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a set of singular functions are identified which match certain incompatibilities in
the data and also satisfy the associated homogeneous differential equation. When the
convective coefficient only depends on the time variable and the initial/boundary data
is discontinuous, then a mixed analytical/numerical approach is taken. In the case of

Iéi{lv\;/zcrgzn diffusion variable coefficients and the zero level of compatibility being satisfied (i.e. continuous
Incompatible boundary/initial data boundary/initial data), a numerical method is constructed whose order of convergence is
Interior layer shown to depend on the next level of compatibility being satisfied by the data. Numerical
Shishkin mesh results are presented to support the theoretical error bounds established for both of the

approaches examined in the paper.
© 2023 The Authors. Published by Elsevier B.V. on behalf of IMACS. This is an open access
article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

In the case of sufficiently smooth and compatible data, the solution of the following singularly perturbed parabolic
problem: Find u such that

Lu = —¢cuyx +ax, tiuy + ur = f(x,t), (x,t)eG:=(0,1) x (0, T], (1a)
u@,t) =gu(t), u(l,t) =gr®), t>0, ux 0 =¢x, 0<x<T; (1b)
ax,t)>a >0, (x,t)eG;, O0<e<T, (1c)

will contain a boundary layer of width O(¢) near the outflow boundary x = 1. Nevertheless, problems with incompatible
data arise, for example, in geophysical fluid mechanics (see [5] and the references therein) and in the modeling of plasma
sheaths [6]. In this paper, we examine the issues that arise when the problem data is not sufficiently compatible at the
inflow point (0, 0).
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If the boundary and initial conditions are incompatible (¢ (0) # g1(0)), a strong [8] interior layer will appear for small
values of the singular perturbation parameter. If ¢(0) = g;(0), but the data are still not sufficiently compatible at (0, 0)
then a weak [8] interior layer appears in the solution. The path of any interior layer is located along the characteristic curve
x=d(t), where d(t) is implicitly defined by

d'(t) =ad(t),t), d0)=0.

To avoid the interior layer interacting with the outflow boundary, we assume that at the final time

d(T) < 1. (1d)

See Remark 1 for necessary modifications when (1d) is not satisfied.

Let us recall the constraints on the data, a, f, ¢, g, and gg, for the solution u to be sufficiently regular so that classical
numerical analysis is applicable; ie., for u € C*t7(G).! From [14] we have the following result: If a, f € COtY(G), ¢ €
C?*Y[0,1], g1, gr € C1*7/2[0, T] and

Ao = 0 with Ag := g, (0) — $(0), (2a)
A1 =0 with A := —¢”(0) +a(0,0)¢'(0) + g} (0) — f(0,0), (2b)
gr(O)=¢(1); —e¢”"(1)+a(1,0)¢'(1) + gx(0) = f(1,0), (2¢)

then the solution of problem (1) satisfies u € C>*¥(G). By differentiating with respect to the time variable the differential
equation (1a) and applying the above conditions on the function u¢(x, t), we arrive at the following result: If a, f € C2*7 (G),
¢ € C*7[0,1], g, gr € C2tY/2[0, T] and in addition to the constraints (2a), (2b) and (2c) we have

Ay =0 with
Az = —&2¢1)(0) 4 2£a(0, 0)¢" (0) — a®(0, 0)¢” (0) + g/ (07)

+ £(ax(0, 0)¢'(0) 4 2ax(0, 0)¢" (0)) + (ar — aa,)(0, 0)¢’(0)

— (ft + & fix — afx)(0,0), (2d)
— e2¢1) (1) + 2ea(1,0)9" (1) — a*(1,0)¢" (1) + gk (07)

+ £(ax(1,0)¢" (1) 4 2ax(1,0)¢" (1)) + (ar — aay) (1, 0)¢' (1)

=(ft +efwx—afy(1,0), (2e)

then the solution of problem (1) satisfies u € C*t7 (G).

The literature on numerical methods for singularly perturbed partial differential equations continues to rapidly expand
since the publication of the books [7] and [21]. The bulk of this literature concentrates on linear problems with regular
exponential layers (occurring near outflow boundaries) or characteristic layers (occurring near boundaries parallel to the
characteristics of the reduced problem). In these publications, the solution is sufficiently smooth when the magnitude of
the singular perturbation parameter is of order one. The absence of compatibility conditions for the parabolic problem (1)
introduces new kinds of layer functions (see the discussion in [23, pp. 351-352] and the references therein). In the case of
elliptic problems with incompatible data, we refer the reader to [2], [3] and [13], where the nature of the singularities (due
to low compatibility) is identified.

In the case of problem (1) with constant coefficients and when (2a) is not satisfied, the discontinuous analytic solution
in the quarter plane x,t > 0 is given, for example, in [20], whereas in [1] an asymptotic expansion is given in the domain G.
In the case of a variable coefficient a(t) and when (2a) is satisfied, a uniformly valid asymptotic expansion to the continuous
solution of the problem posed on the quarter plane is presented in [22].

1 As in [9], we define the space C%t” (D), where D C R? is an open set, as the set of all functions that are Hélder continuous of degree y € (0, 1) with
respect to the metric || - ||, where for all p; = (xi,t;), € R%,i =1,2; ||p1 — p2l> = (X1 — x2)> + |t; — t2]. For f to be in C%*¥ (D) the following semi-norm
needs to be finite

(1) — f®)]
[floty.p = sup RN il
D o imen BT — P2l

The space C"*Y (D) is defined by

ditiz

CrY(D)y=1z: —=
axioti

eC™’(D), 0<i+2j<nt,

and | - [ln4+y. [-Tnty are the associated norms and semi-norms.
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In this paper, we consider the convection-diffusion problem (1) where the compatibility conditions (2a), (2b) and (2d)
at (0,0) are not all imposed. To avoid additional regularity issues with the data we will assume that a, f € C>*7(G), ¢ €
€710, 11, g1 € C°[0, T1, gr € C3[0, T] and that the compatibility conditions (2c) and (2e) at (1, 0) are all satisfied.

We examine the problem where the initial and left boundary condition do not match, i.e., (2a) is not satisfied. In this
case, we only study problem (1) when the convection coefficient a(x, t) depends solely on the time variable. Moreover, we
first separate off a singular function that matches the incompatibility at the point (0, 0) and then use a numerical method
to approximate the difference between the solution u and this singular function.

