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ABSTRACT. We classify complex structures on 6-dimensional nilpotent Lie al-
gebras up to equivalence. As an application, the behaviour of the associated
Frolicher sequence is studied as well as its relation to the existence of strongly
Gauduchon metrics. We also show that the strongly Gauduchon property and
the balanced property are not closed under holomorphic deformation.

1. INTRODUCTION

Let g be a Lie algebra endowed with an endomorphism J: g — g such that
J? = —1d. The endomorphism .J is a complez structure if the integrability condition

[JX,JY] = JJX, Y]+ J[X,JY] + [X,Y]

is satisfied for any X,Y € g; equivalently, the i-eigenspace g1,0 of J in gc = g®r C
is a complex subalgebra of gc. Nilpotent Lie algebras g admitting a complex struc-
ture were classified by Salamon [27] up to dimension 6. More recently, Andrada,
Barberis and Dotti classified in [2] the 6-dimensional Lie algebras g having a com-
plex structure J of abelian type, that is, the complex subalgebra g; o is abelian, or
equivalently [JX,JY] = [X,Y] for any X,Y € g.

A related question is to determine the complex structures on a given Lie algebra
g up to isomorphism in the following sense. Two complex structures J and J' on g
are equivalent if there exists an automorphism F': g — g of the Lie algebra such
that J = F~1 o .J o F. The latter condition is equivalent to say that F, extended
to gc, satisfies F(gf,) C 9{7/0. If C(g) denotes the space of complex structures on g
then C(g)/Aut(g) parametrizes the equivalence classes of complex structures on g.

A classification of abelian complex structures in dimension 6 is given in [2]. Some
partial results on nilpotent Lie algebras can be found in several papers [6, 19, 29, 30],
although to our knowledge there is no complete classification of complex structures
on 6-dimensional nilpotent Lie algebras. This is our first goal here.

The classification of complex structures on nilpotent Lie algebras provides a
classification of invariant complex structures on nilmanifolds. Let M = I'\G be a
nilmanifold, i.e. a compact quotient of a simply-connected nilpotent Lie group G
by a lattice I' of maximal rank. If J is a complex structure on the Lie algebra g of
G, then it gives rise to a left-invariant complex structure on G which descends to a
complex structure on the quotient M in a natural way. Several interesting aspects
of this complex geometry have been investigated, as for instance the Dolbeault
cohomology [7, 13, 25|, complex deformations [6, 8, 20, 26] or the existence of
special Hermitian metrics [16, 29]. Recently, it is proved in [4] that the canonical
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bundle of any complex nilmanifold is holomorphically trivial and some applications
to hypercomplex geometry are given.

As a first application of the classification of complex structures we study the be-
haviour of the Frolicher sequence [17]. Recall that the Frolicher sequence E,.(M, J)
of a complex manifold (M, J) is the spectral sequence associated to the double com-
plex (QP9(M, J),d,0), where 0+ 0 = d is the decomposition, with respect to .J, of
the exterior differential d. The first term F; (M, J) is precisely the Dolbeault coho-
mology of (M, J) and after a finite number of steps the sequence converges to the
de Rham cohomology of M. The first examples of compact complex manifolds for
which Fy % E, were independently found in [9] and [21]. The examples in [9] are
complex nilmanifolds of complex dimension 3, which is the lowest possible dimen-
sion for which the Frolicher sequence can be non-degenerate at Fy. More recently,
Rollenske has constructed in [24] complex nilmanifolds for which the sequence {E, }
can be arbitrarily non-degenerate. The behaviour of the Frolicher sequence has been
studied for some other complex manifolds [14, 28], but as far as we know its general
behaviour for complex nilmanifolds has not been studied, although some partial re-
sults can be found in [10, 11, 12]. Here we study the Frolicher spectral sequence for
general invariant complex structures on a 6-dimensional nilmanifold. A remarkable
consequence of this study is the existence of a compact complex manifold on which
the 90-lemma fails but E; = E., and the Hodge diamond is symmetric.

As a second application of the classification of complex structures we consider
strongly Gauduchon (sG for short) metrics in the sense of Popovici [22]. Any bal-
anced Hermitian metric is sG and any sG metric is a Gauduchon metric [18]. In [23]
the relation between the degeneration of the Frélicher sequence at Fy and the ex-
istence of sG metrics is studied, showing that these two notions are unrelated. We
study the existence of sG or balanced metrics on 6-nilmanifolds in relation to the
general behaviour of the Frolicher sequence. Moreover, Popovici proved in [22] that
the sG property of compact complex manifolds is open under holomorphic defor-
mations, and conjectured in [23] that the sG property and the balanced property
of compact complex manifolds are closed under holomorphic deformations. We
construct a counterexample to both closedness conjectures.

The paper is structured as follows. In Section 2 we first review some general facts
about complex structures on a 6-dimensional nilpotent Lie algebra g. By [27] such
g must be isomorphic to b1,...,bhig, by O f);ﬁ (see Theorem 2.1 for a description
of the Lie algebras). Of special interest is hs because it corresponds to the real
Lie algebra underlying the Iwasawa manifold, whose complex geometry is studied
in [19]. For the first sixteen classes the complex structure is necessarily of nilpotent
type in the sense of [13]. We classify the non-abelian nilpotent complex structures
on 2-step and 3-step nilpotent Lie algebras in Sections 2.1 and 2.2, respectively.
Then, using the classification of non-nilpotent complex structures obtained in [30]
as well as the classification of abelian structures given in [2], we present in Tables 1
and 2 of Section 3 the complete classification of complex structures on 6-dimensional
nilpotent Lie algebras up to equivalence.

Since J equivalent to .J’ implies that the terms in the associated Frolicher se-
quences are isomorphic, as an application we study the general behaviour of the
Frolicher sequence E,.(T'\G, J) in Section 4 (see Theorem 4.1 for details). We find
that Fy % F, if and only if the underlying Lie algebra g = hi3,H14 or hy15. More-
over, F1 = Ey % E3 =2 FE, for any J when g = hi3 or hi4. In contrast, hi5



has a rich complex geometry with respect to Frolicher sequence because it admits
complex structures for which Fy % Fy & Eo, By & Fy # FE3 = Eo, or even
E, 2 Fy # E3s 2 F. In Example 4.6 we give a family J; of non-equivalent
complex structures on hi5 along which the Frélicher sequence has these three be-
haviours. We also show that a nilmanifold with underlying Lie algebra hg has a
complex structure with degenerate Frolicher sequence and satisfying h? = h%? for
every p,q € N, which provides an answer to a question recently posed in [3] (see
Proposition 4.2).

In section 5 we study the existence of sG metrics on 6-dimensional nilmanifolds
endowed with an invariant complex structure and show that the underlying Lie
algebra must be isomorphic to b, ..., hs or hi4. It is also proved that the existence
of sG metric implies the degeneration of the Frolicher sequence at Eo. Using [31] we
give in Proposition 5.5 a classification of complex structures having sG metrics but
not admitting any balanced metric, as well as a classification of nilpotent complex
structures admitting balanced metric (see Table 3). Based on the complex geometry
of the Lie algebra b4, in Theorem 5.9 we show that neither the sG property nor
the balanced property of compact complex manifolds are closed under holomorphic
deformation.

2. NILPOTENT COMPLEX STRUCTURES ON 6-DIMENSIONAL
NILPOTENT LIE ALGEBRAS

Given a Lie algebra g, let g be the dual of the complexification gc of g. If J: g — g
is an endomorphism such that J? = —Id, then there is a natural bigraduation
induced on \* g = @, 4 A”?(g*), where the spaces A\"%(g*) and A”" (g*), which
we shall also denote by g'® and g%!, are the eigenspaces of the eigenvalues =+i
of J as an endomorphism of g}, respectively. Now, if d: A" gf — /\*'H g¢ is
the extension to the complexified exterior algebra of the usual Chevalley-Eilenberg
differential, then it is well known that J is a complex structure if and only if
70,2 © d|g1.0 = 0, where 7 : A’ g — A%?(g*) denotes the canonical projection.

We shall focus on nilpotent Lie algebras (NLA for short). Salamon has proved
in [27] the following equivalent condition for the integrability of J on a 2n-
dimensional NLA g: J is a complex structure on g if and only if g"° has a basis
{w’}7_; such that dw' = 0 and

do? € T(w',...,w?™Y), forj=2,...,n,

where Z(w?',...,w?™1) is the ideal in A* g% generated by {w?',...,wi™1}.
Recall that a complex structure J on a 2n-dimensional NLA g is nilpotent [13]
if there exists a basis {w/}7_; for g"* satisfying dw' = 0 and

(1) dcuj6/\2<o.)17...,cuj_l,o.)i...,o.)jT1>7 for j=2,...,n.

An important special class of nilpotent complex structures is the abelian class con-
sisting of those structures J satisfying [JX,JY] = [X,Y], for all X,Y € g, or
equivalently d(g*%) C /\1’1(9*). They are also characterized by the fact that the
subalgebra g'? is abelian.

