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1. Introduction

Diffusion processes happen constantly around us. Such diffusions processes have been studied along the
history by many researchers of several scientific branches. For that purpose, many mathematical models
have been appeared in the literature in the last centuries. One of the main mathematical areas which studies
these processes is the mathematical analysis, using techniques from PDEs, functional analysis, harmonic
analysis, among others. In particular, parabolic equations can be used to know the behaviour of diffusion
for certain “objects” or “things” of distinct nature, as heat, diseases, population growth, and fashions.
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The dynamic of the evolution models is one of the main feature studied by the mathematician because it
contributes to know, in particular, the large time behaviour of the diffusion.

The nature of the object that one wants to study defines the framework of the model; for example, it
seems natural that the model will be different if we want to understand the diffusion of a type of particles
in a liquid, than if we want to know the evolution of the diffusion of an idea in the society. In the first case,
the space where the diffusion takes places could be R2, or a subset of it; in the second one case would be a
network.

The study of parabolic models usually first looks at to the most known classical diffusion equation, the
heat equation, which was introduced by J. Fourier in 1822, see [17]. Recall that the solution of the heat
equation on LP(R)

o(t,z) = Av(t,z), z€R,t>0,
(1.1)

U(va) :f(x)a xr €R,

is v(t,x) = [g gt(x —y)f(y) dy (assuming f € LP(R)), where g;(z) := \/ﬁe_% is the gaussian kernel and

A= aa_;. Observe that integrating over all of R, we get that the total mass of solutions is conserved for all

time, that is,
v(t,z)de = [ v(0,z)dx = | f(x)dx.
/ / R/

R R

This fact is known as the mass conservation principle. It is known that the time invariance property is
reflected in the large time behaviour of solutions; if M = [ f(x)dx, then

t2=1/P)|p(t) — Mgy||, — 0, as t — oo, (1.2)

for 1 < p < oo, that is, the rate of LP-convergence from v to Mg; is o as t goes to infinity.

1
+5(—=1/p)
On the other hand, the p-energy for p > 1 is not conservative. It is known that
[o(t, )l < Clfllgt=> VP [Vl )l < C|lf gt~ 2 Ha P73,
18ev(t,)lp < ClIf gt =2 M/ /P,

for f € LY(R) and 1 < ¢ < p < c0. Such inequalities can be generalized to higher derivative orders, see [10,
Part II, Section 9.3].

Also, one can study the first moment, the vector quantity [, zv(t,z)dz. If we assume that (14 |z[)f €
LY(R), such moment is also conserved in time. This also allows to get an improvement on the convergence
rate (1.2); if (1 + |z|)f € LY(R), then

120712 (1) — Mgy por) < CtY2. (1.3)
However, the second moment

/xQU(t,x)dx:/fo(x)dx+2t/ f(z)dx
R R

R

is time dependent. Moreover, only integral quantities conserved by the solutions of (1.1) are the mass and

the first moment. Some references where one can find previous known asymptotic results about the solution
of (1.1) are [9,13,16,31,33].
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This type of large-time asymptotic results has been also studied for several diffusion problems. For
example in [8,13,19,24,29] the authors studied large-time behaviour and other asymptotic estimates for the
solutions of different diffusion problems in R, and similar aspects are studied for open bounded domains
in [7,18]. Estimates for heat kernels on manifolds have been also studied in [6,21,26]. In [28], the author
obtains gaussian upper estimates for the heat kernel associated to the sub-Laplacian on a Lie group, and
also for its first-order time and space derivatives.

The heat equation is governed by the Laplace operator A; such differential operator takes several forms
depending on the spaces where we are working. In this manuscript, we focus on the heat propagation model
on the infinite one dimensional mesh Z (also called one dimensional infinite lattice). In the following, we
will refer to the operator who defines such model as the discrete Laplacian, which is given by

Aqf(n):=f(n+1)=2f(n)+ f(n—1), neZ,
for each sequence f defined on Z. The main goal of the paper is to know the decay rates and large time
behaviour on P := ¢P(Z) (1 < p < c0) for the solution of the non-homogeneous discrete heat problem

{ du(t,n) = Aqu(t,n) +g(t,n), neZ,t>0, 14
1.4

u(0,n) = f(n), nez.

In the previous equation, u denotes the solution, f the initial data, and g the linear forcing term. It is known
that if f € (P, and g(t) = g(t,-) belongs to L} ([0,00),¢P), then (1.4) has a unique mild solution given by

loc

t

u(t,n) = W f(n) + / (Wieag(s,))(n) ds, (1.5)

0

where (W});>0 is the heat semigroup whose infinitesimal generator is Ag4; more explicitly, the semigroup
(Wi)i>0 is of convolution type, that is

Wef(n) = (G(t,) x [)(n) =Y Glt.n =) f(j), nel,

JEZ

where the discrete heat kernel is given by G(t,n) := e~2!1,,(2t), being I,, the Bessel function of imaginary
argument and order n € Z. Moreover, if g € C([0,00),¢P) then u given by (1.5) is a classical solution of
(1.4). For more details about discrete heat kernel see [4,22,23], and for the general theory of semigroups see
[2, Part I, Chapter 3] and [11, Chapter VI, Section 7].

The convolution discrete heat kernel is called the fundamental solution of our diffusion process; it is the
solution of

Opu(t,n) = Aqu(t,n), ne€Z,t>0,
(1.6)

U(Ovn):%(”)v n€Z7

where the initial data is the unit impulse symbol Jp (the Dirac mass on Z). Recall that dp(0) = 1 and
do(n) =0 for n # 0.

