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ABSTRACT

Let X be a complex Banach space. The connection between algebra homo-
morphisms defined on subalgebras of the Banach algebra £!(Ng) and frac-
tional versions of Cesaro sums of a linear operator T' € B(X) is established.
In particular, we show that every (C, a)-bounded operator T" induces an
algebra homomorphism — and it is in fact characterized by such an al-
gebra homomorphism. Our method is based on some sequence kernels,
Weyl fractional difference calculus and convolution Banach algebras that
are introduced and deeply examined. To illustrate our results, improve-
ments to bounds for Abel means, new insights on the (C, o)-boundedness
of the resolvent operator for temperated a-times integrated semigroups,
and examples of bounded homomorphisms are given in the last section.

1. Introduction

Let X be a complex Banach space. Let T be an operator in the Banach algebra
B(X) and denote by T the discrete semigroup given by 7 (n) := T™ for n € Ny.
The Cesaro sum of order a > 0 of T, {A~*T (n) }nen, C B(X), is defined by

AT T(n)e =Y k*(n—j)T(j)z, x€X, neN,
7=0

where ( )

I'a+n

= parmery "N

is the Cesaro kernel. It is well-known that Cesaro sums are an important concept
that appears in several contexts and ways in the literature. For instance, in
Zygmund’s book, it appeared in connection with summability of Fourier series
[30, Chapter III, Section 3.11] and in [7] in relation to weighted norm inequalities
for Jacobi polynomials and series. See also [20] and [25]. The starting point for

our investigation is this definition of the fractional sum of the discrete semigroup
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T . Certain fractional sums have been used in recent years to develop a theory of
fractional differences with interesting applications to boundary value problems
and concrete models coming from biological issues; see for example [5] and [19].
Note that this definition coincides or is connected with other fractional sums of
the discrete semigroup 7 on the set Np; see [4, Section 1] or [6, Theorem 2.5].

Consider ¢ : Ny — RT a positive weight, that is, ¢(n +m) < Co(n)p(m)
with C' > 0, and the weighted Banach algebra % (endowed with their natural
convolution product). Suppose ¢%-)T € (°°(B(X)). It is well-known and easy to
show that the semigroup 7 induces an algebra homomorphism 6 : % — B(X)
defined by

0(f)z = Z f()T (n)z, fety,, zeX.
n=0

Note that in the case that T" is a power bounded operator, i.e., T € £>*°(B(X)),
then 0 : ¢! — B(X). Moreover, this homomorphism is a natural extension of
the Z-transform. See Section 4 and [12] for more information on this concept.

In general, algebra homomorphisms are useful tools to treat different inter-
esting aspects of operator theory: algebraic relations, sharp norm estimations,
subordination operators, or ergodic behaviour (as Katznelson-Tzafriri type
theorems, see [23]).

As mentioned before, it is remarkable that Cesaro sums have appeared in
the literature some time ago but until now, their relation with the theory of
fractional sums and their algebraic structure has not been noted. The first
main purpose of this paper is to show how this connection provides new insight
on properties and characterizations of Cesaro sums, notably concerning their
interplay with algebra homomorphisms.

Cesaro sums are also a basic tool to define (C, «)-bounded operators, a natural
extension of power-bounded operators. We recall that a bounded operator T €
B(X) is called (C, a)-bounded (o > 0) if

—Qx
D | 1 AT ()] < o
See [9, 27| for examples and properties of (C, a)-bounded operators. Note that
if T is power bounded, then T is a (C,a)-bounded operator for every o >
0. However, there are operators that do not satisfy the power-boundedness
condition, but sup,,>; } [AT!T(n)|| < oo, as the well-known Assani example



474 L. ABADIAS ET AL. Isr. J. Math.

T<1 2>,
0 —1

see [13, Section 4.7]; recently other examples have appeared in [9, 11, 27, 28, 29].

shows

The following natural question then arises: (@) Can T induce an algebra
homomorphism from a proper subalgebra A C ¢! to B(X)?

The second purpose of this paper is to show that, surprisingly, the answer
to (Q) is positive for every bounded operator such that their Cesaro sums are
properly bounded (which includes (C, a)-bounded operators). More precisely,
we construct appropriate subalgebras 7%(k“*!) C ¢! and then we prove that
the following assertions are equivalent:

(i) T is (C, a)-bounded operator.
(ii) There exists a bounded algebra homomorphism 6 : 7%(k**1) — B(X)
such that 6(e;) =T.

In the limit case a = 0, the following assertions are equivalent:

(a) T is power bounded.
(b) There exists a bounded algebra homomorphism 6 : ¢! — B(X) such
that 0(e;) =T.
(c¢) For any 0 < a < 1, there exist a bounded algebra homomorphism
O : (k1) — B(X) such that 6,(e;) = T and 0sup1 [10a]] < 0.
<a<

This paper is organized as follows: In order to construct a suitable Banach
algebra and the corresponding homomorphism, we introduce in Section 2 the
notion of a-th fractional Weyl sum as follows:

=Zka(j—n)f(j), n € Np;

see Definition 2.2 below. We state their main algebraic properties in Proposition
2.4. Then, we introduce Banach algebras T7%(¢) as the completion of the space of

sequences cg o under the norm g4 (f Z o(n)[Wf(n)| (Theorem 2.11). The

weight sequences ¢ need to verify some summablhty conditions (Definition 2.8)
to prove that the space 7%(¢) is a Banach algebra. It is remarkable that such
Banach algebras extend those defined for a € Ny and ¢ = k%*1 in [17, Section
4]. Therefore, they are considered to study subalgebras of analytic functions on
the unit disc contained in the Korenblyum and (analytic) Wiener algebra.
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Section 3 contains an interesting characterization for the Cesaro sum of pow-
ers of a given (C, «)-bounded operator T' € B(X) solely in terms of a certain
functional equation (Theorem 3.3). The obtained characterization corresponds
to an extension of the well-known functional equation for the corresponding
discrete semigroup 7T, namely

T"T™ =T pn,m e Np.

Theorem 3.5 gives a complete answer to question (@) by defining a bounded
algebra homomorphism 0 : 7*(¢) — B(X) given explicitly by

0(f)z =Y Wof(mAT(n)z,  fer(¢), z€X.
n=0

This homomorphism enjoys remarkable properties. The existence of bounded
homomorphisms in these new Banach algebras completely characterizes the
growth of Cesaro sums in Corollary 3.6; in particular, bounded homomorphisms
from algebras 7%(k“*1) characterize (C, a)-boundedness (Corollary 3.7). Such
a connection seems to be new as well as the functional equation found in the
beginning of this section.

The Z-transform technique may be traced back to De Moivre around the year
1730. In fact, De Moivre introduced the more general concept of “generating
functions” to probability theory. It is interesting to compare the Z-transform
(discrete case) to the Laplace transform (continuous case); see for example [12,
Section 6.7]. In Section 4, we use the Widder space Cfy((w, o), X;m) where
m is Borel measure on R, introduced in [8], to give a new characterization
of summable vector-valued sequences in terms of the Z-transform in Theorem
4.1. We complete the approach given in Section 3 involving the Z-transform
and resolvent operators in Theorem 4.4.

