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ABSTRACT. In this paper we deal with a scale of reproducing kernel
Hilbert spaces HQ(n), n > 0, which are linear subspaces of the classical
Hilbertian Hardy space on the right-hand half-plane C*. They are ob-
tained as ranges of the Laplace transform in extended versions of the
Paley-Wiener theorem which involve absolutely continuous functions of
higher degree. An explicit integral formula is given for the reproducing
kernel K. , of HQ("), from which we can find the estimate ||K. .| ~
|2|7'/2 for z € CT. Then composition operators C, : H{™ — H{™,
Cof = f o, on these spaces are discussed, giving some necessary and
some sufficient conditions for analytic maps ¢ : C* — CT to induce
bounded composition operators.

1. INTRODUCTION

As is well known, Cy-semigroups provide solutions to abstract Cauchy

equations,
u'(t) = Au(t), t >0,
{ u(0) = x, x € D(A),

whenever such equations are well-posed [2]. There still are other important
Cauchy equations for which Cpy-semigroups do not work and that must be
treated using a variety of methods or theories. Among such theories, one
finds in the literature those concerning integrated semigroups or distribution

semigroups. At the intersection of these two settings, one has the space Tl(n)
of functions on R := (0, 00) defined as the completion of the test function
space C2°(R*) in the norm

1l = /O FO O de < 0, f € CR(RT).

We have the continuous inclusions 7'1(m) — 7'1(n) — 7'1(0) = LYRT) for
)

every m > n. Moreover, every 7'1(n is a convolution Banach algebra for
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the norm || - ||y (,,)- Being primarily introduced in [3] to approach Cauchy
problems (with a different notation), the space Tl(n) has not been studied
as a Banach algebra in itself until quite recently; as a sample, see [9], [10]

and references therein. The character space of the Banach algebra 7, is
the closure, in the usual (Euclidean) topology, of the right-hand half-plane
CT :={z € C: Rz > 0} and the associated Gelfand mapping coincides with
the Laplace transform £. In [9], the range of the mapping L restricted on

71(”) is studied, showing that it is dense in a certain algebra of holomorphic
functions with continuous derivatives up to iR\ {0}.

The space 7-1(n) is a particular case of spaces 7;,(n) defined for 1 < p <

by g € 7;(71) if and only if g is a measurable function on R™ which belongs
to the closure of C>°(R™) in the norm

0o 1/p
1l = (/0 If(”)(t)t”!pdt> <oo, feCE(EY).

As in the case of Tn and in analogy with spaces LP(R1), 1 < p < 2,
it makes sense to study the range of the Laplace transform acting on T n,
Naturally, the first case to be considered is p = 2. In [21], the range L(7T, ))
is characterized as the (Hilbert) space HQ(n) of holomorphic functions in Hy
such that zFF®) ¢ H, for every k=0,1,...,n. Here, we denote by Hs the
Hardy space of all analytic functions F' over C™T satisfying condition

/\

1 [ N
(1.1) | Fl|2 := sup (/ |F(x + iy)| dy) < 0.
z>0 2w —00
In fact, Ho is a Hilbert space with the norm given by (1.1).

Point evaluations are continuous on the Hardy space Hs so that it is a
reproducing kernel space (RKHS for short) of holomorphic functions. In
fact, its reproducing kernel K (z,w) = K, (z) and corresponding norm are
given by

Ku(2) i= ——, and K| ! ect
Z) == ———, an =— Z,w .
v (z +w) w2 B Rw)
For more details on the space Ha, the reader is referred to [6, Chapter VI|
and [14, Chapter 8]; see also [17, 20].

Endowed with the norm [|F||y ) := ||2" F||2, the space HQ(n) is contained
in Hy continuously and so it is a RKHS. One of the main purposes in the
present paper is to determine the reproducing kernel of K,,(z, w) = K, ,(2)
for Hén) and to estimate the norm ||Kp |2 ;). In effect, for every n € N,
we find such a kernel in the form

nll_
Kn,w(z): Al // s)"” dsdt, z,weCT,
(n—

2t + sw
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which can be regarded as an integrated version of the kernel K(z,w) de-
scribed above. Then a detailed analysis of that integral gives us the estimate

1 1 JT 1 . .
(n_ 1)'\/m \/W < HKn,w”Q,(n) < (n_ 1)'\/5 \/W, eCr.

A notable difference between norms ||Kyl|l2 and || K w||2 ) deserves at-
tention. Whereas the norm || K, ||2 is equivalent to the inverse of the distance
of point w to the boundary of CT, as is the case of some other RKHS of
analytic functions on their domains, the norm [|Kj, 4 ||2,») depends on the
radial distance of w to the origin in the complex plane.

The estimate of the norm || Ky, |2 (n) given above suggests studying com-
position operators Cy, on Hg(n), that is, C,: Hén) — Hén) defined by Cy(f) :=
fopforall fe Hzn) and suitable analytic selfmaps ¢ of C*. Here ¢ is said
to be the symbol inducing C,.

The motivation for such a search comes naturally from the well known
Caughran—Schwartz identity, which applied to the kernel function K, ,, on
C* reads C(Kyw) = Ky o) for w € C*, where Cy, is bounded and C7, is
its adjoint ([20]). This identity readily implies

sup {HKn,(p(w)HQ,(n)HKn,w |27,én)} < ||C§0||7
weCt

from which we get the necessary condition

(1.2) sup ol < 00,

wec+ |p(w)]

clearly related to the angular derivative lim,_,~ |w]||@(w)

Thus the finiteness property given by (1.2) is a necessary condition for
the boundedness of C,. Conversely, we will show that the following more
restrictive condition implies the boundedness of C,:

k‘P(k)(z)
¢(2)

We do not know whether any of conditions (1.2) or (1.3) is both necessary
and sufficient for the boundedness of C,.

I

(1.3) sup
zeCt

z oo, k=1,23,...,n.

The paper is organized as follows. In Section 2, we define spaces 75(70 -
and their corresponding inner products— such as they are introduced in [21]
(in a slightly different but equivalent way from above). Then we provide

E(n) with another, equivalent, inner product —which allows us to intertwine
n-times derivation and multiplication by the power ¢"—, and give a relevant

example of function in E(n). Such an example will be used in Section 5 to
find the kernel K, which generates 7—2(11). The Paley-Wiener type theorem
saying that E(Tz(")) = Hén) isometrically was first proved in [21]. In Sec-
tion 3, a different, shorter, proof of this result is given on the basis of the
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equivalent inner product quoted above and the usage of Laguerre and Le-
gendre polynomials. We give the connection of spaces H2(n) with subspaces
of the usual Hardy space Hy(DD) in the unit disc D, obtained via the Cayley
transform between the disc D and the half-plane C* in Section 4. As said
before, Section 5 is devoted to establishing the formula for the kernel K,,.
Moreover, the estimate of the norm of K, , in Hz(n) is obtained here for
every w € CT, up to constants from below and from above independent of
w. In order to explore composition operators on Hén), Section 6 is devoted
to preliminary remarks on and examples of analytic selfmaps of C*. Finally,
the boundedness of composition operators C,, on H. én) is discussed in Section
7. This section ends with some examples of rational functions or quotients
of linear combinations of powers of z which are symbols inducing bounded
composition operators on Hén), n > 1. In the last section we present some
remarks and open questions.