Under our knowledge, H. Bateman was the first author who proposed the solution of (1.6) in [3]. Moreover,
he studied a broad set of differential-difference equations (heat and wave equations), whose solutions are
given in terms of special functions; the Bessel function J,,, the Bessel function of imaginary argument
I,,, the Hermite polynomial H,, and the exponential function. After that, several papers on the topic have
appeared. The author in [22,23] study the discrete heat kernel on Z¢ to get large time asymptotics in ¢P(Z¢)
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for the solutions of the homogeneous problem. The main tool used in that papers is the semidiscrete Fourier
transform. Some results in our paper (Theorem 4.3 (i) and (iii) for large time values, Theorem 5.1 (1) (i),
and the corresponding homogeneous part of Theorem 6.1) have been proved previously in [22,23], but we
include that because we use different techniques (properties of Bessel functions instead semidiscrete Fourier
transform), and to make the manuscript self-contained. In [4], the authors do an harmonic study of the
homogeneous previous problem, studying maximum principles for the discrete fractional Laplacian, weighted
¢P-boundedness of conjugate harmonic functions, Riesz transforms and square functions of Littlewood-Paley.
They also prove that (W;);>¢ is a Markovian Cyp-semigroup on ¢ whose generator is Aq (observe that Ag
is a bounded operator on ¢P). This means that it has the semigroup property (W;Wy = Wy,), the strong
(Wif > 0 whenever f > 0), and it satisfies the mass conservation principle (W;1 = 1). In [5], the authors
obtained a series convolution representation for the fractional powers of the discrete Laplacian, and they

continuous property (f = Wof = lim;_o+ Wi f in ¢P), it is contractive (||[Wefll, < ||fllp), it is positive

used it to prove regularity properties on discrete Holder spaces and convergence results from the discrete
to the continuous case. In [27], a deep study for the discrete wave problem is done. The authors also study
spectral properties on P spaces. They get that (W;)>0 is an holomorphic semigroup on ¢? of angle 7, with
the spectrum o(Aq) = [—4,0]. In [30], the author proves pointwise asymptotic results for the solution of
(1.4). More precisely, he proves that the solution behaves asymptotically as the mean of the initial value.
Recently, some super-diffusive linear processes in the one-dimensional mesh are proposed in [14] by means
of d-Laplacians.

As we have said, the main aim in this paper is to study the large time behaviour of solutions of (1.4),
and also to compare the results obtained to the continuous case. Along the paper, we revisit the results
commented previously, but now in the discrete setting, and considering the non-homogeneous problem. First,
in Section 2, we state some known inequalities and identities, mainly for the Bessel function of imaginary
argument [, which will be applied in next sections. The Section 3 is devoted to the moments of Bessel
functions I,, (Theorem 3.3), and in particular of the fundamental solution G(t,n) (Corollary 3.4). It allows
to get the mass conservation principle, and the first and second order moments to the solution of (1.4)
with null linear forcing term (g = 0), see Remark 3.6. This suggests that it is possible to obtain similar
asymptotic results to the continuous case. In Section 4 we do a deep study for the large time behaviour
of the discrete gaussian kernel G(¢,n). We get an important technical result (Lemma 4.1) where we study
pointwise estimates, which will be a key role on the main result of the paper, and we also study #F decay
rates (Theorem 4.3) and compare to the continuous case ones. The following section, Section 5, is focused on
studying ¢P decayment for the solutions of (1.4) assuming ¢? conditions (1 < ¢ < p < o) on the data f and
on the linear forcing term g (Theorem 5.1). In addition, we get an optimal £2 result by Fourier techniques
when the data belongs to £* (Theorem 5.3). In Section 6 we present how the solution of (1.4) converges,
for large t, to a constant (depending on the mass of the problem) times the discrete gaussian, on ¢P spaces,
similarly to what happens in the continuous case ((1.2) and (1.3)), see Theorem 6.1. The most difficult and
technical item in that result is the corresponding one to the non-homogeneous part.

2. Preliminaries and known results

In this section we show some known identities, inequalities and results that we will use along the paper,
to make easier the reading.
First, we introduce the following inequality

N
(1_7.)717«’Y§(%> , v>20n>00<r<1, (21)
YTn

which was a key point in the proof of many results in [4].
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Let a, z € C, then the gamma function satisfies

Meto) _af,, olat) o0 5\ L
SEE — e (14 5 o)),

whenever z £0,—1,—2,... and 2z # —a, —a — 1,.. ., see [12, Eq.(1)]. Particularly

I'(z+ a) < ( ) >

—_— 1+0 , 2€Cq, Ra>0. (2.2)
I'(z) 2|

We denote by I, the Bessel function of imaginary argument (also called modified Bessel function of first

kind) and order n € Z, given by

oo

1 ¢ 2m—+n
Lo=S - (: , Z,teC.
®) mz_:om!l"(m—kn—kl)(?) "e <

Since n is an integer, ﬁ is taken to equal zero if n =0, —1,—2,..., so I, is defined on the whole complex
plane, being an entire function. Now we give some known properties about Bessel functions I,, which can
be found in [25, Chapter 5] and [32]. They satisfy that I_,, = I, for n € Z, Iy(0) = 1, 1,(0) = 0 for n # 0,
and I,,(t) > 0 for n € Z and t > 0. Also, the function I,, has the semigroup property (also called Neumann’s
identity) for the convolution on Z, that is,

w(t+5) = In(W)Inm(s) = > Im(t)Im_n(s), t,s>0,

meZ meZ
see [15, Chapter II]. The generating function of the Bessel function I,, is given by
t(::+z n
—Z:cl x#0,teC. (2.3)
nez

It also satisfies the following differential-difference equation

%]n(t) _ %(Inl(t) + InH(t)), tec. (2.4)

In the following we enumerate some integral representations of the modified Bessel functions which are
useful along the paper (see [4, Section 8] for example, and references therein); let n € Ny := N U {0} and
t € C, it follows

1
f2nrn+1/2 /16

1
fznrn+1/2 /16 (1+9)

tn

V72T (n + 1/2)

! 1
< /1 — )2 g +_/1 t3(1 4 8)2(1 — s2)""1/2 ds). (2.7)

I(t) = Y12 g, (2.5)

Iny1(t) — In(t) = —s?)" 2 ds, (2.6)

In+2(t) — 2l (t) + In(t) =

S
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We also consider the following estimates of the Bessel functions obtained in [4, Section 8],

I(t) = (27;;1/2 (1 _ @ ;t1/4) +O<ti2)), ¢ large, (2.8)

n

2nnl’

I(t) ~ t —0,n € No. (2.9)

Remark 2.1. Note that the property I,,(0) = 0 for n # 0 and Ip(0) = 1, can be also obtained from (2.9). This
implies that G(t,-) converges pointwise to the Dirac mass dy (which is the identity on discrete convolution)

ast — 0.

