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Higher-page Bott—Chern and
Aeppli cohomologies and applications

By Dan Popovici at Toulouse, Jonas Stelzig at Munich and Luis Ugarte at Zaragoza

Abstract. For every positive integer r, we introduce two new cohomologies, that we
call E,-Bott—Chern and E-Aeppli, on compact complex manifolds. When r = 1, they coincide
with the usual Bott—Chern and Aeppli cohomologies, but they are coarser, respectively finer,
than these when r > 2. They provide analogues in the Bott—Chern—Aeppli context of the
E,-cohomologies featuring in the Frolicher spectral sequence of the manifold. We apply these
new cohomologies in several ways to characterise the notion of page-(r — 1)-90-manifolds that
we introduced very recently. We also prove analogues of the Serre duality for these higher-page
Bott—Chern and Aeppli cohomologies and for the spaces featuring in the Frolicher spectral
sequence. We obtain a further group of applications of our cohomologies to the study of
Hermitian-symplectic and strongly Gauduchon metrics for which we show that they provide
the natural cohomological framework.

1. Introduction
Let X be an n-dimensional compact complex manifold.

(I) We recall that the Frolicher spectral sequence (FSS) of X is a collection of com-
plexes canonically associated with the complex structure of X . Its 0-th page

0 0 0
cen—> C;f’q(X, C) — Ij’qu(X, C)—---

is given by the Dolbeault complexes of X, consisting of the spaces of C-valued pure-type C >
differential forms on X together with differentials dy defined by the 0-operator. Each of the
next pages can be computed as the cohomology of the previous page. In particular, the 1-st
page
d d d
L EPA(x) S EPTR(x) s
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features the Dolbeault cohomology groups Hép 4(X,C)=E f’ *4(X) of X as vector spaces,
while the differentials d; are induced by 0 as dy({a}3) = {0a}5. In general, for every r € N,
the differentials d, on the r-th page

i, E;D,CI(X) i> Ef+r,q—r+1(X) i>

are of type (r, —r + 1).

Thus, the higher pages (namely, those corresponding to » > 2) of the FSS are refine-
ments of the Dolbeault cohomology of X. The main interest of this spectral sequence is that it
provides a link between the complex structure of X and its differential structure. Indeed, the
FSS converges to the De Rham cohomology of X in the sense that there are (non-canonical)
isomorphisms

HE (X, O)~ @ ELYX). ke{0.....2n}.
p+q=k

Since Cpo, (X, C) =0 unless p,q € {0,...,n}, there exists a positive integer r such
that all the differentials ds vanish identically for all s > r. This is equivalent to saying that the
spectral sequence becomes stationary from the r-th page in the sense that

Erp,q(X):Erp-;-q](X):'v paQE{O,...,n}.

This common vector space is denoted by EZ;?(X). We say in this case that the spectral
sequence degenerates at the r-th page (or at E,) and we denote this property by

Er(X) = Eo(X).

Obviously, the smaller r, the stronger the degeneration property.

(IT) On the other hand, the classical Bott—Chern cohomology ([6]) provides a different
kind of refinement of the Dolbeault cohomology, while the equally classical Aeppli cohomology
([1]) is a coarser replacement thereof. They have a wide range of applications, especially in
non-Kihler geometry, but also in Arakelov geometry and in Index Theory. (See, e.g., [5] and
the references therein.) They are respectively defined by

ker o N kerd ker(00)

Hg' (X, C) = B and Hy*(X,C)= ———=
s (X, ©) Im(00) 4 (X0 Imd + Imd
and the identity induces natural maps
HE (X, ©)
HEA(X) HP9(X).

EPY(X)

Moreover, a Serre-type duality between the Bott—Chern cohomology of any bidegree
and the Aeppli cohomology of the complementary bidegree (see, e.g., [23]), established by the
well-defined, canonical, non-degenerate pairings

HZA(X) x HI7P"9(X) > C. (laype A1) > /X o AB
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forall p,q = 0,...,n, can be viewed as a generalisation to the transcendental context of the
classical duality in algebraic geometry between curves and divisors. (Indeed, the current of
integration on a divisor, respectively a curve, represents a cohomology class of bidegree (1, 1),
respectively of bidegree (n — 1,n — 1). The Serre duality between the Dolbeault cohomol-
ogy groups of bidegrees (1,1) and (n — 1,n — 1) provides a framework for the divisor/curve
duality.)

Thus, in many respects, the classical Bott—Chern and Aeppli cohomologies are related to
the first page of the FSS, namely to the Dolbeault cohomology of X, to which they are canoni-
cally isomorphic on the important class of 00-manifolds. This class was introduced by Deligne,
Griffiths, Morgan and Sullivan [9], while this name was proposed in [16, Definition 1.6].

Definition 1.1 ([9]). A compact complex manifold X is said to be a BE_)-mam'fold if for
any d-closed pure-type form u on X, the following exactness properties are equivalent:

uis d-exact <=> uis 0-exact <=> u is 0-exact <= u is d0-exact.

The 90-manifolds behave cohomologically as compact Kihler manifolds, hence, in par-
ticular, they support a classical Hodge decomposition, namely canonical isomorphisms:

Hig(X. C©)~ @ EPU(X). kefo.....2n},
pt+a=k
induced by the identity map using the fact that every Dolbeault cohomology class ¢ € E ; *(X)
can be represented by a d -closed pure-type form on any d9-manifold. In fact, the d0-manifolds
are characterised by the Hodge decomposition holding in the canonical sense just described.
But such an X need not carry any Kihler metric and, in fact, the class of d9-manifolds
strictly contains the class of compact Kéhler (and even that of class €) manifolds.

(III) 1In the work [21], we introduced, for every positive integer r € N*, the class of
page-(r — 1)-65-manifolds by requiring the analogue of the Hodge decomposition to hold can-
onically when the Dolbeault cohomology spaces E;°(X) are replaced by the spaces E;*°(X)
featuring on the r-th page of the FSS.

Definition 1.2 ([21, Definition 2.7]). Fix an arbitrary positive integer r. A compact
n-dimensional complex manifold X is said to be a page-(r — 1)-00-manifold if X has the
E,-Hodge Decomposition property in the sense that the identity map induces an isomorphism

B EFUX)~ Hiz(X, C)
p+q=k
for every k € {0, ...,2n}. This means that the following two conditions are satisfied:
(a) for every bidegree (p,q) with p + g = k, every class {a??}g, € EP*?(X) contains
a d-closed representative of pure type a?1 € C7°, (X)),

(b) the linear map

P Erix)s > {al”q}E,H{ > aM} € HE. (X, ©)

p+q=k p+q=k pt+q=k DR
is well-defined (in the sense that it does not depend on the choices of d-closed represen-
tatives >4 of the classes {«?* 9} g, ) and bijective.
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Among other things, it was proved in [21, Theorem and Definition 1.2.] that the page-
(r — 1)-00-property of X is equivalent to the following two properties holding simultaneously:
the Frolicher spectral sequence of X degenerates at E, and the De Rham cohomology of X is
pure. (See [21, Definition 2.4. and Note on terminology 2.5] for the last notion.)

In particular, page-0-00-manifolds coincide with the classical d9-manifolds, but for every
r > 1, the class of page—r—aé—manifolds is new. Moreover, the page—r—aé—property becomes
weaker and weaker as r increases in the sense that, for every r € N, the following implication
holds:

X is a page-r-00-manifold = X is a page-(r + 1)-00-manifold.

Thus, the theory of page-r-90-manifolds enables the extension of Hodge Theory to the
higher pages of the FSS and, in particular, a further extension of the class of compact Kéhler
manifolds. Quite a few examples of classes of page—r—af_)—manifolds that are not d9-manifolds
in the classical sense were exhibited in [21].

1.1. The new cohomologies. The main goal of this work is to continue the construc-
tion of the higher-page Hodge Theory begun in [21] by introducing higher-page analogues of
the Bott—Chern and Aeppli cohomologies that provide a natural link between their classical
counterparts and the Frolicher spectral sequence and, simultaneously, parallel the higher-page
Frolicher cohomologies Ey*®(X) when r > 2.

The new terminology that we introduce in this paper can be divided into two main groups.

(@) A (p,q)-forma on X is said to be E,-exact if « represents the zero E-cohomology
class on the r-th page of the Frolicher spectral sequence of X . Also, « is said to be E -exact if
@ is Er-exact. When r = 1, these notions coincide with d-exactness, respectively d-exactness.

The notion of E, E ,-exactness is introduced in (iii) of Definition 3.1 as a weakening,
inspired by the characterisations of E,-exactness and E ,-exactness given in Proposition 2.3,
of the standard notion of d0-exactness. When r = 1, the notion of E E j-exactness is defined
as 00-exactness.

The notion of E;, E ,-closedness is introduced in (i) of Definition 3.1 as a strengthening of
the standard notion of 90-closedness. When r = 1, the notion of E 1 E1-closedness is defined
as 00-closedness.

All the exactness notions become weaker and weaker as r increases, in contrast to the
closedness conditions that become stronger and stronger.

(b) The E,-Bott—Chern, respectively the E,-Aeppli, cohomology groups of bidegree
(p,q) of X, denoted by E f ’ch (X) and Erlf ’;11 (X), are introduced in Definition 3.4 by quotient-
ing out

« the smooth d-closed (p, ¢)-forms by the E, E ,-exact ones,
« respectively, the smooth E, E -closed (p, ¢)-forms by those lying in Imd + Im 0.

When r = 1, these cohomology groups coincide with the standard Bott—Chern, respectively
Aeppli, cohomology groups. Moreover, for every (p, ¢), one has a sequence of canonical linear
surjections:

MO0 = B0 — o)

> > Erquc(X) Ef+q1 pc(X) =
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and a sequence of subspaces of H f 4(X):

(1.1)  CEPS 40 C EPI(X) C oo EDI(X) = HP (X)),

Moreover, it follows from Lemma 3.2 that the identity induces canonical linear maps:

HE(X, ©)

/ \
EPd(X) EP LX)
\ /

EP4(X)

for every positive integer r and every bidegree (p, q).

Recall that 90-manifolds are characterised by the equivalence of various types of exact-
ness properties for d-closed pure-type forms (cf. Definition 1.1). One of our main results in
this paper, which also provides some of the main applications of the two kinds of cohomolo-
gies that we introduce, is the following statement, which extends this to page-r-00-manifolds
(see Theorem 4.1).

Theorem 1.3. For a compact complex manifold X, denote by E f? ’ch (X)and E f ’f(X )
the higher-page Bott—Chern and Aeppli cohomology groups introduced in Definition 3.4. The
following properties are equivalent:

(1) X is a page-(r — 1)-00-manifold.
(2) For any d-closed (p, q)-form a, the following properties are equivalent:

o is d-exact <= «a is Ey-exact < « is Ey-exact <= « is E, E,-exact.