2. THE SOBOLEV-LEBESGUE SPACE T,

Let W~! be the integration operator on the test space C°[0,00) given
by

W lp(t) == / o(s)ds, ¢ e C[0,00), t>0.
t

As a matter of fact, W1y € C°[0, 00) for every ¢ € C°[0,00) so that we
can define the n-th iterate operator W=" := W=1W (=1 of W1 for every
n € N. By straightforward n-times application of Fubini’s theorem we have

1 o
I / (s — )" Lo(s)ds, @€ C>[0,00), t > 0.
oy

W (t) = (G

The integration operator W~" can be extended in order to act on a num-
ber of spaces. Here we consider a Hilbertian setting.

For n € N, let L?(t") be the Hilbert space of the (classes of) complex
measurable functions ¢ on (0, 00) such that

o0 1/2
lellp2ny = (/0 lo(t)t"]? dt> < o0.

Proposition 2.1. Take n € N and ¢ € L2(t"). Then, for 1 < j <n —1,
the mapping

(W) (t) := / / / o(s)dsdty ... dtj—y, t>0,
t tji—1 t1

is well defined and W € L'(a,00) for every a > 0.
Moreover, for 1 < k <n, we have

1

W0 = =y [ 0" e ds, >0
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W~k is (k — 1)-times differentiable with (W—*p)D(t) = (—=1)'W (=D,
that is,

1\l 00
(W) D(t) = (k:(—llzl)'/t (s —t)Flp(s)ds, t>0,

forevery1 <1 <k-—1, and (W‘kgo)(k_l) s absolutely continuous such that
(—1F W Fp)®) = .

Proof. For t > 0, ¢ € L?(t") and 1 < j < n — 1, applying Fubini-Tonelli’s
rule one has

/too/to_o /tloocp(s)dsdtl dtjl:(j_ll)!/too(st)j_l|g0(s)|ds

H%OHL?(s") o 2j—2_—2n V2 _ —n+j—(1/2)
W (s—1) s dt = Cht < 00,
J— 1) t

where C}, is a constant involving the Beta function.

The above estimate implies every statement in the text of the current
proposition. O

Note that the above formulas also appear in studying the Volterra oper-
ator. Recall Hardy’s inequality

R, 2 r'(3) * e m 2
(2.1) /0 (W=(t))" dt < (M) /0 (t"p(t))?dt,

where m € N and ¢ : (0,00) — (0,00) is a Borel function ([13, p. 245]).

Using this inequaliy (with m = n) one gets W~"¢ € L2(R") for all ¢ €
L%(t"), where L2(RT) = L?(t°). Also, the linear operator W~": L(t") —
L2(RT) is injective since (—1)"(W ") = ¢ for all ¢ € L*(t") in accor-
dance with the last part of the above proposition. These facts enable us to
define the Hardy-Lebesgue space 7'2(n) as follows.

Definition 2.2. Given n € N, let 7,2(71) denote the subspace of L?(RY)
obtained as the image of L2(t") under W™" | i.e.,

7-2(71) —_ an(LQ(tn))

Note that £, ¢ € L?(t") and we endow 7'( with the inner product,
transferred from L2 ("),

(f,9) 9)(n) - _/ f(n )tzndt f7g€7-2n)7
and corresponding norm
1f o,y := 1Pl z2my = 1E°F P2, f € T,

so that the space (7;(”), | [l2,(n)) is a Hilbert space. (In the case n = 0, we
write (, )y = (, ) for the usual inner product in L*(R").)
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By applying again Hardy’s inequality (2.1) to ¢(t) = |f™(t)[t* and m =
n—k, forn>k>0, we get

S 2
F3 S/ W= p(t)) dt
116 < [ ( ( Oz)
71' T
< R ORI ] B e —
< F(H_H;)Q/O R e g v L 18

for f € 7;("). Thus we have the continuous inclusions
(2.2) o T S L2RY), n>k>o0.

In particular we notice that 7'2(n) consists of all functions f : (0,00) — C
such that the derivatives f’,---, =1 on (0,00) exist, f("~1 is absolutely
continuous on (0,00), and the maps ¢t — t* f*)(¢) belong to L?(R*) for all
k=0,1,...,n. Moreover, taking ¢ = (—1)"f(™ in the statement and proof
of Proposition 2.1 one obtains

2.3)  [fPW] < Curt YD) fllomy, 0<k<n—1, t>0.

Remark 2.3. The spaces E(n), n € N, have been introduced in [21]. The
presentation of the properties of such spaces done before is slightly different
from the one of [21].

Now, our aim is to present an equivalent expression of the inner product
of the space 7'2(n).

Lemma 2.4. Given n > 0, we define the (n + 1)-square matriz C, =
(cij)o<ij<n by
0, fori < j;

R AW
= ()2 iz
3/ 3

(i) Then the matriz Cy, is invertible and Cy;t = ((—=1)"¢; j)o<i j<n-
(ii) For f € E(n) and t > 0, we have that

EHOE = 3 ent FO0)
k=0

() = i(—l)“”cn,k(t’“f)(’“)(t).

k=0

Proof. Part (i) of the lemma is a technical exercise and it is left to the
reader. The first equality in part (ii) is the n-th derivation rule applied to
the product " f, and then the second equality in (ii) is a consequence of
part (i). O
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As an interesting fact we remark that ¢, = >} _; ¢k, n > 0, is a noted
sequence (see reference A002720 in “The On-Line Encyclopedia of Integer
Sequences” by N.J.A. Sloane).

In the next lemma, ey (t) := e for A € Ct, t > 0.

Lemma 2.5. Let n be a nonnegative integer.

(i) For every A € C*, the function ey belongs to T;n) and

ferlagey = (228
All2,(n) = \ 9on+1 (%)\)WF%'

(ii) The linear subspace £ spanned by {ey : RX > 0} is dense in 7—2(11)'

Proof. The proof of part (i) is straightforward. Now take f € 7'2(n) such that
(frex)my =0 for A € C*t, ie.,

o:(ewuj/ £2ne=M ) ())dt = AL FIYM (N, A e CF
0

whence one has that £(t"f™)()\) must be a polynomial. Since t — " f{")
is in L?(RT) that polynomial is zero by the Paley-Wiener theorem. Then,
as the Laplace transform £ is one-to-one, we conclude that t” £ (t) = 0 in

L*(R"), whence f =0 in 7'2(71) and therefore £ is dense in 7-2(n)' .

The following result gives us the desired expression of the inner product

of the space ’75(") . In the proof we use Laguerre polynomials and Legendre
polynomials.

Proposition 2.6. Let f,g € En). Then
(2.4) 9wy = (E 1™, ("))

Proof. Let e)(t) := e ™ and e, (t) := e #, with A,z > 0. Then, by defini-
tion 2.2,

n (1 > n_— ()\,u)"(2n)'
<6)\7 6M>(n) = <t eg\ )’tnegn)> = ()‘,u)n/o t2 € (A+'u)tdt = 7()\ n M)QnJFl .

