k(c)
c= Ceq 811 26 keq dC2

8_0’_ d  (keT d¢’ +ceqdk( c)
ot & dx | 2& dc

J c> . (26)

C=Ceq 83:

12

C=Ceq 833( /‘//eq|7'| d’l“)) )

(23)



Next, we substitute Eq. (21) into Eq. (17) and we neglect the nonlinear terms:

dy’ 9 [(2ksT oy 2 dk(c) ,
_( a Ie TYeqC | +
L9 (WTOV 1Lk
ox Zéd ox 45d dc

2 /
Tw—f—akeq’rl[/ +

ot or

C=Ceq

ac’
B |r12weq%). (27)
C=Ceq

The transport of solute, given by Eq. (26), shows that the evolution of the perturbations to the
solute concentration depends only on the dumbbell stretch S’ and not on the higher moments of
the dumbbell distribution. To obtain an equation for S, we multiply Eq. (27) by |'r]2 and we
integrate over the end-to-end vector space using integration by parts:

nd,equT /
C:Ceq keq ¢ > +

L9 (kT3S 1 k)
dx \ 284 dx  4&y dc

BS’ 4
ot éd

dk(c)
dc

a /
/ Ir!“weqdra—) ers
C=Ceq

Where n; is the perturbation to the local number density of dumbbells defines as n); = [, y/dr.

The last integral in the right hand side of Eq. (28) can be computed to give:

kgT
/‘T| l//eqd"“—lsndeq(li3 ) ) (29)
eq

which substituted in Eq. (28) yields:

BS' 4
8t éd

dk ke T
(3kBTnd keqS' —3 ()| Macks c’> +

dc C=Ceq keq
9 (lTas 15 ko
dx \ 2& dx  4&; dc

kBT) 2 8C’
naeo [ 22) 25 ). 30)
C:Ceq * ( keq aw

To obtain an equation for n)j, we integrate Eq. (27) over the end-to-end vector space using integra-

tion by parts:

ny 9 (kBTangl 3 dk(c) a1

or  dx \2& dz ' 4& dc

Finally, it can be shown that the distribution of the end-to-end vector remains isotropic during the

Nd eq kgT 8_6‘/
C:Ceq keq aw ’

evolution of a perturbation. Eq. (18) shows that an isotropic end-to-end vector distribution only
modifies the pressure but it does not generate a velocity field. As a consequence, we do not need
to consider perturbations to the velocity field.

Egs. (26), (30) and (31) represent a linear system of partial differential equations that govern
the evolution of small perturbations to the homogeneous state, which can be solved using stan-

dard methods. Here we assume an infinite domain and we consider the following ansatz for the
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perturbations ¢, n)j and §":

S = Syexp(At + iz - k) , (32)
ng = ngoexp(Ar +ix-k) (33)
' = cyexp(At +ix k) . (34)

Where i is the imaginary unit, Kk is the wavevector of the perturbation, A is the growth rate and

0> ”21,0 and ¢, are the initial values of the perturbations. Since the equations considered in the
stability analysis are linear, the initial values of the perturbations are arbitrary and do not play any
role in the stability of the equilibrium state. By inserting the ansatz, given by Eq. (32), into Egs.
(26), (30) and (31) we obtain an eigenvalue problem for the growth rate A, which has to be solved
numerically. Once the parameters are specified, the numerical solution yields the eigenvalues as a
function of the wavevector.

For all the parameters tested we find three real eigenvalues. The homogeneous state is stable
when all the three eigenvalues are negative but it is unstable when one or more eigenvalues are
positive. We find that one eigenvalue can be positive, depending on the parameters chosen. Since
in this section we examine thermodynamic phase separation, the stability of the homogeneous
state depends on three dimensionless numbers that do not contain any transport coefficient: the
number density of dumbbells relative to that of the solute & = ngeq /ceq» the dimensionless slope
of the dumbbell spring stiffness evaluated at the homogeneous state § = (ceq/keq)dk(c)/dc e
and the dimensionless curvature of the dumbbell spring stiffness evaluated at the homogeneous
state Y = (cgq Jkeq)d*k(c)/dc? o To discriminate between stable and unstable homogeneous
states, we look for the set of parar;;leters for which at least one eigenvalue has a positive real part
at any wavevector.

In appendix C we show that the stability of the homogeneous phase can also be studied con-
sidering perturbations of the free energy, given by Eq. (8). Briefly, we look at how the total free
energy of the system changes when the fields ¢ and y are perturbed with respect to their equi-
librium values. If the perturbations reduce the total free energy, then the homogeneous system

is unstable and phase separates. Using this approach, we find that the equilibrium homogeneous

state is unstable if

4
Eocﬁ2—6ocy—1>0. (35)
It follows that, the separation between stable and unstable regions in the parameter space is deter-
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mined by the equation:
4

T 15B2—6y"
This analytical expression can be used to verify the results obtained from the numerical solution

a (36)

of the eigenvalue problem. Interestingly, Eq. (36) also shows that the homogeneous equilibrium
state is always stable if ¥ > 15/6 32.

In Figure 2, we report the stability diagram of a homogeneous distribution of solute and dumb-
bells for the case of ¥ = 0. We plot the stable and the unstable regions as a function of the two
remaining dimensionless numbers ¢, and 3. The regions of stability obtained through the numer-
ical evaluation of the eigenvalues are shown in blue and yellow and they match those predicted by
Eq. (36). For a given ratio of dumbbell to solute number density, &, there exist two values of 3
beyond which the homogeneous distribution becomes unstable. As predicted by Eq. (36), we find
that the boundary separating the stable and unstable regions is symmetric with respect to the axis
B = 0. It follows that the stability of the homogeneous phase depends on the magnitude of 8 but
not on its sign. From a physical standpoint this means that it is not relevant if the solute makes
the spring of the dumbbells stiffer or softer but only how rapidly the spring stiffness changes by
changing the solute number density. The sign of B determines how dumbbells and of solute are
distributed at the end of the phase separation. In the case of > 0, the dumbbells accumulate
in regions of low solute concentration. Conversely, in the case of B < 0, the dumbbells and the
solute accumulate in the same regions. These distributions are schematically depicted as an inset
in Figure 2.

In Figure 3, we report the effects of a nonzero second derivative of the spring stiffness with
respect to the dimensionless solute concentration . In Figure 3(a), we find that a positive curvature
Y > 0 tends to stabilize the homogeneous distribution. Compared to the case shown in Figure 2,
the boundary of stability is pushed towards larger values of 3. This means that a steeper slope of
k(c) is required to make the homogeneous distribution unstable. Conversely, Figure 3(b) shows
that a negative curvature ¥ < 0 tends to destabilize the homogeneous distribution. In this case,
the homogeneous distribution can become unstable even in the case of B = 0. In the same plots,
we show that the numerical solution of the eigenvalue problem matches perfectly the stability
boundaries predicted by Eq. (36), which is shown as a red dashed line. In the present work,
we do not consider any mechanism that stabilizes the phase boundaries at longer stages of the
phase separation. If one is interested in the long-time and nonlinear behavior of phase separating

systems, a term that penalizes the gradients of dumbbell concentration should be included in the
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formulation of the free energy, given by Eq. (8).

