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Abstract

This paper shows the precise relative motion of different orbiters located at the geostationary region thanks to high precision astro-
metric coordinates, which are calculated thanks to different accurate observations taken from the Venezuelan National Observatory.
These orbiters are close to each-other and present different relative motions although the magnitude of the distribution forces that
act over them is the same. Thus, these orbiters must posses other intrinsic physic parameters which provokes the different observed
morphological dynamic. In particular, the area-to-mass ratio could be one of them, and consequently, the main goal of this paper is
to determine a reliability range for the area-to-mass ratio, that justifies the relative motion of these objects. Since a complete relative
motion of the orbit is not feasible, we use realistic models to simulate the real motion of these orbiters, and we associate them an
invented value for the area-to-mass ratio. Then, we use an analytical reduced model to compute the evolution of the eccentricity,
considering different values for the area-to-mass ratio. Consequently, we are able to recover a reliability range for this invented
parameter. In this work, it is also possible to consider the real ephemerides of objects listed in the CelesTrack database, and estimate
its corresponding value for the area-to-mass ratio. Thus, this paper provides an innovative way to obtain a physical property of a
space object just by observational information.
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1. Introduction

Since October 1957, when the launch of Sputnik I took place,
humans have been leaving behind all kind of debris in space.
The United Nations Committee on the Peaceful Uses of Outer
Space (UNCOPUOS) defines Space Debris (SD) or orbital de-
bris as all man-made objects, including fragments and elements
thereof, in Earth orbit or re-entering the atmosphere that are
useless1.

There are three main regions where satellites are placed, and
consequently, space debris is more noticeable; Low Earth Orbit
(LEO), where satellites are orbiting at an altitude about 200 and
800 km, Medium Earth Orbit (MEO), where satellites are or-
biting at an altitude up to 35000 km, and finally, Geostationary
Orbit (GEO), where satellites are orbiting at a precise altitude
of 35786 km (Chovotov, Herman & Johnson, 1997).

This paper is focused on the geostationary region, which is
considered as a three dimensional torus centered at the equato-
rial plane at a geostationary altitude (McKnight & Di Pentino,
2013; ESA, 2019). This region is also named geostationary
ring, which is delimited by the geostationary altitude (35786
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km) ± 200 km, and the latitude ± 15◦ around the equatorial
plane (IADC, 2007), which is an attractive region for its high
commercial value, for placing communication, observation and
broadcasting satellites since they have a fixed position in the
sky with respect to a ground observer (Johnson et al., 2008).

Actually, in this region, we found active and non-active satel-
lites, as well as space debris, which beginning to congest. The
last one represents a larger population than satellites and it
comes from different sources; nonfunctional spacecraft, ex-
plosions, collisions, satellite-surface degradation, operational
debris separation, etc. (Smirnov, 2002). However, the main
source of space debris have been different breakups that took
place in the last years (Rykhlova, 2001; Africano, 2000; Petit et
al., 2018). These space debris have been injected in different re-
gions such as geostationary and graveyard orbits. Furthermore,
nonfunctional satellites were abandoned in libration orbits with
no intention of post-mission disposal, which lead to a higher
concentration of defunct geostationary satellites in graveyard
orbits (Klinrad, 2006). Although this region is protected, the
number of operational spacecraft and debris at the geostation-
ary ring is increasing continuously. This has increased the use
of the high inclinations and eccentricities for GEO satellites and
allows to higher hazard of that occur collisions (Johnson, 2012).

The orbital debris environment at the geostationary region
has been investigated in the last two decades. The analysis of
these population was based on available (real) and synthetic
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data, and different tools and methodologies have been devel-
oped to understand the real situation of space debris (Smirnov,
2002; Hanada & Yasaka, 2002; Celletti et al., 2017). In par-
ticular, EVOLVE, ORDEM 3.0 and MASTER-2009 are differ-
ent software to model the current situation of space debris such
as the flux, distribution mass, and other features of the space
debris (Johnson et al., 2001; Englert, et al., 2014; Krisko et
al., 2015). More recently, different features have been inves-
tigated by using statistical tools (Lewis et at., 2001; Englert, et
al., 2014; Thomansson, Deleflie & Petit, 2019).

A qualitative and quantitative analysis of the current situation
of the space debris population can allow to gain a better under-
standing of how geostationary space debris objects are gener-
ated and later accumulated. This analysis also condition the op-
timal use of the geostationary zone in the present and the near
future. To that end, different mitigation strategies, safety oper-
ational maneuvers, risk of collision estimation, constant track-
ing services, between others, are developed. These strategies
have had great attention by the scientific community because
of their real and immediate implications (Anselmo & Pardini,
2002; Klinrad, 2006).

We should also take into account the long time of existence
in orbit of these space debris objects and the difficulty of their
disposal (Adushkin, et at., 2016). More precisely, the space de-
bris generated in this particular region will stay there several
decades, since there are no natural mechanisms such as the at-
mospheric drag that allow to decay these objects as occur in
Low Earth Orbits (Colombo & Gkolias, 2017).