(3) Forall p,q €10, ...,n}, the natural map Efj’BqC(X) — Erp’Z(X) is an isomorphism.
(4) Forall p,q €40, ...,n}, the map Erlf’BqC(X) — Ef’g(X) is injective.
(5) One has dim E¥  (X) = dim E¥ ,(X) forall k € {0.....2n}.
1.2. First set of further applications: duality results. Using the Hodge theory based
on pseudo-differential Laplacians introduced in [18] and [19], we prove in Section 2, respec-
tively Section 3, the analogues of the Serre duality for the E,-cohomology, respectively the

E,-Bott—Chern and E,-Aeppli cohomologies, for all » > 2. The case r = 1 is standard. These
results can be summed up as follows (cf. Theorem 2.1, Corollaries 2.4 and 2.9, Theorem 3.11).

Theorem 1.4. Let X be a compact complex manifold with dim¢ X = n. Fix an arbi-
trary positive integer r € N. For every p,q € {0, ...,n}, the canonical bilinear pairings

EPA(X) x EFPm4(X) > C,  ((a}g, 1B}E,) /X anp

and
ELe 00 % ELPT 000 > €0 (@) Ble, ) v [ anp

are well defined and non-degenerate.
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This means that every space E; 2*"79(X) can be viewed as the dual of EF>?(X) and
every space E f ’ch (X) can be viewed as the dual of E:’:f (X)),

Our method is analytical and Hodge-theoretical, although more algebraic approaches
are, to a certain extend, possible (see Remark 2.10). This provides finer information useful for
applications, e.g., in Section 6.

1.3. Second set of further applications: Special metrics. A final group of appli-
cations of the new cohomologies that we introduce in this paper features in Section 6 where
it is shown that the higher-page Aeppli cohomologies provide the natural framework for the
study of Hermitian-symplectic (H-S) and strongly Gauduchon (sG) metrics and manifolds. (See
Proposition 6.2.)

In particular, we introduce the strongly Gauduchon (sG) cone §§x C E;;ll’"_l (X,R)
(in a way different to the one it was defined in [17] and [22]), the Hermitian-symplectic (H-S)
cone H8xy C E;:j(X,R) and the SKT cone 8 KT x C EII:I;(X, R) = H;’ I(X, R) of X (see
Definition 6.3) that are then shown to be open convex cones in their respective cohomology
vector spaces (see Lemma 6.4).

We go on to use these cones to obtain:

¢ anew numerical characterisation of sGG manifolds (introduced in [17] and [22]) besides
those obtained in [22] (one of which was b; = 2hg’ 1, while the inequality b; < Zhg’ !
holds on every manifold — see [22, Theorem 1.6]),

e a numerical characterisation of compact complex SKT manifolds on which every SKT
metric is Hermitian-symplectic.

Specifically, we prove the following fact (see Corollary 6.6 for further details), where e
stands each time for the dimension of the corresponding higher-page Aeppli cohomology space
of X denoted by E.

Proposition 1.5. Let X be a compact complex manifold with dim¢c X = n.

(1) The inequality

n—l,n—l< n—1,n—1
€.4 =€1,4

holds. Moreover, X is an sGG manifold if and only ifegzll’ nol = ei’}l’”_l.

(i1) The inequality 1.1 1,1

€34=€14
holds. Moreover, every SKT metric on X is Hermitian-symplectic (H-S) if and only if
1,1 1,1
€3,4 = €14

Recall that Streets and Tian asked in [25, Question 1.7] whether every H-S manifold of
dimension n > 3 is Kidhler. If the answer to this question is affirmative, then (ii) of Proposi-
tion 1.5 implies that every SKT manifold X for which e;’j = e} ’j is Kéhler.

2. Serre-type duality for the Frolicher spectral sequence
Let X be a compact complex manifold with dimc X = n. Forevery r € N, let EF*4(X)

stand for the space of bidegree (p,q) featuring on the r-th page of the Frolicher spectral
sequence of X.
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The first page of this spectral sequence is given by the Dolbeault cohomology of X,
namely E729(X) = H! P-4(X) for all p,q. Moreover, the classical Serre duality asserts that
every space H 74X i 1s the dual of H-" P-"74(X') via the canonical non-degenerate bilinear
pairing

HI(X) x HY 7" (X) - C, ([a]a, [ﬁ]s) > /Xa AP

In this section, we will extend this duality to all the pages of the Frolicher spectral
sequence. For the sake of perspicuity, we will first treat the case r = 2 and then the more
technically involved case r > 3.

2.1. Serre-type duality for the second page of the Frolicher spectral sequence. The
main ingredient in the proof of the next statement is the Hodge theory for the £,-cohomology
introduced in [18] via the construction of a pseudo-differential Laplace-type operator A.

Theorem 2.1. Forevery p,q € {0, ...,n}, the canonical bilinear pairing

@1 EPI(X) x EXPI0(X) > €. (labgy. (B)E,) /X ")

is well defined (i.e. independent of the choices of representatives of the cohomology classes
involved) and non-degenerate.

Proof. To prove well-definedness, let{o} g, € Ep 1(X)and {B}E, € E" P4 (X ) be
arbitrary classes in which we choose arbitrary representatives o, 8. Thus, 0o = 0, 0o € Im 0
(since [a]5 € kerdy) and ,B has the analogous properties. In particular, we have 98 = v for
some (n — p + 1, n —q — 1)-form v. Any other representative of the class {&} g, is of the
shape o + 01 + 0¢ for some (p — 1, ¢)-form 7 € ker 0 and some (p, ¢ — 1)-form ¢. (Indeed,
[on]5 = d1([n]5).) We have

/(ox—l-an—i-éé')/\ﬁ
X
=/a/\,3—|—(—1)p+q/nAaﬁ+(—l)p+q/§/\5,B (by Stokes)
X X X
:/a/\ﬂ+(—1)p+q/n/\5v (since 98 = 0v and 9B = 0)
X X
=[ozA,3—|—/3n/\u=/chﬂ (by Stokes and 97 = 0).
X X b'¢

Similarly, the integral [y o A B does not change if f is replaced by B 4 0a + 0b with a € kero.
To prove non-degeneracy for the pairing (2.1), we fix an arbitrary Hermitian metric @
on X and use the pseudo-differential Laplacian associated with @ introduced in [18, Section 1]:

A= 0p"0" + 9" "9+ 30" +0*3: CZ,(X) > CZ(X), p.g=0,....n

where p” 1 Cpo(X) — HL; A 7(X) := ker A” is the orthogonal projection with respect to the
L? inner product defined by w onto the A”-harmonic space in the standard 3-space decompo-
sition ) .

Cyo,(X) = HEH(X) @ Imo @ Imo*.
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Recall that - o
A" = 090* + 00 : CI?° (X) —> lef’q(X)

’q
is the usual (:)—Laplacian induced by w and the above decomposition is L2-orthogonal. It was
proved in [18, Theorem 1.1] that for every p,q € {0,...,n}, the following linear map is an
isomorphism:

HEZUX) = ker(B : C5%(X) = €55 (X)) = EFU(X). o> {0},

This is a Hodge isomorphism showing that every double class {o} g, € Eé’ *4(X) contains
a unique A-harmonic representative.

Claim 2.2.  For every a € C;,(X), the following equivalence holds:
Ao =0 < A(xa) =0,

where * = %, is the Hodge-star operator associated with .

Suppose for a moment that this claim has been proved. To prove non-degeneracy for the
pairing (2.1), let {a} g, € E4>9(X) be an arbitrary non-zero class whose unique A-harmonic
representative is denoted by «. So, we have o # 0 and x@ € %E_p 174 (X)) \ {0}. In particular,
*@ represents an element in £, 7*""?(X) and the pair ({a} g, , {*@} £,) maps under (2.1) to

/a/\*&=/ |Ol|Z,de=||0l||zz # 0.
X X ¢

Since p, g and o were arbitrary, we conclude that the pairing (2.1) is non-degenerate.

Proof of Claim 2.2. Since A is a sum of non-negative operators of the shape A* A, we have
ker A = ker(p"9) N ker(p”9*) Nkerod N kero*.
Thus, the orthogonal 3-space decomposition recalled above yields the following equivalence:
) da € Imo @ Imo*,
@ ckerA < {(i) 0% €Imd®Imo*,
(ili) o € kerdNkerd*.

Let o € ker A. Since * : AP IT*X — A"TETPT*X s an isomorphism, the well-
known identities x* = (—1)?*4 on (p, g)-forms, 0* = — x Ox and 0* = — x 0« yield

do=0 < 0@ =0 < 0*(x@) =0
and . )

0’a =0 < 0*a =0 < 9d(>a) =0.
Thus, « satisfies condition (iii) if and only if x& satisfies condition (iii).

Meanwhile, « satisfies condition (ii) if and only if there exist forms & and 7 such that
0*a = 0f + 0*n. The last identity is equivalent to

0@ = 0E + 0] <= —(»%)0(x@) = £ D % (*E) = *(— x D * 7))
> O(x@) = £ 0% (x€) £ 0(x7)).

Thus, « satisfies condition (ii) if and only if *a satisfies condition (i).
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Similarly, « satisfies condition (i) if and only if there exist forms u, v such that
O = Ou + 0™ v.
The last identity is equivalent to
0d = 0l +0%0 <= — x0* (@) = — x O(* * 1) — %0* (% * D)
> 0*(%@) = 0*(il) + O(xD).
Thus, « satisfies condition (i) if and only if *« satisfies condition (ii).
This completes the proof of Claim 2.2 and implicitly that of Theorem 2.1. m|

2.2. Serre-type duality for the pages r > 3 of the Frolicher spectral sequence. Here
we construct elliptic pseudo-differential operators Z(?) associated with any given Hermitian
metric @ on X whose kernels are isomorphic to the spaces Ef>?(X) in every bidegree (p, q).
This extends to arbitrary positive integers r € N~ ¢ the construction performed in [18] for
r = 2. We then apply this construction to prove the existence of a (non-degenerate) duality
between every space E£>?(X) and the space E; 7" %(X) that extends to every page in the
Frolicher spectral sequence the classical Serre duality (corresponding to r = 1).

Let X be an arbitrary compact complex n-dimensional manifold. Fix » € N and a bide-
gree (p,q) with p,q € {0,...,n}. A smooth C-valued (p, g)-form o on X will be said to be
E,-closed if it represents an E-cohomology class, denoted by {a} g, € EZ*?(X), on the r-th
page of the Frolicher spectral sequence of X. Meanwhile, o will be said to be E,-exact if it
represents the zero E,-cohomology class, i.e. if {a}g, = 0 € EF*?(X). The C-vector space
of C*® E,-closed (resp. Er-exact) (p, q)-forms will be denoted by Z2*9(X) (resp. €7 (X)).
Of course, €79 (X) c ZP'9(X) and EP'1(X) = ZP°9(X)/€P 1 (X).

The following statement was proved in [8]. It renders explicit the E,-closedness and
E-exactness conditions. In particular, it gives a more concrete description, equivalent to the
more formal standard one, of the spaces EZ*¢(X) and the differentials d, featuring in the
Frolicher spectral sequence. It was also used in [19].