In six dimensions, the classification of NLAs in terms of the different types of
complex structures that they admit is as follows.
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Theorem 2.1. [27, 29] Let g be an NLA of dimension 6. Then, g has a complex
structure if and only if it is isomorphic to one of the following Lie algebras:

hl = 0707()’0’070)7 th = (0,0,0,12,13, 14)7

hs — (0.0.0.0,12,34), bii — (0.0,0.12. 13,14+ 23),

h?) = (0,0,0,0,0, 2+34)7 h12 = 07070712713724)7

by — (0.0.0.0,12, 14 4 23), bis = (0.0.0.12.13 + 14,24),

bs = (0,0,0,0,13+ 42,14+ 23), b — (0.0.0.12.14,13 + 42),

bs — (0.0.0.0,12,13), bis — (0.0.0.12.13 + 42,14 -+ 23),
b = (0,0,0,12,13,23), b = (0.0,0,12,14,24),

bs — (0.0.0.0,0,12), o = (0,0,0,12,23,14 - 35),

ho = (0.0,0,0,12, 14 + 25), by = (0,0,12,13,23,14 + 25).
Moreover:

a) Any complex structure on by, and bl is non-nilpotent;
4 19 26

) For 1 <k <16, any complex structure on Y, is nilpotent;

) Any complex structure on b1, b3, hs and by is abelian;

) There exist both abelian and non-abelian nilpotent complex structures on

b2, ba, b5 and b1s5;

(e) Any complex structure on be, b7, Hio, b11, bi2, b1z, bia and bie is not

abelian.

Remark 2.2. Here we use the usual notation, i.e. for instance hy =
(0,0,0,0,12,34) means that there is a basis {e/}S_, satisfying de' = de® = de® =
de* =0, de® = el Ne?, deb = e3 Ae?; equivalently, the Lie bracket is given in terms
of its dual basis {e;}5_; by [e1, e2] = —es, [e3,e4] = —es.

Let g be a Lie algebra endowed with two complex structures J and J’. We recall
that J and J' are said to be equivalent if there is an automorphism F': g — g of
the Lie algebra such that J' = F~!'o Jo F, that is, F is a linear automorphism
such that F*: g* — g* commutes with the Chevalley-Eilenberg differential d
and F' commutes with the complex structures J and J’. The latter condition is
equivalent to say that F'*, extended to the complexified exterior algebra, preserves
the bigraduations induced by J and J'.

Notice that if g}]’o and g}]’,o denote the (1,0)-subspaces of g associated to J and
J’, then the complex structures J and J’ are equivalent if and only if there is a
C-linear isomorphism F™*: g},’o — g},’/o such that do F* = F* o d.

In dimension 6, by Theorem 2.1, if the NLA g admits complex structures then all
of them are either nilpotent or non-nilpotent. The classification of abelian complex
structures up to equivalence is obtained in [2], whereas the non-nilpotent complex
structures are classified in [30] (see Section 3 for details). Therefore, it remains to
study the equivalence classes of non-abelian nilpotent complex structures. In order
to provide such classification, our starting point is the following reduction of the
nilpotent condition (1).

Proposition 2.3. [29] Let J be_ a nilpotent complex structure on an NLA g of
dimension 6. There is a basis {w’ }?:1 for gh0 satisfying

dw' = 0, )
(2) dw? = ew!!, ) ) ) )

dw? = pw'? + (1 —e)Aw!t + Bw!? + Cw?! + (1 — €)Dw??,
where A, B,C,D € C and ¢,p € {0,1}.
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Here w’¥ (resp. w’*) means the wedge product w’ A w* (resp. w’ A w*), where
w* indicates the complex conjugation of w*. From now on, we shall use a similar
abbreviated notation for “basic” forms of arbitrary bidegree.

Notice that in the equations (2) the complex structure is not abelian if and
only if p = 1. Next we study the 2-step and 3-step cases in Sections 2.1 and 2.2,
respectively.

2.1. Non-abelian complex structures in the 2-step case. Any 6-dimensional
2-step NLA g has first Betti number at least 3, and if it is equal to 3 then necessarily
the coefficient € in (2) is non-zero. We consider firstly e = 0, i.e. the Lie algebra has
first Betti number > 4, and we will finish the section by considering the remaining
case € = 1.

The following proposition provides a further reduction of the equations (2)
when ¢ = 0 and the structure is not complex-parallelizable. Recall that J is
complex-parallelizable if [JX,Y] = J[X,Y], for all X,Y € g, or equivalently
d(g™9) c A*°(g*). These structures are the natural complex structures of complez
Lie algebras, and in six dimensions they correspond toe = A=B=C=D =0
and the possible Lie algebras are by (for p = 0) and b5 (for p = 1).

Proposition 2.4. Let J be a complex structure on a 2-step NLA g of dimension 6
wz't_h first Betti number > 4. If J is not complex-parallelizable, then there is a basis
{wi}3_, for gb° such that
(3) dw' =dw? =0, dw’®=pw?+w +Aw'? 4+ Dw?,
where p € {0,1}, A € R such that A > 0, and D € C with Im D > 0. Moreover, if
we denote x = Re D and y = Im D, then:

(i) If A = p, then the Lie algebra g is isomorphic to
i.1) b, fory >0;
b, for p=y =0 and z # 0;

)
) ba, for p=1,y =0 and x # 0;
) he, forp=1andz =y =0;

(ii) If X # p, then the Lie algebra g is isomorphic to
(ii.1) Ba, for 4y* > (p — A?)(4x + p — \?);
(ii.2) by, for 4y = (p — N?)(4z + p — \?);
(ii.3) b5, for 4y < (p — A?)(4z + p — \?).

Proof. In [29, Lemma 11] it is proved that under these conditions there is a basis
{o7}3_, for g"? such that

(4) dol =do? =0, do® =po'? + o'+ Bo'2 + Do%2,
where B, D € C and p € {0, 1}.
If B # 0 then we can take any non-zero solution z of 2‘—2' = 2z, and the equa-

tions (4) reduce to (3) with A = |B| with respect to the new basis {w! = zo!,w? =

zo? w? = |22 0%},

Consider now B = X with A € R=0 in (4). If D # 0, then with respect to the
new basis {w! = —Do? w? = o' + Ao?,w? = Do3} we get (3) with D instead
of D.

Finally, the second part of the proposition follows directly from [29, Proposi-
tion 13]. O
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From now on we consider p = 1. By Proposition 2.4 any two complex structures
on the Lie algebra hg are equivalent. Thus, it remains to classify up to equivalence
the non-abelian structures J on hs, by and hs. Any such J is identified with a triple
(1, A, D) through equations (3) with p=1, A > 0 and Jm D > 0.

We will say that two triples (1, A, D) and (1, ', D’) are equivalent, denoted by
(1, A\, D) ~ (1, N, D’), if the corresponding structures J and J’ are equivalent. So,
the problem reduces to classify triples (1, A\, D) up to equivalence.

Lemma 2.5. Let us consider two triples (1, \, D) and (1,t, E) as above.
(i) If D =0 then, (1,t,E) ~ (1,X,0) if and only if t =\ and E = 0.

(ii) If D # 0 then, (1,t,E) ~ (1, A\, D) if and only if there exist non-zero
complex numbers e, f such that E = De/é and

(5) (fe' _ 1) (Dé— De)? = (\f — tF)(\Def — tDef).

Proof. The structure equations corresponding to the triples (1, A, D) and (1,t, E)
are

dw! = dw? =0, dw®=w!?+ W'+ Aw'? + Dwﬁ,
dot =do? =0, do®=c'2+ oMl o' 4 Eazé,
where A\,t > 0 and Jm D, Jm FE > 0. Then (1,¢, E) ~ (1, A, D) if and only if there

exists an automorphism of the Lie algebra preserving the complex equations, i.e.

there is (m;;) € GL(3,C) such that o® = Z?:l m;jwl and

3
do' = mjjdw’, i=1,23.
j=1

These conditions are equivalent to

cl=aw! +bw? o?=cwl+ fuw? o2 =m3 w +mapw?+ew?,

and

—

) e=af — be,

I) e=la|*>+tac+ Elc|?,
Xe=ab+taf + Ecf,

1 0=ab+tbc+ Ecf,

V) De=|b>+tbf + E|f|*

—
— —
=

(6)

e e e e
<
N

Notice that mi3 = ma3 = 0, e # 0 and the coefficients m3; and mgss are not
relevant.

It is straightforward to see that coefficient f must be non-zero (otherwise A =t
and D = E) and so we can express ¢ as

e+ bc

f
First of all, let us suppose that D = 0. Replacing a in (IV) and using (V) we
obtain that b = 0 and therefore £/ = 0 by equation (V). Combining (I) and (IIT) we
get that A\f = ¢f. Since A and t are real non-negative numbers, we conclude that

A=t ie. (1, 0) defines an equivalence class for every A > 0. This completes the
proof of (i).

a =
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We suppose next that D # 0. In order to solve (6) we transform it into an
equivalent system by doing the following substitutions. Replacing a in equation
(IV) and using (V) we can express

_ be
= ——.
De
Next, in (II) we can substitute a¢ and ¢ and use again (V) to obtain that
De = Fe,
which implies in particular [D| = |E|. Notice that since D # 0 we can assume
E # D by Proposition 2.4. Now, ¢ = —b/E. Proceeding in a similar way in
equation (IIT) we get
Mt
 1-DJ/E’

Finally, using the expressions of a, b, ¢ above, equation (V) is equivalent to (5).
Therefore, given e, f € C — {0} satisfying De = E€ and (5), it is always possible to
find a, b, c € C such that system (6) is satisfied. O

Remark 2.6. As a consequence of Lemma 2.5 (ii), when D # 0 a necessary
condition for (1,¢, E) to be equivalent to (1, A, D) is that |D| = |E|. Moreover,
to find an equivalent complex structure (1,¢, E') it suffices to find ¢ > 0 and e, f €
C — {0} satisfying (5), because E is necessarily given by F = De/e.

