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Abstract

Finite-depth sediment layers are common in natural water bodies. The
presence of underlying bedrock strata covered by erodible bed layers is ubiq-
uitous in rivers and estuaries. In the last years, the development of models
based on the non-capacity sediment transport assumption, also called non-
equilibrium assumption, has offered a new theoretical background to deal
with complex non-erodible bed configurations and the associated numerical
problems. Bedload non-capacity sediment transport models consider that the
actual solid transport state can be different from the equilibrium state and
depending on the temporal evolution of the flow. The treatment of finite-
depth erodible bed layers, i.e. partially erodible beds, in bedload models
based on the equilibrium approach has usually been made using numerical
fixes, which correct the unphysical results obtained in some cases. Gener-
ally, the presence of a finite-depth erodible layer implies the introduction of
a kind of non-equilibrium condition in the bedload transport state. Nev-
ertheless, this common natural bed configuration has not been previously
considered in the development of numerical models. In this work, a finite
volume model (FVM) for bedload transport based on non-capacity approach
and dealing with finite-depth erodible layers is proposed. New expressions
for the actual bedload transport rate and the net exchange flux through the
static-moving bed layers interface are used to develop a numerical scheme
which solves the coupled shallow water and non-capacity bedload transport
system of equations. The reconstruction of the intermediate states for the
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local Riemann problem at each intercell edge is designed to correctly model
the presence of non-erodible strata, avoiding the appearance of unphysical
results in the approximate solution without reducing the time step. The new
coupled scheme is tested against laboratory benchmarking experiments in
order to demonstrate its stability and accuracy, pointing out the properties
of both equilibrium and non-equilibrium formulations.
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1. Introduction

Sediment transport is an important process which is commonly seen in
natural water bodies such as rivers, dams and estuaries. The sediment par-
ticles can be transported by two basic mechanisms: suspended load which
is composed by the particles moving inside the flow with the same velocity
as the fluid, and bedload which involves the particles moving in a relatively
thin layer over the static bed. In this bedload layer or active layer, the sedi-
ment particles remain in contact with the bed and their velocity is generally
much lower than the fluid velocity [1]. Although the total load transported
by suspension can be much larger than the sediment weight moving in the
active bed layer [2], the bedload mechanism plays an important role and it
can cause marked and rapid changes in the bed bathymetry. Relevant inves-
tigations have been carried out by means of laboratory experiments or field
measurements [3-9], but they are mostly limited by the small scale of the lab-
oratory flumes or the fact that field measurements are very time-consuming,
expensive and extremely difficult to perform. Therefore, numerical modelling
is an attractive tool to understand and predict the morphodynamical evolu-
tion of rivers and reservoirs. However, uncertainties arise in computational
simulations due to simplifications, assumptions and empirical relationships
introduced into the mathematical models used for sediment transport pre-
diction [1]. Moreover, modelling sediment transport involves an increasing
complexity with respect to static-bed shallow water models [10, 11] due to the
presence of variable sediment-fluid mixture properties, coupling of physical
processes and multiple layers phenomena [12].

The solid particles can be transported under equilibrium (capacity or
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saturated) conditions or non-capacity (non-equilibrium or unsaturated) con-
ditions. The classical equilibrium approach assumes that the actual sediment
transport rates for suspended and bedload are equal to the capacity of the
flow to carry solid weight. They are only determined by instantaneous local
flow features and can be formulated by different empirical closure relations
found in literature [1]. Models based on this assumption are commonly called
equilibrium or capacity transport models [13-22]. On the other hand, in non-
capacity models, the actual transport rates are computed through advection
and mass exchange with the static erodible bed. Non-equilibrium (i.e. non-
capacity) sediment transport models have been proposed [23-32] for both
suspended and bedload transport. Natural morphodynamical systems such
as alluvial rivers are always changing in time and space and hence absolute
equilibrium states rarely exist in natural conditions. Therefore, intuitively
non-capacity approaches are more suitable than models based on the equi-
librium assumption since they account for the temporal and spatial delay
of the actual sediment transport rate with respect to its potential capacity.
However, if this adaptation delay is sufficiently small, equilibrium models can
be also applied at least in theory [2].

Unlike purely suspended load models, where it has been demonstrated
that the non-capacity assumption is necessary to compute correctly the solid
suspended concentration and the bed evolution [29, 33|, the importance of
assuming non-equilibrium conditions in bedload numerical models remains
uncertain. Van-Rijn [34] suggested that the actual bedload transport rate in
unsteady flows can be assumed equal to the bedload capacity because the
adjustment of the transported sediment particles to the new flow conditions
proceeds rapidly close to the bed surface. This assumption was conceptual
and without a theoretical or numerical justification. Cao et al. [29, 35] anal-
ysed numerically the multiple time scales involved in bedload transport for
fluvial processes. They found that, at least for flood cases, the bedload trans-
port rate was able to rapidly adapt to the local flow features, which justifies
the widespread application of the equilibrium models [35]. However, a com-
parative analysis of both capacity and non-capacity bedload models in highly
erosive unsteady flows, as dam-break waves or overtopping dyke-collapses,
remains unperformed, especially including experimental benchmarking cases
and accurate numerical schemes. This comparative analysis is the first main
contribution of the present work.

The assumption of non-equilibrium conditions in a bedload mathematical
model leads to the requirement of computing the temporal evolution of the
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active layer thickness and the velocity of the bedload particles in order to
predict the actual transport rate, as well as the net exchange flux between
static and moving bed layers. This requirement introduces a high uncertainty
in non-capacity models due to the calibration of the parameters associated to
solid particles velocity, active layer thickness and bedload erosion-deposition
rates for transient flows, which can be an annoying task with few empirical
supporting data. Different strategies have been proposed in order to over-
come this uncertainty. Wu [2] and El Kadi Abderrezzak et al. [36] proposed
to approximate the net exchange flux through the static-moving bed layers
interface by the difference between the actual and capacity transport rates
affected by an adaptation length and to assume a non-storage mass condi-
tion for the active bed layer, leading to the quasi-steady solid flux relaxation
models. A more complex approach was also proposed by [25, 27, 37|, based
on the same adaptation length parameter to determine the net exchange flux
through the interface but accounting now for the mass storage in the ac-
tive bed layer. This approach leads to the direct computation of the actual
transport rate as one of the unknown conserved variables, assuming that the
velocity in the active layer can be evaluated by one of the empirical closure
relations for capacity conditions found in literature [38-40].

Recently, new and more complex approaches to the bedload non-
equilibrium transport phenomenon have been derived based on a pioneering
work [41]. The physical interaction between flow and sediment particles at
the static-moving bed layer interface was studied at a grain scale. Zech et al.
[4] modelled the net exchange flux through the interface as a function of the
shear stress at the moving layer and at the upper boundary of the static
layer. Ferndndez-Nieto et al. [30, 42| proposed new empirical formulae for
the erosion and deposition rates at the interface, as well as a new closure
relation for the actual sediment transport rate which reduces to the classical
one under equilibrium conditions. Bohorquez and Ancey [32] also analysed
erosion and deposition rates at the static-moving interface including a new
diffusion term in the bedload conservation equations.

Furthermore, the presence of bedrock strata underlying the erodible allu-
vial layers is ubiquitous in natural rivers and estuaries. When a non-erodible
layer is reached by erosion, the actual bedload transport rate over it can
be affected and becomes different from the transport capacity of the flow,
leading to a non-equilibrium transport state even under nearly uniform flow
regimes. Some recent approaches to this topic consist on small adaptations
of the classical bedload transport theory or on simple numerical fixes. Stru-
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iksma [43] proposed to reduce the capacity transport rate in regions where
the sediment becomes partially unavailable using a parameter based on the
actual sediment thickness over the non-erodible layer and the theoretical ac-
tive layer thickness for the capacity transport state. Rulot et al. [44] proposed
an iterative method to correct the over-eroded cells by affecting the sediment
distribution after each time step computation. Caviedes-Voullieme et al. [45]
implemented a numerical fix based on the limitation of the numerical solid
flux at the intercell edges as a function of the available sediment volume at
the involved cells. Although these simplified approaches to the finite-depth
erodible layer problem seem to work reasonably well in some conditions, they
offer a limited modelling ability of the real physical phenomenon and require
a more detailed analysis.

In this work a new finite volume numerical scheme (FVM) is proposed,
based on the non-equilibrium bedload transport assumption. A modified ver-
sion of the augmented Roe Riemann solver (A-Roe) [22, 46] has been used
to compute an approximate solution for the coupled system of equations
(shallow water and non-capacity bedload transport) at each intercell local
Riemann problem. The presence of finite-depth erodible layers is directly
taken into account for the computation of the actual bedload transport rate
and the reconstruction of intermediate states of the approximate solution,
avoiding the unphysical negative sediment thickness appearance. Also, the
proposed formulation includes the equilibrium condition as a particular case.
Therefore, the numerical method developed is unique and offers identical
properties for the evaluation of the relative performance of both formula-
tions. This paper is structured as follows: in Section 2 an expression for
the net exchange flux through the interface separating the static and the
moving bed layers is proposed based on a grain-scale inertial analysis of the
erosion-deposition phenomenon, and a new generalized Grass-type formula
for the actual bedload transport rate is derived. Section 3 is devoted to
the mathematical model, assuming finite sediment thickness conditions and
the non-capacity bedload transport approach. In Section 4 the proposed A-
Roe scheme is introduced, analysing its stability region. Also the updating
procedure is reported. In Section 5 the characteristics of the approximate
solution at each local RP are analysed and new reconstruction techniques,
based on [47], are proposed to avoid unphysical results without affecting the
stability region. Numerical results are reported in Section 6, consisting of
a hypothetical case with the aim of analysing the effects of non-equilibrium
formulation in the bedload transport, and several experimental benchmark-
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ing tests in order to demonstrate the stability and accuracy of the proposed
model. Finally, the conclusions have been drawn in Section 7. Furthermore,
in Appendix A, Appendix B, Appendix C and Appendix D some extra de-
tails about the mathematical model and the numerical scheme have been
provided.