For the second inner product in (2.4), note that
(t"ex) ™ (t) = n! Ly (\t),

where L, is the Laguerre polynomial of degree n. Therefore,

(7)) ™, (t"e,) ™) = (n)? / L () L (pat)e~ A4 .
0
Then, according to [12, 7.414 (2)],
o0 _ b—A—pu)" b2 — (A + p)b+ 22
L, L, bx _ ( P,
| L tauye s = CA S, (B2,
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for b > 0, where P,, is the Legendre polynomial of degree n. Therefore,
b—A—pu)" b2 — (A b+ 2\
()™, (£%,)™) = (n1)? Tim ( 1) p ( (A4 p)b+ u)

u boxtu bt b(b— A — 1)
— ()? Tim (b—X—p)™ (2n)! [0? — (A + )b+ 22u\"
bt bnL o 2n(pl)2 b(b—\—p)
el
(A + p)2n+l

because (2n)! 27"(n!)~2 is the leading coefficient of P,,, as can be seen in
[16, Section 5.4.2]. We conclude that

<€)\, e#>(n) = <(tne>\)(n)’ (tne#)(n)> 5 )‘7 pe C+a
and then by linearity (f, g>(n) = <(t"f)("), (t"g)(”)> , for f, g € £. Finally for
arbitrary f,g € 7'2(n) it suffices to apply Lemma 2.4 (ii), (2.2) and the density

of £ in 7'2(n) (Lemma 2.5 (ii)) to obtain (f,g),) = <(t”f)(”), (t”g)(")>. The
proof is over. O

To finish this section we show an example of function in the space TQ(n)
which will be used, in Section 5 below, as a key to introduce reproducing
kernels in Hardy-Sobolev spaces on the half-plane CT.

Proposition 2.7. For w € C™, n € N and t > 0, define
o) (S _ t)nfl 1 (1 _ m)nfl 3
gw,n(t) = / e dxds
¢ s" o ((n—=1)1)?

Then gy n belongs to T;n) with n-th derivative satisfying

tng(n) (t) — (_1)71 /Ot (t — S)n_l e~ WS ds.

win tn (n—1)!
_ 2log2
In particular, ||gwnll2,m) < \/%3
w

Proof. Take w € C* and n € N. Put

1 —1
1— )"
Ouwn(t) = t_”/ ((nm)l)' e " dx,  t> 0.
O - .

Then ¢y, € L2(t"). In fact,

(/Ooo o (t) [t dt) 1/2 < </O°° </O1 (1(;_93)17;1 6(%w)txdx>2dt> 1/2
< /01 % </O°° e_z(érew)txdt> 1/2 N

/2
I'(n+ (1/2)vVRw
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where the second inequality is Minkowski‘s inequality .
Hence, gywn =W "pyun is in E(n) and, moreover, by Proposition 2.1,

_1\n 1 _ \n—1 1\t (4 \n—1
gg}?)l(t) _ ( 1) / (1 CL’) e—txwdx _ ( 1) / (t S) e—wsds7
0 0

tn (n—1)! 12 (n—1)!
for every t > 0. Therefore,
(L—z)" " _ 2
T e A A e

([ @

B 1 /°° (1- e—%wt)th _ 2log?
 (n=1D(Rw)? J t2 C(n—DIRw’

3. THE HARDY-SOBOLEV SPACES Hé")

Recall that Hy is the Hilbertian Hardy space over the right-hand half-
plane C* endowed with the norm defined in (1.1), which corresponds to the
inner product

(F|G)= / F*(it)G*(it)dt, F,G € Hy,

where F*(t) = lim,_,; F(s) a.e. t € R for every F,G € Ho; see [6, Chapter
VI] and [14, Chapter 8]. The classical Paley-Wiener theorem states that the
Laplace transform £ : L2(RT) — Ho,

L@ = [ foe T feEY, sect,
0
is an isometric isomorphism; i.e., F',G € Hs if and only if there exist unique
f,g € L>(R") such that F = Lf and G = Lg and
(f.9)=(Lf|Lg), f.geLl*RY),

(see for example [22, Theorem 19.2]). Recall that the space 7'2(n) introduced
in the preceding section is a subspace of Lo(R™"). The scale of range spaces

£(7;(n)), n € N, is characterized in [21]. In the following we provide a shorter
proof of that characterization.

Let k a positive integer. Integrating by parts k times, one gets
(3.1) FLh(z) = LW (2) + sz =ip)(0), zecCH,

provided the function h is differentiable k£ — 1 times on the interval (0, c0),
the derivatives h) are continuous on [0,00), and the functions h()e=*()
belong to L'(R*) for all z € C* and j =0,1,...,k.
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Lemma 3.1. For ecveryn €N, z€ C ' \ {0} and f € TQn),

k
()RR P () = Z(;‘?)’?’cuﬂ‘f@))(z), k=0,1,....m:

k
(=D)FLk N (z) = Z(’?)’?!zj(cf)m(z), k=0,1,...,n;

j=0

Proof. Let j, k be integers such that 0 < j < k < n. Using Leibniz’s rule of
derivation in (t* £)) and the bound given by (2.3) one finds that

t* )9 (0) := tliré1+(tkf)(j)(t) =0, je{0,1,....k—1}.
Then taking h = t* f in (3.1) we get
(32)  L(("NHW)(z) = 2L 1) (2) = (~1)FF(LHP(2), zeCt.

Now, using Lemma 2.4, part (ii) we obtain
(— )kkﬁf chﬁtj ]) (z), zeCT,

where coefficients ¢ ; are as in that lemma. Applying the invertibility of
the matrix (¢ ;) one also derives

J
LA fI)(2) JZCM«:Z (Lf)P(z), =zecCH,

=0

and the proof is over. O
Definition 3.2. Given n > 0 a fixed integer, let HQ(") denote the linear
space consisting of all analytic functions F' on CT such that
(3.3) FF® e Hy, k=0,1,...,n
We use the notation H2(0) = H>.

Here is the Paley-Wiener theorem for Hardy-Lebesgue spaces.

Theorem 3.3. (Extended Paley-Wiener Theorem) Let £ be the Laplace
transform L : Lo(RT) — Hy. Then, for n € N,
LT = Hy".

(n)
2

Consequently, Hy " is a Hilbert space with respect to the inner product

1
o

and corresponding norm

1Fllamy = |2 F ™Mo, F e H,

(F |G = / 20 (P ) (G () dt,  F,G e HYY,
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and the Laplace transform is an isometric isomorphism from E(n) onto HQ(");
that is, it is an onto linear isomorphism having the property

(f 9oy = (L1 L)y, [r9€ 7-2(71)-

Proof. Given f € 75(“), then t*f(¥) ¢ L2(R*) and therefore 2*(Lf)*) € Hy
for 0 <k <n by Lemma 3.1. Thus Lf € Hén).

Conversely, take F' € HQ(n) C H,. By the classical Paley-Wiener theorem,
there exists f € L?(RT) such that F = Lf. We want to prove that, in fact,

fe 7'2(n). To this aim denote by G the analytic function defined by

n
| .
G(z) = (—1)”2 <n> ZZJF(])(Z), z€Ct.
— \J/J!

]_
Since F' € Hén), we have that G belongs to H2 and so there also exists
g € L*(R") such that G = Lg. As in Definition 2.2, the function f belongs

to 7'2(n) , where

~ 0 S — n—1
f(s) = (n—ll)'/s ( ti) g(t)dt, s> 0.

Note that g = t”(f)(") by Theorem 2.1. Now we apply Lemma 3.1 to get,
for z € CT,

O(2) = Lg(z) = LI F)™)(z) = Z(—n"(’?) L (I (2).

(se(f - f))(") (z)=(-1)" > (Z) ML - HP(z) =0, zeCH
j=0

so that 2"L(f — f)(z) = P,(z) where P, is a polynomial of degree less than
or equal to n — 1. Since P,(z)z~" lies in Hj it must be identically null on
C*; that is, £(f — f) = 0. Hence f = f € T,™ by the injectivity of £. All
in all, we have shown that 5(7'2(”)) = Hén).