We also examine the problem where the initial and boundary condition match, so that the zero level compatibility
(2a) is satisfied; but the higher compatibility conditions (2b) and (2d) are not satisfied. As the solution is continuous, a
numerical method can be applied directly to the problem. If (2a) is satisfied but the first level of compatibility (2b) is not
satisfied, then the order of convergence of the standard numerical method constructed is shown to be 0.5. If the first level
of compatibility (2a) and (2b) is satisfied, then that numerical method is essentially first order.

In §2 a set of functions S, (x,t),n > 0 are constructed to model the nature of any singularity in the solution related to
a lack of compatibility between the initial and boundary condition at the point (0, 0). Parameter-explicit pointwise bounds
on the partial derivatives of these functions are also established in §2. In §3, the solution u of (1) is expanded in terms of
these special functions Sy (x, t) as follows:

1 3
u(x.0) =Y AiSix. D+ > BiSi(x.t) + v(x.0) + w(x. 1),
i=0 i=2

where the amplitudes A;, i =0, 1; B;, i =2, 3 are suitably chosen so that v, w € C4+V(G), where v is the regular component
and w is the boundary layer component of the solution u. With the aid of this expansion, a numerical method is constructed
in §4 to generate a numerical approximation to u — AgSp (including also the case Ag = 0). The order of convergence of this
method depends on whether A; is zero or not. In §5, numerical results are presented for sample test problems to illustrate
the performance of the method and to validate the orders of convergence established in the two main Theorems 3 and
4 in §4. Technical details associated with establishing bounds on the derivatives of the functions S, (x,t) are given in the
appendix.

Notation: Throughout the paper, C denotes a generic constant that is independent of the singular perturbation parameter
¢ and all the discretization parameters. The Ly, norm on the domain D will be denoted by | - ||p. We also define the
following interior layer function

_ y—d@)?
Ey(x,t) :=e w2, O<y<1.

If y =1, we simply write E1(x,t) = E(x, t).
2. A set of singular functions with incompatibilities

In [11] and [12], the parabolic problem (1) with compatible boundary/initial data is examined, but with a discontinuity
in the initial condition ¢ (x) at some internal point x =d, 0 <d < 1. In this case, the interior layer function

o0
d(t)—x) 2 /' )
0.5 erfc ,0<d0) <1, erfc(z):=—= [ e "dr,
< et <d(0) < (2) =
r=z

captures the nature of the singularity. We now define a set of related singular functions S, (x, t), which will form a basis for
the regularity expansion of the solution u(x,t) of problem (1). The regularity expansion is constructed in Theorem 1 (for
Ap #0 and a =a(t)) and Theorem 2 (for Ag =0 and a =a(x, t)). For all n > 0:

Y %0 + (D" (%, 0)

Sn(x, t) = s 3
n(x,t) a(0.0) (3)
where the functions llfni (x,t),n >0 are defined by

Yy (x.0) = (—1)"2" nl(et)"? erfe (x ~ (x. 1)), (4a)
U (1) 1= (—1)"2" Tnien™2e 5 erfen (x F (x, ), (4b)
" x+d(t)

X, t) = s 4c
X x0) W (4c)

and the iterated complementary error functions are
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e e}

2 2
erfc_1(x) := —=e™ ", erfc,(x) := / erfc,_1(s)ds, n=>0.
~TT

Observe that the first function Sg is discontinuous and

S=X

S1€C™(G),  Son Sanp1€CPY(G), n=>1.

In the next lemma, we establish bounds on the derivatives of the first three functions S,, n =0, 1, 2. These bounds indicate
both the strength of the singularity at t =0 and how certain derivatives can depend on inverse powers of &.

Lemma 1. The function Sy (x, t) satisfies the bounds

. i
3'So 1 \/? _
Sol<C, |——|=<C|[-]1 — E,(x,t), i=1,2, 5a
[Sol < 9 | = |:t(+ 8>:| y( ) (5a)
91So C e e\i/2 .
oxi |~ <?+(?) )E”(X’t)’ =123 (5b)
the function S1(x, t) satisfies
s <c. |51 < 9251 <cl 1+\/T E,(x.t)+C (6a)
e T e IF T2 B g) v ’
31 e 1251 Cp wpae |E0 < Sk wptc (6b)
ax x| T e 00 | S et 7Y ’
and the function S, (x, t) satisfies
aS
S21<C, |52 <c, (7a)
0x
352 3252 & \/T
—= ,l—=|<c(1+=)[1 —)E,(x,t) +C, 7b
at |~ a2 |~ (+t) Ty ) Erx O+ (7b)
325,
) <c<1+[)5y(x 0, (70)
3352
SR (o

Proof. In the appendix, bounds on the partial derivatives of the functions wni (x,t) are established. These are used to prove
the bounds on S;. The bounds on Sg follow directly from (27) and (31). Using (24a) and the recurrence relation (25) we
deduce the following

951 a@d@®.t) POy

- So+x
ot~ a0 TV 2

. p@) :=ta(d(t), t) — d(t);

as
a*(0, 0)3_2 =2 (850 —a(0, 0)a(d(t), H)S1 + le ) pit )(d(t)wz vi).

The bounds on the time derivatives of S; and S, follow. To deduce the bounds on the space derivatives of these components,
we first note that from (25), we have

39S 92s dt d(t
20,020 = y5 — vy + ()wl, a(0,0) 1=()(w0 le)

3
a(o, 0)8 51_40 (281&0 + 40 (% 4 ¥ ))

te 0x te

and from (32) the bounds on the space derivatives of S; follow. Next, we deduce bounds on the space derivatives of S.
From the definitions in (4), the following bounds are obtained
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<CWe)TE, (k) +C, j=1,2; i=1,23,

J
ox!

and using the recurrence relation (25) we get the bounds

A 9%y

a; < CE,(x,1), 2 1__8<1+VF>Ey&t) (8a)
a3¢1 v[_

e |~ et (” Ey .0, (8b)

2.+

aWZ < CVetEy (x, 1), iﬁ} 5c<1+¢§>5yu¢x (8¢c)
a3yt

ag = G+/_<f>wun (8d)

The bounds on the space derivatives of S, follow immediately from the bounds above on the space derivatives of the
singular functions ;" and 1//14+ . O

Observe that the strength of the singularity at (0,0) in each of the functions S, weakens as n increases. Using the
identities in (25), we can deduce bounds on the remaining functions S;, n > 3:

2 3

35,—, Sn Sn

<C,n>2, <C, n>4, <C, n>6, (9a)
ax ax2 ax3
9283
3;—§C<1+tc+q/)Eﬂx0> (9Db)
33s £\

<1+ (1+,/-) E,xo], n=01,2, (9¢)
ax3 €

3Sn 25, € 25,

<C,n>2, |—>|<C(1+.,/=E,(x,0) ], <C,n>4. ad
at |~ = a2 | — Vi y(®.0 at2 (9d)

3. The continuous problem

In the following result the asymptotic behaviour of the solution u to problem (1) is given when the convective coefficient
a depends only on the time variable and u is discontinuous at (0, 0).