From the theory of Confluent Hypergeometric Functions, see [25, Section 9.11], we have

1

_dts y—a— _ s (4)F T(a+ k)

e Hsgyma—l(] _ g lds =T(y — a)e™ ( ) 2.10
O/ (1—s) (v — o) g:o B T 1 k) (2.10)

and

2n! . n+k+ 1) (2t)*

for n € Ng and ¢ € C, see [25, (9.13.14)].

Let T be the one dimensional torus. In the following we identify T with the interval (—m, 7], and the
functions defined on T with 2m-periodic functions on R. So, we consider the Fourier transform

0)=>Y e™f(n), 0T, fel.

nezZ

The Fourier transform is extended to ¢? and it is an isometry from ¢2 to L?(T), with inverse operator

In the proof of [4, Proposition 1] it is shown that
o2t A
G(t,n) _ /efzn962tcose d@,
2w
T

and therefore
F(G(t,))(0) = e—2t(1—cos®) _ —dtsin® §
3. Moments of Bessel functions
In the following we study the moments of the gaussian discrete kernel, and we apply that to get the

moments of the solution of (1.4) with null linear forcing term (¢ = 0). We compare the results to the
continuous case.



L. Abadias et al. / J. Math. Anal. Appl. 500 (2021) 125137 7

Lemma 3.1. Let (pi)i>0 be the sequence of polynomials given by po(t) :=1 and

for k>1 andt € C. Then the polynomial py has positive integer coefficients, its degree is k, and pi(t) > 0
fort>0. For k > 1, we write

k
:Zakvnt”, teC;
n=1

then a1 =1, and

Lol Sf 2k

= E 4 Ajn—1
—1

J=

for 2 < n < k; in particular a2 = 4571 — 1, ap . = (2k — 1)!1.

Proof. By definition, it is clear that the coefficients of the polynomial pj are natural numbers, its degree is
k, and pg(t) > 0 for t > 0. For k > 1, we write pg(t) = Zzzl ap nt" with ar, € N. Then we have

k—1 k—1
2k Z 2k Z Z n Z 2k
:j:O (23> t ( > Gt =14 ! ( )
We integrate to obtain that
k—1 k k—1
1 2k 1 2k
n+1 n .
Pk ( —t+ E t 7’L+1 E <2j>a]n—t+ E t nj:gn_l <2j)a]7n—1.
Now for n = 2, we have that
k—1 k
1 2k 1 2k
==y =53 —1=2""2_1=4F1
e 2 j=1 (2]-)00:1 2 j=0 <2J> ,

for k > 2, where we have applied [20, Formula 0.151(2)]. Finally for n = &, by induction method one gets

O ke = %(2(1625 1)>ak1,k1 = %(2(1625 1)) 2k-=3)=02k-1!Il. O

Remark 3.2. Here we show the polynomials pj for values 0 < k < 6:

o(t

g

1(t

(t)
(t)
p2(t)
(t)
(t)

3

t4—3t2
t + 15¢% + 15¢3,
t + 63t + 210t 4 105¢*,

p3(t

pal(t
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Table 1
Zeros of pi for 2 < k < 6.
Pk to t1 to t3 ta ts
P2 0 —0.3333
p3 0 —0.0718 —0.9281
Ppa 0 —0.01680. .. —0.34615. .. —1.63703. ..
D5 0 —0.00465 . .. —0.11705. .. —0.80786. .. —2.40376. ..
D6 0 —0.00099. .. —0.05743 . .. —0.39502. .. —1.31451 ... —3.23203. ..
1.0
- P2
P3
— P4
— Ps
— Pe

Fig. 1. Polynomials pj near to the origin. (For interpretation of the colours in the figure, the reader is referred to the web version
of this article.)

ps(t) =t + 225t + 2205¢% + 3150t 4 945t°,
po(t) =t +1023¢% + 21120t + 65835¢t* + 51975¢° + 10395¢°.

In Table 1, we present approximations of the zeros of py for 2 < k < 6. We show these polynomials for
close values to the origin in Fig. 1. Note that p; has k non-positive real zeros. Moreover, these zeros have
the following interlacing property: if k < j, there is a zero of p; between any two zeros of py.

In the next theorem, we present the moments (of arbitrary order) of the modified Bessel functions (I,)nez-

Theorem 3.3. For k > 0, we have that

Z n2k-[n(t) = etpk(t)7 Z n2k+1-[n(t) =0, teC,

nezZ neZ

where the polynomials (pr)x>o0 are given in Lemma 3.1.

Proof. Since I_,, = I,, it is straightforward to check that Z anHIn(t) = 0. By the generating formula

neZ
(2.3), we have that

J t(ztz L .
%( )>=Zn<n—1>-~-<n—j+1>x"-ffn<t>, j>1
nez

We take the value = 1 on previous identity and conclude that

Y nn—1)--(n—j+ 1)) =€Q1), teC,

nez

for a polynomial ). Now we write
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e'P(t) =Y n*I,(t), teC,
nez
for some polynomials (Py)g>o. Note that Py(0) =1 and Pj(0) = 0 for k # 0. We derive to get

¢ (PL) + L) = 5 20 Taca(t) - Luen) (1) = 3 3 (0t 1% 4 (0 = 1), (0),
nezZ nez

k
2k\ .
for t € C, where we have used (2.4). Since (n +1)%* + (n — 1)%% = 22 ( _)nQJ, we obtain that

for t € C. Therefore P, = pr. O
For the discrete heat kernel (G(t,-))tcc, we obtain the following moments.