In order to finish the proof of the theorem we must only show the equality
between the inner products in ’7'2(n) and HQ("), respectively. This is as follows.

Take f,g € E(n) with F = Lf, G = Lg in HQ(n). By Theorem 2.6 and the
isometry provided by the classical Paley-Wiener Theorem,

<fa9>(n) = <tnf(n),t"g(”)>:<(t”f)(n),(tng)(n)>
= (e ™) | £((t°g)™))
= ((1)mmEn™ (=) | (-1 (Lg) ™ (2))
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= (F] G)(n)v
where we have used (3.2) in the last but one equality. (]
Corollary 3.4. For every m > n > 0, the linear inclusion
HY™ < HYY
is continuous with dense range.

Proof. The continuity of the inclusion mapping Hém) — HQ(n) follows from
Theorem 3.3 and (2.2). As for the density, let K be the linear space spanned
by all functions of type Ky, ®A > 0. Then L£(€) = K where £ is the space

defined in Lemma 2.5 (ii). Clearly, £ — HZ(m) — Hz(n) for m > n >0,
whence the desired density follows from Lemma 2.5 (ii) and Theorem 3.3
again. [l

4. THE HARDY-SOBOLEV SPACES ON THE DISC

Recall that the Hilbertian Hardy space Hz(ID) over the unit disc D is
endowed with the norm

1

1 , 2

| F|l2p := sup / ]F(Tew)]2d9 .
0<r<1 \ 27 Joe[o,2n]

It is well known that one can use Cayley’s transform to navigate between
spaces Ho(D) and Hj, and subspaces of them: The Cayley transform is
defined by y(A\) = (1 4+ A)/(1 — A), for all A € D. Then, F' € H» if and only
if Fp € (1 — \)Hz(D), where

1+ A
(4.1) Fo(\) = F (L) . AeD:
see [14, Theorem p. 129]. See also [17, Theorem 13.17] for the relations
between HP(D) and HP(CT) for 0 < p < oo. Functions in H2(1) can be
transferred to a subspace contained in Ha(D) as follows.

Proposition 4.1. Let F' be an analytic function on CT and Fp the function
on the unit disc D given by (4.1). Then F € Hél) if and only if

(4.2) Fp € (1= M)Hy(D) and Fj € (1+ )" Hy(D).
If so, then the following equality holds:
(4.3) V2| Flla,ay = [I(1+ X Fp(V)ll2,p-
Proof. The condition zF’ € Hs is equivalent to
14 A 14 A
4.4 F 1 —A\)Hy(D).
(1.4 T (153) e - v

Since, obviously,

(Fy) () = F (1 +/\> 2

1-1) 1-N2
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it follows that relation (4.4) is equivalent to F}) € (1 + A)"'Hy(D). Thus
F e H" if and only if (4.2) holds. Also, the norm equality (4.3) is valid,
by [14, p. 130]. O

Of course Proposition 4.1 can be extended for n > 1, i.e., to identify the
subspaces in (1 — \)Hy(D) formed by functions Fp with F' € Hén) forn > 1.
For example, for n =2 and F € H2(2), we have that

—4 14+ 4 14+ A
Fp)'(\) = F F’ AeD
FY 0 = oy () * e (1) e
and we conclude that (1 + \)%(1 — \)F}j € Ha(D).
In this way one could deal with Hardy-Sobolev type spaces on the unit

disc instead on the right-hand half-plane. However we stay working in the
half-plane setting, where one can make use of the Laplace transform.

Nonetheless, let us show an interesting property of H. én) by arguing on its
copy in Ho(D)

Corollary 4.2. If F € Hén), then the functions zF=*F+=1) gre extensible by
continuity at all nonzero points on the imaginary axis, the point at infinity
included, for k=1,2,...,n.

Proof. Take F' € H". By condition (4.2), Fp € (1 — A\)Hy(D) C Hy(D),
(1+ N F}, € H2(D) and clearly [(1 + X)Fp(\)] = (1 + XN FL(A) + Fp(A). Tt
follows that [(1+ \)Fp(X\)] € Ha(D) C Hi(D). Then, by [6, Theorem 3.11],
the function (1 4+ \)Fp(\) is extensible by continuity on the unit circle and
so, Fp extends by continuity to that circle except possibly at —1. Since
the Cayley transform v maps —1 to 0 and 1 to oo, the conclusion on the
extensibility of F' by continuity follows.

Now take F' € HQ(n) for n > 1. Then the identity

d

“dz
implies that zkilF(k*U(z) belongs to Hg(l) for 1 < k < n. Thus the conti-
nuity on the imaginary axis of the functions z*F®) gk =1,... n—1, follows

by that and the extensibility by continuity of Hél)ffunctions. O

(z’fle(k*l)(z)) = (k= 1) FED () 4 2FW (), zeCt

5. REPRODUCING KERNEL OF H{"

Given a set € one says that H is a (complex) reproducing kernel Hilbert
space (RKHS, for short) on Q if it is a Hilbert space of complex functions
on Q with inner product (- | -) such that the evaluation functional

ds: H—=C, fr f(s),

is bounded for all s € Q. Thus for every s €  there exists a unique
ks € H such that f(s) = (f | ks) for every f € H. Functions ks are
called kernel-functions, and the span generated by of all kernel-functions
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is dense in ‘H. One defines K(s,t) = (ki | ks), s,t € £, which is said to
be the reproducing kernel of H. This map K is a nonnegative, or positive
semidefinite, kernel (called sometimes positive semidefinite Moore matrix)
in the sense of Aronszajn—Moore, meaning that it satisfies

n
Z K(si,s5)cic; >0, n>1,¢€C, s5,€Q,4,j=1,2,...,n
i,j=1
A basic reference for nonnegative kernels is [1].

Point evaluation functionals on Hs are continuous, so that Hs is a RKHS.
In fact, F(w) = (F | Ky) with K, := (2 +w) ! for all z € C* and w € C,
as mentioned in Section 1. Let n be a natural number. Since Hén) is con-
tinuously contained in Hy it follows that Hén) has all point evaluations con-
tinuous, so it is also a RKHS. In this section we determine the nonnegative

kernel of HQ(") and provide estimates of the norm of kernel functions.
Theorem 5.1. Let n be a natural number. Then the function K, defined
on CT x CT by

n 1 1_ —1
K, (z,w) = n—l / / 5)" dsdt, z,w € CT,

zt+sw

is the reproducing kernel of HQn) ; that is, if Ky a(2) := Kp(z,w) then
Kpwe€ H" and F(w) = (F | Kna) for all F e H.

Proof. Let w € C* and let gy, be the function discussed in Proposition 2.7.

1

Then gy, € 7'2(n) and moreover, using the change of variables s = ty~" and

taking the Laplace transform we have for every z € CT,

— n—1
L(gun)(z) = / / n—l (n_>1)! (e O wafvy )dxdyy

-2t 1
N / / n—l (n—1)! :cw—i—zydxdy_ Knw(2).
(n)

On the other hand, using the integral formula given for g5 in Proposition
2.7 we have, for any f € T(n)

t—s

L)) = / Pyt = (~1)" / / (())lf(”)(S)ds ey

n—1)!

