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Abstract. In this paper, we obtain L'-weighted norms of classical or-
thogonal polynomials (Hermite, Laguerre and Jacobi polynomials) in
terms of the zeros of these orthogonal polynomials; these expressions
are usually known as quadrature rules. In particular, these new formu-
lae are useful to calculate directly some positive defined integrals as
several examples show.
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1. Introduction

A unified approach to classical orthogonal polynomials (Laguerre, Hermite
and Jacobi polynomials) is via Rodrigues’ formula, i.e.,
1 dr n
Qnw(t) = mons @(wQ )(t), te(a,b), (1.1)
where w is a weight in the range of definition (a,b), @ is a polynomial and
1 is a constant depending of n > 0. The following table shows how to

obtain Laguerre, Hermite and Jacobi polynomials (Lg{’), H,, and P{"",
respectively) taking different values of w, @ and p,,:

Orthogonal polynomial, @« L, w Q (a,b)

Laguerre polynomial, i n! tve~t t (0, 00)
Hermite polynomial, H,, (=) et 1 (=00, )

Jacobi polynomial, P{*® (-Dm27n! | (1—0)*(1+8)° | 1—¢3) | (-1,1)
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The zeros of the orthogonal polynomials @, ., associated to the distribution
w(t)dt on the interval [a, b] are real and distinct and are located in the interior
of the interval [a, b], see [14, Theorem 3.3.1]. Note that Z(Qy.w) = Z(WQn.w)
on the interval (a,b) where Z(f) is the set the zeros of the function f.

The well-known Gauss—Jacobi quadrature rule states that

[ ptide =3 (e, b € 2@,

where p is an arbitrary polynomial of degree 2n—1 and parameters (\;)i<;<n
are known as Christoffel numbers. The distribution w(t)dt and the integer n
uniquely determine these numbers (\;);, see for example [14, Theorem 3.4.1;
Chapter XV]. It is difficult to state the origin of this theorem but Jacobi
must have been aware of it in 1826 [10].

There exists a great number of papers and monographies about location
of zeros of orthogonal polynomials and different types of quadrature rules:
details of Gauss—Jacobi quadrature rule may be found, for example, in [8,
13] and [14, Chapter XV]. Szegd polynomials and Szegé quadrature formula
on the unit circle are studied for the Fejér kernel in [12]. Connections with
orthogonal polynomials on the line and Padé approximants are also obtained
in [12]. In [9], a number of formulae are derived for the numerical evaluation of
singular integrals in the interval (—1,1). These formulae are based on Gauss—
Legendre quadrature rule. Later in [4], authors propose to approximate the
Hilbert transform of smooth functions using the zeros of Hermite polynomials.
In the nice paper [7], various concepts of orthogonality on the real line are
reviewed in connection with quadrature rules. Finally, Gaussian and other
positive quadrature rules are investigated to deduce some conditions about
the existence of prescribed abscissa in [3].

In this paper, we prove a formula similar to Gauss—Jacobi quadrature
rule (also named as Gaussian quadrature rule) to obtain L!-weighted norm of
classical orthogonal polynomials. This kind of result has not been considered
before in the literature. In [5,6], the error of the Gaussian quadrature rule is
estimated in an L'-weighted norm, only in the Jacobi setting.

A first approach to our problem is the following theorem. Again, the set
of zeros of orthogonal polynomials plays an important role.

Theorem 1.1. For n > 1, functions Q. satisfy

b n )
1Qn.wwlly ¢=/ Qe (B)|w(t)dt = QMZT DD () Q(t)Qn-1,wa (t),
a =1

|1n

where t; € Z(Qnw) and a <t; < --- <t, <b.

Proof. We call tg = a and t,, 11 = b. From Rodrigues’ formula, we obtain that

b & [t 1 dn n = (27 gt an n

/G|Qn,w<t>\w<t)dt—j§/tj o g Q008 = 35 0 [ e
C WA e s (P
=> a1 @] =2)" PR CCAL)
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o1

-SRI = (1 T T QU ) for <
t < t;i1, and the function wQ" and its derivatives of order less than n vanish
at the endpoints a and b in the three cases (Laguerre, Hermite, and Jacobi
polynomials considered in the Introduction). Now, we apply the formula (1.1)
to get that

/ Qs (DBt = 2271 S (L1 a(1) Q) Qn 10 (),

|Nn|

where we have used that |

Jj=1

and we conclude the result. O

In fact, this result may be improved using some recurrence relations; we
show that

[ 10000 = 200 >l @u ),

j=1

in Corollaries 2.4, 3.4 and 4.7 (where ¢, is a parameter which depends on
w and n).