For all these reasons different tracking missions have been
carried out through optical and telemetry surveys (Alby et al.,
2004; Schildknecht et al., 2004; Flohrer et al., 2005; Laas-
Bourez et al., 2011; Nuñez et al., 2015; Pradhan, Hickson &
Surdej, 2019). Thus, thanks to the constant tracking, a detailed
classification of space debris has been carried out in the last
decades, however there is a lack of information of the physical
and geometric features of these space debris objects. One of
these physical properties is the area-to-mass (A/m) ratio, which
is defined as the projected Sun facing area over the mass of
the object. The projected Sun facing area is a function of the
orientation of the space object, and consequently the effective
area-to-mass ratio is time varying (Früh & Schidknecht, 2012).
Thus, this parameter it is difficult to be estimated due to its time
varying nature. Then, since the estimation of the area-to-mass
ratio is a quite complex task, the goal of this paper is to give a
suitable range for the area-to-mass ratio of a space debris ob-
ject.

Focusing on the GEO region, as we illustrate in Fig. 1, the
Keplerian perturbation is the dominant one, secondly we have
the J2 effect, and after we have the third body effect due to the
Sun and the Moon. It is important to remark that the Solar
Radiation Pressure (SRP) becomes the second disturbing force
if the A/m ratio is big enough (i.e 40 m2kg−1), while if the ratio is
smaller (about 1 m2kg−1) it has the same influence in the space
object as the third body perturbation already mentioned. Other
forces could be considered, but due to their smaller order of
magnitude in comparison with the latest ones they are neglected
in this work.

Figure 1: Order of magnitude of the perturbations (Valk, Lemaı̂tre & Anselmo,
2008).

It is known that, in this region, there are objects with an A/m

ratio that varies up to 50 m2kg−1 (Schildknecht, 2007; Pardini &
Anselmo, 2008), which reveals a critical situation. A big value
for the area-to-mass ratio is attributed to space debris, which are
between 100 to 1000 times higher than the typical A/m ratio of
a satellite in the GEO region (Schildknecht, Musci & Flohrer,
2008; Agapov, Molotov & Khutorovsky, 2009). As we already
mentioned, the A/m ratio becomes an important parameter in the
orbital evolution of space debris objects. In particular, the rise
of this parameter leads to an increment in the amplitude of the
oscillatory motion that is present in the temporal evolution of
the eccentricity (Kuznetsov & Zakharova, 2015; Casanova, Pe-
tit & Lemaı̂tre, 2015). In addition, objects with high area-to-
mass ratio present a very chaotic dynamic behavior compared
to objects of low area-to-mass ratio in the same region (Valk et
al., 2009). Consequently, the particular characteristics that are
present in each piece of space debris (i.e the A/m ratio) provokes
a different temporal evolution.

We have recall how important is the knowledge of the A/m ra-
tio, and consequently, the more accurate this factor is, the better
approximation of the space debris dynamics we have. Thus, an
A/m ratio estimation will derive into a better knowledge of the
space debris dynamics. The final goal of this work is to give a
reliability range of the area-to-mass ratio of a given space ob-
ject. Then, if we apply the estimated area-to-mass ratio to ex-
isting dynamical models we will determine in a better way the
global dynamic of objects located at the geostationary region.
This knowledge allows to establish control alerts for possible
collision between objects orbiting in this region, allows space
agencies to establish optimal conditions (and objectives) to pro-
tect the GEO ring for future space mission. Consequently, the
estimation of the area-to-mass ratio of space debris objects is
an urgent problem and becomes the final goal of this work.

The paper is organized as follows. Section 2, presents the
current situation of orbiters in the GEO region, and shows the
relative motion of some of them. It also illustrates how the rel-
ative motion of close orbiters is totally different under the same
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perturbation effects, making their intrinsic physical character-
istics the reason of having different dynamics. Section 3, in-
troduces different ways of computing the temporal evolution of
orbital elements of a space object. More precisely, we present
the General Mission Analysis Tool (GMAT) software and an
analytical methodology with a particular example. Section 4,
shows different examples where the area-to-mass ratio is esti-
mated, from real objects whose area-to-mass ratio was previ-
ously invented. Furthermore, we present how to use this tool to
derive the area-to-mass ratio of objects whose ephemerides are
in the CelesTrack database. Finally, in Section 5 we conclude
the work.

2. Orbital motion in the geostationary ring

In this Section, we present the current situation of orbiters
in the GEO region according to the existing literature. We also
present the precise relative motion of some orbiters computed
thanks to high precision astrometric observations from a CIDA
survey on the GEO ring taken from the Venezuelan National
Observatory (Lacruz & Abad, 2015; Lacruz et al., 2018a; , b).
The purpose is to illustrate, that under the same perturbing ef-
fects, the relative motion of close space objects is completely
different. The reason of this behaviour could be the intrinsic
physical properties (such as the area-to-mass ratio) of the or-
biters.