(t — _
— / £ / )" s gsay
n — 1

- /0 FO @ g () dt = (f, Guom)a,m)-

Now take F' € Hén). By Theorem 3.3, there exists a unique f € 7-2(71) such
that £(f) = F with

(F ‘ Kn,w)(n) = <fa gﬁ,n>2,(n) = F(U}), w e (C+,
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as we needed to show. O

Remark 5.2. By expanding (1—t)""! and (1—s)"! in the integral expression
of K,, one gets

n—1 ©
1 we z +wce
o <;%W+kﬂn—1—kﬂﬁﬂ>bg<qw )
+ S 1 2 1 z 4+ we
2+ B — 1= Rl w1
+"’1 kz:l (_1)k+j zJ
k=1 j=0 (k—j)(n+k)(n—1—k)lwt!
+"*1 S (—1)FH wc?

In particular, for n = 1, n = 2, and n = 3 we have respectively

1 W+ z 1 W+ z

Kiw(z) = zlog( = >+wlog< . >,

1 3z+w w+ 2 1 3w + z W+ z
Kanle) = g+ Vg e (M) g T e (M),

9z +2w) 1022 + 52w + w? W+ z
Kowlz) = =Sz + 12023 w

(9w + 22)  10w? + 52w + 22 1 w+ 2

240w 12077 S\ )

Next, we proceed to estimate the norm of the kernel function. We claim
that || Knwll2,m) ~ lw|~2 for w € C* (up to lower and upper constants

depending on n). To show this, we appeal to the trigonometric form of the
integral definining K.

Lemma 5.3. For 6 € (—n/2,7/2), put

1
1(0) = / cos dt.
o t?+ 1+ 2tcos(20)
1
Then I(0) = 5 and

106

1(9)—§ﬂ7 if 0 # 0,

1 us

- <I(0) < —.
whence 5 < 0) < 1
Proof. For 6 = 0, it is straightforward to check that I(0) = 1/2.

For 0 < 6 < %, we have I(0) = I(—0) and
! dt

1(0) = 0
©) o8 /0 (t + cos(26))2 + sin?(26)
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B /sln(w) dzx
2|SiH9| 0 z+ cos(26) >2+ 1

| sin(20)]
B 1 B dy 1 6
~ 2sind| J cos20) 42 41 " 2sinf’
Tsin(26)]

where we have changed the variables dy = dz + cos(26)|sin(26)| ™"
Finally, since 1 < (0/sinf) < 7/2 the desired result follows. O

In the following, we use the relation
1Kz l3 0 = Kz | Kn2)yy = Knz(2), n>1,2€CF.

Theorem 5.4. Letn € N, z = |z|e?® € CT and § € (—7/2,7/2). Then
1 1 NI
(5.1) < Kl < .
P(m)y/@n—1) V7] BRI ONCVE

Proof. For n > 1 and z = |z]e” € C*, we have

n—1

— ) 1
Kn:l5 0 = dzd
15013 0 / / Ly
/ / x)” 1 (x +y)cosb dedy,
|2 F(n) z2 + y? + 2xy cos(26)
since (K, 2(2)) = 0 (use symmetry in the imaginary part of the integral).

Thus using symmetry first and then the change of variables z = yt one
obtains

20056 (1—y)" Yz +y)
Ky, =
#2) T(n)?2| / / xQ —|— y? —|— 2xy cos(20) dwdy

o n—1 n—1
_ 2c080 / / I+6)(1—yt)"(1—vy) dtdy.
T'(n)2|z| t2 + 1+ 2t cos(20)

Given that, one has ( +t) (1 —yt)" L <2ift,y € (0,1), it follows that
the following upper estimate holds

40059 ) 1
an g
=02 / / 2 + 1 + 2t cos(29)dtdy

O S e

Notice that we have used Lemma 5.3 in the last inequality.
For the lower norm estimate now, observe that, for ¢,y € (0,1) one has
(14+)(1 —yt)" 1 > (1 —y)" ! and therefore

2cos€ 2” 2
an Z
=(2) / / 12 + 142t cos(29)dtdy

1
= e 2 TR

by Lemma 5.3 again. (|
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Remark 5.5. With regards to the relationship between norms of the kernels

1
note that, for n = 0, we have || Ko ;|2 = || K.|2 = o and then

| y < VIT|Kolh, z€C*.

For n > 2 and z = |z|e?, it follows easily from the equality

20089 1+t —yt)" 11 —y)"
Ky t
#(2) ]z\/ / t2 + 1 + 2t cos(26) d dy

that
K, z(Z) < m

Concerning point estimates of functions in the Hardy-Sobolev spaces, re-
call that it is well known that for every F' € Ha,

1713
FEP <

where the constant 1/47 is the best possible, see for example [4, Lemma
3.2] and [6, Chapter VI.C]. Similar bounds are available now for functions

FeH"

Kn 12(2), ZE(C+.

zeCt,

Corollary 5.6. Letn € N and F € HQ(n). Then for each z € C*

| Fl3
F 2 < ,(n) .
OIS Ty
Proof. Let F € Hén) and z € C'. By the Cauchy-Schwarz inequality and
Theorem 5.4, we have

|l I3
FEP = [(F | K)o P < NEIZ 1K sl < o 22
FER =1 | K)o < IPI oll Kl 0 < Frmas

and the proof is over. O

6. ANALYTIC SELFMAPS OF C*t

Here we point out some properties of analytic selfmaps ¢ : C™ — C™, in
preparation for discussing composition operators on HQ(n) in Section 7. So
in particular, in the rest of the paper we deal with selfmaps ¢ which fix the
point at infinity and have a finite angular derivative at co in the sense of
Carathéodory; that is, ¢(00) = oo and ¢’(c0) < oo where

z
o0) = lim z), '(00) = lim ——,
p(c0) Jm e(2), (o) = lim (2]
the second limit above being non-tangential (see details about angular deriva-
tives and nontangential limits in [23, Chapter 4]). In [8, Proposition 2.2],
a version for CT of the Julia-Carathéodory theorem is established. That
result states that the following three conditions are equivalent:
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(a) ¢(00) = oo and ¢'(o0) < 00;

Rz
b) sup ——= < o0;
®) 2 W)
(c¢) limsup Rz < 0
200 R(p(2))
Further, if (a), (b) or (c) hold then

Rz . Rz

o R R EE))

We now show a simple condition for the existence and finiteness of ¢'(00).
The proof is inspired in the proof of Julia’s inequality. We include it to avoid
the lack of completeness.

Proposition 6.1. Let ¢ be an analytic selfmap of CT such that

2|

(6.2) sup
zec+ @(2)]

Then the map ¢ satisfies (a), (b), (c) prior to (6.2). Moreover

¢'(00) = sup < sup 2l
zeCt Rop(2) zeCt lo(2)]

< oQ.

Proof. Let ¢ denote the conformal conjugate ¢ = v~ ! o p o~ of ¢ via the
Cayley transform ~ introduced in Section 3. Then, one can easily check that

: 1-¢(\) 1+4A
o(z) 1=\ 1+¢()’
for A € D and z = y(\) € C*. Set M = sup{|z|/|p(2)| : z € CT}. One has
p(00) = oo since M < oo, and so limy_,; ¢(A\) = 1. By (6.3), one can write

1— ¢ 1+¢> A ‘1—¢>(/\)

(6.3)

, whence limsup

A—1

M
T w1

‘§M<oo.

By [19 Remark 2], the consequence of the above condition is the fact that
@' (1) < 00, hence ¢'(00) < 0o and so (a), (b), (¢) hold.