The spontaneous phase separation of a homogeneous distribution of solute and dumbbells can
be understood, qualitatively, as an entropy-driven phase separation. The number of microstates that
each dumbbell has access to depends on the stiffness of its spring. Dumbbells with softer springs
access more microstates than dumbbells with a stiffer spring, therefore their entropy is larger. In
the case of stiffness that changes significantly with the solute concentration, the dumbbells aggre-
gate in regions where their spring is softer to maximize the total entropy. A phase-separated state,
which apparently has a larger degree of spatial order, has, in fact, a larger total entropy than a ho-
mogeneous state. Finally, the results displayed in Figures 2-3 show that the model developed here,
despite its simplicity, displays a similar phase transition to that predicted by the Flory-Huggins

theory.

V. A CLOSURE APPROXIMATION FOR THE CONFORMATION TENSOR IN THE
CASE OF GENERIC FLOWS

One of the drawbacks of Eq. (17) is that it has to be solved over the space domain « and the end-
to-end vector space 7. This was not an obstacle to performing the linear stability analysis around
an homogeneous equilibrium state but it complicates significantly the solution in the generic case
of solutions that are flowing. In this section, we discuss how this problem can be mitigated. We
begin by realizing that the transport of solute, Eq. (16), and the momentum balance, Eq. (18),
do not require the knowledge of the entire distribution of the end-to-end vectors but only of its
second moment. The second moment of the end-to-end distribution has been often called the

conformation tensor of the dumbbells and we define it as:

C:/lyrrdr. (37)

The conformation tensor is a symmetric tensor and contains information about the local stretch
of the dumbbells and the principal directions of stretch. For dumbbells that are stretched equally
along all the directions, the conformation tensor is proportional to the identity tensor, I. Note
that, according to our definition, the conformation tensor also contains information about the local
number density of dumbbells. Another related quantity appearing in Eq. (16) and in Eq. (18) is

the trace of the conformation tensor:
1r(C) = [ yirPar, (38)
r
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which is proportional to the local average stretch of the dumbbells.

In principle, one needs to solve the transport equation of the dumbbells, given by Eq. (17), over
both the space domain  and the end-to-end vector space r and then integrate it to compute the
conformation tensor and its trace. This requires the solution of a set of partial differential equa-
tions over a six-dimensional space, which is notoriously complicated, especially using numerical

simulations. Instead, inspired by previous works on polymer suspensions*>+3

, we derive an equa-
tion for the conformation tensor, C'. By multiplying Eq. (17) with rr and then integrating it over

the end-to-end vector space, r, we obtain:

vy d (2kgTdy 2 d
/rfr'rwdr— r’r’rgr ( , 8r+§dk(c>ml/ yr 8wv) dr+

d [(kgTdy 1 dk(c), , Odc
—}—/Trraw (2&1 8w+4§d I 7| l//aw—l//v dr . (39)

We apply integration by parts in the first integral of the right hand side of Eq. (39). After some

manipulation, we obtain:

T
a—C%—v-iC’— i'v -C—C-iv:—i(k(c)C—kBTndI)—}—
dx ‘Sd

ksT [ 9 \° 1 9 dk(c) ., dc

In Eq. (40), the left-hand side is the upper convected time derivative of the conformation tensor

and nq represents the local number density of dumbbells. In the last term on the right-hand side,
the scalar product is carried out between the two spatial derivatives. Eq. (40) shows that the
conformation tensor diffuses with a diffusion coefficient proportional to kg7 /2&4. The last term
in the right-hand side of Eq. (40) shows that gradients of solute also contribute to a spatial flux
of the conformation tensor. Their contribution is proportional to higher moments of the end-
to-end vector distribution. To obtain this term, we can multiply Eq. (17) by |'r]2rr and then
integrate over the end-to-end vector space. However, this would involve again higher moments of
the distribution. Repeating this procedure iteratively leads to an infinite relation between higher
and higher moments of y, which is not practical. A similar problem is encountered in microscopic

models for finite-extensive springs or rigid rods*>%3

, and has been addressed by relating higher-
order moments to products of lower-order ones. Inspired by these early works, we propose the
following closure approximation:
5Tr(C
/rr|r|2wdrzﬁc, (41)
r 3nd
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where the factor 5/3 is included so that the right and the left-hand side are equal at equilibrium.
The proposed closure approximation can be interpreted as pre-averaging the term of Eq. (17)
proportional to || .

By inserting this approximation in Eq. (40), we obtain:

Z’z—i(k(c)C—kBT‘PI)%—M(i)ZC%— > 9 <dk(c>ﬁ”(c)c), 42)

&q 264 \ dx 126,90z \ dc dz ng
where T
v aC ) J J
C:W%—U%C—(%v) C_C%'ljv (43)

denotes the upper convected derivative of the tensor C.. Note that, in contrast to previous works*?,
the closure approximation is expected to have limited effects on the evolution of the conformation
tensor. Indeed, as we discuss more in depth at the end of section VI, the relaxation of the dumbbells
is usually much faster than the time required to diffuse over macroscopic lengths. In this case, the
last two terms on the right-hand side of Eq. (42) have a limited impact on the dynamics of the
conformation tensor.

The right hand side of Eq. (42), contains the local number density of dumbbells, n4. To derive
an equation for nq, we integrate Eq. (17) over the end-to-end vector space. Using integration by
parts we obtain:

ong ong kT [ 9\’ 1 9 [dk(c) dc
7 TV T 25 (%) ”d+a%'( ac a9z 1)) “4

where in the last term of the right-hand side the scalar product is carried out between the two
spatial derivatives. Eq. (44) yields the evolution of the local number density of dumbbells where
the coupling with the solute field is given by the last term on the right-hand side. We can rewrite
the momentum balance using the definition of the conformation tensor as

220D PIk(e)C~ kyTnaI] =0, (45)

where the term inside the square brackets in the left-hand side can be identified as the divergence
of the stress tensor. The equation that governs the evolution of the solute field remains unchanged

by the closure approximation and can be written in terms of C' as:

dcd [(kgT dc ¢ 9 (dk(c)
5w (5o s (e 110 ~ev). “o

In summary, Eqgs. (42) - (46), together with the continuity equation Eq. (20), form a closed

set of equations for the local number density n4, the conformation tensor C, the solute number
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density c, the solvent velocity v and the pressure P, which depend on the spatial coordinate x
only. This set of equations can be solved numerically using standard numerical techniques®*. In

the Appendix D, we report Egs. (42) - (46) using Einstein index notation.

A. Boundary conditions

The governing equations given by Eqs. (42)-(44) and Eqgs. (18)-(20) must be complemented
by appropriate boundary conditions. The tangential traction on the volume boundary, 62, can be
specified:

[(2n D —PI+k(c)C —kgTngl) -m]-(I —mn)="1y, 47)

where Ty is the tangential traction imposed on the boundary. This boundary condition is comple-

mented by the condition that the wall is impenetrable to the solvent:
v-n=0. 48)
Alternatively, the velocity of the solvent can be specified at the boundary:
v=U, (49)

where U is the velocity at which the boundary is moving. For a stationary boundary U = 0.
The boundary of the domain is also considered to be impermeable to the solute. It follows that

the component of the solute velocity normal to the wall, w, vanishes:
w-n=0, (50)

By substituting the solute velocity given by Eq. (12) we obtain:

1 kTi—kli dk(c)
BYox 2" ox dc

g

Finally, the velocity of the dumbbells normal to the wall must vanish:

Tr(C)>] n=0. 1)

w; n=0. (52)

By substituting the dumbbell velocity given by Eq. (13) we obtain:

1 dy 2dk( yac\
38 (kBT— vr| w) ‘n=0. (53)
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To obtain the boundary conditions for the local dumbbell number density, n4, and for the confor-
mation tensor, C, we integrate the equation above over the end-to-end vector space. By integrating

over r, we obtain

1 dng 1 dk(c) dc
—— | kT =—+=Tr(C) ——=— | - n=0. 54
25d(B gz 12O ) >4)
By multiplying the boundary condition with rr, integrating and applying the closure approxima-
tion, we obtain:
1 d 5Tr(C) dk(c) dc
—— | kT =—C + - C — | -n=0. 55
2§d<B ox +6 ng dc ox) " (55)

In the equation above, the scalar product is carried out between the normal vector and the gradient.

