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Abstract

The influence of the angle of attack (AoA) and the chord based Reynolds number (Rec) on the lift and
drag coefficients has been analyzed experimentally in a low-aspect-ratio NACA0012 airfoil, AR=2. The
tests have been carried out in a low turbulence wind tunnel with a digital force sensor. Results are shown
for chord based Reynolds numbers in the range 3.33 · 104 ≤ Rec ≤ 1.33 · 105 and AoA between -0◦ and
+35◦. The dynamic response of the wing has been studied using time-frequency analysis. We compute
the Power Spectral Density (PSD) from the temporal evolution of the net force exerted over the wing,
showing that the main response of the wing is the presence of two natural frequencies of the wing-base
system. Again, the mean PSD suddenly increases for Rec ≈ 1 · 105, particularly at AoA exceeding the
(stall) critical point. Finally, and despite from the fact that our model is rigid, we find PSD peaks at
very low and high frequencies in agreement with other authors’ results which correspond to energetic
modes in the wing-tip vortex and the formation and emission of coherent (unstable) turbulent structures,
respectively.

Keywords:
Finite wing, Low Re aerodynamics, Wing-tip vortex, Dynamic response, Fundamental vibration
frequencies.

1. Introduction

A wing profile is a surface that may be designed to provide the maximum lift force with the minimum
drag. The relationship between both forces is determined by the wing cross section aerodynamics features
(1). In finite wings at low Reynolds numbers, the drag and the lift coefficient variations are mainly due
to three mechanisms: Wing-tip vortex (2; 3; 4; 5); laminar boundary layer separation leading to the
formation of a laminar separation bubble (LSB) and the subsequent turbulent separated shear layer
(6; 7; 8); and, finally, the vortex shedding in the wake behind the wing (9; 10; 11). Most of these
numerical or experimental investigations were performed analyzing only the flow behaviour. Hence, the
CD and CL experimental measurements involve a whole fluid-structure scenario, giving us an overview of
the interaction between the wing and the flow that passes over it. For this reason, a dynamic response
analysis of a cantilever with low-aspect-ratio NACA0012 profile is considered in this paper together with
the CD and CL classical measurements in a wind-tunnel. The aim of this novel analysis is to study the
possible relationships among wing-tip vortex, surface flow regimes, wake vortex and structural dynamic
response.

The study of the dynamic response of rigid wing models, the flow behaviour in the suction surface
and the wake have been extensively studied for a wide range of airfoils at low Reynolds numbers. (12)
characterized the flow regimes in the suction surface of a NACA 0012 airfoil for 3·104 < Rec < 1.3·105 and

∗Corresponding author: tolin@uma.es

Preprint submitted to International Journal of Aeronautical and Space Sciences February 10, 2017



AR = 5. (9) reported that the evolution of vortex shedding behind the airfoil at small AoA is connected
to the behaviour of shear-layer instabilities. Coherent turbulent structures generated in the separated
shear-layer region, interact in the turbulent wake creating a large-scale vortex with mesured frequencies
one order of magnitude lower than the fundamental frequency of the shear-layer disturbances. The vortex
shedding frequency behind a NACA 0012 airfoil was also measured by (10). Four emission modes were
identified: laminar, subcritical, transitional and supercritical. Similar results for others symmetric airfoils
can be found in literature, e.g. NACA0018 and NACA0025 (13; 14; 15).

There are experimental data for 2D NACA 0012 airfoils mounted on two supports and covering low
Reynolds numbers between 5.3 ·103 and 5.1 ·104 (16; 17). It has been also studied the pitching oscillation
of NACA0012 airfoils (18; 19; 20), but these self-sustained oscillation analyses differ from the dynamic
response presented in this paper. Actually, the boundary conditions are completely different, because
these airfoils have both edges attached, so that wing-tip vortex formation is neglected. There are recent
studies concerning eperimental modal analysis for low-aspect-ratio rectangular membrane wings (21; 22).
These modal analyses were performed by means of Digital Image Correlation (DIC) technique so, in this
case, deformation data were reported and no forces were measured. The ratio between wing deformations
and the flow characteristics is also reported in the State of Art. Rojratsirikul (21; 22) suggested a possible
coupling between the membrane vibration with the onset of wake instabilities for all airfoils. To shed
some new light into this problem, we have analyzed in this work the dynamic response, despite of the
stiffness differences between elastic membranes and the rigid aluminum NACA0012 airfoil used in this
experimental work.