2.1. State of the Art
Objects located at the geostationary region present a partic-

ular property, they are in a 1:1 gravitational resonance with the
Earth, where the orbital period corresponds to one sidereal day
(23h56min4s). Then, an orbiter located at this region will present
a fix position in an Earth Centered Earth Fixed (ECEF) ref-
erence frame, making this region very attractive for commu-
nication and observation satellites, because they have a fixed
position in the sky with respect to a ground observer. Since
there are hundreds of satellites in this region; it is expected sev-
eral pieces of space debris. The debris population located at
the GEO region come from different breakup events; according
to (Rykhlova, 2001; Africano, 2000; ESA, 2019), there were
several important breakup events. More precisely, there were
five remarkable events (Petit et al., 2018) until 2016: Ekran-
2 (1978/06/25), Titan Trans. 3C-5 (1992/02/21), Titan Trans.
3C-17 (2014/06/04), PROTON-M/BRIZ-M (2016/01/16), BEI-
DOU G2 (2016/06/29). Since then, there were many more: a
minor breakup is associated with Titan 3C Transtage #1969-
013B (2018/02/28), Atlas V Upper Stage Fragmentation Event
(2018/08/31). In addition, there were many anomalous events
that could be related to space debris collisions such as: AMC-
9 (2017/06/17), TELKOM-1 (2017/08/30) and recently of the
Intelsat 29E (2019/04/10) and future events, that for sure, will
take place.

The above presented breakup events created thousands of
space debris objects, which are distributed along this region.
It is important to remark that in the GEO region, there are
four equilibrium points, which are two stable and two unsta-
ble points, product of the non-uniform distribution of the Earth

mass, more precisely due to the spherical harmonic J2, C22,
and S22 that create these four equilibrium points (Morando,
1963; Soop, 1994). These points are localized at longitudes
λs1 = 75◦.1 East, λs2 = 105◦.3 West, λu1 = 164 East and
λu2 = 11 West (Capderou, 2005). Thus, orbiters located in
this region transit irregularly between these equilibrium points
(Wytrzyszczak, Breiter & Borczyk, 2007).

2.2. The relative motion of orbiters in the GEO ring
The natural motion of most orbiters in the GEO ring is with-

out station-keeping thrust. Thus, they maintain a constant or
nearly constant geometry of its relative orbit. In particular, the
projection of the relative motion over the Earth surface it is not
exactly a fixed point respect to the Earth Centered Earth Fixed
(ECEF) reference frame. Its path becomes less symmetric and
distorted and it recalls to a Bernoulli lemniscate.

In order to know precise relative motion of some orbiters, we
consider the high precision astrometric positions from a CIDA
survey on the GEO ring taken from the Venezuelan National
Observatory. The angular positions of those objects are calcu-
lated with a high astrometric precision, where the errors are of
the order to 0

′′

.12 and 0
′′

.11 in the topocentric equatorial coor-
dinates, respectively (Lacruz et al., 2018).

In Figs. 2 and 3 we show the angular positions of five orbiters
which are located at different longitudes. We select the sub-
satellite points λGEO = 24◦.80, 34◦.55, 61◦.55 and 71◦.05 W,
that are available into the CIDA survey data set. More precisely,
in these plots we show a section of the orbital relative motion in
function of time, corresponding to 110 min of the orbital period
for each orbiter. The process pipeline was made taking thirty-
six astrometric observations (for each λGEO). Remark that each
set of thirty-six astrometric observations is divided in six sub-
sets of observations. The interval of time between the first and
the last one is 110 min, taking into account the following: (1)
10 s of integration time of each observation; (2) the delay time
for downloading the CCD image; and (3) 540 s of separation
between each subset. The set of points in each panel represents
the real position at each instant of time of observation. In Ta-
ble 1 we provide the variation of the angular position of the
objects located in the λGEO in term of pixels and arc-seconds,
taking into account that 1 pixel is equal to 0

′′

.546.
Remark that in the lower panel of the Fig. 3 we have two or-

biters, whose motion direction are opposite. The upper orbiter
presents a smaller variation than the lower one in the x−axis,
while the upper orbiter presents a greater variation than the
lower one in the y−axis. Thus, in the same sub-satellite point
λGEO = 70◦.05 W we have two different orbiters with a com-
pletely different relative orbital motion.

Therefore, the relative motion that we observe in each nom-
inal window is not equal for all orbiters. We observe differ-
ent morphological dynamics for each orbiter. Taking into ac-
count that the magnitude of the distribution forces that act over
these orbiters is the same (Valk, Lemaı̂tre & Anselmo, 2008),
and they are close each other, there must be other intrinsic
physic parameters in the orbiters which provokes the different
observed morphological dynamics. A possible explanation of
this behaviour could be an intrinsic physical parameter such as
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Figure 2: Orbiters located at λGEO = 24◦.80 W (upper panel) and λGEO =

34◦.55 W (lower panel). In both panels it is showed the relative motion of
the orbiters during 110 minutes. It is also possible to know the shape of the
relative orbit by joining the data set from 1 to 6. The error bars, which indicate
the precision of the relative orbit, are smaller than symbols and they are not
appreciated.
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Figure 3: Orbiters located in λGEO = 61◦.55 W (upper panel) and λGEO =

70◦.05 W (lower panel). In both panels it is showed the relative motion of the
orbiters during 110 minutes. It is also possible to know the shape of the relative
orbit by joining the data set from 1 to 6. At λGEO = 70◦.05 W there are two
different orbiters. The error bars, which indicate the precision of the relative
orbit, are smaller than symbols and they are not appreciated.
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Table 1: Variation of the relative motion during 110 minutes of the orbiters
located in different λGEO at the geostationary ring. The displacements ∆x and
∆y, in pixels, equivalently ∆α and ∆δ, in arcsec. Take into account that 1 pix
= 0

′′
.546.