Proposition 2.3. The following statements hold.

(i) Fix an integer r > 2. A form a € le,oq (X) is E,-closed if and only if there exist forms

Uy € Cpo—ci)-l,q—l (X)ywithl € {1,...,r — 1} satisfying the following tower of r equations:
da =0,
oo = Ouq,

8u1 = éuz,

aur—z = éur—l.
We say in this case that 0« = 0 and dc runs at least (r — 1) times.

(i) Fixr > 2. Themapd, : EP"9(X) — Erp+r’q_r+l(X) acts as dr({a}g,) = {0ur—1}E,
for every E,-class {a} g,, any representative o thereof and any choice of forms u; satis-
fying the above tower of E,-closedness equations for «.

(iii) Fixr = 2. Aforma € Cpo, (X) is Er-exactif and only if there exist forms § € C;fl,q (X)
and § € le’oq_l (X) such that )
a = 9 + 0§,
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with & arbitrary and ¢ satisfying the following tower of (r — 1) equations:

0, = 0v,_3,

OVy—3 = 0Vyr—y4,

évl = avo,
(:)U() = 0,
for some forms vy, ...,Vr—3. (Whenr =2, {,_o = {o must be 3—closed.) We say in this

case that 9 reaches 0 in at most (r — 1) steps.

(iv) The following inclusions hold in every bidegree (p, q):

ecePiXx)ycehix) -2l (X) czPi(X) C e

with )
{0} = Sa”(f”q(X) C (glp’q(X) = (Imo)?-?
and )
Z71(X) = (kero)?? C Z{1(X) = C°,(X).
Proof.  See [8]. O

The immediate consequence that we notice is the well-definedness of the pairing that
parallels on any page of the Frolicher spectral sequence the classical Serre duality.

Corollary 2.4. Let X be a compact complex manifold with dim¢c X = n. For every
positive integer r € Nxg and every p,q € {0, ...,n}, the canonical bilinear pairing

BP0 x EPII00 > € (@b, (ls) v [ anp
X
is well defined (i.e. independent of the choices of representatives of the E,-classes involved).

Proof. By symmetry, it suffices to prove that [y o A f = 0 whenever o € Cro (X)

is Er-exact and B € G2, ,,_ (X) is E,-closed. By Proposition 2.3, these conditions are
equivalent to ) ) ) )
a,B = 0, 6,3 = aul, aul = auz, ey aur_z = aur_l

for some forms u; and to o« = 9¢ + ¢ for some form ¢ satisfying

éé’ = avr_g, évr_g = avr_4, ey évl = avo,évo =0

/XaAﬁzfxagAﬁJr/XégAﬁ.

Every integral on the right-hand side above is seen to vanish by repeated integration by

parts. Specifically,
/égA,s:i/ EAOB =0
X X

for some forms vj. We get
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since 98 = 0, while for every [ € {1,...,r — 2} we have

/aé/\ﬂ:ﬂ:/§/\a/3=:|:/{AE_)ul::tfé_)éAulzzl:/av,_g/\ul
X X X X X
:i/v,_3/\au1=i/vr_3/\5u2
X

X
=i/5vr_3Au2=i[8vr_4Au2
X X

=:i:/ Uo/\aur_2=:f:/ vo/\éur_1=:i:/évo/\ur_1=0,
X X X

since dvg = 0. O

We will now prove that the above pairing is also non-degenerate, thus defining a Serre-
type duality on every page of the Frolicher spectral sequence. Much of the following pre-
liminary discussion appeared in [19, Section 2.2 and Appendix], so we will only recall the
bare bones.

Let us fix an arbitrary Hermitian metric w on X. For every bidegree (p, q), w-harmonic
spaces (also called E;-harmonic spaces),

eCcHES cHPI - HPT C COX)

were inductively constructed in [20, Section 3.2, especially Definition 3.3, Corollary 3.4] such
that every subspace #/°? = #F°?(X, w) is isomorphic to the corresponding space E ¢ (X)
on the r-th page of the Frolicher spectral sequence.

Moreover, these spaces fit into the inductive construction described in the next

Proposition 2.5. Let (X, w) be a compact Hermitian manifold with dimc X = n.

(i) For every bidegree (p, q), the space C5, (X) splits successively into mutually L2 -ortho-
gonal subspaces as follows:

Cpoy(X) =Imdy @ﬁfiﬁ@lmd(’;
I

md® @& #9 @1m(d)*
~~——

Imd“) ® #74 @1m(d))*
——

md® & #7.% @ Im(d)*
——
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where, for r € N, the operators d,(w) are defined as
dr(w) = dr(w)p,q = pyOD,_1py: HP 9 — FpFra—TT]
using the Lg)—orthogonal projections

pr=pP 7 Gy (X) > HP

onto the w-harmonic spaces H? and where we inductively define
Dr_1 := ((AM)719*9) ... (A"")719*3) and D, = Id.

(So, p1 = p".) See item (iii) below for the inductive definition of the pseudo-differential
Laplacians AD | Thus, the triples (py, dr(“’), J€rp4’_‘{) are defined by induction onr € Nxg:
once the triple (pr—1, dr(f)l, HFP 1) has been constructed for all the bidegrees (p,q),
it induces py, which induces dr(‘“), which induces J(’rp_;‘{ defined as the L2 -orthogonal
complement of Im d(®) in ker d (). Note that the operators d*) can also be considered

to be defined on the whole spaces of smooth forms:
dr(w) = praDr—lpr : C;,oq(X) - po—of-r,q—r—‘r-l(X)‘

The above definition of dr(w) follows from the requirement that the following diagram be

commutative:

EPI(X) —— 4 EPTOT ()

f_{ lz

d\”’=p,oD,_1p rq—r+1
gepa 9 rODroiPr | goptrig—r+1

where the maps dy : EP>4(X) — EfH_r’q_r—H (X)) are the differentials on the r-th page
of the Frolicher spectral sequence. Thus, the maps dr(“’) are the metric realisations, at
the level of the harmonic spaces, of the canonical maps dy.

For every r € Ny, the adjoint ofd,(w) is

(d)* = p,DF_ 0" p, : HPFTHaTHL L gopa,

It induces the “Laplacian”

K@

Can = G @O+ (@) df) g — e

given by the explicit formula
ZE(ru—)i—l) = pr [@Dr—1pr) @Dr—1pr)* + (prdDr—1)* (prdDr—1) + AV p,,
which is the restriction and co-restriction to ¢ of the pseudo-differential Laplacian
AUHD: C2 (X) — €2, (X).

where

ACHD .= @D,y py) @Dr—1pr)* + (prdDr_1)* (prdDr—1) + A,
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(iv) For every r € Nxg and every bidegree (p, q), the following orthogonal 3-space decom-
position holds:
HP =1Imd® @ #% @ Im(d\*))*,

where ker d;; @) — = Imd; (@) g Jfr 11- In particular, this confirms that J€r 11 is the ortho-

gonal complement for the L2 -inner product of Tm d @) jn ker d; @) Moreover,

H2: 9 = ker A(w)

r+1

foreveryr € N andall p,q € {0,...,n}.

Proof. The verification of the details of these statements was done in [19, Section 2.2
and Appendix]. m]

We saw in (i) of Proposition 2.3 how the E,-closedness property of a differential form is
characterised in explicit terms. We will now define by analogy the property of E-closedness
when a Hermitian metric has been fixed.

Definition 2.6. Let (X, @) be an n-dimensional compact complex Hermitian manifold.
Fix r > 1 and a bidegree (p,q). A form a € C;°,(X) is said to be E-closed with respect
to the metric w if and only if there exist forms V] € C g 4 (X) with Le{l,....r—1}
satisfying the following tower of r equations:

0*a =0,
0*a = 0% vy,

a*vl = a*vz,

* x
a Ur_z = a vr_l.

We say in this case that 0*« = 0 and 0*« runs at least (r — 1) times.

We can now use the E,-closedness and E-closedness properties to characterise the
H--harmonicity property defined above.

Proposition 2.7. Let (X, w) be an n-dimensional compact complex Hermitian manifold.
Fixr > 1 and a bidegree (p, q). For any form o € Cp°,(X), the following equivalence holds:

o € HP9 < «is Er-closed and E}-closed.

Proof. We know from Proposition 2.5 that « € ¢, p 1 if and only if « € FHP 1 and
o € kerd, @) n ker(d} @))* Now, forw € 77, the deﬁnltlon of d; (@) shows that « € kerd; (@)
if and only if « € ker(p,0D,—1) and this last fact is equivalent to o being E,4i-closed.
Similarly, for a € #7°, the definition of (d(®))* shows that « € ker(d®))* if and only if
o € ker(0Dy—1 py)* and this last fact is equivalent to « being £, ; -closed. |

Corollary 2.8. In the setting of Proposition 2.7, the following equivalence holds:

a is Ep-closed <= a is E-closed.
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Proof. 'We know from (i) of Proposition 2.3 that « is E-closed if and only if there exist
forms u; € C;il q—l(X) for/ =1,...,r — 1 such that

(—x0x)xa =0,

(— % 0%) % @ = (— % 0%) * i1,

(—* 5*) * Up_p = (— *x Ox) *x Up_1.

Indeed, we have transformed the E,-closedness condition of (i) in Proposition 2.3 by conjugat-
ing and applying the Hodge star operator several times. Since — * 0 = 0* and — % 0% = 0*,
the above conditions are equivalent to x& being E-closed (with the forms i; playing the
part of the forms v;). O

An immediate (and new to our knowledge) consequence of this discussion is the analogue
on every page E, of the Frolicher spectral sequence of the classical Serre duality. The well-
definedness was proved in Corollary 2.4. The case r = 1 is the Serre duality, while the case
r = 2 was proved in Theorem 2.1.

Corollary 2.9. Let X be a compact complex manifold with dimc X = n. For every
r € Nog and every p,q € {0, ...,n}, the canonical bilinear pairing

EP4(X)x EP~P"4(X) - C, ({a}Er’{ﬂ}Er)H]);a/\:B

is non-degenerate.

Proof. Let{alg, € EF"9(X) \ {0}. If we fix an arbitrary Hermitian metric @ on X, we
know from Proposition 2.5 that the associated harmonic space #;7*? is isomorphic to Ef*9(X)
and that the class {&} g, contains a (unique) representative o lying in #7°%. By Proposition 2.7,
this is equivalent to « being both E,-closed and E-closed, while by Corollary 2.8, this is
further equivalent to @ being both E*-closed and E,-closed, hence to *& lying in #, 2" 74,
In particular, x@ represents a non-zero class {*@}g, € E; 7" 7%(X). We have

(0, tsit,) > [ s = ol > 0

where || - || stands for the L2 -norm. This shows that for every non-zero class {a} g, € EF*9(X),
the map
({ejg,.) Ef7P"4(X) - C

does not vanish identically, proving the non-degeneracy of the pairing. O

Remark 2.10. The numerical version of Corollary 2.9 was proved in [20] and the
present version and its method of proof were already announced and used in various works
by the first and third named authors. See, e.g., [4, Section 3.4]. There is no purely algebraic
proof for this kind of results. Using some algebraic machinery, one could limit the analytic
input to the classical Serre duality (see [13] and [24], the latter also applying to higher-page
Bott—Chern and Aeppli cohomologies). The harmonic methods used in this and the next section
give some finer information besides the duality, which is interesting in its own right and useful
in applications (see, e.g., Lemma 6.4).
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3. Higher-page Bott—Chern and Aeppli cohomologies: Definition,
Hodge theory and duality

Let X be an n-dimensional compact complex manifold. Fix an arbitrary positive integer r
and a bidegree (p, ¢). In Section 2.2, we defined the notions of E,-closedness and E,-exactness
for forms o € C;, (X) as higher-page analogues of 0-closedness (that can now be called
E1-closedness) and 0-exactness (that can now be called Ej-exactness). We then gave these
notions explicit descriptions in Proposition 2.3.