Other key aspect which has been studied in detail consists of the noise production as several types
of NACA airfoils are immersed in turbulent flow streams (23; 24; 25; 26). Moreau analyzed the noise
produced by finite airfoil at low-to-moderate Reynolds numbers. Appart from the noise measurements,
surface oil-film visualization images were also taken in order to determine flow mechanisms responsible
of noise generation. In this manner, our research study is a complement to attain only an objective view
of airfoil vibration. On the other hand, Chong (24) studied the noise differences between straight and
serrated trailing edges by means of Particle Imaging Velocimetry (PIV) measurements of the NACA0012
airfoil wakes together with microphones. Besides, these authors found that small variations in AoA can
lead to noise level increments due to laminar separation bubble. Devenport (26) carried out leading
edge noise measurements on three different NACA airfoils immersed in turbulent regime. Also, a noise
increment with AoA was observed. As will be commented below, similar conclusions can be deducted
from our experimental study. Our motivation is based on the belief that experimental information of
wing profile vibrations would be relevant for problems of fluid-structure interaction (FSI), and numerical
model validations which have been also used for airfoil noise estimation, e.g. (27; 28).

2. Experimental arrangement

Experimental tests set can be followed in previous papers (see 29; 30). An schematic drawing is shown
in Figure 1 (see Fig. 1). The turbulence level (Turbulence Intensity I [%]) is shown in Table 1.

The standard deviation of the tests will be presented and discussed in Section 3.

3. Aerodynamic characteristics: results and discussion

3.1. Coefficient deviations and errors

Fig. 2 (a) shows the data together with errorbars that corresponds to standard deviations from the
average values of the drag and lift coefficients as function of AoA for α = 0◦ - 35◦ at Reynolds numbers
Rec = 1.33 · 105, which represents the worst case dealing with measurement errors. Other cases analyzed
in this work show a similar behaviour. Actually, the deviation remains constant up to the stall angle
(α ≤ 12◦ - 14◦) and these variations are close to ± 0.025 in both coefficients, CL and CD. As it can be
also observed in Figs. 2 (b) and (c), that absolute values of the standard deviations with AoA smaller
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Figure 1: Schematic of the experimental setup.

%P U∞ [m/s] δU∞[m/s] Rec I[%]

0.68 5 ± 0.06 3.33 · 104 1.2

11.25 10 ± 0.12 6.67 · 104 1.2

21.43 15 ± 0.16 1 · 105 1.1

30.56 20 ± 0.47 1.33 · 105 2.3

Table 1: Percentage of power, wind velocities and their variations, chord based Reynolds numbers and levels of turbulence
intensity.

than 12◦ remain constant for any value of the Reynolds numbers. At AoA equal to or slightly greater
than stall, a great fluctuation appears in the force signal, resulting in a sudden increment of the CL

and CD deviations. We observe self-sustained oscillations in the cantilever at these AoA. The maximum
values of coefficient deviations take place for AoA between 12◦ and 20◦ in all cases and they are always
lower than 15%, approximately. These deviations in the coefficients gradually decrease at AoA greater
than 20◦ for any value of Rec. Experimentally, one can observe in this range of AoA shrinking wing
vibrations. Consequently, the variations in the force amplitude diminish. However, for the lowest chord
based Reynolds number Rec = 3.33 · 104 the coefficient deviations almost remain constant regardless the
AoA.
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Figure 2: Mean and standard deviation of CD and CL for Rec = 1.33 · 105 (a); standard deviations in the lift, σL (b) and
drag, σD coefficients (c) for all AoA and Reynolds numbers.