Corollary 3.4. For k > 0, we have that

oo

Z n?*G(t,n) = pp(2t), Z n?*T1G(t,n) =0, teC,

n=—oo n=—oo

where the polynomials (pr)k>o0 are given in Lemma 3.1.

Remark 3.5. Note that for the continuous heat (or Gaussian) semigroup (g¢)nt>o we have

(2k)!

/S%Qt(s) ds = Ttk’ /stHgt(s) ds =0, Rt > 0,

R R

see [20, Formula 3326]. It is interesting to check that

i Znez n2kG(t, n) . i (21) (2k — 1)”2k
1im — _ _
t—+oo fR 32kgt(s) ds t— o0 %tk (2kk;)!

Finally, we study the moments of the solution of (1.4) with null linear forcing term (g = 0).

Remark 3.6. From Corollary 3.4 it follows that ) _, G(t,n) = 1 (see also [4, Proposition 1]). This fact
leads to observe the mass conservation principle for the diffusion problem (1.4) with g = 0;

Y )= ult,n), t>0.

nez neZ

We will see in Section 6 that the mass conservation principle is reflected in the large time behaviour of the
solution of (1.4). Moreover, the first moment is also conservative; if nf € ¢! one gets

0y mnuft,n) = > nAqu(t,n) =Y ((n—1) = 2n+ (n+1))ult,n) =0,

nezZ nez nez

therefore
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E nu(t,n) = g n f(n).
nezZ nez

However, similarly to the heat problem on R, by Corollary 3.4 it follows that the second moment is time-
dependent (whenever n?f € ¢1):

Y onfultn) =) Y Gltn—i)f(G) =Y ()Y ((n—3)°+%+2j(n—j)G(t.n - j)

nez nez JEZL JEZ neZ
=Y G +2Y ] FG)
JEZ JEZ

4. Pointwise and ¢P estimates of the fundamental solution

In this section we show pointwise and (P decay rates for G (¢, n). In the following we denote the first forward
difference V4 f(n) := f(n+1)— f(n), for n € Z and f : Z — C. The results obtained along the paper where
this first difference appears would be also right for the backward difference, V4 _ f(n) := f(n) — f(n — 1),
for n € Z. The notation V4 and not V4 is for convenience, because we will only use during whole the
paper the forward operator V4. It is known that the operators V4 + generate markovian Cyp-semigroups on
2 see [1].

The next result shows pointwise asymptotic estimates for ¢ large for the semigroup G(t,n), depending on
whether R := @ is greater or less than 1. Some items on next result do not depend on R, but we do such
a distinction because it is a key technical lemma that we will use in that form in the large time behaviour

of solutions (Section 6).

Lemma 4.1. Let R = @ with n € Z \ {0} and t > 0 large enough. Then there is C > 0 (non dependent on
n and t) such that

(i) |G(t,n)| < tl% for R<1, and |G(t,n)| < ﬁ—ﬁ, for R>1.
(ii) Ifne N, |VaG(t,n)] < % for R <1, and |VqG(t,n)| < |S—‘t4 for R > 1.
(iii) |AqG(t,n)| < 153% for R <1, and |[AqG(t,n)| < ﬁ for R>1.

Proof. (i) First note that by (2.6) and I_,, = I, for n € N, we have that G(t,n) — G(¢,n + 1) > 0 and
G(t,—n) — G(t,—n — 1) > 0 for n € Ny; that is, for each ¢t > 0 the sequence G(¢,n) is increasing for n < 0
and decreasing for n > 0 (symmetric). Therefore the equation (2.8) implies

C

Gt m)| < G(1,0) < -7,

t>0.

On the other hand, we follow some ideas in the proof of [4, Proposition 3]. Doing a change of variable in
the integral given in (2.5), we can write G(¢,n) in the following way

4t

1 u n—1/2
Gltn) = —— Lt [ n—1/2<1__> du, n e No.
&) = et 1/2) O/ o it % ™ ENo

Taking into account the inequality (2.1) and identity (2.2) we get

4t
t Ctl'(n — 1) Ct
<

G(t,n) < C e s ) S
(t,n) < (n+1)32T(n + 1/2) /e Y v= n3/2T(n+1/2) — nd
0

t>0,n>2.
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The case n < —1 follows by symmetry.
(if) We apply (2.6) to get

4t

n—1/2
1 ]
_ _ —s.n+1/2 2
G(t,n) —Gt,n+1) = W 1 12) /e s (1 4t> ds, m € Ny.
0

On one hand, by previous identity one gets
4t
1

_ 1) < —s n+1/2
G(t,n) —G(t,n+1) < T+ 1/2) /e s ds
0

CT(n+3/2) Cn
_— < — t .
>~ t3/2F(n+1/2) >~ t3/27 >O7n€N

On the other hand, by equations (4.1), (2.1) and (2.2) we have

8t at §\ /2 G\ "1/2
_ Nz —— — —s . n—=2( < 1-— =
G(t,n) —G(t,n+1) AT+ 1/2) /e s (415) ( 4t> ds

4t

< —sgn— 2d
- (n+2)5/2r (n+1/2) / 8

Cth(n — 1) <O o2
S 2RI+ 12) - ad aikats

(iii) By (2.7) we can write that

G(t,n+2)—2G(t,n+ 1)+ G(t,n)
at n-1/2 4

1 s s
_ —-s( 2 _ 1 n71/2 1—- = b
Jal(n + 1/2)t1/72 /e (Qt )S ( 4t) o
0

4t
n—1/2
s / ds

1 _ +1/2 S
s _n _ 1_ _ _
T AT+ 1/2)072 /e 3 At At 2

0

= (I)+ (I1),

for n € Ny. First note that for n € N, [(1 — )"~ 172, |(5; = 1)] <1 for 0 < s <4t. Then

4t

9 —s.n—1/2 9
(I)|SW/€ S dSSt?’W’ t>0.
0
Secondly, by (2.1) one gets for n € N

C 7 C
I < —ssn /2 s < t>0.
Il < Gt 17207 /e S= B

0

11

(4.2)
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So,

Gltn+2) — 2G(tn+ 1)+ GEn)| < ——. ¢>0,neN.