Theorem 1. Assume that a(x, t) =a(t), V(x, t) € G and a;(0) = 0. The solution u of (1) can be expanded as follows

U t) =Y AiSi(x.t)+ Y BiSi(x.t) + v(x.t) + w(x. 1), (10a)
i=0 i=2

where the constants A; are defined in (2a) and (2b). The constants B, B3 are defined such that for0 <i+2j <4

i adv

<C(+¢&7h, |— : 10b
axi |~ ( ) otd | — ( )

ai+j i 1—j a(1— x)/s
<Ce"'(1+¢ e 10c
PYEEY 1+ ) (10c)

Proof. With the assumptions a = a(t), a;(0) = 0 and noting (24d), we have
+

LS;=p(t) wg’j;, p®)=£P(t), |P()] <C and LSpe > (G). (11)

We identify the remainder R by
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R:=u(x,t) - ZAiSi(X, ), R,t)=gLt) — Ci(t), R(x,0) = (X),
i=0

where

! d(t)
Cr(t) —ZA Si(0, t)—ZA ( (0))
Then C;(0) = Ap, C;(0) = A1 and the remainder function R satisfies

p® + 24y ¢
IR=f—-——1|A + € C“T7(G). 12
f==7 (Aov (O)wz ©) (12)
Hence, R € C2t7(G) as the amplitudes A;,i =0, 1 have been chosen so that the compatibility conditions (2a) and (2b) are
satisfied by the problem data defining R.
The remainder R is further decomposed as follows

3 5
RX. )= BuSn(X.0) + V(X,0) + W(X,1), V=) BySa(X,t) +2+ Vs, (13)
n=2 n=4
with v,z, vs,w € C4+V(C). The functions z and vs of the regular component v of R are required in our decomposition due
to the weak singular right-hand side of the differential equation (12). The boundary layer function w of R will satisfy the
problem Lw =0, w(0,t) = w(x,0) =0, w(1,t) # 0. All these functions and the constants B, are specified below.
Consider the following function

Z(%, 1) := p(X) + 20(X, ) + 21 (X, ) + R (x, 1);

where

Lozo= f +e¢"(x) —a(t)¢'(x), 0<x <1, t>0,
5
z0(0,t) = g (t) —CL(t)_¢(0)_ZBnSn(Ovt)a t>0, z0(x,00=0, 0<x<1,
n=2
220
T
9221
LR, = PR (x,t) € G, Rz(0,t) =R,(1,t) =0, t >0, R;(x,0)=0, 0<x<1,

O0<x<1,t>0, z1(0,t)=0,t >0, z1(x,00=0, 0 <x <1,

with the reduced differential operator

Lo: 9 +a(t)
ot

From this construction, z(l, t) =2zo(1,t) + €z1(1,t) and

5
Lz=f, z(0,t)=R(0,t)— ZBnSn(O, t), z(x,0) = R(x, 0).
n=2

Note that the Holder space C"™*Y (D) is the standard function space used for parabolic problems. In the case of the first
order problem Lozg = f, a different function space C™Y (D) is required. This function space is defined by

n,y Itz 0+y
cC»"(D):={z: eC D), 0<i+j=<n
(D) P (D), j
Observe that the function zg satisfies zg(0", 0) = zy(0, 0") and the first level compatibility condition

£(0,0) +¢"(0) —a(0)$'(0) = g (0) — € (0),

is satisfied automatically. Hence, from [4] and [16, Theorem 4.1], the function zo belongs to the space C1:¥ (G). Now the pa-
rameters B,,n=2,3,4,5 are chosen so that the necessary compatibility conditions on the reduced solution zy are imposed
in order that zg € C>Y (G). Then, z; € C*Y(G) and R, € C**Y(G). Hence, z € C*t7(G) and
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9itiz
axioti

c(1+e2 i), 0<i+2j<4.

We next define the component vs as the solution of the initial-boundary value problem

5 1 5

Lvg=LR—Lz— ZBann = —ZAann - ZBann, x,t) €G,
n=2 n=0 n=2
vs(0,t) =vs(1,6)=0,t>0, vs(x,00=0,0<x<1.

Observe that vs € C*tY(G) as

(Lvs)(0,0) = (Lvs)x(0,0) = (Lvs)xx(0,0) = (Lvs):(0,0) =0

and Lvg € C2tY (C). To deduce bounds on the derivatives of the component vs consider the stretched variables
t X
T=—,¢(=- 14
- (=3 (14)
and we denote g(¢, 7) := g(x, t) for any function g. Then, we have

ET T

x+d(t di(t ~ 1 -
+ ():é’—i- 1( ), with d1(t)::—/a(s)ds:/a(s)ds.
24/t 2T €
s=0 s=0
Using (11), we have that
32V5 3V5 8V5 2=
2 =207, 1),
5z +a(r Ve Ty ¢, 1)
where
- . Vi o BV
&+ = An¥n41 n¥n4+1
¢.7)=1P(1) (Z +
n=0 n=2
Then, from the definition (4) of the basic functions v,; and v, we have
itid+
—|<C, 0<i+2j<2.
ocioTi | = siHe=

From [9] and [14], we have the following estimates for the partial derivatives of Vg

Aty
2 Dl<ce? 0<i+2j<4
aciati

Returning to the original variables, we get that

ai+jvs
oxioti

§C<1+82*<i+1)), 0<i+2j<4.

The regular component v, which is defined in (13), satisfies v € C*tY(G) and the bounds (10b) follow by its construction.
Finally, consider the boundary layer component w; it is the solution of

Lw=0, xt)eG, w(k0=00<x<1,
3
w(0,t) =0, w(l,t) = (R—v—ZBnSn> (1,t), t > 0.