VI. DIMENSIONLESS EQUATIONS

To assess the importance of each term appearing in the governing equations in the case of
generic flows, we make Egs. (42) - (46) and Eq. (20) dimensionless. We assume that the flows
occur over a characteristic length L, with a characteristic shear rate 7, so that the characteristic
velocity scale is Ly. We identify a characteristic dumbbell concentration ng and a characteristic
solute concentration ¢y, which could be the equilibrium number densities in the absence of flow.
Since the spring stiffness of the dumbbells is a function of the local solute number density, we
choose a characteristic spring stiffness kg, which we assume to be the stiffness evaluated at ¢y,
ko = k(co). The characteristic stress can be chosen in different ways; we choose to scale it using
the solvent viscosity and the characteristic shear rate as 1 7. Finally, the components of the con-
formation tensor are scaled using kg7 nq/ko, which is proportional to their value at equilibrium
in a homogeneous suspension.

By plugging these characteristic scales into the governing equations we obtain their dimen-
sionless version, with the dimensionless quantities denoted with a superscript. The dimensionless
momentum balance becomes

J * Yk * pk 1 K0 ok * * _
5o | =0t P T 4 o (K (O =) | =0, (56)

where the Deborah number, De, compares the characteristic flow timescale with the relaxation
time of the dumbbells and it is defined as De = 7&4/4ko. In Eq. (56), we have introduced the
nondimensional viscosity n* = 1/1, as the ratio of the solvent viscosity and the characteristic

polymer viscosity 1, = kgT nqo&a/ko. The spring stiffness k*(c*) and its derivative dk;g*) are
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made dimensionless using the kg and ¢ so that k*(1) = 1. The dimensionless continuity equation

is unchanged

)

5— v =0. 57
ow * (57)
The dimensionless equation of transport of solute reads:
Jc* 0 0 1 dc* n’(") 0 dk*(c*)
or* M oz oz’ (Pe dx* - 2P dz ( dc* re) ) (58)

where we have introduced the solute Péclet number as Pe = 7L £ /kgT and the ratio of the dumb-
bell and solute characteristic concentrations ng = n40/co. The Péclet number compares the im-
portance of solute transport due to fluid flow to that due to diffusion. The evolution of the dimen-
sionless dumbbell number density is given by

ony ., omi 1 o\, 1 9 [dk*(c*)dc* §
o Y 'am*_zped<am*> ”d+4pedam*'( d oz € >>’ >9)

where we defined the dumbbell Péclet number as Pey; = yL?>&y/kgT. Finally, employing the
closure approximation described in section V, the equation governing the evolution of the dimen-
sionless conformation tensor reads:

v De [ 9 \* 5De d (dk*(c*) dc* Tr(C™)
D K (kX A— - | — * : e
eC (kK (c)C" —ng )+2Ped (83:*) © +12P€d dx* ( derdz* ng C)
(60)

Let us now assess the validity of the closure approximation that we introduced in the previous
section. Eq. (60) shows that the spatial flux of the conformation tensor is proportional to De /Pe; =
kgT /4koL?. This ratio is independent of the shear rate and depends on the dumbbell relaxation
time, on its friction coefficient and on the characteristic length of the problem only. It can be
interpreted as the ratio between the time required to diffuse over a length L and the relaxation time
of the dumbbell. Typically, the relaxation time of a polymer is in the order of 1s and its diffusion
coefficient is in the order 1um?s~—!. Therefore, unless the characteristic lengthscale of the problem
is smaller than about 1um, dumbbells relax faster than they diffuse, which results in De/Pe; < 1.
As a consequence, we expect that in many cases the closure approximation will have a limited

impact on the fluid flow.

VII. SHEAR-INDUCED PHASE SEPARATION

Motivated by the experimental evidence of shear-induced phase separation*?, we study the sta-

bility of a homogeneously sheared suspension of solute and dumbbells to small perturbations.
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We focus on homogeneous suspensions of solute, dumbbells and solvent that are thermodynami-
cally stable and we investigate the possibility of a phase separation that is promoted by the shear
flow. We address this question using linear stability analysis and a simplified theory. As shown
schematically in Figure 4, we consider perturbations around a homogeneous suspension of solute
and dumbbells sheared between two parallel walls. We identify the characteristic dumbbell and
solute number densities as those in the homogeneous state ng o and co in the homogeneous state.
The characteristic dumbbell spring stiffness is given by k(cp). The walls are separated by a dis-
tance H and the top wall is moved along the x axis at a speed U. In this case, we identify H as
characteristic length, and as characteristic shear rate, y = U /H. We consider small perturbations
to the homogeneous shear state and we assume that the perturbed variables only change along the

y axis. We denote the perturbations with a prime:
=14, ni=14n]  vi=("+12) v, C*=Cr+C* . (61)

In the homogeneous base state the shear rate, the number densities of solute and dumbbells and
the conformation tensor are constant along in the y direction. Under these conditions, the govern-
ing equations reduce to the Oldroyd-B model, which predicts the components of the conformation

C;O =1 and C* C*x,O = De. The lin-

tensor, C{, to be given by C;x,O = 1+2De?, w0 — Ly

*
w0
ear stability analysis proceeds in the standard way. First, we substitute the perturbation in the
governing equations and in the boundary conditions retaining the linear terms only. The result-
ing set of equations is a system of linear partial differential equations, which can be solved using
eigenfunctions appropriate for the geometry considered here.

By plugging the perturbation in the dimensionless governing equations, given by Eqs (56)-(60),

neglecting the nonlinear terms and Taylor expanding the function k*(¢*) around ¢* = 1, we obtain

the equations governing the evolution of the perturbations. The evolution of the solute perturbation

reads
ac 14 ac ny 9 (dk*(c¥) N o d?k*(c¥) N
ot*  Pedy* {8)}* 2 Jy* ( dc* c*:lTr (C ) +Tr(Co) de? et © (62

where we used the fact that the perturbations to the solute concentration only vary along the y axis.

The evolution of the perturbations to the dumbbell number density, nfll, is given by

o, 1 9 [om] 1 L dk*(c*)
ot 2Ped8_y*[8y* —|—§Tr(C0) dc*

Since the velocity is directed along the x axis and the perturbations vary along the y axis only,

d
3y } . (63)

there is no contribution to the transport of solute or of dumbbells due to advection. By substituting
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the perturbations into Eq. (60), we obtain an equation for the evolution of perturbation to the

conformation tensor:

3 9 . ot ga)]
L;*C oy vi (29 C5+Cj - 9%) — (myC +C )}—

, K[k , ) D 2 , D -
——(C*+C§dk(c) . *I)Jr e 0 o 5De dk*(c*)

det e © T 2 Pey 0y*? + 12Pe; dc*

where £ and ¢ are the unit vectors along the x and y axis, respectively. Since the conformation
tensor is symmetric, there are four independent components that are nonzero: the three diagonal
components and the xy component. Substitution of the perturbed quantities in the momentum
balance yields for the x component

8 <*8v*/+ 1 «f la’k(c) C*/>:0, (65)
8y* c*=1

Oy * " 4De ¥4 dc*
in which only the xy component of the conformation tensor appears. The y component of the

momentum balance simply states that the pressure balances variations of C;‘; and of the nonlocal
solute interactions along the y axis. Finally, since the perturbed velocity field vj;/ varies along the
y axis only, the continuity equation is identically satisfied.