In this paper, we are interested to estimate and calculate the following
L'-weighted norms

i b oyy)i
15 Qo = [ B i@uotbod,  nienug) a2

in the setting of classical orthogonal polynomials @, .. These L'-weighted
norms are commonly used in applied and mathematical analysis and related
to Sobolev norms (see Remark 2.5). Although a unified presentation might
be considered (see Theorem 1.1 and compare Lemmata 2.2, 3.2 and 4.4),
we dedicate different sections to results concerning about each family. The
aim of this point of view is twofold: first, the situation of the number 0 with
respect to the set Z(Qy ) is essential and different in each case; and second,
it allows to handle easily constants and parameters involved in every case.

The main line of reasoning is to study a family of functions defined by

1
Gnw = k—anM where the constant k,, is given by the orthogonal condition,

b
/ QOnos () Qo (OO} = kS, mym € NU{0},  (1.3)

and 0y, is the Kronecker distribution. The exact value of &, in each case is
presented in the next table:

Orthogonal polynomial, @, ., kn
- T 1
Laguerre polynomial, L %
Hermite polynomial, H, 2"nly/7
. . (a,8) 2°FFHID (4 a+1)D(n+B+1)
Jacobi polynomial, P, GnratBi T (ntatirin

These functions gy, ., are fundamental in classical orthogonal expansions
([11, Chapter 4] and [14, Chapter IX]). Recently, the authors have treated
them to introduce Laguerre expansions for Cy-semigroups in [1] and Hermite
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expansions for Cp-groups and cosine function in [2]. In fact, to get sharp
estimations of |lgn |1 is the motivating starting point of this paper: sharp
estimations allow to assure convergence of vector-valued orthogonal expan-
sions, see more details in [1,2].

The paper is organized as follows. The second section deal with La-
guerre polynomials, the third section with Hermite polynomials and the last
one with Jacobi polynomials. Three recurrence relations, differential equa-
tions and other known relations for orthogonal polynomials are verified by
functions g, ,. We apply the Cauchy-Schwarz inequality to estimate (1.2)
in Propositions 2.1, 3.1 and 4.2. Then, we integrate by parts to express

ti
'qnw( )dt by linear combinations of functions g, (Lemmata 2.2, 3.2

and 4.4). A straightforward consequence of this identity is the equality

t/ll
/,an,w(t)dtzo, 0<i<n-—1,
. 4!

which may be also shown from the orthogonal relation (1.3).

As consequences of previous results, Theorems 2.3, 3.3 and 4.5 are main
results of this paper, where the exact value of (1.2) is obtained for 0 < i <
n—1. For i =0 or : = n — 1, these theorems are improved in Corollaries 2.4,
3.4 and 4.7. These formulae provide a fast and efficient way to calculate some
defined integrals, as Examples 2.6, 3.5 and 4.8 show, and may be of interest
to general and specific public including mathematical software companies.

2. Laguerre Polynomials

Generalized Laguerre polynomials {L%a)}n>0 (a > —1) are given by

n k
(a) n+a\t )
L) =3 (- ( o 20
k=0
2
in particular L(()a)(t) =1, Lg&)( t)=—-t+a+1and L(o‘)( t) = 5~ (o +2)t+

2 1 o . .
w. Polynomials {L% )}nZO are solutions of second-order differ-

ential equation
ty" + (a+1—1t)y +ny =0, (2.1)

and satisfy the following recurrence relations

nL{(t) = (n+ o)Ly, (1) — LY (8);

tLetD () = (n+ )L (1) — (n — ) L@ (1),

n—1

see for example [11,14]. Note that L&(t) = L%OLH)(t) - Lglajl)(t) and we
iterate to get that

L) =S (D)L @), >0, (2.2)
k=0
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Now, we consider the following Laguerre functions {éﬁ{’)}nzo defined by

n!
'n+a+1)

for o # —1,-2,-3,..., and n € NU{0}. Recently, these functions have been
studied in [1], and the following identity

0 (t) == t*e " LI(t), t>0,

6@y =62, (t) — 60 @), >0, (2.3)

holds, see [1 Proposition 2.3 (i)]. The family {ng")}nzo is a total set in LP(R™)
for o > —=, with 1 < p < 0o [1, Theorem 3.1 (ii)]. Furthermore, the optimal

estimate of ||€§La)||1 has a key role on the study of vector-valued Laguerre
expansions. In [1, Remark 2.10], we prove that

M, C
a+1 < ||€(a ” %7 ne N,
n nz

for « > —1 and Cy, M, > 0.