Finally, in Section 5 we suggest several applications, counterexamples and fi-
nal comments on this paper. A straightforward application is obtaining the Abel
means by subordination to the Cesaro sums, as Theorem 5.1 shows. This point
of view allows the improvement of some previous results given in [26]. Some
results presented in this paper are inspired by similar ones obtained for a-times
integrated semigroups; see [16]. In Section 5.2, we show a natural connection
between both concepts. In Section 5.3, we present some counterexamples of
algebra homomorphisms defined on certain Banach algebras which cannot be
extended to some larger algebras. A future research line, the extension of the
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celebrated Katznelson—Tzafriri to (C, «)-bounded operators, is commented on
in Section 5.4.

Notation. We denote by {e,}nen, the set of canonical sequences given by

en(j) = 6,,; where 0, ; is the known Kronecker delta, ie., 0, ; = 1if n = j

and 0 otherwise. Let X be a Banach space and ¢P(X) the set of vector-valued
oo

sequences f : Ng — X such that Z||f(n)||p < 00, for 1 < p < oo; and ¢go(X)

n=0
the set of vector-valued sequences with finite support. When X = C we write
¢ and cg o respectively. It is well-known that ¢! is a Banach algebra with the

usual (commutative and associative) convolution product
n
(f+g)(n)=>_f(n—75g(j), neN.
j=0

We write f** = f* f*=D for n > 2, f*! = f and f*° = ey; in particular
en = ei™ for n € Ng. Consider ¢ : Ny — R™ a positive sequence, and %
is the Banach spaced formed by complex sequences f : Ny — C such that
5 en, @) F ()] < o,

Throughout the paper, we use the variable constant convention, in which C'
denotes a constant which may not be the same from line to line. The constant
is frequently written with subindexes to emphasize some parameters.

2. Weyl differences and convolution Banach algebras

In this section, we define certain spaces of sequences that correspond to an
extension in two different directions of those considered in the recent paper [17,
Definition 4.2]. We consider a positive order of regularity in Weyl differences
(Definition 2.2) and different order of growth of Weyl differences (Definition
2.8). These spaces correspond to Banach subalgebras of the space ¢! and are
important to obtain a further characterization via homomorphisms for Cesaro
sums in the next section.

We consider the usual difference operator Af(n) = f(n+1)— f(n), for n € Ny,
its powers A*T1 = AFA = AAF for k € N, and we write A’f = f and A! = A.
It is easy to see that

k

AFf(n) = 37 (~1)k (’;)ﬂn 1), neN

Jj=0
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(see for example [12, (2.1.1)]), and then A™ : ¢pg — coo for m € Nyg. In

addition, for a« > 0, we consider the well-known scalar sequence (k*(n))S2,
defined by

I'(n+ a) n+a—1
k%(n) = = , € No.

)= )T+ 1) ( a—1 ) neto
In Zygmund’s classical monograph, the numbers k*(n) are called Cesaro num-
bers of order a ([30, Vol. I, p.77]) and written k%(n) = A2~!. However, the
notation as function k® will facilitate the understanding of this paper. The
kernels £“ may equivalently be defined by means of the generating function

.- (0% n 1

(2.1) ;k (n)z" = (- e’ |zl <1, a>0,
and satisfy the semigroup property, that is, k* * k% = k®*P for o, 8 > 0.
Furthermore, the following equality holds: for a > 0,

(2.2) k% (n) = "a: (1 4o (;)) . neN

([30, Vol. I, p.77 (1.18)]) and k“ is increasing (as a function of n) for a@ > 1,
decreasing for 1 > o > 0 and k'(n) = 1 for n € N ([30, Theorem II1.1.17]). It
is straightforward to check that k%(n) < k#(n) for 8 > o > 0 and n € Ny. The
Gautschi inequality states that

T 1
(2.3) T < ngsg <(z+1'F  xz>1, 0<s<l1
([18]), which implies that
(n+1)>"1 no1
k< N, 0 1.
I'(a) < (n)<1“(a)’ n €N, <a<

Note that when o« = 0 we have

k%(n) := lim k%(n) = eo(n), n € Ny.

a—0t

LeEMMA 2.1: For o > 0, there exists C, > 0 such that
E*(2n) < Cok™(n), n € Np.
In particular for 0 < a < 1, the following inequality holds:

l1—«

a+1 ag.a+1
E*TH(2n) < 29k (n) <1+2(1+a)> , n € Np.
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Proof. The proof of the first inequality is straightforward by the inequality
(2.2). To show the second inequality, we use the known doubling equality for
the Gamma function

I'(2)T <z + ;) = 21722/71(22), Rz > 0,

to obtain that
I'a+142n)
T(a+ 1)0(2n + 1)
L(§+2+n)I(5+1+n)
D(a+1+n)(5 +n)

kot (2n) =

=29k (n)

?

We apply the Gautschi inequality (2.3) to get that

I(§+3+n) a 1 2
< :
(L +n) g o7
I'(S+1+n) —a
2
Mla+1+n) < (a+mn) =2,

for 0 < a < 1 and we conclude that

11—« 2 1—a \°
a+1 apat+l 1 < 9« a+1 1
RO (2n) < 2% (n)( +2(a+n)) =27 (n)( +2(1+a)) ’

forn>1and 0 < a < 1.

The Cesaro sum of order « of a sequence f is defined by
A~ f(n) = Zkanﬁ neNy, a>0.

Again we prefer to follow the notation A= f(n) instead of S¢~! used in [30].
Note that A= 8 f = kP + (A=*f) and then A=*A~F = A=(@+8) = A-BA-«
for a, 8 > 0; for more details see again [30, Vol. I, pp. 76-77]. Note also that
hj& A7Yf(n) = f(n) for all n € Ny with a > 0.

" We write W = —A, W™ = (=1)™A™ for m € N. The operator W has an

inverse in cg 9, W1 f(n) = Z f(j) and its iterations are given by the sum

oo

I'(j—n+m)
E™(5 — N
]erfnle Z (G =n)f(), n & Ro,
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o0
for each scalar-valued sequence f such that Z |f(n)|n™ < oco; see for example
n=0

[17, p. 307]. These facts and the clear connection with the Weyl fractional
calculus motivate the following definition:

Definition 2.2: Let f: Ng — X and « > 0 be given. The Weyl sum of order o
of f, W=%f is defined by

W=%f(n) = Zka(j —n)f(5), n € Ny,

whenever the right-hand side makes sense. The Weyl difference of order « of f,
We f| is defined by

W f(n) = W"mW= "= f(n) = (~1)"A"W =" f(n),  neN,,

for m = [a] + 1, whenever the right-hand side makes sense. In particular,
we . €0,0 — C0,0 for a € R.

Remark 2.3: Note that the definition of W is dependent on m = [o] + 1, but
we can write

Wef(n) =WmWw=m=) f(n) = W9 fn),  neN,

for I > m = [a] + 1 with [ € N, whenever the right-hand side makes sense, since
W1 is the inverse operator of W and Proposition 2.3 (v) holds.