Kline (31) developed the method to compute the propagation of experimental measurement errors,
so one can estimate the accuracy of the non-dimensional drag and lift coefficients. Considering their for-
mulation to determine the aerodynamic coefficients, large percentage uncertainties appear for coefficients
approaching zero. The accuracy of the force measurement is 0.01 N, the rotational device has a resolution
of 0.1◦, and the accuracy of the free-stream velocity using LDA is within 1% (32). Table 2 shows the
estimation of the average errors for CD and CL at each Reynolds number, thus confirming a good experi-
mental procedure in the computation of these coefficients because the fluctuation measurements are done
with acceptable precision. Only CD and CL average values will be presented in the following section.

Rec % Error CD % Error CL

3.33 · 104 ± 8.6 ± 6.2

6.67 · 104 ± 3.1 ± 2.0

1 · 105 ± 1.7 ± 1.3

1.33 · 105 ± 1.4 ± 1.2

Table 2: Average errors for coefficients CD and CL.

3.2. Drag and Lift Curves

Drag coefficients are depicted in Fig. 3 as function of α. Our results show a slight deviation in
comparison to those obtained by Ngo (33). Besides, our values of CDmin are in agreement with those
reported by Mueller (3) for a flat wing with the same aspect ratio and Reynolds numbers. Regarding the
ratio between drag coefficient and AoA, ∆CD/∆α, we observe an increment of its value up to the stall
angle, so that the wing loses its aerodynamic effectiveness. Different slopes are found at each Reynolds
number, increasing the values of the slope with the AoA up to the stall angle.
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Figure 3: CD and CL curves as function of α for all Reynolds numbers tested (a) CD vs α for any value of the Reynolds
numbers, as indicated. The inset represents a detail of CD values for low AoA and high Reynolds numbers together with
those reported by (33) and (3). (b) CL vs α for any value of the Reynolds numbers together with those reported by (33) and
(3).

The maximum lift coefficient CLmax ranges between 0.52 and 0.61 for any value of the Reynolds
numbers, and the stall angles αstall appear between 12 and 14 degrees. These values show a slight
deviation compared to those published by (33) with AR=4. As expected, our stall angles are slightly
greater than Ngo’s results due to the aspect ratio reduction (AR=2 in our case). It is worth mentioning
that the values of CL are lower than those obtained by Mueller (3) for a flat plate with the same aspect
ratio and Reynolds numbers.

4. Wing dynamic response: results and discussion

The temporal evolution of the force acting on the wing has been analyzed for any value of the AoA
and four values of the Reynolds numbers. We calculate the power spectral density (PSD) for each signal
in the frequency domain by means of a FFT built-in Matlab R© function. We subtract the mean force to the
instantaneous one, thus obtaining the temporal evolution of the force and the most energetic frequencies.
As it was stated above, the sampling frequency of the force sensor is fs = 250 Hz, and the time recording
of the tests is T = 200 s, hence the frequency resolution is df = ± 0.005 Hz. We consider a low-pass filter
in order to avoid aliasing effects in the digital signal. After applying this filter, the frequencies beyond
the Nyquist ones are removed, being FNyquist = fs/2.

We obtain the natural frequencies of the wing-base system with two sets of ten tests with no velocity
inside the wind tunnel. The first testing consists of an instant impact at the free ending in the wing center
following a direction perpendicular to the chord. Thus, the model vibrates freely and we record the net
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force. The temporal signal is analyzed by means of the FFT function. A main free vibration frequency is
detected at f1st ≈ 28.25 Hz. The second testing consists of an instant impact at the cylindrical aluminum
base which fixes the wing to the force sensor. We detect the main frequency f1st in all the tests. However,
a second frequency appears at f2nd ≈ 43.50 Hz. Therefore, f1st and f2nd are the first and the second
natural frequencies of the wing-base system depicted in Fig 1.