2. Generalized non-capacity formulation for bedload transport

The conservation property for the sediment mass involved in bedload
transport processes (Fig. 1) can be expressed by means of the 1D continuity
equation for both the erodible bed layer:

aZb 8£QS
— p— 1
ot * ox 0 (1)
and the static bed layer:
8Zf . .
a5 ¢ (1 — 1) (2)

with £ = 1/(1—p), being p the bed porosity and ¢, [L*T '] the actual bedload
transport rate, z, [L] the bed elevation above the datum , z; [L] the static
layer elevation above the datum and (1g — 7.) [LT '] the net mass exchange
flux through the interface separating the moving (active) and the static bed
layers.

Flow

Figure 1: Bedload sediment transport sketch.

Operating (1) and (2), the mass conservation equation for the active layer
can also be derived:

on  0&qs
E—’_ ox

- _5 (nd - ﬁe) (3>
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where = z, — 2y [L] is the thickness of the active bed layer.
From a grain-scale inertial analysis [41], new closure relations for the
erosion and deposition rates, 1, and 7, respectively, can be derived as:

ok A +/(s —1)gd?
Ne = Re—
s ds

s —1)gd3
T

being k. an erosion constant, kg a deposition constant, s = ps/p, the sedi-
ment relative density, ds [L] the median diameter of the sediment particles.
The complete derivation of these expressions for the erosion and deposition
rates is presented in Appendix A. The function A6 involves the incipient
motion criterion for the bedload transport process and is expressed as:

_ if
Af — 0—6. if 0> «?c (5)
0 Otherwise

Na = kq

where 6 = |7,|/[(ps — pw)gds] is the non-dimensional Shields stress, 6, is the
critical value of the Shields stress for the incipient motion threshold, g [LT ]
is the gravity acceleration and |7| = ppgn?|u[?h=1/3 [M L='T~2] is the shear
stress at the bed surface, being n [T'L 3] the Manning’s roughness parameter,
h [L] the flow depth and u [LT '] the flow velocity.

Closure relations found in literature for the solid transport rate under
capacity (equilibrium) conditions ¢s can be written generally as:

|Gs| =c 0™ AT /(s — 1)gd?
n?|ul? (6)

ith: = ———7—"F—%
W (5 — 1)d.hi/3
Formulation c my Mo 0.
MPM [48] 8 0 3/2 0.047
Nielsen [49] 12 1/2 1 0.047
Fernandez-Luque [50] 5.7 0 3/2 0.037
Wong [6] 3.97 0 3/2 0.0495
0.2

d . hl/6

Smart[51] 4 (ﬁ) SOSEE 12 1 0.047

Table 1: Coefficient ¢, my, ms and 6, for different capacity solid transport rate formulations
(6). The parameter S in the Smart formulation is the bed slope.
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For all the formulations in Table 1 it can be demonstrated that |gs| o<
h=/2|ul® and hence a general formulation for the solid transport rate based
on the Grass law (|g;| = G|u|?) has been adopted by other authors [19, 20, 22].
This formulation relates the equilibrium bedload sediment discharge with
the depth-averaged flow velocity by means of factor G(h,6) [T*L~'] which
represents the interaction between the flow and the bed layer and which
depends only on the flow characteristics. Nevertheless, when finite-depth
erodible layers are involved, the sediment depth can be smaller than the
theoretical thickness required to develop the capacity active layer or it can
even become unavailable in some regions temporally. In these cases, the
actual solid transport rate should be reduced respect to its equilibrium value
(6), even under steady and uniform flow conditions. The actual transport rate
depends not only on the flow features but also on the sediment availability.
Hence the common formulation for the Grass interaction factor G is no longer
valid. New formulations for the solid transport rate taking into account the
availability of sediment have to be considered when finite-depth erodible
layers are present.

Moreover, in the capacity approach the erosion and deposition rates are
equal (g = 7.) and hence, using (4), the active layer thickness under equi-
librium conditions 7 can be expressed as:

ke
S k‘d

7= — Add, (7)

Note that in this case, the moving layer thickness depends only on the
Shields dimensionless stress excess and the grain size. Therefore, under equi-
librium conditions, (2) can be neglected and (1) reduces to the well-known
Exner equation [52].

Combining the expressions for the erosion and deposition rates in (4), the
following relation can be derived:

ple ~ el ng =y (8)
Nd S kd e

Assuming a direct proportionality between the active layer thickness and
actual solid transport rate, from (6) and (8), it is possible to derive a closure
relation for the non-capacity solid transport rate:

k
lgs| = c6™ AQm2—1) %\/ (s —1)gd? (9)
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Note that (9) can be rewritten as:

4| = lus|n (10)

where |u,| [LT7!] is the mean velocity of the bedload sediment mass in the
active layer:

) ska/(s —1)gd3 (11)
ke ds
Rewriting (9) in the Grass law form, the sediment-fluid interaction pa-
rameter G' becomes not only a function of the water depth h and the Shields
parameter 6, but it also depends on the moving layer thickness 7:

|ug| = O™ Apm

qs = G(h,0,n) |u|*u with: G =T1(h)2(0) T'3(n) (12)

As displayed in Table 2, the parameter '3 is similar for all the empirical
relations considered, whereas the parameters I'y and I's depend on the se-
lected formulation. This is the first of the novelties presented in the present
work.

Formulation 'y (h) ['2(0) I3(n) 0.

MPM (;i:f)[ L 829 shat 0047
Nielsen (57:1‘)(9/5 L Sl 0.047
Fernandez-Luque (521\)/\% %ﬁig St 0.037
Wong T BAT . sla 0.0495
Smart e () Pass skn o047

Table 2: New non-capacity Grass interaction factor G for different solid transport rate
formulations.

The new expression for the Grass interaction factor GG takes into account
the actual thickness of the moving bed layer and allows to limit the actual
solid discharge |¢s| when non-erodible strata are reached. Moreover, if time,
flow features and sediment availability are enough to develop steady states
in the bedload transport process, the erosion and deposition rates tend to be
equal and the solid transport rate recovers the common closure relation (6)
for equilibrium transport conditions.
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In the present model, the net exchange flux through the static-moving
bed layers interface can be calculated as 7y — 7). using (4). Other authors
26, 37, 53] assumed a length L, [L] for the bedload discharge adaptation to
its equilibrium state and calculated this exchange flux as (¢, —¢;)/Ly [LT 7],
where ¢, is the capacity bedload transport rate and ¢, the actual transport
rate. Comparison of both methods to determine the erosion-deposition net
flux indicates that the proposed model assumes a dynamic value for the
adaptation length L; which is scaled following:

Lb X _ds (13)

According to (13), the reduction of the erosion constant k. leads to in-
creasing dynamic adaptation length values and enhances non-equilibrium
bedload transport states. On the other hand, the higher the Shields stress,
the longer the distance that the bedload discharge needs to reach its equi-
librium state and hence highly erosive flows require higher values of the
adaptation length L,. This dependency of the adaptation length with the
shear stress has not been previously derived. Instead, most of the models
assume a global value based on the dominant bed form [2].

As a summary, the main features of the new generalized formulation for
the bedload transport are the following:

e For both capacity or non-capacity hypothesis, the bed layer continuity
is modelled using (1):
aZb ag(h
Zh TS
ot * Ox
e The generalized solid discharge is calculated using (12):

¢ = G(h,0,n) |ul*u with: G =T4(h)T2(0) ['3(n)

e The assumption of non-capacity implies to calculate the temporal evo-
lution of the active layer thickness 7 using (3):

on  0&qs

e Alternatively, the capacity hypothesis consists of a particular case of
the generalized bedload formulation. The bedload transport rate g

10
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collapses to the capacity transport rate ¢, assuming an equilibrium
active layer thickness 7 calculated using (7):

ke
S k‘d

7= —< A0d,

3. Governing equations for bedload transport with finite-depth
erodible layers

The bedload transport process is controlled by the mass and momentum
conservation equations for the flow and the mass conservation equations for
the bed layer. The potential presence of a non-erodible layer (Fig. 2) requires
to decompose the bed elevation into two parts:

Flow

Static
layer

Figure 2: Bed load sediment transport sketch in presence of non-erodible layers.

(2, t) = zr(z) + (2, 1) (14)
being zg(z) [L] the non-erodible layer elevation and €,(x,t) [L] the thickness
of sediments over the non-erodible stratum, i.e. the depth of the finite erodi-
ble layer. It is worth stressing that this sediment layer thickness is not the
same as the active layer thickness 7. Then, the depth-averaged system of
governing equations for a 1D flow per unit width can be written as:

on g _
ot or
dg 0, o 1 0zp Oey,

s T Z — —gh—% _ gh=— — 15
BT + ax(hu + 29h) gh e gh(‘?x ghsS; (15)
aeb @qu

8t+ ox

0

=0

11
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being h, ¢ = hu and ¢, the conserved variables, S; = n?|uluh~%/3 the friction
slope caused by the shear stress on the bed layer and ¢, the actual solid
transport rate.

Using (12), it is possible to split the solid discharge derivative as follows:

d¢qs 0 w406
5 = 5, EGu7) = SG—+€ B

oh dq 8G
=G d— +d— 5
19 ( udo— + o ) §u
being d = 3u?/h. Therefore, the spatial derivative of the solid flux is di-
vided in two terms related with the flow features variation and a third term
depending on the Grass factor variation.

This allows to separate the convective flux vector as:

(16)

OF(U)  9F’(U) . OFC(U)

or  Ox Ox (17)
defining the Jacobian component of the convective flux 8Fd—1(,U)
D 9q
D | 2™ 3gm) (18)
G 5
and the corrector flux vector 8ﬁ;§ﬁ):
DFS (1) 0
or §u?(’) oG (19)
Note that the flux variation term aﬁ;fﬁ) represents a corrector component

for the solid flux variation in (18) and is caused by the spatial changes on the
flow-sediment interaction parameter G. This corrector flux vector is mainly
influenced by the presence of non-erodible layers which can reduce the value
of the physical solid discharge regardless of the local flow conditions.

According to (17) and adding the non-conservative term gh% to the right
hand side of the momentum equation, the system (15) can be rewritten in
vector form as:

oU

au U aﬁG(ﬁ)
ot

o+ S = §(0) (20)

+H(U)

12



265

270

275

280

285

with:

L ofY 0 1 0 ) 00 0
JU)=—45=| —u* 2u 0 HU)=1{0 0 gh
oU —¢Gud €Gd 0 00 0
= = 0z
S(U) = (0.—gh—* — ghSy, 0)"

being U = (h,q,e,)T the vector of conserved variables, J(U) the Jacobian
matrix of the convective fluxes, H(U) the matrix of the non-conservative
fluxes, S ([j ) the remaining source terms vector and ¢ = y/gh the celerity of
the infinitesimal waves.