Proposition 2.1. Forn,i € N, and o > —(i + 1), the inequality

Ooti 21"371
/ SO )]t < Co g,
0 2. n?2

holds with C, a constant which does not depend on n or i.

N

Proof. We apply the Cauchy—Schwarz inequality to get that

o ti (o) n! /oo H—a —t 7 ()
— = - L
/0 il (ld Tatntn) ), * L™ (1)]dt

1
n! 21+O/ —t 2 / a —t (o) 2
< L
= dT(a+n+1) (/ t dt) (0 tre L (1) de

B <(Z!)£(F2(Z++an++li) )é ’

=

where we have used that functions t +— (#;LH))E t5e3 LI (t) form a
Hilbertian basis on L?(RT).

Since lim M

A T (yne = 1, we deduce that

| ; 2ij00— 3
n! I'2i+a+1) - (21) (2i+ 1)~ <c, 224 7
(@M2T(a+n+1) — ne(ih)? ne

where we have applied Stirling’s formula and C,, is a constant dependent on
a and independent of 7 and n. We conclude the result. O

Lemma 2.2. Forn € N and 0 <1¢ <n—1, the Laguerre functions Zsla) satisfy

ti (=R,
[ o= Y SRk,

Z'
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Proof. We integrate by parts i-times to get that

tt 1 th dn
@) (pdt = 7/ e () dt
/i!" ®) Fa+n+1) z'dt”( )

- r@T Z ((_l)k e

(o +n+1) & (i — k)! dgn—k-1
i
-1 N
=y e
(i —k)! "
k=0
and we conclude the result. O

Theorem 2.3. Letn € NU{0},0<i<n-—1 and a > —1. Then the Laguerre
functions E%a) satisfy

/ |e<a |dt—2z m+1z
0

with tm € Z(LE) = {t; < -+ < ty}.

ﬁ Bt Ry (24)

Proof. We write by to = 0 and t,41 = +oo. Note that L\ (0) = ("F%) > 0,
LS ()] = (=1)™ L (t) for ty < t < tmi1 and then

[eN] z tm41
((x ip(c)
/0 Sl @t = 5 Z /t £ (1) dt.

" m=0 m
We apply Lemma 2.2 to deduce that
i

tt - (—1) 1
2l — E: _ m}jiL k p(a+1+k)
/O il |Zn (t)|dt ( 1) (l . k) t fn 1-k (t) ;

m=0 k=0 "
n

+1+k
m+1 Z ' 2n kei}a 1—k )(tm)a

m=

and we have used that tE}r& tifkﬁila_—gl_:k)( t)=0= hm - kfglatl:k)( t). O

Corollary 2.4. For a > —1 and n € N, the Laguerre functions K%a) satisfy

16y =2 37 (1), (tn),

m=1
n

> n—1p(e) _ m+1,n (@)
|t ol = s S0 e ),

m=1

[\V]

with ty, € Z(LY)) = {t; < -+ < t,}.

Proof. To obtain the first equality, take ¢ = 0 in the Eq. (2.4) and we use that
D) = 0 () for t, € Z(LE) by equality (2.3). Taking i = n — 1
in (2.4), we get that
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e tn71 (o) - o a+1+k
242 (4)|dt = 2 m+1 tn 1— kf( + + ) tm
2

— _qymtlgatng—tm -1 kL(&+1+k) tn
F(a+n+1 Z( )T e Z:O( J Enioy ()

- m+1tn Z(a) tm
(T’L*l)'(&ﬁ*n mzzjl m nfl( )7

where we have applied the equality (2.2). O

Remark 2.5. Note that the first equality in Corollary 2.4 improves the in-
equality

16D > max € #)], n>1,
Z(L(D‘)

shown in [1, Theorem 2.4 (iv)]. On other hand, the equality
a—k
dtkf(a)( ) - giﬁ»k )(t)7 t Z 07

holds for k& > 1 [1, Proposition 2.3 (vi)] and then, we obtain the following
Sobolev norms

n+k
il (a)
[l

ak m a—k
—/0 =) g |dt—2z 1) (1),

for a > k—1 and t,, € Z(L°;).