It is clear that the nontangential limit ¢’(c0) = lim 12 is less than
=00 |p(2)]
2|
or equal to sup , Whence
zeCt 90(2)‘
S ez <s 2
up > sup =,
sec+ Re(2) 7 secr |o(2)]
and the proof is over. U
Example 6.2. (a) Let us consider the rational map

azt + -+ a1z + ag
b z™ + -+ b1z + bo

r(z) =
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with ay, by, # 0. In [7, Proposition 16] it is proved that, if r is such
that r(c0) = oo and 7(C*) C C* then necessarily
(i) l=m+1,
(ii) a;/bm € R, and in particular, a;/b,, > 0,
In this case r'(00) = bpa;, ;.
In the particular case when r is a Mobius selfmap of C', such
that r(00) = 0o and r’(00) < oo, the map r has the form

r(z) =az+p a>0,R3>0.
(b) The same can be said on a slightly larger class of functions which
are quotients of linear combinations of fractional powers of z and

map the set CT into itself. Such a class of functions is denoted by
QLP(C™") and consists of maps

(2) a1z 4 a2z + - - - 4 a2
zZ) =
g b12PL+ byzP2 1 by2P
where o, 3; > 0 are not necessarily integers. Without loss of gener-
ality, one can assume that properties a; > a1 and 3; > 3,41 hold,
see[7, Section 5]. If p € QLP(C") and a1 = 81 + 1 then p(c0) = oo
and p'(00) < oo. Moreover p'(00) = by /a;.
In particular, the map
p(2) = az + bz +c, zeCt,
with a,b > 0 and Re > 0 has been considered in [18, Example 2.9].
(c) As a last example, let ¢ be given by ¢(z) = az + blog(1 + z) with
a,b> 0. Tt is clear that o(C*) C C*, ¢(c0) = o0 and ¢'(c0) = a~L.

, zeCT.

Remark 6.3. Note that the quantities involved in Proposition 6.1 are not
necessarily equal, and that the finiteness of sup,cc+ |2[|¢(2)| ™1 is not nec-
essary for the existence and finiteness of ¢'(c0) . For example, for ¢ given
by ¢(z) = z+1i, 2 € CT, one has

B D M RRBeI T
In general, a Mobius map ¢(z) = az + b satisfies condition (6.2) if and only
if a > 0 and b > 0.

We now introduce a stronger condition than (6.2) which will be considered
in the next section.

Definition 6.4. Take ¢ an analytic self map of C*. We say that ¢ verifies
the n-times boundedness condition (n-BC) when

k‘P(k)(z)

<oo, k=1,2,3,...,n,
¢(2)

(6.4) sup

for n > 1.
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Example 6.5. (i) Recall the rational map r given in Example 6.2 (a)
such that 0 ¢ r(iR). Then the map r satisfies the n-BC for all n > 1.
(i) A map p € QLP(C™) satisfying the conditions in Example 6.2 (b)
and such that 0 ¢ p(iR) must also satisfy the n-BC for all n > 1.
(iii) Let ¢ be a self-map on CT satisfying conditions (6.2) and such that
|# ||oo < 00. Then property 1-BC holds for ¢. In particular the map
©(z) = az + blog(1l + z) with a,b > 0 has the 1-BC property.
Moreover, for n > 2,

(—=1)"tp(n — 1)!
Atz
and we conclude that the map ¢ satisfies the n-BC property.

o™ (z2) = zeCH,

7. BOUNDEDNESS OF COMPOSITION OPERATORS ON HQ(")

An operator Uy, of type Cy , f := 1 f o ¢ acting on some function space
is called a weighted composition operator. Suppose that such an operator
Cy,, is bounded on some RKHS #H, with kernel K, formed by scalar val-
ued functions on some set 2. Then the following extended version of the
Caughran—Schwarz equation holds (see [19, Theorem 5]):

(7.1) C;Z#,/Cx = 1/1($)/C¢(m), x € €,
from which one obtains the bound
— K@)l
(7.2) sup [(2)| 7E T < 0yl
Here we are interested in operators C, := C7, acting on H;n), with ¢

an analytic selfmap of CT. Let us recall that, as an immediate consequence
of Littlewood’s subordination principle (see for example [23, p.16]), every
selfmap ¢ on the disc D induces a bounded composition operator C, on

—1
the space H(D), with norm estimate ||Cy|| < /1 + [¢(0)] <\/1 - |<,0(O)]>

([5]). Unlike the disc case, not all analytic selfmaps ¢ of C* induce bounded
composition operators on Hs, the necessary and sufficient condition for
boundedness being (see [8, 24])

; Rz
(7.3) ¢ (00) nglng R (2) < 0.

The need of condition (7.3) for the continuity of C, is a consequence of
applying estimate (7.2) (with ¢ = 1) to the kernel K(z,w) = (z + w)~!
in Ha(D) (as it was noticed in [24, Theorem 2.4]). The proof of the suffi-
ciency was obtained initially in [19, Corollary 4], and, by significantly simpler
methods in [8, Theorem 3.1]. Actually the norm of Cy is |Cy|| = 7(Cy) =
|Colle = \/¢'(00), where r denotes the spectral radius and || || the essen-
tial norm (see [8, Theorem 3.1, 3.4]). In particular, by (7.3), it is readily
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seen which Mobius selfmaps of C* induce bounded composition operators
on Hs, namely only the maps of type

(7.4) p(z)=az+B  z€eCT,

for a > 0 and RG > 0 have that property.

In connection with the above results, the main idea underlying papers [8]
and [15] is to approach the adjoint of a (weighted or unweighted) composition
operator by using nonnegative kernels. Next, we state in full generality and
prove the boundedness principle which is behind some of the results in [15]
and [8]. For this, recall that given two nonnegative kernels K; and K3 on
the same set €2, we write K1 < Ky if K9 — K is a nonnegative kernel on ().
Also, for every nonnegative kernel K on 2 and every selfmap ¢ on 2, we
denote by K o ¢ the mapping

Koop(z,y) = K(p(x),e(y),  z,yecQ
It is not difficult to check that K o ¢ is a nonnegative kernel.

Theorem 7.1. Let H be a RKHS consisting of scalar valued functions on
some set §2, having nonnegative kernel K, and the property that the set of
all kernel functions of H is a linearly independent set. Then a weighted
composition operator Cy, , is a bounded operator on H if and only if there
is some M > 0 such that

(7.5) M2K(z,y) > (@) (y)K o p(z,y), ,y€ Q.
Furthermore, the following equality holds:
(7.6) min{M > 0: (7.5) holds} = ||Cy.|-

If M? = sup{|v(z)|*K o p(x, ) /K(z,x) : & € S} is finite and satisfies (7.5),
then Cy o is bounded and ||Cy | = M.

Clearly, C1,, = Cy, and so, condition (7.5) looks as follows in this partic-
ular case:

(7.7) Ko< M?K.

Proof. Let T be the following transform on the space S spanned by the
kernel functions of H:

n n

T chkxj = Zle/J(ﬂ?j)k@(xj), = chkxj e€Ss.
j=1

J=1 J=1

The above (obviously linear) transform is well defined, since the set of all
kernel functions of H is linearly independent. It is easy to see that T is
bounded since, by condition (7.5) one easily gets

n n

T\ cika, || MDD cikel|,  F=) cjka, €S.

j=1 j=1 j=1
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Thus T extends to H, the closure of S, and this extension by linearity and
boundedness, denoted also by T, satisfies | T'f|| < M| f], for f € H.