Moreover, an additional equation should be considered for the temporal

evolution of the active layer thickness 17 under non-capacity conditions:

0 0&qs . .
O ey i) 1)

4. Numerical scheme

The system of equations (20) is solved according to a finite volume
method (FVM). The numerical method proposed here for bed-load trans-
port is based on the reconstruction, evolution and averaging steps method
proposed originally by [54]. The domain is divided in computational cells of
size Ax = x;,1 — T 1 and a piecewise constant representation of the exact

1 i
solution U is assumed. The theory of Riemann problems can be applied
to the intercell discontinuities. Even when the exact solution of the RP is
unknown, it is possible to estimate its variation by integrating (21) over a
suitable control volume. Moreover, to compute the solution evolution, Go-
dunov methods allow the use of linearized approximate or weak solutions for
the local RP at the intercell edges.

Therefore, assuming known piecewise constant values of U for the i-cell at
the time t", the first order Godunov’s method provides updated cell averaged
values for the conserved variables at the next time t"*! using the following

explicit expression:

. YN B
gt =g — 20 (F*‘l — F ) (22)
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where At is the time step and F;fl represents the numerical flux at the
intercell edges. The numerical flux ‘contains all the information regarding
convective Jacobian fluxes, corrector solid flux and source terms and will
be formulated using an upwind scheme derived from the original augmented
Roe’s scheme (ARoe) proposed by [46].

The proposed ARoe scheme for bedload transport solves an approximate

linear RP of constant coefficients associated to the edge 7 + %, expressed as:

= a5 OF%,
a—U—FMH_;a—U—{—ﬁ:SH;
ot 2 Ox ox 2 (23)
. o if
Owo)=4 . T

Uyl ifx>0

being U; = U", Uy = ﬁﬁrl and ﬁ(x,t) the approximate solution. The
approximate Jacobian matrix and corrector flux vector, and the integrated

source terms vector depend on the values of the conserved variables at the
left and right cells, that is M, 1 = M(U;, Uiy1), Fz‘il = F9(U;,U;y4) and
2

Siv1 = S(Ui, Uisa).

1

The constant coefficient matrix Ml +1 for the linearized RP at the intercell
edge is defined as:

0 1 0
MH% = j(Uia Uiy1) + ﬁ(Uu Uipr) = | & _jzi 2;7J~ G (24)
—£Gud £Gd 0

Integrating both the exact non-conservative system (20) and the lin-
earized system (23) over a suitable control volume, and imposing the consis-
tency condition for the approximated solution U(z,t"):

Ax/2 Az/2
/ Uz, t")dx = / Uz, t")dx (25)
—Az/2 —Az/2

leads to:

14



Azx/2 ; . Ax/2 Az/2 gn+1
At <8F aU)d:c—i—At / a—daz— / /Sdtdx—
Oz Ox
—Azx/2 —Azx/2 —Az/2 "
Azg/2 ¢+l
— At (MoU + 6FG / / o1 dtda
—Az/2 t"
(26)
From (26), the following conditions have been derived for the linearized
Jacobian matrix 1\/IZ 41 and corrector flux vector F; i :
Az/2 =
OF ou
/ (a—x+Hax>dx—5FM1—Mz+;5Ul+é
—Az/2
Az /2 e (27>
OF G ~3 T
/ v ——dx =0F (O, 0, &u (5G)i+%
—Az/2

being 5]:;%; the part of the convective fluxes that is modelled by means of
2

the approximate Jacobian matrix M at the interface edge. The source terms
;10 have been integrated assuming the following time linearization:

Ag/2 ¢ntl Az/2
/ /§dtdx ~ At / S(U;, Upq 17 da =
—Az/2 t" —Az/2
Azx/2 0
~ At SiJr%d.T:AtSZ-JF%IAt —gﬁézR—gﬁSf(Sx
—Az/2 0 Z+%

(2)
being h = (hi+hi1)/2, Sy = alula/h*3, 7 = (ni+ni1)/2 and 6z = 2,41 — ;.

Therefore, following (27) the derivation of the edge-averaged ¢, u, d and
G has been done imposing:

15



315

320

325

SFM, = M(U;, Ups) 0U,,
~Z+§ ( +1) i+3 (29)
M(U;, U;) = M(U;)
with:
- o
5Fi]‘f% = | o(hu® + 3gh%) + ghde
G dud

it+1
and using (16), an additional condition is also imposed to ensure the solid
mass conservation property:

0(6¢s)iry = EG bul, ) + E0°6G, (30)

According to (29) and (30), the following explicit expressions can be ob-
tained for the edge-averaged quantities ¢, u, d:

E:\/giﬁ azui\/h_i‘f‘uiﬂ\/m
Vit i
g (u? 4+ w2y + wittir1) (Vi + /hi1)
Vhihis + hz’\/m

and for the edge-averaged Grass factor G:

=~ (GR35 + G h))
(Vhi + v/hit1)?

n 3(Vhihiz1 + hin/his1)(Giu? + Gi+1u12+1) + 3uitir1 (Givhihigr + Git1hi/his1)

(VR + /higa)? (uf +ud g + i)

(32)
This edge-averaged flow-sediment interaction factor G depends not only
on the values of the Grass parameter at the left and right cells of the edge but
also on the local flow features at both cells. Hence, it follows the eigenstruc-
ture of the Roe’s matrix M, 1 and its properties for some especial numerical

situations have been analized in Appendix B.
The linearized matrix M;, 1 is assumed diagonalizable, with 3 different

approximate real eigenvalues Xl < Xg < Xg which must be computed from

16



the characteristic polynomial using the Cardano- Vieta formula [22]. Explicit
expressions for the calculation of the eigenvalues of the linearized matrix
have been provided in Appendix C. It is worth stressing that one eigenvalue
10 1is always opposite to the velocity direction and two of them have the same

sign.
M<0<Xd<Ay ifa>0
A< Y 2 S A3 1 ?i <33>
AM<A<0< )N\ fu<0
Therefore, MZ 41 can be expressed as:
N - N N 0 0
M, = (PAP™),,, with: Agi=1| 0 X 0 (34)
0 0 X

where matrix P; 1 is constructed as P = (€1, €2, €3), being €, the eigen-

vector associated to the eigenvalue Xm and obtained imposing the condition
335 MZJF%gm = )\mévm

~ T
= ~ (Am—u)?-=¢
Cm = (1, Ay = (35)
it+3
Following [55], the conserved variable differences 60U, 11 and source term

spatial integral gz 11 at the intercell edge are projected on the eigenvector

basis in order to obtain the wave and source strength vectors, g@ +1 and Ez +1
respectively.

~ —

Ay = @, @, @)" = (PTHU) 1 — 0Uj1 =Y e

N o o N o (36)
BH.% = (/817 627 /63>T = (P_IS)H—% — S’H’% = Z/Bmgm

340 A complete description of the explicit expressions obtained for the wave
and source strengths can be found in Appendix C. B
Furthermore, the corrector flux vector (27) can be split as 5Fﬁr1 =

(H:i.ﬁ_l + (5]:;131 defining:
2 2

2
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0 0
SFCT = 0 SFCT = 0 (37)

T\ adsa ), o\ st

; 1
+5

i+1

being (5G;rl = G—G; and 5GZ;1 =Gi1— G. This splitting of the corrector
2 2

vector is directly controlled by the value of the Grass interaction parameter

G at the intercell edge an hence it is directly linked to the Jacobian matrix
eigenstructure. The corrector flux at the left cell 5Fl~i_1 can be associated to
the fastest wave traveling with negative velocity, whereas the corrector flux
at the right cell (SFlG:l can be associated to the fastest wave travelling with

positive velocity. The Rankine-Hugoniot conditions for the split corrector
fluxes lead to:

G- _ ¥ sp7G—
5Fz’+§ =M 5Ui+%

G+ Y G+
5Fz’+§ = A3 5Ui+%

(38)

being 5U1.G+*l and Uiﬁ the intermediate solution variation associated to the

corrector fluxes. The second novelty of the present work is this upwind
splitting of the convective solid flux associated to the Grass factor variation
between cells. An explanation about the necessity of including this corrector
flux to ensure the solid mass conservation in the local RP has been included
in Appendix D.

One consequence of Roe’s linearization is that the resulting approximate
solution of the local RP at the incercell edge is reconstructed using only
discontinuities and U (x,t) consists of a sum of jumps or shocks. The con-
struction of the upwind numerical fluxes required in (22) is based on the
properties of the linearized Jacobian matrix eigenstructure [47]. According
to Godunov’s method, it is sufficient to provide the solution for U(z, t) at the
intercell edge position x = z, +1 in order to obtain the associated numerical
fluxes.

The reconstruction of the approximate solution at the left and right side
of the intercell edge, U;” and UZTH respectively, can be expressed as:
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U~ =U + ( %’c%) + 06U
z+2
m— l+

-1

U:H = Ui+1 - (Z A’Y/mrgm> - 5UZC_;‘_—E
i+

2
m+ L

(39)

where 7,, = @, — Em / Xm and the subscript index m— and m+ under the sums
indicate waves traveling with negative and positive velocities, respectively.