The bounds on w are established as in [10, Theorem 1]. We note that we require the assumption (1d) to establish the
bounds on the derivatives of the boundary layer function w. This assumption guarantees that d(T) < 1 and then the interior
and boundary layers do not interact with each other. O

In the next theorem, we consider the case where (2a) is satisfied and the solution is continuous. In this case we can
relax the constraints on the coefficient a(x, t) and allow this coefficient to vary in both space and time.
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Theorem 2. Assume that ax(0, 0) = 0 and g (0) = ¢ (0). The solution u of (1) can be expanded as follows:

3
U@, 0 =A1S106,0) + Y BiSi(x, ) + v(x, 1) + w(x, 1), (15a)
i=2
where Aq is defined in (2b) and for0 <i+2j <4

iy adv
<c(+¢&7h, |—|<c, 15b
o | ST 5= (15b)
"
07w <Ce7i(1 4 gl i)e—an/e, (15c¢)
axioti

Proof. Follow the argument in Theorem 2, but now we define the remainder to be R :=u(x, t) — A1S1(x, t) which satisfies

_ PO A
LR=71 et2 a(0, 0)

S
Y3 — @@x.0) —ad(©). 0)A1 (16)

We examine the regularity of the function R. Compare (16) with (12). As in Theorem 1, the term f — %tz) 0(810) w;

the right-hand side of (16) belongs to C%t?(G) since 1,02+(x, t) € C2+7(G). We now consider the other term (a(x,t) —
a(d(t), ))A1 21 of (16). Observe that, if ay(0,0) = 0 then

X

X t X S
a(x,t) —add(),t) = / ax(s,t)ds = / / Ay (s, r)drds + / / Ay (1, 0)drds.
s=d(t) s=d(t) r=0 s=d(t) r=0
Hence,
la(x, t) —a(d(t), )| < Ct|x —d(®)| + C|(x — d(t))] [(x +d(1))|
< Ctlx—d(t)] + C(x — d(t))>.

In addition, we have that

3s 3 d(t)
a(0.0)5 <8;):§(¢0 ¢0)+§<—¢1> and
8 d®)—2tad().t) (t)x
Pn > (g wo)——Ztﬁ Ex.t)+ —5-vq .

@) | 4 d() @%
Bt( ‘”1> 1plar( )+gr at

Recall (24c) and observe also that

(x —d(t))(x + d(t))%war e COY (G).

Together, these imply that

(x —d(t)t—1 ‘/’1 , (x—d()* —L ‘/’1 e C™(G).
Therefore,
— — 0+y
(x d(t))taat (x d(t)) ec (G).

Thus, it follows that LR € C27 (G) if we assume that a,(0, 0) = 0. Hence, R € C>*7 (G). Furthermore, using the stretched
variables 7 and ¢ defined in (14), we note that if

O1(x, 1) =

@@, t) —a@d®), 0 | Wy — vy )+@1/f
(0 O) ’ 0 0 1

then, as |a(¢, T) — a(d(z), T)| < Ce2(¢ + 1)?, it follows that
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616, 1)1 = Ce¢ + 0% (1051 + 1 | + 7191

Use this expression and (32) to deduce bounds on the derivatives of the corresponding component vs of the solution u.
The argument is then completed as in the proof of the previous theorem. O

In the next section, we describe a numerical method that will generate a numerical approximation to y = u — AgSo.
If Ap =0 (i.e., the zero level compatibility is satisfied), note that y = u. The function y satisfies the singularly perturbed
problem

Ly =f —AolLSe, (x,t)€G, (17a)
y(x,0=¢x), 0=<x<1. (17¢)

4. Numerical method

Let N and M = O(N) be two positive integers. We approximate problem (17) with a finite difference scheme on a mesh
GNM = {x;}N ) x {tf}?/':o- We denote by 3GN'M := GN-M\G. The mesh GN'M incorporates a uniform mesh (t; := kj with
k= T/M) for the time variable and a piecewise-uniform mesh for the space variable with h; := x; — x;_1. The piecewise
uniform mesh {x;};_, is a Shishkin mesh [7] which splits the interval [0, 1] into the two subintervals

[0.1—0]U[1—0.1], where o := min{O.S, E1nN}.
o

The N + 1 space mesh points are distributed in the ratio N/2: N/2 across the two subintervals. The discrete problem? is:
Find Y such that

INMy .= —g82Y +aD;Y + D[ Y = f — AoLSo, tj >0, (18a)
Y(xi,0) =y(x;,0), 0 <x; <1, (18b)
Y(O,t;)) =y(0,tj), Y(,tj)=y(@,t;j, tj=>0. (18c)
We form a global approximation Y using simple bilinear interpolation:
N.M
Y= Y Y& t)ein;),
i=0, j=1

where ¢;(x) is the standard hat function centered at x =x; and 7;(t) := (t — tj_1)/k, t € (tj_1, tj], nj(t) := 0 otherwise.

In the next theorem, a convergence result is given in the particular case of a = a(t) and g;(0) # ¢(0). In this case, the
solution of problem (1) is decomposed as in Theorem 1 and after separating off the singular function Sp, the numerical
method (18) is applied to approximate y = u — ApSo.

Theorem 3. Assume that a(x, t) = a(t), V(x, t) € G, a;(0) = 0, and M = O (N). If Y is the solution of (18) and y is the solution of (17),
then

IY —yllz <ClA1IN"V2 + CN~TInN.

Proof. As in the case of the continuous problem, the discrete solution can be decomposed into the sum Y = Als{V +A25§’ +
V + W, where

INMy — Ly, (i, t)) e GNMand V = v, (x;,t;) € 3GV M;
INMw =0, (i, t) e GNMand W = w, (x;,t)) € 9GNM;

INMSN = 1Sy, (xi,tj) € GNMand S = Sy, (xi,tj) € 3GNM k=1,2.