Orbiter λGEO ∆x ∆y ∆α ∆δ

# Figs. (◦) W (pix) (pix) (
′′

) (
′′

)
2. (upper panel) 24.80 10.70 9.60 5.84 5.24
2. (lower panel) 34.55 25.30 9.80 13.81 5.35
3. (upper panel) 61.55 51.85 111.83 28.31 61.05
3. (lower panel)

(upper left) 70.05 20.57 73.46 11.23 40.11
3. (lower panel)

(lower right) 70.05 43.68 55.04 23.83 30.05

the A/m ratio, which is a priory unknown, and difficult to deter-
mine accurately.

In the following Section we present different tools, which are
useful to know the dynamics of orbiters in the GEO ring.

3. Temporal evolution of the orbital elements

In this section, we present different tools for computing the
temporal evolution of a space object. We introduce the Gen-
eral Mission Analysis Tool (GMAT), which is an open source
software system for space mission design, optimization, and
navigation (https://software.nasa.gov/). After that, we
present an analytical methodology for computing the temporal
evolution of a space object located at the GEO region. Finally,
we provide an example to illustrate the different tools.

3.1. General Mission Analysis Tool (GMAT)

The GMAT supports missions in flight regimes ranging from
low Earth orbit to lunar, libration points, and deep space mis-
sions. However, we focus our analysis on the GEO ring. Since
GMAT contains models of real world objects such as spacecraft
and thrusters, and it is possible to include several distributing
forces when propagating a space object, we consider this nu-
merical tool as a realistic way to compute the evolution of dif-
ferent orbiters.

3.2. Analytical methodology

In this subsection we recall an analytical tool for comput-
ing the temporal evolution of space debris located at the GEO
region, that is orbiting around the Earth (see (Casanova, Pe-
tit & Lemaı̂tre, 2015) for a more detailed explanation). This
analytical model considers the non-uniform distribution of the
Earth mass (more specifically, the Earth oblateness or the J2 ef-
fect), the gravitational potential due to the Sun and the Moon
effect (Montenbruck, 2005; Pardini & Anselmo, 2008) as third
bodies, and the Solar Radiation Pressure (SRP), neglecting the
remaining perturbing forces.

The classical orbital elements are the semi-major axis (a),
eccentricity (e), inclination (i), right ascension of the ascend-
ing node (Ω), argument of perigee (ω) and mean anomaly (M).
However, this analytical tool avoids these classical orbital ele-
ments and uses the Poincaré’s Variables, which are canonical

and non-singular. These variables, which avoid problems when
the inclination or the eccentricity become zero, are the follow-
ing:

x1 =
√

2 P sin p, y1 =
√

2 P cos p,

x2 =
√

2 Q sin q, y2 =
√

2 Q cos q,

λ, L,

where λ is the mean longitude, which represents the mean
anomaly (M) plus the argument of perigee (ω) plus the lon-
gitude of the ascending node (Ω). L is one of the Delaunay’s
elements and is given by:

L =
√
µ a, G =

√
µ a(1 − e2), H =

√
µ a(1 − e2) cos i,

being µ = GM⊕ with G the standard gravitational constant, M⊕
the mass of the Earth. Finally, P, Q, p and q are the modified
Delaunay’s elements, given by:

P = L −G, p = −ω −Ω,

Q = G − H, q = −Ω.

Given the generalized coordinates (p, q, λ) (or the position
r) and the generalized momenta (P,Q, L) (or velocity v) of a
space object, it is possible to describe its motion thanks to the
following Hamiltonian formulation:

ṗ =
∂H

∂P
, Ṗ = −

∂H

∂p
,

q̇ =
∂H

∂Q
, Q̇ = −

∂H

∂q
,

λ̇ =
∂H

∂L
, L̇ = −

∂H

∂λ
,

where the Hamiltonian function is given by:

H(r, v, r�, r$) = Hkepler(r, v) + HJ2 (r) +

+ HS RP(r, r�) +

+ H3bS (r, r�) + H3bM(r, r$), (1)

where r and v are the Cartesian geocentric coordinates and ve-
locities of any space object in the GEO region, r� the Carte-
sian geocentric coordinates of the Sun and r$, these of the
Moon. All of them are given with respect to an inertial equa-
torial geocentric reference frame. Hereinafter, we denote by
r = ||r||, r� = ||r�||, r$ = ||r$||, and v = ||v||.

The Hamiltoninan given in Eq. (1) is split in different parts,
where Hkepler represents the attraction of the Earth as a central
body, HJ2 the potential function that affects the space object due
to the Earth oblateness. We only consider the zonal harmonic
J2, which is the most representative of the potential function.
HS RP represents the direct solar radiation pressure potential and
it is strongly related with A/m ratio, H3bS the effect of the Sun,
as third body, and H3bM this of the Moon.