370 Therefore, the intermediate numerical fluxes at the left and right side of
the intercell edge, ﬁ;:% and F’:fl respectively, can be expressed as:

(40)
oy = o= - (SR -oRy

Finally, the first order Godunov’s updating formulation (22) can be
rewritten for the cell i as:

At
Ot = O = o (B = FY) 41
- (a1)
Also it is possible to rewrite (41) in fluctuation form as:
. LAt .
n+1l __ n_ — -+
Ot = U = 5 (0F,, +6F7,) (42)
a5 with:
G- _ G+
Fis (Z Am%ﬂem) +oF L '*% - (Z Am'ymem) +OFY
it1 il

(43)
Therefore, the approximate solution of U (x,t) for the linearized RP at
the intercell edge 7 + % consists of 5 regions connected by 4 waves: the

three waves corresponding to the linearized matrix eigenvalues Xm plus one
additional steady wave with null celerity accounting for the source terms
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i (Fig. 3). Considering a positive average velocity u > 0 and using (39), the
intermediate states for the conserved variables can be expressed as:

F, Fion Fin Fiu
Ui Ui
I-
Ui U~3+1 Ui
H 1+
SUT [Tsu™
I:il i+1/2 i: ;
t}'H-I — -
A A2 /"|:3
n
Ax/2 Ax/2

Figure 3: Approximate solution structure for the local RP at the intercell edge i + %

U™ = U + 316, + 6US~
Ui2++1 = Uz;-:rl - %’5’2 (44)
U, = Ui — Fae3 — 0UCH

so that, using (40), the associated fluxes for each intermediate state are:

F:il_ = Fi + :\Jl;yl/e_v’l + 5ﬁG_
FZh = B2 — o (45)

ﬁzﬁ = ﬁz’+1 - X:s%gv?) — §FCH

For the sake of clarity, the subscript index 7 + % has been omitted in (44)
and (45). The reconstruction of the approximate solution should be analysed
s in order to ensure positivity of the water depth values [46]. Furthermore, the
unphysical over-erosion when finite-depth erodible layers are presented has
to be avoided, that is, the positivity of the sediment layer thickness has to be
ensured. A detailed explanation of the approximate solution reconstruction

method proposed in this work is reported in Section 5.
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4.1. Resolution method with capacity and non-capacity approaches

Starting from known values of the conserved variables (h, g, €,)} in the
cell 7 at the time t", and the value of the active layer thickness at the same
time 1", applying (41) or (42) allows us to update the solution of the con-
served variables to the next time "', i.e. (h, q, &)™, regardless of the
capacity or non-capacity approach has been considered. However, the up-
dating procedure for active layer thickness depends on the assumption made
for the bedload transport.

Using the capacity formulation (7), the active layer thickness at the next

time step t"*! is directly computed as:

k
ntl — ¢ (AG)MH d 46
w = S ()] (16)
where (Af)!! is the non-dimensional Shields excess (5) at the cell i com-
puted with the conserved variables updated to time n + 1:

ortt — g, it o7t >0,

. (47)
0 Otherwise

(A0);* = {

However, the assumption of the non-equilibrium approach leads to the
necessity of solving equation (21) for each time step. In order to update the
solution of the active layer thickness (1;""1), a semi-implicit procedure is used

in the present work:

1. An intermediate state is predicted using only the convective fluxes:

At /- -
1, / =1 —A—x<F37i—F§;) (48)
being ]33“:1 the numerical solid fluxes at the intercell edge (40).
2. Intermediate values of the erosion and deposition rates, 7')2?1/ ® and

7']3?1/ ? respectively, are computed using:

i g (A)H /(s — 1) gd?

&t ° s d

n ° (49)
n1/2 g T e (s —1)gd?
T TG
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3. The value of 7 is finally updated to the next time ¢"™! incorporating
the net exchange flux at the static-moving bed layers interface:

n n+1/2 .n+1/2 .n+1/2
n; = n; /2 _ Atf(ﬁd,z’ / — Nei / ) (50)
Independently of capacity or non-capacity assumption, once the active
layer thickness has been updated, its value has to be limited in presence of
non-erodible layers:
If it >ttt — it =ept! (51)

)

and the actual solid rate for the next time step n + 1 is computed as:

n mn n 2 n
qs,;rl =G; i (‘qu’) Uu; H (52)

with:

Gyt =T (R ) To(07) T ) (53)

This mechanism effectively reduces the actual solid transport rate g, in
cells which are close to be fully scoured by the flow and hence it improves
the stability of the proposed scheme in regions where finite-depth erodible
layers exist.

4.2. Stability region

The time step should be dynamically limited to ensure that there is no
interaction of waves from neighboring Riemann problems. If the positivity of
the water depth h and the erodible layer thickness ¢, values at the interme-
diate states of the solution is guaranteed, in order to construct an updated
cell average solution (7[‘“, it is only necessary that the average values at
the intercell edges remain constant in time over the entire time step. This
unique requirement allows us to define an upper limit for the time step de-
pending only on the characteristic waves celerity and the spatial cell size. In
consequence, the stability region at the intercell edge i + % is defined as:

Az

mﬁx(|/\m|)i+%

At (54)

L1 =
i+3

Therefore, the global time step for the updated solution calculation is
obtained applying a CFL condition:
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N—-1 ~
At = CFL nl_iP(AtA|i+%) (55)

where CFL < 1 and N is the total number of cells in which the conserved
variables should be solved at each time calculation.

5. Approximate solution reconstruction and positivity control with
finite-depth erodible layers

5.1. Active control of the sediment thickness positivity (AC-STP)

This is a common issue in sediment transport numerical schemes deal-
ing with finite-depth sediment layers [12, 30, 43-45, 56], which requires to
control the numerical solution in order to ensure non-negative values of the
sediment mass, i.e. avoiding over-eroded cells where sediment mass is nu-
merically created leading to accuracy, conservation and stability issues. A
widely extended strategy [43, 45, 56] to deal with this drawback is to reduce
the time step, ensuring in this way the positivity of the cell averaged e’b”l
values but leading to an important increase of the computational effort. On
the other hand, in the context of SW equations over static bed, [46] proposed
for the water depth variable h a new reconstruction strategy based on en-
forcing positivity on the intermediate solutions of the linearized RP at the
intercell edge. The method offers a twofold benefit, it avoids unphysical neg-
ative values of the cell averaged water depth and the time step is preserved.
This approach is adapted in this work to SW equations involving erodible
bed, where the number of waves is increased, focusing on the active control
of the sediment thickness ¢, positivity (AC-STP). This reconstruction proce-
dure for the approximate solution is the third main novelty presented in this
work.

Considering % > 0 and (44), the solution at the next time €, at the left
cell (Fig. 4) can be evaluated as:

Ebi+1 = Eb’i + Ax/2 (E;’L - Ebi) Z O (56)
with: e =€) + 716 + dey' ™

being eii_ the sediment thickness intermediate state associated to the wave
1 and 56?‘ the sediment thickness jump due to the variation of the Grass
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s factor between cell-center i and cell-edge i +  (38). For the right cell it can
be expressed as:

oAt At
n+1 n 2 2 3 3 3 n
ebi—il = €pip1 T m(eb;-ru - ebxi-l) Az/2 (Ebz‘—:-l - 6bi+1) >0

(57)

3+

2+ _ 3+ ~ ~3
i1 €pit1 — Cpip1 — V262
with: .
€ =€ — a3 — Gt
bitl — €hit1 — V3€3 b

]
(gq&)l (gqr it1/2 (gq‘vll}]
: 3 :
Ebi Episl
{325+
Ebl]'- Ebiyi
3+ 6bi+1
I . Ebiri
ZRi 56[,
- I5€g i ZRi+1
[I] i+1/2 B,
tn+] — —
Al A2 Z3
n
Ax/2 Ax/2

Figure 4: Intermediate states for the erodible layer thickness €, at the intercell edge i + %

being ei;'jrl, ez’;l the sediment thickness intermediate states associated to the
waves 2 and 3 and 665* the sediment thickness jump due to the variation
of the Grass factor between cell-edge 7 + % and cell-center ¢ + 1 (38). The
w0 right cell approximate solution in (57) can be rewritten defining an averaged

intermediate sediment thickness "> at the right side of the edge:

bi+1
by
32)+ 2~
€l<n'+>1 =€y — X_%Eg (58)
3

Introducing (58) in (57), the right sediment thickness average solution
can be rewritten in the following way:

n n 32 n
Eb;fl = €pip1 + M(Eéi+>l+ —€pie1) >0 (59)
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|Xi|At A3At
Av/2 <1 and A?;/Q < 1. Hence,

from (56) and (59), we can derive the conditions ¢,; > 0 and eé??fr >0
respectively to ensure positive cell averaged solutions.

Since the presence of a finite-depth erodible layer and its influence in
the solid intercell flux is mainly contained in the corrector flux vector, the
following limits for the corrector sediment thickness jump are proposed:

The stability condition requires both

de~ = (3 )M = —(e; +71€})
X 60
et < (5N = s — 2208~ o
3
and the following strategy is suggested:
a) If ¢, < 0 and eéﬁi >0
L. 66 = (ges—)MIN
o~ 0 ~ o~ ~
2. OF¢ = 0 SFCT =§FY, — §FC-
~ _ i+3 (61)
/\1 5€b
3. 05T = GFCF )
4. T 6T > (6e5T)MAX reduce At until (59) becomes true.
b) If ¢, > 0 and eé??fr <0
L 0est = (geshyMAx
~ O ~ o~ ~
2. SFCT = 0 SF9" =0FS, —F%"
X3 (5€§+ : (62>
3. 8eCT = 6F% /X,
4. If §e~ < (67 )MV veduce At until (56) becomes true.

Since the solid discharge ¢,, and hence the Grass parameter GG, have
already been reduced at cells by limiting the actual moving layer thickness n
when a non-erodible stratum is reached, the step 4 of the above strategy is
a guarantee for extreme cases.
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ws  5.2. Wet/Dry treatment for sediment fronts

A special situation can occur when a sediment front arrives to a non-
erodible step higher than the erodible bed elevation (Fig. 5). In a discrete
approach, considering a positive velocity u > 0 at the edge i+ %, the direction

of the numerical solid flux at the intercell edge (ﬁqs)j L1 is also positive and
2

s0 hence the sediment mass is transfered from cell ¢ to cell i + 1. But if the
bed level at the left cell (zg; + €,;) is lower than the non-erodible stratum
elevation at the right cell (zg;41), the solid mass transfer can suffer of a
physical obstacle that is not considered in the numerical scheme. If the non-
erodible step is high enough, the sediment mass transfer between cells is
s canceled by means of a nil numerical solid flux at the intercell edge.

sk
€4y €411 (7] i1
—> I e —>
é G0 Epi) :
: Ebiy1 :
2+ Epiyy |
E b i +1 —l+l
I- ZRi+1
Ebi
Epi
ZRi :
[ i+ir
i+1

Figure 5: Approximate states for the erodible layer thickness €, at the intercell edge i+ %7
considering the presence of a non-erodible step.