Corollary 2.7. Let E # D. If (1,t,E) ~ (1,\, D) then, t = \ if and only if E = D.

Proof. By hypothesis D cannot be zero, so we are in case (ii) of Lemma 2.5. Suppose
first that A =t in (5), i.e.

(Dé — De)? (lf(;' - 1) = \(f — f)(Def — Def).

The right hand side of the previous equality is a real number. If it is zero then
e = |f|? (otherwise De = Dé would imply E = D); thus, e is a real number and
since E = De/e we conclude that D = E. On the other hand, if it is a non-zero
real number, then @ — 1 must be a real number and then e € R and again D = FE.

Conversely, let us suppose that E = D # 0. In this case e € R and by (5) we
can express it as

e = ‘f|2 _ ()‘f _tf)(ADf _th).
(D - D)?

Notice that by hypothesis D # E = D. To ensure that e € R it must happen that
(Af —tf)(ADf —tDf) € R or equivalently,

[f*(\? = *)(D — D) = 0.
As f(D — D) # 0 the only possibility to solve the previous equation is A =¢. O

From the previous results it follows that it remains to consider the case when
D # 0 and X\ # t. The next lemma provides a simplification of equation (5).

Lemma 2.8. Let us suppose that X #t, D =x + iy # 0 and e € C — {0}. Then,
(1,A\,D) ~ (1,t, De/e) if and only if

(7) 4y — (12 — A% (4o + t2 — X?) > 0.
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Proof. By Lemma 2.5 (ii), we know that (1, A\, D) ~ (1,¢, De/e) if and only if (5)
is satisfied. This condition reads, with respect to H = De, as
(H—H)*(D|f|* = H) = H\f = tf)(\fH — t[H).
Taking real and imaginary parts in the expression above we obtain
AHJ(Hy — 2l f2) = [FP(2 = N2)HS + |f12(82 + A2) H?
(8) —2Xt(f — f2)H? — ANtH1 Ho fy fo,

4HZ(y|f|> — H2) = 2X\H, [tH1(ff — f3) + 2tHa f1f2 — A f|*H1]

where H = Hy + iHy and f = f; + ifs. Observe that Hs # 0, otherwise we get a
contradiction using the first equation of (8).

Substituting the second equation of (8) in the first one and replacing H by De,
we can express the system (8) as

e2(t? — A%) + dyeres + e3(t2 — A% + 4z) = 0,
2H,(y|f|? — Ha) = A [tH1(ff — f3) 4 2tHaf1 f — M| fI*Hy]

where e = e1 + ies.

To solve the first equation in (9) as a second degree equation in e; we need the
discriminant to be greater than or equal to 0, i.e. 4y? — (12 — \?)(dx + 12 — \%) > 0,
which is precisely condition (7).

Now, suppose that (7) holds. Then we obtain that

_ef B B .
61_7)\2—752’ 6—62<)\2_t2+2>,

where 8 = 2y +/4y% — (2 — A2)(4x + 2 — A2) and ey is determined by the second
equation in (9). O

Corollary 2.9. Let us suppose that A #t and D = x + iy # 0. If (7) holds then

52—()\2—152)2 25(}\2_752) '
(1A, D) ~ (1’t7D<B2+()\2_t2)2 B2+ (Z2—12)2 Z>>’

where B =2y + \/4y? — (2 — A2)(dx + 12 — \2).

Comparing the inequalities (ii.1) and (ii.2) in Proposition 2.4 with the condi-
tion (7), we observe that for by and by it is possible to take ¢ = 1 in the previous
corollary in order to get equivalences with the complex structures (i.1) and (i.3),
respectively. Therefore, using Corollary 2.7, we conclude:

Proposition 2.10. Let us consider the family of complex structures
(10) dw' = dw? =0, do®=w?+u +w?+Dw?? IJmD>0.
Then:

(i) Any non-abelian complex structure on hs is equivalent to one and only one
structure in (10) with Jm D > 0;

(ii) Any non-abelian complex structure on by is equivalent to one and only one
structure in (10) with D € R — {0}.

The classification of complex structures on b5 requires a more subtle study.
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Lemma 2.11. Any non-abelian complex structure on Bs which is not complex-
parallelizable belongs to one of the following families:

(I) dw' = dw? =0, dw? = culz—l—wﬁi—i—)\oﬂi—i—iwa?7 where 0 < 2y < [1—\2|;
(1) dw' = dw? =0, dw®=w'? +w + (x +iy)w?, where 4y? < 1+ 4.
Moreover,

(i) the structures in family (I) are non-equivalent;
(ii) the structures in family (II) are non-equivalent;

(iii) a structure (1, A, iy) in family (1) is equivalent to a structure in family (II)
if and only if 2X? € [0,1) and 2y € [A\%,1 — \?).

Proof. Let us consider a complex structure given by (1, A\, D =z +iy) on b5, ie.
4y? < (1 =A%) (4z + 1 — \?),

according to Proposition 2.4 (ii.3). If A2 > 2z, then (1, A\, D) ~ (1,v/A2 — 2z,i|D|)
because (7) expresses simply as 4|D|? > 0 and it trivially holds. On the other hand,
if A2 < 2z, then (1,\, D) ~ (1,0, E), where E is given in Corollary 2.9, because in
this case 4y? + \2(4x — A%) > 0, that is, condition (7) is satisfied.

To study further equivalences, it is clear that structures in family (I) are non-
equivalent and the same holds for structures in family (II). Now let us consider the
triples (1, A,4y) and (1,0, E). Then, (7) expresses simply as

(11) 4y? > N4

Condition for family (I) implies that 4y? < (1 — A?)2, which is equivalent to 4y? —
A< 1 —2)\2) so if 202 > 1 then (11) does not hold. Now, if 0 < A\? < %
then the condition for family (I) is equivalent to y < % — %2, and therefore when
2y € [A2,1—\2) the triple (1, A, iy) in family (I) is equivalent to the triple (1,0, F =

—1(A% — /4y? — A%i)) in family (II). O

Proposition 2.12. Any non-abelian complex structure on bs which is not complex-
parallelizable is equivalent to one and only one structure in the following families:

@) dw' =dw? =0, dw®=w?+w' +Aw'?24 Dw?,

0<2ImD< X, 0<X<i;

37 or

where Re D =0 and
0<2ImD <[1-), <A

D) dw' = dw? =0, dw®=w2+w'+Dw?  where 4(Jm D)? < 1+4%Re D.
To finish this section, it remains to study the case of 2-step NLAs g with first
Betti number equal to 3, which corresponds to e =1 in (2).

Proposition 2.13. Let J be a nilpotent complex structure on an NLA g given
by (2) with e =1, i.e.
dw' =0, dw?= wli, dw® = pw'? + Bw' + Cwﬂ,

with p € {0,1} and B,C € C such that (p,B,C) # (0,0,0). Then g is 2-step
nilpotent if and only if B=p =1 and C = 0. In such case g is isomorphic to bz
and all the complex structures are equivalent.
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Proof. Let Z1, Zs, Z3 be the dual basis of w', w?, w3, It is clear that [g, g] has dimen-
sion at least 2 and is contained in (i(Zs — Z3),Re Z3,TIm Z3). Since Re Z3,Tm Z3
are central elements and

[i(Zo — Z3), Z1) = (p — B)i Z3 + Ci Z3,

we conclude that g is 2-step nilpotent if and only if B = p and C vanishes.

Let (p,B,C) = (1,1,0) and let us consider a basis {e',...,e%} for g* given by
wl = %(62 +iel), w? %63 +ie* and w3 = €8 +ie®. Now, the Lie algebra g is
isomorphic to h7. [l

2.2. Nilpotent complex structures in the 3-step case. In this section we clas-
sify, up to equivalence, nilpotent complex structures on 3-step NLAs g of dimen-
sion 6. In this case the coefficient € = 1 in the equations (2) given in Proposition 2.3.
The equivalence of complex structures in terms of the triple (p, B,C) is given in
the following lemma.

Lemma 2.14. Let g be an NLA endowed with a nilpotent complex structure (2)
with e =1 and (p, B,C) # (0,0,0). Then:

i) If the structure is abelian, then there is a basis {w?}3_, for g™¥ satisfying
Jj=1
either

(12) do' =0, dw?=w", dw?=w?,

or

(13) dw' =0, dw?=w', dw’® =w'?+ cw?l,

where c € R, ¢ > 0.
(ii) In the non-abelian case there is a basis {w’}5_, for g" satisfying

(14) do' =0, dw?®=w", dw®=w?+ Bw?+cuw?,

where B € C and ¢ € R such that ¢ > 0.

Moreover, for any possible choice of parameters B and c, each structure in (12),
(13) and (14) defines an equivalence class of complex structures.

Proof. If the complex structure is abelian then the pair (B, C) # (0,0) since p = 0.
If B = 0 then it is clear that one arrives at equation (12). If B # 0 then with respect

to the basis {z w!, |2|? w?, %‘2 w3}, where z is any non-zero solution of % z=5%2,
the equations (2) reduce to the form (13).

For the proof of (i), we observe that with respect to {zw!, |2|? w?, z|2]? W3},
where z # 0 satisfies z |C| = z C, the equations (2) reduce to (14).

Finally, the non-equivalence of the different complex structures defined in (12),
(13) and (14) follows by a similar argument to the first part of the proof of

Lemma 2.5. O

The following result provides a classification of abelian structures in the 3-step
case in a slightly more straightforward way than the one given in [2].