Ezample 2.6. We consider ééo)(t) = e !(t? — 4t + 2). By Corollary 2.4, we
conclude that

/ %e_tﬁ2 — 4t 4 2|dt = 2e~ ( f(\/§— 1)+ e_\/i(l + \/i)) ;
0
V3

%
/ Se Tt - 4t+2|dt_2e—2( 2(5v2 -7 )+e—ﬁ(5\/§+7)).
0

1 [ .
Now, we take 652)@) = 1t*(3—t)e~" to check that 5 / 2|3 — tle”'dt = 9e 3.
0

Finally, we take Egl)(t) = $t(t* — 6t + 6)e" to get that

1 o0
G / tt> — 6t + 6letdt = e PTV3(4v/3 — 6) + e > V3 (43 + 6),
Q

é/ooo 1242 — 6t + 6je~tdt = 2¢ (dﬁ (14\/5 - 24) pe V3 (14\/§+ 24)) .

3. Hermite Polynomials

Hermite polynomials are polynomial solutions of second-order differential
equation

y" — 2ty + 2ny = 0. (3.1)
First, Hermite polynomials are the following ones:

Ho(t)=1; H(t)=2t; Hy(t)=4t> —2; Hs(t) = 4t(2t* - 3).
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In the following, we consider a family of Hermite functions in R defined
by

1 e
fn(t) = genrme

for n € NU {0}. They have been studied in detail in [2, Section 2] and, in
particular, the following identity

H,(t), teR,

h = (=1)F25(n+1) - (0 + k) (3.2)
is proved in [2, Proposition 2.3 (iii)]. The family {h,},>0 is a total set in
LP(R), with 1 < p < oo, and the optimal estimate of ||h,||; has a great im-
portance on the study of vector-valued Hermite expansions, see more details
in [2]. By standard techniques, the known bound

1
Vnlan'
is shown, see for example [2, Remark 2.5]. In the next proposition, we consider
L'-weighted norms.

[l < neN,

Proposition 3.1. For n,i € N, the Hermite functions h,, satisfy

| Binnoya <

1
NN

Proof. We apply the Cauchy—Schwarz inequality to obtain that

; ) 1 o 42 3
=t 2 /°° 2i 2 )2 1/°° e | Ha(t)?
"h@))dt < ——=—— t dt = =l g
/,oo it hn(0)ldE < il/2rnly/T \Jo ¢ 2) . 2mmlym
1 1

() () sy

ez H,(t)

V2rnl/T

Hilbertian basis on L?(R). O

where we have used that functions t — (for n > 0) form a

The proof of the next lemma runs parallel to the proof of Lemma 2.2
and we do not include it here.

Lemma 3.2. Taken € N and 0 <i <n—1. Then the following identity holds:

ti I~ (n—1—k), ,
/Ehn(t)dt: _Hzmt P11 ().
k=0

Theorem 3.3. Let ben € N, 0<i<n—1and Z(H,) ={t1 < ... <tp}.
(i) If i is even, then the Hermite functions hy, satisfy

n

/0; %mn(t)\dt = % do(=pminye Wt:’nkhn_l_k(tm)-

m=1 k=0
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(ii) Ifi is odd and n even, then they satisfy

00 |4fi 1 %
[ Binnoar= - mﬂz L L
- 2.
( 1)%(71—1—@).
nl2t _h"_l_i(o)
T 2 D™ Syt ekt
m=45+1 k=0

and in the case that n is odd,

[ W= 5>y O L, )

o n!

k(; _ m
m=1 k=0 2 (Z k)|
1O n—1—k) ,_
m+1 i—k
ol Z (=1) E:mtm P11 (tm)-
m:L;S k=0

Proof. (i) We write tg = —o0 and t,41 = +00 to get that

/ " ol = 153(—1)’"*" /Wltihn(t)dt

— 00

m=0 tm
1 n tm41
= . m+n+lz 2k+1 tz khn - k;(t)
. m:O tm
1 o : (n —1-k),
= m+n NS M ik
~nl 1(_1) Z 2k(i — k)] tin -1k (tm),
m= 0

where we have applied the Lemma 3.2 and lim ¢ "*h,,_;_(t) = 0.