To model this physical situation, the following strategy is adopted in the
present work if (zg + €); < zgi+1 and (qu);.k+l > 0:
2

a) If (zr+¢€, )i > zpiv1 the sediment progresses normally and the numer-
ical solid flux (£g;);, 1 is computed as in (40).
2

b) If (zr + €, )i < 2riy1 the sediment can not progress to the cell i + 1
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and hence (qu);" L1 1s set null applying the following strategy:.

1. 5e6 = (€4s)i + PSRIGH
A
0
2. 6F¢~=| 0 OF = 0FT, —6F°  (63)
A o€y

3. 8eCt = 6FCF /X

4. T 6T > (5eST)MAX reduce At until (59) becomes true.

This technique allows the correct treatment of the advance of sediment
front over steeped non-erodible layers, also ensuring the solid mass conserva-
tion and avoiding marked time step reductions.

6. Numerical tests

6.1. Transport of a finite-depth rectangular dune

The aim of this original test case is to study the influence of the non-
capacity assumption on the transport of a non-cohesive rectangular dune
over a non-erodible layer with positive slope. A domain 100m long (Az =
1m) is considered with a non-erodible layer constant slope of 0.1%. The
rectangular dune is placed at 20m < x < 40m and its initial thickness is set
to 1 m. A constant inlet water discharge of ¢;, = 5m? /s is considered and the
water depth at the outlet is set to Ay, = 1.99m. The Manning’s roughness
coefficient is n = 0.02 sm~/3 for both the sediment material and the non-
erodible layer. The sediment features are: density p, = 2650 kg/m?, particle
diameter d;, = 1mm, internal friction angle ¢. = 35°, porosity p = 0.4.
The effects of both the deposition constant value and the relation between
erosion and deposition constants will be analized in detail using this erosive
numerical test.

The initial state for the sediment transport simulation was calculated
developing the flow for static-bed conditions until steady state was reached
(Fig. 6). The initial flow regime was subcritical in the whole domain except
at 39m < x < 40m, where a supercritical regime was reached. To compute
the bed-load solid transport rate the proposed Meyer-Peter-Miiller formula-
tion (see Table 2) was chosen. The deposition constant was initially set to
k. = 0.3 with a relation k./k; = 10 according to literature values [32, 42].
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si5 Also the initial value for active layer thickness 1 was set to its value under
equilibrium state 7 using (7).

4.5

4 RO
| Initial z, ——
Initial z, + h

3.5

2.5

S=E=

0.5 1 1 | 1 | | 1 1 |

Level (m)

X (m)

Figure 6: Initial bed and free surface level for the erosive simulations in test 6.1.

The temporal bed level evolution has been depicted in Fig. 7 considering
capacity and non-capacity approaches. A visual comparison of the bed pro-
files at different time steps shows the most marked differences between both

s20 approaches at the tail of the dune, where the Shield stress excess Af had
the highest initial values and hence the adaptation length was longer. As
time progressed and the dune moved downstream, the erosion and deposi-
tion rates are high enough to allow a fast transition to equilibrium transport
conditions on the bedload layer and hence the capacity and non-capacity
s»s  solutions tended to approximate.
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Figure 7: Bed level evolution with k. = 0.3 and k./kq = 10: (top) capacity approach and
(bottom) non-capacity approach.

Calibration of the erosion and deposition rates, i.e. the net exchange flux
through the static-moving bed layers interface, is a key point in non-capacity
bed-load models and it has a huge influence on the numerical results. A
wide range of values for the erosion and deposition constants can be found in
literature [30, 32, 41, 57], leading to high uncertainty in the numerical results
obtained with non-capacity models. Usually, values for the erosion constant
are of the order k. ~ O(1072,10'), whereas the relation k./kq varies from 2
to 30. Fig. 8 shows the bed level profile at different times considering non-
capacity approach and k. increasing from 0.3 to 1.0 (k4/k. = 10). Reduction
of the erosion constant k. led to an increment of the equivalent bedload
adaptation length (13) and hence the transport rate differs more from the
equilibrium value at the dune downward slope. This non-equilibrium state
reduced the solid transport rate at the head of the downward slope and
increased the transport rates at the toe with respect to the corresponding
capacity transport rates. This fact caused a high erosion effect downstream
the bed dune, where the flow regime changes from subcritical to supercritical,
even with the same relation k. /k,.
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Figure 8: Influence of the deposition constant k. value: (left) bed level and (right) solid
transport rate at time (first row) ¢; = 20s, (second row) to = 60 s, (third row)
ts = 120 s and (fourth row) t4 = 180 s.

Comparison of the erosion-deposition net exchange flux (see Fig. 9 - right
column) along the dune domain shows the highest non-equilibrium zones at
the upward and downward slopes of the rectangular dune for the first stages
of the bed movement. Negative values of 1y — 7, imply erosion of the static
layer taking place whereas positive values lead to aggradation of static bed
layer. An important erosive net flux appears at the downward slope of the
dune associated to a strong shear-stress change (the flow is changing from
subcritical to supercritical regime) and to lower values of the moving layer
thickness (see Fig. 9 - left column).
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Figure 9: Influence of the deposition constant k. value: (left) relative moving layer thick-
ness 7/7 and (right) net exchange flux through the static-moving layers interface
with (first row) k. = 0.75, (second row) k. = 0.5, (third row) k. = 0.4 and
(fourth row) k. = 0.3.

Furthermore, two important points should be noted: first, as the bed
movement progresses with time, the imbalance between erosion and deposi-
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tion rates tends to disappear, which is in agreement with the non-equilibrium
assumption. Second, as the erosion constant k., decreases, the imbalance be-
tween erosion and deposition rates at the downward slope of the dune tends
to become more marked and to extend in time, demonstrating an agreement
between the erosion-deposition formulation proposed in this work and the
classical approach for the net exchange flux adopted by other authors [2, 58].

Finally, Fig. 10 depicts the active layer thickness n computed with the
non-capacity formulation at different times along the dune profile. It is worth
noting that the reduction of the relation k./kq led to a reduction of the
moving layer thickness. However, as k./kq decreased, the non-equilibrium in
the bedload transport state did not show marked modifications.
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Figure 10: Influence of the erosion-deposition constants relation k./kq: (first row) ¢ =
20s and (second row) to = 120s with (left column) k. = 0.75 and (right
column) k. = 0.4.

6.2. Dam-break over light-weight sediment flat bed

The aim of this benckmak test is to analyze the behavior of the proposed
model against highly erosive unsteady flows. This experimental test [3] con-
sists of an idealized dam-break flow over a light-weight sediment flat bed
made of cylindrical PVC pellets, with equivalent diameter dy, = 3.9 mm, den-
sity p = 1580 kg/m?, internal friction angle ¢ = 30° and porosity p = 0.42.
The experiment was carried out in a 6 m long and 0.25 m width. The flume
was uniformly filled to a height of 0.1 m over the flume floor with the light-
weight sediment. Breaking of the dam was reproduced by the downward
movement of a pneumatically actuated thin gate placed at the middle of
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the flume. The initial water level was 0.35 m upstream the gate and nil
downstream. Once the gate was open and the dam-break wave progressed
downstream, an intense sediment transport process started instantaneously
caused by the high fluid velocity and the low sediment density. The tem-
poral evolutions of the free water surface, bed surface and static-moving
bed layer interface were reported experimentally until 1.5 sec after the gate
opening each 0.25 sec. The simulations have been performed with a cell
size Az = 0.01 m, Manning roughness coefficient n = 0.028 s/m?, deposition
constant k; = 0.03, erosion constant k., = 0.2 and CFL = 0.95. The ac-
tual transport rate has been estimated using a modified version of the MPM
model with the coefficient ¢ = 16 in order to correctly capture the influence
of the low density of the erodible layer particles [4].

Fig. 11 shows the numerical results for the temporal evolution of the
free water surface, bed level and static-moving bed layers interface with the
equilibrium approach (left column) and the non-capacity approach (right
column). In general, a good agreement with measured data can be found with
both assumptions, especially at times greater than ¢ = 0.50 sec. For the first
stages after the gate opening (0s < ¢t < 0.75s) both models underestimate
the thickness of the moving bed layer 7 (see Table 3 and Fig. 12). This
discrepancy can be generated by the marked vertical velocities that appear
at the first instants of the fluid movement [5] that can not be captured by the
depth-averaged model. However, the free water surface and the bed level were
well predicted (Table 3) and the propagation velocity of the dam-break wave
was accurately captured (see Fig. 11). Some differences between numerical
results and observed data appeared at the gate region. This region is the
most affected by vertical fluid velocities at the first stages of the dam-break
flow and suffers an intense erosion process during the whole experiment.
It is worth mentioning that the non-equilibrium formulation was not able
to improve the agreement of the computed static-moving interface level z;
and bed level z, with those observed experimentally, compared with the
results obtained using the capacity formulation. Nevertheless, the prediction
of the free water surface level (WSL) computed with the non-capacity bedload
transport formulation showed lower deviations respect to the experimental
data than the capacity results for all the dam-break stages.
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Figure 11: Free water surface, bed level and static-moving bed layers interface for (left
column) equilibrium approach and (right column) non-capacity approach at
times t = 0.255,0.55,0.755,1.05,1.25 s, 1.5 s after the gate opening.
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RMSE

Formulation | zy(m) 2z,(m) WSL(m) n(m)
Early stages: 0s <t <0.75s

Cap. 0.01668 0.01276  0.02032  0.02594
Non-Cap. 0.01961 0.01363  0.01472  0.02957
Later stages: 0.7bs <t <1.5s

Cap. 0.00776 0.01689  0.01819  0.01692
Non-Cap. 0.00792 0.01782  0.01623  0.01469

Table 3: RMSE for the static bed layer elevation zf, bed level 2, water surface level
(WSL) and active bed layer thickness 7 with capacity and non-capacity formulations.