In the same vein, we say that « is E,-closed if & is E,-closed and we say that « is
E y-exact if @ is E,-exact. In particular, characterisations of E ,-closedness and E ,-exactness
are obtained by permuting d and 0 in the characterisations of E,-closedness and E,-exactness
of Proposition 2.3.

Moreover, we can take our cue from Proposition 2.3 to define higher-page analogues
of d0-closedness and d0-exactness in the following way.

Definition 3.1. Suppose that r > 2.

(1) We say thataforma € Cpof’q (X)is E, E ,-closed if there exist smooth forms NiseesNr—1
and p1, ..., pr—1 such that the following two towers of r — 1 equations are satisfied:
o = 0n;, oo = dp1,

on1 = 012, dp1 = 0pa,

Ofr—2 = ONy—1. Opr—2 = OpPr—1.

(ii) We refer to the properties of « in the two towers of (r — 1) equations under (i) by saying
that du, respectively o, runs at least (r — 1) times.

(iii) We say that a form o € €%, (X) is E, E r-exact if there exist smooth forms ¢, £, n such
that . )
o = 0¢ + 00§ + 0n

and such that ¢ and 7 further satisfy the following conditions. There exist smooth forms
Vr—3,...,V0 and U,_3, ..., ug such that the following two towers of r — 1 equations are
satisfied: _ _

0 = 0v;—3, on = Ou,—3,

O0Vy—3 = 0Vr—4, OU;—3 = OUy—4,

év() = 0, au() = 0.

(iv) We refer to the properties of ¢, respectively 7, in the two towers of (r — 1) equations
under (iii) by saying that 0¢, respectively 0, reaches 0 in at most (r — 1) steps.

When r — 1 = 1, the properties of 9¢, respectively 01, reaching 0 in (r — 1) steps trans-
late to ¢ = 0, respectively 5 = 0.
_To unify the definitions, we will also say that a form o € Cp°, (X) is E 1E 1-closed (resp.
E1 Eq-exact) if « is 00-closed (resp. 00-exact).
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As with E, and E,, it follows at once from Definition 3.1 that the E, E ,-closedness
condition becomes stronger and stronger as r increases, while the E, E,-exactness condition
becomes weaker and weaker as r increases. In other words, the following inclusions of vector
spaces hold:

{00-exact forms} C --- C {E, E y-exact forms} C {E, 41 E y41-exact forms}
C -+ C{Ey4+1Ey1-closed forms} C {E, E ,-closed forms}

C --- C {00-closed forms}.

The following statement collects a few other immediate relations among these notions.

Lemma 3.2. Fix an arbitrary r € Nxy.

(i) A pure-type form « is simultaneously Er-closed and E ,-closed if and only if a is simul-
taneously 0-closed and 0-closed. This is further equivalent to o being d -closed.

(i) If a is E, E r-exact, then each of the classes {o} g, and {o} g, contains a 00-exact form
and « is both E,-exact and E ,-exact.

(iii) Fix any bidegree (p,q) andleta € C5°, (X). If a is E, E r-exact for some r € Nx, then
o is d-exact.

Proof. Part (i) is obvious. To see (ii), let @ = 9 + 00§ + 0n be E, E .-exact, with ¢
and 7 satisfying the conditions under (ii) of Definition 3.1. Then
{0)g, = {a =0 —on}g, = (006}E, and {a)z, ={o—03f —on}g, = {00&)%, .

while @ = 3¢ + 9(—0& + 1) is Ey-exactand o = 9(§ + 0§) + 0n is E ,-exact.
To prove (iii), let « = 9 + 00¢ 4 01, where ¢ and 7 satisfy the conditions in the two
towers under (ii) of Definition 3.1. Going down the first tower, we get

0f =df—0f =d{—0v,—3 =d({—vr-3) + 0vr4
— eie = d(é’—vr_3 + ...+ (_l)r UO)-
In particular, 0C is d-exact. Similarly, going down the second tower, we get
0 =d(n—ur—3 + -+ (=) uo).

In particular, E)n is d-exact. Since 655 is also d -exact, we infer that « is d -exact. Explicitly, we
have )
a=d[(+n) +0—wr—3+-+ (=1)" wol,

where w; :=u; + v; forall j. m)

The main takeaway from Lemma 3.2 is that E, E ,-exactness implies FE,-exactness,
E ,-exactness and d-exactness. Let us now pause briefly to notice a property involving the
spaces €77 of E,-exact (p, q)-forms, respectively ‘(ff’q of E,-exact (p, q)-forms.

Lemma 3.3. Fix an arbitrary r € N~g. For any bidegree (p, q), the following identity
of vector subspaces of C;<, (X) holds:

€P? 4+ €7 = Imo + Ima.
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Proof. For any bidegree (p, q), consider the vector spaces (see (iv) of Definition 3.1 for
the terminology)

85),’:1 ={u € Cp"f’q(X) | 0 reaches 0 in at most r steps},
85”’:1 ={BeCy,(X)| 0P reaches 0 in at most r steps}.
From the definitions, we get
epd = a(Sg’rq_l) +Imd and €77 =1Imo+ o&X1 ).

This trivially implies the contention. ]
We now come to the main definitions of this subsection.

Definition 3.4. Let X be an n-dimensional compact complex manifold. Fix r € N5
and a bidegree (p, q).

(i) The E,-Bott—Chern cohomology group of bidegree (p, ¢) of X is defined as the follow-
ing quotient complex vector space:

{o € Cp(X) [ da =0}
o€ Ceo,(X) [ ais E, E,-exact}

El g (X) :
(i) The E,-Aeppli cohomology group of bidegree (p,q) of X is defined as the following
quotient complex vector space:
B {o € Cp(X) [ ais E, E .-closed}
- {eeCR(X) | elmd+Imd)

EP{(X):

When r = 1, the above groups coincide with the standard Bott—Chern, respectively
Aeppli, cohomology groups (see [6] and [1]). Note that, by (i) of Lemma 3.2, the represen-
tatives of E,.-Bott—Chern classes can be alternatively described as the forms that are simul-
taneously E,-closed and E ,-closed, while by Lemma 3.3, the E,-Aeppli-exact forms can be
alternatively described as those forms lying in €77 + Ef’ 7

Also note that the inclusions of vector spaces spelt out just before Lemma 3.2 and their
analogues for the E,- and E ,-cohomologies imply the following inequalities of dimensions:

e < dim EPRL(X) < dim EPS g (X) < -+ < dim ED (X)) = dim HER (X))

and their analogues for the E,-Aeppli cohomology spaces.

The first step towards extending to the higher pages of the Frolicher spectral sequence the
standard Serre-type duality between the classical Bott—Chern and Aeppli cohomology groups
of complementary bidegrees is the following

Proposition 3.5. Let X be a compact complex manifold with dimc X = n. For every
r € Nagandall p,g €{0,...,n}, the following bilinear pairing is well defined:

EZSe00 < EL P00 > €. (el e B)e, 0> [ an

in the sense that it is independent of the choice of representative of either of the classes {a} g, 4.
Clnd {IB}Er, A
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Proof. The proof consists in a series of integrations by parts (mathematical ping-pong).

Step 1. To prove independence of the choice of representative of the E,-Bott—Chern
class, let us modify a representative o to some representative o + 0 + 00§ + o1 of the same
E,-Bott—Chern class. This means that 9 + 00§ + 01 is E, E r-exact, so ¢ and 7 satisfy the
towers of r — 1 equations under (ii) of Definition 3.1. We have

/X(a+ag+aég+én)w=/XaAﬂi[X;AaﬁifXgAaéﬁi/XnAéﬁ.

Since B is E + E r-closed, it is also 00-closed (see (i) of Lemma 3.2), so the last but one integral
above vanishes. Using the » — 1 equations in the first tower under (i) of Definition 3.1 (with 8
in place of o) and the first tower under (ii) of the same definition, we get

/§Aaﬂ=/§A5m=i/5§An1=i/avr—3/\m=i/vr—3Aan1
X X X X X
:i/vr—3/\5772::|:/évr—3/\n2
X X

:i/ aUr—4/\772::|:k/ Vr—4 A ON2
X X

:i/ UO/\énr—l ::I:/ éUO/\’?r—l =0,
X X

where the last identity follows from dvg = 0. Playing the analogous mathematical ping-pong
while using the second tower under both (i) and (ii) of Definition 3.1, we get

fnA5ﬂ=/nA6p1=ifan/\p1=i/5ur—3Ap1=i/ur_3/\5p1
X X X X X
:i/“r—3/\ap2:i/aur—3/\l)2
X X

:i/ 5Mr—4/\p2::i:/ Mr—4/\(—_)l)2
X X

::E/uo/\apr_lz:i:/auo/\pr_lzo,
X X

where the last identity follows from dug = 0. We conclude that
/(a+a§+aég+én)Aﬁ=/aA5.
X X

Step 2. To prove independence of the choice of representative of the E-Aeppli class,
let us modify a representative 8 to some representative 8 + 0¢ + 0 of the same E,-Aeppli
class. So, ¢ and £ are arbitrary forms. We get

/};a/\(ﬁ—f-af—f-éé)=/Xa/\ﬁ:|:/Xaa/\§:l:/Xéa/\§=O,

where the last identity follows from oo = 0 and oo = 0. m)
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We now take up the issue of the non-degeneracy of the above bilinear pairing. For the sake
of expediency, we start by defining the dual notion to the E, E -closedness of Definition 3.1
after we have fixed a metric.

Definition 3.6. Let (X, w) be a compact complex Hermitian manifold. Fix an integer
r > 2 and a bidegree (p, ¢). We say thata form o € C;°, (X) is E}f f: -closed with respect to
the Hermitian metric  if there exist smooth forms aq,...,a,—1 and by, ..., b,—1 such that
the following two towers of r — 1 equations are satisfied:

0*a = 0*a;, 0*a = 0*bhy,
0*ay = 0%ay, 0*b; = 0*bs,

0% a,—o = 5"(ar—l, é’(br—2 =0"b,—1.

That this notion is indeed dual to the E, E,-closedness via the Hodge star operator
* = %, associated with the metric w is the content of the following analogue of Corollary 2.8.