Several periods are present in the Hamiltonian, a 1-day-
period (for geostationary orbit), a 1-month-period (in the Moon
motion), a 1-year-period (in the Sun motion), periods linked
to the J2 perturbation, and longer periods that appear clearly
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in the numerical integration. Thus, thanks to several averag-
ing process we are able to obtain analytical expressions for the
variables x1, x2, y1 and y2 and consequently, we are able to re-
cover from them the temporal evolution of the e, i, Ω and ω
of a space object. We summarize the analytical expressions of
the variables. For short periods of time, of a few years, the
result (Casanova, Petit & Lemaı̂tre, 2015) is simply:

x1(t) = Cx +
k sin(n� t + λ�,0)

1 − η2

[
η cos ε + 1

]
,

y1(t) = Cy +
k cos(n� t + λ�,0)

1 − η2

[
cos ε + η

]
, (2)

where the values for Cx and Cy are fixed by the initial conditions
(t = 0). Furthermore, it has been assumed a circular motion for
the Sun, only depending on its mean longitude λ� = n� t + λ�,0
(with n� = 2 π yr−1 and λ�,0 the initial position of the Sun) and
on the Earth’s obliquity ε. Finally, the values for η and k are
given by:

η =
C2

n�
, n� k =

3
2

Cr Pr
A
m

a
√

L
,

where C2 = 3
2

√
µ
a3 J2

r2
⊕

a2 being, r⊕ the Earth radius, and a the
semi-major axis of the space debris object. Finally, the param-
eter Cr (fixed to 1 in this paper) is a dimension-free reflectivity
coefficient, Pr = 4.56 × 10−6 Nm−2 is the radiation pressure for
an object located at a distance of 1 au from the Sun, A/m is the
area-to-mass ratio of the space debris given in m2kg−1 and a� is
equal to the mean distance between the Sun and the Earth (i.e.
a� = 1 au). We consider that r� ' a�.

Thanks to a second averaging process (over 1 year) and tak-
ing into account the obtained expressions for x1 and y1 it is
possible to obtain analytical expressions for x2 and y2, that are
given by:

x2(t) = D sin(
√

g1 g2 t − ψ),

y2(t) = D

√
g2

g1
cos(
√

g1 g2 t − ψ) −
g3

g1
. (3)

These equations represent an oscillatory motion,D is the am-
plitude and ψ the phase space. Both of them are calculated
through the initial conditions. The variables g1, g2 and g3 are
given by:

g1 = n�
k2

4 L
cos ε +

Cq

2
− δ − δ cos 2ε − γ − γ cos εM ,

g2 = n�
k2

4 L
cos ε +

Cq

2
− 2 δ cos 2ε − 2 γ cos 2εM ,

g3 = −n�
k2

2
√

L
sin ε + 2 δ

√
L sin 2ε + 2 γ

√
L sin 2εM ,

where εM is the obliquity of the Moon, the variable Cq is com-
puted by considering the value i = 0◦, in agreement with the
truncation in i2, and we replace e by its averaged value, ē, over
λ�, that is,

Cq = C2 (1 + 2 ē2), (4)

and finally, the parameters δ and γ, which are given by:

δ = β
3 a2

16 L a2
�

, γ = −
µ$
a$

3 a2

16 L a2
$
,

Table 2: Initial condition of the orbiter with semi-major axis, a, eccentricity, e,
inclination, i, right ascension of the ascending node, Ω, argument of perigee, ω,
mean anomaly, M, and the area-to-mass, A/m, ratio.

Initial date January 01, 2018. 0h : 0min : 0s.0
Final date January 01, 2019. 0h : 0min : 0s.0
a 42164.0 km
e 0.000272900
i 0◦.784092740
Ω 90◦.245499999
ω 335◦.171400659
M 201◦.927300003
A/m 0.25000 (2.5/10) m2kg−1

where β is given by:

β =

[
Cr Pr

A
m

a� −
µ�
a�

]
, (5)

µ� = GM� with M� the mass of the Sun, and µ$ = GM$
with M$ the mass of the Moon, and φM representing the angle
between the satellite and the Moon positions. The motion of the
Moon is also assumed to follow a circular orbit, i.e. r$ = a$.

Remark that Eqs. (2) and Eqs. (3) are the analytical solution
of the problem of a space object orbiting around the Earth in
the GEO ring.

Note that during the previous procedure we average the
Hamiltonian function over the mean longitude (λ) since, for
long-time propagation, the short periodic oscillations caused by
the mean longitude are meaningless. Thus, under the averag-
ing assumption, our problem becomes a four degree of freedom
problem in the averaged variables x1, y1, x2 and y2, since the
mean longitude is not present anymore; consequently the semi-
major axis (a) or the momentum associated to the mean longi-
tude (L) will be constants.

3.3. Evolution of a space debris object

At this point, given the information of a particular object lo-
cated at the GEO ring, it is possible to compute its ephemerides.
To that end, we use different tools such as the CelesTrack
database, and the two presented tools: GMAT and the analytical
method. More precisely, we calculate the temporal evolution of
the osculating orbital elements. However, as we already men-
tion, since the analytical methodology averages over the mean
anomaly (and consequently the semi-major axis remains con-
stant) we focus our study into the remaining four variables and
more specifically into the eccentricity and inclination.

We consider an orbiter whose initial conditions are in Ta-
ble 2. First of all, by using the GMAT tool, we compare the
temporal evolution of the orbiter computed by a realistic model
versus a reduced model. The realistic model considers: grav-
itational model JGM-2 (Tapley et al., 1996) of degree 70 and
order 70, the third body perturbation due to the Sun, Moon,
Jupiter and Saturn, the solar radiation pressure with a spherical
model and without the shadowing effects, between others. The
reduced model considers: gravitational model JGM-2 of degree
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Figure 4: Evolution of the eccentricity during 1 year, of the virtual space object
in the reduced numerical model (dash-dotted line) versus the analytical one
(solid line). The initial conditions are the ones presented in Table 2.