Fig. 12 shows the moving bed layer thickness distribution at three differ-
ent times during the dam-break wave propagation. Both approaches under-
estimated 1 but the results can be considered reasonable, specially for the
later stages (Table 3). For the first stages, the sediment thickness computed
using the equilibrium model offer a better approximation to those observed
in laboratory than the result obtained with non-capacity model. However,
as time progresses and the fluid moves downstream, the non-capacity model
predicts better the active thickness distribution, with lower RMSE for times
larger than 0.75 s.
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Figure 12: Moving bed layer thickness n with both equilibrium and non-capacity ap-
proaches at times (top left) ¢ = 0.5s, (top right) ¢t = 1.0s, (bottom left)
t =1.25s and (bottom right) ¢t = 1.5 s.
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The net exchange flux 1; — 1. through the static-moving bed layers in-
terface shows a marked erosive non-equilibrium for the firsts stages of the
wave advance (0 < t < 0.75s) at the whole dam-break wave domain (see
Fig. 13-top). Nevertheless, as the flow moves downstream, this net exchange
flux tends to reduce generally, approaching progressively to the equilibrium
state at t = 1.5 s, i.e. null net exchange flux, except at the dam-break wave
front and the gate region, where flow changes from subcritical to supercrit-
ical conditions. In these two regions marked erosive net exchange fluxes are
maintained through the static-moving bed layers interface during the whole
simulation time.

Note that in the region between the gate and the wave front, a quasi-
uniform net exchange flux appears for the later stages (0.75s <t < 1.55s). In
this region, the relationship between the dimensionless active layer thickness
nd;* and the excess of Shields stress A also tends progressively to quasi-
uniform values as the dam-break flow progresses (see Fig. 13-bottom), i.e.
nd;'/Af = const. It is worth mentioning that the equilibrium state is a
particular case where, from (7), the relation 7d;'/Af = const = k./(skq)
can be derived.
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Figure 13: (Top) Net exchange flux through the static-moving bed layers interface and
(bottom) relationship between the dimensionless active layer thickness nd;*
and the excess of Shields stress A#

at times t = 0.255,0.55,0.755,1.05,1.255,1.5 s for test 6.2.
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6.3. Dike-breaking by overtopping

As in the previous case, the aim of this benchmark test is to analyze the
behavior of the proposed model against highly erosive unsteady flows. This
experimental test case was carried out [13] in a straight rectangular cross-
section flume 35m long and 1m wide. A trapezoidal dyke was constructed in
the middle of the flume with a non-cohesive sand of characteristic diameter
ds = 1.13mm (d3p = 0.52mm, dso = 0.86 mm, doy = 3.80mm), density
p = 2650 kg/m3, internal stability angle ¢ = 30° and porosity p = 0.22.
The height over the non-erodible flume bed and crest width of the dyke
were 0.80 m and 0.30 m, respectively. A vertical plate was placed at the
middle of the crest in order to achieve horizontal water surface elevations
upstream the dyke. In a first step, a constant discharge was set at the
flume inlet and the upstream reach was filled to a height of 3 cm over the
dyke crest. Then, the plate was suddenly lifted up to allow overflow to
start, maintaining the constant inlet discharge. The dyke surface evolution
was recorded by photography. Temporal bed elevation data are provided at
P1 =15em, P2 = 65¢m and P3 = 115c¢m with distances measured from
the midpoint of the dyke crest. The temporal evolution of the discharge
at the dyke crest and the upstream reservoir level were also reported. Two
different experiment, C1 and C2, have been used to test the proposed model
capabilities. The inlet discharge and the dyke upstream and downstream
slopes, S, and Sy respectively, have been summarized in Table 4. The cell
size for the simulations was Az = 0.01m, the Manning’s roughness coefficient
was calibrated as n = 0.15sm /3 and the CFL was set to 0.95. The erosion
and deposition constants, k. and k, respectively, used in simulations for each
benchmarking test have also been reported in Table 4.

Case | ginlet (I/s) S, Sa ke kg
C1 1.05 1V:3H 1V:5H 04 0.02
C2 1.23 1V:3H 1V:3H 0.3 0.01

Table 4: Geometrical features and erosion-deposition constants used in the simulations for
each benchmarking case in test 6.4.

6.3.1. Case C1

Fig. 14 shows the numerical results, considering the equilibrium trans-
port assumption, for the temporal evolutions of both the reservoir level and
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the discharge at the dyke crest with different empirical formulations for the
bedload transport rate. Measured data have also been plotted for compari-
son. The Smart-CBFS formulation [59] offers the best results, especially for
the discharge at the dyke crest, but overestimates the erosion of the dyke at
the first stages after the overflow starting. On the other hand, both Meyer-
Peter-Miiller and Fernandez-Luque closure relations underestimate the bed-
load transport rate, resulting in a slower evolution of the dyke surface and
leading to a lower peak in the discharge hydrograph.
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Figure 14: Temporal evolution of the (top) reservoir water surface level and (bottom) dis-
charge at the dyke crest for the case C1: measured data compared to numerical
results with equilibrium approach.

The Smart-CBF'S closure relation has been chosen to study the influence
of the non-capacity approach on the computed dyke surface evolution for
case Cl. Fig. 15 shows the numerical results considering both capacity and
non-capacity approaches for the temporal evolutions of the reservoir water
level and discharge at the crest. The obtained results have also been plotted
against the measured data and the numerical results reported in [20], where
a 2D weakly-coupled equilibrium model was used for simulations. Although
the predicted peak in the discharge with non-capacity formulation is lower
than those observed in the laboratory, in general the numerical results agree
better with the measured data than those obtained with both the proposed
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1D model under equilibrium hypothesis and the 2D model reported by [20],
improving the reservoir level and discharge predictions (Table 5).
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Figure 15: Temporal evolution of the (top) reservoir water surface level and (bottom)
discharge at the dyke crest for the case C1 under non-capacity with modified
Smart-CBFS formula.

RMSE
Variable Capacity Non-Capacity Juez et al.
W SLyesers (M) | 0.03865 0.01279 0.02967
Qerest (M3/5) 0.00755 0.00304 0.00499
zp (M) 0.04191 0.02543 0.03437
zpe (M) 0.03573 0.01370 0.03275
23 (M) 0.01998 0.01583 0.01959

Table 5: RMSE (case C1) for the reservoir level WSL,cserv, discharge at the dam crest
Qcrest, and bed level at the probes P1 z,1, P2 255 and P3 zp3, with capacity and non-
capacity formulations. Also RMSE for the results obtained with the Juez et al. model [20]
has been reported.

Furthermore, the dyke bed surface evolution has been plotted in Fig. 16
at probes P1, P2 and P3, considering the modified Smart-CBFS formulation
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under capacity and non capacity conditions. The non-equilibrium hypothesis
is able to improve the agreement with bed evolution measured data at all the
probes (see Table 5). At the first stages after the overflow starts, marked non-
equilibrium states are obtained by the active layer thickness 7. Nevertheless,
as time progresses, the bedload transport tends to reach the equilibrium
state and the active layer thickness approximates its value under capacity
conditions.
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Figure 16: Temporal evolution of the (top) dyke surface elevation and (bottom) active bed
layer thickness n for the case C1 at probes P1, P2 and P3. The moving layer
thickness has only been plotted for the first 60 sec of simulation.

6.3.2. Case C2

Case C2 represents a more challenging benchmark for numerical models.
The steeper dyke downward slope leads to a more energetic overtopping flow
with elevated erosion rates and also involving stability failures. As in the
previous case C1, the best agreement with observed data is achieved with
the bedload transport rate computed with the modified Smart-CBFS closure
relation. Fig. 17 shows the dyke surface at times ¢ = 30s and t = 60 s
after the overflow starts, whereas Fig. 18 depicts the temporal evolutions
of the reservoir water level and discharge at the crest. Numerical results
considering both equilibrium and non-capacity approaches have been plotted
against measured data. The equilibrium condition largely overestimates the
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705 erosion of the dyke surface at the firsts stages after the flow starts, leading to
a rapid decrease in the reservoir level and reaching the peak of the discharge
hydrograph faster than observed in laboratory (Fig. 18).
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Figure 17: Measured and numerical dyke surfaces at times (top) ¢ = 30 s and (bottom)
t = 60 s after the overflow starting for the case C2, with modified Smart-CBFS
formulation with equilibrium and non-capacity assumption.

RMSE
Variable Capacity Non-Capacity
WS Lyesers (m) | 0.11240 0.03808
Qerest (M3/5) 0.04469 0.01546
Zp30 (M) 0.10873 0.06024
Zp60 (M) 0.02792 0.03050

Table 6: RMSE (case C2) for the reservoir level WS L, .cserv, discharge at the dam crest
Qcrest, and bed level profiles at times ¢ = 30s (2p30) and ¢t = 60s (2zps0), With capacity
and non-capacity formulations.

On the other hand, in general considering non-equilibrium conditions im-
proves the agreement between numerical results and measured data, espe-
70 cially at the first stages after the gate opening. Despite the stability failures
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observed at the downward dyke slope during the experiment, the measured
and computed dyke surfaces considering the non-equilibrium hypothesis show
a good agreement. The root-mean-square error for the non-capacity results
were lower for the dyke profile at time ¢ = 30 s and slightly higher for the
time ¢ = 60 s than those obtained with the capacity bedload transport for-
mulation (Table 6). Furthermore, the non-equilibrium model improved both
the reservoir level and the discharge at the dike crest predictions. The root-
mean-square error for the reservoir level prediction and the discharge at the
dyke crest were much lower with the non-capacity formulation than those ob-
tained considering the equilibrium hypothesis. However, the numerical model
considering non-capacity solid transport formulation was not able to prop-
erly predict the magnitude of the hydrograph peak observed in laboratory
(Fig. 18).
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Figure 18: Temporal evolution of the (top) reservoir water surface level and (bottom)
discharge at the dyke crest for the case C2, with modified Smart-CBFS formu-
lation with equilibrium and non-capacity assumption.

Finally, Table 7 shows the CPU computational times for tests C1 and C2
using both capacity and non-capacity approaches and the modified Smart-
CBEFS formula for the determination of the solid transport rate. Differences
on computational effort associated to the assumption of capacity or non-
capacity formulation can be considered negligible in both benchmark tests.
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Comp. time (s)

Formulation | Case C1 Case C2
Capacity 49.400 41.199
Non-Capacity | 48.288 40.687

Table 7: CPU computational times for cases Cl y C2 with capacity and non-capacity
formulations using the Smart-CBFS formula to compute the bedload transport rate.