Corollary 2.15. Let J be an abelian structure on an NLA g given by (12) or (13).
Then, g is isomorphic to 15, except for c =1 in which case g = bg.
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Proof. For the equations (13), let us consider a basis {e!,...,e} for g* given by
wl = —e! +ie?, w? =2 +2ie* and w? = 2e° 4+ 2(c+ 1)ie®. Then, e!,e?, e® are
closed, de* = €2, de® = (¢ — 1)(e!® + €*?) and de® = e'* + €23, Thus, if ¢ # 1 then
the Lie algebra g is isomorphic to hi5; otherwise, g = ho. Finally, it is easy to check
that the Lie algebra g underlying (12) is also isomorphic to bis. O

Notice that the family (14) includes the case b7 precisely for p = B=1and ¢ =0
as it is shown in Proposition 2.13. Next we determine the Lie algebras underlying
the complex equations (14) in the remaining cases. They all have first Betti number
equal to 3 and are nilpotent in step 3. Also notice that the dimension of their center
is at least 2.

Proposition 2.16. Let J be a nilpotent complex structure on a 3-step NLA g given
by (14). Then g has 3-dimensional center if and only if |B| =1, B # 1 and ¢ = 0.
In such case g is isomorphic to hig.

Proof. Let Zy,Z5,Z3 be the dual basis of w1, wa,ws. Then, Re (Z3) and TJm (Z3)
are central elements. Let T = A\ Z; + M\ Z1 + A\aZy + A9 Z5 be another non-zero
element in the center of g, where (A1, A2) € C2 — {(0,0)}. It follows from (14) that

0=[T,Z1] = MZs — M Zs — (A2 — BA\2)Z3 — cA\2 73,

which implies \; = 0, cA\y = 0 and Ay = B),. Therefore, ¢ = 0 and |B| = 1 in order
the center to be 3-dimensional, because otherwise the equation Ay = By would
have trivial solution. Moreover, B # 1 because g is nilpotent in step 3.

Finally, since |B| = 1 and B # 1, let us consider the basis {e!,...,e%} for
g* given by: el +ie? = i(B — 1)w!, €3 = w? + w2, et = %i(wz + Bwi),
€5 +ieS = (1 —Re B)w3. Then, we can write the differential of w? in the form

dw? = W' A (W2 + Bw?) = (i(—BE)‘{elBZUﬂ) A (11_9%332‘((4)2 + Bw2)> ,

which implies that e!,e?,e3 are closed, de* = e'2, de® = e and de® = €24, i.e.

9 = bie. O

Next we establish the conditions for the coefficients B and ¢ in terms of the
dimension of g% = [g, [g, g]]-

Lemma 2.17. Let J be a complex structure on a 3-step NLA g given by (14).
Then:

(i) Ifc=|B—1|#0, then dimg? = 1.

(ii) If ¢ # |B — 1], then dim g? = 2.
Proof. From (14) we have that

92 = [ZQ - Zg,g] = <(1 — B)Z3 + CZg, CZ3 + (1 — B)Z3>
It is clear that dim g2 = 2 if and only if (1 — B)(1 — B) — ¢® # 0. O
Notice that if ¢ = |B — 1| # 0 then g is isomorphic to hio, h11 or hi2. Since

the case ¢ = 0 # |B — 1|, |B| = 1 corresponds to g = b4 by Proposition 2.16, we
conclude that for ¢ # |B — 1| and (¢, |B]|) # (0,1) the Lie algebra g is isomorphic

to b3, h1a or bis.
In order to distinguish the underlying Lie algebras, we use the following argument

for g = by, 10 < k < 15. Let a(g) be the number of linearly independent elements
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7 in A*(g*) such that 7 € d(g*) and 7 A 7 = 0. This number can be identified with
the number of linearly independent exact 2-forms which are decomposable, that is,
a(hy) =3 for k =10,12,13, a(bhy) = 2 for k = 11,14 and a(hy) =1 for k = 15.

If 7 is any exact element in A*(g*) then 7 = pdw? + i dw? + v dw? + v dw?, for
some p,v € C, and by (14) we have

A direct calculation shows that
TAT=2(v’(1 = |Bf> =) +c (vV’B+°B)) w12,
Thus, if we denote p = Re v and ¢ = IJm v, then 7 A 7 = 0 if and only if
(15) (1—|B|*=c*+2c%Re B) p* — (4¢TIm B) pq + (1—|B]*—c*— 2cRe B) ¢*> = 0.
i

Observe that the trivial solution p = ¢ = 0 corresponds to 7 = 2i Jm pw'!, accord-
ing to the fact that a(g) > 1.

Proposition 2.18. Let J be a complex structure on a 3-step NLA g given by (14)
with ¢ = |B — 1| # 0. Then:
(i) g = b1o if and only if B=0;
(ii) g = b1y if and only if B € R —{0,1};
(iii) g = h12 if and only if Tm B # 0.

In particular, all the complex structures on hig are equivalent.

Proof. Since ¢ = |B — 1] # 0, it follows from Lemma 2.17 that g is isomorphic to
10, 11 or bia.

Firstly, g = by if and only if the coefficients in equation (15) vanish. In fact,
for h1p we have by Theorem 2.1 that v dw® + v dw® € (el? '3, el4) for any v € C
so any pair (p,q) € R? solves the equation (15), which implies the vanishing of
its coefficients. Conversely, if the coefficients 1 — |B|? — ¢ + 2cRe B, ¢Jm B and
1 — |B|?> = ¢ — 2cRe B are all zero then neccesarily B = 0 and ¢ = 1, that is,
dw' = 0, dw? = w' and dw® = (w! — w!) A w?, and therefore the Lie algebra is
isomorphic to h1g.

On the other hand, notice that if ¢ = |B — 1| # 0 and (B, ¢) # (0,1) then (15)
is a second degree equation in p or ¢. Since its discriminant is a positive multiple
of (Jm B)?, if Jm B # 0 then we get two independent solutions and a(g) = 3, that
is, g = h12. Finally, for Jm B = 0 the equation (15) provides one solution and
a(g) = 2,50 g = by 0

Proposition 2.19. Let J be a complex structure on a 3-step NLA g given by (14)
with ¢ # |B — 1| such that (¢,|B]|) # (0,1). Then:
(i) g = b3 if and only if c* — 2(|B]*> + 1)c? + (|B]* — 1)? < 0;
(i) g2 bh1a if and only if ¢* — 2(|B]? + 1) + (|B|? — 1)2 = 0;
(iii) g = by5 if and only if * — 2(|B|*> + 1)c® + (|B> = 1)? > 0.

Proof. Since ¢ # |B — 1| and (¢, |B|) # (0,1), it follows from Lemma 2.17 and
Proposition 2.16 that g is isomorphic to hi3, h14 or his.

Notice that the condition (c, |B]|) # (0,1) implies that the coefficients of p? and
¢? in equation (15) cannot be both zero, so (15) is always a second degree equation.
Let

A=c* 2B+ 1)+ (B> - 1)2
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Since the discriminant as a second degree equation in p is equal to —4¢?A and
the discriminant as a second degree equation in ¢ equals —4p?A, the number of
independent solutions of equation (15) depends on the sign of A. Thus, for A <0
there exist two such solutions and thus g = b3, for A = 0 there exists only one
such solution and g & h14, and finally for A > 0 there is no solution and «(g) = 1,
which implies that g = 5. U

3. CLASSIFICATION OF COMPLEX STRUCTURES

As a consequence of our previous study, in this section we present in Table 1 the
classification of nilpotent complex structures up to equivalence on 6-dimensional
NLAs. In the table the closed (1,0)-form w! does not appear, and the coefficients
¢, A€ RZ% and B, D € C with Jm D > 0.

In Table 1 we have also included the classification of abelian structures J on 6-
dimensional NLAs obtained in [2]. In the 3-step case we use directly the equations
given in Lemma 2.14 and Corollary 2.15, but in the 2-step case we have written the
complex structure equations of any abelian J in a form that fits in our Proposi-
tion 2.4. More precisely, in the 2-step case we consider first the following reduction
of the equations (3) of any abelian complex structure.

Corollary 3.1. If J is abelian and g is 2-step then there is a basis {w’ }3-’:1 for g0
satisfying one of the following equations:
(i) dw! = dw? = dw?® = 0;
(ii) dw! = dw? =0, dw® =w' + Dw?, with D € C, |D| =1, JmD > 0;
(i) dw! = dw? =0, dw?® =w'! + w2+ Dw?2, with D € C, JmD > 0.
Proof. Suppose p = 0 in (3). If in addition A = 0, then in terms of the basis
{VID| w', |D|w?, |D|w} we obtain (i) or (ii), whereas if A # 0 then we get
equations (iii) with respect to {w!, Aw?, w3}. O
Next we illustrate how to rewrite the complex structure equations of any
abelian J on the Lie algebra b5 in a form that fits in our Corollary 3.1. By [2,

Theorem 3.5] there is, up to isomorphism, one family J;, t € (0,1], of abelian
structures given by

1
Jtel = 63, Jt€2 = 64, Jte5 = ; 86.

With respect to the (1,0)-basis {o! =e! —ie3, 0% =e? —iet 0% = —2ie — %66},
the complex structure equations for .J; are

do' =do? =0, do®=o'l— 3.012 — E.021 — o2

’ t t )
Now, by [29, Lemma 11] there exists a (1,0)-basis {w’}3_, satisfying
dw' = dw? =0, dw® = W' + w4+ Dwﬁ7

with D = %. Notice that D € [0, 1) because ¢ € (0,1]. Therefore, any abelian
complex structure on b5 is given, up to isomorphism, as in Table 1.