As a simple theoretical model, one can estimate the natural frequency using as a model of the alu-
minium NACA0012 airfoil a flat plate with the same inertial thickness. The natural vibration frequencies
for a rectangular aluminum plate were already obtained experimentally by Dalley (34). The rectangular
plate had an aspect ratio AR = 2, perfectly embedded in one of its short edges and free at the other. Dalley
observed an eigenvalue of the vibration problem for the first natural mode λ = ω ·a2 ·

√
ρ/D = 3.36, where

ω is the first mode frequency, a the length of the plate, ρ material density and D = E · h3/[12 · (1 − µ2)]
the bending modulus of the plate (E is the material Young modulus, h the plate thickness and µ the
Poisson module). We consider an equivalent rectangular solid plate with the same moment of inertia I,
the same cross-sectional area at and the same aspect ratio AR of our model, the NACA0012 airfoil. The
frequency computed is similar to a free vibration frequency in the first mode of 29.43 Hz, very close to
that obtained experimentally for our model. In addition, the frequencies of the first three natural vibra-
tion modes of the equivalent plate have been also calculated analytically by means of the formulation
developed by Warbuton (35). For the equivalent rectangular solid aluminum plate described above, the
frequency for the first symmetric deformation mode is 30.81 Hz. This first mode has the smallest char-
acteristic frequency and it requires less energy input to be produced than other modes. The frequencies
obtained for the second and the third natural vibration modes are 154.56 Hz and 192.97 Hz, respectively.
The theoretical values of frequency for the first deformation mode of the equivalent plate are again in
agreement with experimental data obtained for the first natural frequency of the wing-base system, f1st.
The small differences between theoretical and experimental data may be primarily due to the difference
among real and theoretical boundary conditions; and secondly, the difference between NACA0012 profile
and its equivalent rectangular plate.

Fig. 4 sums up all the experimental results. It shows the ratio between the PSD and the mean PSD
for any value of Rec and AoA. PSD stems from the temporal evolution of the net force measurements.
We only depict normalized PSD with power greater than five times the mean PSD. Moreover, we plot
frequencies for vortex shedding in the near field of the wake reported by Huang (9) and Lee (10) in
squares and diamonds, respectively. These data have been adapted from their Strouhal number data
(St = f ·d/U∞), where d is the length of the wing-section projection on the cross-stream direction. These
authors observed that frequencies diminished as the AoA increased. However, the vibration of our model
has a strong influence due to mechanical characteristics of the cantilever wing. The net aerodynamic force
signal has two important sinusoidal components that correspond to natural frequencies of the wing-base
in all cases (f1st ≈ 28.25 Hz and f2st ≈ 43.50 Hz). The presence of the most energetic peak at the first
natural frequency is independent of the fluid flow around the model, while the peak at the second natural
frequency is less dominant and its relative importance depends on Rec and the AoA. Furthermore, our
results could be compared with other work in which the dynamic response of a wing on-two-supports is
dominated by the shedding vortex frequency (16). They reported power peaks in the measured force signal
at low frequencies (f ≈5-10 Hz) regarding large-scale vortex formation (perpendicular to wing-tip vortex)
and emission in the wake at large AoA (α ≥30◦ and Rec=1.05 · 104). Unfortunately, our model offers
PSD with peaks at natural frequencies f1st and f2nd. A possible explanation of this discrepancy could
be the effect of the different type of airfoil support-setup base system of their experimental arrangement.
Their research focused only on the dynamics of a wing on-two-supports, while our experimental study is
based on mechanical vibrations produced by fluid structure interaction in a cantilever wing. Given the
rigidity of our model, it is evident the strong influence of the mechanical behaviour. Nevertheless, we
could find very low and high frequencies which will be analyzed in detail below. We first focus on the
effects caused by Reynolds number and AoA.