2 and order 0, the third body perturbation due to the Sun and
Moon, and the solar radiation pressure effect.

As a conclusion of this comparison, we obtain that the re-
duced model is a reliable one, since the difference between the
realistic and the reduced model is not relevant. As a quantitative
analysis, the relative errors in the eccentricity is of order 10−10

, and in the inclination is of order 10−9. This is an expected
result since, as we already show in Fig. 1, the most important
perturbations that need to be considered in the GEO region are
the ones that are included in the reduced model.

Now, we compare the reduced model of GMAT with the an-
alytical model in order to confirm the reliability of the last. In
Fig. 4 we compare the temporal evolution of the eccentricity
during one year of a virtual orbiter, whose initial conditions
are given in Table 2. The numerical approach with the reduced
model of GMAT give similar plots as the obtained with the ana-
lytical tool, and consequently, we can use the analytical method
since it is simpler, quick and provides a reliable approach of the
temporal evolution (See (Casanova, Petit & Lemaı̂tre, 2015) for
a detailed comparison).

In the case of the inclination, one year is not enough to show
its variation. In Figs. 5 and 6, we plot the temporal evolution of
the eccentricity and inclination of the orbiter during ten years.
Note that it is observable the periodic motion of one year in the
eccentricity, while it is not in the inclination. For this reason,
we plot in Fig. 7 the evolution of the inclination during 200 yrs,
where the long periodic motion of about 56 yrs it is observ-
able. This justifies why we consider only the evolution of the
eccentricity in this study, since the variation of the inclination
is observable for long periods of time.

Remark that, the bigger the A/m of the space object is, the
bigger the amplitude of the eccentricity is. Furthermore, the
amplitude of the inclination (in this case less than 1◦) is at most
14◦, which is in agreement with the amplitude of the periodic
motion of the inclination of the objects located at the GEO re-
gion.

We have shown the temporal evolution of the eccentricity and
inclination of an orbiter. Note that in this particular case the A/m

is an input parameter. The idea of this work is to estimate this

Figure 5: Evolution of the eccentricity during 10 years of the virtual space
object. The initial conditions are the ones presented in Table 2.

Figure 6: Evolution of the inclination during 10 years of the virtual space ob-
ject. The initial conditions are the ones presented in Table 2.

Figure 7: Evolution of the inclination during 200 years of the virtual space
object. The initial conditions are the ones presented in Table 2.
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parameter from real data or in our case a realistic model from
GMAT. Then, in the following section we give a reliability band
of the area-to-mass ratio of a given orbiter in the GEO ring,
estimating a physical property (the area-to-mass ratio) from its
dynamics.

4. Estimation of the area-to-mass ratio

In this section we explain how to determine a reliability band
of the area-to-mass (A/m) ratio of an orbiter located at the GEO
ring, which are contained in the NASA NORAD Catalog. First,
we give an invented value for this parameter and we compute
its orbital motion by using the realistic model of GMAT. Then,
it is possible to recover the invented value of the area-to-mass
ratio or at least to determine a reliability band of this parameter
by using the analytical method. Second, we use the CelesTrack
information, where it is possible to obtain the ephemerides of
space objects. By using that information, we are able to de-
termine a reliability band of the area-to-mass (A/m) ratio of the
space object obtaining a physical property (the area-to-mass ra-
tio) from the CelesTrack data.

4.1. Recovering an invented value for the area-to-mass ratio of
an orbiter

We consider realistic objects, which are listed in the NASA
NORAD Catalog. Each object has a NORAD ID, which is a
sequential 5-digit number assigned by the United States SPACE
COMmand (USSPACECOM) to all Earth orbiting satellites in
order of identification.

From the Two Line Elements data set we obtain the follow-
ing: Julian Date (JD), semi-major axis (a), eccentricity (e), in-
clination (i), right ascension of the ascending node (Ω), argu-
ment of perigee (ω) and mean anomaly (M). We also have in-
formation about the BSTAR (B?) coefficient, which is strongly
related with the A/m ratio (B? ∝ A/m). However, all cases of
study have this parameter equal to zero. It does not mean nec-
essarily that the value is zero, it could mean that the value is
unknown.

At this point we consider as a first example the object with
NORAD ID 33595, whose initial conditions are illustrated in
Table 3. We consider an invented value A/m = 0.0075 m2kg−1

for this particular orbiter. Then, we compute the temporal evo-
lution of the eccentricity by using the realistic GMAT model,
and we use the analytical method also to compute the temporal
evolution of the eccentricity, but this time considering different
area-to-mass ratios. The idea is to fit the realistic evolution with
one or several of the analytical evolution, which are different
since we provide different values for the area-to-mass ratio.

In Fig. 8 shows the temporal evolution of the eccentricity of
the object with NORAD ID 33595. We plot the evolution com-
puted with the realistic GMAT model with an invented value for
the A/m = 0.0075 m2kg−1. We also plot the temporal evolution
of the eccentricity computed with the analytical method by us-
ing different A/m ratios. The upper curve is associated with the
A/m equal to 0.05 m2kg−1 and the lower curve is associated with
the A/m equal to 0.001 m2kg−1. It is possible to refine the upper

Table 3: Initial condition of the orbiter with NORAD ID 33595. Julian Date
(JD), semi-major axis, a, eccentricity, e inclination, i, right ascension of the
ascending node, Ω, argument of perigee, ω and mean anomaly, M.