For completeness we include Table 2 with the classification of non-nilpotent
complex structures on 6-dimensional NLAs obtained in [30].
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g | Abelian structures (p = 0) Non-abelian Nilpotent structures (p = 1)
by | dw? =0, dw® =0 —
b dw? =0, do® = + Dw??, |dw? =0, dw® = w'? + W' +w'2 + Dw??,
*|amD=1 JmD >0
by | dw? =0, dw® = w'! + w?2 —
b dw? = 0, dw? = 0, dwd = w2 + wli —|—w1§ + Dwzi7
Yl =Wt 0?4 12 D € R—{0}
dw? =0, dw? = w!?
dw? =0, dw’ = w'? + W'l + Aw'? + Dw??,
dw?® =0, with (A, D) satisfying one of:
b5 | dw?® = W' + w!2 + Dw??, e A=0<JmD, 4JmD)%<1+4ReD;
Del0,d) e0<N <Ll 0<ImD <2, ReD=0;
el <A2<1,0<ImD < 52 ReD=0;
e X2>1,0<TmD < 271 ®eD=0.
be — dw? =0, dw’ = w'? + W'l 4+ w'?
b7 o dw? = wli, dwd = w12 +w1§
by | dw? =0, dw® = w'! —
bQ dw? = wli, dwd = wlﬁ + wﬂ o
b1o — dw? = W', dwd = w'? + W2l
b o dw? = W', dw® = w2 4+ Bw'? + |B—1|w?,
H BeR-{0,1}
b dw? = W', dw® = w2 4+ Bw'? + |[B—1|w?,
12 —
JmB#0
dw? = W', dw? = W% + Bw!'? + cw?,
b13 — C# |B_1|7 (C7 |B|)7é(071)7
A —2(BP+1)2+(|B?—1)2 <0
dw? = W, dw? = w'? + Bw!'? + cw?!,
B1a - 07&|Bfl|7 (C, |B|)7é(0a1)>
A —2(|B? + 1)+ (|B?-1)2=0
dw? = wﬁ, dw3 = w21 dw? = wﬂ, dw? = w2 + Bw!? + cwﬂ,
15 dw? = 11; de_w1§+cw2i C7A|B_l‘v (07‘B|)7é(0,1),
c#1 A —2(|B?+ 1)+ (|B]>-1)>>0
b dw? = W, dwd = w'? + Bw!?,
16 —

B|=1, B#1

dw!'=0; X\,c>0; B,DeC.
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Table 2: Classification of non-nilpotent complex structures

g Complex structures

bro | dw! =0, dw?=w!®+ Wi, dw? = Fi(w!? — wﬂ)

his | dw! =0, dw? =w® +w, dw? =iwl! +i(w!? - w?h)

4. FROLICHER SPECTRAL SEQUENCE

In this section we study the behaviour of the Frolicher sequence for 6-nilmanifolds
endowed with an invariant complex structure. Recall that given a complex mani-
fold M, the Frolicher spectral sequence EP'4(M) is the spectral sequence associated
to the double complex (QP4(M),d,d), where 0 and d come from the well-known
decomposition d = 9 + 9 of the exterior differential d on M [17].

The first term FE;(M) in the sequence is precisely the Dolbeault cohomology
of M, that is, E}"(M) = H*(M), and after a finite number of steps this sequence
converges to the de Rham cohomology of M. More concretely, for each r > 1 there
is a sequence of homomorphisms d,.

oo gty S pra(g) Ay prrartl oy
such that d, o d, = 0 and E, (M) = Kerd,./Imd,. The homomorphisms d, are
induced from 9. When r = 1 the homomorphism d;: HZ(M) — H§+1’Q(M) is
given by di([ap g]) = [0cy 4], for [y, 4] € HYY(M). We will also use that
_ {apg € Qliq(M) | 0ap,q =0, (?O‘p,q = —00pi1,4-1}
{0Bp.g—1+ 0vp—1,410Vp-1,4 = 0} 7
and the homomorphism dy: EYY(M) — EYT>97Y (M) is given by da([ap,]) =
[0apt1,q—1], for o, 4] € EYY(M) (see for example [11] for general descriptions of
d, and EP'?).
Let M =TI'\G be a nilmanifold endowed with an invariant complex structure J,

and let g be the Lie algebra of G. In dimension 6, Rollenske proved in [26, Section
4.2] that if g % b7 then the natural inclusion

(N*(8),0) = (@"*(a1), )

E5(M)

induces an isomorphism

L Hg’q(g) — Hg’q(M)
between the Lie-algebra Dolbeault cohomology of (g,.J) and the Dolbeault co-
homology of M. Thus, an inductive argument [12, Theorem 4.2] implies that
the natural map ¢: EP%(g) — EP9(M) is also an isomorphism, and therefore
EP9(M) = EP4(g) for any p,q and any r > 1, whenever g % h. Using this, in the
next result we show the general behaviour of the Frolicher sequence in dimension 6.

Theorem 4.1. Let M = T'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J such that the underlying Lie algebra g % bh7. Then
the Frolicher spectral sequence EP1(M, J) behaves as follows:

(a) If g = b1, b3, be, bs, o, bio, b1, bz or byy, then By = E for any J.
(b) If g = by or by, then E1 = Eo if and only if J is non-abelian; moreover,
any abelian complex structure on Ba or by satisfies By % Fy & F.
(¢) If g = b5 and J is a complex structure on b5 given in Table 1, then:
(c.1) Ey % Ey = Ey when J is complex-parallelizable;
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(c.2) E1 & Ew if and only if J is not complex-parallelizable and pD # 0;
moreover, By % Fy = Eo, when pD = 0.
(d) If g = b1 or b, then By % Ey = E for any J.
(e) If g = b3 or hia, then By = Ey ¥ E3 = Ey, for any J.
(f) If g =2 b15 and J is a complex structure on b15 given in Table 1, then:
(1) E1 % Ey 2 Eo,, when ¢ =0 and |B — p| # 0;
(f2) By 2 Ey ¥ B3~ E, when p=1 and |B — 1] # ¢ # 0;
(£.3) By %2 By % F3 = Eo,, when p=0 and |B| # ¢ # 0.

Proof. The proof is straightforward and we only give it explicitly for the case (f),
that is, g = b5, because it is the most intriguing case where different non-trivial
behaviours can be produced.

We will use the notation E‘Tk| = @pyq=LEP?. Since EC@ = HC’fR, it is clear that
dim Elkl > b = dim H!icR for all k, and the equalities hold if and only if E, = F

For the calculation of the first term F;, that is, the Dolbeault cohomology,
by the Serre duality it suffices to study the spaces E{** = HE? for (p,q) =
(1,0),(0,1),(2,0),(1,1),(0,2),(3,0) and (2,1).

Let J be a complex structure on hi5 given in Table 1. If J is abelian then
(B,c) =(0,1) or (1,c) with ¢ # 1, therefore

Hy" = ('l HG" = (W) 85D, HGO = (),
16) H§’1=<[w1]7[w§],[cf3]>, 7 Hg? = ("], W' ]7[ ),

Hy' = (1 = 6§)w"?], ["%], 8§lw™), [Bw™ + w*], 8[w?)),

H;,l — <58[w121]’ [wui}’ [w123]’ [Bw132 _ cw231], 58[W133]>7

where 6§ is equal to 0 if ¢ # 0, and equals 1 if ¢ = 0. Since dim Elll‘ =4>3=
b1(h15) we get that By ¥ E for any abelian J.
When J is not abelian, i.e. p = 1, the Dolbeault cohomology groups are

Hy" = (W', 6585§w%),  HZ° = ("], 650w™]),  Hy = (w'®]),
Hy' = (W], ),  Hy? = ("], w*]),

(17) 1,1 B 13 13
Hy' = ((Be+ 6§)[w'?, [w'® + w??], [Bw"® — w31, 65[w?!], 5§[w™?]),
Hgl <5([ 121] [ 122],[cw12§’+w132],[B 123+w I] (;c[ 133+w232]>

where 0% has a similar definition as for §§ above. Notice that the coefficient Be+ 68

is non-zero except for B # 0 and ¢ = 0. Thus, dim Ellz‘ > 6> 5= by(h15) and so
Fy, # E also for any non-abelian J.

In order to prove (f.1) we need to study independently the abelian and the non-
abelian complex structures with ¢ = 0 and B # p on h15. We start with the abelian
ones. In this case, by Table 1 we can suppose B = 1 and from (16) it follows that

the dimensions of E|12‘ and Ell?" are
dm B =9>5=0by(h15),  dim B =12 > 6 = by(h1s).
For the following d;-homomorphisms

0,1 d 1,1 d 2,1 d 3,1 0,2 d 1,2 d 2,2 d 3,2
E17 1; E17 1; E17 1; E177 El» 1 El» 1 El» 1 E1$7
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the classes [w%], [w'?], [w3?], [W"3], (W], [W323], (WP + WP13] and [wW!323] have
linearly independent images. Counting dimensions for E‘Qk‘ we get that

dmEMN < dim BN —1=3=b,(h15), dimEZ < dim B —4 =5 =by(b15),

dim B < dim By’ — 6 = 6 = by(h15), dim By’ < dim Byl — 4 =5 = by(b15),

dim B < dim B — 1 = 3 = bs(h15).

This implies that Fs = E., because necessarily dim E‘Qk‘ = by(b15) for all k.