We depict in Fig. 5 the power spectral density (PSD) as function of frequency for two Reynolds
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Figure 4: Frequencies given by the normalized PSD (PSD/PSDmean) for four values of Rec and several AoA from 0◦ to
35◦ together with the vortex shedding frequencies in the wake adapted from (9) and (10), plotted in squares and diamonds,
respectively.

numbers: Rec = 3.33 · 104 (a) and Rec = 1.33 · 105 (b), and for several AoA between 0◦ and 30◦. For the
lowest Rec case, the power level of the signal does not depend on the AoA and remains almost constant.
For the highest Reynolds number, one can observe again that the PSD remains almost constant at AoA
lower than α = 14◦. Once the (stall) critical point is achieved, the power spectrum is one order of
magnitude greater than those presented at low AoA, being more significant at low frequencies. For AoA
beyond 20◦, the power decreases again, although it continues being more energetic than those given for
pre-stall angles.

The increment in the PSD shown in Fig. 5 caused by the vibration process at stall angles is a
consequence of the change in the overall flow characteristics, specially on the flow regime in the suction
surface of the NACA 0012 airfoil, and the subsequent emission of shear layer instabilities. Laminar
separation regime (without subsequent reattachment) dominate the flow at AoA lower than 3◦-5◦ for any
value of Rec considered in this work (see also 12). As the AoA increases beyond a certain threshold, the
separated boundary layer reattaches to the surface, thus forming the characteristic laminar separation
bubble (LSB) on the surface. At these flow regimes, the fundamental frequency of shear-layer disturbances
depends strongly on the Rec and weakly on the AoA, but it does not show sudden variations (9; 13;
36). However, the separation bubble burst and the resulting transition from LSB regime to a turbulent
separated boundary layer, which occurs at the stall angle, causes a sharp drop on the fundamental
frequency of the shear layer instabilities (15; 14). This sudden perturbation on the flow characteristics
excite the first natural frequency f1st of the cantilever wing (see Fig. 4) since this frequency need the
lowest amount of energy to gain power, leading to an increment in the wing vibration amplitude. Thus,
the PSD level increases for the whole force signal at the turbulent separation regime (AoA slightly greater
than the stall point). The absence of power increment for the lowest Reynolds number together with
the lack of a marked lift drop at the stall angle, suggests that turbulent reattachment near the separated
shear layer does not fully occur at the NACA 0012 suction surface since this case is slightly lower than
the critical Reynolds number for the LSB formation (37; 9). To provide a better understanding of these
points, Fig. 6 (a) shows the mean PSD of the net force for the first mechanical frequency f1st = 28.25 ±
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Figure 5: PSD for Rec = 3.33 · 104 (a) and Rec = 1.33 · 105 (b) for AoA between 0◦ and 30◦.

1.00 Hz, whilst Fig. 6 (b) depicts the mean PSD for the lowest frequencies interval flow = [0.005, 2.000]
Hz. There is a increment of power as Rec increases, but this may be explained due to an increase of the
turbulent kinetic energy transported by increasing the value of the free-stream velocity. However, the
PSD for the first natural frequency presents a sudden increment when approaching stall, followed by a
slow decrease with the AoA, specially for Rec greater than 1 · 105. This change in the power produces
the first natural vibration mode of the cantilever wing to become significant in the dynamic response at
stall angles as shown in Fig. 4. Consequently, force fluctuations increment their values as also shown in
Fig. 2. The reader must notice that this critical Reynolds number Rec=1 · 105 is also connected to the
aerodynamic characteristics (30), at which βL1 saturates its value and the polar curve changed its trend.
Finally, and comparing Figs. 6 (a) and (b), it is worth mentioning that the maximum PSD is reached at
frequencies between 0.005 and 2.000 Hz in a smoother form than with the first natural frequency, f1st.
This feature stems from the fact that the presence of the stall angle not only strongly affects the power
increment at these low frequencies, but also other flow phenomena could be relevant. This analysis will
be carried out in the following section.