t—+oo

(ii) Since n is even, then we prove that

. n_q
oo ¢t 1 2 . tm41 s -1 o1 0 i
[ i = 5 X o [ nwar s S [ e 0a
— o0 . : t

=0 m

(-1)% /7+ i IS m/m+1 i
Al thn = ~1 ' hn (t)dt.
+— i (t)dt + > (-1 t (t)dt

m:%+1

By Lemma 3.2, we deduce that

tﬂ+1 . ] — 1= )
2 2. TL k
/0 thn( T Z k1 i e +1hn 1—k(t%+1)

z.(n —1—14)!
+Whn—1—i(0)a
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and then

~1)5 [tz 1 tmy1
Dk /0 ENUNOLEEESY (—1)M/f Fih () dt

m=%5+1 ‘m
n(n—1-—1)!
_ (—1)! o L o 1(0)
1 & : (n—l—k)
- —_1)m A ) = k
m=y =

Analogously, we get the identities for the first two summands and we conclude
the result.
Finally, we consider the case that n is odd; in this case t% = 0 and

we get that

n

/ |t| |hn(t)|dt7 Z( 1m/ tho (t dt+— > (—1)T’L+1/tm+1 t*hy, (£)dt

ol "
n—1
1 & (n—1-k)! ,
= — Z o ik _1-k(tm)
ki(; _ m n
n! m:1 = 2 (i — k)!
LESH (n—1—1)!
+(=1) 2 Whnflfi(o)
~1(n—1—74)!
+(=1)"2 Whn—1—i(0)

1 n—1-—
N mHZ( Pt )

m n+3
- 2
n—1 .
1 L (n—1-k) , .
== Z (=™ Z i tm o hn—1—k(tm)
n! — = 2k (4 k)'
1 n
+E Z m+1z( k)' tl khn 1— k(t7ﬂ)7
" m=nt3
2
and we conclude the result. O

Corollary 3.4. For n € N, the Hermite functions h,, satisfy

n

1 m-rn
||hn||1 = ﬁ Z(_l) * hn—l(tm)7
m=1
o 42n 2n+1
/_OO (2n)! |h2n+1( )|dt = 2n+ ' Z ’m+lz2kt2n F by K(Em);
00 ‘t|2n1 n 12n11 , -
/ W”L?n( )|dt = IZ DA Z Zkt T hap 1k (tm)
- m=1 k=0
2n 2n—1
(=" 1 L oon 1k
_1 m t n— h 1 tm ,
ey T (2n)!m:§n:+1( ) ;;J srtm hano1k(tm)

with ty,, € Z(Hy) = {t1 < ... <tp}.
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FEzample 3.5. Let us consider functions hi, ho and hs defined by

1 1

)=t hg(t):ﬁe’tz(QtQ — 1. ha) = o= 2R )

Then, we apply Theorem 3.3 and Corollary 3.4 to get that

4ﬁ/ |h2(t)|dt:/ 262 — e dt = 2V/2e 7 ;

— 00
oo

4\/?/ |t ho(t)|dt = / t2t2 —1)]e dt = ez —1;

— 00
o0

12\/%/ |h3(t)|dt:/ 262 — 3o Pt = 1 + 40T,
0 iy . y

12\/%/ |t hs(t)|dt =/ t2(2t2 — 3)|e ™V dt = 3v/6e = ;
. N

12\/7?/2 [t*hs(t)|dt = /

— 00

o0

. o1
3262 — 3)|e " dt = 2 (7e23 - 2) .

4. Jacobi Polynomials
)

Jacobi polynomials P{*? where
"1 (nta\/n+p ; —
PR (1) =Y = t—1Y t+1)"7, teR
n ( ) Z 2n n _j ] ( ) ( + ) bl S I

§=0
for n € N and a, 8 € R, are polynomials solutions of second-order differential
equation

1=ty )+ (B-a—(a+B8+2))y 1) +n(n+a+p+1)yt) =0. (4.1)
n—+«

n
Other interesting identities are the following ones,

PO (t) = (=1)" P (~1),

Note that P,(Lo"ﬁ)(l) = (

d 1 _(a

7p7(10475) (t) — wprgjl'lﬂ"'l)(t)? t e R.

dt 2

First Jacobi polynomials are Péa’ﬂ)(t) =1; and Pl(a’ﬂ)(t) =La+pB+2)t+

%(a — ). For « = 8 = 0, polynomials P,(LO’O) are the known as Legendre

polynomials, see for example [14, Chapter 4].
In the following, we define Jacobi functions pﬁf‘ﬂ ) by

20081 (n+ a4+ 1)I'(n+ S+ 1)
_ (—1)"(2n+a+ﬁ+1)F(n—|—a+6+1) di _\ntao n+p3

for n € NU{0} and ¢t € (—1,1). The following lemma contains some results

for Jacobi functions pS{" ) which are similar to some equalities for Jacobi

polynomials pled),

(1= 1)1 +)7 PP (1)
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Lemma 4.1. Forn € N and o, 8 € R, the following equalities hold.