2 We use the following notation for the finite difference approximations of the derivatives:

Y tj) - Y(xi tji—1)

Y tj) =YX, t))
k ’

DY (i, t): Dy Y (i, tj):= I
i

Y. t) — Yt

DY (i t) = — T DTS2y () =

I (DFY (xi, tj) — DL Y (xi, £))).
i+1

2
hi +hitq
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Using the bounds on the derivatives (10c) of the component w to obtain appropriate truncation error estimates, the discrete
maximum principle with a suitable discrete barrier function and following the arguments in [17], we can establish the
following bounds

(W —W)(x;,t))| <CN"'InN, (x;,t;) e GNM, (19)
The error due to the regular component v can be bounded in a classical way [18] to deduce that
(v = V)i, t)I <CNT', - (xi,t) € GNM. (20)

Let us now consider the two weakly singular functions S1, S, and their numerical approximations SV, 512\1 . For both func-
tions, the truncation error is denoted by

Tswiji=LVM(Sk — SM (i, t),

then
83Sk(x,t; , 328 (x, t; ASK(x, t;
1 7s1:1,51 < Cehi + hiy1) # + Cmin { h; # , B t))
ox 0x ox Ki1.X)
(Xi—1,Xi+1) (Xi—1,Xi) =14
l'j I’J' 3
1 0°Sk(xi, 1 0Sk(xj, t
+Cmin{ - f / k(l ) drd . k(l ) i
k ot (t; t)
w=tj_q r=w =1
as
£
1 oSk (xi, 1 0Sk(x;, t
ID; Sk(xi. t))] < — / Ll)dr <C 95k Xi, O )
l ar ot (ti ti)
j=1.t)

r=tj_1

Note also that at each time level,
2 N 1 N
—&8; +aDy + (Sk — Sk)(xistj):TSk;i,j‘i‘E(Sk—sk)(xivtj—l)a tj>0.

In the case of the weaker singular function S, we use the bounds (7) so that the truncation error at the first time level
t=ty is

825,
ax2

(X; —atl)

)<C(8—I—\/€t e ¥V T &T < (.

H 9S>

H ERY)

755111 = 2 (8

(Xi_1.X}) (to,t1)
At the next time levels t,, n > 2, we again use the bounds (7) to deduce the truncation error bounds
335 REN 92s

2 2 4 Ck 9752

(Xi—1,Xi+1) (Xi—1,%i) at (tj-1,t5)

R e o

1,2
<+ gyt i) e i=2

as M = CN. Then, we deduce the error bound

(Xi—1, X:+1)

[7s,:1,j1 < Ce(hi +hiy1)

+ah,‘

j j
(52— S 69| = CMTV Y Toyiinl < CMTT 4 CMT Y Ty
n=1 n=2
M- j

<CM'+cM 'S —FE, (x,t) + CM3/2 ___.+CM—%
HX;\/_ y( ) Z n—1 n=2n_

-1 —32 [ 45 - d_s
<CM™ +CM +cm!
NG

s=1 s=1

<CM '+cM lelnM <cM™ .
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Finally, we consider the error due to the singular component S;. The argument splits into the two cases of ¢ <CM~! and
&> CM~1. If Me > C, from (6) we obtain the following truncation errors bounds at the first time level t = t;

32s 5N as
|Tsl;i,1|sz<s — H : H ! )sc.
ax
(XI 1, Xl+1) (XI 1 Xl (to,t1)
At the next time levels t,, n > 2, use again (6) to deduce the truncation error bounds
335 3251 3251
[ 7s1:i,j1 < Cehi + hiv1) | ——- + ah; v + Ck 2
(Xi—1.Xi41) X5 N er.x) t (tj—1,t5)

<C

N + NT+ M + m E,(x,t) + CN~!
& VEtj—1 £i—1 yae

<M1 M71/2

C +
€ Ve(j—1)

IA

1
+J. 1>Ey(x,t)+CN_], j>2,

as M =CN. Then,

i i
(51— 50, )] = M7 Tsyiial < CMT 4 CMTT Y (sl

n=1 n=2
M mM-32 d UNES
<CM'4+C—) —E, (x.t M cM1y —
= CF2 f Ey(x.6) + Z TN
M1 M~—3/2 ! / ds
<t +C / f o
s’
s=1 s=1

<cM V24 cM ' InM <cM™1/2, (21)

In the other case of Me < C, from (8a) we first note the following bounds
| 3%y
— —E X, t
0x x| = y (%0,
and from (26b) and (32)
9 + 2
% <Ly l+e a% +a() 1”1 <CE,(x0),
which should be compared to (6). Also, a(0)LS1 = L1//1+. Hence,
82 + 9 + 9 +
5,51 < Ce | 220 vy ot < CE,(x.0).
w 0x2
(Xi—1,Xi41) (Xi—1,Xi) (tj—1.tj)
We now have
J j
(S1= SN0 t| =cm™! Z ITs il < cﬁZ 7 B
(—at )2
= C*/—Z f—e VY TEmT < CJe <CMT12, (22)

where we have used that fr__oo le=% dr = /7. From (21) and (22), we deduce
(S1= SN, t)| =cm12,
Combining all of the bounds above, we deduce the nodal error bound

IY — ylignm < ClAIN"Y2 4 CNTInN.

Use the arguments in [11] to extend this nodal error bound to the global error bound. O
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Table 1
Maximum two-mesh global differences and orders of convergence for Example 1.
N=M=16 N=M=32 N=M=64 N=M=128 N=M=256 N=M=512 N=M=1024
g=20 2.593E-03 1.306E-03 6.567E-04 3.285E-04 1.643E-04 8.212E-05 4.106E-05
0.989 0.992 1.000 1.000 1.000 1.000
g=275 3.004E-02 1.768E-02 1.014E-02 5.522E-03 2.888E-03 1.467E-03 7.321E-04
0.764 0.802 0.877 0.935 0.977 1.003
g=2"1 3.547E-02 2.356E-02 1.598E-02 1.103E-02 7.581E-03 5.175E-03 3.442E-03
0.590 0.560 0.535 0.541 0.551 0.588
g=2"18 3.551E-02 2.363E-02 1.609E-02 1.118E-02 7.818E-03 5.502E-03 3.877E-03
0.588 0.554 0.526 0.516 0.507 0.505
g=2"2% 3.551E-02 2.363E-02 1.609E-02 1.118E-02 7.820E-03 5.505E-03 3.882E-03
0.588 0.554 0.525 0.516 0.506 0.504
g=2730 3.551E-02 2.363E-02 1.609E-02 1.118E-02 7.820E-03 5.506E-03 3.882E-03
0.588 0.554 0.525 0.516 0.506 0.504
DN-M 3.551E-02 2.363E-02 1.609E-02 1.118E-02 7.820E-03 5.506E-03 3.882E-03
pN-M 0.588 0.554 0.525 0.516 0.506 0.504

Remark 1. If the convective coefficient a(t) only depends on the time variable and the constraint (1d) is not imposed on
the final time T, then the interior layer will interact with the boundary layer (see [1,11]) in an O(+/€) neighbourhood of
the point (1, T,), where d(T,) = 1. To retain the parameter uniform error bound (as stated in Theorem 3), an additional
piecewise uniform Shishkin mesh in time should be used either side of t = T,. See [11] for details of the mesh and the
associated proof of uniform convergence. Minor modifications to the proof of the error bound are required to deal with the
presence of additional terms involving wi+(l, t),i=0,1,2,3,4. Example 3 in the numerical section deals with this case of
the interior layer and boundary layer interacting.