JD 2457025.367446810007
a 42164.81494093991 km
e 3.26 × 10−5

i 1◦.83000003 × 10−3

Ω 235◦.3125
ω 117◦.525999998775
M 139◦.8608000002993

Figure 8: Evolution of the eccentricity during 1 year of the orbiter with NO-
RAD ID 33595. Realistic GMAT model with an invented value of A/m =

0.0075 m2kg−1, represented by the solid line (a). The analytical approach is
computed taking into account different values for the A/m ratio. More precisely,
0.001, 0.01, 0.03 and 0.05 m2kg−1, which are represented by the dashed lines
(b), (c), (d) and (e), respectively. A suitable reliability band for the area-to-
mass ratio of this object is 0.001-0.01 m2kg−1.

value and, as we can see in the plot, we determine a reliability
band for the A/m parameter of 0.01-0.001 m2kg−1. This means
that we recover successfully the invented value for the area-to-
mass ratio of the space object since 0.0100 ≤ 0.0075 ≤ 0.0010.
This is a suitable band for the parameter taking into account
that, a priori, is unknown.

We did similar research with other space debris objects,
whose initial values for the eccentricity and inclination are
given in Table 4 considering the information of CelesTrack
database.

Figs. 9, 10 and 11 show the temporal evolution of the eccen-
tricity of the space objects with NORAD ID 25354, 32768 and

Table 4: Initial conditions of space debris objects in the geostationary ring from
CelesTrack database. The columns represent the NORAD ID, Julian Date (JD),
eccentricity (e), inclination (i) and the invented value for the area-to-mass ratio
(A/m). The last one (ID 12345) is an invented object with a high value for the
are-to-mass ratio.

NORAD JD e i A/m

ID (◦) m2kg−1

33595 2457025.3674468 0.0000326 0.0183 0.0075
25354 2457024.9065858 0.0002901 0.0240 0.0833
32768 2457024.5637829 0.0002315 0.0291 0.2500
41836 2457702.9975671 0.0000404 0.0711 0.0010
12345 2458484.5000000 0.0002729 0.0041 25.000
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Figure 9: Evolution of the eccentricity during 1 year of the orbiter with NO-
RAD ID 25354. Realistic GMAT model with an invented value of A/m =

0.0833 m2kg−1 represented by the solid line (a). The analytical approach is
computed taking into account different values for the A/m ratio. More precisely,
0.009, 0.050, 0.100 and 0.150 m2kg−1, which are represented by the dashed
lines (b), (c), (d) and (e), respectively. A suitable reliability band for the area-
to-mass ratio of this object is 0.05- 0.10 m2kg−1 since 0.0500 ≤ 0.0833 ≤
0.100.

Figure 10: Evolution of the eccentricity during 1 year of the orbiter with NO-
RAD ID 32768. Realistic GMAT model with an invented value of A/m =

0.25 m2kg−1, represented by the solid line (a). The analytical approach is com-
puted taking into account different values for the A/m ratio. More precisely,
0.07, 0.12, 0.50 and 0.75 m2kg−1, which are represented by the dashed lines
(b), (c), (d) and (e), respectively. A suitable reliability band for the area-to-
mass ratio of this object is 0.12-0.50 m2kg−1 since 0.1200 ≤ 0.250 ≤ 0.500.
In this particular case, we observe that the value A/m = 0.250 m2kg−1 in the
analytical method almost reproduce the realistic approach.

41836, respectively. We consider different and invented val-
ues for the area-to-mass ratio equal to 0.083, 0.25 and 0.001
m2kg−1, respectively. These values are used in the realistic
GMAT model. In these figures we also plot the temporal evo-
lution of the eccentricity, computed with the analytical method
but using different area-to-mass ratios. These temporal evolu-
tion are plotted with the solid lines. For each particular space
object we are able to determine a reliability band for the area-
to-mass ratio in accordance with the invented value. Thus, the
reliability bands for the space objects with NORAD ID 25354,
32768 and 41836 the A/m ratio are 0.05-0.1, 0.12-0.5 and 0.001-
0.005 m2kg−1, respectively and represented by the dashed lines
in each figure.

Finally, in Fig. 12 we show the temporal evolution of an or-
biter with a high area-to-mass ratio in order to test the method-
ology with this kind of orbiters. More precisely, we com-

Figure 11: Evolution of the eccentricity during 1 year of the orbiter with NO-
RAD ID 41836. Realistic GMAT model with an invented value of A/m =

0.001 m2kg−1, represented by the solid line (a). The analytical approach is
computed taking into account different values for the A/m ratio. More precisely,
0.0005, 0.001, 0.005 and 0.009 m2kg−1 which are represented by the dashed
lines (b), (c), (d) and (e), respectively. A suitable reliability band for the area-
to-mass ratio of this object is 0.001-0.005 m2kg−1 since 0.001 ≤ 0.001 ≤ 0.005.
In this particular case, the area-to-mass ratio is so small that is difficult to give
a precise reliability band.

pute the temporal evolution of eccentricity in a realistic GMAT
model with a given value for the area-to-mass ratio equal to
25.0 m2kg−1. We also plot the computed temporal evolution
with the analytical model considering different values for the
area-to-mass ratio. More precisely, we consider a range o val-
ues from 20 to 30 m2kg−1 and we observe how the analyti-
cal evolution fits the realistic evolution. We conclude that this
methodology it is also useful with objects with high area-to-
mass ratio. In this particular example we observe that a relia-
bility band for the area-to-mass ratio could be 24-26 m2kg−1,
which is in accordance with the invented value for the A/m ratio.