6.4. Evolution of a trench over non-erodible layer

This experimental benchmark test aims to demonstrate the effectivity
of the proposed active control of the sediment thickness positivity method
(AC-STP) compared with the classical time step reduction method (TSR) to
avoid unphysical over-eroded regions without increasing the required compu-
tational cost. The experiments were carried out by Struiksma [43], consisting
in the propagation of a trench excavated in a uniform sand bed over a 3 m
long non-erodible layer made of a medium gravel (8-16 mm). The experi-
ments were performed in a straight rectangular cross-section flume with an
effective length of 11.5m and a width of 0.20m. The flume was filled with
uniform sand (dy = 0.45mm, p = 2650kg/m>, ¢ = 32° and p = 0.38) to
a height of 0.15 m above the flume concrete floor, covering also the non-
erodible layer. In a first step, a constant discharge was set at the flume
inlet and both water and sand were recirculated until uniform bed slope was
achieved. The water level was controlled by an adjustable tailgate at the
flume outlet. Once a steady bed slope was reached, a 2 m long and 0.04 m
deep trench was excavated upstream the gravel layer. The flow was restarted
and this bed perturbation propagated downstream, disappearing over the
non-erodible layer exposing the gravel stratum and reappearing downstream
later. Struiksma [43] proposed a solid transport rate formula ¢, = xu® to
reproduce the advance velocity of the trench, with x being a tuning param-
eter which should be calibrated. Therefore an adapted expression to adjust
G = ku? has been derived for the proposed scheme. This case has previously
been used for benchmarking by [12, 43, 45, 56| since it reproduces a process
of great interest and measured bed elevation data are available.

Two different experimental tests are reproduced in this work, C1 and
C2. The main difference between both experiments is that, in C2, the initial
sand thickness over the non-erodible layer is lower than in the case C1 and
hence the gravel stratum is exposed longer. The cell size for the simulations
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is Az = 0.05m, the erosion and deposition constant are initially set to k. =
2-1073 and kg = 1-107° respectively and the CFL is set to 0.95. The flow
and sediment transport features used in simulations for both tests have been
reported in Table 8 whereas the initial profiles for both the gravel and the
erodible layers, as well as the water surface elevation, are shown in Fig. 19:

Case | qinlet (I/s) qsinlet (I/h) n(s/m3) how (m) r(s1/m?)
C1 9.2 7.0 0.019 0.338 0.00020
C2 9.2 4.2 0.019 0.323 0.00022

Table 8: Main parameters used in the simulations for each benchmarking case.
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Figure 19: Initial bed and water surface elevations for cases (top) C1 and (bottom) C2.

Fig. 20 depicts the temporal bed evolution for both cases and compares
the measured data (black points) with the numerical results obtained by
the proposed model, considering non-capacity (point-dashed blue lines) and
equilibrium (solid blue lines) approaches. Numerical results obtained with
the coupled scheme reported by [22] are also shown (dashed red lines). This
model uses the capacity approach for the transport rate determination and
the over-erosion problems are controlled by reducing the dynamic time step
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70 to avoid cells with negative sediment thickness values (TSR strategy). The
time step reduction is limited to 10% of the value determined by the original
CFL condition hence solid mass conservation problems can appear at cells
where this reduction is not enough.
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Figure 20: Bed level for (left column) case C1 at times ¢ = 1h,2h,3h,4h,5h,6h and
(right column) case C2 at times t = 1 h,2h,4h,6h,8h,10 h.
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The scheme proposed in this work is able to reproduce the trench propa-
gation process over the gravel stratum, considering both equilibrium and non-
capacity conditions. The non-capacity approach with k, = 2 - 103 seems to
introduce an extra-diffusion term on the numerical solution comparing with
the equilibrium approach, although the trench propagation velocity is similar
and agreeing with the observed data for both tests. The present model using
the AC-STP method to avoid over-erosion was able to improve largely the
prediction of the trench propagation obtained with the scheme reported in
[22] using the TSR strategy (see Table 9).

RMSE z, (m)
Formulation Case C1 Case C2
Capacity 0.00651 0.00685

Non-Capacity | 0.00621  0.00654
Martinez et al. | 0.00911  0.00847

Table 9: RMSE (cases C1 y C2) for the bed level evolution z,, with capacity and non-
capacity formulations. Also RMSE for the results obtained with the Martinez et al. model
[22] has been reported.

Furthermore, most numerical models dealing with these cases [12, 45, 56]
predict an excavated region downstream the gravel stratum which was not
observed in experiments. That excavated zone is also reproduced here using
the equilibrium model [22] with the classical time-reduction (T'SR) treatment
for the non-erodible layer. The present non-capacity formulation (k. = 2 -
1073) is able to eliminate totally this excavation for case C1 and to reduce
it significantly for case C2. The solid transport g5 over the gravel stratum is
reduced as an effect of the sediment unavailability using (51). This reduction
interferes with the equivalent non-equilibrium adaptation length, leading to a
solid transport rate smaller than the flow transport capacity downstream the
gravel stratum. Therefore, the solid transport rate at the downstream region
is lower with non-capacity formulation than that considering the equilibrium
hypothesis, reducing the excavation.

Fig. 21 shows the effects of the erosion constant k. increase on the evo-
lution of the excavated region downstream the gravel stratum. Lower ero-
sion constant k. values lead to an increment of the equivalent adaptation
length (13). The reduction of the physical solid transport rate applied in
cells where the theoretical active layer thickness 7 is greater than the avail-
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able sediment thickness ¢, leads to a more stable propagation of the trench
over the gravel stratum and reduces the excavated region downstream. As
the erosion constant k. increases, the equivalent adaptation length decreases
and the non-equilibrium solid transport states caused by the appearance of
the non-erodible layer are also reduced. Hence, the non-capacity solution
tends approximate to the equilibrium bed evolution profile (see Fig. 21).
With k. = 2 - 1072 the non-capacity results practically agree with the equi-
librium prediction, demonstrating the sensitivity of the model to the erosion-
deposition constants calibration.
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Figure 21: Bed level for (top) case C1 at time ¢t = 5 h and (bottom) case C2 at time ¢t =6 h
with non-capacity formulation.

Finally, the positivity control mechanism for the sediment thickness, (61)
and (62), is triggered many times during simulations as the gravel stratum
is successively exposed and recovered during the trench advance. In order to
demonstrate the effectiveness of the AC-STP method, additional simulations
were carried out considering the proposed model but using the classical TSR
strategy to avoid unphysical over-eroded cells, using both equilibrium and
non-equilibrium hypothesis. Fig. 22 shows the bed profiles for case C1 at t =
3 h and case C2 at t = 4 h, times when the whole gravel stratum was exposed.
The bed level predictions computed with capacity AC-STP and capacity
TSR methods showed small variations caused by the different treatment of
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s20 non-erodible stratum. Similar small variations were found comparing non-
capacity AC-STP and non-capacity TSR methods. However, using the AC-
STP method the numerical solution remains stable and it is not necessary to
reduce the time step to ensure the sediment mass conservation or numerical
stability (Fig. 23), unlike using TSR method [45]. Furthermore, the time

s step reduction strategy demonstrates not to be able to avoid completely the
over-erosion problems without a marked reduction of the time step, leading to
much a higher computational effort for the simulations (Table 10). Moreover,
as the time step reduction is limited to avoid an excessive computational
effort, solid mass conservation errors appear in cells which require higher

30 limitations to remain positive sediment thickness values.
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Figure 22: Bed level for (left) case C1 at time ¢ = 3 h and (right) case C2 at time t =4 h
using non-capacity AC-STP, non-capacity TSR, capacity TSR and Martinez et
al. TSR models.
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Comp. time (s)

Formulation Case C1 Case C2
Capacity AC-STP 134.144  225.748
Capacity TSR 253.478  757.296
Non-Capacity AC-STP | 133.528  232.663
Non-Capacity TSR 202.018  448.121
Martinez et al. TSR 463.105  921.838

Table 10: CPU computational times (cases C1 y C2) for capacity AC-STP, capacity TSR,
non-capacity AC-STP and non-capacity TSR models. Also the computational time for
Martinez et al. TSR model [22] has been reported.
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Figure 23: Dynamic time step (left column) and solid mass conservation errors (right
column) for cases (top) C1 and (bottom) C2. Note that results are shown

for every 20 time steps.
formulation have been depicted.

7. Conclusions

For the sake of clarity only results using capacity

In this work, recently developed non-equilibrium bedload transport con-
cepts have been used to propose a new numerical model able to deal with

highly unsteady flows and partially non-erodible bed layers.

Based on a

grain-scale analysis of the net exchange flux through the static-moving bed
layers interface [41], new expressions for the erosion and deposition rates (.
and 7y, respectively) have been obtained, as well as a generalized formula for
the non-capacity bedload transport rate ¢, as a function of the active layer
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thickness 1. The equilibrium state consists of a particular case of the gener-
alized bedload formulation derived. The proposed transport rate formulation
allows to limit the physical solid flux at cells in regions where the total sed-
iment thickness ¢, hinders the development of equilibrium solid transport
states. A new generalized Grass-type formulation is proposed for the non-
equilibrium bedload transport rate. This is the first of the main novelties
reported in the present work.

The system of equations composed by the one-dimensional shallow water
and the mass conservation equations for the bed layer (4 equations) has been
solved using a first order finite volume A-Roe scheme. The convective flux
vector is separated in a part accounting for the flow depending terms plus a
corrector component associated to the Grass factor G variation. The second
novelty of the present work is this upwind splitting of the convective solid
flux. An improved reconstruction strategy for the approximated solution at
each local RP allows to avoid the appearance of unphysical results in the
erodible layer thickness €,, one of the most important problems reported for
equilibrium and non-equilibrium bedload numerical models dealing with non-
erodible layers [12, 45]. This new reconstruction strategy is the third novelty
presented in this work.

Currently, a high uncertainty exists about the calibration of the non-
capacity parameters (erosion-deposition constants, k. and k4, or adaptation
length L, in other models [25, 27, 37]) and their effect on numerical predic-
tions. The model has been tested against a hypothetical case consisting of a
rectangular dune made of non-cohesive sand moving over a non-erodible bed
layer. The sensitivity of the numerical evolution of the dune surface to the
non-capacity parameters calibration has been analysed. One of our conclu-
sions is that the relation k./ky4 controls the active layers thickness and hence
the mean velocity at the moving sediment layer. Furthermore, the reduction
of k. leads to increasing non-equilibrium conditions, as it happens with the
adaptation length L, increments in flux relaxation models. The highest k.,
the fastest the bedload solid transport is able to achieve equilibrium states,
even for constant k./kq relation.