4.1. Dynamic response at very low frequencies

In order to characterize with detail the power presented at very low frequencies, a new signal is
developed by a low-pass 2 Hz filter. Thus, the components of longer time periods are isolated for each
AoA and Reynolds number. To improve the experimental observations given in Fig. 4, Fig. 7 shows the
PSD of the filtered net force signal (f ≤ 2 Hz) normalized by the mean power in a logarithmic scale.
Peaks appear for frequencies lower than 0.2 Hz, and for any value of the Reynolds number, particularly at
large AoA. This low frequency corresponds to the typical development of the wing-tip vortex as the AoA
increases for Rec = O(105) (see 5). The value of the most energetic frequency is also in agreement with the
experimental results reported in a previous paper(38). In their work, there was a vortex centroid position
variation (called vortex meandering) at the plane perpendicular to the flow direction, its frequency being
lower than 0.2 Hz for axial positions, x/c, ranging from 0 to 4 (near field) and 22504 ≤ Rec ≤ 41874. For
the same phenomenon and using PIV measurements, Roy (39) also reported values for the fundamental
frequency of the vortex center variation slightly lower than 1 Hz in a plane located at x/c = 11.2 (far
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field) and Rec = O(106). Therefore, the observed low-frequency peaks on the forces exerted over the wing
are also connected to this spatial fluctuation of the wing-tip vortex behind the NACA0012 airfoil.
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Figure 7: Normalized PSD for any value of Rec at very low frequencies in the range between 0.005 and 2 Hz.

4.2. Dynamic response at high frequencies

Though the first two natural frequencies, f1st and f2nd, are significant and they dominate the whole
dynamic response at Rec = 1 · 105 in our rigid model as shown in Fig. 4, several energetic and secondary
frequencies are present for the two lowest Reynolds numbers near the first two natural frequencies but
much less energetic than the natural ones. For this reason, we pay our attention on the interval of high
frequencies, from 45 to 125 Hz. As we commented above for the low-frequency analysis, we filter again
the PSD signal in the range of high frequencies for all the Reynolds numbers and AoA. The results are
depicted in Fig. 8 together with those shedding-vortex results given by Huang (9) and Lee (10) from Fig.
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4. It is observed a reasonable good agreement between our results and those frequencies reported by these
authors. As Rec increases, and consequently vortex shedding frequencies, these secondary components in
the force signal around f1st and f2nd smoothly increase their influence. For the highest Reynolds number,
the power peak at f2nd disappears, and a new frequency becomes important at ∼116.25 Hz.

Furthermore, Kim citekim2009 detected Tollmien-Schlichting waves for Rec ≤ 1 · 105 in the laminar-
to-turbulent transition in the boundary layer with a main frequency of 32 Hz in the vicinity of the leading
edge for a NACA 0012 airfoil and small AoA. Regarding our results, a power peak near to this frequency
is also detected for the two lowest Rec, primarily at small angles of attack (see Fig. 4). Moreover,
and according to their results, the shear layer instability wave increased its frequency with the Reynolds
number up to 53 Hz and 88 Hz over the trailing edge. In our case, these unstable waves in the laminar
shear layer may also explain the secondary frequencies observed beyond the natural ones in Fig. 8.
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Figure 8: Normalized PSD for any value of Rec at high frequencies in the range between 45 and 125 Hz.

5. Conclusions

The precise dynamic response of low-aspect-ratio NACA0012 airfoil at low Reynolds numbers has
been characterized by a digital force sensor. We compute CD, CL and the PSD signal using the temporal
evolution of the force measurements.

Regarding the PSD analysis, two natural frequencies f1st and f2nd of 28.25 Hz and 43.50 Hz, respec-
tively, are found regardless the values of the AoA and Rec and they correspond to the natural frequencies
of the wing-base system model. This result seems to be evident since our model is rigid. It is also observed
that the mean PSD level experiences a sudden increase with Rec for the AoA slightly greater than the
stall angle (12◦ ≤ α ≤ 22◦), particularly for Reynolds numbers greater than 1 · 105.

In addition, spectral density local peaks are found for frequencies lower than 0.2 Hz for any value
of Rec. These low-level frequencies appear approaching stall and they can be observed in the wing-
tip phenomenon that produces a random movement of the vortex core behind the wing. Finally, high
frequencies close to O(102) Hz are linked to the formation and emission of coherent (unstable) turbulent
structures in the near field of the wake since they are in agreement with other authors’ results.
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