If p=1and ¢ =0, then B # 1 and by (17) we have dimElll‘ = by(h15) + 05.
So Ell1| ~ EILl when B # 0. For B = 0, since dy ([w?]) # 0 and dy ([w313]) # 0, we
conclude that dim E}'! < dim E'' — 1 =3 = b, (h15) and dim E}’' < dim EP°' — 1 =
3 = b1(h15), and therefore, E‘Qk‘ ~EF itk =10r k=5

Now, for B # 1 we have that dim E* = 8 + 68 > 5 = by(hy5), dim B’ = 12 >
6 = b3(h15), dim E‘14| =8+ 68 > 5= b4(h15). In order to conclude that Ey = E.,
it suffices to observe that for the following homomorphisms

pht Ay g2l 4y pst o g2 4y pl2 4y p22
the classes [w!® + w??], [W3?], (W' 4+ wW???], (W3], [W??] and [Bw?®® + W3] have

linearly independent images.
For case (f.2), we consider p =1 and |B—1| # ¢ 7£ 0. As dlmEm =3 ="b1(h15),
)

we get that Ell‘ ~ EIll. Now, for the map EY? LN E>" we have do([w?]) =
[8 <w23 + % 32)} = [BilP- [w!22] # 0, because w'?2 # P + Oy11 for any

c

B2,0 and any 0-closed v1,1- Hence,
by(h1s) < dim B < dim EP — 1 <dim B! =1 =6 —1 =5 = by(h15)

and we conclude that El2 = E|32‘ * E‘Q2| &= E‘fl. B N
Similarly, dy: Ey® — E3'" is non-zero (for instance, dy([w3'® + Bw?23]) # 0).
Thus,

bs(h1s) < dim B < dim EF — 2 < dim B — 2 =8 — 2 = 6 = bs(hy5)
and we conclude that EL = E:L?" # E‘Q3| & E‘f’l. By the same argument
by(hys) < dim B < dim B — 1 <dim B =1 =6 — 1 =5 = by(h15)

and therefore Etl;él = E;|34‘ o2 E|24‘ = E‘14|. Summing up all the information, we
conclude that By & Fy % E3 & E, in case (£.2).

For the last case (f.3), we first observe that d; ([w?]) = —c[w'?]—Blw?
class is zero if and only if cw!'? + Bw?! € (A1) = (w'l, Bw'? +cw?
the map d; : E?’l — Ell’1 is non-zero. Therefore, dim Eé ! <dimF
Ell1| * E‘Q1| ~ . Moreover, since da([w??]) # 0, we deduce that

ba(h15) < dim By < dim EY — 1 < dim B — 2 =7 -2 = 5 = by(h1s),
so B2l o Efl % E|22‘ 2 E|12‘. Analogously, do([w?™® + Bw??3]) # 0, which implies
bs(h1s) < dim B < dim EP' — 2 < dim EI* —2 =8 — 2 =6 = bs(h15),
and we conclude that EL| = EZI,)S‘ * E‘le & E‘f’l. We also have
ba(hs) < dim B < dim B — 1 < dim B — 2 =72 =5 = b,(by5),

1], Since this
ie. |B|l=c¢,

b,
EM—1=3 ie
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and therefore Bl =~ EJ;H 2 Egll 2 E‘f‘. Consequently, £y 2 Ey % E3 =2 Eo in
case (f.3). O

In [3] the authors posed the following problem: to construct a compact complex
manifold such that F; = E, and h? = h%" for every p,q € N but for which the
00-lemma does not hold. Since nilmanifolds do not satisfy the 09-lemma, unless
they are complex tori, the following result provides a solution.

Proposition 4.2. Let J be any invariant complex structure on a nilmanifold M
with underlying Lie algebra isomorphic to hg. Then E1(M) = Eo(M) and the
Hodge numbers satisfy
g (M) =1,
h'(M) =2, hy'(M) =2,
h2O(M) =2, hy'(M)=5, §hy*(M)=2,
RO(M)=1, hZ'(M)=5, h;*(M)=5 h¥*(M)=1,
RPN (M) =2, hZ*(M)=5, hy*(M)=2,
hY2(M) =2, hX*(M) =2,
hy (M) = 1.
Proof. Any complex structure J on hg is equivalent to the complex structure given
in Table 1, that is, p = A = 1 and D = 0. Its Dolbeault cohomology groups Hg’q
for (p7 ) = (1 0) (0 1) (2 O)a (171)7 (Oa2)7 (330) and (27 1) are

By = (W), 0= (@), HEO = (@),
Hy' = (W', ),  Hy® = ("] [>)),

= ("], W], W], [0* + W], [T + W),
H21 — <[ Q] [ 131] [ 123 +w23i],[w123—w23i],[w132]>.

By Serre duality we get the above Hodge diamond which is symmetric. Moreover,
dim B = 4 = by (he), dimEP =9 =by(he), dimEP =12 = bs(he),
so the Frolicher spectral sequence degenerates at the first step. ([

The following result shows that there are many complex nilmanifolds for which
the Frolicher spectral sequence is stable under small deformations of the complex
structure.

Proposition 4.3. Let M = T'\G be a 6-dimensional nilmanifold endowed with

~

an invariant complex structure J, and let g be the Lie algebra of G. If g =

bl? h37 h67 b87 hga th? h117 b127 blSa hl47 h167 hfg or b;ﬁ; then dlmE£7q(M7 J) 1s stable
under small deformations of J for any p,q and any r > 1.

Proof. By [25, Theorem 2.6], all small deformations of the complex structure J are
again invariant complex structures. Proceeding as in the proof of Theorem 4.1, it
can be proved that if g 2 b, by, bs or by5, then dim EP*2(M) does not depend on
the invariant complex structure on M for any p,q and any r > 1, so it is stable
under small deformation of J. (]
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Next we provide some examples of explicit families of complex structures on
nilmanifolds corresponding to hs and b5 along which the Frolicher sequence varies.
In Corollaries 5.11 and 5.12 bellow, further properties of the Frolicher spectral
sequence on nilmanifolds are shown.

Example 4.4. Let J be a non complex-parallelizable and non-abelian complex
structure on hy given in Table 1 with non-degenerate Frolicher sequence. According
to Theorem 4.1, J has complex structure equations of the form

dw! = dw? =0, dw®=w'?+ W'+ )\wli,

for some non-negative A # 1. With respect to the real basis {e!,...,e5} given by
1 i
1, ;.2 1 31 2, 4 2 5, ;6 3
e +1ef =w, e’ —e e“+e)=w?, e+’ =w",
1+ )\( ) 1-— )\( )
the complex structure J expresses as
Jel = —¢€? Jegz—%ez—%e‘l Jeb = —eb
Je? =el, Je4:—1+%e + hi e3, Jeb = ed.

For any t € [0, %), consider the complex structure J; given by

4d(1—X —\2 2d(1—\)? 8d21)\
Joel = (A=) 1 1-2 2 (a2) + ( )4

a? € a

Jt€2 _ 122 1y 2d(1 /\2) ot

e )

Jpe? = _(13(1)2 el — (1—>\22;1(1—/\) e — (12/\)2 et
Jyet = _2(1(;>\) el + 12, 2 4 (- /\)2 4d(olé2—/\) et
Jie? = 125 ¢5 — 4dijfi;§f L e,
Jyeb = =z e’ — 2‘32 eb,
where o = /(1 — A\?)? — 4d?, and
t ifA=0,
At ) = tA\?/4, if A2 € (0,1/2),

H1—A2)/4,  if A2 e[1/2,1),
—t(1—A2)/4, if A2 > 1.
Notice that Jy = J. Now, the (1,0)-basis

2
wl = 1227 1y

2d(1—-\?2 .
(a2 )64+262,

[}

wzzﬂ(e:s_el)_2d(12—k)€4+1i‘/\ (2d 1y 2 +(1 /\) 64)’

3 _ 5 _2d,6 , ;1=)2 ¢
o C Ti1— ¢,

satisfies ) ) )

dw' = dw? =0, dw® =w? +wt + Aw'? + Dw?,
with D = id(t,\). According to Theorem 4.1, the Frolicher spectral sequence
degenerates if and only if D # 0, i.e. if and only if £ > 0. In conclusion, J can be
deformed into a non-abelian complex structure with F; & E..
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Corollary 4.5. Let M = T'\G be the nilmanifold underlying the Iwasawa manifold,
i.e. § =2 bs5. Let J be a non complex-parallelizable and non-abelian complex structure
on M given in Table 1 with E1 % Eo. Then, J can be deformed into an invariant
complex structure with degenerate Frolicher spectral sequence.

The Lie algebra hi5 has a rich complex geometry with respect to the Frolicher
sequence and in the next example we construct a family J; along which the three
cases in (f) of Theorem 4.1 are realized.

Example 4.6. On b5, let us consider the following family of complex structures

1 3(3 —sint)(7 + 3sint) ,
Jte = - . N e,
(5 +sint)(11 — sint)

3 3(3 —sint)(11 —sint) ,
Jie? = - - e
(5+sint)(7 + 3sint)

. (11 —sint)(7 + 3sint) 4
Jie? = — - - e
3(3 —sint)(5+sint)

where t € R. Let
4wl = /(11 —sint)(5 +sint) e* +i+/3(3 —sint)(7 + 3sint) 2,

8w? = (5+sint)(7+ 3sint)e® —i/3(5 +sint)(3 —sint)(11 — sint)(7 + 3sint) e,

and

128 w? = (5 4 sint)(7 + 3sint) [3(3 —sint)y/(11 —sint)(5 + sint) €°

i (11 — sint)\/3(3 — sint)(7 + 3sin?) eﬁ} .