Observe that if o € Ny, the Weyl difference of order « coincides with the
definition given in [17, Section 4]. Some general properties are shown in the
following proposition:

PROPOSITION 2.4: Let f € ¢o,0(X). The following assertions hold:
(i) For o, B >0, W oW Bf =W (etB) f — Ww-Pww—of,
(ii) For @ > 0 and n € Ny, we have hnol+ W=%f(n) = f(n).
a—

) Fora >0, WeW = f =W-*W*f = f.

)

)

For o > 0 and n € Ny, we have lim+ Wef(n) = f(n).
a—0
(v) For all a, B € R we have WOWP f = WotB f = WhWwef,

(iii

(iv

Proof. (i) It is clear using the Fubini theorem and the semigroup property
EotP =k « kP for a, B > 0.
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(ii) Tt is sufficient to apply that f has finite support and hrn+ E“(5) = eo(4)
a—0

for j € Np.
(iii) We write m = [a] + 1. Applying part (i), for n € Ny, we have that

W= f(n) = WW I OW S f(n) = WW T f(n) = f(n),

since W~ is the inverse of W™ in ¢g,0(X), see [17, Section 4]. On the other
hand,

WfaWa ( ) —(at+1— m)W (m— 1)WmW (m )f(n)
—W- (a+1— m)W W (m— a)f( )

= WleHmmy =) fn) = Y R (- )W (G 1)
j=n

oo

=W )= > kTG —n— )W £ ()

j=n+1
=W7Hf(n) =W f(n+1) = f(n),
where we use part (i).
(iv) It is sufficient to apply that f has finite support and 1im+ E'm2() =1
a—0
for j € Np.
(v) Tt is simple to check using the previous results.
Example 2.5: (i) Let A € C\{0} be given and define py(n) := A=+ for
n € Ny. An easy computation shows that the sequence p) is a pseudo-
resolvent, that is, it satisfies the Hilbert equation

(1= A)(pa * pu)(n) = pa(n) — pu(n), n € No.
Moreover, the following identity holds:
pa * (Aeg — e1) = e, A € C\{0}.
We claim that the functions p) are eigenfunctions for the operator W
for « € R and |A| > 1. In fact, we have, by (2.1), that

o] . A\
—a R AN I
W2t =X YR GAT = Ty, ne Ty

By Proposition 2.4 (iii), we obtain that
(A-1)2

W = \o

DX, |A| > 17
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proving the claim.
(ii) Let o > 0 and n € Ny be given. We define

.

0, j>n.

The functions h2 are denoted by I'?~! for o € Ny in [17, Section 4].
Note that h$ € ¢, for n € Ng. Moreover, he € span{e; | 0 < j < n},
h§ = eg, h§ = aeg + €1, hY = lim,_,o+ hY = e, and

(24) K3 () = k*(n—j) = Y _k“(n—1)es(j Zk‘“ (n—0)e'(j), 0<j<n.
1=0
Then for all 8 > 0 it is easy to check that W*[jhfz‘ = hf;*ﬁ, ie.,
WIhi (s Zkﬁ P = b3 =h3tPG), € No.

Using Proposition 2.4 (iii), we obtain that
WERL(G) =77 G), € No,
for 0 < g <« and n € Ng.

The following remark shows an interesting duality between the operator A~¢
and W2, Similar results may be found in [1, Section 4] and [2, Theorem 4.1
and 4.4].

Remark 2.6: Let f,g € coo. We consider the usual duality product (, ) given
by

= f(n)g(n)

By the Fubini theorem, we get that (IW~=%f, g) = (f, A~%g) and consequently

<fa g> = <Waf’ Aiag> = <A7afa Wag>'
Note that these last three equalities also hold for the usual inner product in
€0,0-

The next lemma includes an equality which is an important tool for further
developments in this paper. The proof runs parallel to the proof of the integer
case given in [17, Lemma 4.4] and, therefore, we do not include it here.
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LEMMA 2.7: Let f,g € coo and o > 0 be given. Then

W (f + g)( ZW“ ) D kM -n+ )W F(p)
— Z Weg(j) > k*(p—n+ i)W f(p).
j=n+1 p=n-+1

The following definition is inspired by [16, Definition 1.3]:

Definition 2.8: Let oo > 0 be given. We say that a positive sequence ¢ belongs
to the class waq,oc if there is a constant ¢4 > 0 such that

J Jj+p
(2.5) (Z + > ) K (n)o(j +p—n) < cod(i)o(p),  1<j<p.

n=0 n=p+1

We denote by w, the set of nondecreasing sequences ¢ € wq,joc Which are of
exponential type and satisfy ig%(ko‘ﬂ(n))*l(b(n) > 0.
nz

Examples of sequences in the set w,, are the following ones:

(i) Any nondecreasing sequence ¢ satisfying max(k®*1(n), ¢(2n)) < Me(n)
for some M > 0 and for each n > 0 (in particular, ¢(n) = n”(1 + n*)
with 84+ >« and 8,1 > 0 and ¢(n) = k7(n) with v > a + 1).

(i) ¢(n) = kL (n)p(n), where p is a positive weight.

(iii) ¢(n) = k**1(n)e* for all v, A > 0 and n € N.
a—1

I'a)

=1l The particular case ¢(n) = k®T1(n) will play a

By the property k%(n) ~ (see formula (2.2)), equivalent examples may

be given in terms of n
fundamental role in this paper. Observe that in this case we obtain explicitly
the value of the constant ¢, in (2.5).

LEMMA 2.9: For 0 < a < 1, the following inequality holds:

j Jj+p
(z+ S ) kG 4 p— )

= n=p+1

1—a \“°
< atl [ _1 at1/ 1\ .a41 | < i<
N <2 ( i 2(1+a)) )k DE (), 1<j<p
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Proof. For 1 < j < p and « > 0, we have that

J
Z KL 4+ p—n) < KOG 4 p) D K% (n) = KT + )k L),

n=0
Jj+p Jj+p
SRR GAp-n) < kTG -1) Y K (n)
n=p+1 n=p+1

< BTG (BTG 4 p) — BTN () -

As k**! is an increasing sequence, we have k®T1(j + p) < k**1(2p) for j < p
and we apply Lemma 2.1 to conclude the proof.

ProPOSITION 2.10: Let 0 < a < B and ¢ € wq,10c be given. The following
properties hold:
(1) wg,ioe C Wa,loe and wg C waq.
(i) (k% * ¢)(2n) < cpd?(n) for all n € N.
(iii) k*(n) < cppp(n) < a™ for all n € N and some a > 0.
(iv) k2%(2n) < c¢?(n) for all n € Ny and some ¢ > 0.
(v) ¢p(n+1) < C¢(n) for some C > 0 independent of n € N.
(vi) k% € Wa,loc if and only if § > a+ 1.

Proof. (i) Since k#(n) > k%(n) for all n € Ny, then wWg,loc C Wa,loc and wg C wq
for g > a > 0.

(ii) It is enough to take j = p in (2.5) in order to obtain the inequality.