In the final theorem, we consider the case of g;(0) = ¢(0), where the solution of (1) is continuous. In this case the
solution of problem (1) with a = a(x,t) can be decomposed as in Theorem 2 and the numerical method (18) is applied
directly to the problem without separating off the singular function Sg. The proof of Theorem 3 is also valid for the following
result.

Theorem 4. Assume that ax(0, 0) =0, g, (0) = ¢(0) and M = O(N). If Y is the solution of (18) and u is the solution of (1), then
IY — ylig <CIAIINT'2+CN"'InN.

Remark 2. From the hypothesis of Theorem 4, it is satisfied that Ag = g;(0) — #(0) =0 and then y =u and Y = U, where
U is the numerical approximation of u at the mesh points of GN-M,

5. Numerical experiments

The solution of all the test examples presented below is unknown and the global orders of convergence are estimated
using the two-mesh method [7, Chapter 8]. In this particular section, the computed solutions with (18) on the Shishkin
meshes GN'M and G2N-2M are denoted, respectively, by YN'M and Y2N-2M_ Let YN'M be the bilinear interpolation of the
discrete solution YN'M on the mesh GN-M. Then, compute the maximum two-mesh global differences

DN:M . | yN-M _ y2N.2m

CN.ME2N.2M

and use these values to estimate the orders of global convergence PQ’ M

N.M

N.M._ €
P, :=log, RYLEL
&

The uniform two-mesh global differences DN'M and the uniform orders of global convergence PN'M are calculated by

DN,M P maxDN,M PN,M o 10 ﬂ
T ees ¢ =108 D2N.2M J°

where S =1{20,2-1,...,273% In all of the tables below we display the maximum and uniform two-mesh global differences
and the corresponding orders of convergence for N =16,32,...,1024 and N = M. For the sake of brevity, we display the
results in the tables for a smaller representative set of values of €. Note that in the first three examples, the convective
coefficient a(t) does not depend on the spatial variable.
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Fig. 1. Example 1 with & =271°: Computed component Y with the scheme (18) for N = M = 64 and the numerical approximation U.

Table 2
h/?:xiemum two-mesh global differences and orders of convergence for Example 2.
N=M=16 N=M=32 N=M=64 N=M=128 N=M=256 N=M=512 N=M=1024
g=20 6.959E-03 3.209E-03 1.541E-03 7.536E-04 3.725E-04 1.852E-04 9.233E-05
1117 1.058 1.032 1.016 1.008 1.004
g=276 5.202E-02 2.956E-02 1.666E-02 9.232E-03 5.067E-03 2.751E-03 1.484E-03
0.816 0.827 0.852 0.865 0.881 0.891
g=2"1 6.938E-02 3.622E-02 2.037E-02 1.125E-02 6.138E-03 3.329E-03 1.792E-03
0.938 0.830 0.856 0.875 0.883 0.894
g=2"18 6.968E-02 3.634E-02 2.044E-02 1.130E-02 6.161E-03 3.342E-03 1.799E-03
0.939 0.830 0.855 0.875 0.882 0.894
g=2"2% 6.969E-02 3.634E-02 2.044E-02 1.130E-02 6.162E-03 3.343E-03 1.799E-03
0.939 0.830 0.855 0.875 0.882 0.894
g=2730 6.969E-02 3.634E-02 2.044E-02 1.130E-02 6.163E-03 3.340E-03 1.802E-03
0.939 0.830 0.855 0.874 0.884 0.890
DN-M 6.969E-02 3.634E-02 2.044E-02 1.130E-02 6.163E-03 3.343E-03 1.802E-03
pN-M 0.939 0.830 0.855 0.874 0.883 0.891

Example 1. We consider the following initial-boundary value problem

Ur — Euxxy + (1 — tz)uX =2tx, (x,t)€(0,1)x (0,0.5],
u(x,00=0, xe(0,1),
u©,t)=1+t, u(1,t)=0, te[0,0.5].

Note that a’(0) =0 and A; =10 in this example. In Fig. 1 the computed component Y with the scheme (18) for £ =210
and N = M = 64 is shown. The approximation U to the solution of Example 1 also appears in that figure; the interior layer
emanating from the point (0,0) and the boundary layer in the outflow boundary are observed. The numerical results are
in Table 1 and they indicate that the numerical method (18) converges uniformly and globally with order O(N~1/2) in
agreement with Theorem 3.

Example 2. Consider the example

Ur — Euxxy + (1 — tz)ux =2tx, (x,t)€(0,1)x (0,0.5],
ux,00=x>, xe€(0,1),
u@©,t) =1+t u(1,t)=1, te[0,0.5].

In this example the data problem satisfy that a’(0) =0 but A; = 0. The numerical results obtained for Example 2 with the
numerical method (18) are given in Table 2 and they indicate that the method converges with order O(N~!InN) (see [7, p.
169]) as stated in Theorem 3.
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Fig. 2. Example 3 with ¢ =2719: Computed component Y with the scheme (18) for N = M = 64 and the numerical approximation U.

Table 3
Maximum two-mesh global differences and orders of convergence for Example 3.

N=M=16 N=M=32 N=M=64 N=M=128 N=M=256 N=M=512 N=M=1024

g =20 4394E-02  1659E-02  8.327E-03  4.169E-03  2.087E-03  1.044E-03  5.220E-04
1.405 0.995 0.998 0.999 0.999 1.000

g=26 1.814E-01  1194E-01  6.717E-02  4.134E-02  2517E-02  1435E-02  8.148E-03
0.604 0.830 0.700 0.716 0.811 0.816

£=2712 | 1805E-01  1190E-01  6.693E-02  4.124E-02  2.514E-02  1433E-02  8.143E-03
0.601 0.830 0.699 0.714 0.811 0.816

g=2"'8 | 1.802E-01 1187E-01 6.676E-02 4117E-02  2511E-02  1432E-02  8.135E-03
0.603 0.830 0.698 0.713 0.811 0.815

£=2"2* | 1802E-01 1187E-01  6.674E-02 4116E-02  2511E-02  1431E-02  8.134E-03
0.603 0.830 0.697 0.713 0.811 0.815

£=2730 | 1802E-01 1187E-01  6.673E-02  4116E-02  2.508E-02  1432E-02  8.149E-03
0.603 0.830 0.697 0.715 0.808 0.813

pN-M 1.814E-01  1.231E-01  8.014E-02  4.140E-02  2520E-02  1437E-02  8.165E-03

pN-M 0.560 0.619 0.953 0.716 0.811 0.815

Example 3. Consider the example
Ur — gy + (14 3t2 = 20U, =4x(1 —x),  (x,t) € (0,1) x (0,1.5],
ux,0=x>(1—x>, x€(0,1),
u(0,t) =1+0.25t%, u(1,t)=0, te[0,1.5].