We assume that the walls, positioned at y* = £1/2, are impermeable to the solute, to the
dumbbells and to the solvent. The tangential velocity of the solvent on the top wall, y* = 1/2, is
fixed and it is given by U* = &. The boundary conditions for the perturbations are obtained by
making Eq. (51) and Eqgs. (54)-(55) dimensionless and plugging in the perturbations given by Eqgs.
(61). The boundary condition at y* = +1/2 for the perturbation to the solute, ¢* reads

ot 1 9 [dik*(c?)
y* + 20y ( dc*

Since the tangential velocity is fixed at the top and bottom walls, the perturbations must vanish

o dP(c)
Tr(C* —
c*=1 7‘( >+ dc*2 c*=1

Tr(cg;)c*’> =0. (66)

vy =0. (67)

The perturbation to the dumbbell number density satisfies

8nd 1 dk*(c*) dc*
[ Pk s =0 68
(9y Tr(Gy) dc*  ler=10dy* ’ (68)
and the perturbation to the conformation tensor satisfies
o . 5 dk*(c*) dc*
—Tr(Cy)Cy =0 69
ay* + 6 I"( 0) 0 dc* er—=1 ay* ) (69)
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aty* ==+1/2.

The linear stability analysis now proceeds in the standard way®. We assume that the spatial
and temporal dependence of the perturbed quantities can be separated. The spatial variations of the
perturbations can be expanded in Fourier series and the temporal dependence is simply given by
an exponential. To satisfy the no flux boundary conditions, given by Eqs (66)-(69) the perturbation

of the concentration, dumbbell density and conformation tensor must be given by cosine series

= Y ¢ cos (27ny*) exp (Ant¥) | (70)
n=1
ni = Y nji:n cos (2mny*) exp (A, t*) , (71)
n=1
and
c¥ = Z C;/ cos (2mny™) exp (A1) , (72)
n=1

where cj‘l/, ngln and C), " is the initial value of the perturbation with mode n and A, is its dimension-
less growth rate. The perturbation to the velocity, which satisfies no-slip boundary conditions on

the upper and bottom walls, is given by a sine series
v;k/ = Z v;,n sin (2zny*) exp (A,1") , (73)
n=1

where v;:n is the initial value of a velocity perturbation of mode n. It is straightforward to verify
that the ansatz, given by Eqs (70)-(73), satisfies the boundary conditions. In the Appendix E it is
shown that, by inserting Eqs (70)-(73) into Eqgs (62)-(65), we obtain a set of eigenvalue problems
for each growth rate A,,. Since there are six independent variables, for each Fourier mode we find
six eigenvalues. The homogeneous shear state is unstable if any of the eigenvalues has a positive
real part. As shown in the Appendix E, the eigenvalue problem for each mode n can be written in
a compact form as:

MX—E-X=0, (74)

with the vector X being the vector of the initial values of the perturbations:
- -
Cn

*/

nd,n
cr
X = ;@ : (75)
yy,n
C;Z,i’l
cr

xy,n
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and E being a six by six matrix. The values of A, that satisfy Eq. (74) are given by the eigenvalues
of the matrix E. In our case, there are six eigenvalues for each mode n, one for each field that is
being perturbed. To investigate the stability of the homogeneous state for a given set of parameters,
we have to solve the eigenvalue problem numerically for each mode n. We verified that, by solving
the eigenvalue problem given by Eq. (74) for very small values of De, we correctly recover the
results obtained in Section IV for a solution at equilibrium. This is expected because for De < 1
the solution is essentially at equilibrium and we expect to recover the behavior studied in Section
Iv.

Analytical progress can be made by realizing that in typical situations some dimensionless
number is very large or very small. In typical experimental conditions the gap between the walls is
H = Imm, the shear rate of the order of 7~ 1s~! and the dumbbell diffusion coefficient kg T /&g ~
lum?s~!, which makes the dumbbell Péclet number, Pe; ~ 10%, much larger than one. The

diffusion coefficient of the solute molecules, kg7 / &~ 103 umz g1

, 1s much larger than that of
the dumbbells, therefore it is Pe/Pey; < 1. As a result, there is a separation of timescales between
the evolution of the perturbations of the solute number density and that of the dumbbells. It
follows that the number density of dumbbells remains essentially constant over the evolution of
the perturbations. Similarly, there is also a separation of timescales between the relaxation time
of the dumbbells and the time required by the solute and by the dumbbells to migrate over the
length of the gap: De/Pe; < 1 and De/Pe < 1. It follows that the conformation of the dumbbells
relaxes quasi-statically to the value determined by the local shear rate and by the value of the
spring stiffness. Finally, we consider as a simplification that the relative viscosity is very small
n* < 1, which is typically the case of polymer solutions. Under these assumptions, we consider
that the dumbbell concentration remains homogeneous né‘ll = (), that the time derivatives of the

conformation tensor are zero and that De/Pe; = 0. By doing so (see Appendix F), we find that

there exists a critical Deborah number above which the homogeneous shear is unstable
1/2

1 3
Decric = -5 : (76)

o | (e 2 k() 2
0 dc* =1 dc*? =1

There are some similarities with the equilibrium phase separation studied in Section I'V. The criti-

cal Deborah number depends on the dimensionless spring stiffness slope squared, (dk*(c*)/dc* 1)2,
c*=
which means that it is not relevant whether the solute makes the dumbbells stiffer or softer only

how sensitive is the stiffness with respect to changes of solute concentration. Conversely, the
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sign of the second derivative, d*k*(c*)/dc*? o is relevant: a positive curvature of the function
k*(c*) at ¢* = 1 hinders the instability while a negative sloe promotes the instability. Interestingly,
similarly to the case of the equilibrium phase separation, the instability threshold does not depend
on transport coefficients. Some general conclusions can be drawn for mixtures of dumbbells and
solute in which the spring constant is a power law of the local solute number density, k(c) o< c¥.
In this case, the dimensionless derivative, (dk*(c*)/dc*)? = N? and the dimensionless curvature,
d’k*(c*)/dc** = N(N — 1), are constant and depend only on the power-law exponent N. It fol-
lows that the term inside the square bracket of the denominator of Eq. (76) is simply equal to N
and it does not depend on the prefactor of the power law. These insights suggest that the shear-
induced instability cannot occur in the case of the spring constant being a decreasing power law
of the solute number density, N < 0. One system of chemically-responsive polymers that displays
k(c) o< ¢V with N = 1 is a mixture of polyelectrolytes and salt. These systems often display a
shear-banding instability and the mechanism described here could play a role in the transition
from the homogeneous to the shear-banded regimes.