Lemma 3.7. [n the setting of Definition 3.6, the following equivalence holds for every
forma € CJo,(X):
ais E, E,-closed <= *a is E}E ,-closed.
Proof. Thanks to conjugations, to the fact that xx = +£Id (with the sign depending on
the parity of the total degree of the forms involved) and to * being an isomorphism, the two

towers of r — 1 equations that express the E, E ,-closedness of o (cf. (i) of Definition 3.1)
translate to

(= % 0%)(+@) = (= % I%)(x711). (— % d%)(+&) = (= » 0%) (xp1).
(% d0)(1) = (— % d0)(x72). (= I (xp1) = (= % I%) (7).

(= % ) (xilr—2) = (= % 0%) (xilr—1), (= % I%)(%pr—2) = (= * %) (xpr—1).
Now puta; := *7); and b; := xp; forall j € {1,...,r — 1}. Since
—%0x =0* and — x0% = 0%,
these two towers amount to @ being E F:-closed. (See Definition 3.6). o
We come to two crucial lemmas from which Hodge isomorphisms for the E,.-Bott—Chern

and the E.-Aeppli cohomologies will follow. Based on the terminology introduced in (ii) of
Definition 3.1, we define the vector spaces:

?ap ’rq ={a € C 4(X) | Oc runs at least r times},

-p’q ={BeC (X) | 0B runs at least r times}

L@

and their analogues .’Fa{ - and 37617 *? \when 0 and 0 are replaced by 9* and 0*, respectively.
Note that the space of E *E —closed (p, g)-forms defined in Definition 3.6 is precisely the

q P.d
intersection ?a*’r i ?a*,r x
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Lemma 3.8. Let (X,w) be a compact complex Hermitian manifold. Fix an integer
r > 2, abidegree (p,q) and aforma € C;°,(X). The following two statements are equivalent:

() ais E} E:-closed (with respect to w ).

(ii) « is L2 -orthogonal to the space of smooth E, E r-exact (p, q)-forms.

Proof. *“(i) = (i1)” Suppose that « is E:f:—closed. This means that « satisfies the
two towers of (r — 1) equations in Definition 3.6. Let B = 0 + 00& + 0n be an arbitrary
E, E --exact (p, q)-form. So, ¢ and 7 satisfy the respective towers of r — 1 equations under (ii)
of Definition 3.1. For the Li—inner product of « and B, we get

3.1 (. B) = (0%, &) + (0% 0", £) + (0% cx, ).

Since 0*0*a = 0*0*a; = 0, the middle term on the right-hand side of (3.1) vanishes.
For the first term on the right-hand side of (3.1), we use the towers of equations satisfied
by o and ¢ to get
(0%, 0) = (0*a1.¢) = (a1.0¢) = (a1.0v,—3) = (9*a1.v,—3) = (0% az, v,—3)
= (a2,0v,—3)) = (a2, 0v,r—4)

= (ar—1.0vo)) =0,
where the last identity followed from the property ovg = 0.
For the last term on the right-hand side of (3.1), we use the towers of equations satisfied
by o and 7 to get
(0. n) = (0" b1, n) = (br,on) = (br,0ur—3) = (0" b1, ur—3) = (0" b2, ur—3)
(b2, 0ur—3)) = (b2, 0ur—4))

— (br_1,Bu0) = O,

where the last identity followed from the property dug = 0.
“(ii) = (i)” Suppose that « is orthogonal to all the smooth E, E ,-exact (p, ¢)-forms f.
These forms are of the shape
B = 9 + 00f + on,
p.q—1

where £ is subject to no condition, while ¢ € 8; ;1’1'1 andn € &5 ;. (See notation introduced
in the proof of Lemma 3.3.) ’
The orthogonality condition is equivalent to the following three identities:

(@) (0*0*a.£) =0,
(b) (0*a. ) =0,
(©) (@*a.n) =0

holding for all the forms ¢, &, n satisfying the above conditions. )
Since & is subject to no condition, it follows that (a) amounts to 0*0*«a = 0. This means
that 0*« € ker0* and 0*« ker 0*. Condition (b) requires 0*o L 85 ;i’lq, while (c) requires

e p,q—1
0*a L 8a,r—1 .
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Unravelling condition (b). The forms ¢ € 85’ :1’1‘1 are characterised by the existence of
forms v,_3, ..., Vg satisfying the first tower of (r — 1) equations in (iii) of Definition 3.1. That
tower imposes the condition v,—; € 85,r—j+1 N Fa, j—2 forevery j € {3,...,j}. (We have
dropped the superscripts to lighten the notation.)

Now, every form ¢ € ker A” satisfies the condition 9¢ = 0, hence ¢ € €51 C &,
From condition (b), we get 0*« L ker A”. Since ker o (to which 0™« belongs by condition (a))
is the orthogonal direct sum between ker A” and Im 0*, we get 9*« € Im0*, so

(3.2) 0*a = 0%a,
for some form a. Condition (b) becomes
= (0%a.¢) = (a1.00) = (a1.0v,—3) = (0*a1.v,—3) forallv, 3 €&, ,N Fa 1.

In other words, 0*a; L (8a e N Fa,1).
We will now use the 3-space decomposition (A.2) of C ¢ (X) for the case r = 2. (See
Proposition A.2 in Appendix one.) It is immediate to check the 1nclus10n

85,,,_2 NFa,1 D Hr @ (Imé + 8(85’ 1))
Therefore, condition (b) implies that
L (H2 & (Im0 + 3(E5)))).

Since the orthogonal complement of #, @ (Im E_)+a(85 1)) is0*(E5+ ;) +1Im o* by the 3-space
decomposition (A.2) for r = 2, we infer that

0%ay € 0*(&3..,) +Imo*.
Therefore, there exist forms b; € ker 0* and a» such that
(3.3) 0*ay = 0*by + 0*as.
Since 0*b; = 0, equations (3.2) and (3.3) yield
(3.4) 0*a = 0% (a1 — by),
0* (a1 —by) = 0%ax.
Thus, condition (b) becomes
= (0%e. ) = (0" (a1 — b1). L) = (a1 — b1.0v,—3)) = (0" (a1 — b1). v,—3)
= ((0%az, v,—3) = (a2,0v,-4) = (0 az.vr—4) forallv,_4 € €5,-3N Fop.

In other words, 0*a, L (8’a 3 N Fp2).

Now, it is immediate to check the inclusion &5 ,_; N F5,2 D H3 @ (Ima +9(&35,,))-
Since the orthogonal complement of #3 @ (Im 6—1—8(88 »))is 0% (€54 ,)+Im 0* by the 3-space
decomposition (A.2) for r = 3, we infer that

0%az € 0" (€34 1) + Imo*.
Therefore, there exist forms b, € &3, , and a3 such that

(3.5) 0*ap, = 0*by + 0*as.
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Since the condition b, € 85*, , translates to the equations
0*by = 0*c¢; and 0*c¢; =0,
for some form ¢y, equations (3.4) and (3.5) yield
0*a = 0*(a; — b1 —c1).
0% (a1 — b1 —c1) = 0" (a2 — ba),
0*(ar — by) = 0%as3.
Continuing in this way, we inductively get the following tower of (r — 1) equations:

(3.6) 0o = E_)*(al—bl—cl—c(3)—---—c§r_2)),

a*(al—bl—Cl—C?)—---—c{r_z))=é*(a2 b2—6(3) --~—c£r_2)),

0% (ar— —br—) = é*ar—h

where b; € &;. ; forall j e {1,...,r —2}, so b; satisfies the following tower of j equations:
()
0*h; = 0*c Shiep
a* ) _ o*c ()

Cj—1 =0 ¢ p:

ax (J) _ ()
a*czj —a*clj,

5*c§j ) =0,

for some forms cl(j ),
Consequently, conditions (a) and (b) to which « is subject imply that o € F+ ,—1 (cf.
tower (3.6)), which is the first of the two conditions required for « to be E}E :—closed under

Definition 3.6.

Unravelling condition (c). Proceeding in a similar fashion, with 0* and 0* permuted,
we infer that conditions (a) and (c) to which « is subject imply that o € Jfa, +—1» Which is the
second of the two conditions required for o to be E} E _closed under Definition 3.6.

We conclude that « is indeed E F:-closed. m

The immediate consequence of Lemma 3.8 is the following Hodge isomorphism for
the E,-Bott—Chern cohomology.

Corollary and Definition 3.9. Let (X, w) be a compact complex Hermitian manifold.
For every bidegree (p,q) and every integer r > 0, every E,-Bott—Chern cohomology class
{0} E, 5 € E. ch (X) can be represented by a unique form a € C5<,(X) satisfying the follow-
ing three conditions: o is

e 0-closed,
e 0-closed and

« EXE-closed.
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Any such form « is called E,-Bott—Chern harmonic with respect to the metric w. There is
a vector-space isomorphism depending on the metric w:

E,Ij’BqC(X) ~ 36533‘{3()(),

where Jfr{)igqc (X) C C5o,(X) is the space of Ey-Bott—Chern harmonic (p, q)-forms associated
with w.

Of course, the above isomorphism maps every class {a}g, ,. € E rlf ’BqC(X ) to its unique
E,-Bott—Chern harmonic representative.

The analogous statement for the E,-Aeppli cohomology follows at once from standard
material. Indeed, it is classical that the L2 -orthogonal complement of Imd (resp. Im 0) in
Cy,(X) is ker0* (resp. ker 0*). The immediate consequence of this is the following Hodge
isomorphism for the E,-Aeppli cohomology.

Corollary and Definition 3.10. Ler (X, w) be a compact complex Hermitian mani-
fold. For every bidegree (p,q), every E,-Aeppli cohomology class {a} g, , € Ef ’f(X ) can be
represented by a unique form a € Cpo,oq (X) satisfying the following three conditions: o is

e E,.E,-closed,
» 0*-closed and

e 0*-closed.

Any such form o is called E,-Aeppli harmonic with respect to the metric w. There is a vector-
space isomorphism depending on the metric w:

EPL(X) ~#P[(X),

where Jfr!:’Aq(X) C Cpo,(X) is the space of Er-Aeppli harmonic (p,q)-forms associated
with .

Of course, the above isomorphism maps every class {a} g, , € Ef ’Z(X ) to its unique
E,.-Aeppli harmonic representative.

We can now conclude from the above results that there is a Serre-type canonical duality
between the E,-Bott—Chern cohomology and the E,-Aeppli cohomology of complementary
bidegrees.

Theorem 3.11. Let X be a compact complex manifold with dimc X = n. Then, for all
p.q €10,...,n}, the following bilinear pairing is well defined and non-degenerate:

EPE(X) x EV P 0X) > €. ({0, e BYE, 1) — /Xa A B.

Proof. The well-definedness was proved in Proposition 3.5. The non-degeneracy is
proved in the usual way on the back of the above preliminary results, as follows.