Furthermore, by (2.8) we can write G(t,2) — 2G(t,1) + G(¢,0) = —m + O3
symmetry we conclude |AqG(t,n)| < tg%, for t > 0 and n # 0.

To show the second inequality, we consider again (4.2). Take n > 2. Since |(5; — 1)[ < 1 for 0 < 5 < 4¢,
we apply (2.1) and (2.2) to get that

), for t large. Then by

4t

e o (3) 2

4t
c CT(n— 1) c
<

S )T (n 1 1/2) O/e_ssn fds < (n+1*20(n+1/2) — (n+1)3"

Secondly for n € N, by the same arguments

4t

o g o () 2

4t

c CT(n) __¢

: <n+2>5/2r<n+1/2>0/6 s < A T 1) S 1)

So, by symmetry, we conclude that

C
n3

BaGtm)| < oy 150,023 O

Remark 4.2. Observe that the items of the above lemma for n = 0 are the following ones. By the proof of
the item (i), G(¢,0) < tSQ, for t > 0. Furthermore by (2.8) we have

1 1
G(t,0) — G(t,1) = NI + O(W)’ t large,

SO

C
G(t.0) = G(t.1) < 775, >0,
Also, note that |G(¢,1) — 2G(¢t,0) + G(t,—1)| = 2|G(t, 1) — G(¢,0)| < t.@,%, by the previous comment.
Furthermore, note that for n < —1 we can write |V4G(t,n)| = |[VaG(t, —n — 1)|, and we also have the
bounds given in Lemma 4.1.

Note we consider the usual gaussian semigroup (g¢);>o in the Lebesgue spaces LP(R). Then it is well-
known that

. Cp
1) lgell, < a1

) gl < 7=

1
2
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C
1 P
(ili) [lg'llp < EATRESeEY
for t > 0. To show them, we may check directly || ||, for any 1 < p < co. An alternative (and sharp) proof
of these inequalities is to check || ||; and || ||ec norms, and apply Lyapunov inequality: given X a measure

space and f € LY(X) N L*>(X), then

1 1—1
11l < AT lloo ™

for 1 < p < oco. In the next theorem, we show that the same inequalities hold for the discrete heat semigroup.

Theorem 4.3. Let 1 < p < co. Then for t > 0 we have that

: Cp

1) 1GE ) < S0-0)

3 Cp
(i) [[VaG(, )HP = t%(l_%)_,_% :
C
(iil) |AG(E, )p < 75(171%”1.

Proof. (i) From (2.3) and I,,(t) > 0 for n € Z,t > 0, it follows that

IG(E )= 1G(tn)| =

nez

The proof of item (i) of Lemma 4.1 gives
1G(# ) loo = sup G(t,n)| = G(t,0) <

We apply Lyapunov inequality to get

Cp
IG(t, )l < a0-0-

To show (ii), we know that G(¢,n) is symmetric on the variable n € Z, and the equation (2.6) implies
that it is decreasing on |n|. Since G(¢,-) € %, then G(¢,|n|) — 0 as |n| — oo, and

IVaG ()l = 3 (Gtn + 1) — G(t, m)] = 2G(1,0) < tSQ
neZ
On the other hand, by equations (4.1), (2.1) and (2.2) one gets that
C 7 C
G(t,n) —G(t,n+1) < m/e_ss"ds < -

for n € N; in Remark 4.2 we have shown that G(¢,0) — G(¢,1) < t% < % for t > 1. The case t € (0,1) is
clear by the continuity of G(¢,0) — G(t, 1) on [0, 1]. Therefore

C

IVaG(t,)lloo = sup [VaG(t,n)| < —

nez t’
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So, by the Lyapunov inequality, we conclude

Cp

IVaG(t, o = a5t

Finally, to show (iii), note that
neZ n=1
On one hand, by previous estimates,

G(t,0) - G(t,1) < %

t>0.

On the other hand, it follows from (2.7) that

1

Gt +9.0) — 9G(En+ 1) — Gltn) = — 20 [ s gnirag g1z g
’ ’ ’ ’ Val(n+1/2)

0

1
_ 4ntn—1 /e—4tssn—1/2(1 _ S)n—l/Q ds
Jal(n + 1/2)
0
1
4rtigr —4ts ;n+3/2 1 n—1/2d
+\/7_rF(n+1/2)/e s (1—-2s) s
0

= (I) — (IT) + (IIT

~—

)

for n € Ng. Then we apply (2.10) to get

A lemit(n 4 1/2) i (4" D(n+1/2+k)
= Nz K T@n+2+k)

- grt1/2gn=le=4t Z(4t)F T(n +1/2 + k)

- VT = k! F'2n+1+k)

4n+1/2 —2t T 1/2T 1 —2t
o/ T(2n + 1) /

where we have used (2.11) in the last line. Also, by (2.10) and (2.11) one gets

4ne 2 T(n+1/2)I'(n+ 1) et
T e = C L)

(1) =
Finally, by (2.10), we obtain that

gntigne=4t(p 4+ 3/2)(n+1/2)
VT ;
gntigne=4t(p 4 3/2)(n +1/2)
v k

(4)*T(n+1/2+k)
kKl T(2n+3+4k)

hgE

(ITT) =

0

(4t)F T'(n+5/2+ k)
K T@2n+5+k)’

WK

0
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2 3+k 2 44k
where we have used that ni—:/;; iz ni§/2_: ’ < 8. We apply again (2.11) to get

gntie=2t(n +3/2)(n+1/2) T'(n +5/2)L(n + 3)
t2/m I'(2n+5)
(n+2)(n+1)e 2
t2

(IIT) < Ini2(2t)

<C

Lo (20).