Note that a’(0) # 0 and A1 = 0. As regards the outflow point (1,0), the compatibility condition (2c) is satisfied, but not
(2e). Furthermore, condition (1d) is not fulfilled; then the interior and boundary layers interact with each other. This effect
is observed in Fig. 2 where the approximations to the component y and the solution u are shown. The numerical results
obtained with the scheme (18) combined with a modification to the mesh in time [11, (19)] (see also Remark 1) are given
in Table 3. These results suggest that the method converges globally and uniformly with order O(N~!InN).

Example 4. Consider the example
Ur — Elyx + (1 +x2)ux =4x(1—-x), (x,t)e(0,1)x(0,0.5],
u(x,00=0, xe(,1),
u©,t)=u(1,t)=t>, te[0,0.5].

Note that ax(0,0) =0 and Ag = A1 = 0. The numerical results obtained with the scheme (18) are given in Table 4 and they
indicate that the method converges with order O(N~!InN) as stated in Theorem 4.

Example 5. Consider the example
Ur — EUuxx + (1 +x)ux =4x(1 —x), (x,t) €(0,1) x (0,0.5],

181



J.L. Gracia and E. O'Riordan Applied Numerical Mathematics 190 (2023) 168-186

Table 4
Maximum two-mesh global differences and orders of convergence for Example 4.

N=M=16 N=M=32 N=M=64 N=M=128 N=M=256 N=M=512 N=M=1024

£=20 2960E-03  1515E-03  7.615E-04  3.819E-04 1912E-04  9.567E-05  4.785E-05
0.967 0.992 0.996 0.998 0.999 1.000

g=276 2.590E-02 1.643E-02 9.829E-03 5.503E-03 3.026E-03 1.634E-03 8.757E-04
0.656 0.742 0.837 0.863 0.889 0.900

£=2"12 | 3115E-02  2.004E-02  1201E-02  6.698E-03  3.677E-03  1992E-03  1.070E-03
0.636 0.739 0.843 0.865 0.884 0.897

g=2"18 3.126E-02 2.011E-02 1.205E-02 6.718E-03 3.689E-03 1.999E-03 1.073E-03
0.637 0.739 0.843 0.865 0.884 0.897

£=2"24 | 3126E-02 2.011E-02 1205E-02  6.719E-03  3.689E-03  1.999E-03  1.073E-03
0.637 0.739 0.843 0.865 0.884 0.897

g=2730 3.126E-02 2.011E-02 1.205E-02 6.718E-03 3.690E-03 1.998E-03 1.075E-03
0.637 0.739 0.843 0.865 0.885 0.894

DN-M 3.126E-02 2.011E-02 1.205E-02 6.719E-03 3.690E-03 1.999E-03 1.075E-03

pN-M 0.637 0.739 0.843 0.865 0.884 0.895

Table 5
Maximum two-mesh global differences and orders of convergence for Example 5.

N=M=16 N=M=32 N=M=64 N=M=128 N=M=256 N=M=512 N=M=1024

g=20 1.426E-03 8.292E-04  4.557E-04 2.388E-04 1.222E-04 6.173E-05 3.099E-05
0.782 0.863 0.932 0.967 0.985 0.994

g=276 2.563E-02 1.562E-02 9.145E-03 5.113E-03 2.896E-03 1.600E-03 8.695E-04
0.714 0.772 0.839 0.820 0.856 0.879

g=2"1 3.099E-02 2.117E-02 1.437E-02 9.917E-03 6.914E-03 4.794E-03 3.258E-03
0.550 0.559 0.535 0.520 0.528 0.557

g=2"18 3.108E-02 2.128E-02 1.449E-02 1.007E-02 7.115E-03 5.061E-03 3.603E-03
0.547 0.554 0.525 0.501 0.492 0.490

g=2"% 3.108E-02 2.128E-02 1.449E-02 1.007E-02 7.119E-03 5.065E-03 3.609E-03
0.547 0.554 0.525 0.501 0.491 0.489

g=2"30 3.108E-02 2.128E-02 1.449E-02 1.007E-02 7.119E-03 5.065E-03 3.609E-03
0.547 0.554 0.525 0.501 0.491 0.489

DN-M 3.108E-02 2.128E-02 1.449E-02 1.007E-02 7.119E-03 5.065E-03 3.609E-03

pN-M 0.547 0.554 0.525 0.501 0.491 0.489

ux,0)=0, xe€(0,1),
u(0,t) =t; u(l,t) =t*>, tel0,0.5].

Note that ay(0,0) # 0 and Ag =0, A1 # 0. The numerical results obtained with the scheme (18) are given in Table 5. They
suggest that the method converges globally and uniformly with order O(N~1/2), but the theoretical justification of these
results remains open, as the proof in Theorem 4 requires ax(0, 0) = 0.

Remark 3. In the numerical experiments performed, we have considered (28) when evaluating WJ and 0 :=d(tj)x;/(tje) is
a large number with (x;, t;) € GN-M to prevent overflow problems. If 6 > 300, the value of the Mill's ratio H in Examples 1,
2 and 3 has been computed by using that

1 > n1l3...2m—1)
H(r) e 1+m§(—1) ST

, asT — 00.

This series has been approximated by the n-th partial sum and the maximum two-mesh global differences in Tables 1, 2
and 3 have been obtained with n = 5. Similar results have been obtained if larger values of n are considered.
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Appendix A. Bounds on the derivatives of the functions 1/;1? (x,t)

The functions wii (x,t) are defined by means of the iterated integrals of the complementary error function. Define

o
2
erfc_q(x) .= ﬁe”‘z, erfcp(X) := / erfcp_1(s)ds, n=>0.
S5=X

Note that erfcy(x) = erfc(x)® and

o0
2 s—x)"
erfcn(x):ﬁ/( n!) e’
S=.