Let{a}g, ,c € E fi ’ch (X) be an arbitrary non-zero class. Fix an arbitrary Hermitian met-
ric w on X and let o be the unique E-Bott—Chern harmonic representative (with respect
to w) of the class {a} g, ,. (Whose existence and uniqueness are guaranteed by Corollary and
Definition 3.9). In particular, o # 0.
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Based on the characterisations of the E,-Bott—Chern and E,-Aeppli harmonicities given
in Corollaries and Definitions 3.9 and 3.10, Lemma 3.7 and the standard equivalences

a € kero < xa € kerd”*

and . )
a € kero < xa € kero*

ensure that element x« is E,-Aeppli harmonic. In particular, x« represents an E,-Aeppli class
{xa}g, 4, € Ef;p’n_q (X). Moreover, pairing {a} g, ,. With {xa}g, , yields

/ aA*@ = |af|® #0,
X

where || - || stands for the L2 -norm.

Similarly, starting off with a non-zero class {B}g, , € E” P24 X) and selecting its
unique E,-Aeppli harmonic representative 3, we get that  # 0 *ﬁ is E,-Bott—Chern har-
monic (hence it represents a class in Erlj ’BqC(X )) and the classes {*xB} E,yc and {B}E, , pair
to +[|B|I> # 0. =

4. Characterisations of page-r-a(:i-manifolds

In this section, we apply the higher-page Bott—Chern and Aeppli cohomologies to give
various characterisations of the page-r-do-manifolds introduced in [21]. We will write

Erpc(X) = EB EPd(X),

Ef,BC(X) = @ ErBC(X)
pt+a=k

ef pe(X) = dim Ef o (X)
and similarly for E). 4.

Theorem 4.1. For a compact complex manifold X, the following five properties are
equivalent:

(A) X is a page-(r — 1)-00-manifold.

(B) The map Ey pc(X) — Er, a(X) induced by the identity is an isomorphism.
(C) One has ef’ pe(X) = ef, 4(X) forall k.

(D) The map E; gc(X) — Ey, 4(X) induced by the identity is injective.

(E) For any d-closed (p, q)-form «, the following properties are equivalent:

o is d-exact <= o is Ey-exact <= « is Ep-exact <= « is E, E,-exact.
Moreover, if the equivalent conditions (A)—(E) hold, the maps
Elge(X) > EP4(X) and EP9(X) - El{(X)

are isomorphisms as well.
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Let us first sketch how one might approach this theorem in an elementary way. Fix
r € Nog and a bidegree (p,q). As in Section 2.2, let Z2*? and €7*? stand for the space
of E,-closed, respectively E,-exact, smooth (p, g)-forms on X. Let D77 stand for the space
of E, E r-exact smooth (p, ¢)-forms on X.

Lemma 4.2. The following statements hold.

(1) The following inclusions of vector subspaces of C;il, q (X) hold:

(4.1) Im(00)7"9 c 9(ZF9) c DP9 cepPtl-d nkerd
N
Imd,

(i1) Every E,-class {9{} g, € EP"U(X) can be represented by a d-closed form if and only if
0(ZF?) c Im(00). In other words, this happens if and only if the first inclusion in (4.1)
is an equality.

Proof. (i) To prove the first inclusion, it suffices to show that every d-exact (p, ¢)-form
is Ep-closed. Let @ = 0B be a (p, ¢)-form. Then we have 0o = 0 and 0 = d(—0p). Putting
uy1 := —0p, we have ou; = 0, so we can choose uy =0, ...,u,—1 = 0 to satisfy the tower of
equations under (i) of Proposition 2.3. This shows that « is E-closed.

To prove the second inclusion, let « € zP-q, By (i) of Proposition 2.3, this implies that
da = 0, so if we write doae = 9¢ + 00 + 0n with & = «, § = 0 and = 0, we satisfy the con-
ditions under (ii) of Definition 3.1 with v; =0and u; = 0forall j € {0, ..., r —3}. This proves
that 0« is E, E ,-exact.

The third inclusion on the first row is a consequence of (iii) and (iv) of Lemma 3.2, while
the “vertical” inclusion is a translation of (iv) of the same lemma.

(ii) Let {a} g, € EF*?(X) be an arbitrary class and let o be an arbitrary representative
of it. Then {a} g, € EZ*?(X) can be represented by a d-closed form if and only if there exists
an E,-exact form p = da + ob, with a satisfying the conditions

da = ocy—_3, E_)cr_3 =0Cr_4,..., E_)co =0

for some forms c;, such that d(a — p) = 0. This last identity is equivalent to

00b = oa.

Thus, the class {_oz} E, contains a d-closed form if and only if the form oo, which already lies
in 0(Z2°7), is 00-exact. This proves the contention. |

Theorem 4.3. Let X be a compact complex manifold with dimc X = n. Fix an arbi-
trary integer r > 2. The following properties are equivalent:

(A) X is a page-(r — 1)-00-manifold.

(F) Forall p,q €{0,...,n}, the following identities of vector subspaces of C 1?3-1, p (X) hold:
(i) Im(30) = o(Zf"%),
() €Y Nkerd = Imd.
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Proof. By (ii) of Lemma 4.2, identity (i) in (F) is equivalent to every E,-class of type
(p,q) being representable by a d-closed form. On the other hand, if this is the case, then
identity (ii) in (F) is equivalent to the map

EP9(X) 3 {a}E, > {a}pr € HEg (X, C)

(with o € ker d) being well defined and injective, which means X is page-(r — 1)-00. O

Note that identity (ii) in (F) of Theorem 4.3 is a reformulation of the first equivalence
in (E) of Theorem 4.1. However, it appears to be non-trivial to obtain the whole statement of
Theorem 4.1 in an elementary way, so we will now make use of some algebro-cohomological
machinery. As a preparation, let us compute the higher-page Bott—Chern and Aeppli coho-
mologies for all indecomposable double complexes. Recall that a double complex is a bigraded
vector space A with maps 01, 0, of bidegree (1, 0) and (0, 1) s.t. d := 01 + 0 satisfies d? = 0.
It is bounded if A?*9 = 0 for all but finitely many (p, ¢) € Z? and indecomposable if it cannot
be written as a non-trivial direct sum A = B @ C. There are two kinds of indecomposable
double complexes (see [12,24]).

Squares. These are double complexes generated by an element a of pure bidegree

(p,q) s.t. 0102a # O:
(02a) —— (02014)

I I

(@) —— (da).

Zigzags. A zigzag is a double complex generated by pure-type elements ayp,...,q;
some fixed total degree k = p + ¢ and satisfying 0;0,a; = O foralli and dya; = 02a;+1 # 0
forall i s.t. a; # 0 # a;+1. In particular, d,a; and 01a; may or may not be zero:

(02a1)

{a1) —— (q1a).

The length of a zigzag is given by its dimension as a vector space. It has to be 2/ — 1, 2/
or 2/ + 1, depending on wether the outmost differentials vanish or not. A zigzag of length one
is called a dot.

In order to compute E, pc and E;, 4 on those double complexes, first recall that £, pc
is a quotient of Hpc and E, 4 is a subspace of H4. In particular, if Hgc or Hy are zero on
some double complex, so are their lower dimensional counterparts. Further note that 0,0, = 0
on zigzags and we even have 01 = d» = 0 on dots. These observations yield the following.
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Observation 4.4. For a square S we have
Er, 4(S) = Er,c(S) =0,
while for a dot D = (a) we have
Erpc(D) = Er 4(D) = (a)

forallr > 1.

For higher-length zigzags Z, generated by ay, ..., a;, we get that Hy(Z) = (a1, ..., a;)
keeps the lower antidiagonal, while Hgc(Z) = (02a1,...,024a;,01a;) remembers the higher
antidiagonal. To describe their higher-page analogues, it suffices to understand the kernel, resp.
cokernel, of the projection Hpc(Z) — E; pc(Z), resp. the inclusion E, 4(Z) — Hy(Z).
These are described as follows.

Lemma 4.5. Let Z be a zigzag of length at least two, generated by ay,...,a;. For
any i €{1,...,1}, set a; := 0. Then, for any r > 2, the contributions of different zigzags are
as follows:

(1) Even length type I: If 02a1 = 0 and 01a; # 0O, one has
ker(Hpc(Z) — Erpc(Z)) = (dai,...,01ar-1),
coker(E, 4(Z) — Ha(Z)) = (aj—y+2,....a1).
(2) Even length type I1: If 0ra; # 0 and 01a; = 0, one has
ker(Hgc(Z) — Er,pc(Z2)) = (014142, ..., 0141),
coker(Ey, 4(Z) = Hy(Z)) = (a1,....ar-1).
(3) Odd length type M : If 0a1 = 0 = 0zay, one has E, 4(Z) = Hq(Z) and
ker(Hpc(Z) — Erpc(Z)) = (01a1,...,018r-1,02d] 42, .. .,024;).
(4) Odd length type L: If 02a1 # 0 # 02ay, one has Hpc(Z) = E; c(Z) and
coker(E, 4(Z) — H4(Z)) = (a1.....ar-1,a]—y42,....4]).
Note that for large r, some of the written generators could be zero or there could be some

overlap in the last two cases.

Proof. Let us only do the computation for E, pc. The elements that get modded out
here in addition to the 0;0,-exact ones are the E,-exact ones and the Er—exact ones. By the
definition of E,-exactness, this means that, whenever a zigzag has top left corner generated
by ay with dxa; = 0, i.e.

(a1) — (01a1)

I

(az2) —— (01a2)

T
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the classes of 014y, ...,01a,—1 are zero in E, pc(Z). Along the same lines, if a zigzag has
bottom right corner generated by a; with d,a; = 0, i.e.

.__T

(az2) —— (0q2a1)

I

(ar)

the classes of 0yay,...,02a,—1 are zero in E, gc(Z). This yields the result for E, gc. The
calculation for H4 is analogous. O

Let us also record what this yields for the dimensions of the new cohomology groups.

Corollary 4.6. Let Z be an indecomposable bounded double complex and let r > 2.
(1) If Z is a square, then ey gc(Z) = 0 = e, 4(2).
(2) If Z is a dot, then e; gc(Z) = 1 = e, 4(Z).

(3) If Z is a zigzag of odd length 21 + 1 > 3 of type L, then ey pc(Z) = hpc(Z) =1+ 1
and ey, A(Z) = max{/ —2(r — 1), 0}.

(4) If Z is azigzag of odd length 21 +1 > 3 of type M, then e, pc(Z) = max{l/—2(r—1),0}
and e, A(Z) = ha(Z) =1+ 1.

(5) If Z is a zigzag of even length 21, then e, c(Z) = ey, 4(Z) = max{/ —r + 1,0}.

Recall from [12,21, 24] that any bounded double complex A can be written as a direct
sum of indecomposable ones, all indecomposable ones are either squares or zigzags and A has
the page-r-010,-property if and only if in any decomposition into indecomposables, there are
no odd length zigzags other than dots (length one) and no even length zigzags of length greater
than 2r. Thus, we get:

Corollary 4.7. For any bounded double complex A such that all the numerical quanti-
ties involved are finite, there is an inequality

er, A(A) + e 5c(A) = e (4) + & (4) = 2b(A).