(iii) By part (ii), we have that

E¥(m)o(n) < (k% % ¢)(2n) < c¢¢2(n), n €N,

and we get the first inequality. For n € N, we apply the inequality (2.5) n — 1
times to obtain that

cpp(n) = cok®(0)p(n — 1 +1) < cG(1)p(n —1) < (cp(1))"

(iv) We combine parts (ii), (iii) and the semigroup property of kernels k% to
conclude that

ced*(n) > (k% % ¢)(2n) > ¢ (K> * k¥)(2n) = 'k**(2n), n € Ny,

for some ¢’ > 0.
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(v) Take j =1 and p=n € Nin (2.5) to get
1

P(n+1)=k*(0)p(n+1) < > k*(m)p(n+1-m) < csdp(1)d(n),  neN.

m=0
(vi) If k# € wa 10c then we can apply (2.2) and part (i) to get
at+p8-1 2(8-1)
k% k%) (2n) = ko (2n ~2a+51” " . meN.
() = e Dla+ ) = 12(3)
We conclude that 8 > « + 1. Note that k! ¢ Wa,loc and then kB e Wa,loc for
B > a+ 1. By application of part (i) we conclude the proof.

For a > 0, and ¢ € wa,ioc, we define the application g4 : co,0 — [0, 00) given
by

Zéf’ W f(n)l, f€coo.

Note that for a = 0 the above apphcatlon corresponds to the usual norm in %.
In the case of ¢ = k*T1 we write q, instead of ggat1 and qo = || ||1 for a > 0.
By (2.2), the norm ¢, is equivalent to the norm g, given by

@(f) = 1£(0)]+ > n®[Wf(n)

The last formula was considered for the case o € Ny in [17, Definition 4.2].

Part of the following result extends [17, Theorem 4.5]. Their proof is similar
to those given in [16, Proposition 1.4]. We include it in the following for the
sake of completeness.

THEOREM 2.11: Let a > 0 and ¢ € wq 10c be given. The application q4 defines
a norm in cg o which satisfies

as(fx9) < Coas(f)asl9),  f,9 € coo,

where the constant Cy > 0 is independent of f and g.
We denote by 7*(¢) the Banach algebra obtained as the completion of cg
in the norm qg. In the case that ¢ € w,, then
(i) the operator A is linear and bounded on 7*(¢), in other words A €
B(r*(¢)),
(ii) 7(¢) = 7*(k**!) — £, and limo o+ ga(f) = || |11, for f € coo,
(iii) for 0 < a < B, TA(KPHY) s 7 (koH),
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(iv) for0 < a < 1,

11—«

wnfrg) < (2 (14 50 70

Proof. It is clear that g, is a norm in ¢y 0. Now, applying Lemma 2.7 we have

))a—l) D) aale)  Fg ek,

as(f * 9)
(ZZ IEDIDS ) =4 )W ()W £ )]
n=0 j=0 p=n—j n=0j=n+1 p=n-+1
<ZZ DS Z) (b =+ )W g(i) W f (7))
J=0n=j p=n—j j=1n=0p=n+1

p+i oo oo min(j,p)—1
(Ex ¥ 3y y )¢<n>ka<pnwwag(jmwaﬂp»

j=0p=0 n=max(j,p) J=1p=1 n=0

$(0)|[Wg(0)|[W*f( |+c¢22¢> PIWg(i)IWf(p)l

j=1p=1
< Csa5(f) as(9)

where we use Fubini’s Theorem twice and the inequality (2.5) to show the first
inequality.

Now let ¢ € w, be given.

(i) It is clear that A is a linear operator. Moreover,

Z¢ W F(n) =W f(n+ 1) < go(f) + Y ¢(n — 1)|[Wf(n)]

n=1

< 2g4(f),

for f e 7%(¢).
(ii) It is clear that 7%(¢) < 7*(k“*!) < ¢1. Moreover, by the Monotone
Convergence Theorem and Proposition 2.4 (ii), we have

lim ¢o(f) = lim Zka"'l W f(n |—Z|f ) =1fl1, f€copo.

a—0t ()¢~>O+
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(ili) Let f € co0, and 0 < o < 3 be given. Then

£) =k n)Wwef(n |—Zk“+1 Zkﬂ“ W2 f(j)|
n=0

o0

<Z|Wf’f |Z/«“ n)k T (n) =Y K GOIWPFG)] = gs(f),

7=0
where we have applied Proposition 2.4 (v) and the semigroup property of k*.
(iv) This inequality follows from Lemma (2.8).
Example 2.12: Note that {h%},en, C 7%(¢) where ¢ € wq 10 By Example

2.5 (ii) we have g4(h%) = ¢(n) for all n € Ny. Then the series Z W f(n)hy
n=0
converges on 7%(¢) for every f € 7*(¢). By Proposition 2.10 (iii)

|<Zk“n7 W (f |<c¢2¢ )W (f)(n)]

S C¢Q¢(f)7 m€N07

whenever k£ or ¢ is a non-decreasing function, i.e., for &« > 1 or ¢ € w,. We
o0
conclude that f = E W< f(n)he on 7%(¢).

n=0
Let ¢ € wq be such that ¢(n) < Ca™ for some a > 1. Then py € 7%(¢) for
|A] > a, where the sequences py are defined in Example 2.5 (i), and
|A 1
In the particular case ¢ = k7, we have py € 7*(k7) for |A\| > 1 and, for v > a+1,
we obtain

(2.6) ar (pr) =

|A] > a.

A =1 IAI7 ot
(1Al = ’
where we have applied Example 2.5 (i) and the formula (2.1).

Al > 1,

3. Cesaro sums and algebra homomorphisms

In this section and the following, we display our main results. The algebra
structure of Cesaro sums are presented in several ways: A functional equation
(Theorem 3.3), an algebra homomorphism (Theorem 3.5) and a characterization
by means of pseudo-resolvents (Theorem 4.4). Note that this approach in fact
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characterizes the growth of Cesaro sums, as Corollary 3.6 and Corollary 3.7 for
(C, )-bounded operators show. We recall the following definition:

Definition 3.1: Given a bounded operator T' € B(X), the Cesaro sum of order
a>0of T, {A*T(n)}n>0 C B(X), is defined by

AT (n)x = (%« T)(n)x = Z k*(n — j)TVa, reX, neNg.

Note that we keep the notation 7 (n) = T™ for n € Ny.

Example 3.2: The canonical example for a Cesaro sum of order « in Banach
algebras 7%(¢) (in particular in ¢!) is the family {h®},en, given in Example
2.5(ii). Note that {hy}, o, C 7%(¢) With ¢ € wa,ioc, see Example 2.12. If we
denote £(n) = ei™, then by equation (2.4) we get he = A~*E(n) for n € Ny.

The following theorem characterizes sequences of operators which are Cesaro
sums of some order o > 0 for a fixed operator 7'

THEOREM 3.3: Let a > 0 and T, {1, }nen, C B(X). The following assertions

are equivalent:

(i) T, = A=*T (n) for n € Ny.
(ii) Th =T + ol and the following functional equation holds:

n+m
(31)TTmka°‘n+m u) Zko‘ner w)Ty, n>1, m e Ny.