Until now, we use real orbiters (with an artificial A/m ratio)
and we succeed with the estimation of the area-to-mass ratio of
the object. Now, it is time to proceed in an inverse way, i.e, we
observe the evolution of the eccentricity of a real object and we
obtain a range of values for the area-to-mass ratio that could be
associated to the real object.

4.2. Estimation of the area-to-mass ratio by using the Ce-
lesTrack data

In this subsection we obtain a reliable band of values for the
A/m ratio of a real object by using the information coming from
the CelesTrack database. We select a real object with NORAD
ID 33595, whose ephemerides are known.

In Fig. 13 we plot the temporal evolution of the eccentricity
of the object with NORAD ID 33595 by using the ephemerides
of the object coming from the CelesTrack database. As we
observe previously, if we change in the analytical method the
value of the A/m ratio, the temporal evolution of the eccentricity
is also changing. Thus, we fit the eccentricity evolution from
CelesTrack data with a suitable evolution for the eccentricity
by trying different A/m ratios. More precisely, the upper line
shows the evolution of the eccentricity if a value for the A/m

equal to 0.01 m2kg−1 is considered, and a the lower dashed line
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Figure 12: Evolution of the eccentricity during 1 year of an invented orbiter
with a given area-to-mass ratio. Realistic GMAT model with an invented value
of A/m = 25 m2kg−1, represented by the solid line. The analytical approach
is computed taking into account different values for the A/m = ratio. More
precisely, 20, 24, 25, 26, and 30 m2kg−1, which are represented by the dashed
lines, bottom up, respectively. A suitable reliability band for the area-to-mass
ratio of this object is 24-26 m2kg−1, which is in accordance with the given value
for A/m.

Figure 13: Temporal evolution of the eccentricity during 1 year of the orbiter
with NORAD ID 33595. The CelesTrack data is represented with the solid line.
The analytical approach is computed taking into account different values for the
A/m ratio. More specifically, 0.003, 0.005, 0.008 and 0.01 m2kg−1, which are
represented by the dashed lines, bottom up, respectively.

shows the evolution of the eccentricity if a value for the A/m

equal to 0.003 m2kg−1 is considered. Consequently, it is possi-
ble to establish a reliability band for the A/m ratio of this object
of 0.003-0.01 m2kg−1.

In addition to that, we plot in Fig. 14 the behaviour of the
eccentricity during three years. We observe that the eccentricity
evolution plotted by using the CelesTrack information suites
very well with the two analytical eccentricity evolution with
associated values for the area-to-mass ratio equal to 0.003 and
0.01 m2kg−1, respectively.

We did similar research with the orbiter with NORAD ID
40875. In Fig. 15 we show the temporal evolution of the ec-
centricity with the data coming form CelesTrack, represented
by the solid line, and the computed evolution with the analyti-
cal method with different area-to-mass ratios, which are repre-
sented by the dashed lines, bottom up, respectively.

Figure 14: Temporal evolution of the eccentricity during 3 years of the orbiter
with NORAD ID 33595, represented by the solid line. The CelesTrack data are
represented with the solid line. The analytical approach is computed taking into
account different values for the A/m ratio. More precisely, 0.003-0.01 m2kg−1,
which represent a suitable reliability band for this physical parameter.

Figure 15: Temporal evolution of the eccentricity during 2 years of the orbiter
with NORAD ID 40875. The CelesTrack data are represented with the solid
line. A suitable reliability band for A/m ratio is 0.0011-0.0345 m2kg−1, repre-
sented with the dashed lines, and computed with the analytical method.
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5. Conclusion

The relative motion of different orbiters in the geostationary
ring was illustrated by using the information of several observa-
tions taken from the Venezuelan National Observatory. Those
relative orbits show that, space objects that are close each-other
are affected by the same perturbing forces and move in a differ-
ent way. A possible explanation could be its intrinsic physical
nature, for example the area-to-mass ratio parameter. An ana-
lytical approach allows to understand how this parameter influ-
ences in the temporal evolution of an space object, even more
if they are located at the geostationary region, where the solar
radiation pressure can become one of the most important per-
turbations if the area-to-mass ratio of the object is big enough.
In this work two different results are presented and both pursue
the same objective, which is to obtain intrinsic physical char-
acteristics of an space object by just knowing its ephemerides.
Thus, given real ephemerides of space objects taken from Ce-
lesTrack database. The first result consists of associating an in-
vented area-to-mass ratio to a space object and give a reliability
band for this parameter by just analyzing the temporal evolu-
tion of the eccentricity. The second result consists of plotting
the temporal evolution of the eccentricity of a space object by
considering the CelesTrack data and derive a possible value for
the area-to-mass ratio of the real space object. Thus, we illus-
trate an innovative way to obtain a physical property of a space
object just by observational means.
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