The proposed model has been benchmarked against different sediment
transport laboratory experiments, involving unsteady flows, enhanced bed
changes by light-weight sediments and underlying non-erodible layers scour.
The model is able to predict the measured data in all the cases tested. The
non-equilibrium bedload transport assumption improves the results obtained
in most of the cases, especially for the dyke-breaking by overtopping bench-
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marking test (6.3) and the trench propagation over a non-erodible layer test
(6.4). However, the numerical results obtained are very sensitive to the cal-
ibration of the non-capacity parameters, which can become a difficult task.
On the other hand, the proposed reconstruction strategy to avoid negative
values in the sediment thickness ¢, demonstrates to improve the results ob-
tained with the classical numerical fixes used up till now for cases involving
finite-depth erodible layers, regardless of equilibrium or non-equilibrium ap-
proaches. This technique allows to ensure the solid mass conservation prop-
erty allowing numerical stability with time steps larger than other approaches
and hence improves the computational efficiency of scheme.
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Appendix A. Erosion and deposition rates derivation

The derivation of the expressions used in this work for the erosion and
deposition rates, 1, and 1, respectively, was based on the physical background
proposed by Charru [41] for the net exchange flux between the static and
moving bed layers.

Appendiz A.1. Deposition rate

The particle deposition rate ng4 is related to the number of moving parti-
cles n and the characteristic deposition time t4:

n
Tty

The characteristic time of the deposition process is controlled by gravity
and depends on the deposition velocity w, and the particle diameter d;:

Ng

[Part. T~] (A.1)

1 Wy
J— & J—
t ds
I (A.2)
1 — k (8 B 1)gds
td - ds
and hence the particle deposition rate can be expressed as:
, n /(s —1)gd?
=kjg——~———""" A3
fa =k (A3)

being k4 a deposition constant.

On the other hand, the number of particles in movement on a bed surface
of unit area 0A = dx dy = 1 and which are affected by deposition in a time
step tq are related to the thickness of the active bedload layer n:

_ noA
T
where £ = 1/(1 — p), being p the porosity of the active layer which is consid-
ered the same as the static layer.
The relation between the particle deposition rate and the temporal vari-
ation of the active layer thickness due to deposition in a bed area 0A is
expressed as:

(A4)

. ngédd
Nag = 5A

(A.5)

60



1095

1100

1105

1110

Therefore, replacing A.4 and A.5 in A.3, the temporal variation of the
moving layer thickness due to deposition can be expressed as:

n /(s —1)gd?

i 7 (LT (A.6)

Na = kaq

Appendiz A.2. FErosion rate

The particle erosion rate n, is related to the number n of static particles
exposed to the flow action and the characteristic erosion time t,:

. n _
Ne = i [Part. T~] (A.7)

The particles which are exposed to the flow shear stress in a bed surface
of unit area A = dxdy = 1 and which can be incorporated to the moving
layer in a time step t. are placed on the top layer of the static sediment
column and hence:

ds 0A _ 0A
n = Ne =
¢d? ©tedd?
The characteristic erosion time t, for turbulent flow is proportional to the

inertial balance between the settling momentum of the sediment particles and
the stress forces exerted by the flow on them:

(A.8)

1 (r—7)4 d2
J— m _—
te Psd3 ws

1 (9 — ‘90)+

kT Ss—1ad
i (s —1)gd,

being s = ps/pw the relative density of the sediment particles, 8 = |7|/(ps —
Pw)gds the non-dimensional Shields stress, . the critical value of the Shields
stress for the incipient motion, 7 the shear stress at the bed surface and k.
an erosion constant. The symbol (), indicates that the function only has
values along the positive domain and is nil for the negative domain.

Taking into account that the relation between the temporal variation of
the moving layer thickness and the flux of sediment particles involved in the
erosive process in a bed area d A can be written as:

(A.9)

. nEd
e =754

(A.10)
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the temporal evolution of the bed-load layer thickness caused by erosion can
be expressed as:

(0—6): /G~ Dy
S ds

Note that for the capacity case in which the erosion and deposition rates
are equal (1, = 1), the relation nd? o (6 — 6.), is recovered. This linear
relation for the number of particles in the moving layer agrees with the ex-
perimental observations reported by Luque and Beek [50] and Bagnold [60],
and is used to derived most of the classical solid transport rate reported in
literature.

(LT (A.11)

7;]8:]{:6

Appendix B. Properties of the edge-averaged Grass parameter G

To explore the upwind behaviour of the edge-averaged Grass factor éz 1

(32), in this appendix its value has been analysed in some numerical situa-
tions.

Constant Grass parameter in left and right cells

If both cells have equal interaction parameter, then the edge averaged
Grass parameter is constant along the edge:

Gi = Gip1 = Gy

regardless of the flow conditions and hence the corrector flux vector 5?&1
2

are nil.
Transitions with non-erodible layers

Supposing that the interaction parameter at the right cell is nil (G;1; =
0), then the edge-average Grass factor can be expressed as:

~ Gih?ﬁ 3G;(Vhihiza + hin/hiz)u? 4+ 3Giv/hihizuiui

G,1=
" (Vhi + \/hit1)? (Vhi + v/ hig1)? (u? + uf 4 uitig) (B.1)
B.1

Considering uniform flow (h; = h;y1 and u; = u;41) the only factor which
could cause a null Grass factor at the cell i + 1 (and not at cell 4) is the

N
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unavailability of sediment at the cell. Under these conditions, the edge-
averaged interaction parameter is:

and hence the corrector flux vector:

~ a\"’
G— __ ~Tq
0T, = (0, 0, ~€i )
- a\T
G+ __ ~Jq
5F’z+% = (0, 0, —fu;)

Dambreak wave front on wet conditions

The advance of an erosive dambreak wave on a wet bed is characterized
by the following local flow conditions:

hl>0,ul>0,GZ>0
hix1 >0, i1 =0, Gy =0

In that case, the edge-averaged Grass parameter has the following expres-
sion:

G

B/
it: = Gi|1- :
: (Vhi + \/hit1)?

depending only on the water depth values at the left and right cells. In the
limiting case where h; = h;,1, the Grass parameter takes the value

(B.2)

G.y

N|=

7
= __(;i
8

and hence the corrector flux vector:

1
z+2

T
SFCT = <o, 0, —gaé@)

~ 7 A\7T
GJF o ~
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Dambreak wave front on dry conditions
The advance of an erosive dambreak wave on a dry bed, the local flow
conditions are:

hi>0,ui>0,GZ~>O
hi+1 = 0, Uij+1 = O, Gz‘+1 =0

Therefore, the edge-averaged Grass factor is nil, él L1 = 0, and the cor-
rector flux vector:
and hence the corrector flux vector:

SFS = (0,0, —€uGy)"

5?% = (0, 0, 0)"

Appendix C. Eigenvalues, wave and source strength derivation

Appendiz C.1. Figenvalues calculation
The eigenvalues of the linearized matrix M, 41 are calculated as the roots

of its characteristic polynomial Py7(\):

P(N) = —X* + 20\% + (52 @y 525667) N ueGd =0

which can be rewritten as:

PM(X) = N+ A+ agh a3 =0

with: a; = —2u a9 — ’172 — EQ — /525@67 as = Eaﬂgé(’i

Using the Cardano-Vieta formula, the eigenvalues are calculated as:

A = 2vV—=L cos(¢/3) — a1 /3
X2 = 2V—L cos(¢/3 +27/3) — a1 /3
X3 = 2v/—L cos(¢/3 + 47 /3) — a, /3

where:

2
_ 3az —aj

R 9ajay — 27az — 2a3
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uss  Appendiz C.2. Wave strengths

Conserved variable spatial increments at each intercell edge 7 + % can be
projected onto the right eigenvector base, obtaining the wave strengths a,,
at that edge:

oh .
oU;, 1= 0q = O Cm
561, i+% m
(a?—a?+ H%) 5h + (2&-2&) 5q + 2 5, (C.1)
~ k#m k#m
Oy =
5 (xm—zxk) I
Appendiz C.3. Source strengths
1160 Source terms are integrated over a suitable control volume for each local

Riemann problem. Then, the result is projected onto the right eigenvectors
basis as a function of the Roe’s average quantities at the intercell edge.

Siy1 =1 5 = | —ghézp — ghS;dx = Zﬁmgm
(2a oy xk> 5 (©2)
=~ k#m
6m - z
A (Am— ZM) + 1] ™
k#m k#m

Appendix D. Solid flux intermediate states at the intercell edge

From (45), the numerical solid fluxes associated to both the left and
ues the right intermediate states at the intercell edge i 4 % (Fig. D.24) can be
expressed as:
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Figure D.24: Intermediate states for the solid discharge £ g5 at the intercell edge i + %

Fyy = (€)1 = (g0)i + M@ + Mdeg™

- o~ o~ (D.1)
Fg,rz'+1 = (5@5)1%:1 = (£qs)i+1 — )\2’7263 — )\373€§ — )\3(5€bG+

therefore the solid flux jump corresponding the contact wave placed at the
intercell edge can be obtained as:

(§as)ir — (€0s); =0(60s)s41—
— (M8 + Mol — X30383) + (P18} + Bath + Bs83) —
— (MO€S™ + X30€6T) =
=060,y — [6G0) + €7%66] | =0

’ (D.2)

Hence the solid discharge jump at the edge is null and the intermediate

un  value of the numerical solid flux at the left ant right sides of the intercell
edge 7 + % has a constant value F; Lt

- -+ _ *
F3,z‘ = F3,i+1 = F37i+

= (Ea)i,s (D.3)

The region with constant associated solid flux is represented in Fig. D.24
as a blue color region. This relation ensures that the scheme agrees with

1
2
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the conservation property for the sediment mass under any condition. It

urs  justifies the importance of including a corrector solid flux term when the

1180

Exner equation is included into the Jacobian matrix [19].

Considering (D.1) and the strategy proposed in (61) for fixing left-side
over-erosion problems, the 5ebG_ increase causes a reduction in the intercell
numerical solid flux Fy L1 On the other hand, the correction proposed

’ 2
in (62) to fix the right-side over-erosion, i.e. reducing des’", leads to an

increment of the numerical solid discharge at the intercell edge F;‘i L1
2
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