In Figure 5, we compare the critical Deborah number predicted by the simplified expression,
given by Eq. (76), and that obtained from the numerical solution of the eigenvalue problem. To
find the critical Deborah number numerically, we proceed iteratively. We fix the dimensionless
parameters and De = 0.01 and look for the eigenvalues for the Fourier modes from n = 1 up
to a large threshold value fixed to n = 10000. If all the eigenvalues have a negative real part,
we increase De by a 0.01 and we repeat the process until we find the critical Deborah number
De = De; for which at least one eigenvalue has a positive real part. In Figure 5, we show the
results for Pe; = 10%, Pe = 10%, n* = 1073, n* = 0.1 and for dzl(“(c*)/a,’c*2 T 0, for which
the approximated theory is expected to be valid. The results show that the value of De;; given
by Eq. (76) yields a very good approximation of that obtained from the numerical solution. The
small deviation at small values of dk*(c*)/dc* — is due to the large critical Deborah number.
The spatial flux of dumbbells scale as De?, which makes it very large when Decg > 1. At such
large Deborah numbers the perturbations of the dumbbell number density, which are neglected in
the simple analytical theory, become important.

In Figure 6, we show the comparison between the theory and the simulations for the case of
d’k*(c*)/dc*? T +0.1. A positive curvature of the function k*(c*) at ¢* = 1 hinders the in-
stability while a negative curvature promotes it. For a negative curvature, the instability can occur

even if the slope is zero. Since the perturbations of the dumbbell density are ignored in the deriva-
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tion of Eq. (76), the agreement between the numerical solution and the simplified theory suggests
that the instability is driven by a positive feedback mechanism between the solute migration and
the stretch of the polymers. The dumbbell migration is not involved in the instability mechanism
and it occurs over longer timescales, therefore being relevant for the final steady-state reached by
the system only. The positive feedback between the solute field and the dumbbell conformation is
depicted schematically in Figure 7 and takes place as follows. A perturbation of the solute density
leads to a local accumulation in certain regions and local depletion in others (Figure 7(c)). The
solute perturbation changes the stiffness of the dumbbells, which, in turn, relax quickly to the new
conformation. In the case dk*(c*)/dc* - > 0, the dumbbells contract where the solute concen-
tration has increased and they stretch where the solute concentration has decreased (Figure 7(b)).
This results in a gradient of dumbbell stretch along the gap, which drives solute from areas where
the dumbbells are more stretched to areas where they are contracted (Figure 7(c)). The solute flux
reinforces the initial perturbation, ultimately leading to an instability. It is straightforward to show
that the growth of the initial perturbations is driven by a decrease in the total elastic energy. In
dimensionless form, the total elastic energy is written as
y'=1/2

/y KTy (77)

By expanding the elastic energy up to second order in the perturbations, we obtain

/ Yo e ()
y

+=—1/2 dc*

& THC )dy* . (78)

c*=1

Since the dumbbells relax very quickly to equilibrium and their concentration evolves slowly,

by using Eq. (64) we find that Tr(C*) ~ —Tr(Ca‘)dkd*gf*)‘ 1c*/. By plugging this into the
c*=

expansion of the elastic energy, given by Eq. (78), we obtain

/y*—l/z TG (dk*(c*)
y

*=—1/2 dc*

2
) 2 ay* . (79)

=1
Since the trace of the conformation tensor is a positive quantity representing the extension of the
dumbbells and the solute perturbations, ¢, are given by a Fourier series, it is straightforward to
show that the integral is always negative. It follows that any perturbation to the solute concen-
tration reduces the total elastic energy of the system. The very same mechanism described above
takes place in the case dk*(c*)/dc* . <0.

Previous works showed that instal;ilities in shear flow can be produced mainly through two

35,39

mechanisms: (i) a nonmonotonic stress-strain rate relation and (i1) polymer migration driven
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36,37.60.61.66-68 11y contrast, our work identifies a new mecha-

by inhomogeneous elastic stress
nism for shear instability that couples the accumulation of polymers and solute molecules. This
mechanism could be the dominant one if the conformation of a polymer is highly sensitive to the

concentration of solute molecules.

VIII. CONCLUSIONS

In this paper, we present a theory for the flow of a suspension of chemically-responsive poly-
mers that can change conformation depending on the local concentration of a solute as is the case,
for instance, of polyelectrolytes and salt. To capture the solute-dependent conformation changes
while keeping the model as simple as possible, we assume that the polymers can be idealized as
dumbbells linked by a linear spring whose stiffness depends on the local number density of a so-
lute. The choice of a linear dumbbell model is expected to be a good description of dilute and
semi-dilute polymer suspensions in the case of polymer chains that are not fully stretched. The
theory is valid for spatially inhomogeneous dumbbells and solute concentration.

To derive the equation governing the flow of a mixture of solute and dumbbells, we employ
the Onsager’s variational formalism. By doing so, we obtain the balance of solute, dumbbells
and momentum density directly from the rate of change and the rate of dissipation of the free
energy. The governing equations unveil novel couplings between the solute and the dumbbell.
We find that spatial gradients of dumbbell extension, which are ubiquitous in flows with curved
streamlines, drive fluxes of solute. Likewise, gradients of solute concentration lead to spatial fluxes
of dumbbells and vice versa. This mechanism of dumbbell migration is fundamentally different

from previously proposed mechanisms of polymer migration due to curved streamlines®®>° or

spatial variations of elastic stresses>-60-62

. As a consequence of these couplings, in the case of
a generic flow, the densities of solute and dumbbells are spatially-inhomogeneous and so are the
rheological properties of the mixture.

The distribution of dumbbells is determined by a partial differential equation defined in a six-
dimensional space consisting of their spatial coordinate in a fixed frame and of the end-to-end
vector coordinate. This feature makes it difficult to solve the set of governing equations numeri-
cally, especially under generic flow conditions. To circumvent this problem, we propose a closure

approximation that allows computing directly the second moment of the dumbbell configuration,

which is then used in the remaining equations. This approximation eliminates the requirement to
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compute the entire distribution of dumbbells and leads to a set of equations that only depend on
the spatial coordinate, thus being more amenable to numerical discretization. Using dimensional
analysis, we show that the closure approximation introduces only a minimal error for flows where
the relaxation time of the dumbbells is much smaller than the time required to diffuse over the

characteristic length.

Using a linear stability analysis of a homogeneous mixture of solute and dumbbells around
the equilibrium, we find that the solution can undergo a thermodynamic phase separation. The
homogeneous solution is unstable in the case of rapid variations of the spring stiffness as a func-
tion of the solute concentration. When the mixture phase separates, the dumbbells aggregate in
regions of small(high) solute concentration if increasing its concentration leads to stiffer(softer)
springs. Similar phase transitions have been observed in stimuli-responsive polymer suspensions

that undergo a coil to globule conformation transition.

We investigate the stability of a mixture of solute and dumbbells that is sheared between two
parallel walls. We find that the homogeneous state undergoes spontaneous demixing in the case
of sufficiently large shear rates. Using a linear stability analysis, we derive an approximated ex-
pression of the critical Deborah number above which the suspension of solute and dumbbell phase
separates, which agrees with the numerical solution of the full eigenvalue problem. Our results
show that the newly-identified couplings between the solute and the dumbbell distribution drive
the phase separation. This mechanism is radically different from that driving the shear banding of

35,39 36,37,66-68

micelles and of entangled polymer solutions and could act in parallel with the other

two mechanisms.