Proof. Assume (i). We prove the identity (3.1). Indeed, for n € N and m € Ny,

we have

n m+j
ZZko‘n—jko‘ T+ = ZZko‘n DES(m+ 5§ —w)T
=0 =0 7=0 u=j
n m-+j n j—1
= Z Z E*(n— HkY(m+j —u)T" — ZZko‘(n —Nk“(m+j—w)T
j=0 u=0 j=1u=0

n j—1

=3 k= )Ty — Y Yk (n— )k (m +j — )T

j=0 j=1u=0
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Observe that
n Jj—1

n—1 n
ZZka(n—j)ko‘(m—i—j—u)T“:Z Z E*(n— Hk*(m+j —uw)T"
j=1u=0 u=0 j=u+1

n—1ln—1

- Z Zko‘(l —wk(m+n-0)T"

u=0 l=u

n—1 l

=3 k*m+n-1)Y k(1 —u)T"
=0 u=0
n—1

=Y k*(m+n-1T,
=0

and the equality (3.1) follows. This proves the claim. Conversely, assume (ii).
Define

Sp = k*(n—j)T’, neN,.
j=0

It is clear that Sy = Tp = I (the equality Ty = I is easily deduced from the
hypothesis) and S; = T+ al = Ti. Inductively, we suppose that S,, = T,,. Then
using that S, satisfies (3.1), we have

SnJrl + ko‘(l)Sn - ko‘(n + 1)[ == SnSl = TnTl = Tn+1 + k”‘(l)Sn - ko‘(n + ].)I

Then we conclude that 7,41 = S,41, and consequently T,, = A™*T (n) for all
n € Ng.

Remark 3.4: If {T),}nen, C B(X) is a sequence of bounded operators which
satisfies the equality (3.1), then the operator defined by T := T — o is called
the generator of {T},} nen,. By Theorem 3.3, T, = A=*T (n) where T(n) =T"
for n € Ny. In particular, note that {h2},en, satisfies (3.1) in 7%(¢) (see
Example 3.2), and the generator is the element e.

The following theorem is one of the main results of this paper.

THEOREM 3.5: Let o > 0 and T € B(X) be such that ||[A™*T (n)|| < Co(n)
for n € Ng with ¢ € wqa,10c and C > 0. Then there exists a bounded algebra
homomorphism 6 : 7*(¢) — B(X) given by

o(f)x = Z Wef(n)A™T (n)x, xeX, fer¥e).
n=0
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Furthermore, the following properties hold:

(i) 0(h%Y) = A>T (n) for alln € Ny. In particular, 8(eg) = I and(e1) = T.
(ii) For each f € 7%(¢) such that Af € 7*(¢) we have

TO(Af)r = (I —-T)0(f)x — f(0)z, z e X.
(iii) If

(k7= % ¢)(n)

sup

n€Ng 7/1(”)

< 00,

for some 0 < o < B and ¥ € W joe, then 77 (1) < 7%(¢) and

o0

0(f)z =Y WA Tn)e, zeX, fe @)

n=0

(iv) If |T|| < a for some a > 0, then O(f)z = Y ", f(n)T™(x), for f €
7%(¢) N LL.. In particular, O(py) = (A — T)~! for each |\| > a.

Proof. Note that the map 6 is well-defined, linear and continuous. Moreover,
10(f)z]] < Cqo(f)llz|l, for all f € 7%(¢) and = € X. To see that 6 is an algebra
homomorphism it is sufficient to prove that 0(f x g) = 6(f)0(g) for f,g € co.0.
Indeed, by Lemma 2.7, we get that

o0

0f *9)e = Y W(J * ) (AT (n)e
n=0
=22 Wgl) Do ke nt WS ()AT T (n)a
n=0 j=0 p=n—j

=D > W) Yk (p—n+ )W f(p)AT T (n).

n=0j=n+1 p=n-+1



490 L. ABADIAS ET AL. Isr. J. Math.

We apply the Fubini theorem to get that

o J p+J
O(f xg)z=> Wg(i) Y _ Wf(p Z K (p—n+ AT (n)a
7=0 p=0
0o 0o p+J
+ W) Y W) Yk (p—n+ AT (n)x
Jj=0 n=p

p=j+1

- Z Weg(j) Z W f(p) Z k*(p—n+ j)A™T (n)x
_ZWa Z Wef(p Zko‘ —n+j)ATT (n)z.

p=j+1

Therefore

o J p+j p—1
0+ g)r =3 Weg() S W f(p <Z Z)ka AT ()

7j=1 p=1 n=j5 n=0
+ W (0)W*f(0)x
oo ) pt+j -1
L WG) S W) (Z -3 - AT (s
=0 p=j+1 n=p  n=0
- Z wWeg( Z wef T (p) AT (j)x + Weg(0)W f(0)x
+y we Z Wef(p)A™T(p) AT (j)x
J=0 p=j+1
=0(f)0(g)z,

where we have used the identity (3.1). This proves the claim. We now verify
that the properties (i)-(iv) hold.

(i) Note that W*h® = e,, (see Example 2.5 (ii)), and then §(h%) = A~*T (n)
for n € Ng. As eg = ho and e; = h{ — ah§, it is clear that 6(eg) = I and
O(e1) =T.
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(ii) Let f € 7%(¢) be such that Af € 7%(¢) and € X. We have that

TOAf)x = (Z W f(n+ 1A T (n)z - > W“f(n)A‘“T(n)x)

n=0 n=0

= i Wef(n+1) (AT (n+ 1)z — k*(n+ 1)z)
—TY Wf(n)A*T (n)z
n=0
= (I-T)0(f)z = W FO)A™*T(0)z — Y Wf(n+1)k*(n+ 1)z

n=0
= (I =T)0(fz =Y W*f(n)k
n=0
= =T)0(f)z — f(0)z,

where we have applied that TA™*T(n) = A™*T(n + 1) — k*(n + 1) and
ZW“ k%(n) = f(0) for f € 7(¢).

(111) Suppose that
(KP= % ¢)(n)

sup < 0
neNy /l/}(n)
for some 0 < a < 8 and 9 € wg joc. Then it is straightforward to check that

() = 7%(¢) and

S Wetm)AT T (e =Y WPfn)APT(n)z,  fer’@), zeX,
n=0

n=0

where we have applied Proposition 2.4 (v) and Remark 2.6.
(iv) Let a > 0 be such that |T|| < a. Then o(T) C {2z € C| |z| < a}. For
fer¥(p)NLL,, we apply Remark 2.6 to get

0(f)x = Z f(n)T"™(x), z e X.
n=0

In particular py € 7%(¢) N¢(a™) for |A| > a and

n

0(px)x /\ZA""T_()\ )~ * for z € X.
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COROLLARY 3.6: Let « > 0, ¢ € w, and 0 : 7*(¢) — B(X) be an algebra
homomorphism. Then there exists T € B(X) such that

o0

0(fle =Y Wof()A Tz,  fer(9), ze€X;

n=0
in particular, (h%) = A=*T (n) forn € Ng and 0(py) = (A\=T)"" for |\| > || T

Proof. Take T := 0(e;). Note that e; = h{ — ah§ (see Example 2.5 (ii)), and
he = Af’lé‘( ) for n € Ny where £(n) = €™ (see Example 3.2). By Example
212, f = Z W f(n)he for f € 7%(¢). We apply the continuity of 6 to get

7=0

n

O(hg)x = k*(n—j) (0(er))’ & = AT (n)a

Jj=0

and hence
x—ZW”‘ ho‘x—ZWO‘f T (n)x,
n=0
for x € X. By Theorem 3.5 (iv), we conclude the proof.