In the previous bounds, C' is a positive constant non dependent on n. Since ) 5 e 21,(2t) = 1, and, by
Corollary 3.4, >~ _, n(n — 1)e=2!1,,(2t) = 2t, then the norm |[|AqG(t,)||1 has the desired bound, that is,
C/t.

The proof of item (iii) of Lemma 4.1 and Remark 4.2 gives

nez

18aG(t, ) law = sup [AaG(t,m)| < 7
nez t
and the Lyapunov inequality concludes the result. 0O

Remark 4.4. As we have commented in the Introduction, Theorem 4.3, (i) and (iii) have been proved
in [22,23] for large values of ¢ using semidiscrete Fourier techniques. Moreover, all temporal derivatives
of (G(t,n))ncz (and then even order of finite differences of (G(t,n)),cz) are estimated there using this
technique. It seems natural to conjecture that any finite difference operator of order n (in the sense of
linear algebra) applied to the discrete heat semigroup has the same decay rate than the n-derivative of the
continuous heat semigroup, (g¢)¢~o in the Lebesgue spaces LP(R) i.e.,

o™l < Gyt 2073075,
for n > 0, see for example [33, Section 2.2].

5. ¢P-£9 theory

Here, we state ¢P-¢9 decay rates for the solution of (1.4) assuming certain properties of regularity on the
data f and on the forcing term g (Theorem 5.1). Such assumptions allow u, given in (1.5), to be a mild
solution (see Introduction). Also, we present an optimal ¢2-¢! result (Theorem 5.3).

For convenience, we write the solution as u(t,n) = us(¢,n) + u,(t,n) where

up(t,n) == Wif(n) = (G(t,-) * f)(n), (5.1)

= / (Wi_sg(s,-))(n)ds = /(G(t —8,-)*%g(s,-))(n)ds. (5.2)
0 0

Ttem (i) of part (1) in the next result appears in [22,23], but we include it to make the paper self-contained.

Theorem 5.1. Let 1 < ¢ <p < 0.

(1) If f € £7 and t > 0, then
(i) flus(t )y < o 2G5 7,

(i) [ Vaus(t, )l < ot 2632y,
(it) | Aqus(t, ), < G 7,
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(2) Let g(t,-) € ¢4, and assume there exists K,y > 0 such that

K

t,- <—, t>0.
||g( ’ )”q — (1+t>7’ >

Then fort >0 we h(we

1 1 1
Proof. (1) We choose r > 1 such that 1 + — = — + —. By Young inequality for discrete convolution and
p T o q

Theorem 4.3 one gets

gt = Gt * fllp < IGE) I fllg < Ot 20721 £]],.

The estimates for the discrete gradient and Laplacian follow similarly.
(2) Let be again r > 1 satisfying 1 + % = % + 1. By Young inequality and Theorem 4.3 we have

1
llug(t,m)llp < C/ 1/2 (1=1/7) (1 4 )7 ds
t/2 t
=C ! ! ds:=11 +1
= + (t—s)1/2(1—1/7") L s =11 + Is.
0 t/2

For the first integral, we have

t/2

C 1
< .
L= (3(=1/7) / (1+s)7 ds
0

On the other hand

t/2
C 1 L (1—1/r
I < (1+t)7/3§(11/r) ds < Ctt=r—3(=1/r)
0

Finally observe that Iy decays faster than I; if v > 1, and I, I decay with the same rate if v € (0,1). So
we conclude the result. O

Remark 5.2. In order to get bounds for || Vaug(t, )|, and ||[Aqug(t,-)||, in Theorem 5.1 (2), we would have
to impose certain extra regularity conditions to g.

Next result shows that the previous £2-¢! decay is optimal. We include an alternative proof of the upper
bound to get a self-contained theorem. The proof is based on standard Fourier techniques in the Hilbert ¢2
space.

Theorem 5.3. Assume that f € /' and Yonez f(n) # 0. Then for large enough t there exist ¢,C > 0 such
that

> fn)

nez

S < gt )z < szl
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Proof. Let € > 0 small enough, then

st = [ Fus e ) = 5 [ IFGE)OF 17O db
T

g

> 1 / e8E*(0/2) | 7 £(9)[2 df (5.3)

— 27

678tsin2(5/2) Y )
>7/|}"f(0)\ do.
2m

Since f € ¢* then Ff € C(T) N L%*(T). By the Lebesgue differentiation theorem, we may choose & small
enough such that

2%/|]—"f(0)|2d0 > %|]:f(0)|2 for all e € (0, o).

Substituting the previous inequality in (5.3) we have that for all € € (0, &¢]

—8tsin?(¢/2)

ge 2
_ 0)|”.
s3> =5 —— |71 (0)]
We choose ¢ := % < gg for large enough ¢. Note that for large ¢ we have 8t sinz(%) is bounded.
Therefore
Ee*Stsin2(5/2) 9 506_8t5in2(ﬁ)
e, )13 2 S 1FROR = 2 O 2 5| S o)

nezZ

with ¢ a positive constant.
Next, let us prove the upper bound. By Plancherel’s Theorem, we have

o (6, V13 = 1Fus (s, )3 = 5 / FG(t,)O) | F£(0) do
1 -2 -2
= L [t Fr)an < —Hffnio/ s
2 2T
T T
1 2 —8tsin?(2)
< oI [ st g

T

Note that by the inverse Fourier transform we can write

1 .
G(2t,0) = o~ / e 850%(3) g,
™
T

Then by (2.8) we have

||uf( )HZ = t1/2 ||f||1a

with C > 0. O
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6. Large time behaviour of solutions

In this section we study the large time behaviour of the solution of (1.4). We prove that the solution
u = uy + uy (see Section 5) converges asymptotically on ¢F to a constant (given by the sum of the mass of
the initial data f and the mass of the linear forcing term g) times the discrete heat kernel (Theorem 6.1).
In particular, we get the rate of the convergence. Along the section we will assume the following:

(a) f et
(b) There exist K > 0, v > 1 such that
K
t,- <— ) 1 .

loftlh < g £>0

Set
e}
My = Z f(n), M,:= / Zg(t,n) dt.
nezZ 0 nE€EZ

We will also assume that My # 0, since in other case (M = 0), by the mass conservation principle, the
solution uy would be null.