In summary, the model presented here is general and can be applied to study the flow of poly-
mers that respond to different chemical stimuli such as local changes in pH, ionic strength or
solute concentration changes. In future works, we plan to extend the framework to consider the fi-
nite extensibility of the spring, mean-field hydrodynamic interactions and conformation-dependent
dumbbell friction coefficients. Finally, a suggestive application of the theory presented here con-
cerns living systems whereby active processes, chemical reactions and inhomogeneous straining
flows could be used to control the conformation and the spatial arrangements of macromolecules

and proteins.
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Appendix A: Calculation of the rate of change of the free energy

Here we report the details on the derivation of the rate of change of the free energy, which is

obtained by taking the time derivative of Eq. (8):

ﬁ:kBT/(logc—kl)%dQ—kkBT/ /(logl//+1)a—ll/d£2dr+
Q ot QJr 0d

+//( +@a—gw) dQdr , (Al)

where we used the fact that the integration domain does not change in time and we used the chain
rule dU /dt = (AU /dc)(dc/dt). We now substitute the time derivatives of y and of ¢ from the

continuity equations, given by Eqgs. (3)-(4), to obtain:
F——k T/(lo 1) (we)do—k T//(lo 0| L)+ (wa) | dear+
- g dx 5 Ja ) gV gr V)T Gy \wa¥

//Kar V) +&i (de)>U+(%'(wC)) %—lcjw} dQdr . (A2)

We apply integration by parts to each of the integrals appearing in Eq. (A2). Since the velocity of
dumbbells and of the solute normal to the boundaries vanishes and y — 0 as » — oo, the boundary

terms coming from integration by parts disappear:

:kBT/ ai(logc)c-wd9+/ /ai(kBTlogl//+U)l//-1'°de7‘+

oU
+//8 (kgTlogy+U)- ('wdl//)der+//aw( l//)-(wc)de'r. (A3)
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Finally, we use the property of the derivatives of the logarithms, which yields

ﬁ:kBT/ Je dQ+//(kBTaw aa ) P dQdr+
+// kBT—-I-I//a -wda’Qa’r—l—//i a—Ul// (we) dQdr . (A4)
ox oJrdx \ dc

Appendix B: Dissipation due to the dumbbells

The dissipation is introduced by the relative motion between the two beads of the dumbbells
and the local fluid velocity. Let’s consider dumbbells whose center of mass lies at a position x,
and it is characterized by an end-to-end vector r. The contribution to the total dissipation due to

these dumbbells, &,, can be written as

& L plore( ) o | [yl —o (o) anar. o

where we wrote wy | as the velocity of the bead position at  + /2 and w, ; as the velocity of
the bead position at  — /2, & is the drag coefficient of the beads. Assuming that the velocity
field does not vary appreciably over the length of the dumbbell, we can Taylor expand the velocity

field v(x + 7 /2) and v(x — r/2) around the position of the center of mass of the dumbbell x

r 1 9
'v(a:i§> zv(w)jzir-%v, (B2)

where the gradient of the velocity field is evaluated at the center of mass of the dumbbell x.
Substituting this into the definition of the dissipation, given by Eq. (B1), and carrying out the

square, we obtain:

Ya = %/Q/ W[wczi,1+w27l_2wd71 ‘v —2wq v+ v+
T

1 2 \* 1 d 1 d
+ 3 (r-ﬁfu) — Ede . (fr-%v> + Ewd’z' (r-%v> ] dQdr , (B3)

where the velocity and the gradient of the velocity are evaluated at the dumbbell center of mass «.

Considering that the velocity of the center of mass, w,, can be written as

1
wy =7 (wa1 +wdy) , (B4)

and the rate of change of the end-to-end vector, 7, can be written as
P = (wa) —wap) , (B5)
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we rewrite Eq. (B3) in terms of w,; and 7:

@d—éd//l//'wd—vw )" dQdr+ == // {r T —mfv] dQdr (B6)

which is the dumbbell contribution to the dissipation used in the Eq. (10) of the main text.

Appendix C: perturbation of the free energy around equilibrium

In this Appendix, we analyze the stability of a homogeneous solution of solute and dumbbells
at equilibrium. We consider perturbations to the solute and dumbbell distributions and we check
if these perturbations result in a reduction of the total free energy of the system. If this is the case,
then small perturbations will lead to phase separation. The free energy of the system is defined in

the main text as

gé‘:kBT/ clogch+kBT/ /l//logl//der+/ /l//Ude'r, 1)
Q QJr QJr

Where the elastic energy is given by U = %k(c) 7|2

We consider perturbations around equilibrium of the type:

c=ceq(1+68c) y=1yp(l+3dy), (C2)

where ¢, 1s a constant and Y, is constant in space but it depends on the magnitude of the end to

3/2 2
Ndeq keq ‘T| eq
C3
Veq = 2\/_(7rkBT) eXp( 2 kel ©3)

As we showed in the main text, it is:

end distance vector:

/ VeqdT = ngeq - (C4)
g

By inserting the perturbations, given by Eqs. (C2), into the free energy and retaining only the

second-order terms, we obtain the perturbation to the free energy:

kgT kgT d’k(c
SQZ—Ceq/ 5C dQ+ — 5 /Q/Tl[/eqélllzdgd’r—f— // Veq dc 2

ceq k(c)
€q d

St r*dQdr+

Ceq

Sy dclr>dQdr . (C5)

Ceq
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The system is unstable if a perturbation dc¢ or oy leads to a negative free energy change 6.% < 0
To check this, we proceed by expanding the perturbations fields in eigenfunctions. The expansion

for dc is given by
oc= Zcq 9T (C6)
q

In the equation above q is the wavevector defines as g = 2T”{nx,ny,nz} with ny, ny and n, € Z
and L is the size of the domain. The amplitude of the perturbation at a given wavevector is set by
cq- Since the perturbations are real-valued functions, the coefficients ¢4 must fulfill the condition

% *
C—q=Cq where ¢

q 1s the complex conjugate of cq.

We insert the decomposition of dc, given by Eq. (C6), into the first integral on the right-hand
side of Eq. (C5):

Tng/QSC dQ:TCeqL 5 qu 5 (C7)

where L3 is the volume of the spatial domain and Oqq is the Kronecker delta symbol. Similarly,
by inserting the decomposition of ¢ given by Eq. (C6) into the third integral on the right-hand
side of the free energy perturbation, Eq. (C5), we find:

d*k(c 2pl2 *
/ / Veage 2 ce Ir[*a@dr ===, V@ dc? Ceq5qq’cch’> (C8)
where we used the fact that
3ngeqkT
[ WealrPar = (o)
T eq

Now we need to assume an expansion for the perturbation of the dumbbell distribution, Sy,
which depends not only on space but also on the end-to-end space . We assume an expansion of

the type:

.- L rszT
6W:ZZ‘I’q7jelquJZ. < Doy ) , (C10)
q J

where Lj%. is the associated Laguerre polynomial of order j. The value W ; gives the amplitude
of the perturbation with wavelength g and mode j. Basically, we are assuming that 6y can be
separated in the product of two functions, one that only depends on space and one that only de-
pends on the end-to-end vector r, we then choose the appropriate basis for these functions. For
the end-to-end vector space we choose the Laguerre polynomials because they have the following
orthogonality property

CT(i+3+1)
a i!