Since T' is bounded, so is T™. Further, it is readily seen that 7™ = Cy ,
and so Cy , is bounded. Indeed,

<T*kfﬂa ky> = ¢(y)kz(90(y)) = <Cw,sakza ky>a x,y € L

Note also that ||Cy .| < M.
Conversely, assume ||Cy || < co. Then writing

2 2

n n n
Coio | D cikia; ||| S NCwll® D cikiay|| » f=D cika; €8,
j=1 j=1 j=1

and using (7.1), one gets that M = ||Cy .|| satisfies condition (7.5). Hence,
if that condition holds for some M > 0, then the least value of M > 0 for
which it holds is M = [|Cy |-

Finally, combining (7.1) with sup{||C}, Jkz||/|[kz| : © € S} < [[Cy,pl one
gets that, if M? = sup{|¢(2)|?K o p(x,2)/K(x,z) : * € S} is finite and
satisfies (7.5) then T}, , is bounded and ||Cy .| = M. O

Straightforward application of relation (7.7) in the above theorem gives
us the following characterization, in the case of the Hardy-Sobolev space

HZ(n). We use the kernel of Hz(n) given in Theorem 5.1.

Corollary 7.2. Let ¢ be an analytic selfmap of CT. The composition oper-

ator Cy, is a bounded operator on Hz(n) for n > 1 if and only if there exists
M > 0 such that the kernel Ly, given, for (z,w) € CT x C*, by

Ll(z,ilu) =
_ 4\n—1 _Sn—l M2 _ 1 s
[ [a-ira-g ( W)Hw>ddt,

1§ nonnegative.

Remark 7.3. Theorem 7.1 extends [8, Theorem 3.1] concerning composition
operators on Hs, where the main idea of the proof is to show that the
function Ly on CT x CT defined by

Lo(z,w) := #'(0) — 177 z,we CH,
W p(z) + p(w)

is a nonnegative kernel of Hy. To do this, note that ¢(z) — (1/¢'(c0))z is
an analytic selfmap of C* if (7.3) holds, and then the kernel

p(2) — (1/¢'(00))z + (p(w) — (1/¢'(00))w
Z+w

, z,we CT,
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is a nonnegative kernel on CT by the Nevanlina-Pick interpolation theorem
([11, Theorem 2.2]). Since the product of two nonnegative kernels on the
same set is also a nonnegative kernel on that set, it follows that

1 o(2) + p(w) 1 B 1 1 1
p(2) +ow) \  2+T  ¢(e0) 24w @'(00) p(2) + p(w)

is a nonegative kernel on C*, and the proof of [8, Theorem 3.1] is over.

With regards to Corollary 7.2, since the kernel L,, is an integral version of
kernel Lo, one may expect that some similar ideas could work —under condi-
tion (6.2) at least, on account of Proposition 7.4 below— for suitable M > 0.
However the authors have not been able to prove or find an integral version
of the Nevanlina-Pick interpolation theorem to conclude the nonnegativity
of this kernel.

In fact, the characterization of the boundeness of composition operators

C, on the Hardy-Sobolev space HQ(n) does not seem to be simple. In the
sequel, we present some partial results in this direction.

Estimate (7.2) together with (5.1) and Proposition 6.1 give us the follow-
ing result.

Proposition 7.4. If C, is a bounded composition operator on HQ(n) for
some n > 1, then the map ¢ satisfies condition (6.2). Hence, p(c0) = o0
and ¢'(00) < 0o and C, is a bounded operator on Hs.

Remark 7.5. The above proposition tells us that the semigroup of ana-
lytic selfmaps of C* inducing bounded composition operators on HQ(n) is
a (proper, as we will see in Corollary 7.7) sub—semigroup of the semigroup
of analytic selfmaps of C* inducing bounded composition operators on Ho.

Now, we give some sufficient conditions to conclude that the composition

operator C, on HQ(n) is bounded on Hén). The following theorem provides
a point of view different from that contained by Theorem 7.1.

Theorem 7.6. Let ¢ be an analytic selfmap of CT satisfying condition (7.3)
and the n-BC property (6.4); that is,

Rz
sup ——~ < oo and sup

zeCt Ro(2) zeCt

z <oo, k=1,2,3,...,n.

Then the map ¢ induces a bounded composition operator C, on Hén).

Proof. Since H. én) is a RKHS, C, is a bounded composition operator on HQ(n)
if and only if C¢H2(n) C Hz(n) which follows by a straightforward application
of the Closed Graph Principle. Thus, if f is an arbitrary function in Hén),
showing that f o € HQ(n) will end the current proof. We will prove the
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aforementioned fact in the following. First note that the n—th derivative of
the composite of two analytic functions has the following form:

(7.8) (fop)™ = zn: cr(f®) 0 @) (@)™ (P) e (p(M)4n
k=1
where c1,...,¢, and m;; are nonnegative integers for all i,j = 1,2,...,n
and satisfy the conditions
(7.9) 1-mpg, +2-mp, +---+n-my, =n, k=12,...,n,
and
(7.10) My, +Mpy +---+my, =k, k=1,2,...,n.

The above description of the n—th derivative of the composition of two
analytic functions can be easily checked by induction, (alternatively one can
use an exact description of the coefficients ¢; known as the Faa di Bruno
formula). Our goal is to show that ||2"(f o ¢)™(2)||2 < co. To that aim,
note that, by (7.8)—(7.10), one can write

12"(f 0 )™ (2)]l2

n

< 3l (1 0 @) (2) (! (2))™s (2 (@)™ . (9 ()™ 3

k=1

_ - . o o) ®) (> 2¢'(2) 2" (2) e )k
> a0 (5 ”(<W)> (o))l
n n M i) () ]|

< ITIEEZE T o) 0 9B )l < oo
k=1 j=1 QD(Z) 00

The quantity above is finite by conditions (7.3) and (6.4). Indeed, given
that 2% f(¥) (2) € Hy for all k =1,2,...,n and C, is a bounded operator on
Ho, it follows that

IC,(Z* F P (2))ll2 = () (f o) P (2)]la <00, k=1,2,...,n.
The proof is over. O

An immediate consequence of the above theorem is the following.

Corollary 7.7. The Mébius maps i inducing bounded composition opera-

tors on Hén) form=1,2,3,... are exactly those of the form
wz)=az+b, zeCt,

with a € R and b € C such that a,Rb > 0.

Proof. Take n € N. By Proposition 7.4 every Mobius map u such that C, is

bounded on HQ(n) must satisfy condition (6.2), and then is u(z) = az + b for
all z € CT with a > 0, ®b > 0; see Remark 6.3. Conversely, every Mobius
map p of type u(z) = az+bon CT with a > 0 and b > 0 satisfies condition
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(7.3) and the n-(BC) property (6.4). Thus by Theorem (7.6) C,, is bounded
on H™ ([
5 .

In the following we consider several concrete analytic selmaps ¢ of CT,
and discuss the boundeness of the corresponding composition operators C,.

Example 7.8. Note that the contrapositive of Proposition 6.1 and Propo-
sition 7.4 state that, if ¢ does not induce a bounded composition operator
C, on Hj (i.e. ¢'(00) = 0), then C, cannot be bounded on Hz(n). Then
one can use [18, Corollary 2.2 and Example 2.4] to deduce that neither a
bounded mapping ¢ nor the map ¢(z) = y/z can induce a bounded compo-

sition operator on Hé").