By Theorem 3.5 and Corollary 3.6, we obtain the following characterizations
of (C, @)-bounded and power-bounded operators:

COROLLARY 3.7: Let T € B(X) and o > 0 be given. The following assertions

are equivalent:

(i) T is a (C, «)-bounded operator.
(ii) There exists a bounded algebra homomorphism 6 : 7% (k**1) — B(X)
such that 6(e;) =T.

In the limit case, the following assertions are equivalent:

(a) T is power bounded.

(b) There exists a bounded algebra homomorphism 6 : ¢! — B(X) such
that 6(e1) = T.

(¢) For any 0 < a < 1, there exist bounded algebra homomorphisms 0,

7% (k®T1) — B(X) such that ,(e1) =T and sup |[|0.] < oco.
0<a<1

Proof. Due to the previous results, we only have to check that (c) implies (b).
Indeed, since the map 6, is an algebra homomorphism, then 6,(e,) = T",
0a(f) is well defined for f € ¢p0 and is independent of . Let C' > 0 be such
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that supg_ 1 [|0all < C. We define 0(f) := 6,(f) for f € co,0 and some given
a € (0,1). Then [|0(H)] = 10/ < Cqu(f) for f € co,0. By Theorem 2.11
(ii), we get that ||0(f)]] < C|f|l1, for f € co,0. The result now follows by an
argument of density.

4. The Z-transform and resolvent operators

Let f: Ng — X be a scalar sequence on a Banach space X. We recall that the
Z-transform of a given sequence f : Ny — X is defined by

(4.1) f2) =3 fm)=,
n=0

for all z such that this series converges. The set of numbers z in the complex
plane for which the series (4.1) converges is called the region of convergence of
f . The uniqueness of the inverse Z-transform may be established as follows:
suppose that there are two sequences f, and g with the same Z-transform, that

is,

S fm)zm =) gn)z", |z > R
n=0 n=0

It follows from Laurent’s theorem that f(n) = g(n) for n € Ny.

Let ¢ : Ng — (0,00) be a sequence such that ¢(n) < Ca™ for some C > 0
and a > 0. To follow the notation given in [8], we write w = log(a) where w
is a bound for the counting measure supported on Ny, i.e., €y € % for A > w
where €y (n) := =" and n € Ny. Let C°°((w, o), X) be the space of X-valued
functions on (w,o00) infinitely differentiable in the norm topology of X. For
r € C°((w, 0), X), set

(B) (X
T
I7[lw, ¢ = SHP{” ol
1Bk ll1,0

where S, 1 (n) = nFe " for n € Ny and A > w.
The Widder space C3((w, ), X; @) is defined by

] keNO,A>w},

O ((w,00), X;¢) = {r € C*((w,00), X) | [[rllw,g. < 00}

Endowed with the norm || - ||w,¢,w, the space C39((w, ), X;¢) is a Banach
space, see more details in [8, Section 1]. A direct consequence of [8, Theorem
1.2] is the following result.
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THEOREM 4.1: Let ¢ : Ng — (0,00) be a sequence such that ¢(n) < Ca™ for
some C' > 0 and a > 0. For a vector-valued sequence f : Ng — X the following
assertions are equivalent.

)
W sup Tony <

(ii) There exists 6 : £ — X such that (Apy) = f(\) for A > a.
(iii) foexp € C2((log(a),0), X; ¢).

Proof. (i) == (ii): The mapping defined by 6(g) := >~ g(n)f(n) where
g€ Eé satisfies the required condition. (ii) = (i): We define h(n) := 0(e,)

h
for n € Ng. It is clear that sup 12(r)ll
n€Ng ¢(n)

< 00, and

FO)=00px) = Y 0(en)\" =h()), [\ >a,

neNy

from which we conclude that h(n) = f(n) for all n € Ny. This proves (i). Now
we prove that (ii) = (iii). Due to [8, Theorem 1.2], we have

0(e.) = 0(exp(1)Pexp(u)) = (foexp)(n),  p > log(a),

and (iii) is proved. (iii) = (i) Suppose that foexp € C53((log(a), o), X; ¢).
Again by [8, Theorem 1.2], there exists a bounded homomorphism 6 : % - X
such that 0(e,) = (f o exp)(u) for u > log(a). Since €,(n) = e " = eFpeu(n),

we conclude that 8(Apy) = f(A) for A > a.

Remark 4.2: Note that Theorem 4.1 is closely connected to [8, Theorem 4.2],
where the representability of functions of the Widder space Cj((w, 00), X;m)
through functions of L>°(Ry, X;m) is proved under the assumption that the
Banach space X has the Radon—Nikodym property (RNP). The RNP is a well-
known property in the theory of Banach spaces. This property is also true for
closed subspaces (hereditary property) and is enjoyed by any reflexive space,
any separable dual space, and any ¢*(I') space, where I is a set. See definitions
and more details in [3, Section 1.2].
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In the well-known scalar version, namely X = C, the following Z-transforms
are obtained directly:

Ga(z) = z ", z2#0, neNpy
— Za

« — 1:

ke (2) PERTENNC e

— z 1

e = T Bl AeCon

h\g(z) = Zko‘(n—j)zfj, z # 0.

It is also well-known that

—_~—

(4.2) (f % 9)(2) = F(2)3(2),

for all z such that f(z) and §(z) exist. For properties on the Z-transform we
refer, for instance, to the book [12, Chapter 6]. In particular, given o > 0 and
f:No — X such that f(z) exists for |z| > R, then

(A1)(z) =

(e

z
(z = 1)«

We denote by ,,f(m) := f(n 4+ m) for all m,n € Ny. The next technical
lemma for the Z-transform will be used in the forthcoming Theorem 4.4. We

f(z), |z| > max{R,1}.

observe that similar results hold for the Laplace transform, see for example [24,
Proposition 4.1].

LEMMA 4.3: Let X be a Banach space, f : Ng — C a scalar-valued sequence
and S : Ny — B(X) an operator-valued sequence. Then

1 ~

L LT (300 = A5G ) = ZMZM « uS)(m)z, w € X,

3 (1FO) =700 3 w—ZA"Zum feS)mr, zeX,

for all |A| > |u| sufficiently large.

Proof. To show the first identity, note that

i,u_mSm—i—nx—,u > w8 =p ( Z,ﬂs )

m=0 j=n
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for x € X and n > 1. By (4.2) we get

S oA S ¢ e = T 34 S0

= f(u)g(u)z:od\)n - f(u)i(ﬁ)ngu”ﬂ])w

Finally, from the identities

>( )Zus zfzu I8 f; () =" 5e

n=1
we conclude that

1

S S e wme =, L Fiw (A5 = 1S

for all |A| > |u| sufficiently large and x € X. The second identity in the Lemma
can be proved similarly.

THEOREM 4.4: Let o > 0, ¢ € wy, a > 1 be given and let X be a Banach
space. Suppose that {Ty}nen, C B(X) is such that To = I and satisfies ||T,,|] <
Co(n) < C'a™ for all n € Ny with C,C" > 0. The following statements are
equivalent:

(i) The operator-valued sequence {T,,} nen, satisfies the equation (3.1).
(ii) There exists a bounded algebra homomorphism 0 : 7*(¢) — B(X) such
that O(hS) =T, for n € Ny.
(iii) The family {R()‘)}\A|>a defined by

R\)z = )\a+1 Z/\ T ( Al >a, z e X,

is a pseudo-resolvent.