In addition, we have the following identities [19]

1
nerfc,(x) + xerfc,_1(x) = 3 erfc,_o(x); n>1; (23a)

i—n

(=" erfc, (x) + erfc, (—x) = Hy(ix); n>0, (23b)

i
on— n—1n1 n!
where i2 = —1 and H, is the Hermite polynomial of degree n.

Recall the definitions in (4) and note that

YEE D = X EdO)YE () + 26ty (x, D), (24a)
9
ﬂ =y — (2tad®).t) + x —d®)) g . (24b)
9
Zt% _ (1 . 2xp(t)> v+ (2tad(t), ) — (x+d(6)) e (240)
where
+ _ _ ExD
Vet = e
and
t
p(O) :=tad(®).r) —d(t) = [ a(d(t).t) — a(d(s). 5)) ds. (24d)
s=0

Observe that p(t) =0, when a(x, t) =a is a constant.

Some recurrence relations are given below which are useful when bounding the derivatives of the functions wni(x, t).
Foralln>1

o 9 d
Yo gy, Ui _ gt D (252)
X 0x

and for all n > 2 (using (23a)) we have

3 The first three iterated integrals of the complementary error function are

- XZ

erfcy (x) = —xerfc(x) =e - (% —xe® erfc(x)) R
1 2xe~ %
erfcy (x) = 1 ( a+ 2x%) erfe(x) — 577 ) R
2 ,—x? 3
erfcs(x) = % ((1 +x)e (3x-;2x ) erfc(x)) .

183



J.L. Gracia and E. O'Riordan Applied Numerical Mathematics 190 (2023) 168-186

YE®X D = xEdO)WE (%, 0O + 20— Detyrs ,(x,0), (25b)
-
;ﬁt” =enn—1y,_, —ad(t), ny,_,,
oy dt t
;ﬁtn =en(n— Dy, ,+ (2% —a(d(t), t)> ny | — %(d(t)lﬁ; — ).

In the case of constant coefficients one has Ly, = Ly,;” =0, but for variable a(x, t), by using (23a) we have that for all
n>0

U
Ly = @d®),0 - ae ) (262)
L i1
Ly, = (a(d(t), t) —a(x, ) —% + p(t) 2E1. (26b)
0x et?
Using the inequality erfc(z) < Ce™# < Ce’*/4e~77 ¥z > 0 it follows (see [11] and [12]) that
ajw*(xt) ajE(xt)<C Lo ! jE ®t; j=1,2 (27a)
g1 Yo Do | = t " et yX,0); J=1,2,
[¥g O] <C and |5 (x, 0] < CE(x,0), if x>d(), (27b)
G 9 1 .
ﬁ% (x,0)], WE(X, ) =<C (ﬁ) E,(x,t), 1<i<4 (27¢)

The following remark is used to prove bounds on the derivatives of the singular function 1//6r and to compute the
numerical results presented in Section §5 (see Remark 3).

Remark 4. The function 1/;0+ can be written as

1 dox x+d(t) 1 X+d(t)
Tx,t)=—e erfc< =—Ex t)H , 28
Yo (x,0) > Vet > (%, 0) Vet (28)
where H is the Mill’s ratio and it is defined by H(x) := X erfc(x). From [15], we have the inequality
1 1
T <H®x) =< —. (29)
—1 2 (m=2)
TEXEY1+ T X1+
Hence, for all x >0
. 1 1
(1—+v/mxHx) <min{ —, —1,
2x2° /X
and
diox x+d(t)) E(x,t) ( (x+d(t)> <x+d(t)>)
e t erfc = 1-Jm H .
! ( 2J/et JT W 2.5t
Hence,
1 x d(t E(x,t . JEt
— <ed§+s) erfcy (X+ ( )>) <C *.0) mini 1, & . (30)
Jet 2/¢t x+d(t) x+d()

In the next lemma bounds on the derivatives of the function %* are deduced.

Lemma 2. For the singular function waL , we have the following bounds

. JEt

+

Yy (%, 0)] mem{l, X+d(t)}E(x,t), (31a)
3 C

E%ﬂx,t)‘ = TE 0, (31b)
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O vwn|=S 1+\ﬁ Ey(x,0) (31¢)
ar2 "0 = g2 g VP

9

‘5%(&0 P Ey(x.1), (31d)
iW(x t) <£E (x,t) (31e)
ax2 "0 T = g VAR

33 C

ﬁ%*(x,t) o (]4‘\/7)5)/()( ). (31f)

Proof. Note first that

p(t) =ta(d(t), t) —d(®).

Hence, |p(t)| < Ct2.* To prove (31a), we use that [H(r)| < C and rH(r) < C for all r > 0, where H is defined in Remark 4.
Then,

X +d©)Yg (x,0) < CVetE(x,t) and i (x,£) < CE(x, ).
Using (30), (31a) and the identity (25b) we easily establish the following bounds

|1pi+(x,t)|§C(«/E)imin{l,\/§] E(x,t), i=1,2. (32)
To prove (31b), observe that
g (.0 xp(t) ((x+d(D) E(x,t)
(x+d(1)) - ¢ ( Yy (x,0) — Tm)
E(x,t)
+ (4xp(t) + (x +d(t +d(t) — 2ta(t
(4xp(t) + (x +d(t))((x + d(t) a(t))) NG
xp() 2 EXD _ Ex. 1)
% (x,8) + (x — d(t)) ﬁ +a(d(t), t)(x —d(t)) r et
and use (30) and |p(t)| < Ct2. Next, we prove (31c). We have that
PYy 6 3 xp(D) (x—d®)EX, t) awo (x 2
(x+d() —— 3 = ar( o7 VD (o +2p0) T ) —a@, =05
and
(p(t)>‘ §C+C”Va(0 o)l E
at \ t2 t —t’
(x —d(t)) IE(x, t) t
Tovet ot Tt (1 +\/;> Ey .0,
Vi) _c \ﬁ
" < tmm{l, - Ey(x,t),
T (x,t) _ xp(t) 2p(t) — (x—d(®)
ot (i et? >W1 0+ 2t Vo (0.
Collecting all of these bounds yields (31c). From
- _ x+d(t) _E(x,t) _(x—d(t))E(x,t)
(X+d(t))5¢0 (x, t)—d(t)< Yo (x, 1) W) W

and (30), we have (31d). Note also that for i =2,3

4 In the particular case of Va(0,0) = (0, 0), one has |p(t)| < Ct3.
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" =00 L2
axi "0 T e gxi-170 2 et oxi-1 7

from which (31e) and (31f) follows. O
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