(i)

*®  (=D)F T(n+a+pB+1) ke
(a,B)) _ (a—k,B—k) k € N.
(p" 2k F(n+a+ﬁ+1—k)pn+k ’ <

(i)

(at+1,841),,, _ (m+a+B)n+a+B+1) (ap)
"= @ntatB)@ntats—1)m! ®)
(n+a+B+1)(a—p) (@)1
2n+a+pB)2n+a+f+2)
B (nta+1)(nt+p+1) )
2n+a+p+2)((2n+a+3+3)

n—1

(iii)
(n+a—|—1)(n—|—ﬂ—|—1) (a)ﬂ)(t)__(271+O[+,6+2)(7’L+04+6)n (a,B)(t)
2n+a+p+3) TP Qnt+a+B)((2n+a+B8-1 )p"‘1

2n+a+B+2)2n+a+ Bt +a? — %) ple? ().

et at (C
(iv)

118410, (ta+B)2nta+B4+1) (ap
0= G rar peatarsontet @

1 a—pf
= ) pl@B) ).
+2(2n+a+ﬁ )p" ®)

(a
n—

Proof. To show the first part, note that

i (e, 8) _ (71)”(2n+a+ﬁ+1)F(n+a+ﬁ+1) dn+1 _p\nta n+p3
dt™" () = 2mtetBHT (n + o+ 1)I(n+ B+ 1) dt"+1((1 5" (+)")(@)

n+a+p0 (a 1
= nHaEB e,

(a3} V)
We iterate this equality to get (p ' ) .

The part (ii) is straightforward consequence of a formula similar to Ja-
cobi polynomials, [14, (4.5.5)]. The part (iii) is obtained from the recurrence
formula for Jacobi polynomials, [14, (4.5.1)]. To finish, the part (iv) is ob-
tained from part (ii) and (iii). O

Proposition 4.2. For n,i € N, o, 8 > —1, the Jacobi functions pﬁf’ﬁ) satisfy

the inequality
' (e,3) n
i B
/_1 Il Ol < Copy 55

where Cy, g is o independent constant of n and i and v = min(«, 3).
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Cn+a+B+D(n+a+ 5+ 1)n!

206t M (n+ a+ 1)I'(n+ B+ 1)
Cauchy—Schwarz inequality, we get that

Proof. We denote by c(a A =

. By the

1 1 2
[ wtinte o wiar < e ([ e otar)
—1 —1

([ a-oracorpeoopa)

-1

< \Jelad) (Ca /0

t2i(1+t)ﬁdt+Cg/t21( £)*d )

(Le) (24)! (24)
< Cap (F(2i+ﬂ+2)+1“(2z+a+2)))

where we have used that functions ¢ — cgf’ﬁ)(l —1)3(1 +t)§P7(la’ﬁ) (t) form
a Hilbertian basis on L?(—1,1).

I'(n+a) (29)! 1
Si lim ——— =1, ded that ———————— < —_-,
ince lim 1) we deduce tha TR+t = Cears,
then
_ +B4+1,,1
(0.8) n(n —1)In® n!
@ S Cas ) Ty ettt < Con ™
and we conclude the result. O

Remark 4.3. Tn [14, (7.34.1)], the equivalence [ [p{*(¢)|dt ~ \/n when
n — oo is stated.

The proof of next lemma is similar to the proof of Lemma 2.2 and we

avoid it here.