In these cases the generator of {T},}nen,, defined by T := Ty — ol (see Remark
3.4), satisfies that T,, = A=*T (n) for n € Ng, 0(e;) =T, {\ € C ||\ > a} C
p(T) and

RN =A-T)"  [A>a
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Proof. The proof (i)=-(ii) is a direct consequence of Theorem 3.3 and Theorem
3.5. To show that (ii)=-(iii), we use Corollary 3.6. Finally we prove (iii)=(i).
It is clear that

, I\l > a,

where T = {T},}nen, and T is given by (4.1). Since {R(N)}|x|>a is a pseudo-
resolvent, then

Ly IR N

(1 )/\ka(/\)uka(u) ) () Al [l >a, p#A,
FNF() = | E()T(N) — Me@(\)T A A
(A) (M)u/\<ﬂ ()ZT(N) — AE*(X) (u)), AL pl>a,  p#A

On the other hand, note that the condition (3.1) can be rewritten as

(k% % ,T)(m) — (Rk*+%)(m) + k*(n)T),

n+m m—1
= Z E“(n4+m—u)T, — Z E*(n+m —u)T,,
u=n u=0

for m > 1 and n > 0. We apply Lemma 4.3 in order to obtain, after a simple
algebraic manipulation, that

DAY (R T (m) — (ak® * T)(m) + k() L)
n=0 m=0

R ()EO) - NE)F ()
nw—A
for |A|, |u| > a, and p # A. Then we conclude that {1, },en, satisfies (3.1), as

consequence of the injectivity of the double Z-transform. Finally, by Corollary
3.6

3

RN =0px)=(-T)"", A >a
and we finish the proof.

5. Applications, examples and final comments

In this last section, we present applications of, comments on, examples and
counterexamples to the results presented in this paper.
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5.1. BOUNDS FOR ABEL MEANS. Given T € B(X) and 0 < r < 1 we recall that
the Abel mean of order r to the operator T, denoted by A,.(T), is defined by

A (T) 177"Z"T" reX,
whenever this series converges, see for example [26} Denoting r(T) = lim [|[T7|»
n—roo

the spectral radius of T, we have for 0 < r < (T) that € p(T) and

AT(T)z(lzr) (i—T>_1, 0<r<min{1,r(1T)}.

The next theorem improves [26, Proposition 2.1 (i)], given there for « € {0, 1}.

THEOREM 5.1: Takea >0 and T € B(X). Then

> 1
x=(1-—r)t! r"ATYT (n)x r < min .
A (T)z=(1-7) n; AT (n), 0<r< {%(T)}

In the case that ||[A=*T (n)|| < CkY*Y(n) for n > 1 and v > « then we have
[A (D) <C1—r)"07%  0<r<1,
In particular, if T is a (C, a)-bounded operator then supy<, 1 ||A(T)|| < oc.

Proof. Let a > 0 be given and p1 (n) = 7"t for 0 < r < 1. By Remark 2.6, we
have that

o0

ATz = (1—=7) > r"T"(z) = Z Weps1 (n)A~T (n)a
n=0
(1—r)ott &

Zp AT (n)x = (1 —r)*t! Z " ATYT (n)x,

n=0

where we have used Example 2.5 (i) for 0 < r < min{1, (T)} For r =0 it is
obvious.

In the case that [|[A=*T (n)|| < CkYT1(n) for n > 1 and v > «, there exists a
bounded algebra homomorphism 6 : 7*(k7Y*!) — B(X) such that

oo

0(f) = > WO F()A™T(n), z€X, fer (k)

n=0
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see Theorem 3.5. Note that p1 € 7*(k?*!) and A.(T)='"6(p:), for
0 < r < 1. By formula (2.6), we obtain that
1—r r C

1—r
< ~+1 1) = =
HAT(T)H —C r Qi+ (pr) C r (1_74)7/—1-1—04 (1—7‘)7’—04’ 0<r< ].,

and we conclude the proof.

Remark 5.2: If we consider ||T"| < Cn7, with v > 0, and using the estimate
nY < T(y+ 1)k" 1 (n) which follows easily from (2.3), then we get that

[AN(T)|| < CT(v+ 1)1 = 7)77,

which improves the bound of [26, Proposition 2.1 (i) (2.3)]. One can use similar
arguments to improve the bound of [26, Proposition 2.1 (i) (2.4)].

Remark 5.3: An inverse result exists on Banach lattices (see [26, Corollary
3.2]), which proves that for any @ > —1 and a positive bounded operator T,
{(1=7r)*A,(T), 0 <r < 1} is bounded if and only if ||A™1T(n)|| < C(n+ 1),
n € Ny. In particular, T' is Abel-mean bounded if and only if it is (C, 1)-bounded.
Note that there are examples of positive (C,1)-bounded operators in Banach
lattices which are not power bounded, see the remarks following [26, Corollary
3.2].

5.2. a-TIMES INTEGRATED SEMIGROUPS AND CESARO SUMS. Now, let A be
a closed linear operator on X, a > 0 and {S4(t)}+>0 C B(X) an a-times
integrated semigroup generated by A, that is, S,(0) = 0, the map [0, 00) — X,
r +— Sa(r)z is strongly continuous and

Sa(t)Sa(s)x
= F(la) (/tt+s(t +5—7r)* 1S, (r)xdr — /Os(t +5— r)o‘lsa(T)xdT) ;

x € X, for t,s > 0; for « = 0, {So(t)}+>0 is a usual Cy-semigroup, Sp(0) = I
and So(t + s) = So(t)So(s) for t,s > 0. In the case that {S,(¢)}i>0 is a non-
degenerate family and [|S,(t)]] < Ce*t for C > 0, w € R, then there exists a
closed operator, (A, D(A)), called the generator of {S,(t)}:>0, such that

(5.1) A=Atz = )\O‘/ e M8, (t)xdt, RA > w, z e X.
0
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Moreover, the following integral equality holds
tOt

z, t>0, xzelX.
a+1)

(5.2) A/o So(s)xds = Sy (t)r — o

For more details see [22].

THEOREM 5.4: Suppose that {So(t)}i>0 Is an a-times integrated semigroup
generated by (A, D(A)) such that ||S,(t)|| < Ce** with 0 < w < 1. Then
1 € p(A) and for R := (1 — A)~!, R(n) = R" we have

—ttn

A" R(n)z = (I — A) / Sa(t)adt, neNo,
0

n!

7tt’n 1
= / © So(t)xdt + kT (n)x — kT (n — 1), n>1 zelX.
o (n—=1)

In particular, if {So(t)}+>0 has temperated growth, i.e. ||Sa(t)] < Ct* for
t >0, then (I — A)~! is a (C, a)-bounded operator.
Proof. Let A € p(A) be given. We have

(=D dr —1y _ - k®(n — j) —j—1

On the other hand, for ®A > w, we apply formula (5.1) to get that

(D™ dm . -1 _/°° "
l d)\"()\ A—A) N = | € Se(t)z dt, z e X.