Example 7.9. Let r be a rational map like in Example 6.5 (a). Then the

operator C, is bounded on Hjy ([7, Corollary 17]). By Theorem 7.6, C, is

also bounded on Hén) for n > 1. Similarly, the theorem can be applied to

maps p of QLP(C") in Example 6.5 (b). In particular the map
0(2) =az +byz + ¢, z€CT,
with a,b > 0 and Rc¢ > 0, induces a bounded composition operator on HQ(")

for n > 1. The case n = 0 was proved in [18, Example 2.9].
As a last example, let ¢ be given by ¢(z) = az+blog(1+ z) with a,b > 0

as in Example 6.5 (c). Then the operator Cy, is bounded on HQ(") forn > 1.
8. CONCLUDING REMARKS

Let ¢: CT — C* be an analytic function and let Cy, be the composition
operator of symbol ¢. For n € N, we have shown that that the finiteness
condition (6.2), i. e.,

|w]
sup

wec+ |p(w)]

is necessary for C,, to be bounded on Hé").

< 00,

Question 8.1. Let n be a natural number. Is (6.2) also sufficient in order to
get C, bounded on Hén) ?

Remark 8.2. Since condition (6.2) is independent of n, if the above ques-
tion has a positive answer then certainly a map ¢ simultaneously induces
bounded composition operators on all spaces Hén), n € N. Nonetheless,
since spaces Hén) involve derivatives significantly, it sounds natural —even
more if the answer to Question 8.1 is negative— to raise some questions about

o and its derivatives.

On account of Theorem 7.6, where condition (6.4),

kSD(k)(Z)

| e

zeCt

z

<oo, k=1,2,3,...,n,
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is considered, we pose also the following.

Question 8.3. Let n be a natural number. Does an analytic selfmap of C*

induce a bounded composition operator on Hén) if and only if (6.4) holds
true ? If the answer were positive then condition (6.4) would imply condition
(7.3), which looks not very likely. So it is possible that we have to include
condition (7.3) in the question.

Remark 8.4. Finally, it seems natural giving connections between composi-

tion operators acting on spaces Hz(n) and composition operators on weighted
subspaces of Hs(D), using Proposition 4.1 for n = 1 and what it is noted
after that proposition, for n = 2.
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rent, improved version, of this paper.

REFERENCES

[1] N. Aronszajn, Theory of reproducing kernels, Trans. Amer. Math. Soc. 68 (1950),
337-404.

[2] W. Arendt, C. J. K. Batty, M. Hieber and F. Neubrander, Vector-valued Laplace
Transforms and Cauchy Problems, Monographs in Math. 96, Birkhauser (2001).

[3] W. Arendt and H. Kellerman, Integrated solutions of Volterra integro-differential
equations and applications, in “Proc. Conf. Integrodiff. Eq. Trento 1987,” (G. Da
Prato and M. Iannelli, Eds.), Pitman Res. Notes Math., Vol. 190, pp. 21-51 Longman,
Harlow 1987.

[4] A. G. Arvanitidis, Semigroups of composition operators on Hardy spaces of the half-
plane, Acta Sci. Math. (Szeged) 81 (2015) no. 1-2, 293-308.

[5] C.C. Cowen and B.D. MacCluer, Composition Operators on Spaces of Analytic Func-
tions, Studies in Advanced Mathematics. CRC Press, Boca Raton, FL, 1995.

[6] P. Duren, Theory of H” Spaces, Pure and Applied Mathematics, Vol. 38 Academic
Press, New York—London, 1970.

[7] S. Elliott, Adjoints of composition operators on Hardy spaces of the half-plane, J.
Funct. Anal. 256 (2009), 4162-4186.

[8] S. Elliott and M. T. Jury, Composition operators on Hardy spaces of a half-plane,
Bull. Lond. Math. Soc. 44 (2012), no. 3, 489-495.

[9] J. E. Galé, P. J. Miana and J. J. Royo, Estimates of the Laplace transform on con-
volution Sobolev algebras, J. Aprox. Theory 164 (2012), no. 1, 162-178.

[10] J. E. Galé and L. Sénchez-Lajusticia, A Sobolev algebra of Volterra type, J. Aust.
Math. Soc. 92 (2012), 313-334.

[11] J. B. Garnett, Bounded Analytic Functions, Graduate Texts in Mathematics, vol.
236, Springer, New York, 2007.

[12] L. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products, Academic
Press, 2000.

[13] G. H. Hardy, J. E. Littlewood and G. Polya, Inequalities, Cambridge U. P. 1964.

[14] K. Hoffman, Banach Spaces of Analytic Functions, Prentice-Hall Series in Modern
Analysis Prentice-Hall, Inc., Englewood Cliffs, N. J., 1962.

[15] M. T. Jury, Reproducing kernels, de Branges—Rovnyak spaces, and norms of weighted
composition operators, Proc. Amer. Math. Soc. 135 (2007), 3669-3675.

[16] W. Magnus, F. Oberhettinger and R. P. Soni, Formulas and Theorems for the Special
Functions of Mathematical Physics. Springer-Verlag, 1966.



HILBERTIAN HARDY-SOBOLEV SPACES 27

[17] J. Mashreghi, Representation Theorems in Hardy Spaces, London Mathematical So-
ciety Student Texts, 74. Cambridge University Press, Cambridge, 2009.

[18] V. Matache, Composition operators on Hardy spaces of a half-plane, Proc. Amer.
Math. Soc. 127 (1999), no. 5, 1483-1491.

[19] V. Matache, Weighted composition operators on H? and applications, Complex Anal.
Oper. Theory 2 (2008), 169-197.

[20] V. I. Paulsen and M. Raghupathi, An Introduction to the Theory of Reproducing
Kernel Hilbert Spaces, Cambridge University Press, Cambridge, 2016.

[21] J. J. Royo, Algebms y mddulos de convolucion sobre RY definidos mediante derivacidén
fraccionaria (Ph.D. Thesis, Univ. Zaragoza, 2008), Ed. Academica Espaifiola, 2014.

[22] W. Rudin, Real and Complex Analysis, McGraw-Hill, Singapore, 1987.

[23] J. H. Shapiro, Composition Operators and Classical Function Theory. Universitext:
Tracts in Mathematics. Springer-Verlag, New York, 1993.

[24] R. K. Singh and S. D. Sharma, Composition operators on a functional Hilbert space,
Bull Austral Math. Soc. 20 (1979), 377-384.

DEPARTAMENTO DE MATEMATICAS, INSTITUTO UNIVERSITARIO DE MATEMATICAS Y
APLICACIONES, UNIVERSIDAD DE ZARAGOZA, 50009 ZARAGOZA, SPAIN.
Email address: gale@unizar.es

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF NEBRASKA, OMAHA, NE 68182,
USA.

Email address: vmatache@unomaha.edu

DEPARTAMENTO DE MATEMATICAS, INSTITUTO UNIVERSITARIO DE MATEMATICAS Y
APLICACIONES, UNIVERSIDAD DE ZARAGOZA, 50009 ZARAGOZA, SPAIN.
Email address: pjmiana@unizar.es

DEPARTAMENTO DE MATEMATICAS, FACULTAD DE CIENCIAS, UNIVERSIDAD DE ZARAGOZA,
50009 ZARAGOZA, SPAIN.
Email address: 1luiss@unizar.es