Equality holds if A satisfies the page-(r — 1)-010,2-property

Proof.  Since all the quantities involved are additive under direct sums, it suffices to show
this for indecomposable double complexes Z. The middle and right-hand side were computed
in [24]: e, (Z) + e, (Z) equals O for a square and for a zigzag of length 2/ < 2(r — 1), while it
equals 2 for all other zigzags. Also, b(Z) = 1 for odd length zigzags and h(Z) = 0 otherwise.
In particular, for an arbitrary double complex, the middle quantity is just twice the number of
all zigzags which have odd length or even length at least 2r. By the previous Corollary 4.6,
er, A(Z) + ey, Bc(Z) = 0 for squares and even length zigzags of length 2/ < 2(r — 1), while



Popovici, Stelzig and Ugarte, Higher-page Bott—Chern and Aeppli cohomologies 185

it equals 2 for dots and zigzags of length 2r and is greater than or equal to 2 for all other
zigzags. O

Remark 4.8. Somewhat unexpectedly, the equality e, 4(A) + e, Bc(A) = 2b(A) does
not imply the page-(r — 1)-010,-property for r > 2, contrary to the case r = 1 (see [3]). For
example, both sides are equal to 2 for r > 2 and A a zigzag of length 3. As one may see, for
example from a Hopf surface, this behaviour really occurs in geometric situations. A different
generalisation of the case r = 1 has been obtained in [21].

Corollary 4.9. Let A be a bounded double complex such that ef’ pc(A) and ef 4(A) are
finite. The following properties are equivalent:

(A’) A has the page-(r — 1)-010,-property.
(B’) The map E, pc(A) — Ey 4(A) is an isomorphism.
(C’) One has ek, (A) = ¥ ,(A) for all k € Z.

Proof. Note that property (B’) implies property (C’). Thus, it suffices to show that
property (B’) is satisfied for squares, dots and even length zigzags of length < 2(r — 1) and
property (C’) is violated for all other zigzags. This is a direct consequence of Lemma 4.5 and
Corollary 4.6. |

Proof of Theorem 4.1.  Only the last two points remain to be proved. By the duality
between E; pc(X) and E, _4(X), both spaces have the same dimension, so (D) < (B).

Property (E) can be restated as the fact that all the maps originating from E]5.(X)
(including the one with target in £ r’? ’: (A)) in the following commutative diagram are injective:

Ejj;fc(X)

— L

EP?(X) HEY(X, ©) EPY(X).

~. |

EPA(X)

In particular, (E) < (D). Since the composition of two maps being injective implies the right-
hand map is injective, we get (D) < (E).
The last statement of Theorem 4.1 follows from the above arguments. ]

The equivalence between conditions (A) and (D) in Theorem 4.1 is an extension to r > 1
of [2, Theorem 3.1]. Together with Proposition 3.5, Theorem 4.1 also implies the following
extension of [2, Theorem 5.2].

Corollary 4.10. For a compact complex manifold X of dimension n, the canonical
bilinear pairing in E,-Bott—Chern cohomology Ef’BqC(X) X Ezglé’n_q (X) — C, given by
wedge product and integration, is well defined. Moreover, X is a page-(r — 1)-00-manifold
if and only if the pairing is non-degenerate.
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5. Relations with the E, -sG manifolds

Let X be an n-dimensional compact complex manifold and let @ be a Gauduchon metric
on X . This means that w is a smooth, positive definite (1, 1)-form on X such that 90w” ' = 0.
Gauduchon metrics were introduced and proved to always exist in [10]. It was noticed in [19]
that dw™ 1 is E,-closed for every r € N and the following definition was introduced.

Definition 5.1 ([19]). Let r € Nsg. A Gauduchon metric w on X is said to be E,-sG
if 0w ! is E,-exact. We say that X is an E,-sG manifold if an E,-sG metric w exists on X.

The E;-sG property coincides with the strongly Gauduchon (sG) property introduced
in [15]. The following implications and their analogues for X are obvious:

wis E1-sG =— wis E»-sG — w is E3-sG

and so is the fact that, for bidegree reasons, the E,-sG property coincides with the E3-sG
property for all » > 4. )

The link between the page-(r — 1)-00 and the E,-sG properties is spelt out in the follow-
ing:

Proposition 5.2. Let r € Nog and let X be a page-(r — 1)-00-manifold. Then every
Gauduchon metric on X is E,-sG. In particular, X is an E,-sG manifold.

Proof. Let w be a Gauduchon metric on X . Then 0™ ! is 0-closed and 9-closed, hence
d-closed. It is also 0-exact, or equivalently, E 1-exact, hence also E ,-exact.

Now, thanks to Theorem 4.1, the page-(r — 1)-00-property of X implies the equivalence
between E ,-exactness and E,-exactness for d-closed pure-type forms. Consequently, dw” !
must be E,-exact, so w is an E,-sG metric. O

Let Xy, be a Calabi—-Eckmann manifold, i.e. any of the complex manifolds C *°-diffeo-
morphic to $2#T1 x §2v+1 constructed by Calabi and Eckmann in [7]. Recall that all X,
and X, o are Hopf manifolds. By [16], X, , does not admit any sG metric. However, we now
prove the existence of E5-sG metrics when uv > 0.

Proposition 5.3. Let Xy, be a Calabi—Eckmann manifold of complex dimension > 2.
Letu <.

(1) Ifu > 0, then Xy, 4 does not admit sG metrics, but it is an E2-sG manifold.

(i1) Ifu = 0, then Xy, does not admit E,-sG metrics for any r.

Proof. By Borel’s result in [11, Appendix Two by A. Borel], we have

) C X1,1
Hé’ (Xupw) = x[u+1)] R /\(Xv—i—l,vaxo,l)'

1,1

In other words, a model for the Dolbeault cohomology of the Calabi—-Eckmann manifold X, ,
is provided by the CDGA (see [14])

(V{x0,1, X1,1 Yu+1,us Xv+1,v),0),
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with differential

_ _ _ 1 _
BX()’l = (), axl,l = 0, ayu+1,u = xlfj— , axv+1,v = 0.

Thus, if u > 0, we have a minimal model. (For u = 0 we have only a cofibrant model in the
sense of [14].)
Moreover, 0 acts on generators as follows [14]:

0x9,1 = x1,1 (hence dx;,; = 0), OVu+iu =0, Oxy41,0 = 0.
Next we determine the spaces Ef’"_l, forany r > 1, wheren = u + v + 1.

Let us first focus on case (i), i.e. u > 0. We need to consider the Dolbeault cohomology
groups 7 Al (Xu,v) and Hg’n_l(Xu,v). They are given by

ko
g+v’u+v(Xu,v) = (x0,1 - X7 Xug10)

and
15
SR (X ) = (6} 1 Xt 0)-

Now we consider
u+v, u+tv 0 u+v+1,u+tv
Hé (XM,U) Hé (XM,U) O

Since
0(x0,1 _x114’—11 “ Xy4+1,0) = 9(Xo,1) - xlﬁl X+l = lel,1 *Xv+1,v,
the first map is surjective. Therefore, E; n-l (Xu,v) = 0. Thus, any Gauduchon metric on X, ,
is an E>-sG metric.
Next we focus on case (ii), i.e. ¥ = 0, so v > 1. In this case Hév'i'l’v(Xo,v) = (Xy+1.0)-
Notice that the Dolbeault cohomology groups Hév _r+1’v+r_1(X0,v) are all zero for every
r > 1. Therefore, E;)_r+1’v+r_1(X0,v) = {0} for every r > 1. Meanwhile, from

d
{0} — E;]_r+1’v+r_1(X0,v) 7 E;1+1,U(X0’v) N 0,

we get

EVTLV(Xo,) = ;H’U(Xo,v) for every r > 2.
So, the existence of an E,-sG metric on Xo_, would imply the existence of an sG metric, which
would contradict [16]. O

A by-product of Borel’s description of the Dolbeault cohomology of the Calabi—Eckmann
manifolds X, , used in the above proof is that the Frolicher spectral sequence of X, , satis-
fies E1 # E» = Es when u > 0, whereas it degenerates at £1 when u = 0. This latter fact
implies that no Hopf manifold Xy, , can have a pure De Rham cohomology, hence cannot be
a page-r-00-manifold for any r. Indeed, if the De Rham cohomology were pure, then Xo.v
would be a 99-manifold, a fact that is trivial to contradict.

By the previous result, all the Calabi—Eckmann manifolds that are not Hopf manifolds are
E»-sG manifolds. However, the next observation shows that they are not page-r-00-manifolds
forany r € N.

Lemma 54. Let u,v > 0 and let X = S?*T1 x S2YF1 pe equipped with any of the
Calabi—-Eckmann complex structures. Assume that either u # v or u = v = 1. Then the De
Rham cohomology of X is not pure.
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Proof. 1t is a well-known consequence of the result in [11, Appendix Two by A. Borel]
recalled above that, for any Calabi—Eckmann manifold, the Frolicher spectral sequence degen-
erates at E5. Thus, if the De Rham cohomology were pure, then X would be page—r—aé. By
[21, Theorem 3.1], this would imply

hgc(X) = h3(X),

where hpc(X) =3, , hg’cq (X) and h3(X) =3, , hg’q(X) are the total Bott—Chern and
Hodge numbers. For u # v, the Bott—-Chern numbers were computed in [24, Corollary H],
yielding

hpc(X) = 4u + 5> 4u + 4 = h3(X).

A calculation in [26] implies that this continues to hold foru = v = 1. O

Remark 5.5. This lemma is very likely to also hold for arbitrary ¥ = v > 1. From the
proof of [24, Corollary H] it follows that to settle this issue, it suffices to determine whether
hgél’“H = 1 for the higher-dimensional Calabi—Eckmann manifolds with u = v. Since we
are only interested in the existence of a counterexample here, we do not pursue this issue.

6. Further applications to H-S, SKT and sGG manifolds

We start by recalling the following definitions (see [25] for the notion of Hermitian-
symplectic (H-S) metric and manifold; [15] for the notion of strongly Gauduchon (sG) metric
and manifold; [22] for the notion of sGG manifold).

Definition 6.1. Let X be a compact complex manifold with dim¢ X = n.
(a) A Hermitian metric w on X is said to be
(i) SKTif 30w = 0,
(ii) Hermitian-symplectic (H-S) if there exists a form p®?2 C(;”oz (X, C) such that

d(p%2 + o + p*?) =0,

(iii) strongly Gauduchon (sG) if 0™ ! is 0-exact.
(b) If X admits an SKT, or an H-S, or an sG metric w, then X is said to be an SKT manifold,
respectively an H-S manifold, respectively an sG manifold.

(c) If every Gauduchon metric on X is strongly Gauduchon (sG), then X is said to be an
sGG manifold.