Then, {w!,w? w3} is a (1,0)-basis for J; satisfying

7 1 —sint 5 14sint o
dw! =0, dw? =w't, dw3:Tw12+2w12++Tw21.
It is clear that the complex structure J; is abelian if and only if ¢t = L;lw,
k € Z. For any t # ‘%iﬁ the complex structure equations can be written as
1 4 5 1+ sint 1
do' =0, dw?=w'!, d=w?+ —— W W
’ * 1 —sint 2(1 —sint)

Thus, concerning the Frolicher spectral sequence for the family {.J;}+cr, by Theo-
rem 4.1 (f) we get:

o By ¥ Ey ¥ By~ E, for t = %t | e Z;
o By ¥ By ™ Ey, fort =*-1n | €7,
o 1 2 Fy, 2 F3 = E,, for any other value of ¢.

As a consequence of this example, in the following result we show that for r > 2
the dimension of the term FEP9(J;) in general is neither upper nor lower semi-
continuous function of ¢. This is in deep contrast with the case r = 1, as it is well
known the upper semicontinuity of the Hodge numbers dim H?(J;) with respect
to t along a deformation.
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Corollary 4.7. Let M be a nilmanifold with underlying Lie algebra h15 endowed
with the invariant complex structures J; given in Example 4.6. Then,

dim Ey?(Jz) =3 > 2 =dim Ey?(J), dimEy'(Jz) =2 <3 =dim Ey'(J;),
and
dim E3?(Jz) =2 > 1 =dim Ey*(J;), dimEy'(Jz) =2 <3 =dim By’ (J),

for any t € (%,3F). Therefore, the dimensions of the terms Ey'(Jy) and Ey' (J;)
are not upper semi-continuous functions of t, and the dimensions of the terms

EY*(Jy) and ES*(J;) are not lower semi-continuous functions of t.

Proof. 1t follows directly from the proof of Theorem 4.1 taking into account that for

t = Z the complex structure lies in case (£.3) and for any t € (%, 2) the structures

J¢ lie in case (£.2). O

5. STRONGLY GAUDUCHON AND BALANCED HERMITIAN METRICS

Let (M, J) be a complex manifold of complex dimension n. A Hermitian structure
Q is strongly Gauduchon (sG for short) if Q"1 is O-exact [22]. In particular,
any balanced Hermitian structure (i.e. dQ"~! = 0) is sG, and any sG metric is a
Gauduchon metric [18], that is, Q"1 is dd-closed or equivalently the Lee form is
co-closed.

Next we suppose that (M =T'\G, J) is a nilmanifold endowed with an invariant
complex structure. By using the symmetrization process given in [5] (see also [15],
[29] and [31, Proposition 3.2]) one easily arrives at:

Proposition 5.1. (M =T'\G, J) has an sG metric if and only if it has an invariant
one.

Therefore, the existence of sG metrics on (M = I'\G, J) is reduced to the exis-
tence at the Lie algebra level g of G.

Corollary 5.2. Let Q be an invariant Hermitian structure on (M = T'\G,J). If
J is abelian then, Q is sG if and only if it is balanced.

Proof. It follows directly from the fact that d(A™" >(g*)) = 0 for any abelian
complex structure. (Il

From now on we consider n = 3.

Proposition 5.3. Let M = T'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J. There exists an sG metric on (M =T\G, J) if and
only if the Lie algebra g of G is isomorphic to b1,...,bs or hi,.

Proof. By Proposition 5.1 it suffices to study the invariant case. Let us start with
the non-nilpotent case. The fundamental 2-form of any J-Hermitian metric is
given by

(18) 2Q =1 (rzwﬁ + 2w + t2w3§) +uw'? — Gw?t 4 ow? — 5wd? 4 2wt — ngi,
where coefficients 72, s2, 2 are non-zero real numbers and u, v, z € C satisfy r?s? >
lul?, 2t > |v]?, r%t? > |2|? and 72s%*t2 4+ 2Re (iuvz) > t2|ul? +7r?|v|? + s2|2|2. From
Table 2 and using the calculations in the proof of [29, Proposition 25] we have

400 A Q = (ie(s2t% — |v]?) £ (t2u + 20 + vz — i02)) W2 4 (uv — is?z) WL,
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Since (A>' (g%)) = (w2313, if the Hermitian structure (J, Q) is sG then
Fie(s’t? — |v|?) = t*(u + @) + ivZ — ivz.
Since the left-hand side is purely imaginary and the right-hand side is real, we get
that € = 0 and therefore g = b
For the nilpotent case, let us consider the general complex equations (2). Now,

the fundamental 2-form of any J-Hermitian metric is given also by (18). Using
again [29, Proposition 25], we get

409 A Q= ((1— e)A(s*t* — |v]*) + B(it*u + vz) — C(it’u — vz)
+ (1= D2 — |2])) W22 (242 [p[?) ! P13,

Since A(A*'(g%)) = (pw'2312), if the Hermitian structure (J, ) is sG then e = 0,
ie. g=bh; fori=1,...,6. Moreover, if in addition p = 1, then any J-Hermitian
structure is sG.

In conclusion, if there exists an sG metric then g = bhi,...,hs or hjg. The
converse follows directly from [29, Theorem 26] because these Lie algebras admit
balanced Hermitian metrics. O

Remark 5.4. From the proof of the previous proposition it follows that on hs, b4, b5
and bg, if J is a non-abelian nilpotent complex structure then any invariant J-
Hermitian metric is sG. This is in contrast with 1y, where for any complex structure
the space of balanced metrics is strictly contained in the space of sG metrics, and
moreover there are Hermitian metrics which are not sG. For instance, consider a
Hermitian metric on b4 given by
0= %wn + (u2 + 224 1)iw22 + (u2 4224 1)“033 + %(ww Wy g(wlz‘) —w31),
that is, in (18) we take r = 1, v = 0, u and z real and s? = % = 2(u? + 22 + 1):

e if u = z = 0 then the metric is balanced;

e if u =0 and z # 0 then the metric is sG but not balanced;

e if u # 0 then the metric is not sG.
Notice that this indicates a contrast between the sG and SKT geometries, since
by [16] the existence of an SKT structure on a 6-dimensional nilpotent Lie algebra
depends only on the complex structure.

There exist compact complex manifolds having sG metrics but not admitting
any balanced metric [23, Theorem 1.8]. Next we show the general situation for
nilmanifolds in dimension 6.

Proposition 5.5. Let M =T'\G be a 6-dimensional nilmanifold with an invariant
complex structure J such that (M = T\G,J) does not admit balanced metrics. If
(M =T\G,J) has sG metric, then J is non-abelian nilpotent and g is isomorphic
to ba, by or hs. Moreover, according to the classification in Table 1, such a J is
given by: ReD + (ImD)? > 1 on ho; ReD > L on bhy; and A = 0,IJmD # 0 or
A=TmD=0,ReD >0 on bs.

Proof. Any complex structure on hg or h, admits balanced metrics. From [31] we
have that only hs and b5 have abelian complex structures J admitting balanced
metric. In fact, any such J on h5 admits balanced Hermitian metrics, whereas for b3
the complex structure must be equivalent to the choice of (—)-sign in Table 1. From
Corollary 5.2, it remains to study the non-abelian nilpotent complex structures J
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on ho, h4 and h5. Since any such J admits sG metrics by Remark 5.4, next we show
which of them do not admit balanced metrics.
In the three cases the complex equations are of the form

(19) dw' = dw? =0, dw®=w?+w+ A2+ Dw?.

A similar argument as in the proof of [31, Proposition 2.3] shows that, up to equiv-
alence, the fundamental 2-form of any J-Hermitian metric is given by

20 =i (W' + 2 w? + 20 +uw'? —aw?,
where s > |u|? and t? > 0.
If D =x+ iy and u = uy + ius, the balanced condition is

(20) $2 x4 iy = ug\ + fug\.

We distinguish several cases depending on the values of .

If A # 0 then  is balanced if and only if u; = y/A and us = (s> + x)/\. The
condition s? > |u|? is equivalent to s* + (22 — A\?)s? + 22 +y? < 0 and it is easy to
see that a non-zero s satisfying this condition exists if and only if
(21) M —4x)? — 4y > 0.

From Table 1, for h, we get any .J such that = + 32 > i has no balanced metrics.
Similarly, for b4 any J such that z > i does not admit balanced metric.

For h5 and A # 0 we have that x = 0 by Table 1. Thus, there is no balanced
metrics if and only if A* < 442, Since y > 0, this is equivalent to A\? < 2y. But from
Table 1 we get that this cannot happen, therefore for A # 0 the complex structures
admit balanced metric.

Finally, in the case A = 0 on b5 we get that the balanced condition (20) reduces
toy =0 and s> = —z > 0. From Table 1 we have that 0 < 1+4x, i.e. z € (—%,oo).
Therefore, if y # 0 or y = 0, > 0 then there are no balanced metrics. O

As pointed out by Popovici [23], the degeneration of the Frolicher sequence at F;
and the existence of sG metrics are unrelated. From the study of the sG geometry
above and from Theorem 4.1 we get:

Theorem 5.6. Let M = T'\G be a 6-dimensional nilmanifold endowed with an
invariant complex structure J. If there exists an sG metric then the Frélicher
spectral sequence degenerates at the second level, i.e. Eo(M) = E(M). Moreover,
if there exists an sG metric and g # b5, then E1(M) =2 Eo(M).