Finally, we set A = 1 to conclude the first equality. Now for n > 1, we have
that

osl efttn 7tt’n 1 t t
AT*R(n)z = / | t)xdt + A/ (1 - ) / So(8)xdsdt
0 n! (n—1)! n/) Jo

7ttn 1
= /0 E” B 1)!S’a(t)xdt + kM (n)z — kT (n — 1), reX,

where we applied the equality (5.2).
In the case that ||So(t)]] < Ct*, we use the second equality and that the
sequence k! is increasing to conclude that

o 13RO
n€Np koz-l—l(n)

and (I — A)~!is a (C, a)-bounded operator.
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Classical examples of generators of temperated a-times integrated semigroups
are differential operators A such that their symbol A is of the form A = ia, where
a is a real elliptic homogeneous polynomial on R™ or a € C*°(R™\ {0}) is a real
homogeneous function on R™ such that if a(t) = 0 then ¢ = 0; see [21, Theorem
4.2], and other different examples in [21, Section 6].

Remark 5.5: In the case of uniformly bounded Cp-semigroups, i.e. {T'(¢)}i>0 C
B(X) such that sup, |T(t)|| < oo, the resolvent (1 — A)~! is power-bounded
due to

n ot
(1-A) x:/o (nil)!e T (t)xdt, zeX.

Note that Theorem 5.4 includes a natural extension of this fact: the resolvent
(1—A)~tis a (C,a)-bounded operator when A generates a temperated a-times
integrated semigroup.

We may also consider the homomorphism 6 defined in Theorem 3.5, and in
this case

O(Af)x =—A0(f)e — (I — A)f(0)z, ferEkt), zeD(A),

when A generates a temperated a-times integrated semigroup. This equality
shows that if we know the generator A, we can transfer properties between f
and Af for sequences in 7 (k*+1).

5.3. COUNTEREXAMPLES OF BOUNDED HOMOMORPHISMS.

Example 5.6: In [10, Section 2] there is an example of a positive, Cesaro bounded
but not power bounded operator T on the space ¢'. As the author comments in
[9, Section 4. Examples], one has [|[T"||; < Kn/In(n) where K is the uniform
bound of the Cesaro averages of T'. In this example T is also a contraction in
€. In [13, Section (VI)], it is proved that sup,,~q [|7"(], > (2’“)11) for any k > 1
and 1 < p < co. We conclude that T is not power bounded in 7 (1 < p < 00)
and T is Cesaro bounded in /7 (1 < p < o0) . By Corollary 3.7, there exists a
bounded homomorphism 6 : 71(k?) — B(¢P) such that 6(e;) = T which extends
to 0 : ¢ — B(¢P) if and only if p = oco.

Example 5.7: In [28], a simple matrix construction, which unifies different ap-
proaches to the Ritt condition and ergodicity of matrix semigroups, is studied
in detail. Consider the Banach space X := X & X with norm

T i) XpX = X1 X9 , X1 Xro .
|21 & 22| V|2 + ||z Guap X
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Let the bounded linear operator ¥ on X be defined by the operator matrix

- <T T—I)
0 T

where T' € B(X). In [28, Lemma 2.1}, some connected properties between T
and T are given. Now we consider X = ¢? and the backward shift operator
T € L(£?) defined by

T(x)(n) :==z(n+1), x € 0*nc Ny

By [28, Example 3.1], ||2*]| > 2n and ¥ is a (C,1)-bounded operator. We
apply Corollary 3.7 to conclude that there exists an algebra homomorphism
0 : 71(k?) — B(X) such that f(e;) = T which does not extend continuously
to £*. In [28, Remark 3.2], the growth ||T"|| > 2n is pointed at as the fastest
possible for a Cesaro bounded operator.

Example 5.8: In [26, Proposition 4.3], the following example is given. For any
~ with 0 < v < 1, there exists a positive linear operator 7' on an Li-space such
that

A™T(n)
k7+1(n)

A=PT(n)

20 FoH(n)

n>0

‘oo, but sup ’<oo for all 8 > ~.

n>0
By Corollary 3.7, we conclude that there exists a bounded algebra homomor-
phism 6 such that 6 : 7%(k*1) — B(X) for all B > ~, 6(e;) = T, and the
homomorphism 6 does not extend continuously to the algebra 77 (k7*!) with
0<y<1.

Example 5.9: In [26, Proposition 4.4 (i)], the following operator is constructed:
Let dimX = oco. For any integer j > 0, there exists a bounded linear operator
T on X such that
A%J‘H)ﬂn)
ki+2(n)

AT (n)

e k7t (n)

n>0

’<oo, but sup ’oo for0<y<j+1

n>0

By Corollary 3.7, we conclude that there exists a bounded algebra homomor-
phism 6 such that 6 : 791 (k7*2) — B(X), 6(e1) = T, and the homomorphism
6 does not extend continuously to the algebra 77 (k7*1) with 0 <~ < j + 1.

Example 5.10: In [26, Proposition 4.4 (ii)], the following operator is constructed.
Let dimX = oo. There exists a bounded linear operator 7" on X with r(T) = 1,
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(IT]| =2, and

AT (n)

|A-(T)|<1-r, 0<r<1; and sup K+ (n)

n>0

‘:oo, for j > 1.

Since k7(n) < k9t1(n) for n > 0, we also conclude that

H AT (n)
ki (n)

‘:oo for j >1

and the converse of Theorem 5.1 does not hold for v < a.

5.4. APPLICATION TO KATZNELSON—TZAFRIRI TYPE THEOREMS. Let A(T) be
the regular convolution Wiener algebra formed by all continuous periodic func-
tions f(t) = 200 ___ f(n)e™, t € [—m, 7], where {f(n)}nez are the Fourier

coefficients of f, that is

1

:27'('

f(t)e ™ at, n € Z,

—T

fn)

with the norm || f|| a(r) :== > pe o |£(n)], and let A, (T) be the closed convo-
lution subalgebra of A(T) where the functions satisfy that f(n) = 0 for n < 0.
Note that both A(T) and £}, and A, (T) and ¢! are isometrically isomorphic,
where £} denotes the complex summable sequences indexed by Z.

Katznelson and Tzafriri proved in 1986 the following well-known theorem: if
T € B(X) is power-bounded and f € AL (T) is of spectral synthesis in A(T)
with respect to o(T) N T, then

Jim [|T70(f)]| = 0;

see [23, Theorem 5]. Moreover, for T € B(X) a power-bounded operator, one
has li_>m |T™ — T = 0 if and only if o(T) N'T C {1}; see [23, Theorem 1].

Tﬁe ;lthors have obtained some similar results for (C, a)-bounded operators,
which will appear in a forthcoming paper. We define A%(T) to be a new regular
Wiener algebra contained in A(T), and A¢ (T) a convolution closed subalgebra
of A%(T), which is isometrically isomorphic to 7*(k**1). The result states that
ifa>0,T e B(X)is a (C,a)-bounded operator and f € A (T) is of spectral
synthesis in A%(T) with respect to o(T) N'T, then

im L jameT )| =o.

n—oo katl (n)
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On the continuous case, Katznelson—Tzafriri theorems have been proved for

Co-semigroups and extended later for a-times integrated semigroups; see [14]

and [15], respectively.
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