The notion of sG metric is the analogue in bidegree (n — 1, n — 1) of the notion of H-S
metric. Indeed, by [15, Proposition 4.2], a metric @ is sG if and only if there exists a form
Qr=2n e C®, (X, C) such that

n—2,n

d(Qr=2n" 4+ "1 £ Q"2 = 0.

Our first observation is that the higher-page Aeppli cohomologies introduced in this paper
provide the natural cohomological framework for the study of the above metric notions.
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Proposition 6.2. Let X be a compact complex manifold with dimc X = n and let w be
a Hermitian metric on X.

(i) The metric w is strongly Gauduchon (sG) if and only if "~ is Eo E»-closed. In partic-
ular; in this case, ™1 induces an E-Aeppli cohomology class

(" g, € ES 0T,

(ii) The metric w is Hermitian-symplectic (H-S) if and only if w is E3 E 3-closed. In particu-
lar, in this case, w induces an E3-Aeppli cohomology class

() 4 € Eyg(X).

When n = 3, w is Hermitian-symplectic (H-S) if and only if w is E2 Eo-closed. In par-
ticular, in this case, w induces an E,-Aeppli cohomology class

{0}E,., € Ey 4(X).

Proof. (i) The sG condition on w is defined by requiring dw” ! to be d-exact. By conju-
gation, this is equivalent to o1 being 0-exact. These two conditions express the fact that w
satisfies the two towers of one equation each (hence corresponding to the case r = 2) in (i) of
Definition 3.1, so they are equivalent to w1 being E5E5-closed.

(ii) The H-S condition on w is equivalent to the existence of a form p>:© Cs O(X C)
such that dw = —ap2 0 and 0p*° = 0. By conjugation, these conditions are equlvalent to the
existence of a form p%?2 ¢ Co2(X. €) such that 0w = —09p%2 and 9p»2 = 0. These four

conditions express the fact that o satisfies the two towers of two equations each (hence corre-
sponding to the case r = 3) in (i) of Definition 3.1, or equivalently that w is E3 E 3-closed.

When 1 = 3, the condition 0p%*® = 0 is automatic since

i0p? % A0p%2 = 03p% % A %0p%2 = |0p*>°2dV,, = 0

and
/ i0p> % A 0p%2 = / 3(ip> % A 0p”2) =0,
X X

where * = x, is the Hodge star operator induced by  and the primitivity (trivial for bidegree
reasons) of the (0, 3)-form 0p% 2 was used to infer that

«0p%2 = i9p%2.
In fact, the last identity follows from the general formula

n—p—q A
*V = (— l)k(k+1) p_qu, where k := p + ¢,
(n—p—q)!

satisfied by any primitive form v of any bidegree (p, q) (see, e.g., [27, Proposition 6.29,
p- 150)). m]

Using the real structure of the spaces E 4 (X ), we will now consider their real versions
A (X R) and define cones of higher Aepph cohomology classes representable by the kinds
of metrics discussed above.
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Definition 6.3. Let X be a compact complex manifold with dim¢c X = n. We define:

(1) the strongly Gauduchon (sG) cone of X as the set

86y = {{o"” 1}E2A EE" 171X R) | w is an sG metric on X}
C E5 " THXLR).

(1) the Hermitian-symplectic (H-S) cone of X as the set

HEx = {w}E;y 4 € E;’j(X, R) | @ is an H-S metric on X}
C Ey 4 (X.R).

(ii1) the SKT cone of X as the set

SKT x == {{w}g, 4, € Ell’j(X,R) | w is an SKT metric on X}
C E;’j(X.R) = Hy ' (X, R).

The strongly Gauduchon cone was defined in a different way in [17] and in [22], although
it was denoted in the same way. We keep the same notation for the object defined above since it
will be seen in Corollary 6.6 to play an identical role in characterising sGG manifolds. Mean-
while, recall that the Gauduchon cone §x C E{"""'(X.R) = H} ""7'(X.R) of X was
introduced in an analogous way in [17] (i.e. as the set of the Aepph cohomology classes of
all the ™! induced by Gauduchon metrics @) and shown there to be an open convex cone
in H:_l’n_l (X, R). The same conclusion holds for the new cones introduced above.

Lemma 6.4. The sG, H-S and SKT cones of X are open convex cones in their respective
cohomology vector spaces.

Proof. Let us spell out the arguments for & y. They run analogously for the sets §§x
and §KT x.

The fact that /&y is a convex cone as a subset of £ ; j (X, R) is obvious: linear combina-
tions with positive coefficients of H-S metrics are H-S metrics and taking the E3 4-cohomology
class is a linear operation.

To see that #8x is open in E31 ’ j (X,R), we will use the Hodge theory for the higher
Aeppli cohomology developed in Section 3. Let {w}E; 4 € HEx, where w is an H-S metric
on X . Since every class in EY 3.4 (X R) is representable by a unique E3-Aeppli harmonic (with
respect to w) form, by Corollary and Definition 3.10, the class {w + a} g5 , still lies in H8x
for every E3-Aeppli harmonic form «j, € Cp % (X, R) whose C 0—n0rm induced by w is small
enough. Note that, by Corollary and Definition 3. 10, the space ]€3 4 (X ) has a real structure
as well. m)

We now take advantage of the fact that all the higher-page Aeppli cohomologies are
defined using the same space of exact forms, which leads to the inclusions (cf. (1.1))

 CEp 4(X) CEp (X) Coee CEP 4 (X),

to deduce the following lemma.
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Lemma 6.5. The Gauduchon, sG, H-S and SKT cones of X are related to one another
as follows:

89x = ¢ NEy " {(X.R) and H8x = SKTx N E; (X.R).

Proof. The lemma follows at once from Proposition 6.2, Definition 6.3 and the above
inclusions. O

Corollary 6.6. The following equivalences hold:

89x =6y < E, "TI(X)=E} "N (X)

2,A
n—1,n—1 _ n—1,n—1
= €4 =€1,4

<= X is an sGG manifold
and

H8x = 8KTx <= Ey,(X)=E|,(X)

<= every SKT metric on X is Hermitian-symplectic (H-S),

where e stands each time for the dimension of the corresponding higher-page Aeppli cohomol-
ogy space of X denoted by E.

Proof. Tt follows at once from Lemmas 6.4 and 6.5. O

A. Appendix

We refer to the appendix of [19] for the details of the inductive construction of a Hodge
theory for the pages E;, with r > 3, of the Frolicher spectral sequence. Here, we will only
remind the reader of the conclusion of that construction and will point out a reformulation of it
that was used in the present paper.

Let X be an n-dimensional compact complex manifold. We fix an arbitrary Hermitian
metric w on X. As recalled in Section 2.2, for every bidegree (p, ¢), the w-harmonic spaces
(also called E-harmonic spaces)

e HE cHPI - HPT T CS (X))

were constructed by induction on r € N+ ¢ in [20, Section 3.2] such that every HP 4 is isomor-
phic to the corresponding space EF>?(X) featuring on the r-th page of the Frolicher spectral
sequence of X.

Moreover, pseudo-differential “Laplacians” ACHD ; goPd s 30P 4 were inductively
constructed in the appendix to [19] such that

ker A = 3P4 r e N,

where A(D = A” = 99* + 0*0 is the usual 0-Laplacian.
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The conclusion of the construction in the appendix to [19] was the following statement.
It gives a 3-space orthogonal decomposition of each space Cl?f’q (X), for every fixed r € Nxo,
that parallels the standard decomposition C;%, (X) = ker A” @ Im0 @ Im 0™ for r = 1.

Proposition A.1 ([19, Corollary 4.6]). Let (X, @) be a compact complex n-dimensional
Hermitian manifold. For everyr € Nxg, put Dr_; := (AM)~19*9) ... (AT"1)19*9) and
Do = 1d.

(1) Forallr € Nsg and all (p, q), the kernel on(’“) 1 Cpoy(X) = €5, (X) is given by

ker AU — (ker(pr0Dy—1) Nker(0Dr—1py)*)
N (ker(pr—10D,—2) Nker(@Dr—2pr—1)*)
N---N (ker(p10) Nker(@p1)*) N (kerd N kerd*).

(i) For all r € Nxg and all (p,q), the following orthogonal 3-space decomposition (in
which the sums inside the big parentheses need not be orthogonal or even direct) holds:
(AD) €5 (X) = ker AU+D @ (Im0 +1Im(@p1) +1Im(@D1 p2) ++ -+ +1Im(@Dy—1 py))

@ (Im0* + Im(p19)* + Im(p20D1)* + -+ + Im(p,0Dr—1)*).
where
ker ACTD @ (Im0 4+ Im@py) + Im@Dy p2) + -+ - + Im(@D,_1 py))
= ker 0 N ker(p10) Nker(p20D1) N --- Nker(p,0D,_1)
and
ker AY+D @ (Im0* + Im(p19)* + Im(p20D1)* + -+ 4+ Im(p,0D,_1)*)
= kerd* Nker(@p1)* Nker(@D;p2)* N ---Nker(@D,_1 py)*.

For eachr € Nxg, p, = pP ¥ stands for the Li-orthogonal projection onto HF 4.

We will now cast the 3-space decomposition (A.1) in the terms used in the present paper.
Recall that in the proof of Lemma 3.3, we defined the following vector spaces for every
r € N5 and every bidegree (p,q) based on the terminology introduced in (iv) of Defini-

tion 3.1:
85”;1 ={a € Czioq (X) | O reaches 0 in at most r steps},

851)’:1 ={p € Clioq(X) | 9B reaches 0 in at most r steps}.

When a Hermitian metric w has been fixed on the manifold X and the adjoint operators 0*
and 0* with respect to » have been considered, we define the analogous subspaces & ;*’,qr’ Sép N qr
of C;°,(X) by replacing d with 0* and 9 with 0* in the definitions of Sap, ’rq, 8; ’rq. ’

Part (ii) of Proposition A.1 can be reworded as follows. ’

Proposition A.2. Letr (X, w) be a compact complex n-dimensional Hermitian manifold.
For every r € Nxg and for all p,q € {0, ...,n}, the following orthogonal 3-space decompo-
sition (in which the sums inside the big parentheses need not be orthogonal or even direct)
holds:

3 -1, * +1, Jx
(A.2) Coog(X) = HP 4 @ (Imo+ 02 1) @ (0" (62,7 ") +1mo*),



Popovici, Stelzig and Ugarte, Higher-page Bott—Chern and Aeppli cohomologies 193

where H}P°? is the E,-harmonic space induced by w (see Section 2.2 and earlier in this
appendix) and the next two big parentheses are the spaces of E,-exact (p, q)-forms, respec-
tively E-exact (p, q)-forms:

3 r—1,9\ _ wp,q *x oPt+1,q % __ xwp.q
Imd+a(el 1) =€ and *(€L1) +1Imdr =PI,

Moreover, we have
zp? = 3P4 @ (Imdo+a(er 1)) = P e @ el
*Zf’q — Jgrp,q @ (a*(gép:j-l,ql) +Im5*) — Jgrp,q D *65,‘1’

where ZPY and *ZP? are the spaces of smooth E,-closed and E}-closed (p,q)-forms,
respectively.
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