Lemma 4.4. Forn € N and 0 <i <n —1, the Jacobi functions psla’ﬁ) satisfy

/ paﬁ)()dt ~ 2+ a+f+1) 7k pETLIERBELER) ()
" ZTnt+k+ta+B+2) (i — k)lFnoisk

Theorem 4.5. Taken € N, 0<i<n—-1;qa,3 > —1 and Z(Pr(f“’ﬁ)) ={t; <
< tng < tn0+1 < tn} with 0 € [tnovtnoJrl)'

(i) In the case that i is even, the Jacobi functions p; o) satisfy

1
/1 0 o (1)

Yy Yy LIt et D) B ek )
Ttk tatpr2) (iRt "

m=1
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(ii) In the case that i is odd, they satisfy

/'t‘| “8) (1) dt
—1 Z.

o

:Z(, m+n+lz2k+2r (n+at+pf+1) ti* p(a+1+k5+1+k)( )
«T(n+k+at+pf+2) (i—k)mtor fm

no-+n 2’+2F(n tatf+ 1)p(a+1+_i,ﬁ+1+i) (0)
I'n+it+tat+pg+2) "1

- 2P (4 a4+ B+1) tF a1tk g1tk
_1)ymtn m a+1+k,B+1+k) ).
+ 2 Y Zr(n+k+a+ﬁ+2)( oy Pn—1—k (tm)

m=1

+(=1)

m=ng+1 k=0

Proof. (i) The proof is similar to the proof of Theorem 3.3 (i) due to pid (1)
> (; in this case, we apply Lemma 4.4.

(ii) Suppose that n is even. Again, we denote by tg = —1 and ¢,4+; = 1.
Then, we show that
Lot \ (a,B) 1t ma1 [T () (—1)mott o, (a,3)
et @)t = Z (1) " p & (t)dt + — t*pl?) (1)de
—1 t

no
n

1)"o - "t .
+( ) / o+t tpglaﬁ)(t)dt + - 2 : (—l)m/ +1 tlpglaﬁ)(t)db
0 il ton

il
v Y meng+1

By Lemma 4.4, we deduce that
[ 1—k
/tnn+1 Lpsla A (t)dt = Z 2 Tntot Bt tuga R
F(n+k+a+,3+2) (i — k)!
27'+1F(7’L +a+ /3 + 1) (a+1+‘7.,ﬁ+1+1)
'n+it+a+p3+2) " 17t

no+1)

(0)

and then
—1)0  flro+r 1 n byl
SR [ e a5 Y o [ e o
1. 0 . (2 S ———1 tim
_ (7 )no 21+1F(Tl + o+ ﬂ + 1) (a+1+14,8+1+1) (0)

T(n+itatft2) i

B I Sk RS R EV I u S T
ZT(n+k+atf+2) (@@—kImtr o

m=no+1
Analogously, we get the identities for the first two summands and we conclude
the result.
Finally, the case when n is odd is similar to the previous one. O
Remark 4.6. In the case that a = 3, then pg:‘l’a) is a even function and p(a )
is odd. In this last case, 0 € Z(PQ(O‘ a)) and ng =n — 1.
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Corollary 4.7. For o, > —1 and n € N, the Jacobi functions pﬁﬁ’ﬁ) satisfy

A= 4 (n+a+p8) (2n+a-+3+1) 3 (c1yts (@.5)

”pn (n+a+ﬁ+1) (27’L+O¢+,8) (2n+a—|—ﬂ—1) Pn—1 (tm)a

m=1
with t; € Z(PS*) = {t; < -~ < t,}.
Proof. By Theorem 4.5, we get that

n

' man 2 P +a+B+1) (@
[ 1 e = D0 (-1 ( ) plestoen

P T(n+a+3+2)
B 4 (n+a+p8) Cnta+pB+1) Z": np@) (1
(nta+8+1)2n+a+p)2nt+a+pf-1) = Pt bm
where we have applied Lemma 4.1 (iv). O

FEzample 4.8. For p(o 0)( t) = 2(3t* — 1), we conclude that

1 2
/ Z13t2 — 1]dt = Of / S|e(3t2 —1)|dt = 22

In the case that p(o 0)( t) = %(51&3 — 3t), we get that

1
T 91 5 42\/§
—|(5t> = 3t)|dt = —; t(5t° — 3t)|dt =
[14|(5 3t)] 0 / 7 [t(5t” = 3)] 5=\ 5

Now, we consider pi"* () = 3 (=5¢% 4 32 + 3t — 1) and we obtain that

1
2
/ S| =563 4 312 + 3t — 1]dt = ! 6;

4 125
1
3 18921
S|H(=5t% +3t2 + 3t — 1)|dt = ——.
/_1 4| ( e ) 25000
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