5ij - (C11)



Since the perturbations are real valued, the coefficients Wq ; must fulfill the condition ¥_4 ; =
‘P; ;- Finally, the expansion in Laguerre polynomials ensures that the perturbations, Ve O Y, decay
to zero as r — oo because Y, o< exp (—r?). Therefore, they fulfill the boundary conditions at 7 — oo

By inserting the expansion given by Eq. (C11) into the second integral on the right-hand side
of Eq. (C5), we obtain:

kgT 1 (r2kgT\ . | [ r*kgT
T v smnr EE e et ] ()1 ()
Q 2keq 2keq

(C12)

where we have rewritten the integral over r in spherical coordinates and we have carried out the
integration over the theta and phi coordinates. We substitute the expression for y,, in the right-

hand side to obtain

3/2
0OV dQdr =2 kT —4 ("2 v, W, iqw ,iq @ gy
2| [ vasyaar—2a s r)  ZX¥aten [0

L L; dr. (C13
/0 eXp( 2 kBT j Zkeq m\ ok, )74 )

2
By considering the change of variable z =

keg
2kgT T’
ksT
il // Vg S dQdr =
1

ng, o 0 oo
ksT ﬁqzq:z])yq,wqm [ et 2qq /0 exp(~2)L2 (2)LA(2)z Pdz. (C14)

These integrals can be carried out to give:

the integral can be rewritten as

kT I(j+3+1
== [ vesv? der—kBTLﬂ%l‘Pz’j‘Pq/vm%S S (CI3)

Now, the last integral on the right hand side can be evaluate using the same expansion for of the

perturbations

e
" d Ceq

yre Mdeq (keg 3/2dk
eqz\/— wkgT

Sy dclr|?dQdr =

’1“2 k 5 rkBT
ZZ‘P ]cq/ iq® ,iq mdQ/ exp( |2’ @%)L;(Zkeq )r4dr.

Ceq q ]

(Cl6)

2
By using again the change of variable z =

MuT - the integrals on the right-hand side can be rewritten
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as
51//5c|7'|2d§2d'r =

ceq / / c
e
T de ey

Na.eq knT dk(c

eq\/_k dc

The integrals on the right-hand side can be carried out to obtain:

ceq c
// Ve =g

The perturbations to the free energy can be expressed in matrix form as

2¢

. o0 1
ZZ‘Pchq/eq'we’q 'mdQ/ exp(—z)L7 (z 2)z2dz. (C17)
0

Ceq q

dQdr =3L
Ceq51//5c|r| dr =3L"ce b ke do

Ceq

8.F = L3 kpT coqp*Ap (C19)

where the vectors p and p* are given by

*
Ocq dcy
*
Cot
p=|Yq1|:P = ‘me (C20)
. *
qu’j ‘quf
and the matrix A is given by
1 3neg Ceq d*k(c) 3nd.eq Ceq dk(c) _ 3ndeq Ceq dk(c) 0 0
2 4ceq kgq dc? 4ceg keq dc Ceq 4ceg keq dc Ceq
3ndeq Ceq dk(c) Nd,eq
Aeeq Feg e | 2eeq 0 0 0
A= 3nd 3ngeq Ceq dk( ) 3nd,eq C21
Aoeg kg de | 0 Tg 0 0 (C21)
0 0 0 0
1
Nd eq F(]+§+l)
0 0 0 0 Vrew

The homogeneous equilibrium system is unstable if the determinant of A is negative det(A) < 0.

The condition of stability can be rewritten

1
—a? (Zsaﬁz—%ay—l) <0, (C22)

where, following the nomenclature used in the main text, we introduced the dimensionless groups

_ ”eq ‘eq dk(c Ceq d’k(c)
- ﬁ e dC and Y eq dc2

Ceq

. The critical stability is given when the determinant
Ceq
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of the matrix is exactly zero

15 3
—a? | —aB?—Zay—1)=0. (C23)
4 2
The condition is satisfied when
15 » 3
-~ —Zoayvy—1) = 24
which leads to the relation
4
0= ——. C25
1562 -6y (€25

This relation describes a curve in the parameter space that discriminates regions that are stable
from regions that are unstable. In the main text we show that this expression matches the numerical

results obtained from the linear stability analysis.

Appendix D: Governing equations using the closure approximation and the Einstein

notation

In this appendix we rewrite Eqgs. (42) - (46) using Einstein index notation where repeated index
are summed. We assume that a cartesian coordinate system is employed. The equation for the

local conformation tensor, C;;, reads:

V“_ 4 ) \ , ksT d d - 5 d (dk(c) dc Cum i,
Gij = &a (k(c)Cij — ksTnadij) + 2&4 dxy (8x1< ”) + 1284 dx; ( dc dx; ng Ci) . ®BD
where

Loy d d d

C,'j = 7 +Vka—XkC1] - (a_xlvl) Clj _Clmﬁvj ’ (D2)

denotes the upper convected derivative of the tensor C;; and &;; represents the Kronecker delta.

The equation for the local dumbbell density, nq, rewritten using the Einstein notation reads:

dng ong ksT 9 [ d 1 9 [(dk(c) dc
; = — | = — | ——= . D3
o Vw28 ox \ox ) Tag ax \Tde ax ! (03)
The momentum balance reads:
d
E 20 Dy — P&y + k(c)Cri — kg Tnadyi) =0, (D4)
The equation that governs the evolution of the solute using the Einstein notation:
dc d [(kgT dc ¢ 9 (dk(c)
—=— |\———+=|——GCi | — D5
3 o (5 axk+z.§axk<dc i) =) D3)
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Appendix E: Details on the linear stability analysis in the case of homogeneous shear

The linear stability analysis proceeds by substituting the Fourier expansions given by Eqs (70)-

(73) into Eqs (62)-(65). By substituting the expansion into the momentum balance we obtain:

o5}

—n* Y (27n)?vi,sin (27ny*) exp (xnt)—L (27n)C~, , sin (27tny*) exp (Ant)+

L 4De = o
n—= n=
1 dk*(c* - '
il ¥ (2mn)csin(am) exp (i) <0 (B1)

which can be turned into an equation for the coefficients

% «f 1 o 1 dk* C>’<
-n (znn)vxm_ ( )

——Clhn— = Y =0. E2
4De ™" 4 dct ‘ (52

We proceed similarly for the equation of transport of solute, dumbbells and conformation tensor.

term yields

Substituting the Fourier expansion into the equation of transport of solute and equating term by
22 n? d’k*(c*)

«
dC*2 c*_1>:| “n =

L2 n? dik*(c*)
=-—n
0 pe dc*

[QL,,+ <2+n;§(3+2De2)

c*=1 (C;:;Cv” + C;}’Jl + C;z,n) . (E3)
The Fourier modes of the perturbation to the dumbbell number density satisfy

2m2n?\ 271 n? dk*(c*)
* 342D 2
(M—i— Pe, )nd’" 0 Pe, (3+2De7) dc*

/

¢ (E4)

n

c*=1

The Fourier modes for each component of the conformation tensor are given by

27[2 n2 1 ! 1 « dk* (C*)
(A’n + + _) Cxx,n + % (ny,n +

« W
C*:IC” ) o ZCXle -

Pe,, De 2n dc*
1 1 di*(c¥) o STEn? 5 5 dk*(c¥) :
= —ni, - — 14-2De*)ct — 142De*)(3+2D :
De Midn De dc* c*zl( +2De%)c, 3 Pey (142De")(3+2De™) dc* c*:1c" ’
(ES)

where the second, third and fourth term in the left hand side come from the upper convected
derivative and we have substituted the perturbations to the velocity as given by Eq. (E2). The

Fourier modes of the yy and zz components are given by

2n’n® 1 / 1 o 1 dk*(c¥) , 5n%n? dk*(c*) :