Proof. By Proposition 5.3, the Lie algebra g underlying M = I'\G must be iso-
morphic to bi,...,bhs or hiy, so Theorem 4.1 implies that the Frolicher sequence
degenerates at the second level. The last assertion follows directly by taking into
account Corollary 5.2 and Table 3 below. ]

It is interesting whether this result holds in general, that is:

Question 5.7. Does the Frolicher spectral sequence degenerate at the second step
for any compact complex manifold M of complex dimension 3 admitting an sG
metric?

In the following table we show the complex structures J, up to equivalence, on
b1,...,0e that admit balanced Hermitian metrics. The classification follows from
the proof of Proposition 5.5.



Table 3: Classification of nilpotent complex structures
admitting balanced metrics
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g | Abelian structures Non-Abelian Nilpotent structures
b1 | dw? =0, dw® = —
dw? =0, dw® = w'? + W' + w2 + (z + iy) w??
b2 y>0, z+y?><4i
bs | dw? =0, dw® = W' — w?? —
dw? =0, dw® = w'? + W' 4+ w12 4 g w22,
ba x < i, x#0
dw? =0, dw? = w'?
dw? =0, dw® = w2 + '+ Aw'? + (z + iy) w2
dw? =0, with (\, z,y) satisfying one of:
bs | dw® =W + w2 +zw??, |eA=y=0,2¢€ (- 10);
0§x<i 00<)\2<70<y< ,I:O;
o F <N <, 0<y<T2, z =0
e X2>1,0<y<? Al z=0.
be dw? =0, dw’ = w'? + W' 4+ w!?

Motivated by [23, Theorem 1.9] next we study the relation between the degener-
ation of the Frolicher spectral sequence and the existence of sG or balanced metrics.
The possibilities are well illustrated in the following deformations of the complex
structure corresponding to A = x = y = 0 on a nilmanifold with underlying Lie
algebra hs.

Example 5.8. Let Jy p—;tiy be a non-abelian nilpotent complex structure on bs
as in Table 1.
If A\ = 0and D = 0 then there are sG metrics, there do not exist balanced

metrics and £ 2% Fy = F

. In terms of the standard real basis {e!,

the complex structure Jy o is given by

3 _ 2
Jope’ = —2e” — e,

Joo et = —2e! 4 €3, J07066 =e°.

4 6

5 _
J()’Oe = —€,
5

We consider the following deformations of Jy ¢ in the z-direction:

JO,ac 61 =
JO,:I: 63 =
JO,w 65 =

[(4z — 1)e® + 2ze?] Joze?=v1+4ze' + \/123"':—4% e,

Joz et =—-2y1+4dze + \}%
Jo,g;e6 =+/1+4ze’.

,0) then there are balanced metrics and Fy & E..
then there are sG metrics, there do not exist balanced metrics and

766} on b5
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Finally, let us consider the following deformation of Jg o in the A-direction:

0 el = —e?, 0 e? =el,
Ioe® =152+ (1+A)e?), Jroet = 11%\(—261 +(1=N)ed),
Ix0 ed = —eb, JA,OeG =ed.

If A2 € (0, %) then there are balanced metrics and F; % Es = E.

Next we address some problems on deformation openness or closedness of several
properties. Let A be an open disc around the origin in C. Following [23, Definition
1.12], a given property P of a compact complex manifold is said to be open un-
der holomorphic deformations if for every holomorphic family of compact complex
manifolds (M, J,)a.ea and for every ag € A the following implication holds:

(M, J,,) has property P = (M, J,) has property P for all a € A sufficiently
close to ag.

A given property P of a compact complex manifold is said to be closed un-
der holomorphic deformations if for every holomorphic family of compact complex
manifolds (M, J,).ea and for every ag € A the following implication holds:

(M, J,) has property P for all a € A\{ag} = (M, J,,) has property P.

Alessandrini and Bassanelli proved in [1] (see also [15]) that the balanced prop-
erty of compact complex manifolds is not deformation open. In contrast, Popovici
has shown in [22] that the sG property is open under holomorphic deformations, and
conjectured in [23, Conjectures 1.21 and 1.23] that both the sG and the balanced
properties of compact complex manifolds are closed under holomorphic deforma-
tion.

The following result provides a counterexample to both conjectures. We consider
a nilmanifold M with underlying Lie algebra isomorphic to h4. The abelian complex
structure Jy on M does not admit sG metrics, so it is sufficient to deform holo-
morphically Jy in an open disc A around the origin such that J, admits balanced
metric for any a # 0. Using the Kuranishi’s method, Maclaughlin, Pedersen, Poon
and Salamon proved in [20] that Jy has a locally complete family of deformations
consisting entirely of invariant complex structures and obtained the deformation
parameter space in terms of invariant forms. We will combine this result with our
existence result of balanced metrics in Table 3.

Theorem 5.9. Let (M, Jy) be a nilmanifold with underlying Lie algebra b4 endowed
with abelian complex structure Jy. Then, there is a holomorphic family of compact
complex manifolds (M, Jo)acn, where A = {a € C | |a| < 1}, such that (M, J,) has
a balanced metric for each a € A\{0}.

Proof. Let us consider the structure equations of the abelian complex structure Jy
as

i1 1
dn' =dn* =0, d773=577 +5n 45

For each a € C such that |a| < 1, we consider the basis of (1,0)-forms {u!, u?, u®}
given by ) )

pt=nttant —ian®, p’ =0, pd=n’.
Notice that this corresponds to ®} = a, ®1 = —ia and ®? = 2 = &3 = 3 =
®3 = 0 in the parameter space for J obtained in [20, Example 8].
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A direct calculation shows that
(22)  dp' =dp? =0, 2(1—|a?)dp? =2ap'? +ip'" + p'? + 2 — ija)?u??,

so the equations define a complex structure J, for each a € A. If a = 0 then the
complex nilmanifold (M, Jy) does not admit sG metrics because Jy is abelian.

For any a € C such that 0 < |a| < 1 the complex structure is nilpotent but
not abelian. In this case we can normalize the coefficient of u'? by taking 1= ‘a‘ w3
instead of p3, so we can suppose that the complex structure equations are
1 ia 25
5 (W' + ) — S H
With respect to the (1,0)-basis {w! = p! —ip?, w? = —2ai p?, w3 = —2ai 3}, the
structure equations for J, become

dpt =dp® =0, du® =t —|—2,,u Ty =

dw = dw? =0, dw® = w2 NI lwﬁ 1—la]* o
a 4|a)?

Now, as in the proof of Proposition 2.4 we can suppose that the coefficient of w!?
is equal to 1/]al.
In conclusion, for any a € C such that 0 < |a| < 1 there exists a (1,0)-basis for

1-|af?
4lal? -

which the complex equations are of the form (19) with A = I%I and D =

Taking x = Re D = zjﬁf and y = Jm D = 0, one has 4z + p — A% = 0 according
to Proposition 2.4 (ii.2). Now, following the proof of Proposition 5.5, since A # 0
the complex structure J, admits a balanced metric if and only if (21) is satisfied.

But the latter condition reads

N (\? —4x) = P >0,

so there exists a balanced Hermitian metric for each a € Csuchthat 0 < |a| < 1. O

Remark 5.10. It is worth giving a closer look at the failure of the sG property at
a = 0. Let J, be the family of complex structures given by (22) for any a € A =
{a € C | |a|] < 1}, and let us consider the real 2-form {2 compatible with J, given
by _
20 = ir? pt Tyig? ,u22 +it? 133,
where 1, s,t € R. Since
it? i
4Q A dQ — 2 1.12,2\(,12123 12312
2(17|a|2)(8 |a“ r )(/If 1% )7
1272

the 4-form Q2 is closed if and only if s? = |a|?7?, i.e. if and only if Q is given by

20 = ir? it + ila*r? p? 24 it s,
This defines a balanced J,-Hermitian metric for any r,¢ > 0 and for any 0 < |a| < 1;

however, in the “central limit” a = 0 the form becomes degenerate, that is, the
underlying metric is not positive definite.

It is well known that the property of “the Frélicher spectral sequence degenerating
at E17 is open under holomorphic deformations. In [14, Theorem 5.4] it is proved
that this property is not closed under holomorphic deformations. As a consequence
of Theorems 4.1 and 5.9 we obtain another example based on the complex geometry
of [’)4.
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Corollary 5.11. Let (M, Jy) be a nilmanifold with underlying Lie algebra 4 en-
dowed with abelian complex structure Jy. There is a holomorphic family of com-
pact complex manifolds (M, Jo)een, where A = {a € C | |a| < 1}, such that
E1(M,J,) 2 Ex(M, J,) for each a € A\{0}, but E1(M, Jy) 2 Ex(M, Jp).

The upper semicontinuity of the Hodge numbers is crucial in the proof of the
openness of the property “E; & E.”. Since we proved in Corollary 4.7 that the
upper semicontinuity fails for E5?, the following result is not so unexpected.

Corollary 5.12. The property of “the Frolicher spectral sequence degenerating at
E5” is not open.

Proof. The family J; given in Example 4.6 satisfies Fa(J_z) = Ew(J-z), because
J_z isin case (f.1) of Theorem 4.1, but Ey(J;) % E(J;) for t € (=3, 5). O

This result is relevant in relation to Question 5.7 since the existence of sG metric
is an open property. Notice that there is no contradiction because the Lie algebra
in Example 4.6 is h15 which does not admit any sG metric.
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