The results in the next theorem related to uy have been proved by semidiscrete Fourier techniques in
[22,23]. We include it, and we give a different proof. The non homogeneous part (related to u,) is original,
and the proof is rather involved.

Theorem 6.1. Let 1 < p < oco. Assume that conditions (a) and (b) hold, and let uy and ug, given by (5.1)
and (5.2).

(i) Then
l(lfl)
t25 7 lug(t,-) — MyG(t, )|, =0, as t— oo,
and
3(1-3)
2870 lug(t, ) — MgG(t, )|l =0, as t— oc.
(ii) Suppose in addition that nf € {1, then

11 1
A st = M6l =0z )t e

Proof. For convenience in some particular points of the proof and without loss of generality, we prove the
result for non-negative sequences, since in general case we would write f = f, — f_, where

and f_(n)= {

<0,
07 f(?’l) < Oa 07 f(n) > 07

both are non-negative sequences.
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We start with assertion (i7). We write

us(t,n) — MyG(t,n) = Y (G(t,n —j) - )+ Y (G(t,n—j) = G(t,n)) f(5)
j<—1 §>1
0 Jj—1
=Y > VaGtn—k)fG) ~Y D VaG(tn—k—=1)(j)
J<—1k=j+1 §>1k=0
0 k—1 o0 %)
= Y VaG(tn—k) Y f(G) =Y VaG(t,n—k) > f()
k=—o00 Jj=—o00 k=1 j=k

where F (k) = Zf;ioo f(4) for k <0, and F(k) = = >, f(j) for k > 1. Note that

1Py < Z Z () Ziwm:wa.

k=—o00 j=—00 k=1j=k j#0
Then by Theorem 4.3 it follows that

ClIFl

g (t:) = MyGCoDllp < —ri=ayigs 1> 0.

Now we focus on the first part of assertion (i). We take the sequence (f;),en, given by

My .
~————f(n), In|<j,

() — f(k)

filn) = g;

0, In| > j,

whenever f(0) # 0. Else, if jg is the first natural number such that f(jo) and/or f(—jo) are positive, then
we consider the sequence (f;);>j,. It is an easy computation that

Z f](n) = ]\4f7 for all j € Ny,
nezZ

and
15 = fllh =0, j— o0
We write
lup(t,-) = MyG(E,)llp < NG pllf5 = Flle +1GE ) * f5 = MeG(E, -)llp-

Note that (nfj(n)) belongs to ¢! for each j. Then, by the proof of the statement (ii) and Theorem 4.3, it
follows that

208 g () — MGy < Ol — Flu+ Cit~%, £>0,

where C; depends on ||nf;(-)||1. Therefore,
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tinsup e (8 g (1, = 31,6t < €Lty = 11

and the result follows by taking j — co.

Next, let us prove the second part of (7). We can write

i o]
Mg:/ngmds—i—/ngm t>0.

0 meZ t mMEZ
It follows from Theorem 4.3 that
o0
t% / g(s
t MEZL p
o0
< 30D ||p/ S lg(s,m)|ds = 0, t— ox.
t mMEZ

Therefore in the following we will prove that

t
1

») /(G(t—s)*g( O/ngm —0, t— o0.

0 meZ

2=

p

1 1
We take 0 < 6 < 10, which implies in particular 0 < § < = < = and

5 2

L

5

Let ¢ > 0 fixed. We decompose the set (0,¢) x Z into two parts

»-Jkl’—‘
—~
o
—_
~—

Q= (0,6t) x {meZ:|m| < |(66)2]}, Qg :=((0,¢) x Z)\ O,

where | (8t) | denotes the integer part of the positive number (5t)2.
Let us start with the set 21, and we write

Z (G(t —s,-—m) —G(t,-))g(s,m) ds

(s,m)e »

<[ X 16( - s - m) = 6Lt lals,m)] ds

(s,m)e

Note that in this set the following inequalities hold

t>t—s>t(1-0)>

DO | =+
—
&
o
S~—

For each (s,m) € 1, we consider the following sets on Z

A={neZ:|ln—m|<2/(6t)2]}, B:={necZ:|n—m|>2[(6t)2]},
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and we write the p-norm over 2; in the following way

=

1G(t = s,- —=m) = G(t,-)]lp < <Z|Gt—8n— )—G(tN)V’)

neA

D=

+ <Z |G(t —s,mn —m) — G(tan”p)

neB

Now we focus on A. We write

(Z |G(t — s,n —m) — G(t, n)|p>1/p < (Z G(t — s,n—m)|p>1/p + (Z |G(t,n)|p>1/p =1 + I,

neA neA neA

F Q and 7 € A we have by (6.1) and (6.2) that = o CLODPD? 45 g g
or (s,m) € & and n € A we have by (6.1) and (6.2) that = —~ < ia=s~ < g < Lisoi
follows from Lemma 4.1 that

a3 z sa-1)
10-2) B2 t2 TN .
webi s ($1) < oty oot
ncA

Analogously, we compute

Il _ n bt gy

and therefore by Lemma 4.1 we get
12091, < O6%.

Since [ |lg(s,-)[l1 ds < oo we have

3 =

o [y (ZGtsn >G<tn>ﬁ> lg(s,m)| ds < C3% 0, 6 0.