A - e *® 342D 2 *
( " Pe, +D«e) = pen T e der ey n 3Pe, (3+2D¢) der el
(E6)
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2m?n® 1\ 1 1 di*(¢") s SmPn? 5 dk*(c*) /
— = — - — 3+42De")——— ..
(An+ Pe,, * De) = De"n T Do der oot " 3Pe, (3+2De7) det le—1"
(E7)
The Fourier modes of the Xy component are given by
2n’n® 1 1 : :
A — 4+ —— | C—Coyn =
( nt Pe,, T De +4De11*) i
dk* (c*) 52 n? 5 dk*(c*) 1 :
=(—" — ——De (34 2De”)——— —— )¢ . (E8
( dc* ler=1  3Pe, e(3+2D¢) dc* le*=1  4Den* e - (E8)
Eqgs. (E3)-(E8) represent a linear system, which can be rewritten as
MX—E-X=0, (E9)
where X is a vector containing the inital values of the perturbations
Cn
o
Cr,
X=1|"", (E10)
B3
Chyn
Czn
[ Coyn

and the matrix E contains the coefficients that couple the same Fourier modes of different fields.

The matrix E is given by

—2nm)? (2+n2§ (3+2De?)LE) CH) 0 2P - 2P dl ) - Aon ) - .
2 (342D G| -2 0 0 0 0
| (R 20 G20+ R ) g - R 0 0 2k
2 (g G 2n) 4 ) . 0 0 - 0

The growth rate A, that governs the stability of the homogeneous state to the perturbations is

obtained by solving the linear system given by Eq. (E10), which reduces to find the eigenvalues

of the matrix E for each Fourier mode n.

Appendix F: Derivation of the simplified expression for the critical Deborah number

As discussed in the main text, in typical conditions, it is Pey > 1, Pe/Pey < 1, De/Pey < 1,
De/Pe < 1 and n* < 1. Therefore, we introduce the following simplifications to the linear stabil-
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ity analysis: (i) we neglect the perturbations of dumbbell density ngl = 0, since they evolve over
a very slow timescale; (i1) we assume that the conformation tensor relaxes faster than any other
timescale in the system; (iii) we take the limit n* — 0. Given these assumptions, the components

of the conformation tensor are given by:

! * dk* (C*) !
Coyn=Cop=— o c*:1cn , (F1)
o dk*(c*) Y
Con=— o C*:lDe ¢, (F2)
« dk* C>‘< «
Chon="— di* ) o (1+2De?)ct . (F3)

We substitute this expression in the equation for the evolution of the solute perturbations to obtain

+
C =
c*—1>:| "

2w n? (dk*(c*)

d’k* (c*)
dC*2

2 2.2
|:2,n+ 7;” <2+n;§(3+2De2)
e

2
_ 2\
=n; P o C*]) (3—|—2De )cn . (F4)

We simplify c;"l/ on the two sides of the equation to obtain a dispersion relation between the growth

rate A, and the dimensionless parameters of the problem.

_ n*znz n? [ di*(c*)
c*=1 0 pe dc*
We define a critical Deborah number, De;, as the value that leads to a marginally stable case,

=0
L [dk*(cY)
c*=1) — "o ( dc*

Any homogeneous state with De > De;; leads to an instability and a shear-induced phase separa-

212 n?
Pe

d’k*(c*)
dC*Z

2
C*:1> (3+2Dé?) .
(F5)

{/1,1 + (2+nz;(3 +2Deé?)

d*k*(c*)
dc*2

c*=

2
(2 +n(3+2Dex) 1) (3+2DeZy) - (F6)

tion. We can rearrange the equation above to write an explicit expression for Dei¢
1/2

1
De it = -

o | (k) 2 2k (er)
) dc* -
c*=1 c*=1

dc*2

3
3 (F7)
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FIGURES/Paper_schematics.pdf

FIG. 1. Schematics of a mixture of chemically-responsive polymers and solute in a solvent. The polymers
are modeled as dumbbells, which are characterized by their position vector «, end-to-end vector r and
stiffness k(c), with ¢ the solute number density. The solute molecules, typically much smaller than the
polymers, are represented as red circles. Panel (c) illustrates qualitatively the case of dumbbells whose
spring stiffness increases with the local solute concentration. In panel (a) the concentration of solute is small,
the spring is soft and the dumbbells are in an extended configuration. By increasing the solute concentration
as shown in panel (b), the spring becomes stiffer and the dumbbells are in a contracted configuration. In

this way, we model conformation changes of polymers introduced by the spatial variations of a solute.
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FIGURES/Equilibrium_phase_sep_dkdcsqzero.pdf

FIG. 2. Stability diagram of a homogeneous suspension of solute and dumbbells as a function of the ratio
of their concentrations o and the dimensionless derivative of the spring stiffness with respect to the solute
concentration . The stability diagram is even with respect to changes of 3. The inset shows the distribution
of solute and dumbbells towards which the homogeneous evolves. The remaining dimensionless number is
fixed zero, Y = 0. The blue and yellow regions are obtained by solving numerically the eigenvalue problem
while the red dashed line shows the prediction of Eq. (36), which is obtained from the perturbation of the

free energy.
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FIGURES/Equilibrium_phase_sep_dkdcsqnonzero.pdf

FIG. 3. Stability diagram of a homogeneous suspension of solute and dumbbells as a function of the ratio
of their concentrations o and the dimensionless derivative of the spring stiffness with respect to the solute
concentration . In the panel (a) ¥ = 2 while in the panel (b) ¥ = —2. The blue and yellow regions are
obtained by solving numerically the eigenvalue problem while the red dashed line shows the prediction of

Eq. (36), which is obtained from the perturbation of the free energy.
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FIGURES/Shear_flow_schematics.jpg

FIG. 4. Schematics of the homogeneous shear state. The dumbbells and the solute are homogeneously

distributed along y and the shear rate is constant.
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FIGURES/Shear_induced_phase_sep_1.pdf

FIG. 5. The critical Deborah number obtained from the numerical solution of the eigenvalue problem
(solid circles) and from the simplified theory given by Eq. (76). The other dimensionless parameters are

Pey = 10°, Pe =10°, n* = 1073, n{; = 0.1 and for d*k*(c*) /dc*? ., =0
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FIGURES/Shear_induced_phase_sep_2.pdf

FIG. 6. The critical Deborah number obtained from the numerical solution of the eigenvalue problem (solid

circles) and from the simplified theory given by Eq. (76). Panel (a) shows the case of d*k*(c*) /dc*? =
c*=

= —0.1 The other dimensionless parameters are
c*=1

Pey =105, Pe=10°, n* = 1073, njy = 0.1 and for d’k*(c*)/dc*?

0.1, while Panel (b) shows the case of d’k*(c*)/dc*?

=0.
1

ct=
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FIGURES/SIPS_schematics.pdf

FIG. 7. Schematics of the shear-induced phase separation mechanism for the case of dumbbells whose
spring stiffness increases with an increased concentration of solute. (a) A perturbation of the solute con-
centration leads to a local accumulation of solute in the shaded region. In the case of dk*(c*)/dc* ey >0,
this results in a local increase of the dumbbell spring stiffness. (b) As a result of the local stiffness increase
in the shaded region, the dumbbells contract, thus creating a gradient of stretch along the y coordinate. (c)
The spatial variation of the dumbbell stretch drives a solute flux towards the region with a larger density of

solute, leading to a positive feedback loop.
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