(s,m)EQ \n€A

Next, we consider on €y the part B of the p-norm. Let us write

P

(Z |G(t — s,n —m) — G(t,n)p> < (Z |G(t — s,n —m) — G(t — s,n)|p>

nebB neB

1
<Z|G (t—s,n)—G(t, n)|p>
neB

=: I3+ 1.
First, we focus on estimate Is. Observe that if m > 1 there exists @i € [n — m,n — 1] such that

|G(t —s,n—m) —G(t—s,n)| < |m||VaG(t — s,7)|,

and if m < —1 there exists 72 € [n,n —m — 1] such that
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|G(t —s,n—m)— Gt —s,n)| <|m||VaG(t — s,7)]|.

Therefore

I3 < |m)| (Z IVaG(t — s,ﬁ)|p> .

neB

The case m = 0 is trivial. Since |m| < |(6t)2 | < 3/n — m/|, then we get

7| > |n—m|— |7 —(n—m)| = |n—m|—(lm|-1) = _2 ; (6.3)

and
|ﬁ|g|n—m|+(|m|—1)g|n—m|+‘”‘2””g?"”;m', m>1, (6.4)

and
|ﬁ|g|n—m—1|+(\m|—1)g|n—m—1|+|”_m|<5|”‘m| m< -1, (6.5)

2 - 2 ’ -

where in the last inequality we have used that |n —m — 1] < 2|n — m| since we can assume n # m in
B (note that if n = m, then |n—27m| > |m| implies m = 0, and therefore n = 0. This case is trivial since
|G(t —s,mn—m) — G(t — s,n)| would be null). So, equations (6.3), (6.4) and (6.5) show that |7| and |n —m)|
are comparable. .

n

We divide I3 into two parts I3 and I35, depending on whether —™+ is less or greater than 1. By (6.3),

(t—s)2
the set of summation index on I3 is contained in {n € Z : 1 < |n —m| < 2(t — s)*/?}. Then Lemma 4.1

and (6.2) imply

1/p 1/p

2] o<cs S he-mp

5): B \icimomi<a—syr2

[n —m|”

I3, < C(6t)° >

1<in-mi<a@—s/z (£~

Nlw

< O3tV (t— 5)P /2 < 023 03),

Now, by (6.4) and (6.5), the set of summation index on Is; is contained in {n € Z : [n—m| > 2(t — s)1/2}.
Then Lemma 4.1 and (6.2) imply

1 t—s P 1379 1
I3, < C(0t)2 > <m) < 052t > In — m|%

[n—m|>2(t—s)1/2 [n—m|>2 (t—s)1/2

B =

5%t3/2 1 1 (1 1
34— 3(1—3)
<O gmnm <00t
So we get that t%(l_%)jg < C62.
Next, let us estimate I;. From the mean value theorem, there exists £ € (s,t) such that

1

Ii=s <Z 10,G({, n)|p> =5 (Z |A4G({, n)|p> .

neB neB
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Note that in €7 we have 0 < s < §t. On the other hand, (6.2) implies % <t—s<t<t, that is, ¢ and ¢
are comparable. Again, we divide I, into two cases. We denote by I4; and /4> depending on whether =75 is

less or greater than 1.
By previous comments, the set of summation index on I is contained in {n € Z : |n| < t%}. Then by

Lemma 4.1 one gets

=

1 Lo
Iy < C6t — | <cst =203,
41 > Zl t37p >
In|<t3

Next we estimate I;2. Now the set of summation index on I4; is contained in {n € Z : |n| > tl/z} It
follows by Lemma 4.1 that

=

1 Cét 1 1
E — —3(1=3)
Iyo < C6t |n|3p < Gr—1)/2p Cot™ 2 .

Therefore t%(l_%)h < (4.
Collecting all above terms over B, there is 7 > 0 such that

P

Ba / 3 <Z|Gt—sn— )—G(tn)lp> lg(s,m)| ds

(s,m)eQy \neB
< C’(S”/Z lg(s,m)|ds — 0, & — 0.
0 neZ

Note that the above convergence to zero as § — 0 is uniformly in ¢.

Now, we focus on 25. Then

%1})/ Y. NGt =s,-—m) = G(t,)plg(s,m)| ds

(s,m)€Q2

11
< ¢30-) Z IG(t = s,- —m)|lplg(s,m)|ds

+073 [ ST 160 lgts.m) ds

(s,m)€Q2

It follows by Theorem 4.3 that

I6<C/ Z g(s,m)|ds.

(8,m)€Q2

Observe that the set @3 — (0,00) X Z as t — o0, so €2 will have null measure in such case. Since

fo nez 19(s,n)|ds < oo we conclude
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Z lg(s,m)|ds — 0, t— oo,
(s,m)€eQ,

and therefore I also vanishes as t — oo.
Finally, to estimate I5, we consider the following two cases; either s < dt or s > ét. That is, we write

it
=20 [ ST G s m) s, m)| ds
0 Jm[>|(56)3]

t
+¢3-3) Z |Gt = s,- —m)]lplg(s,m)| ds
5t MEL

=: I51 + I5s.

By Theorem 4.3 and (6.2) we have

ot

101 1
I < Otz p)/ E —(t );(1,1)|9(57m)|d‘9
1 —5)2 P
0 |m|>[(6t)2 ]

st
SC’/ Z lg(s,m)|ds — 0, t— oc.

0 |m|>1(5t)2

Also by Theorem 4.3 and hypothesis (b) at the beginning of this section, we obtain

t t
I < Ct%(lfi) Z M ds < Ct%(lfi)*’Y/ ds < Cti=7 0,

(t—s)203) (t—s)20-3)

5t mEL
as t — oo, and we conclude the proof. O
Remark 6.2. Similarly, in the continuous case, it is known that the solution v of (1.1) satisfies
2072 u(t,) — Mg, = 0, t— oo,

if f € L'(R), and

1p_1 1
Aol = Mally =075 ) tlore

if (14 |s])f € L'(R), where in both cases M = [*_ f(s)ds (see [9, Théoréme 4], [13, Lemma 2 and 3] and
in detail [33, p. 15]).
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